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Abstract

Imaging techniques have made significant advances, allowing for detailed analyses

of material composition and structural or morphological features. Among these,

hyperspectral imaging (HSI) stands out as a powerful analytical tool, capturing a spec-

troscopic measurement for each pixel in an image. This generates high-dimensional

data, presenting challenges in analysis, particularly in managing the interplay between

spatial and spectral information. In unsupervised analyses, clustering and spectral

unmixing methods are commonly used, but they face limitations in scenarios with

intricate spatial structures, severe spectral overlap, and complex chemical composi-

tions. Moreover, spatial-spectral correlation is often overlooked or poorly addressed.

To face these issues, this thesis proposes a novel exploratory approach based on a

geometric interpretation of normalized scores and loadings obtained from Singular

Value Decomposition (SVD) analysis. The objective of this method is to extract the

most essential information, in terms of linear mixture analysis, without the need for

optimization or complex calculations, particularly in scenarios with significant spectral

and spatial overlap. The first main point of this thesis is to evaluate the advantages

and limitations of clustering and unmixing, establishing a domain of applicability

of these methods in relation to the data structure. It also explores scenarios where

the data structure deviates from ideal conditions for these techniques, leading to

challenges in effective analysis. Traditionally, the hyperspectral data cube is unfolded

pixel-wise, converting the three-dimensional data into a two-dimensional matrix for

chemometric analyses. While effective, this approach risks losing valuable spatial-

spectral relationships. The second main point of this thesis is the exploration of

tensor-based decomposition techniques. Although tensor decomposition has been

widely applied in chemometrics, its use in HSI remains limited. By treating the data as

a third-order tensor, this approach preserves their structure, allowing for simultaneous

analysis of both spatial and spectral dimensions. This is particularly advantageous

in complex cases where traditional methods struggle to capture the full information

content due to the overlooking of spatial-spectral relationships. The thesis then

introduces an unsupervised approach for HSI analysis based on the rank-(Lr, Lr, 1)

block term decomposition (BTD). This tensor-based method demonstrates its potential

i



in handling complex cases where traditional techniques, which require the reshape

of the data cube, are inadequate. The proposed approaches were first evaluated on

simulated datasets to define their field of application. They were then applied to

benchmark hyperspectral datasets and real case studies, demonstrating their utility

in addressing complex spatial structures and significant spectral overlap across a

broad range of applications. Overall, novel chemometric approaches that expand the

palette of exploratory tools for hyperspectral images analysis and improve sample

characterization in complex analytical scenarios were developed.

Keywords: spectral imaging, image analysis, clustering, spectral unmixing, BTD de-

composition.
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Riassunto

Le tecniche di imaging hanno compiuto progressi significativi, consentendo analisi

dettagliate della composizione dei materiali e delle caratteristiche strutturali e morfo-

logiche. Tra queste, l’imaging iperspettrale (HSI) si distingue come valido strumento

analitico, in quanto cattura una misura spettroscopica per ogni pixel di un’immagine.

Questo genera dati ad alta dimensionalità, che presentano sfide nell’analisi, in partico-

lare nella gestione dell’interazione tra informazione spaziale e spettrale. Nelle analisi

non supervisionate, i metodi di clustering e di unmixing spettrale sono comune-

mente utilizzati, ma incontrano limitazioni in scenari con strutture spaziali complicate,

sovrapposizioni spettrali significative e composizioni chimiche complesse. Inoltre,

la correlazione spaziale-spettrale è spesso trascurata o poco considerata. Per af-

frontare questi problemi, questa tesi propone un nuovo approccio esplorativo basato

su un’interpretazione geometrica di scores e loadings normalizzati ottenuti dall’analisi

di Decomposizione ai Valori Singolari (SVD). L’obiettivo di questo metodo è quello

di estrarre le informazioni più essenziali, in termini di analisi di una miscela lineare,

senza la necessità di ottimizzazione o di calcoli complessi, in particolare in scenari

con una significativa sovrapposizione spettrale e spaziale. Il primo punto principale

di questa tesi valuta i vantaggi e i limiti del clustering e dell’unmixing, stabilendo un

dominio di applicabilità di questi metodi in relazione alla struttura dei dati. Inoltre,

esplora gli scenari in cui la struttura dei dati si discosta dalle condizioni ideali per

queste tecniche, portando a sfide per un’analisi accurata. Tradizionalmente, il cubo

di dati iperspettrali viene spiegato pixel per pixel, convertendo i dati tridimensionali

in una matrice bidimensionale per le analisi chemiometriche. Pur essendo efficace,

questo approccio rischia di perdere preziose relazioni spazio-spettrali. Il secondo

punto principale di questa tesi è l’esplorazione di tecniche di decomposizione basate

sui tensori. Sebbene la decomposizione tensoriale sia stata ampiamente applicata in

chemometria, il suo utilizzo in HSI rimane limitato. Trattando i dati come un tensore

del terzo ordine, questo approccio preserva la loro struttura, consentendo l’analisi

simultanea delle dimensioni spaziali e della dimensione spettrale. Ciò è particolar-

mente vantaggioso nei casi complessi in cui i metodi tradizionali faticano a catturare

l’intero contenuto informativo, a causa della mancata considerazione delle relazioni
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spazio-spettrali. La tesi introduce quindi un approccio non supervisionato per l’analisi

delle immagini iperspettrali basato sulla decomposizione block term (BTD) con rango-

(Lr, Lr, 1). Questo metodo basato su tensori dimostra il suo potenziale nella gestione

di casi complessi in cui le tecniche tradizionali, che richiedono la riorganizzazione

del cubo di dati, sono inadeguate. Gli approcci proposti sono stati prima valutati su

dati simulati per definire il loro campo di applicazione. Sono stati poi applicati a set

di dati iperspettrali di riferimento e a casi di studio reali, dimostrando la loro utilità

nell’affrontare strutture spaziali complesse e sovrapposizioni spettrali significative

in un’ampia gamma di applicazioni. Nel suo insieme, sono stati sviluppati nuovi

approcci chemiometrici che ampliano la gamma di strumenti esplorativi per l’analisi

delle immagini iperspettrali e migliorano la caratterizzazione dei campioni in scenari

analitici complessi.

Parole chiave: imaging spettrale, analisi di immagini, clustering, unmixing spettrale,

decomposizione BTD.
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Résumé

Les techniques d’imagerie ont connu des avancées significatives, permettant des anal-

yses détaillées de la composition matérielle et des caractéristiques structurelles et

morphologiques. Parmi celles-ci, l’imagerie hyperspectrale (HSI) se distingue comme

un puissant outil analytique, capturant un spectre pour chaque pixel d’une image,

générant ainsi des données multivariées. Ces données posent des défis d’analyse,

notamment dans la gestion de l’interaction entre l’information spatiale et spectrale.

Dans les analyses non supervisées, les méthodes de partitionnement de données

(clustering) et de démélange spectral (unmixing) sont couramment utilisées, mais

elles présentent des limites dans les scénarios où les structures spatiales sont com-

plexes, les recouvrements spectraux sévères et les compositions chimiques complexes.

De plus, la corrélation spatiale-spectrale est souvent ignorée ou mal prise en compte.

Pour faire face à ces problèmes, le premier point de cette thèse présente une ap-

proche exploratoire novatrice fondée sur une interprétation géométrique des scores

et des loadings normalisés obtenus à partir de l’analyse par décomposition en valeurs

singulières (SVD). L’objectif de cette méthode est d’extraire les informations les plus

essentielles, en termes d’analyse de mélange linéaire, sans recourir à une optimi-

sation ou des calculs complexes, en particulier dans des scénarios présentant un

chevauchement spectral et spatial significatif. Cette thèse évalue les avantages et

les limites du clustering et de l’unmixing, en établissant un domaine d’applicabilité

de ces méthodes en fonction de la structure des données. Elle explore également

des scénarios où la structure des données s’écarte des conditions idéales pour ces

techniques, ce qui entraîne des difficultés pour l’analyse et l’interprétation. Tradition-

nellement, le cube de données hyperspectrales est déplié pixel par pixel, convertissant

les données tridimensionnelles en une matrice bidimensionnelle pour les analyses

chimiométriques. Bien qu’efficace, cette approche ne prend pas en compte les rela-

tions spatiales-spectrales. Le second point principal de cette thèse est l’exploration

des techniques de décomposition de tenseurs. Bien que la décomposition par tenseur

soit largement appliquée en chimiométrie, son utilisation en HSI reste limitée. En trai-

tant le cube de données comme un tenseur d’ordre trois, cette approche préserve sa

structure, permettant une analyse simultanée des dimensions spatiales et spectrales.

v



Cela s’avère particulièrement avantageux dans le cas où les méthodes traditionnelles

peinent à capturer l’intégralité du contenu informationnel en raison de la non prise

en compte des relations spatial-spectrales. La thèse introduit ensuite une approche

non supervisée pour l’analyse des images hyperspectrales, basée sur la décompo-

sition block term (BTD) de rang-(Lr, Lr, 1). Cette méthode démontre son potentiel

pour gérer des cas complexes où les techniques traditionnelles, nécessitant une

réorganisation du cube de données, sont inadéquates. Les approches proposées ont

d’abord été évaluées sur des ensembles de données simulées afin de définir leur

champ d’application. Elles ont ensuite été appliquées à des ensembles de données

hyperspectrales de référence ainsi qu’à des études de cas réelles, démontrant leur

utilité dans le traitement de structures spatiales complexes et de recouvrements

spectraux significatifs dans un large éventail d’applications. Dans l’ensemble, des

approches chimiométriques novatrices ont été développées, élargissant la palette

d’outils exploratoires pour l’analyse des images hyperspectrales et améliorant la

caractérisation des échantillons dans des scénarios analytiques complexes.

Mots-clés: imagerie spectrale, analyse d’images, partitionnement de données, démélange

spectral, décomposition BTD.
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Thesis overview

This thesis has been submitted to the "Science de la Matière, du Rayonnement et de

l’Environnement" Doctoral School of the University of Lille (France) and the "Models and

Methods for Material and Environmental Sciences" Doctoral School of the University

of Modena and Reggio Emilia (Italy), under a cotutelle agreement. The work presented

in this thesis was carried out in 20 months at the LASIRE laboratory of the University

of Lille, and in 16 months at the Department of Chemical and Geological Sciences

of the University of Modena and Reggio Emilia. The thesis is divided into four parts

and incorporates the work of two papers, one of which has already been published

(Appendix D). Additional articles were published during this period, but are not directly

related to the core research and are listed separately in Appendix C for reference.

The central theme of the thesis is the development and application of hyperspectral

imaging approaches, focusing on unsupervised methods of analysis. The first part

provides a comprehensive introduction, outlining the research project’s framework

and defining its objectives. The second part includes the work primarily conducted at

the University of Lille, focusing on two key techniques for hyperspectral image analysis:

clustering and spectral unmixing. The third part shifts the focus to spectral unmixing

using an alternative approach based on the tensor decomposition method. This last

work was conducted mainly at the University of Modena and Reggio Emilia. Both the

second and third parts involve the analysis of hyperspectral datasets with different

characteristics and spectroscopic techniques. Each part is systematically organized

into sections on introduction, methodology, datasets, results, and conclusions. Finally,

the fourth part is dedicated to final remarks and perspectives.
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GENERAL INTRODUCTION





1. Context

” Exploratory data analysis can never be the whole

story, but nothing else can serve as the foundation

stone as the first step.

— John Tukey

1.1 Knowledge mining from data

Since the 1970s, John Tukey, chemist, mathematician and statistician who significantly

contributed to shaping modern data analysis, encouraged scientists to explore the

data and formulate hypotheses that could lead to new data collection and experi-

ments [1]. Data exploration is a preliminary step for identifying the most appropriate

preprocessing, statistical methods, tools, and even sampling strategies for further

data analysis. The aim of exploratory data analysis is to better understand the char-

acteristics of the data, enabling the formulation of hypotheses based on observed

patterns, rather than imposing a-priori hypotheses onto the data. Exploratory data

analysis represents a first critical step in any research context, setting the foundation

for all subsequent stages of analysis [2]. Although exploratory data analysis has

long been an implicit component of scientific investigation, its formalization as a

distinct phase of analysis highlights its importance in modern data-driven disciplines,

enabling researchers to bridge the gap between raw data and meaningful scientific

insights. Data exploration is a subset of the broader field of data mining, which

integrates supervised and unsupervised methods from statistics, mathematics, and

machine learning to extract information from large data sets [3]. Supervised methods

rely on labeled data and require a-priori information of the sample, in contrast to

unsupervised methods, which seek to reveal patterns and relationships without the

need for prior knowledge of classes, revealing information through visualization and

expert-driven interpretation. Unsupervised methods are used extensively to provide

a first overview of the main sources of variability in the data [4]. In chemistry, the
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process of analyzing and interpreting data is known as chemometrics, a fundamental

branch of this scientific field [5]. This thesis focuses on unsupervised data exploration

tools, which form the core of data mining strategies and play a critical role in guiding

further analysis.

1.2 From pixels to insights

Hyperspectral imaging (HSI) provides an ideal context to explore the challenges and

opportunities of unsupervised data techniques. The acquisition of hyperspectral

images generates a three-dimensional data cube, which captures spatial and spectral

information [6]. Measured pixels rarely contain selective wavelengths for a specific

component, as they are more often multicomponent systems that contain mixed

signals, noise, and other artifacts [4]. Exploratory analysis is of particular importance

in HSI, aiding researchers in extracting meaningful insights and guiding the selection of

appropriate models to address the high dimensionality and multivariate interactions

inherent in these datasets, in order to get a comprehensive understanding of the

data properties and complexity. Since its introduction into remote sensing in the

late 1970s, HSI has evolved rapidly, driven by advancements in sensing technologies,

computational power, and algorithmic innovation [7]. Initially applied to mineralogy,

environmental monitoring, vegetation studies, and precision agriculture, it has since

expanded to biochemistry, food processing, pharmaceutical research, and forensic

investigations. This transition "from major to minor" applications, underscores the

adaptability of HSI technology to diverse fields [4]. The increasing development

of faster algorithms, improvements in hyperspectral camera, and the introduction

of innovative data analysis methodologies have certainly expanded its analytical

potential and applications. This thesis builds on these advancements, focusing

on the development of unsupervised chemometric methods for HSI. By exploiting

exploratory data analysis techniques, this research aims to improve our understanding

of hyperspectral data and contribute to more effective data interpretation in various

scientific disciplines. With this foundation set, we embark on an exploration of

unsupervised chemometric methods for HSI.
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2. State of the art

This chapter examines recent advancements in HSI, providing technical details on

hyperspectral images and the methodologies central to this thesis. Hyperspectral

image analysis generally follows two main approaches: one focusing on the spatial

dimension, for example, through pattern recognition, object detection, gradient and

contour analysis, texture analysis, edge detection, and the other considering the

spectral dimension, which captures the chemical composition of each pixel through

its spectral signature [8, 9]. The integration of information from both spatial and

spectral dimensions remains one of the main challenges in hyperspectral image

analysis. In this thesis, the spectral perspective is taken as a starting point. Specifically,

the focus is on clustering techniques, spectral unmixing, and tensor-based methods,

which are extensively analyzed to assess their current state of the art and to evaluate

opportunities for further development.

2.1 Hyperspectral imaging: merging chemical insight and

spatial detail

In the context of spectroscopy, significant advances in instrumentation and acqui-

sition techniques have highlighted the need for corresponding advances in data

analysis methodologies [10, 11]. This is particularly evident in chemistry, where sample

investigations used to rely on univariate measurements to quantify and examine

the properties and characteristics of some/few specific components of the samples.

While this approach is effective in some cases, it is insufficient for addressing the

complexity of chemical systems. Univariate methods fail to capture the heterogeneity

of the samples as they provide only an averaged representation. The transition from

univariate to multivariate analysis has increasingly improved analytical capabilities

and, together with spectroscopy, has become a fundamental tool for scientists.
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2.1.1 Where spectroscopy meets imaging

Chemical analysis took another step forward when attention was given to understand-

ing not only the chemical composition of a sample, but also its spatial structure and

the distribution of its constituents [12, 13]. For this scope, imaging techniques have

also evolved, from grayscale to spectral images. This evolution can be followed in Fig.

2.1. An image can be defined as a two-dimensional representation of a surface created

by any device able to capture the correlated information along the two directions. The

smallest spatial entity of a digital image is called pixel and contains unique informa-

tion that is also influenced by its neighbors [4]. Images can be classified in different

ways, but the one that is useful in this context is a classification according to the

amount of information contained in each pixel [4]. An image that contains intensity

information for each pixel, corresponding to the amount of light reflected or emitted

from that specific area of the image, is called grayscale image or single channel

image [14]. Advancements in imaging technology led to the adoption of color-based

images, which try to mimic the human vision. They are generally composed of three

independent channels, for example, red (around 700 nm), green (around 550 nm),

and blue (around 450 nm) that combined recreate the real colors, in this case, in the

RGB color space [15].

But in the last 50 years, when spectroscopic techniques started to be integrated with

spatially resolved information, chemical analysis has been elevated to a new level,

allowing for a deeper and more comprehensive understanding of complex systems.

The progress was from color based images to spectral images, covering broader spec-

tral ranges, like multispectral images, which capture individual images at specific

wavenumbers or wavelengths [16], to arrive at images that capture a portion of the

electromagnetic spectrum, according to the technique used, in each pixel [6, 17]. This

spatial and spectral information, associated with the location of compounds and their

chemical composition, respectively, merges in the domain of hyperspectral imaging.

HSI represents a significant advancement in science, offering detailed spectral and

spatial information of samples, allowing the study of chemical systems in all their

heterogeneity. For example, in the biomedical field, it can differentiate between

healthy and diseased tissue or identify regions with distinct properties [18]. Similarly,
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2.1 Hyperspectral imaging: merging chemical insight and spatial detail

Figure 2.1: Image classification based on the number of channels contained in each pixel.
Moving from single-channel images with one value associated to each pixel, to hyperspectral
images involves an extension of the image in the third dimension, related to the spectral
information.

in precision agriculture, HSI is used to monitor crop health, detect infected leaves, and

to localize affected regions [19]. Initially developed for remote sensing in the 1970s

[7], HSI has expanded into various fields over time, including cell analysis in biology

[20], medicine [21], food science [22], agriculture [23], environmental monitoring [24]

and galaxy exploration in astronomy [25]. These examples highlight the broad do-

main of applicability and practical advantages of this technique in solving analytical

challenges [12, 26, 27]. Its capabilities range from analyzing pixels at nanometer scale

to covering areas spanning several square kilometers. Innovations in sensors, faster

acquisition methods, and algorithms for data analysis have made HSI more accessible

and versatile over the years.

2.1.2 Hyperspectral image

HSI data are typically represented as a cube with two spatial dimensions, correspond-

ing to the horizontal and vertical pixel axes, and a spectral dimension that reflects the

spectral range (e.g. wavelengths, wavenumbers) of the spectroscopy used for image

acquisition. This hyperspectral data cube can be visualized in different ways depend-
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ing on the perspective taken, and it is represented in Figure 2.2. In one approach (Fig.

2.2 A), the data is viewed as a series of images, registered at each spectral channel.

Alternatively (Fig. 2.2 B), the data can be seen as a cube where each pixel contains

a full spectrum across the entire acquisition spectral range. An image in a specific

spectral channel and the spectrum of a selected pixel can be extracted from the

data cube. The extracted image provides spatial information about the localization of

compounds in the chosen spectral channel, while the spectrum reveals the chemical

composition of a given pixel. These two visualizations can be provided by different

acquisition modalities.

2.1.3 Image acquisition

Hyperspectral images can be acquired using four main modalities. In plane scanning

mode [28], the entire sample area is scanned in a single shot at a fixed spectral channel

(which corresponds to Fig. 2.2 A), while the spectral range is scanned sequentially.

Alternatively, the configuration in Fig. 2.2 B is a point scanning mode, where the

illumination source is directed pixel by pixel. Point scanning offers high spatial and

spectral resolution, but it is typically slower and more expensive. Plane scanning,

on the other hand, is faster but provides lower spatial resolution, making it suitable

for applications where rapid acquisition is essential, such as capturing chemical

dynamics over time or when spatial distribution is particularly significant [29]. Other

acquisition modes are line scanning [30], where a grid of sensor that form the detector

records simultaneously a line of pixels, and snapshot acquisition, which captures

the hyperspectral image in a single shot. While line scanning is faster than point

scanning, it has lower spatial and spectral resolution. This method is widely used in

remote sensing devices equipped with Vis-NIR imaging platforms [31], and nowadays,

is one of the preferred technologies for bench-top instruments but also in industrial

applications. Snapshot acquisition, has the great advantage of efficiency in light

collection, as it avoids photons loss from unscanned lines, as in the case of line

scanning mode, or from other wavelengths as in case of plane scanning mode. This

type of HSI is still in evolution, and the high speed of acquisition, like 20 multispectral

images per second, makes it worth exploring this technology for real-time monitoring
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2.1 Hyperspectral imaging: merging chemical insight and spatial detail

Figure 2.2: Schematic representation of a hyperspectral image data cube. The cube extends
across two spatial dimensions and a spectral dimension. A. Each spectral channel can be
viewed as a 2D images, while in B. each pixel contains a spectrum that reflects its chemical
composition.

[32, 29]. Image acquisition is compatible with nearly all spectroscopy techniques,

ranging from providing limited chemical details to offering very specific information,

like in mass spectrometry imaging (MSI) [33, 34]. All acquisition modes are based on

three key principles which depend on the interaction of light with the sample. These

interactions provide the spectral data used to analyze the chemical composition and

properties of the sample. The light from the source can be:

• absorbed by the sample, and it corresponds to specific wavelengths that are

directly related to the chemical composition of the sample;

• reflected from the surface of the sample, which relates to both the chemical

and morphological properties of the surface;

• scattered, when it is deflected in random directions due to particles or imperfec-

tions in the sample, providing information about its chemical and morphological

properties;
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• transmitted, which represents the light that is neither absorbed nor reflected

and relates to the chemical composition and thickness of the sample.

Depending on the instrument setup, three main acquisition modalities are commonly

used [35], and are graphically represented in Figure 2.3:

• Reflectance mode: where both the light source and the camera are positioned

on the same side of the system, capturing light reflected from the sample’s

surface. It is the most used modality,

• Transmittance mode: used less frequently, this modality requires light to pass

through the sample, with the hyperspectral camera positioned opposite the

light source.

• Interactance mode: the light source and the camera are on the same side of the

sample and aligned parallel to each other, with a light seal to prevent external

light interference. It enables deeper penetration into the sample, reducing

the surface effects compared to reflectance mode, and the sample thickness

influence compared to transmittance mode.

The choice of the interaction mode influences the type of spectral information col-

lected and the type of data analysis that can be conducted. Many studies in the

literature compare results from different acquisition techniques to determine the

best equipment for specific types of samples [36, 37, 38, 39]. The discussion of the

technical characteristics of the instrumentation is not extended further in this thesis,

as the images were not directly acquired during the PhD work. Instead, the focus of

this research was on the development and application of chemometric approaches.

The most commonly used spectroscopic techniques for acquiring hyperspectral im-

ages are in the domain of vibrational spectroscopy, including near-infrared (NIR) and

mid-infrared (MIR) regions, as well as Raman spectroscopy [40]. Vibrational spec-

troscopy is a technique used to study the internal motion of atoms in molecules.

Other techniques, such as mass spectrometry imaging (MSI), laser-induced breakdown

spectroscopy (LIBS), and fluorescence lifetime imaging microscopy (FLIM) are gaining

much popularity in the HSI context. In the following section, the spectral images

analyzed in this thesis are briefly discussed.

8



2.1 Hyperspectral imaging: merging chemical insight and spatial detail

Figure 2.3: Hyperspectral image acquisition mode. Three different modes are defined based on
the positioning of the light source relative to the detector: on the same side as the detector
(as in reflectance and interactance modes) or on the opposite side (as in transmittance mode).
In the interactance mode, a light seal is required to prevent external light interference. A light
bulb is shown here for illustration, the light source can be of different type, including a laser
beam.

2.1.4 Vibrational spectroscopy

Vibrational spectroscopy is a non-destructive and non-invasive technique used for

the characterization of molecular composition of samples. When a molecule absorbs

infrared light, it can undergo vibrational transitions, where its atoms move in charac-

teristic ways, such as stretching or bending of chemical bonds, changing its dipole

moments. The absorption patterns resulting from the light-matter interactions are

characteristic of the types of bonds of the molecule, leading to spectra that can be

interpreted. This spectroscopy can be associated with all the scanning modalities

of image acquisition. Infrared radiation was discovered in 1800 by the astronomer

Herschel while using a prism to refract sunlight and measure the temperature of

different colors of light with a thermometer [41]. He observed that the temperature

increased beyond the red part of the spectrum, where there was no visible light,

leading him to conclude that there were wavelengths beyond visible light [42]. From

that point on, the application of vibrational spectroscopy has grown significantly not
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only in chemistry [43, 44], but also in biology [45, 46], medicine [47, 48], food science

[49, 50], cultural heritage [51, 52], environmental science [53, 54].

Vibrational spectroscopy covers three spectral regions (see Fig. 2.4) [55, 56]:

• Near-infrared (NIR): typically from 780–2500 nm, mainly identifies overtones

and combinations of vibrations, offering information on functional groups and

chemical bonds.

• Mid-infrared (MIR): in the range of 2500–25000 nm, focuses on fundamental

vibrations of molecular bonds, providing a more precise "chemical fingerprint"

related to the structure and composition of chemical compounds.

• Far-infrared spectroscopy (FIR): spectroscopy typically operates in the wave-

length range of approximately 25000 nm to 1 mm, providing insights into lower

energy transitions, for the analysis of a variety of materials, mainly for organized

solids.

In this thesis only images in the NIR range are used. The spectra acquisition in infrared

spectroscopy measurements is generally done in transmission and reflectance mode

[57]. In the transmission mode, infrared radiation passes through the sample, and the

transmitted intensity is measured to calculate absorbance (A) using the equation:

A = − log

(
I0
I

)
(2.1)

where I0 represents the initial intensity and I is the transmitted intensity. This mode

is suitable for analyzing transparent or very thin samples, as thicker samples may

block most of the light, leading to signal saturation. On the other hand, the reflectance

mode directs the infrared radiation onto the surface of the sample, and the detector

collects the radiation reflected from the sample. Similar to the transmission mode,

the reflectance mode measures the intensity of a reference beam and a reflected

beam, calculating the absorbance based on the reflected intensity. This mode is ideal

for thick or opaque samples, as it overcomes the limitations of light transmission in

these materials. The typical spatial resolution of infrared imaging is around 10–50

µm, which is lower compared to other imaging systems such as Raman [58]. This

resolution is sufficient for many applications, but improvements are needed, like
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2.1 Hyperspectral imaging: merging chemical insight and spatial detail

Figure 2.4: The electromagnetic spectrum, showing wave types and corresponding wavelengths,
with the detail of the infrared portion of the spectrum.

using the synchrotron radiation source, for the analysis of biological tissues at cell

level [59].

2.1.5 Raman spectroscopy

Raman spectroscopy is a powerful and non-destructive vibrational spectroscopy

technique that provides detailed molecular and structural information about a sample,

generally associated with a point scanning modality of image acquisition. It is based

on the inelastic scattering of light, which occurs when a monochromatic light source,

typically a laser in the visible (Vis) or NIR range, interacts with molecular vibrations

in the sample. This scattering is known as Raman scattering, named after the Indian

physicist Raman, who discovered this phenomenon in 1928 and who was awarded

with the Nobel prize in Physics for his discovery in 1930 [60]. During the interaction

between the laser beam and the sample, the incident photons excite the molecules

of the sample to a virtual state. During this interaction a fraction of the incident

photons is scattered inelastically [61, 62], producing a characteristic spectrum for the

chemical bonds and the molecular structure of the material. In the elastic scattering,

named Rayleigh scattering, the energy of the incident photons remains unchanged.

The scattered photons are at the same energy level as the incident beam and the

Rayleigh scattering does not provide molecular vibrational information. In the inelastic

scattering, the scattered photons lose energy. This occurs when the molecules are in

a lower vibrational state, and after the photons interactions they are excited to the
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virtual state, but when they lose energy can end up to a vibrational state higher than

they were before. It corresponds to emission of photons with low energy and this

energy loss is represented in the Raman spectrum as peaks to the right of the Rayleigh

scattering line (Stokes scattering). It can also happen that the scattered photons

gain energy, anti-Stokes scattering, corresponding to the molecule of the samples

ending up in a lower vibrational state than before excitation. This results in photons

having shorter wavelengths and higher energy than the incident photons. Anti-Stokes

scattering is less intense because higher vibrational states are less populated at room

temperature. Raman spectroscopy is particularly advantageous for its specificity in

differentiating chemically similar compounds because of the richness of information

that the Raman technique provides. Also, the spatial resolution that can reach is

around 500 nm of pixel size, depending on the laser employed [63]. However Raman

signal are often weak limiting the detection of low concentration compounds [64]. It is

extensively applied across various fields, including material science [65, 66], chemistry

[67, 68], biology [69, 70, 71], pharmacy [72, 73], and quality control [74, 75].

2.1.6 LIBS spectroscopy

LIBS is an atomic emission spectroscopy, that requires minimal sample ablation. LIBS

works by using a focused laser, typically generated by a Nd:YAG crystal, to remove

a small amount of material from the sample surface, producing a vaporous plume

above the sample. This vapor interacts with the laser and forms a plasma of ions on

the sample surface, which prevents from further penetration of the laser beam. The

amount of material affected is extremely small. This process also raises the tempera-

ture, and so ionizes the plasma and creates an emission of electromagnetic radiation

including various processes for each species. This radiation carries information about

the elements present in the sample, and it is captured through an optical fiber and

transmitted to a spectrometer, that will generate a spectrum to facilitate element

identification. A significant advantage of LIBS is that each element produces emission

at distinct wavelengths, making it a useful technique for the identification of specific

atoms. Already developed in the 1960s by Brech [76], it gained more popularity in

the 1980s due to advancements in laser and detector technologies [77, 78, 79] and
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LIBS has demonstrated several key advantages over the years. It eliminates the need

for sample preparation, enables rapid multi-elemental analysis within fractions of

a second, and is particularly effective in detecting light elements that other atomic

emission methods struggle to observe [80]. Additionally, it can analyze all states of

matter and can also be integrated with complementary techniques, such as Raman

spectroscopy, to provide both elemental and molecular information [81, 82]. Despite

these strengths, LIBS does have limitations, including a detection limit in the parts-

per-million range, self-absorption effects that can reduce spectral signal accuracy,

and matrix effects influenced due to the sample’s physical and chemical properties

[83]. Anyway, LIBS is a highly versatile and effective technique in determining the

elemental composition of the material in numerous scientific fields [84, 83], including

chemistry [85, 86], quality control [87, 88], material identification [89], metallurgy [90,

91], aerospace [92, 93], and environmental monitoring [94, 95].

2.2 From pixels to insights: transforming data into knowl-

edge

The power of HSI to capture spatial and spectral information is a key advantage, but

it also presents challenges. In fact, hyperspectral images contain a huge amount of

data, for example, Raman and LIBS images typically have several thousand spectra

and thousands of spectral variables. This vast amount of data introduces new exciting

opportunities for research, particularly in terms of efficiently extracting the most

meaningful and interpretable information from raw data. One of the key strategies for

addressing these challenges involves the use of chemometric tools. There is a wide

range of methods, tailored to different analysis objectives and data characteristics.

Multivariate analysis can take two main approaches: supervised and unsupervised

analysis. The first approach includes both quantitative and qualitative analyses. Quan-

titative analysis aims to quantify specific sample properties, such as concentrations

or physical characteristics, based on spectral data. Techniques like regression [96, 97]

are used to develop predictive models that estimate these properties for new samples

[98, 99, 100]. Qualitative analysis, on the other hand, requires prior information about
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the samples, which is actively used in model building. For example, in classification

analysis, a subset of the data is labeled according to predefined categories and used

to train a model that can then predict the class membership of new unlabeled samples

[101, 102, 103].

The second approach, followed in this thesis, is an unsupervised analysis. This

includes methods used when prior knowledge of the samples is unavailable. Un-

supervised methods [104] aim to group or distinguish samples based on spectral

similarities, detect specific components, and provide information about the composi-

tion and structure of the data [2]. Several methods are available for unsupervised

analysis, and the choice of a particular approach depends on the measured data

and the specific objectives of the analysis. In unsupervised analysis, the role of the

data analyst is crucial. As no references are available, the workflow and results of the

analysis should be carefully evaluated, with critical thinking and chemical knowledge.

Although the validation of the model is an important step in the analysis and helps

to assess its goodness, a critical spirit is always required for its evaluation.

An analysis of the existing literature on HSI shows that more than half of the publica-

tions focus on supervised techniques, primarily classification and regression, while

only a small portion addresses unsupervised approaches. This trend is clearly il-

lustrated in Figure 2.5, which shows the number of publications per year on HSI in

general and those that specifically combine HSI with unsupervised analysis. The graph

also highlights the exponential growth of publications on HSI, with a clear but much

more modest increase in publications on unsupervised approaches. This trend is

likely driven by the fact that industrial applications require predictive models to meet

expectations, while fundamental research often deals with unknown samples, which

is the essence of scientific inquiry. For this reason, we dedicate this doctoral thesis to

the study of unsupervised analysis methods. We believe that the first step in any data

analysis process should be unsupervised, even when some prior knowledge about

the dataset is available. This exploratory phase provides valuable information to

guide subsequent supervised analyses [2]. During recent years, our research groups

have focused on developing methods to extract meaningful information from HSI

14



2.2 From pixels to insights: transforming data into knowledge

Figure 2.5: Number of publications per year. Publications related to HSI are shown in green,
while those specifically focused on unsupervised analysis in HSI are shown in blue. Data source:
Web of Science.

data [105, 106, 107] and have worked to combine spatial and spectral information

encoded in the hyperspectral data cube [108, 109]. Moreover, we see great potential in

further exploring this relatively underrepresented field to uncover new methodologies.

Among unsupervised techniques, Principal Component Analysis (PCA) [110, 111, 112] is

the method of choice when it comes to multivariate exploratory data analysis. Firstly

developed by Pearson in 1901 and then extended by Hotelling in 1933 in the psychology

field, it is today used in many different applications [113, 114, 115, 116] and has become

an essential tool also in the analysis of hyperspectral data [4, 6, 104, 117, 118, 119]. The

idea behind PCA is to find directions in the multivariate space that provide the best

approximation of the data, based on maximizing their variance and to minimize their

residuals, that are the average distance between the coordinates of the approximated

points and the original ones. These directions are orthogonal to each other and

identifies a low-dimensional subspace to achieve the best possible approximation

of the data for the chosen dimensionality. The assumption of orthogonal directions

of the data is closely linked to two fundamental concepts of bilinear modeling and

latent (or abstract) variables [120, 121]. In PCA, the interpretation is done through

two matrices, scores which represent the coordinates of the original data points
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when projected onto the new directions, and loadings, the coefficients (weights) that

describe how much each original variable contributes to a given principal component.

Two other methodologies that are the core of the unsupervised methodologies and

find numerous applications in HSI [122, 123, 124, 125] are cluster analysis (clustering)

and spectral unmixing, and are detailed in the following paragraphs.

2.2.1 Clustering

The guiding principle in the search for useful information is, in general, to identify the

presence of non-random structures within the data. This is commonly pursued, in this

context, by associating the concept of non-random structure with that of grouping,

and investigating the presence of groups within the data space. Cluster analysis

methods provide possible answers on the presence of groupings (clusters) using the

concept of similarity. Let’s clarify the concept of possible answers with a toy example.

Consider a number of objects distributed in a space, with their top view shown in Fig.

2.6. Is it possible to identify groups? If so, how many? Each of us might give a different

answer: some might say 2, others 3, 4, or even more, while some might say only 1.

This diversity of responses is not surprising, as the problem does not have a single

definitive solution.

Figure 2.6: Distributions of objects in a space, top view. Answering the questions of whether
there are clusters, and if so, how many, is not a trivial task.

Identifying groups, although conceptually simple, is a complex task because the

answer typically depends on the perspective and objectives of the data analyst [126].
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Now, consider that instead of a few objects, we have thousands of data points, each

representing a pixel of the hyperspectral image. It becomes immediately apparent

how complicated it is to unambiguously discriminate groups in HSI data. To do so,

the concepts of similarity and density are of great importance in cluster analysis, and

all clustering methods are based on these two concepts.

Distance measures

To quantify similarity/dissimilarity, the concept of distance is used: the greater the

distance between two objects in a given context, the more dissimilar they are. Vice

versa, the closer the objects are, the more similar they can be considered. A distance

measure can be transformed into a similarity measure through a normalization of the

data according to a standard scale:

sst = 1− dst
dmax

, (2.2)

where dst is the distance between objects s and t, dmax is the maximum distance

between the objects or a distance used as a reference, and sst → 1 for similar objects

and sst → 0 for dissimilar object. Some of the most commonly used distances

in chemometrics for HSI data are reported below, where xsj and xtj are the jth

components of the vectors xs and xt. The Minkowski distance, defined in Eq. 2.3 as:

dst =

∑
j

|xsj − xtj |r
 1

r

Minkowski distance (2.3)

generalizes other distances, in fact for r = 2 the Euclidean distance is obtained, and for

r = 1 the Manhattan distance [127]. Maximizing this distance (r → ∞) the Lagrange (or

maximum) distance is obtained [128]. Often clustering methods used the Euclidean

distance by default. Euclidean distance considers the diagonal distance between the

two measurements, Lagrange distance considers the largest distance between the

measurements. The Manhattan distance is a metric used to measure the distance

between two points in a space, considering only horizontal and vertical paths, without

diagonals. Its name derives from the idea of movement on a street grid, like the one

in Manhattan, where it is only possible to travel along orthogonal streets.
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Compared to the Euclidean distance, the Manhattan distance can be more representa-

tive for high-dimensional or sparse data, as it considers each dimension independently.

Additionally, it is particularly useful in images analysis where pixels are organized in

grids, and provides a more accurate representation than the Euclidean distance in

such cases. In addition, the calculation of this distance is faster than that of other

distances. However, the Manhattan distance may be less suitable than more complex

metrics, such as the Mahalanobis distance, in cases where clusters have irregular

shapes [129, 130]. A very practical measure for spectral images is the correlation

distance, that is based on the Pearson correlation coefficient between two points,

corr(xs, xt), from one [131, 132]:

corr(xs, xt) =

∑J
j=1(xsj − x̄s)(xtj − x̄t)√∑J

j=1(xsj − x̄s)2
√∑J

j=1(xtj − x̄t)2
(2.4)

the correlation distance is defined as,

dst = 1− corr(xs, xt) Correlation distance (2.5)

with

x̄s =
1

j

J∑
j=1

xsj , x̄t =
1

j

J∑
j=1

xtj (2.6)

being the mean, over all the measured variables J , for each object. This measure

helps to quantify how dissimilar the two points are based on their linear relationship.

Many other distances are discussed and compared in the literature [126, 133, 134, 135],

and the choice of one or the other is not trivial and can lead to very different results.

Density based methods

Density is another important concept in cluster analysis. A cluster is defined as a

"dense" area that is evaluated by examining the neighborhood of each data point.

Usually a radius is defined, and if the number of neighbors within this radius is

lower than a given value (to be set), then that data point will be considered as an

outlier. There are two common ways to define the neighborhood. The first approach
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defines the neighborhood radius as the Euclidean distance to the jth nearest neighbor,

adjusting this radius to data density. In this case, the neighborhoods are smaller

in dense regions and larger in sparse regions of the data space. OPTICS (Ordering

Points to Identify the Clustering Structure) [136] is an example. The second approach

assumes a fixed neighborhood radius for all points, regardless of data density [137],

as in DBSCAN (Density-Based Spatial Clustering of Applications with Noise) [138].

OPTICS is less practical for image analysis due to its computational cost. On the other

hand, DBSCAN offers several advantages in identifying clusters of varying shapes and

effectively handling noise, but requires the estimation of the radius and the number of

minimal neighbors within it, which are difficult to assess, especially for large datasets

[137, 139, 140].

Similarity based methods

Similarity-based clustering methods are divided into hierarchical and partitioning

approaches. Hierarchical clustering provides, as a result, a dendrogram showing

at which level of similarity samples are clustered, based on a linkage function that

defines the criterion with which samples are assigned (or split from) to already formed

clusters (once the first cluster has been defined) [141]. However, it is computationally

intensive to be used efficiently on hyperspectral images. Hierarchical methods are

classified into agglomerative and divisive types. Agglomerative methods, which are

more commonly used, start with individual samples and iteratively merge them into

clusters. In contrast, divisive methods begin with a single large cluster containing all

samples and progressively divide it into groups at each step [97, 142].

An ideal clustering technique should [143]:

• have few parameters to tune;

• handle large datasets efficiently;

• identify clusters of any shape, aligning with natural cluster structures.

From this perspective, partitioning clustering methods are more useful for hyperspec-

tral data [140]. With this approach, the dataset is divided into a predefined number of

clusters, optimizing some clustering criteria to determine the best partitioning. These
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methods assign each data point to exactly one cluster, after an iterative optimization.

The most popular partitioning method is K-means [144]. A modification of K-means,

named fuzzy, involves modulated response rather than a binary one, allowing data

points to belong to multiple clusters simultaneously, with varying degrees of member-

ship [145, 146]. This means that a point can partially belong to one cluster to a certain

extent, and to another cluster to a different extent [147].

K-means clustering

K-means clustering only requires as input the number of clusters (K) to be retrieved,

i.e. this can be specified by the user or selected by trying different numbers and

using a cluster validity criterion to assess the best one; the output will be the vector

containing the cluster membership of each sample.

The algorithm proceeds as outlined below:

1. initialization of K centers (initial guess for the cluster centroids) randomly;

2. the objects are assigned to the K clusters (at starts randomly);

3. computation of each formed cluster’s centroid;

4. computation of the distance of each object from each defined cluster centroid;

5. re-assignment of the object to the cluster defined by the closest centroid;

6. back to step 3 if at least one object switches cluster. Otherwise, it stops.

During this iterative process, K-means minimizes the sum of squared error (SSE) [148]

as in Equation 2.7:

SSE =

J∑
j=1

K∑
k=1

∑
s∈CK

(
dsj − d

(k)

j

)2

(2.7)

where dsj is the data entry of a single data point for the jth variable , d(k)j holds the

data value of the centroid for the jth variable in cluster CK , and J is the total number

of variables.

K-means clustering performs well when clusters have a globular shape, similar densi-

ties (i.e., a homogeneous dispersion within each cluster) and contain a comparable

number of objects (i.e., clusters are of similar size). However, despite its strengths,
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K-means clustering is subject to certain limitations, mainly in two aspects. The first

concerns the algorithm’s tendency to converge to a local, rather than a global, opti-

mum. The final results heavily depend on the initial centroids selection, which can

lead to suboptimal solutions. To address this, several strategies have been proposed

[149, 148, 150, 151, 152]. The random initialization implies that different solutions are

obtained by restarting the algorithm, this issue can be mitigated by running multi-

ple iterations of the algorithm and selecting the configuration with the lowest SSE.

When the cluster structure departs from the globular shape and clusters are not well

separated, K-means often fails to retrieve the correct clusters. A common approach

to overcome this issue consists in starting with a larger number of clusters and af-

ter grouping those that are less distinct. This is a variant of K-means in which the

clusters are grouped using a hierarchical method. Alternative strategies for K-means

initialization (step 1 above) are:

• using the results of hierarchical clustering as a starting point for K-means, with

the hierarchical method determining an initial cluster configuration for K-means

to refine.

• random partitioning of the data into K groups, calculating their means, and using

these as starting centroids. Despite these efforts, the sensitivity of K-means

clustering to the random initial step remains a drawback.

The second challenge lies in determining the optimal number of clusters [153]. Some

clustering optimization methods allow the number of clusters to be dynamically

adjusted based on predefined distance metrics or other criteria. This flexibility should

slightly improve the partitioning of the data overcoming the limitation of the prefixed

number of clusters [154]. The Gap Statistic evaluates the total within-cluster varia-

tion for various values of K and compares them to the expected values under a null

reference distribution of the data. The optimal value of K is the one that produces

the largest gap statistic [155]. The use of graphical methods, like the elbow method

is a popular approach for determining the optimal number of clusters in K-means

clustering. It involves plotting the SSE curve, against the number of clusters, as shown

in Fig. 2.7 . The ideal number of clusters is indicated by the point where the curve

begins to flatten, signaling that adding more clusters yields minimal reduction in
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Figure 2.7: SSE curve as a function of the number of clusters. SSE is the sum of the squared
differences between each observation and its group’s mean. When the curve starts to flatten,
adding more clusters results in minimal variance reduction. In this plot, the ’elbow’ occurs at
five clusters, suggesting it as a possible choice for the optimal number of clusters.

variance. However, picking the elbow of the curve, is considered to be too subjective

[156, 157]. Scientific literature offers also several indices that provide information

on the goodness of clusters. Each index has its own domain of applicability and

limitations [158]. Many of these indices rely on distance measures to evaluate both

cluster separation and cohesion. Indices such as the Silhouette [159] or the Pakhira-

Bandyopadhyay-Maulik (PBM) [160], are often applied when working with HSI data

and partitioning clustering [161]. However, validating a cluster analysis is not an easy

task. Indices generally evaluate the variance within and between clusters.

It has also to be considered, that this method conducts data analysis without taking

into account both the spatial and spectral information. Pixels or spectral channels

are in fact analyzed individually, and an approach is proposed in the literature to

couple the spectral and the spatial dimensions [162]. Despite the various proposals

and the different algorithm implementations [85, 163, 164, 165, 166], the results of

K-means clustering should be carefully analyzed by the data scientist, as the method

is sensitive to the distance metric used and the choice of the expected number of

clusters, which can significantly influence the results. These decisions require critical
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thinking and expertise, as they directly affect the interpretation of the data and the

quality of the clustering. Therefore, a thorough understanding and careful application

of K-means clustering is essential to gain valuable knowledge from the data.

2.2.2 Spectral Unmixing

Spectral unmixing approaches aim to recover pure component spectra when analyzing

mixture data, assuming a bilinear model. This is desirable in many applications, and

in particular in HSI, when imaged samples are analyzed in terms of its constituents

composing a mixture [17, 167, 168].

The bilinear model

The advantages of using a bilinear model include:

• compliance of spectroscopic data with linear models;

• simplicity in the interpretation of complex data;

• data compression by reducing a large dataset to a small number of meaningful

sample constituents (referred to as components), which is especially important

for large datasets like HSI.

A linear model assumes a linear relationship between the concentration of a chemical

compound and its absorbance. This is described by the Beer-Lambert law [169]:

Aλ = ελcl (2.8)

where A is the absorbance at a specific wavelength λ, ε is the molar absorption

coefficient at that λ, c is the concentration, and l is the pathlength. This relationship

can be extended to mixtures of multiple chemical compounds, denoted by N , across

a set of samples i. It is expressed as:

di,λ =

N∑
n=1

ci,nελ,nl (2.9)

where di,λ is the absorbance for sample i, at a specific wavelength λ, ci,n is the

concentration of compound n in sample i, and ελ,n is the molar absorption coefficient
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for compound n at wavelength λ. Thus, the total absorbance of a sample is the

sum of the absorbances of each compound in the mixture. If all wavelengths λ, are

considered, the absorbance spectrum di of sample i becomes:

di =

N∑
n=1

ci,ns
⊤
n (2.10)

where s⊤n is obtained considering ελ,n over all wavelengths, and represents the pure

absorbance spectrum for compound n. The bilinear model can be further written in

matrix notation as:

D = CST +E (2.11)

where D (I × λ) contains the spectra for I samples related with mixtures of N

components, across λ spectral channels, and C (I × N) and S (λ × N) are the

matrices containing the concentrations and the spectra profiles for each of the

N components in the sample, respectively. The matrix E (I × λ) represents the

unexplained variance, often attributed to noise. Because of the bilinear nature of

spectroscopic techniques, this relationship can effectively describe hyperspectral

images. To achieve this, the hyperspectral data cube of size (X,Y, λ) is reshaped into a

matrix D of size (X×Y, λ), where each pixel is arranged one below the other. As shown

in Figure 2.8, this configuration allows the data to be analyzed as a combination of

spectra S, and their respective proportions C. This matrix C can be reshaped back into

spatial distribution maps that represent the spatial abundance of each component

in the sample, providing both spatial and concentration information. With a simple

bilinear model, valuable information about the chemical composition and distribution

of components in a sample are obtained [17, 137].

Unmixing methods

In real case applications, the pure spectral profiles S of the components are often

unknown. Therefore, unmixing methods aim to decompose the hyperspectral data

cube into its underlying components using only the information available in the data

itself [170, 171, 172]. These methods are widely used in chemistry and HSI. Unmixing

methods can be:
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Figure 2.8: Bilinear model of a hyperspectral image. First, the hyperspectral data cube is
unfolded into a matrix D (X×Y, λ). Then, D is expressed as a bilinear model, CST . By refolding
the pure concentration profiles C (X × Y,N), the spatial abundance for each component n is
retrieved. The N pure spectral profiles are the column vectors of the matrix S (λ,N).

• Two-way methods, that work on the unfolded data matrix and include techniques

such as Multivariate Curve Resolution-Alternating Least Squares (MCR-ALS) [173,

174, 175, 176]. In remote sensing applications, nonlinear spectral unmixing meth-

ods are sometimes employed to account for nonlinear interactions, such as

light scattering [177, 178, 179].

• Higher-way methods, that analyze the hyperspectral data cube without the need

for reshaping [180, 181, 182]. They are particularly advantageous for preserving

the spatial structure of the data, and are discussed further in this chapter.

Among all these approaches, MCR-ALS is one of the most versatile and widely applied

techniques in spectroscopy (e.g. NIR, Raman), chromatography, and HSI, due to its

ability to produce chemically/physically meaningful results [86, 173, 183, 184, 185, 186,

187, 188].

Multivariate Curve Resolution - Alternating Least Squares

MCR-ALS method follows four main steps that are summarized below:
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1. Determination of the number of components that describe the dataset D.

2. Initial estimation of the pure components spectra matrix, S, or the concentration

matrix, C, is selected.

3. Iterative least squares optimization of C and S as:

C = DS(S⊤S)−1, (2.12)

ST = (C⊤C)−1C⊤D. (2.13)

Alternate between updating C and ST , applying constraints after each step.

4. Stop the iterative process when convergence is achieved.

Each phase is extremely important in producing a valuable analysis, and important

aspects are detailed for each step.

1. Determination of the number of components

The first key aspect of MCR is estimating the appropriate number of components

needed to describe the data under investigation. In other words, this means estimat-

ing the chemical rank of the data. Chemical and mathematical ranks are equal in case

of absence of noise and bilinearity is fulfilled. The most common method to evaluate

the rank of a data matrix is based on the observation of a scree plot obtained through

PCA [110, 111, 112]. Introduced by Cattell [189], this method visualizes the eigenvalues

for each principal component in a plot that typically shows a steep decline, where

the "elbow"point separate significant to less significant components. Components to

the left of this point are considered to carry meaningful chemical information, while

those to the right are associated with noise. This method is simple in principle, but its

application can not be suitable where noise is significant. In fact, the discrimination

of pure spectra that are highly correlated and the detection of minor compounds

in close proximity to the noise level remains difficult, particularly in complex data

matrices with low variance explained by these compounds. That is why, knowledge

about the sample and the chemistry of the dataset should always be considered by

the data analyst together with the chemometric tools.
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2. Initial estimation of C or S

The initial estimation of the matrices C or S is a critical step in MCR, as it significantly

impacts the convergence of the model. If prior knowledge about the sample is avail-

able, such as a ground truth, it should be utilized as initial estimates. When such

information is not available, various methods can be employed to estimate the purest

spectral profiles or concentration values in the dataset. These methods typically

involve selecting rows (spectra) with the highest presence of a single component, or

identifying specific columns (wavelengths) where the signal is predominantly related

to one component. Several approaches are commonly used for this purpose, focusing

on identifying the most dissimilar rows and columns in a data matrix. Examples

include the SIMPLe-to-use Interactive Self-modelling Mixture Analysis (SIMPLISMA)

method [190, 191, 192], sometimes combined with more recent techniques for selecting

essential spectra and variables. The latter aims to identify spectra or wavelengths

that comprehensively describe the entire dataset [193, 194, 195]. While SIMPLISMA has

practical applications for various data types [196, 197, 198], the selection of essential

spectra and variables is more used in the context of HSI [68, 106, 199]. For the selec-

tion of the initial estimates is important to avoid a random selection, as the method

optimizes the profiles iteratively, and starting with an estimation far from the true

solution may prevent convergence.

3. Alternating least squares optimization

MCR-ALS proceeds with an iterative alternating least squares optimization of C and S.

In hyperspectral image unmixing, this process typically begins by estimating C from

the data D using S as an initial estimate, as shown in Eq. 2.12. Then, S is updated

using the newly estimated C, as in Eq. 2.13. This iterative process continues until

convergence is achieved. The iteration could start also from S with initial estimates of

C, in this case the calculation of C and S is inverted. A very important aspect of this

stage is the application of constraints during the iterative process. Constraints impose

mathematical or physical conditions on the profiles, improving chemical interpretabil-

ity [200, 201]. MCR-ALS supports constraints applied to entire matrices, individual

elements, or specific components, making it a versatile method suitable for a wide

27



2. State of the art

range of applications and different types of data. Some constraints are developed to

reflect the investigated chemical system, while others are more mathematical [167,

173, 202, 203].

Non-negativity constraint was the first being proposed, and ensures that all values

in the constrained matrix are positive. This reflects the properties of concentrations

and spectral intensities, particularly in spectroscopic techniques that provide positive

signals. The constraint works by replacing negative values in the calculated matrices

C and/or S with zeros or by employing softer algorithms such as non-negative least

squares (NNLS) [204] or fast non-negative least squares (FNNLS) [205], both of which

are commonly used in HSI.

There are also constraints tailored specifically for image analysis like segmentation

or smoothness constraints [206, 207].

Local rank constraint identifies regions where specific components are absent (also

referred to as "windows"), enforcing zero values in these regions in either C or S. This

improves the accuracy of the retrieved profiles[201]. A specialized version of the local

rank constraint has been adapted for application to the distribution maps of images

[208, 209, 210].

4. Convergence criterion

Establishing the convergence criterion in ALS optimization is another important as-

pect to consider in MCR, as the convergence criterion ensures accurate results while

avoiding excessive computations. Too few iterations may lead to suboptimal solutions,

whereas too many can waste computational time without significant improvement

[211]. Convergence criteria can involve either setting a fixed number of iterations,

which must be predefined as a parameter in ALS, or monitoring changes in the lack of

fit (LOF) of the model, defined as:

LOF (%) = 100×

√∑
ij e

2
ij∑

ij d
2
ij

(2.14)

where dij and eij are elements of the original matrix D and residual matrix E (defined

as E = D − CST ), respectively. This second approach is generally preferred as it

is less arbitrary and also allows for tracking the solution’s evolution. However, a
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convergence threshold, generally indicated as the relative difference in the standard

deviations of the residuals between two successive iterative calculations, must be

set. However, small fit changes do not always mean negligible profile variations in C

and S, particularly when profiles are highly correlated. In such cases, using a very low

convergence criterion (≤ 10−6%) helps prevent premature stopping [212]. That is why

researchers should monitor the changes in the shape of the profile along with the

convergence of the fit to ensure accurate results.

Despite bilinear decompositions are powerful and flexible method, they may suf-

fer of ambiguity. This means, in general, that for a given rank, there will be sets of

C and S solutions that are different in their profiles, but that fit the model equally.

In theory, in absence of noise and constraints, all solutions are equally probable

[213]. There are three main types of ambiguities: scale, permutation, and rotational

ambiguities. Scale and permutation ambiguities are generally less problematic from

a data analysis perspective, as they do not alter the shape of the profiles or affect

result interpretability. Scale ambiguity occurs when profiles have identical shapes but

different relative scales and equivalent fits. This can be mitigated through normaliza-

tion. Permutation ambiguity arises when the extracted profiles appear in a different

order, but their shape, as well as the fit, remain unchanged. Rotational ambiguity is

the most critical in a bilinear model because it describes the possibility to obtain

solutions that are different in their profiles, but still fitting the model in an identical

way [214]. This can be visualized, writing the equation for the bilinear model of D as:

D = C(TT−1)ST (2.15)

where C and S matrices are multiplied by an identity matrix TT−1. Eq. 2.15 can be

rearranged as:

D = (CT)(T−1ST ) (2.16)

and then:

D = C′S′T (2.17)

meaning that the data D can be described using different components that are linear
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combinations of the chemical species of the data. However, these solutions may not

be physically or chemically meaningful. To mitigate these ambiguities, constraints are

applied during the ALS process to reduce the degrees of freedom in the solution space.

However, not all constraints are equally effective in addressing ambiguity [201, 215,

202, 216]. The most effective way to resolve ambiguity is through selectivity, meaning

that some data points (e.g., pixels in an image or specific wavelengths in a spectrum)

should contain information from only a single component. This selectivity will anchor

the solution and minimize rotational ambiguity.

In the context of HSI, another limitation of MCR-ALS, and two-way methods in general,

is that spatial information is ignored. To cope with this issue, there can be different

approaches, one, as mentioned before [206, 207], is to impose constraints on the

spatial distribution, another is to incorporate wavelet transform based methods for

spatial features enhancement in the MCR framework as described in [108, 217], a

further one could be to use trilinearity constraints [218, 219, 220], which have been

proposed to deal with excitation-emission landscapes [203, 221], which fulfill this

underlined model, but so far have still limited application in the HSI context [222, 223].

The research interest has then shifted towards unmixing methods that analyze the

tensor in its original form.

2.2.3 Tensor decomposition methods

The first proposals for three and higher-way generalizations of factor and principal

component analysis date back to the 1960s and early 1970s. Over the years, various

methods have been developed in different contexts [180, 224, 225, 226], which can be

broadly categorized into two main families: Parallel Factor Analysis (PARAFAC) [227],

also known as Canonical Decomposition (CANDECOMP) [228], and Tucker models [229,

230]. A comprehensive overview of these methods is provided in Section III. In the

context of HSI, tensor approximation in low-rank terms is an emerging technique

that has attracted significant attention, mostly supported by a rapidly evolving of

theoretical foundation [231, 232, 233, 234]. Ongoing research continues to refine and

expand both the methodologies and applications of low-rank tensor approximation,
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particularly within the mathematical and remote sensing communities. Notable

applications and developments in this field can be found in [235, 236, 237, 238, 239, 240,

241], with further discussion on the strengths and limitations of these methodologies

provided in Section III. The final part of this thesis will focus on hyperspectral images

decomposition in low-rank terms.
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HSI has emerged as a powerful analytical tool, capable of acquiring detailed spectro-

scopic information for each pixel within an image. This generates high-dimensional

datasets that allow scientists to analyze both the chemical composition and the

spatial distribution of components within a sample. As a result, HSI has become an

essential tool in a wide range of applications, such as assessing the homogeneity of

chemical formulations in pharmaceutical products [242], identifying and localizing

biological fluids for forensic analysis [243], and exploring the composition and spatial

distribution of chemicals in raw materials [244], among others. However, the complex-

ity of HSI data also presents significant challenges.

The global aim of the present doctoral thesis is to contribute to the development of

novel exploratory approaches for the analysis of hyperspectral images.

In order to achieve the global purpose, gaps have been identified for well-known

unsupervised methodologies currently used for the analysis of HSI data: spectral

unmixing and clustering. Based on the current scientific literature, hypotheses and

corresponding objectives have been raised and two main research directions are

considered.

3.1 Addressing key gaps in clustering and spectral unmix-

ing methods

The most common techniques for hyperspectral data, clustering and spectral unmix-

ing, have two very different aims: clustering is used to partition the data to identify

groups, while spectral unmixing aims to resolve the data into its pure components.

In this regard, two main gaps have been identified and two specific objectives have

been addressed:

• Gap 1: in the current scientific literature, there is considerable confusion regard-

ing the appropriate application of unsupervised methods such as clustering and
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spectral unmixing methods. These two techniques are often used interchange-

ably or on datasets that may not be well-suited for either approach, leading to

suboptimal results.

We argue that a complementary combination of clustering and spectral unmixing

methods can improve the discrimination of spectral features, the identification

of pure spectral components, and the interpretability of results, depending on

the specific aim of the analysis.

The first objective is to develop a general framework for applying clustering

and spectral unmixing methods in relation to the characteristics and inherent

properties of the data, and to evaluate the potential synergy of these unsuper-

vised chemometric techniques, with respect to the aim of the analysis.

• Gap 2: when analyzing large datasets with complex spatial and/or spectral

overlap and mixed information in each pixel, unsupervised approaches may

yield suboptimal results. Clustering methods often involve random initialization

steps, which can lead to inconsistent results. Spectral unmixing techniques

typically begin with an initial estimation phase of component concentrations or

spectral profiles, which can be further refined. In addition, minor components

in the data may be overlooked, particularly in the absence of prior knowledge

about the sample. These challenges reduce the reliability of the methods in

unsupervised contexts.

The effectiveness and interpretability of clustering and spectral unmixing meth-

ods for hyperspectral image analysis can be improved by considering the ge-

ometric characteristic of the HSI data structure to guide the direct extraction

of spectra and images, rather then focusing directly on optimizing or resolving

spectra and images, in other words guiding the selection of methods, or their

parameters, by an exploratory step. This approach could better exploit complex

data structures and improve the identification of components.

The second objective is to develop novel methods that take into account struc-

ture and the geometry of data points in the feature space, reducing the impact

of the random initialization step and improving the identification of the compo-

nents, including minor components.
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These objectives are addressed in the second section of the thesis, which focuses on

the analysis of clustering and spectral unmixing methods. The gap between these

approaches is investigated to explore the potential for a novel method applicable

in scenarios where the conditions for traditional clustering and spectral unmixing

are not fully met. This section emphasizes a data-driven exploration of hyperspectral

images data.

3.2 Enhancing unsupervised hyperspectral analysis through

tensor-based methods

In most existing unsupervised approaches, the first step of the analysis involves

reshaping the hyperspectral data cube and analyzing it as a matrix. In this regard, one

main gap has been identified:

• Gap 3: the unfolding of the data cube into a matrix disregards the spatial-

spectral relationships within the hyperspectral data. This omission can lead to

the loss of important spatial and spectral information.

We argue that considering the spatial-spectral relationships can improve the

extraction of meaningful information from the data cube.

The third objective is to explore tensor decomposition methods that preserve

the spatial structure of hyperspectral images, providing a more suitable approach

for data with structured spatial information.

This objective is discussed in the third section, which shifts the focus to algorithm

development. It presents a tensor decomposition based algorithm to handle data

with structured spatial information.
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1. Introduction

Characterizing sample composition and visualizing the distribution of its chemical

compounds is an important aspect in various research and applied fields. HSI, by

integrating spatial and spectral information, plays a pivotal role in this pursuit. The

choice of an appropriate data analysis model of hyperspectral images depends on

the nature of the chemical dataset. Prior knowledge, combined with mathematical

diagnostic tools, aids in identifying the most suitable model and, consequently,

selecting the appropriate data analysis method [245]. While research questions

and prior knowledge often guide method selection, overlooking the structure of

the investigated data, i.e. linearity, geometry, homogeneity, might lead to biased or

erroneous results [246]. This section explores the structural characteristics of the data

and identifies the most suitable analysis methods based on these characteristics and

the research objectives. Specifically, the application domains of K-means clustering

and MCR-ALS methods discussed in the state of the art, are evaluated assessing their

advantages and limitations in relation to their structural characteristics.

1.1 Clustering and unmixing

Clustering and spectral unmixing are widely used methods in HSI [4]. The choice

between these methods depends on the specific objectives of the analysis. On

one hand, clustering methods aim at partitioning similar pixels, assuming that the

spectral signature measured at one pixel is characteristic of a unique cluster (for

those methods that do not follow a probabilistic statistic). On the other hand, spectral

unmixing aims to identify individual sources of spectral variation, modeling each pixel

as a linear combination of pure spectral components representing unknown sources.

Despite their distinct assumptions and objectives, clustering and spectral unmixing

can be used together to enhance image analysis or provide complementary results. As

an example, clustering has been incorporated as a constraint in MCR-ALS and vertex

component analysis (VCA) for analyzing complex samples [247, 248, 249], and they

have often been combined also with other multivariate techniques [143, 250], such
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as PCA, to assess data homogeneity in terms of chemical composition or properties

[251, 252]. It is clear that clustering and spectral unmixing are not interchangeable.

However, misconceptions persist, as evidenced by studies that describe using K-means

clustering for spectral unmixing [253, 254, 255]:

"...used K-means clustering to unmix individual pixels in two-photon laser scanning

microscopy images..." ;

"We investigated clustering-based unsupervised learning in blindly unmixing

channels of multi-color two-photon laser scanning microscopy images.";

"...unmixing based on clustering...";

"K-means spectral unmixing for multi-channel imaging and image analysis...".

Given these ambiguities, it is important to clearly define the applicability domain of

each method. In this work, K-means clustering and MCR-ALS are chosen as represen-

tative techniques of clustering and spectral unmixing, respectively.

1.2 Structure of the data

In this section, the term structure of the data refers to the spatial arrangement of data

points in a normalized score space. This arrangement can highlight the presence of

distinct groups, indicate a more dispersed distribution, or provide insights into data

homogeneity. In line with this, Figure 1.1 illustrates three idealized data arrangements.

The first structure (Fig. 1.1 A) refers to a typical case where clustering approaches can

be used, as the data are clearly grouped and the mean spectrum of each group is

the centroid. As these groups become more dispersed in space (Fig. 1.1 B), the data

distribution still exhibits a recognizable clustering pattern but does not cover the

entire space. In the context of linear mixtures, these groups correspond to specific

compositions of the mixture. In such cases, choosing between clustering and spectral

unmixing is not straightforward. This scenario lies between the two methods, where

both approaches could be considered. Throughout this section, we focus on this

particular data structure. Structure C in Figure 1.1 illustrates a typical case where
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Figure 1.1: Spectral data representation in a normalized space (X2, X3): X2 and X3 are normalized
principal components, with X1 normalized to unit value and then excluded from the graphical
representation. A. The blue dots represent the mean spectra, and the data arrangement (light
blue area) in the space corresponds to a typical cluster configuration. In B. it is unclear how
to interpret the blue data points and the spectral distribution (light blue) in the normalized
space. Is this a case of clustering or spectral unmixing? C. the blue dots represent pure spectra
and a typical mixture distribution (light blue area) it is illustrated.

unmixing methods should be used, as the mixtures of pure compounds (three in this

case) span the entire space.

1.3 HSI data: clustering or spectral unmixing?

The type of data as in Fig. 1.1 B can be seen from different perspectives. Let’s make this

idea clear with a simple simulated sample of three generic compounds A, B, and C,

with pure pixels and pure spectral variables for all the three components. The data are

built with a bilinear model associating to each spatial distribution a spectral profiles,

and adding noise: D = CST +E (see Fig. 1.2 A). The data arrangement in a score plot

resulting from a PCA analysis and normalized to unit first column X1 is represented

in Fig. 1.2 B. This problem can be seen from two different perspectives, illustrated in

Figure 1.3: clustering (Fig. 1.3 A), where data are grouped in seven clear clusters, and

unmixing (Fig. 1.3 B) with the three pure spectra at the vertices of a triangular distribu-

tion, and binary and ternary mixtures are also observed. A partitioning method based

on distance minimization like K-means performed by setting seven as the number

of clusters, with 50 replicates and 200 iterations, resulted in a good estimation of
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Figure 1.2: Simulation of a three-components dataset: A. mean image and spectra; B. repre-
sentation of the scores space (X2,X3) resulted from a normalized PCA, where each data point
represent a pixel/spectrum.

Figure 1.3: The simulated dataset with three components can be seen in two different way: A.
as a clustering problem, with 7 clear clusters spanning the scores’ space, or as in B., spectral
unmixing problem, with three pure components A, B, C and some binary and ternary mixtures
resulting from a linear combination of the pures are also present.
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the spatial contribution (clustering map) (Fig. 1.4 A) and a good estimation of the

mean spectrum for each cluster (centroids), identifying the three purest components

and the binary and ternary mixtures (Fig. 1.4 B). Figure 1.4 C represents the score

plot color coded by cluster membership. Data decomposition methods describing

variation in a reduced subspace, like MCR-ALS, computed for three components with

non-negativity constraints and SIMPLISMA method for initial estimation, resulted in a

good estimation of the spatial distributions as well as an optimal optimization of the

spectral profiles. The spatial distribution of each component contains a small part of

the other two (see Fig. 1.5), which may be related to dataset noise.

It is clear then, that both the approaches can be used, depending on the research

question. In this case they also give comparable results as the presence of pure pixels

allows K-means to group the purest three species present.

But what if gradually this selectivity is not a property of the data anymore (Fig. 1.6

A)? In this case, moving to a data arrangement more spread in the score space (see

Fig. 1.6 B), a clustering approach, as K-means, will not be able to retrieve the pure

components, as it can not unmix (Fig. 1.7), while an unmixing approach will give

optimal results. MCR-ALS shows good estimations of spatial distributions and spectral

profiles (see Fig. 1.8). MCR-ALS resulted depended on the type and entity of noise

present. K-means analysis was not significant in simulations with no selective spectral

channels, and the presence of mixed pixels poses a limitation, as it may lead to

incorrect data partitioning.

Referring to data that underline the bilinear model, clustering should be applied when

imaging data are characterized by the presence of pure pixels distributed all over

the imaged field of view; unmixing should be utilized when the image pixels under

study are underlined by mixtures of pure spectroscopic fingerprints. Considering the

specific problem under study, the application of both methods is only meaningful in

certain determined situations.

A different case arises when selectivity is not a property of both spectral variables

and pixels. For such cases, we refer to Chapter 4, where an example is introduced.

As we have seen, the methodology that can be applied to these types of data is not

straightforward and there is not a single method that can deal with all the different

cases , which opens up further considerations.
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Figure 1.4: K-means results for the simulated dataset. The number of cluster was set to seven. A.
shown the cluster membership map. In B. centroids are shown for the three purest component,
the binary and ternary mixtures. C. display the normalized score plot color coded by cluster
membership
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1.3 HSI data: clustering or spectral unmixing?

Figure 1.5: MCR-ALS results for the simulated dataset. An unmixing model of three components
and constrained with non-negativity resulted in very comparable distribution profiles of the
pure. Pure spectra are used as references and are plotted in red, while the resolved MCR-ALS
spectra are in blue. SIMPLISMA was used for the initial estimation of the purest spectral profiles.
Results after four iterations are provided. The algorithm converged with a threshold fixed at
0.1%. The model has LOF=13% and r2=98%.

Figure 1.6: Simulation of a three-components dataset with no selective spectral channels:
A. mean image and spectra; B. representation of the scores space (X2,X3) resulted from a
normalized PCA, where each data point represent a pixel/spectrum.
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Figure 1.7: K-means results for the simulated dataset with no spectral selectivity. The number
of cluster was set to seven. A. cluster membership map; B. centroids for the seven cluster
identified.

Figure 1.8: MCR-ALS results for the simulated dataset. An unmixing model of three components
and constrained with non-negativity resulted in good optimization of the distribution and
spectral profiles of the three components. Pure spectra are used as references and are plotted
in red, while the resolved MCR-ALS spectra are in blue. SIMPLISMA was used for the initial
estimation of the purest spectral profiles. Results after five iterations are provided. The
algorithm converged with a threshold fixed at 0.1%. The model has LOF=73,24% and r2=46,37%.
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To address this issue, extracting essential information (EI) can be highly useful, as it

relies on the geometric structure of the data cloud rather than on data variance [105,

106, 107, 199, 256, 257]. Essential information consists of archetype points that outline

the convex hull of the data points cloud in a normalized abstract data space. Recent

studies have highlighted the potential and usefulness of identifying essential rows

and columns of a data matrix [193, 194, 258, 259]. A key aspect is that the corresponding

samples (spectral pixels) and variables (single-wavelength images) contain all the

information needed to reproduce the measured data [260].

For interpretations, users should be aware of the specific characteristics of the struc-

ture of the data and carefully consider the assumptions and limitations of the methods

to ensure the reliability of their interpretation. A recent study investigating data point

importance (DPI) by assessing the volume of data structure revealed that some data

points play a more significant role in the preservation of data pattern [258]. Points

located within the convex hull exert no influence on altering the overall data structure,

resulting in zero change in the calculated volume. In contrast, the vertices of the

convex hull show substantial changes in relative hypervolume, indicating a more

pronounced impact from some data points. Consequently, crucial data points can

be classified according to the strength of their impact signals. In the variable space

domain, extreme concentration ratios have special significance. In particular, among

the mixture spectra, it is the spectra with extreme concentration ratios that are con-

sidered indispensable. The study also shows that the outermost pixels and variables

contain all the information needed to describe the data arrangements in the abstract

space [246]. Considering all this, a novel approach for the analysis of the geometry of

the data cloud is introduced in the next chapter.
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In this chapter, an exploratory data analysis approach, based on the geometry of the

data point cloud resulting from a singular value decomposition (SVD), is proposed

to investigate the structure of HSI datasets and extract their main characteristics.

The principle of essential information is used to extract archetype (most linearly

dissimilar) spectra and archetype single-wavelength images. This chapter includes

the work "Exploratory analysis of hyperspectral imaging data" [246], published as part

of this PhD research, with most figures and content drawn from it.

2.1 Selection of the most relevant archetype points for

exploratory analysis

The HSI data cube is first unfolded into a matrix D, of dimensions (n, p), with rows

corresponding to pixels and columns corresponding to spectral channels. For the

sake of clarity, each pixel corresponds to a spectrum, and each spectral channel to

an unfolded single-wavelength image. The matrix D is then decomposed by SVD [261]

according to Eq. 2.1:

D = USVT +E (2.1)

where U of dimensions (n, k) is the matrix containing the left singular vectors, S of

dimensions (k, k) is the diagonal matrix of singular values, and VT of dimensions

(k, p) is the matrix of the right singular vectors transposed. k is the number of factors

of the decomposition, and E of dimensions (n, p) is the error matrix. The matrices

X and Y of dimensions (n, k) and (p, k), respectively, are calculated as in Eqs. 2.2

and 2.3, containing the coordinates of the data points in the column- and row-vector

space:

X = U× S (2.2)

49



2. Methods

Y = V × S (2.3)

All column vectors of X (resp. Y) are then normalized to constant projection on the

first column vector of X (resp. Y) to enforce convexity of the data points cloud [262,

263], as in Eqs. 2.4 and 2.5:

X = X⊘ x11
T , (2.4)

Y = Y ⊘ y11
T , (2.5)

where for the sake of simplicity the notation of X (resp. Y) is left unchanged. x1 (resp.

y1) denotes the first column vector of X (resp. Y), the operator ⊘ is the Hadamard

division (element-wise) and 1 is a column vector of ones of length K . The archetypes

of the data points cloud of X and Y can be identified by computing the corresponding

convex hulls, as in the equations 2.6 and 2.7 [194]:

conv(X) =

{
x ∈ X

∣∣∣∣∣ ∑
αx;α ≥ 0 and

∑
α = 1

}
, (2.6)

conv(Y) =

{
y ∈ Y

∣∣∣∣∣ ∑
βy;β ≥ 0 and

∑
β = 1

}
. (2.7)

where α and β are coefficients of the convex linear combinations. They correspond to

the most linearly dissimilar spectral pixels and single-wavelength images, respectively.

The number of components to consider in the convex hull calculation is left to the

user [262, 263]. Analogous to exploratory PCA, the inspection of the information carried

by the most dissimilar spectra/images can guide the selection.

The most relevant archetype points are then selected by visual inspection, and the cor-

responding (essential) spectra and (essential) single-wavelength images are extracted,

as illustrated in Fig. 2.1.

2.2 MCR-ALS

The MCR-ALS algorithm provides pure spectral signature and distribution map for each

component of the data set. ALS [183] was selected for model optimization, with both

concentration and spectral profiles constrained by non-negativity. The SIMPLISMA
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2.3 K-means clustering

Figure 2.1: Graphical representation of the data exploratory approach: the hyperspectral data
cube is unfolded into a matrix D and decomposed through the SVD algorithm (D = USVT ).
Matrices X and Y are calculated and normalized, resulting in a unit first column vector X1
(resp. Y1) to which all other column vectors of X (resp. Y) are orthogonal. Convex hulls of
essential spectra and essential variables are computed for X and Y, and the most relevant
archetype points are identified by visual inspection (red circles).

method [190] was used throughout this study to compute the initial spectral estimates.

The convergence criterion threshold was set to 0.1%. The LOF and explained variance,

defined in Eqs. 2.8 and 2.9, were used to assess the quality of the MCR model:

LOF = 100×

√∑
e2∑
d2

, (2.8)

r2 = 100×
(
1−

∑
e2∑
d2

)
, (2.9)

where e and d are elements of D and E, respectively.

2.3 K-means clustering

The K-means algorithm was applied to D using the Pearson correlation distance to

find c clusters [132]. To stabilize the results, 50 replicate runs of K-means clustering

were performed for each analysis, selecting the run with the lowest sum of point-to-

centroid distances, summed over all c clusters (sumd). The number of iterations was

set to 200. Silhouette [159] and PBM [160] indices were used to evaluate the optimal

number of clusters. These were compared with the number of most informative

pixels/spectral wavelengths suggested by the proposed exploratory approach. For
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consistency, the parameter c is used to denote both the number of components in

MCR-ALS and clusters in K-means, as the results are presented considering the same

number of components and clusters.
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Two datasets with varying characteristics and complexities are introduced and de-

scribed in this chapter: a Raman-HSI powder mixture, collected within our research

group, and a LIBS-HSI mineral sample, kindly provided through a collaboration with

the Université de Lyon. The first dataset serves as an ideal case for applying unmix-

ing techniques, while the second dataset allows for both unmixing and clustering

approaches, depending on the analysis objective. However, the LIBS dataset presents

an additional challenge due to the presence of pyrite weathering products and the

lack of selectivity, leading to deviations from the ideal models underlying both MCR

and clustering methods [264].

3.1 Raman powder dataset

Powders of three salts, i.e., calcium carbonate (CaCO3), sodium nitrate (NaNO3), and

sodium sulfate (Na2SO4), were mixed and pressed into a tablet, obtaining a three-

component system. Sample preparation and Raman imaging acquisition features

were described by Coic et al. in [199]. The sample was investigated in the range

901.2 cm−1 to 1280.5 cm−1 with a spectral resolution of 1.11 cm−1. A 101 × 101 pixels

image was mapped using a point-by-point raster-scanning mode with a 1 µm step

between successive acquisitions. The dataset corresponds to an hyperspectral image

of dimensions 101 × 101 × 341, which was subsequently analyzed without any spectral

pretreatment. The three-component Raman-HSI dataset (Fig. 3.1), exhibits well-defined

characteristics [246].:

• clear distribution of the salts building up the chemical composition of the

sample (Fig. 3.1 A);

• good signal-to-noise ratio data (Fig. 3.1 B);

• selective spectral regions (Fig. 3.1 C).
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Figure 3.1: Raman powder dataset: A. Mean image B. spectra and B. spectral profiles of the
three pure salts.

3.2 LIBS mineral dataset

A thin section of a mineral sample from the Nishapur turquoise deposit (Iran) was pre-

pared and polished for LIBS imaging. Sample preparation, equipment, and LIBS acqui-

sition are detailed in Moncayo et al. in [265]. The sample consists of three main mineral

phases: pyrite FeS2, silica (mainly quartz) SiO2, and turquoise CuAl6(PO4)4(OH)8·4H2O.

The LIBS image was recorded considering a 15 µm step between successive acquisi-

tions over 2048 spectral channels in the spectral range from 250 to 330 nm. From the

full acquired dataset, only a region of interest has been selected (Fig. 3.2), resulting

in a data cube of dimensions 300 × 300 × 1930, which was then analyzed without

spectral preprocessing. In Fig. 3.2 A it is important to note that, considering the scale

of mineral phases and the pixel size of the image (15 µm), the presence of many pure

spectral pixels is, therefore, not expected. Fig. 3.2 B highlights data characterized by

low spectral selectivity [246].

3.3 Software

All calculations were performed with MATLAB© 2022a (MathWorks Massachusetts,

USA). For the cluster analyses the K-means function of the Statistical and Machine

Learning Toolbox was used, with the addition of the MATLAB© Parallel Computing

Toolbox to improve the speed of the algorithm. Pure and als routines from Tauler

and De Juan (2003) were used for the MCR-ALS analysis and convhulln is the built in
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Figure 3.2: LIBS mineral dataset: A. Mean image and B. overlapped spectra.

MATLAB© function used to compute convex hulls.
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images

MCR-ALS and K-means clustering are widely used methods for HSI data analysis,

with their specific applicability domains, as shown in the introduction chapter of this

section 1). However, their effectiveness in complex scenarios, where the structure of the

data deviates from the models’ assumptions, requires further investigation. To address

this, the proposed exploratory data analysis approach was applied to the previously

introduced datasets, the Raman powder dataset and the LIBS mineral sample. In this

chapter, results are presented and organized by datasets. The information extracted

from the exploratory analysis is put in perspective with the results obtained by

applying both MCR-ALS and K-means. This chapter includes the work "Exploratory

analysis of hyperspectral imaging data" [246], published as part of the PhD research,

with most figures and content drawn from it.

4.1 Raman powder dataset

A representation of the (X2, X3) data points clouds is shown in Fig. 4.1 A, where

the number 2 and 3 refer to the second and third column of the normalized matrix

X. As expected, the observed data structure corresponds to a triangular geometry

(as would be obtained for simplex data), with the three vertices being expected to

correspond to the pure compounds [263]. Similarly, the data points representation

of the second and third column of the normalized matrix Y, (Y2, Y3), (Fig. 4.2 A),

enables the identification of vertices pointing in clearly distinct directions. Convex-

hull computation provided 14 archetypes points in the (X2, X3) space corresponding

to essential spectra and three archetype points in the (Y2, Y3) space corresponding to

essential single-wavelength images (black circles in Figs. 4.1 A and 4.2 A). Considering

that the number of components is known, three archetype points were selected in both

sub-spaces (filled green circles in Figs. 4.1A and 4.2 A, respectively), which are expected
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Figure 4.1: Raman powder dataset: A. 2-D representation of the X-space color-coded by point
density. Black circles mark the archetypes points (some are close and result overlapped in
the plot) at the vertices of the convex hull computed in the (X2, X3) normalized space. Filled
green circles are the selected points and black crosses are the projection of the pure reference
spectra in the (X2, X3) normalized space. B. spectra corresponding to the green points (black
line) with overlapped the pure spectrum (red line) of the corresponding component.

Figure 4.2: Raman powder dataset: A. 2-D representation of the Y-space color-coded by point
density. Black circles mark the archetypes points of the convex hull computed in the (Y2, Y3)
normalized space. Filled green circles are the points identified looking at the structure of the
data. B. the essential single-wavelength images corresponding to the three identified selective
wavelengths.
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Figure 4.3: Raman powder dataset: A. shows the spectra for the purest pixels obtained by the
exploratory analysis (black line), the purest components resolved spectra by MCR-ALS (blue)
and the K-means centroids spectra (green). Centroids spectra are calculated as the average
of the spectra of all the pixels belonging to a given cluster. For sake of clarity an arbitrary
vertical offset was added to the MCR-ALS and K-means results. B. shows the single-wavelength
images extracted with the exploratory approach, the concentration distribution maps retrieved
by MCR-ALS and the clustering maps obtained by K-means clustering.

to correspond to the purest spectral pixels and most selective wavelengths measured

(see Figs. 4.1 B and 4.2 B, respectively). The provided spectral and image information

can be readily interpreted for this simple data set (1070 cm−1 maximum selective

peak for NaNO3, 1090 cm−1 maximum selective peak for CaCO3, 996 cm−1 maximum

selective peak for Na2SO4). For the sake of comparison, the results obtained by

SIMPLISMA are provided (Fig. A.1 in Appendix A). Figure 4.3 shows the results obtained

for a three-component MCR-ALS model (LOF=10%, r2=99%) and for the application of

K-means considering three clusters. The selection of the number of clusters was set

as three according to the mixture composition. For each cluster, the class assignation

vector has been refolded in the original image dimensions and shown with the pixels

recognized as cluster members colored in brown. For the sake of comparison, the

results obtained from the previous archetype identification are also reported. The

similarity between the essential spectra and essential single-wavelength images

obtained from our approach and the spectra and component distribution maps

obtained by applying MCR-ALS is striking. Focusing on the spectra provided in Fig. 4.3

A, the ones shown for K-means correspond to “centroid” spectra and are, as expected,

not the pure ones, though in quite good agreement. It is worth noting that the centroid
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spectrum corresponding to the NaNO3 salt is more similar to the pure one than for

the 2 other salts. This can be explained by considering the density of points for each

of the 3 clusters modeled by K-means (see Fig. A.2 in Appendix A). As for K-means, the

maps (Fig. 4.3 B) obtained for each cluster are also very comparable (considering that

the information is segmented). This dataset was introduced to clearly show that in

cases in which we have prior information on the number of components, high spectral

and spatial selectivity, as well as a high number of pure pixels, MCR-ALS and K-means

solutions are very comparable, with selection of the method depending on specific

analysis goals. Also, the information retrieved with the two approaches can be readily

extracted from the analysis of the geometry of the data.

We now extend the exploratory analysis to a more complex scenario.

4.2 LIBS mineral dataset

This dataset is characterized by low spectral selectivity, as well as the presence of

many pure spectral pixels is not expected, because in the pixel of the image (size:

15 µm), different mineral phases are expected to be found. An additional complexity

of this sample arises from its composition, which includes iron. Iron has numerous

emission lines across the entire spectral range. Additionally, pyrite typically exists

in various oxidative forms [264, 265, 266] and the iron ions within pyrite can easily

exchange with copper or aluminum ions present in turquoise [267]. In fact, this kind

of rocks are often referred to as “solid mixtures” [268]. Furthermore, within quartz,

the predominant silica phase in this sample, aluminum impurities are quite common,

while iron inclusions are also possible, albeit less frequent [269]. All these peculiarities

translate into a very challenging LIBS HSI dataset to analyze and investigate with

classical chemometric tools. Indeed, this scenario is not ideal for approaches such as

MCR-ALS as pure pixels may not be present, spectral selectivity is low, and different

phases with very similar spatial distribution are present. Similarly, K-means clustering

is not ideal as it may have difficulty assigning different minority phases to distinct

clusters, as pixels may belong to multiple clusters due to low spectral selectivity.

The geometry of the data in the (X2, X3) and (Y2, Y3) spaces is illustrated in Figs. 4.4

A and 4.4 B, respectively. While more complex than the geometry observed in the
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previous example, the observed data points clouds exhibit some degree of structure.

However, determining the appropriate number of components to consider is not

straightforward given the absence of clear a priori information with this dataset.

Convex-hull computation provided 19 archetype points in (X2, X3), and 13 archetype

points in (Y2, Y3), (black circles in Figs. 4.4 A and 4.4 B, respectively). Considering

the geometry of the data observed in Fig. 4.4 A, six archetype points were selected

(filled green circles) and the corresponding essential spectra are shown. However,

considering Fig. 4.4 B, it is clear that some relevant points, corresponding to clear

directions, were not identified as archetypes, as they are not found at vertices of

the data points cloud in the two-dimensional Y-space. It should be noted that by

applying convex hull calculation to a six-dimensional Y matrix (see Appendix A Fig.

A.3), these points could be selected, but the total number of archetypes would be very

large. This is not really needed, though, since they can be manually pointed out in

the (Y2, Y3) plot, resulting in the extraction of seven essential single-variable images.

The spectra corresponding to points labeled A, C, and D in Fig. 4.4 A correspond to

the main mineral phases of pyrite, silica, and turquoise, respectively. Spectrum B

shows spectral features corresponding to a phase where silica has iron inclusions,

somehow in between the pyrite and the main phase of silica. Spectrum F features

another pyrite phase, different from the one observed in A. Lastly, the spectrum

corresponding to pixel E characterizes an intermediate phase between turquoise and

pyrite, where iron and mainly aluminum exchanges occur. The spectral regions used

for the identification are highlighted in blue, referring to Kurucz LIBS database [270],

following the assessed procedure of Moncayo et al. [265]. These spectra are the purest

spectra identified and can be interpreted as such without further analysis of the data.

In the same way, the essential single-wavelength images extracted correspond to

the information obtained at the most selective wavelengths. Images λ1, λ3, and λ7,

which are linked to point A, C, and D in Fig. 4.4 B, respectively, describe pyrite, silica,

and turquoise. Image λ2, corresponding to point B, describes a situation where both

pyrite and silica are present, and image λ4 shows the distribution of pyrite, turquoise,

and silica. It is worth noting that when looking at image λ5, which does not show

any correspondence in the (X2, X3) plot, it could be hypothesized that it represents a

mineral phase where both silica and turquoise are present. In fact, it lies between
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Figure 4.4: LIBS mineral dataset: A. 2-D representation of the X-space of the mineral sample
dataset, color-coded by point density. Black circles mark the archetypes points at the vertices
of the convex hull computed in the (X2, X3) normalized space. Letters and filled green circles
represent the selected points, while the corresponding spectra are shown in the right panel.
B. 2-D representation of the Y-space, color-coded by point density. Black circles mark the
archetypes points of the convex hull computed in the (Y2, Y3) normalized space. Filled green
circles represent the selected wavelengths, the corresponding refolded images are shown in
the right panel
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Figure 4.5: LIBS mineral dataset: MCR-ALS solutions. Refolded concentration profiles (left) and
resolved spectra (right) are shown for each of the 6 components with the corresponding data
variance.

image λ3 and λ7 in the (Y2, Y3) plot. Image λ6, linked to point F, is identified as another

form of pyrite. In addition, it can be noticed that in the right area of both the (X2,

X3) and (Y2, Y3) plots, there is a higher density of points (either pixels or spectral

wavelengths). Since points A and F correspond to spectra that are associated with

pyrite phases, it can be concluded that pyrite is identified as the major phase in this

mineral sample. For comparison purposes, the results obtained by SIMPLISMA are

also provided (Fig. A.4 in Appendix A). A six-component MCR-ALS model could then be

fitted (LOF=3%, r2=99%) and the results are shown in Fig. 4.5. The spectra of the first

2 components of the MCR-ALS model are identified as silica and turquoise phases,

respectively. The corresponding concentration distributions are in agreement with

the images retrieved by the exploratory analysis. Pyrite is identified primarily in the

spectral profile of the third component. However, the spectral profiles observed in the

remaining 3 components suggest the potential occurrence of different pyrite phases

characterized by ion exchanges, which present challenges for interpretation. This is

further complicated by the fact that the corresponding concentration distribution

maps show very similar distributions. The third MCR component is the one explaining

most of the data variance (52%) confirming that pyrite is the major phase. By contrast

the variance explained by other components, is very low, less than 3% for silica,
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Figure 4.6: LIBS mineral dataset: K-means results for the mineral sample dataset. Cluster
membership maps (left) and the mean spectra (right) are shown for each of the six clusters.

turquoise and the other phases of pyrite. For the sake of comparison, a K-means

model was computed setting the number of clusters to 6. The results are shown in

Fig. 4.6. Clusters 1, 2, and 3 can be associated with silica, turquoise, and pyrite phases,

respectively. The clustering maps for clusters 4 to 6 reveal distributions spanning the

boundaries between pyrite and the phases described by the first two clusters. The

centroid spectra of these clusters are challenging to interpret, suggesting possible

exchanges between iron and aluminum. MCR-ALS and K-means clustering provide

complementary information that leads to a more complete understanding of the

sample. The proposed methodology allows for observing the potential complexity

of data exploration prior to implementing MCR and/or K-means. It is important to

note that the exploratory approach not only provides the same information as the

one obtained from data modeling, but also enables to extract the spectral and spatial

features related to the presence of minority components resulting from ion exchanges

between the main mineral phases. The results obtained for silica, turquoise, and

pyrite are comparable. The centroid spectra obtained by K-means and identified as

pyrite is very comparable with the one extracted exploring the X-space and MCR-ALS,

again because of the high number of pure pixels in that cluster (being pyrite the

major phase, high number of pixels correspond only to pyrite). The concentration
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4.2 LIBS mineral dataset

maps of three of the MCR-ALS components and the clustering maps of three of the

clusters show the same distribution observed in the purest images extracted from the

Y-space, while the other differ and as discussed above, are not easily interpretable.

Overall, we may remark that in this challenging scenario, that deviates from the ideal

model underlying both MCR and clustering techniques, exploratory analysis driven

by archetypes identification can provide insight into the number of components

(when going for an unmixing approach) or clusters (when using clustering) to select.

In fact, traditional methods such as eigenvalues, scree plots, and cluster indices

may not provide unambiguous answers, as illustrated in Appendix A, Fig. A.5. The

exploratory approach employed in this study offers notable advantages, particularly

in the extraction of spectra and images without the need for complex modelling. Also,

convex hulls need to be calculated for more than two components, to retrieve the

archetype points for each direction in the Y-space. These findings emphasize the

feasibility and efficiency of our methodology in obtaining informative data without

excessive computational load.
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This chapter provides a summary of key considerations after the presentation of the

proposed approach and the results of its application.

5.1 Some considerations

The exploratory approach has been shown to be able to guide the extraction of useful

information encrypted in the spectral image of complex samples and to provide a com-

prehensive understanding of the investigated system. The shared information, among

K-means, MCR-ALS, and the proposed exploratory approach, in terms of distribution

and spectral signature of retrieved common components, concerned major phases

and/or the one with selective spectral profile. In cases where the application of very

well-known methodologies revealed its limits, observing the geometry of the data

resulted in an extremely easy and fast way to have better and more complete insights,

with respect to the MCR-ALS and/or K-means ones. The analysis of the structure

of the data could be considered, as any exploratory tool, as preliminary to allow a

more rational choice of the next steps of data analysis. Additionally, it helps address

limitations of the two methods, such as deviations from the linear model and lack

of selectivity. Moreover, it aids in deciding the appropriate number of components

and clusters, as well as in retrieving and identifying the purest species and minor

components.

Other datasets with severe spatial and spectral overlap were investigated, demon-

strating very good results in retrieving the most distinct component of the sample.

An interesting case concerns the semen stain on cotton dataset, which is shown in

Appendix A (Figs. A.6, A.7, A.8).

This exploratory approach may have limitations when the data present a quite uniform

distribution with no clear structures, thus rendering difficult finding the archetype

points. However, to the best of our knowledge, applying appropriate spectral prepro-

cessing could remove those effects, such as baseline, scatter, etc., that go into making

the data less geometrically structured. In this way, a change in the “data shape” can be
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obtained making this approach therefore applicable. Furthermore, while automation

of this process could be considered, it bears the risk of yielding inaccurate results,

as extreme points may also include noise points requiring visual inspection before

selection. Moreover, any automated implementation must carefully consider relevant

parameters and considering convex hull algorithm proves significantly more reliable

in this regard.

Moreover, this chapter examined the applicability domains of MCR-ALS and K-means,

highlighting also their potential synergy. During the research, a density-based cluster-

ing method, DBSCAN, was also tested under the hypothesis that density variations

that was observed in the normalized scores could be more effectively clustered using

a density-based approach. However, the results were unsatisfactory due to the com-

plexity of selecting the appropriate parameters, radius and the number of neighboring

points. This likely arises from the nature of the data distribution, which lacks clearly

defined empty spaces, making it unsuitable for this type of algorithm.

It is also important to highlight that a major limitation of this research was the con-

ceptualization process. Simulating scenarios in which both K-means and MCR-ALS

encounter challenges was difficult, and such cases were equally hard to identify in

the available datasets.

5.2 Perspectives

Current research on this topic is now focusing on the practical implementation of

this approach in different imaging techniques and on specific datasets that face

limitations with clustering and spectral unmixing approaches. Collaboration with the

Department of Pharmacy at the University of Salerno (Italy) has led to the application

of this exploratory method to mass spectrometry images of cancerous tissue, for the

characterization of healthy and unhealthy pixels’ tissue. A collaboration with the

Porto Conte Research Centre (Sassari, Italy) has supported the analysis of magnetic

resonance images of several food matrices to identify distinct regions characterized

by different chemical compositions. Both collaborations are ongoing and have shown

promising preliminary results that are being further investigated. Some of these

results are included Appendix A.

68



5.2 Perspectives

Future research may also deepen the investigation of spectral preprocessing tech-

niques to further improve the effectiveness of the exploratory approach.

To conclude, the further exploration of the combined application of K-means and

MCR-ALS remains a promising line of research, as it has not yet been widely explored

by the scientific community. This line of investigation has the potential to refine and

improve existing methods, eventually contributing to more effective data analysis

strategies in spectral imaging.
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1. Introduction

In the third section of the thesis, the focus is on the exploration of methods based on

the decomposition of a tensor. A tensor is basically a multidimensional array, which is

a higher-order generalization of a vector and a matrix: a first-order tensor is a vector,

a second-order tensor is a matrix, and a tensor of the order of three or higher is

called higher-order tensor [225]. The terms order, mode, and way are used more or

less interchangeably, but a distinction is sometimes made in the literature between

way, the geometrical dimension of the array, order, number of independent ways and

mode, the basic entity building an array [234, 181]. This nomenclature convention is

adopted in this section. Tensor decomposition methods are called multi-way and are

the natural extension of multivariate analysis, when data are arranged in three, as

the case of hyperspectral images or higher-order array. The work related to these

methodology has resulted in the production of a paper that is in the process of being

submitted for publication.

1.1 Rationale

The analysis of a tensor as it is, requires more complex mathematical models and,

often, more computational costs compared to the analysis of two-way data [271]. A few

words on the reason why we are embarking this research are thus needed. Let us begin

with an example. In remote sensing, the interaction between sunlight and the Earth’s

surface is often very complex, and observed spectra are then composed of nonlinear

mixing terms. In fact, as shown in Chapter 4, complex data often deviate from the Beer’s

law [169], and in such scenarios, also the bilinear model can not be the proper one to

approximate the data. Solutions have been proposed in the literature to improve the

bilinear model over the years [272] and in numerous research areas, including imaging

[222], neuroscience [273], process analysis [274], social networks [275], and, in general,

in context where the underlying information content of the data may not be captured

accurately or identified uniquely by two-way data analysis. Two-way analysis methods,

by which we refer to those based on factor models here, suffer from rotational freedom
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unless specific constraints, such as statistical independence, orthogonality, selectivity

and local rank are enforced [201, 208, 209, 210]. These constraints, requiring prior

knowledge or unrealistic assumptions, are not often necessary for multi-way models.

Consequently, some multi-way analysis offers advantages over two-way models in

terms of uniqueness, robustness to noise and, possibly, facility of interpretation.

Multi-way analysis has become popular e.g. as exploratory analysis tool in a variety

of application areas in the last 50 years [224]. While two-way methods may seem

conceptually simpler than multi-way methods, this simplicity vanishes in HSI context.

Unfolding the tensor into a matrix for two-way analysis do not consider the spatial

structure in the image, sacrificing interpretability. The principle of unfolding, can

lead to model that are less interpretable, less robust, and nonparsmonious. This is

particularly pronounced when the multi-way structure of the data is ignored, treating

the data with an ordinary two-way approach. Also, the more structured is the method,

the poorest is the fit compare to methods that uses much more degrees of freedom

and consequentially better fit the data. However this can be also a risk because a

two-way model may overfit by using extra degrees of freedom to capture noise or

redundant variation. As the principle of parsimony of Occam’s razor suggests [276],

it is preferable to use the simplest model possible: the tensor method is the most

constrained model, while the two-way method is the most flexible and complex in

terms of interpretability and conditions to be applied. Therefore, the goal of multi-way

methods is not necessarily to improve fit but to provide more robust, adequate and

interpretable models [181]. Moreover, spatial and/or spectral selectivity are often

not fulfilled in complex HSI data, which drastically complicates the analysis in an

unsupervised unmixing context. HSI provides us with spatial and spectral information

that can be combined instead of being analyzed separately, for instance considering

the spatial distribution can help in discriminating the spectral components and

getting insights on the sample. The decision of moving to a more complex model is,

then, guided by the interest in exploring the hyperspectral tensor keeping its original

structure.
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1.2 Tensor rank

1.2 Tensor rank

Before introducing the main tensor decompositions currently used in the context of

HSI, it is necessary to present some basic definitions. In all this section, the term tensor

is referred to a third-order tensor, and is indicated as T of dimensions (X × Y × Z).

Each element of the tensor has three indices and is indicated as txyz . Tensor rank is

a key concept of tensor decomposition methods, and it is defined as:

• The rank of a tensor T (as opposed to mode-n rank) is the minimal number of

rank-1 tensors necessary to describe the array in a linear combination [232, 277].

• A third-order tensor is rank-(L,M,N) if its factor-1 rank, factor-2 rank, and

factor-3 rank are equal to L, M , and N , respectively [277]. The word factor refers

to each term of the decomposition.

• A third-order tensor T has rank-1 if it equals the outer product of 3 vectors. A

rank-(1, 1, 1) tensor is briefly called rank-1 [232, 277].

The rank of an array is extremely important to create a multi-way tensor in a parsimo-

nious way but with sufficient dimensions to describe the data under investigation.

Unfortunately, there are not specific rules to determine the maximal rank of arrays in

general [181].

1.3 Tensor decomposition methods

Tensor decomposition techniques aim to identify low-rank components in multidi-

mensional datasets. Their advantages and progress in HSI were already discussed in

the state of the art chapter. The focus in this paragraph is on the fundamental models

used in three-way analysis which are the Parallel Factor Analysis (PARAFAC) model,

which is also called Canonical Decomposition (CANDECOMP) and Tucker models.

1.3.1 CANDECOMP/PARAFAC

The models proposed independently by Carroll and Chang [228] and Harshman [227]

in the 1970’s, CANDECOMP and PARAFAC respectively, are considered equivalent and
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Figure 1.1: The R components CANDECOMP/PARAFAC model of a hyperspectral image T (X ×
Y × Z): vectors a and b are related with the two spatial dimensions of the image, X and Y
respectively, while the vector c is related with the spectral dimension Z . E (X × Y × Z) is the
tensor containing the residuals of the model.

are the fundamental methods of most currently used three-way models and their

multi-way generalizations. CANDECOMP/PARAFAC is considered the simplest multi-way

method and can be seen as an extension of bilinear factor models to multilinear

data. The model, is represented as the decomposition of a tensor T in a linear

combination of rank-1 tensors (see Fig. 1.1). A rank-1 tensor for a third-order array,

is a tensor that can be written as the outer product of three vectors. Then, a R

components CANDECOMP/PARAFAC model for a tensor T of dimensions (X × Y × Z)

can be expressed as in equation:

T =

R∑
r=1

ar ⊗ br ⊗ cr +E (1.1)

where ar, br and cr are the column vectors of size (X×1), (Y ×1), (Z×1) respectively,

and are the columns of the factor matrices A (X × R), B (Y × R) and C (Z × R).

E is the tensor containing the residuals and ⊗ indicates the outer product. Having

already defined the column vectors a, b, c, the vector outer product is:

(a⊗ b⊗ c)xyz = axbycz (1.2)

CANDECOMP/ PARAFAC aims to minimize the sum of squares of the residuals obtaining

a solution such that factor matrices are determined uniquely. Unique solution means

that the estimated model cannot be rotated without loss of fit. Unique solutions can

be expected if the vectors of the decomposition are linear independent in two of the
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1.3 Tensor decomposition methods

modes. In the third mode, a weaker condition is applied, it is sufficient that no two

vectors are linearly dependent. This means the vectors in the third mode do not need

to be fully independent, but each pair should still provide a unique contribution. This

was shown by Harshman in [227] and Leurgans in [278]. The model uses in fact, factor

matrices for all the three ways, but in their model each factor is related to only one

factor of each of the other two ways [181]. The CANDECOMP/PARAFAC model in matrix

notation makes this concept more clear:

Iz = ADzB
T +Ez, (1.3)

with z = 1, ..., Z . Iz is the the z-th frontal slice of a three-way tensor, and A and B

are the factor matrices in the first and second modes, respectively. Dz is a diagonal

matrix, whose diagonal elements are the z-th row of the third factor matrix C. Ez

contains the error terms corresponding to the entries in the z-th frontal slice. This

aspect, based on an idea of Cattel in 1944 [279], guarantees that solution is unique

up to a permutation or scaling of columns [277, 280, 281]. In those cases, fitting

a CANDECOMP/PARAFAC model would give rank deficient solutions and would not

guarantee meaningful uniqueness. Parallel Factors with Linear Dependency (PARALIND)

is proposed as an approach to modeling such cases [282]. The uniqueness property,

has made CANDECOMP/PARAFAC a useful and popular model in different fields, i.e., in

chemistry, modeling fluorescence excitation-emission data [283], in food science [284,

285] and in neuroscience [286] among other domains. Even in hyperspectral images

analysis, where it is often employed for a denoising of the image [287], or together

with other tools, as in [180], where image segmentation techniques are applied to the

abundances map to distinguish materials in an area of interest. However, in certain

situations, the model may be too restrictive or the uniqueness conditions may not

be satisfied. In such situations, the model proposed by Tucker provides a useful

alternative [229, 230].

1.3.2 Tucker family

CANDECOMP/PARAFAC can be considered a constrained version of the more flexible

Tucker models, which can be seen as an SVD extended to higher order tensor [229],
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but without orthogonality constraints on factor matrices [288]. Tucker family includes

Tucker1, Tucker2, and Tucker3 models, which refer to specific versions of the Tucker

model, based on how many modes are reduced during the decomposition. Among

these three methods, Tucker3 is commonly used in hyperspectral images analysis. In

literature it can also be referred to as "three-mode principal component analysis",

which is actually a proper name to understand what it does. This version of the name

was proposed in the work of Kroonenberg [289] who conceptualized an algorithm

for fitting the least squares of this model. He proposed this name to distinguish it

from the factor analysis, which is usually fitted by means of fitting covariances, using

assumptions of uncorrelated unique factors. The advantage of the Tucker3 method is

its flexibility, which allows for better modeling of the data. This flexibility is due to

the core array G, of dimensions (I × J ×K) (see Fig. 1.2), which allows an interaction

between a factor A (X × I), B (Y × J) or C (Z × K) with any factor in the other

modes. However, the price to pay for this flexibility is that a Tucker3 model cannot

uniquely determine factor matrices. The Tucker3 model of a tensor T of dimensions

(X × Y × Z) can be written as:

txyz =

I∑
i=1

J∑
j=1

K∑
k=1

gijkaxibyjczk + exyz, (1.4)

where g is element of the tensor G and a, b and c are the elements of the matrices A

(X × I), B (Y × J) and C (Z ×K) respectively, and exyz denotes the error term and

is an element of E. Analogously, the model is written in matrix notation as:

T = G •1 A •2 B •3 C+E, (1.5)

were •n indicates the n-mode product of a tensor with a matrix. This operation means

multiplying the core tensor along its n-mode with a matrix [232] as:

(G •1 A)xjk =

I∑
i=1

gijkaxi, (1.6)

(G •2 B)iyk =

J∑
j=1

gijkbyj , (1.7)
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Figure 1.2: The Tucker3 model of a hyperspectral image T (X × Y × Z): G (I × J ×K) is the
core array that allows the interactions between the factors A (X× I) and B (Y ×J) related with
the spatial modes of the image, and C (Z ×K) related with the spectral mode. E (X × Y ×Z)
is the tensor of the residuals.

(G •3 C)ijz =

K∑
k=1

gijkczk, (1.8)

In many practical scenarios, the goal is to approximate a given tensor by another

tensor with a predetermined multilinear rank. This problem can be viewed as a natural

extension of finding the best rank approximation for matrices. While matrices can

be optimally approximated by truncating their SVD, a similar approach unfortunately

does not generally yield the best approximation for tensors when using the Tucker

decomposition [226]. Estimation of the multilinear rank of the tensor is still ongoing

research [225]. In the literature there are some approaches, mostly developed by De

Lathauwer and collaborators, where a truncation of a specific constrained version of

the Tucker decomposition [231] yields to a reasonable approximation [233, 290, 291]. It

has also been shown by Kiers et al. in [292], that the mathematical structure of the

model is so redundant that, even forcing to zero more than half of the elements of

the core, the fit does not change. This clearly shows that the Tucker model can be

overly complex and explains why it gives ambiguous solutions. Tucker decomposition

is often used for dimensionality reduction of large tensor datasets [293], for image

processing and analysis [294, 295, 296], harmonic retrieval [297] and for classification

and pattern recognition tasks [298], to give just a few examples.
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1.4 Block term decomposition

In this section, a different class of tensor decomposition is introduced, which actually

leads to a framework that unifies the Tucker and CANDECOMP/PARAFAC models [232].

In between these two methods, there is, in fact, the Block Term Decomposition (BTD),

a less popular multi-way model conceptualized by De Lathauwer in 2008 in [232]. BTD

can be seen as an extension of the Tucker model for each component, but also as a

CANDECOMP/PARAFAC model. In fact, it decomposes the multi-way array into the sum

of tensors that have a lower multilinear rank, but not rank-1 like CANDECOMP/PARAFAC.

A graphical representation of the model is given in Figure 1.3.

Figure 1.3: The R components BTD model of a hyperspectral image T (X × Y × Z): Gr

(Ir × Jr ×Kr) is the core array and allows the interactions between the factors matrices Ar

(X × Ir) and Br (Y × Jr), related with the spatial modes of the image, and Cr (Z × Kr),
related with the spectral mode. E (X × Y × Z) is the tensor of the residuals.

The BTD decomposition of a tensor T of dimensions (X × Y × Z) can be written

then as:

T =

R∑
r=1

Gr •1 Ar •2 Br •3 Cr +E, (1.9)

where R is the number of components, Gr , of dimensions (Ir × Jr ×Kr) is the core

array for each decomposition and is full rank-(Ir, Jr,Kr). Ar (X × Ir), Br (Y × Jr)

and Cr (Z ×Kr) are the factor matrices for each r component and E is the tensor

containing the residuals of the model. The symbol •n indicates the n-mode product

of a tensor with a matrix. This operation means multiplying the core tensor along its

n-mode with a matrix [232] as described in equations 1.6, 1.7, 1.8. The idea is that the

tensor is decomposed into a sum of blocks of inherently smaller size (Ir × Jr ×Kr)

[226]. Basically, if there is only one component (R = 1), then equation 1.9 is a

Tucker decomposition, if all the blocks have a scalar core (I = J = K = 1), then
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the model is a CANDECOMP/PARAFAC decomposition. The advantage of BTD over

CANDECOMP/PARAFAC is that the terms are more general, and could then potentially

allow to model more complicated data structures. The advantage of BTD over the

Tucker model is that BTD models are essentially unique under some conditions.

Uniqueness conditions are discussed extensively mathematically in [232, 291]. A more

chemical approach at this regard is discussed in the next chapter, paragraph 2.4. Based

on the rank of the decomposition, distinct types of BTD can be considered [232]. During

the exploration of the tensor decomposition methods for hyperspectral images, the

one characterized by a multilinear rank-(Lr, Lr, 1) for each term of the decomposition,

appeared to be of great interest for the phd project and will be the focus of the next

chapter. Rank-(Lr, Lr, 1) indicates that the factors have rank-Lr in the first ad second

mode and rank-1 in the third mode for each r-component. This approach seemed to

be worthwhile because it provides flexibility in modeling the complexity of the spatial

distribution of each component. In particular, each component can be modeled on

the basis of its spectral signature, but taking into account its spatial complexity. This

makes the model highly suitable for the analysis of hyperspectral images. Despite its

potential, there are currently few studies in the literature that employ this method

for image analysis [236, 299, 300, 301, 302] and key aspects, such as the accurate

estimation of the decomposition parameters, have only been explored by a small

subset of the scientific community. These challenges will be addressed in the next

chapter of this thesis.
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This chapter provides a detailed description of a tensor decomposition in multilinear

rank-(Lr, Lr, 1) terms. The methodology and algorithm are presented, with a particular

focus on the criteria and estimation of parameters for using this method. This aspect

represents one of the main challenges within the scientific community. The validation

of the model and its uniqueness properties are also discussed.

2.1 Decomposition

The rank-(Lr, Lr, 1) terms tensor decomposition have been proposed by De Lathauwer

in the 2008 in his important work on the higher-order tensor decomposition in block

terms [232]. The tensor T , of dimension (X × Y × Z), is decomposed as a linear

combination of R terms. Each r-term of the combination is described as the sum of

the outer product of a matrix, resulting from (ArBr
T ), with a vector cr:

T =

R∑
r=1

(ArBr
T )⊗ cr +E. (2.1)

Ar (X × Lr) and Br (Y × Lr) are the factor matrices, r = 1, 2, ..., R indicates the

terms of the linear combinations, and Lr is the number of subfactors for each factor

matrix. E (X × Y × Z) is the tensor of the error, which describes the portion of

variability in the original data that is not explained by the model. The decomposition

in rank-(Lr, Lr, 1) terms, represented in Figure 2.1, indicates that the rank in two

modes is the same and equal to Lr (and must be different from 1), while the rank in

the third mode is equal to 1. This can lead to the idea of considering the matrices Ar

and Br describing the variability expressed in the two spatial dimensions X and Y ,

while the third mode, of rank-1, describes the variability in the spectral dimension Z

through the vector cr. It is important to note that the rank-Lr of the factor matrices

can be different for each r-term of the decomposition. This is an important property

because, relating each term of the decomposition with a system component, the
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2. The rank-(Lr, Lr, 1) decomposition

Figure 2.1: Scheme of the decomposition in multilinear rank-(Lr, Lr, 1) terms of the hyper-
spectral data cube T . The tensor is decomposed as the sum of the outer product of a matrix
resulting from (ArBr

T ) with a vector cr. The dimension of the factor matrices Ar and Br is
related with the number of subfactors Lr . The factor matrices described the spatial contribution
of the r component while the vector cr it is related with the spectral profile of that component.
Each component r, in this case vegetation and water, are represented by a different color.

spatial complexity of each component is taken into account, and can be described

with the proper amount of information represented by the subfactors Lr . However,

the estimation of the proper number of subfactors and components is not trivial

and is object of discussion in this chapter (see paragraph 2.4). The idea behind this

special case of BTD is that, the spatial distribution sharing the same spectral profile

can be considered as a component. The matrix (ArBr
T ) captures the variability

or information related to the spatial structure of a component, while the vector cr
associates this spatial distribution with its corresponding spectral profile, and vice

versa. By considering this spatial and spectral information together, the unmixing

process is improved, particularly for components with structured spatial distributions,

as well as for minority components and those with no selectivity in the spatial and/or

spectral domains.
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2.2 Algorithm

The algorithm is partially provided by Tensorlab 3.0, a Matlab toolbox for tensor

computations and optimization from De Lathauwer and collaborators [303]. It provides

algorithm for different decomposition with the possibility of imposing structure on the

factors. The structured data fusion by nonlinear least squares algorithm, sdf_nls [304],

is used together with the ll1 factorization routine, that computes the decomposition

of a tensor T in multilinear rank - (Lr, Lr, 1) terms using a multistep approach. The

first initialization step is performed through a generalized eigenvalue decomposition

with the ll1_gevd routine, and the decomposition is performed by minimizing the

difference between the data T and the reconstructed tensor U . The optimization

step proceeds with a non-linear least squares Gauss-Newton with dogleg trust region,

as suggested in [305], which attempts to find a local minimizer of the real-valued

function with the nls_gndl routine [306]. Since the spatial distributions and spectra of

the data of interest are assumed to be positive, the factors have been constrained to

be non-negative in both the spectral and spatial modes. The routines are compatible

with full, sparse, and incomplete datasets. The algorithm operates in a non-sequential

way.

2.3 Uniqueness

This decomposition is considered unique under the condition in Eq. 2.2. Following the

work of De Lathauwer in the 2008, in which the mathematical theorems regarding the

uniqueness property of the tensor decomposition methods are extensively discussed

(section 4 in [232]), the uniqueness condition can be written as:

R∑
r=1

Lr ≤ min(X,Y ). (2.2)

Lr are the subfactors of the factor matrices, R the number of components and X and

Y the spatial modes of the tensor. This condition essentially means that the model is

unique if the factor matrices Ar and Br are full column rank. For a unique structural

model the parameters, R and Lr , cannot be changed without changing the fit of the
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model, in other words, there is only one solution giving the minimal loss function

value.

2.4 Methodology

In order to properly consider this multi-way method, a decision must be made regard-

ing the dimensionality of the decomposition terms. To determine the appropriate

dimensionality for a model, considerations of parsimony, stability, and interpretability

should ideally be taken into account [307]. Although several strategies have been

proposed in the literature, the field remains in a research phase [300, 302, 305, 308,

309]. In fact, the findings in the literature are not always consistent and may not

be applicable to all cases [310]. The parameters that need to be determined and

optimized are R, the number of components, and L, the number of sub-factors for

each r component. The selection of these two parameters, particularly L, is non-

trivial and significantly impacts the results. To derive the values of R and L, various

methodologies were tested, and the one that, to the best of our knowledge, is the

most effective is detailed here.

2.4.1 Number of components determination

The choice of the number of components R to describe the system under investigation

is essential. To determine R, exploratory analysis is commonly used as in two-way

methods. For example, observing the scree plot resulting from a PCA or exploring the

data in a normalized space derived from an SVD analysis, as demonstrated in Section

2 of this thesis, are effective strategies. In some cases, a-priori knowledge or ground

truth may be available and should be considered.

2.4.2 Number of subfactors determination

The estimation of the number of subfactors necessary to describe each component is

a key step in determining the correct dimensionality of the factor matrices involved in

the decomposition. To choose the number of subfactors, L, a criterion proposed in the
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literature associates its value with the spatial (X and Y ) and spectral (Z) dimensions

of the image [236]:

Lopt =
min(X,Y )2

R× Z
. (2.3)

In this work, L is weighted by the ratio of the spatial size to the spectral size. This

weight adjusts L, increasing it when the spatial size is large relative to the spectral

size, and reducing it in the opposite case. The literature also suggests a uniqueness

criterion [232, 237] that must be satisfied to ensure the derivation of a unique model,

as presented in equation 2.2. If this condition is not met, the solution is non-unique.

From the uniqueness criterion, a maximum value for the number of subfactors, Lmax,

can be determined. This value is assumed to be the same for all components, though

this is not strictly necessary. In practice, one component may have a higher number

of subfactors, while another component may have fewer, with the total number of

subfactors adjusted accordingly, as long as the uniqueness condition is not violated.

According to most of the literature, the number of subfactors should not be excessively

high. Considering also this aspect then, the Lmax is derived from the uniqueness

condition as:

Lmax =
min(X,Y )

R
. (2.4)

In this sense, the model will undoubtedly satisfy the uniqueness condition, while

keeping the number of subfactors not too high. An attempt was also made to impose a

condition on the sum of the subfactors, ensuring it did not exceed the smallest spatial

size of the dataset. However, this approach resulted in an increase in the number of

subfactors, a significant increase in computational time, and no discernible differences

in the models. The approach to estimate the number of subfactors involves both the

Lmax and Lopt values, using them as guidelines to explore all possible combinations

of subfactors.

2.4.3 Model selection

Once values for Lmax and Lopt are determined, all possible values between 2 and

either Lmax or the Lopt limit can be considered for each component. Subsequently,

all combinations of these values across components are evaluated. The choice of
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2. The rank-(Lr, Lr, 1) decomposition

the upper limit depends on Lmax, if it is excessively high it is preferable to use

Lopt. Sometimes, a balance between these two values has to be considered for each

dataset to achieve a better result. For each combination, a model is constructed and its

performance is visualized using a Tucktest plot [311], which shows the reconstruction

error as a function of the number of components used in the decomposition (see Fig.

2.2). The reconstruction error for a 3rd-order tensor T of dimensions (X × Y × Z) is

calculated as the Frobenius norm of the difference between T and the reconstructed

tensor U , normalized by the Frobenius norm of T :

Error =
∥T − U∥F

∥T ∥F
, (2.5)

where

∥T − U∥F =

√√√√ X∑
x=1

Y∑
y=1

Z∑
z=1

(txyz − uxyz)2, (2.6)

and

∥T ∥F =

√√√√ X∑
x=1

Y∑
y=1

Z∑
z=1

(txyz)
2
. (2.7)

The Tucktest plot displays all the computed models, with those on the lowest front

representing the best-fit models for a given
∑R

r=1 Lr . The model with the absolute

minimum error (see Fig. 2.2) is the selected one. Other points of interest, such as

models at elbow points or those with errors close to the minimum but requiring fewer

subfactors, are also considered and analyzed.

2.4.4 Validation

Validation is a critical step in any methodology. In an unsupervised context, where

the ground truth of the image may not be available, the intuition is to use a split-

half analysis, as suggested by Kiers et al. [312] for the Tucker3 model. A split-half

procedure [313] evaluates the stability of the model by dividing the dataset into

two halves and analyzing them independently. Due to the uniqueness of the rank-

(Lr, Lr, 1) decomposition, the error for the full dataset should be comparable to the

errors of the two halves. Some differences are expected, as the errors depend on

the specific sampling of the halves. If the model is stable in the split-half sense, it
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2.5 Method outline

Figure 2.2: Tucktest plot. It shows the decomposition error as a function of
∑R

r=1 Lr . Each
black point represents a computed model. Models along the front in blue correspond to
L-combinations with the lowest error for a given number of subfactors. The model with the
absolute minimum error (red circle) is selected, representing a specific combination of L-
subfactors.

can be assumed to be real, capturing the essential variation in the data and being

unique [314]. When performing a split-half analysis, the mode along which to split

the data must be carefully chosen. Components need to be equally represented in

each half, ensuring a balanced number of pixels for each component in both halves.

Harshman and DeSarbo [313], also, indicates that both splits must be large enough to

minimize the influence of the characteristics of specific components. However, how

much should be "large enough" is not possible to say in general, because it depends

on the noise level of the data and their underlying structure [307]. The global error is

then compared with the errors of the split datasets, which should be similar.

2.5 Method outline

The proposed methodology is graphically represented in Figure 2.3 and summarized

in the following steps:

1. Estimation of the number of components R: determine the number of compo-
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nents in the system under analysis.

2. Calculation of Lmax and Lopt: identify the limits for the number of subfactors

and generate all possible combinations of L.

3. Tucktest analysis: evaluate the reconstruction error to estimate the best combi-

nation of subfactors.

4. Visualization of the selected model: visualize the spatial distribution and the

spectrum for each component resulting from the chosen model.

5. Validation of the decomposition: use a split-half approach to assess the stability

and reliability of the selected model.
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2.5 Method outline

Figure 2.3: Outline of the methodology. Estimation of the number of components (R) and their
respective subfactors (L), followed by model selection using a Tucktest plot. In this example, the
model selected for a decomposition in 4 components (red circle) corresponds to a combination
of subfactors L = [15 8 6 9].
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3. Datasets and software

The algorithm and the method described in the previous chapter were tested both on a

simulated dataset and on real datasets available to the scientific community or under

a collaboration agreement. This chapter includes four representative datasets, among

others analyzed, selected for specific purposes. These datasets exhibit different levels

of spatial and spectral complexity and are described in each subsection.

3.1 Simulated data

The dataset is a simulation of a hyperspectral image of three components with a

structured spatial distribution. The three components were simulated as a rhombus,

a square, and a triangle with a significant overlap in the spatial and spectral domains,

as shown in Fig. 3.1 A, B. The rhombus and the triangle have no selective pixels in both

domains, and the square has selective and mixed pixels but with no selectivity in the

spectral domain. Noise is not considered. The spectral image size is 30 × 30 pixels

and has 200 spectral channels. A different image was constructed by shuffling all the

pixels. It resulted in an image with the same size of 30 × 30 × 200, with the same

spectral profile but with a different spatial distribution (Fig. 3.1 C). These datasets were

simulated with the specific objective of showing how taking into account the spatial

information in the dataset with a structured spatial domain is of consider importance

in the data analysis.
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Figure 3.1: Simulated dataset: A. the spatial and spectral profiles of the three spatially structured
components; B. the spatial distribution of the data; C. the spatial distribution of the data after
pixel shuffling.

3.2 Stained fabric

A stained fabric analyzed with HSI-Near Infrared (HSI-NIR) was made available by the

Federal University of Pernambuco, Brazil, and its data acquisition details are given in

the work of Silva et al. [315]. It consists of a black cotton fabric 100% with a mixture of

semen from 4 different donors and animals. The spectral range is 928 – 2524 nm with a

spectral resolution of 6.3 nm and a pixel size of 156 µm2. The black fabric was chosen

among other available color-stained fabric because it shows a more heterogeneous

texture compared to white/beige fabrics [315], which should make the analysis even

more complex. In addition, it is important to highlight another complexity of the

dataset, the high absorbance of black fabric in the range of 900 to 1900 nm, which

can be related to the dye used in black fabric manufacturing. A selection of the full

dataset (Fig. 3.2) was made, which resulted in a hyperspectral image of size 60 × 111

× 256 (Fig. 3.2 B). These data have a complete spatial and spectral overlap between

the two components, semen and cotton; there is no selectivity in both the spatial and

spectral domains for semen. The spatial structure of the fabric is characterized by

a distinct vertical pattern across the image given by the texture of the fabric and a
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Figure 3.2: The stained fabric data: A. mean image of the full dataset with a region of interest
selected in red; B. mean image ad spectra of the selected dataset.

region where the semen stain is present.

3.3 Remote sensing data

Samson [316] is a dataset in the Visible-NIR (Vis-NIR) spectral range, consisting of three

components: soil, vegetation and water, owned by Oregon State University. The hyper-

spectral dataset was acquired by the SAMSON instrument and was atmospherically

corrected using TAFKAA, a hyperspectral atmospheric correction algorithm. Samson

contains 95 × 95 pixels and 156 spectral channels ranging from 401 to 889 nm with a

spectral resolution of 3.13 nm (Figs. 3.3 A, B). This dataset is not affected by severe

noise. Even if in the literature it is always referred to only three components [317],

as shown in the ground truth image (Fig. 3.3 C), investigating the area of acquisition

of the dataset (Elkhorn Slough, California), the water component contains a large

amount of photosensitizing species [318, 319], which also originate mixed pixels. In

fact, the water is part of an estuarine system [320] and this is clear from the satellite
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Figure 3.3: Samson dataset: A. mean image; B. spectra; C. ground truth with 3 components:
water (in blue), vegetation (in green), soil (in red); D. satellite image from Google maps.

image captured from Google Maps and shown in Fig. 3.3 D.

3.4 Data preprocessing

Preprocessing higher-order arrays is significantly more complex than preprocessing

2nd-order data. Unlike matrices, it is not always straightforward to determine how

to handle each mode of a tensor [234, 314]. In fact, attempts to preprocess certain

datasets resulted in outputs that were no longer interpretable. Someone could think

of arrange the tensor in a matrix and preprocess this matrix as in two-way analysis.

This, however, will destroy the structure of the data, and the model will no longer be

able to reproduce them. It is important to highlight that the two-way preprocessing

tools are generally not appropriate for three-way arrays and should be avoided [314].

However, this thesis will not focus further on the preprocessing of tensor data. For
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the datasets analyzed in this work, no preprocessing was applied. Despite noise

and baseline are present in the real data sets spectra to some extent, we chose not

to apply preprocessing to avoid introducing artifact in the three way structure, as

well as to evaluate to which extent the tensor approach could cope with noisy data

and background contributions, which should ideally be captured by a distinct factor,

without hampering recovering the other "chemical" components.

3.5 Software

Analyses were performed using MATLAB© 2022a (MathWorks Massachusetts, USA)

and the Tensorlab toolbox [303] for tensor computations and complex optimization

together with the MATLAB© Parallel Computing Toolbox.
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4. Exploratory analysis of hyperspectral

images by decomposition in rank-(Lr,

Lr, 1) terms

This chapter presents and discusses the results of decomposing the datasets intro-

duced in Chapter 3 using the multilinear rank-(Lr, Lr, 1) model. At first, the number of

components R is properly chosen for each dataset, and the values of Lopt and Lmax

is calculated (as explained in Chapter 2) and they are reported in Table 4.1, together

with the spatial and spectral dimensions of the datasets.

HSI dataset X,Y Z R Lopt Lmax

Simulated 30, 30 200 3 1.6 10
Stained fabric 60, 111 256 3 4.7 20

Samson 95, 95 156 4 14.4 24

Table 4.1: Parameters of the datasets: spatial (X,Y ) and spectral dimension (Z), number of
components (R), optimal value Lopt and maximum value Lmax of subfactors.

4.1 Simulated data

The simulated dataset was introduced to highlight both the potential and the lim-

itations of the decomposition in rank-(Lr, Lr, 1) terms. It represents a challenging

unmixing problem where two of the three components lack spatial and spectral selec-

tivity. Since the goal of the analysis is to retrieve the three pure components, R is set

to 3. All 729 possible models, resulting from combinations of the number of subfactors

ranging between 2 and 10 for each component, were calculated to record their errors.

The decomposition errors are plotted in Figure 4.1 as a function of
∑R

r=1 Lr . The model

with the lowest error (3.09%) is marked with a red circle and corresponds to a model

that uses 10 subfactors for describing each component, L=[10 10 10]. The resulting

spatial distribution maps and their corresponding spectra are shown in Figure 4.2.
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Figure 4.2: Simulated dataset results. On the left are the distribution maps for each of the
three components, and on the right are the corresponding spectral profiles reconstructed by
the model (blue) and the reference pure spectra (red dotted line).

Figure 4.1: Tucktest plot for the simulated data. The model with the highest number of subfactors
achieved the lowest error (red circle), corresponding to an approximation of each component
with 10 subfactors.

It is interesting to note how the model successfully recovered all the three components,

despite the complete absence of spatial and spectral selectivity for the first and the

second component (rhombus and triangle). The spatial distributions are nearly
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perfectly recovered. The reconstructed spectra (blue line) overlap almost perfectly

with the pure reference spectra (red dotted line). It is important to note that MCR-ALS

failed to retrieve the first component and the spatial distribution of the third one

(square) in this case, due to the lack of selectivity (see Fig. B.1 in Appendix B).

4.1.1 Validation

The model was then validated with a split-half analysis. The dataset was equally

divided in two subsets, Datasets 1 and 2, along the (X,Z)-plane fixed the Y -dimension,

ensuring an equal number of pixels in each subset (see Fig. B.2 in Appendix B). The

models derived from the two halves are shown in Figure 4.3 and the decomposition

errors together with the size of the subsets are reported in Table 4.2. The spatial

distributions and the spectra of Dataset 1 and 2 are perfectly comparable with the

maps and profiles of the full dataset’s model. The errors of Dataset 1 and the general

model are significantly comparable. The error for Dataset 2 is a bit lower but still

comparable with the the fit of the other two models, demonstrating that the model is

generally robust. Differences in error are expected because the spatial dimensions

of the two halves are relatively small to be described by 10 subfactors for each

component, and this could lead to overfit the model.

Figure 4.3: Split-half analysis results for the simulated dataset. The general model is compared
with the two halves. The distribution maps are shown in the left panel, while the reconstructed
spectra for the general model (black) and subsets 1 (red) and 2 (blue) are displayed in the right
panel.
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Full dataset Dataset 1 Dataset 2
Size 30 × 30 × 200 30 × 15 × 200 30 × 15 × 200

Error (%) 3.09 2.85 1.7

Table 4.2: Reconstruction error and dimensions of the simulated dataset and the two dataset
subsets resulting from the split-half analysis.

4.1.2 Shuffled dataset

But what if the structured spatial distribution is completely broken? To explore the

effects of disrupting the structured spatial distribution, the model was tested on

a dataset where the pixel positions were randomly shuffled. In this scenario, the

rank-(Lr, Lr, 1) decomposition failed to reproduced correctly the tensor. The spectral

profiles are significantly distorted and cannot be recovered (Figure 4.4). This outcome

was expected and contrasts with results obtained using unmixing methods for two-

way data, where the spatial information is not considered. In those cases, the results

remained consistent with those of the original dataset (see Fig. B.3 and Fig. B.4 in

Appendix B). The error for the shuffled dataset model was substantially higher, 26.46%,

as expected. However, it must be said, that with this tensor decomposition approach,

the primary interest lies not in minimizing the error but in the interpretability of the

model.
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Figure 4.4: Distribution maps (left) and spectral profiles (right). The broken spatial structure
precludes the reconstruction of the spatial structure of the three components.

4.2 Stained fabric

This dataset presents a highly complex scenario with significant spatial and spectral

overlap between the semen and cotton components. As a stain on fabric, there are no

distinct regions selective to semen, and the spectra exhibit overlapping absorbance

bands at the same wavelengths. Cotton is always detected in regions where semen

is also present, making this dataset particularly challenging to analyze. The number

of components was set to three, based on prior knowledge on the dataset which

comprises a semen stain, fabric, and background related to the fabric texture. For

the subfactors, the maximum number is relatively high, 20, compared to the optimal

value, 4.7. A balanced selection of subfactors was then made to reduce the number

of model and computational cost. To achieve this, the singular values resulting from

the SVD analysis of each zth-image of the tensor were calculated and plotted as

a function of the number of principal components (see Fig. B.5 A in Appendix B).

The plateau region following the “elbow” in the curve, between 2 and 7, indicated

the range over which the value of L was varied for each component. All the 216

models for the possible combinations of subfactors were then computed, varying
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Figure 4.5: Tucktest plot for the stained fabric dataset. The model with the highest number
of subfactors achieved the lowest error (red circle), corresponding to an approximation with
seven subfactors for the first and third components, and five subfactors for the second.

each component between two and seven subfactors. The model with the lowest

error (3.42%) is the one with a combination of seven subfactors for the first and third

component and five for the second component (Fig. 4.5). Despite the complexity of NIR

spectra complicates the identification, the visualization of the resulting model shows

clear identification of the absorption bands and the spatial distributions. The first

component is representative of semen, the second of cotton, and the third component,

with mixed spectral features, reflects the fabric texture and can be considered as

background (Fig. 4.6). The absorption bands used for the component identification are

highlighted in light blue. Semen exhibits weak absorption bands between 1850–1950

nm and 2170–2180 nm. According to the literature, these bands are associated with

proteins, specifically the vibrational modes of C–O stretching, N–H bending, and C–N

stretching combination bands [217, 321]. The cotton fabric spectrum is dominated by

absorption bands characteristic of cellulose. It is evident the high absorbance of black

fabric between 900–1900 nm, related to the dyes used in black fabric manufacturing

[315]. Absorption at 1940 nm is associated to the deformation of the stretching of

the 1st overtone of O-H. Absorption bands at 2110 nm from O–H stretching plus C–O

stretching and at 2276 nm for the O–H, C–C, and C–H stretching and 2450 nm for the

C–H deformation are also considered [315, 322].

In the work of Silva et al. [315], where the MCR-ALS algorithm was used as a two-way
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Figure 4.6: Stained fabric dataset results. On the left are the distribution maps for each of the
three components, corresponding to semen, cotton and a mixed component respectively. On
the right are shown the corresponding spectral profiles reconstructed by the model with the
bands of the absorption utilized for the identification in light blue.

unmixing method, components were only partially resolved after extensive preprocess-

ing. In contrast, this method provided excellent results for both spatial and spectral

distributions without any preprocessing, demonstrating its effectiveness in handling

such complex datasets.

4.2.1 Validation

The model was validated using a split-half analysis, dividing the hyperspectral cube

along the (Y,Z)-plane fixed the X-dimension (see Fig. B.2 in Appendix B). In Table

4.3 the dimensions of the two subsets are reported. Each half of the dataset was

compared with the overall model (Fig. 4.7). The errors, reported in Table 4.3, are

consistent between the general model and the two halves. However, the background

component for Dataset 2 shows some association with semen and a contribution

from cotton. Additionally, the spectra for components two and three in Dataset 2

are less resolved and appear mixed. It should be noted that splitting a sample like

this one into two halves, cannot ensure an equal distribution of pixels between the

two datasets. Consequently, differences in the maps or spectra are to be expected.
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Figure 4.7: Split-half analysis results for the semen dataset. The general model is compared
with the two halves. The distribution maps are shown in the left panel, while the reconstructed
spectra for the general model (black) and subsets 1 (red) and 2 (blue) are displayed in the right
panel.

Despite these minor discrepancies, the interpretation of the two halves is clear, and

the error remains highly consistent.

Full dataset Dataset 1 Dataset 2
Size 60 × 111 × 256 30 × 111 × 256 30 × 111 × 256

Error (%) 3.42 3.12 3.13

Table 4.3: Reconstruction error and dimensions of the stained fabric dataset and the two
dataset subsets resulting from the split-half analysis.

4.3 Remote sensing data

Samson dataset consists of three ground-truth components: soil, vegetation, and

water. However, the unmixing of the three-components dataset using the tensor

decomposition method, as well as MCR-ALS applied to the unfolded tensor, yielded

suboptimal results, particularly in retrieving the water component. Further investi-

gation of the image acquisition area revealed a mixed water-vegetation component

that made isolating the water spectrum particularly challenging. This was primarily

due to the water component being poorly selective in both the spectral and spatial

domains. Adding an additional component allowed for proper reconstruction of the

system. All possible models were computed by varying the number of subfactors

from two to Lopt = 15, resulting in 38416 models. The maximum subfactor value
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Figure 4.8: Tucktest plot for the remote sensing dataset Samson. The model (red circle),
corresponding to an approximation with 15 subfactors for the first component, 8 for the second
and the third component and 14 subfactors for the fourth component.

of 24 was also considered, but this led to an exponential increase in the number

of models without improving interpretability or achieving a better fit. The selected

range of L is also in accordance with what is observed by plotting the singular values

S for each image of the tensor as a function of the principal components (see Fig.

B.5 B in Appendix B), and with the rank analysis for the first and second mode of

the tensor, as shown in Appendix B Fig. B.6. The best model has an error of 6.95%

(marked with a red circle in Fig. 4.8), which is very close to the absolute error of 6.45%,

which corresponds to a model with L=[7 11 7 13] subfactors. However, seven subfactors

are not enough to retrieve the water component and all the model with an error

comparable to the absolute error and in a local minimum were observed. The model

describing the components with a combination of L=[15 8 8 14] resulted to be the one

that better approximates the original data. Results are reported in Figure 4.9. The

first reconstructed distribution map shows a profile in the region of water, although

some mixed pixels with vegetation are present. The spectrum, however, is perfectly

retrieved and correspond to the water spectral profile. The second component is

associated with the vegetation and is well reconstructed in both the domains [323,

324], the third component represents a mixture of vegetation, soil, and water. The

spectrum combines features of all three, as evidenced by the hump observed between

550 nm and 670 nm. Soil is well reconstructed in the fourth component, both in the
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Figure 4.9: Samson remote sensing dataset results. On the left are the distribution maps for
each of the four components, corresponding to water, vegetation, a mixed vegetation-soil-water
component and soil respectively. On the right are shown the corresponding spectral profiles
reconstructed by the model.

spatial and spectral profiles [325, 326].

4.3.1 Validation

The model was split in half along the (Y, Z)-plane, with the X-dimension fixed (see

Fig. B.2 in Appendix B). It resulted in two datasets with different X-dimension (Fig.

4.10). The split was performed to include all components within both halves. Due to

differences in the pixel distribution of each component, variations in fit, as well as

spatial and spectral profiles, are expected. The errors are comparable, as shown in

Table 4.4, with differences well within acceptable limits. The distribution maps and

Full dataset Dataset 1 Dataset 2
Size 95 × 95 × 156 59 × 95 × 156 36 × 95 × 156

Error (%) 6.95 8.05 4.23

Table 4.4: Reconstruction error and dimensions of the remote sensing dataset and the two
dataset subsets resulting from the split-half analysis.

spectra for both halves are highly consistent, even for the tricky water component,
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Figure 4.10: Split-half analysis results for the remote sensing Samson dataset. The general
model is compared with the two halves. The distribution maps are shown in the left panel,
while the reconstructed spectra for the general model (black) and subsets 1 (red) and 2 (blue)
are displayed in the right panel.

indicating that the model is particularly stable. Most differences are observed in the

mixed component, which was expected, as it is the most affected by splitting the full

dataset.
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This chapter provides a summary of key considerations after the presentation of the

proposed methodology and results.

5.1 Some considerations

The results obtained using the rank-(Lr, Lr, 1) decomposition approach were highly

satisfactory in all the datasets introduced. These datasets were carefully chosen to

highlight both the potential and the limitations of the methodology, as they represent

complex unmixing problems, where established two-way techniques face significant

challenges. When the spatial distribution is structured, the data analysis is significantly

improved with this approach. Advantage are also its ability to perform effectively

without the need for preprocessing. Additionally, the most important property is that

the model offers unique solutions under specific conditions and allows for direct

analysis of the data cube without the need for reshaping.

However, an aspect that has to be considered for this approach, is the high com-

putational cost associated with calculating combinations of subfactors to find the

optimal configuration that accurately describes all components in a sample. A balance

between computational cost, error, and model interpretability can often be achieved

by carefully evaluating the values of the optimal and maximum subfactors. User

discernment and expertise play an important role in this process, as highlighted in

the literature, on estimating the correct dimensionality of factor matrices [314, 237, 327,

328, 329, 310]. This aspect has motivated the exploration of alternative approaches for

determining the number of subfactors and the appropriate dimensionality for each

component.

An alternative approach that was tested was a superabundant PARAFAC model with at

least the maximum value of subfactors Lmax. From this, similar loading profiles were

grouped to determine the number of components. Once R was fixed, the values of

the subfactors were derived from the number of PARAFAC components with identical

profiles for each R group. This approach did not provide any more interpretable
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results than the proposed methodology, although sometimes comparable. However, it

is a very cumbersome approach in which the influence of the analyst is very significant.

Another approach considered was to analyze the SVD for each zth-image in the hy-

perspectral tensor (X × Y × Z) by plotting the individual s-vectors as a function of

the number of principal components. The plateau zone after the “elbow” in the curve

indicates the range for L (see Fig. B.5 in Appendix B). This approach provided consis-

tent results across datasets and was useful in balancing the optimal and maximum L

values to find a range of possible subfactors combinations, when it was necessary (as

shown in paragraph 4.2).

A rank analysis was also used, unfolding the tensor in a matrix, for the first (X × Y Z)

and second mode (Y ×XZ). The rank of the matrix of each mode was then estimated,

revealing the number of independent phenomena in the first and second modes.

This often gave results in agreement with the one proposed by the methodology and

helped in estimating the proper range of L values. In Appendix B Fig. B.6 the rank

analysis for the remote sensing dataset is reported.

5.2 Perspectives

Some approaches and ideas are here introduced to overcome the problem of com-

putational time and to encourage future work in this area. The concept of essential

information in three-order data, as recently proposed by Vitale et al. [330], is con-

sidered as a promising field for reducing tensor size. Testing models on reduced

data could significantly alleviate computational burdens. However, reconstructing the

original tensor remains a non-trivial challenge, since the essential pixels are retrieved

in unfolded data to relocate correctly them in the tensor is not straightforward, and it

is still on ongoing research. Another aspect is under analysis, which can be useful

for the decomposition of large datasets with spatially structured information only in

specific regions of the data. It is based on the idea of analyzing only the structured

areas, exploring subfactors combinations considering only these regions (whose di-

mensionality is much less, giving smaller Lopt and Lmax) and once the subfactors

corresponding to minima are found, then use the original tensor for the analysis of the

full dataset. A further idea involves applying a sparsity constraint to the matrices Ar,
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5.2 Perspectives

Br, to emphasize the modes with more information. To achieve this, the optimization

routine nlsgndl should incorporate this information as regularization terms. This

approach has already been developed for tensor decomposition methods [331, 237],

and we believe that extending it to the decomposition in rank-(Lr, Lr, 1) terms could

bring improvements for the determination of components, better generalization and

probably speed up the analysis.

As the limitations of traditional techniques became evident, the methodology here

proposed offers a fresh perspective for complex HSI data. The development of novel

methods, particularly for estimating subfactors for each component, represents the

central contribution of this research. This work lays the foundation for further ad-

vancements in multi-way analysis and its application to complex HSI datasets.
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IV

CONCLUSIONS





1. Final remarks and perspectives

Throughout this thesis, the power and versatility of HSI have been demonstrated. HSI

enables the acquisition of detailed spectroscopic information for each pixel within an

image, providing insights into both the chemical composition and spatial distribution

of a sample. This capability makes HSI invaluable across a wide range of fields. The

diverse datasets selected for this thesis highlight the vast applicability of HSI and

its potential in different analytical contexts. Despite its many advantages, HSI also

presents significant analytical challenges, necessitating novel considerations and the

development of new exploratory approaches. This doctoral research has aimed to

address these challenges by refining unsupervised methodologies and introducing

new strategies to enhance the interpretability of HSI images. The PhD journey followed

mainly two two lines of research to address the challenges outlined below.

1.1 Addressing key gaps in clustering and spectral unmix-

ing methods

The first major contribution of this work has been the clarification of the applicability

domain of clustering and spectral unmixing methods. Despite these techniques have

distinct purposes, partitioning data into meaningful clusters versus resolving pure

spectral components, they are still used interchangeably in some research areas.

Among the different methods, K-means and MCR-ALS were chosen as core methods

for clustering and spectral unmixing, as outlined in the general introduction sec-

tion. To clarify the two different domains of applicability, K-means clustering is most

suitable when imaging data contain pure pixels distributed throughout the field of

view, whereas unmixing should be applied when image pixels represent mixtures

of pure spectroscopic fingerprints. The simultaneous application of both methods

is meaningful only in specific intermediate cases, depending on the nature of the

dataset. Intermediate scenarios, where some degree of spectral mixing is observed,

present an important question: which method is more appropriate? The answer
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depends on the specific objective of the analysis and the type of the data. The Raman

powder dataset introduced in Section II has clearly shown how and when K-means

and MCR-ALS could lead to comparable results, depending on data characteristics.

A combined approach of K-means and MCR-ALS was shown with the LIBS mineral

dataset introduced in Section II, where it improved the interpretability of complex

datasets. However, in some cases where the data deviate from the assumptions of

the methods, neither K-means nor MCR-ALS is sufficient for a successful analysis.

To address this, an alternative exploratory method was introduced, which relies on

the geometric structure of the data cloud rather than traditional variance-based

techniques.

A second key contribution of this research has been the development of an ex-

ploratory strategy that account for the geometric structure of hyperspectral data.

Traditional unsupervised methods often struggle with datasets exhibiting significant

spectral and spatial overlap. Additionally, random initialization steps in clustering can

lead to inconsistent results, while the selection of the number of clusters in K-means

or the number of components in MCR-ALS can introduce subjectivity. Furthermore,

minor spectral components may be overlooked in the absence of prior knowledge.

For all this reason, the extraction of the most different spectra and single wavelength

images have been show in this thesis, helping in discriminating all the components

without the need of optimizations steps and getting a comprehensive information

on the investigated sample. This approach offers a more informed and data-driven

pathway to hyperspectral image analysis, addressing key limitations of conventional

methodologies.

1.2 Enhancing unsupervised hyperspectral analysis through

tensor-based methods

The third major contribution has been the exploration of tensor decomposition

techniques as an alternative to matrix-based approaches. Most of the methods for

HSI analysis often involve unfolding the data cube into a two-dimensional matrix,
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disregarding the structure of the hyperspectral data, leading to a loss of valuable

spatial-spectral relationships. The PhD research has proposed the rank-(Lr,Lr,1) terms

decomposition as a method to preserve the inherent structure of hyperspectral im-

ages, describing the spatial distribution with two modes and the spectral profile of

each component with one mode, resulting particularly suited for data with structured

spatial organization.

Despite these advancements, some limitations remain. First, the estimation of param-

eters that is still an ongoing research and improvements in this regard could bring to

optimize computational efficiency, particularly for large hyperspectral datasets, which

is the second limitation of the method.

Possible future research coming from this thesis, could be the integration of the

exploratory approach in the rank-(Lr,Lr,1) terms decomposition, to overcome the

aforementioned limitations. In conclusion, this doctoral research has contributed

to the advancement of exploratory hyperspectral image analysis by addressing crit-

ical methodological gaps in clustering and spectral unmixing. By developing new

exploratory approaches to the investigation of hyperspectral images, this work hopes

to pave the way for future research in this interesting and evolving field.
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A. Supplementary material for Part II

Figure A.1: Raman powder dataset representation in the two-dimensional X-space. The first
eight spectra (marked blue) identified by SIMPLISMA computed on the essential information (14
pixels in red) are shown. It should be noted that some pixels are very close and overlapping.
When using well-known approaches to prioritize the convex hull points, as SIMPLISMA, is not
possible to retrieve all the archetype points identified by looking at the structure of the data,
as the first three pure spectra. In fact, in presence of noise, a proper setting of threshold is
needed to retrieve them, and more pure profiles need to be extracted.
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Figure A.2: K-means pixels clusters of the powder mixture dataset, represented in the two-
dimensional X-space. Data points are color-coded by cluster density. Cluster 1 has the highest
number of pixels focused on the left corner (small distance/high similarity) of the cluster,
where the purest pixels are concentrated.

Figure A.3: Projection in the two-dimensional Y-space of the archetype points (blue circles)
identified using convex hull computation from two up to six dimensions. Only the archetype
points of the convex hull that are not part of the dense data cloud are highlighted for clarity.
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Figure A.4: Projection in the two-dimensional X-space of the mineral sample dataset. In red
the 19 pixels identified through convex hull computed for two dimensions (red points). In blue
circles are the first six pixels identified by SIMPLISMA using the essential information only and
the full dataset (green circles). Purple squares indicate archetype pixels identified through
analysis of the structure of the data. By prioritizing pixels and wavelength using SIMPLISMA, it
is not possible to recover at the highest position all the points selected from the inspection of
the structure of the data. This could result in suboptimal information retrieval, making worth
to point out that this difference might become relevant, e.g. using them as first guess in MCR.
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Figure A.5: Scree plot, PBM and Silhouette indices for K-means clustering of the mineral sample.
Optimal number of clusters is five or six looking at the scree plot, five according to PBM index,
and six according to Silhouette.

Semen droplet on cotton fabric

The proposed exploratory approach was applied to a HSI-NIR image of a semen droplet

on white cotton fabric (dimensions: 222 × 220 × 191). Additional details regarding

data acquisition are available in Silva et al. [315]. The mean image, shown in Figure

A.6, exhibits a complex structure characterized by: (i) a distinct horizontal pattern

across the entire image, attributed to the rough texture of the cotton fabric; (ii) a

barely perceptible shadow outlining the oval-shaped border of the semen droplet;

and (iii) an extraneous fiber filament in the lower central region. This case study

presents a notably high level of complexity. The cotton fabric is present throughout
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the image, making it impossible to isolate a region exclusively representative of semen.

Additionally, the spectral signatures of the different components in the scene exhibit

significant overlap [109]. Data were preprocessed with a baseline correction.

Figure A.6: Semen droplet on cotton fabric dataset. Mean image (left) and spectra (right).

The 2-D representation of the X-space of the dataset reveals two groups of pixels

(Fig. A.7). By selecting these two groups, it is possible to differentiate between the

inner region of the semen droplet and the outer areas where the semen has spread

toward the borders. These regions exhibit variations in drying time, justifying their

consideration as two distinct semen groups. The area between these two groups is

mainly represented by cotton. By selecting three points from the archetype calculated

in the (X2, X3) normalized space, the three extracted purest spectra show significant

overlap. However, they can be distinguished based on spectral differences in the

1600–1800 n range, as previously reported in the literature [109, 315].

127



Appendix A: Supplementary material for Part II

Figure A.7: Semen droplet on cotton fabric dataset. 2-D representation of the X-space of the
dataset is represented in the left panel. Red circles mark the archetypes points at the vertices
of the convex hull computed in the (X2, X3) normalized space. The letters and blue marks
indicate the selected points, while the corresponding spectra are displayed in the right panel.

The Y-space exhibits four distinct directions, represented by different colors in Figure

A.8. The extracted images are consistent with those obtained in a previous study [109].

In the upper part of the image, the single-wavelength images associated with semen

are represented, while the lower part corresponds to wavelengths related to cotton.

Figure A.8: Semen droplet on cotton fabric dataset. 2-D representation of the Y-space, Red
circles mark the archetypes points of the convex hull computed in the (Y2, Y3) normalized space.
Red circles represent the selected wavelengths, the corresponding refolded images are shown
in the right panel.
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Parotid gland tissue

The dataset was kindly provided by the Department of Pharmacy at the University of

Salerno. Further details can be found in [33]. Briefly, the MALDI TOF imaging parotid

tissue dataset consists of 44 images from 11 patients, including samples of both healthy

and pathological tissue in positive and negative ion modes. The approach presented

in this work is demonstrated on a single image (Fig. A.9), but it has been applied to

the entire dataset. Here, only preliminary results are reported, as this remains part of

ongoing research. First, the X- and Y-spaces were analyzed to characterize the data

structure for both healthy and pathological tissue. Differences in selected m/z values

were observed between healthy and pathological samples .

X-space

• Healthy samples: show a uniform spatial distribution, primarily characterized

by a single group.

• Pathological samples: exhibit 2–3 distinct groups with a more globular shape.

• These differences are more pronounced in the MALDI negative TOF-MSI data.

• MALDI negative TOF-MSI data display a consistent distribution across all healthy

samples, while a similar pattern is observed for all pathological samples. The

same trend is observed also in the MALDI positive TOF-MSI data.

• Patients 2 and 11 present a more complex distribution, differing from those

observed in other patients.

Y-space

• Both healthy and pathological samples show m/z data points radiating outward

from a central region containing the majority of the data points.

From the different data structures observed in the X-space, the extreme points of

each group were selected and analyzed (Fig. A.10). Healthy pixels were identified by

comparing the extracted pixels with those of the healthy tissue of the patient. Among
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the selected pixels, one from each group can be considered representative, as they

exhibit the same spectral profile (Fig. A.11). In the Y-space, the extreme points along

each direction were selected, and single-wavelength images were extracted (Fig. A.12).

The characterization of m/z is challenging and a comparison with the histological

image and a previous study on the dataset was considered [33]. The goal of this

project is to develop a computationally efficient approach to gain insight into the

tissue under investigation. These findings can then be further utilized for unmixing

and classification purposes.

Figure A.9: MALDI-TOF image of parotid gland tissue. Histological image is on the left, and the
mean image of the dataset is on the right.
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Figure A.10: The 2-D representation of the X-space from the mass spectrometry imaging (MSI)
dataset is shown in the left panel, where three groups can be identified, red circles mark the
selected pixels. On the right, the selected pixels are highlighted in the mean image.

Figure A.11: The corresponding spectra of the selected pixels from the MSI dataset are shown.
Orange and pink represent healthy spectra, while yellow highlights indicate pathological pixels.
Pixels 3, 4, and 5 are not associated.
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Figure A.12: The 2-D representation of the Y-space from the MSI dataset is shown in the left
panel. Red circles represent the selected wavelengths, and the corresponding single-wavelength
images are shown in the right panel. The m/z values 10 and 12 are also found in healthy tissue.

Magnetic resonance imaging data

HSI and MRI (Magnetic Resonance Imaging) datasets share several similarities, particu-

larly in terms of their multidimensional characteristics. Both HSI and MRI capture data

across multiple spectral bands or channels: HSI records information across hundreds

of contiguous spectral bands, while MRI acquires multiple image slices corresponding

to different tissue contrasts (e.g., T1-weighted, T2-weighted or diffusion-weighted

imaging). Furthermore, both HSI and MRI datasets are considered high-dimensional,

often represented as 3D or 4D tensors: HSI data is structured as a spatial-spectral cube

(height × width × spectral bands), while MRI consists of multiple spatial slices across

different imaging time points (echo times). Accordingly, even though they are used

in different fields, HSI and MRI datasets structural similarities make them suitable

for feature extraction algorithms, by means of same computational techniques [332].

The proposed approach was tested on a MRI relaxometric dataset acquired on a raw

fish fillet kindly provided by the NMR and Imaging Laboratory sited at Porto Conte

Ricerche Srl (Sassari, Italy). Further details on the MRI acquisition modalities can be

found in [333]. This dataset is representative of challenging scenario for unmixing
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of T2 MRI multiexponential decay signals into monoexponential components. The

dataset presents different anatomical regions shown in Fig. A.13A: horizontal septum

(HS), red muscle (RM), subcutaneous fat (SF), white muscle (WM). The dataset (Fig. A.13

B) has a size of 128 × 128 pixels with a slice thickness of 1.5 mm and 64 echo times

that represent the transverse relaxation time (T2).

Figure A.13: MRI dataset: A. fish filet image with different parts of the sample highlighted in
black: horizontal septum (HS), red muscle (RM), subcutaneous fat (SF), white muscle (WM). B.
mean image ad spectra of the dataset.

The analysis allowed us to distinguish between noisy pixels, primarily caused

by the magnetic field and constituting the majority of the dataset, and a smaller

subset of pixels representing the decay of fish fillet components. The area of interest,

highlighted in Figure A.14, includes the decay of compounds associated with both

muscle and fat. The two components can be extracted as single-channel images by

analyzing the Y-space, as shown in Figure A.15.
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Figure A.14: MRI dataset: the left panel presents a 2-D representation of the X-space, where three
distinct groups can be identified. The region corresponding to component decay is highlighted
in blue, while red circles indicate selected pixels. The right panel displays the spectra of these
selected pixels, revealing two different decay patterns: one associated with fat compounds (A
and B) and another linked to muscle components (C, D, and E).

Figure A.15: MRI dataset: The top panel presents a 2D representation of the Y-space. The short
echo time corresponds to the muscle region of the sample, while echo time 2 exhibits a noisy
distribution. At an echo time of 134.42 ms, the signal corresponds to subcutaneous fat and the
horizontal septum.
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Figure B.1: MCR-ALS results for the simulated dataset. An unmixing model of 3 components
and constrained with non-negativity resulted in suboptimal distribution profiles (left panel) for
the first and third component, and suboptimal spectrum for the first component (right panel).
Pure spectra are used as references and are plotted in red, while the resolved MCR-ALS spectra
are in blue. Pure [190] and als [183] routine for the estimation of the initial pure profiles and
optimization were used. Results after 500 iterations are provided. The algorithm could not
converge, with a threshold fixed at 0.1%. The model has a LOF=0,004% and r2=100%.

135



Figure B.2: Split-half of the datasets: A. simulated data, B. stained fabric, C. Samson dataset.

Figure B.3: MCR-ALS results for the simulated dataset with shuffled pixels. An unmixing model
of 3 components and constrained with non-negativity resulted in exactly the same distribution
profiles of the dataset where the spatial structure is preserved. Pure spectra are used as
references and are plotted in red, while the resolved MCR-ALS spectra are in blue. Pure [190]
and als [183] routine for the estimation of the initial pure profiles and optimization were used.
Results after 92 iterations are provided. The algorithm converged with a threshold fixed at 0.1%.
The model has LOF=0% and r2=100%.
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Figure B.4: The rank-(Lr,Lr,1) decomposition (in black) and MCR-ALS (in blue) are plotted together
with the pure reference spectra for comparison (in red) of the model performances when
the spatial structure distribution of the component is destroyed. It is clear that the tensor
decomposition needs a structured spatial dimension to well approximate the data, while MCR-
ALS does not consider it.
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Figure B.5: Plot of the singular values vector S, obtained from the SVD analysis of each zth-
image of the hyperspectral data cube (X × Y × Z) as a function of the number of principal
components. A. Stained fabric dataset.The plateau zone after the “elbow” in the curve indicates
the range for L, that is between 2 and 7 principal components. This range was then selected to
vary the value of L for each component. The image is an enlargement of the green region in
the top right graph. B. Remote sensing dataset. The plateau zone after the “elbow” in the curve
indicates the range for L, that is between 10 and 15 principal components.
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Figure B.6: Remote sensing dataset. Rank analysis of the first and second modes of the tensor.
The data cube is unfolded and arranged as a matrix (X × Y Z) and as a matrix (Y × XZ).
The scree plots for the first and second modes are reported in A, for the first mode, and in
B, for the second mode. Observing the two plots, 15 components can be considered for both
modes. Therefore, a combination of L between 2 and 15 is chosen. This is in agreement with
the methodology, which identified an optimal Lopt of 15.
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A B S T R A C T

Characterizing sample composition and visualizing the distribution of its chemical compounds is a prominent
topic in various research and applied fields. Integrating spatial and spectral information, hyperspectral imaging
(HSI) plays a pivotal role in this pursuit. While self-modelling curve resolution techniques, like multivariate
curve resolution - alternating least squares (MCR-ALS), and clustering methods, such as K-means, are widely used
for HSI data analysis, their effectiveness in complex scenarios, where the structure of the data deviates from the
models’ assumptions, deserves further investigation. The choice of a data analysis method is most often driven by
research question at hand and prior knowledge of the sample. However, overlooking the structure of the
investigated data, i.e. linearity, geometry, homogeneity, might lead to erroneous or biased results. Here, we
propose an exploratory data analysis approach, based on the geometry of the data points cloud, to investigate the
structure of HSI datasets and extract their main characteristics, providing insight into the results obtained by the
above-mentioned methods. We employ the principle of essential information to extract archetype (most linearly
dissimilar) spectra and archetype single-wavelength images. These spectra and images are then discussed and
contrasted with MCR-ALS and K-means clustering results. Two datasets with varying characteristics and com-
plexities were investigated: a powder mixture analyzed with Raman spectroscopy and a mineral sample analyzed
with Laser Induced Breakdown Spectroscopy (LIBS). We show that the proposed approach enables to summarize
the main characteristics of hyperspectral imaging data and provides a more accurate understanding of the results
obtained by traditional data modelling methods, driving the choice of the most suitable one.

1. Introduction

Understanding the composition and distribution of the chemical
compounds within a sample stands as a priority in many research and
applicative fields [1,2]. In this respect, hyperspectral imaging (HSI) is a
key analytical tool as it combines spatial information about the distri-
bution of the chemicals across the image pixels with the corresponding
spectral signatures. HSI finds applications throughout a wide range of
scientific disciplines, spanning from remote sensing to macro- and
micro-imaging [3–5]. The information provided by HSI is usually
organized in a third-order tensor with two spatial dimensions and a
spectral one. To identify individual sources of spectral variation and
determine their respective contribution to the mixed signal in each pixel,
self-modelling curve resolution techniques are among the most popular
approaches [6–8]. One of the principal algorithms in this category is

multivariate curve resolution - alternating least squares (MCR-ALS) [9].
Based on the matrix formulation of Beer-Lambert’s law, the results of the
data decomposition provided by MCR-ALS can be interpreted as con-
centration distribution maps (spatial distributions) and spectral signa-
tures of the individual components of the spectral mixture. The
MCR-ALS algorithm minimizes the difference between the recon-
structed data and the original data, by iteratively optimizing the con-
centration profiles and the spectra profile in each least square iteration,
until convergence is achieved. Constraints can be imposed on the com-
ponents profiles to enforce physically or chemically meaningful solu-
tions. Imposing constraint would also contribute to reduce rotational
ambiguity which, except in very specific conditions, remains inevitable
[10,11]. MCR-ALS initially found extensive application in spectroscopic
data analysis, particularly in fields such as analytical chemistry and
process analysis. Later, its utility expanded to include image analysis
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and a broad range of other applications [12–14]. However, in complex
scenarios, the MCR bilinear decomposition may not fully capture the
complexity of the physics/chemistry underlying the analyzed data, due
to e.g. interactions between individual species. This and other effects
might result in a deviation from the ideal linear mixture model [15].

Another approach for the analysis of HSI datasets can be found in the
framework of clustering techniques, aiming at grouping pixels based on
their spectral similarity (hierarchical and partitional clustering) [16] or
on density criteria [17], and highlighting spatial patterns in the image.
Unlike spectral unmixing which aim at identifying the contributions of
the individual mixture components for each pixel, clustering methods,
such as K-means [18] assigns each pixel to one cluster only, character-
ized by a centroid, serving as a prototype of the cluster, and results
should be interpreted as spectral pixel classification or image segmen-
tation approaches. The determination of the number of clusters, as well
the algorithm initialization step’s requiring a random selection of the
mean spectrum of each cluster, represent the major challenges for this
method. Even though solutions trying to overcome these issues, such as
the use of indices and replicates, have been proposed over the years,
these questions remain open in the field [19,20].

In practice, although the assumptions and goals of MCR and K-means
approaches are different, both can provide complementary results when
applied to HSI data, the first can be used for data decomposition and the
second for clustering, to obtain interpretable factors or clusters albeit in
different ways [21]. Clustering techniques have been used in conjunc-
tion with other multivariate analysis methods [22,23], for instance, as a
powerful tool for examining data homogeneity, in terms of chemical
composition or properties, together with Principal Component Analysis
(PCA) [24,25]. Other works have explored the use of clustering as a
constraint in unmixing methods such as MCR-ALS or vertex component
analysis (VCA) for complex samples [26,27].

While MCR and clustering methods are powerful tools, the first step
of any multivariate data analysis should be exploratory [28,29], sum-
marizing the main characteristics of the investigated data set, and this is
even more the case for HSI data. Users should be aware of the specific
characteristics of the structure of the data and carefully consider the
methods’ assumptions and limitations in order to ensure the reliability
of their interpretation. To this aim, the extraction of the essential in-
formation (EI) can reveal very useful as it is not based on data variance
but on the geometry of the data points cloud [15,30–34]. Essential in-
formation consists of archetype points that outline the convex hull of the
data points cloud in a normalized abstract data space. Recent studies
have highlighted the potential and usefulness of identifying essential
rows and columns of a data matrix [32,35–37]. A key aspect is that the
corresponding samples (spectral pixels) and variables (single--
wavelength images) contain all the information needed to reproduce the
measured data [38].

This paper introduces an exploratory approach for analysing HSI
data of complex samples, especially for scenarios where the results ob-
tained from MCR-ALS and K-means are difficult to obtain and interpret.
Through identification of the archetype points of the data cloud, we aim
to extract some of the most linearly dissimilar spectra and single-
wavelength images measured. A powder mixture analyzed with
Raman spectroscopy and a mineral sample, characterized mostly by
pyrite, analyzed by Laser Induced Breakdown Spectroscopy (LIBS) were
investigated. The first dataset is a perfect example for using unmixing
approach, the second is a dataset where both the unmixing and clus-
tering approaches could be used considering the analysis task [39].
However, this dataset has an intrinsic complication due to the weath-
ering products of pyrite in LIBS technique and the lack of selectivity,
making the hyperspectral imaging data at hand deviating from the ideal
model underlying both MCR and clustering techniques. Comparison to
the result obtained by applying MCR-ALS [40,41] and K-means [18] is
also provided and discussed. We argue that this approach is very useful
to extract the main characteristics of a hyperspectral imaging dataset
and provide accurate information to be used for spectral unmixing and

clustering. Moreover, it has been observed that spatial distributions and
spectral signatures extracted by this approach are not always retrievable
using conventional methods like MCR-ALS and K-means.

2. Materials and methods

2.1. Datasets

2.1.1. Raman powder dataset
Powders of three salts i.e. calcium carbonate (CaCO3), sodium nitrate

(NaNO3) and sodium sulfate (Na2SO4) were mixed and pressed in a
tablet, obtaining a three-component system. Sample preparation and
Raman imaging acquisition features were described by Coic et al. in
Ref. [31]. The sample was investigated in the range 901.2 cm− 1 to
1280.5 cm− 1 with a spectral resolution of 1.11 cm− 1. A 101× 101 pixels
image was mapped using point-by-point raster-scanning mode with a 1
μm step between successive acquisitions. The dataset corresponds to a
third-order tensor of dimensions 101 × 101 × 341, which was subse-
quently analyzed without any spectral pretreatment.

2.1.2. LIBS mineral dataset
A thin section of a mineral sample from the Nishapur turquoise de-

posit (Iran) was prepared and polished for LIBS imaging. Sample prep-
aration, equipment and LIBS acquisition are detailed inMoncayo et al. in
Ref. [42]. The sample is constituted by three main mineral phases: pyrite
FeS2, silica (mainly quartz) SiO2 and turquoise CuAl6(PO4)4(OH)8⋅4H2O.
The LIBS image was recorded considering a 15 μm step between suc-
cessive acquisitions over 2048 spectral channels in the spectral range
from 250 to 330 nm. From the full acquired dataset, only a region of
interest has been selected, resulting in a third-order tensor of dimensions
300 × 300 × 1930, which was then analyzed without spectral
preprocessing.

2.2. Data analysis

The data analysis methodologies employed in subsequent sections of
the paper are here introduced. Section 2.2.1 provides a detailed
description of the proposed data analysis approach, which investigates
the geometry of the data point cloud resulting from a singular value
decomposition (SVD). Sections 2.2.2 and 2.2.3 describe well-known
chemometric methods: Multivariate Curve Resolution - Alternating
Least Squares (MCR-ALS) and K-means clustering, respectively. These
methods are employed for data analysis to compare with the proposed
approach.

2.2.1. Selection of the most relevant archetype points for exploratory
analysis

The HSI tensor is first unfolded into a matrix D of dimensions (n, p)
with rows corresponding to pixels and columns corresponding to spec-
tral channels (unfolded single-wavelength images). The matrix D is then
decomposed by SVD [43] according to Eq. (1):

D = USVT + E (1)

where U of dimensions (n, k) is the matrix containing the left singular
vectors, S of dimensions (k, k) is the diagonal matrix of singular values
and VT of dimensions (k, p) is the matrix of the right singular vectors
transposed, k is the number of factors of the decomposition and E of
dimensions (n, p) the error matrix. The matrices X and Y of dimensions
(n, k) and (p, k) are calculated as in Eqs. (2) and (3), respectively, and
contain the coordinates of the data points in the column- and row-vector
space, respectively:

X=U× S (2)

Y=V× S (3)
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All column vectors of X (resp. Y) are then normalized to constant
projection on the first column vector of X (resp. Y) to enforce convexity
of the data points cloud [44,45]. The archetypes of the data points cloud
of X and Y can be identified by computing the corresponding convex
hulls, as in Eqs. (4) and (5) [35]. They correspond to the most linearly
dissimilar spectral pixels and single-wavelength images, respectively.

Convex hulls of matrices X and Y are computed:

conv(X)=

{

x ∈ X |

∑
αx; α ≥ 0

and
∑

α = 1

}

(4)

conv(Y)=

{

y ∈ Y

⃒
⃒
⃒
⃒
⃒

∑
βy; β ≥ 0

and
∑

β = 1

}

(5)

where α and β are coefficients of the convex linear combinations. The
number of components to consider into convex hull calculation is left to
the user [44,45]. Analogous to exploratory PCA, inspection of the in-
formation carried by the most dissimilar spectra/images can guide the
selection.

The most relevant archetype points are then selected by visual in-
spection and the corresponding (essential) spectra and (essential) single-
wavelength images extracted, as illustrated in Fig. 1.

2.2.2. Multivariate curve resolution - alternating least squares (MCR-ALS)
The MCR-ALS algorithm provides pure spectral signature of the

components and their corresponding component distribution maps, as in
Eq. (6):

D=CST + E (6)

where D of dimensions (n, p) is the unfolded tensor, C (n, c) is the pure
concentration matrix, with component distribution maps of the c com-
ponents as columns, and ST of dimension (c, p) is the matrix of pure
spectra, with spectra profiles of the c components as rows. E (n, p)
contains the variation unexplained by the MCR model. To solve Eq. (6),
alternating least-squares (ALS) optimization [46] is used as
well-established approach, and both concentration and spectra profiles
are constrained with non-negativity. The first step of the optimization
requires spectra or distribution profiles that will be implemented and
optimized during the iteration process. Simple to use interactive
self-modelling mixture analysis (SIMPLISMA) [47] was used throughout
this work to calculate initial spectral estimates. The optimization

procedure stops when the convergence criterium is reached, expressed
as a threshold (0.1 %) based on the relative difference of the lack of fit
(LOF) during consecutive iterations. The LOF and the explained vari-
ance, defined in Eqs. (7) and (8), are used as parameters to evaluate the
quality of the MCR model:

LOF= 100×

̅̅̅̅̅̅̅̅̅̅̅∑
e2

∑
d2

√

(7)

r2 =100×

(

1 −

∑
e2

∑
d2

)

(8)

where e and d are elements of D and E respectively.

2.2.3. K-means clustering
As one of the most used partitioning clustering techniques in image

analysis, the K-means algorithm can be applied to D. In K-means, once
the number of clusters is defined (c), the first iteration selects c clusters
randomly, then at each iteration samples are reassigned to minimize the
sum of point-to-centroid distances, summed over all c clusters (sumd).
The algorithm stops when clusters assignments do not change, or the
maximum number of iterations is reached. As distance measure, the
Pearson correlation distance, defined as one minus the correlation co-
efficient calculated between the point and centroid spectra, has been
used [48]. In order to stabilize the results, 50 replicate runs of K-means
clustering are performed for each analysis and the run with lowest sumd
has been selected; the number of iterations was set to 200. Silhouette
[49] and Pakhira-Bandyopadhyay-Maulik (PBM) [50] indices were used
to evaluate the optimal number of clusters. These were compared with
the number of most informative pixels/spectral wavelengths suggested
by the proposed exploratory approach. Here, the explicit use of c to
denote both the number of components (MCR-ALS) and clusters
(K-means), is adopted because the results, for sake of comparison, are
presented considering the same number of components and clusters.

2.3. Software

All computations were performed using MATLAB© 2022a (Math-
Works Massachusetts, USA). For the cluster analyses the K-means
function of the Statistical and Machine Learning Toolbox was used, with
the addition of the MATLAB© Parallel Computing Toolbox to improve

Fig. 1. Graphical representation of the data exploratory approach: third-order tensor is unfolded into a matrix (D) and decomposed through SVD algorithm (D =

USVT). Matrices X and Y are calculated and normalized [45], resulting in a unit first column vector X1 (resp. Y1) to which all other column vectors of X (resp. Y) are
orthogonal. Convex hulls of essential spectra and essential variables are computed for X and Y, and the most relevant archetype points are identified by visual
inspection (red circles). (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.)
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the speed of the algorithm. Pure and als routines from Tauler and De
Juan (2003) were used for the MCR-ALS analysis and convhulln is the
built in MATLAB© function used to compute convex hulls.

3. Results and discussion

For each dataset, the information extracted from exploratory anal-
ysis is put in perspective of the results obtained by applying both MCR-
ALS and K-means.

3.1. Raman powder dataset

The three-component Raman hyperspectral imaging dataset,
described in 2.1.1, exhibits well-defined characteristics: (i) a clear dis-
tribution of the salts building up the chemical composition of the sample
(Fig. 2A), (ii) good signal-to-noise ratio data (Fig. 2B) and (iii) selective
spectral regions (Fig. 2C).

Fig. 3A provides a representation of the (X2, X3) data points clouds,
where the number 2 and 3 refer to the second and third column of the
normalized matrix X. As expected, the observed data structure corre-
sponds to a triangular geometry (as would be obtained for simplex data),
the 3 vertices being expected to correspond to the pure compounds [45].
Similarly, the data points representation of the second and third column
of the normalized matrix Y, (Y2, Y3), (Fig. 4A), enable to identify
vertices pointing at clearly distinct directions.

Convex-hull computation provided 14 archetypes points in the (X2,
X3) space corresponding to essential spectra and 3 archetype points in
the (Y2, Y3) space corresponding to essential single-wavelength images
(black circles in Fig. 3A and 4A). Considering that the number of com-
ponents is known, 3 archetype points were selected in both sub-spaces
(filled green circles in Fig. 3A and 4A, respectively), which are ex-
pected to correspond to the purest spectral pixels and most selective
wavelengths measured (see Fig. 3B and 4B, respectively). The provided
spectral and image information can be readily interpreted for this simple
data set (1070 cm− 1 maximum selective peak for NaNO3, 1090 cm− 1

maximum selective peak for CaCO3, 996 cm− 1 maximum selective peak
for Na2SO4). For the sake of comparison, the results obtained by SIM-
PLISMA are provided (Fig. S1 in Supplementary Material).

Fig. 5 shows the results obtained for a three-component MCR-ALS
model (LOF = 10 %, r2 = 99 %) and for the application of K-means
considering 3 clusters. The selection of the number of clusters was set as
3 according to the mixture composition. For each cluster the class
assignation vector has been refolded in the original image dimensions
and shown with the pixels recognized as cluster member coloured in
brown (Fig. 5B third column). For the sake of comparison, the results
obtained from the previous archetype identification are also reported
(Fig. 5). The similarity between the essential spectra and essential
single-wavelength images obtained from our approach and the spectra

and component distribution maps obtained applying MCR-ALS is
striking.

Focusing on the spectra provided in Fig. 5A, the ones shown for K-
means correspond to “centroid” spectra and are, as expected, not the
pure ones, though in quite good agreement. It is worth noting that the
centroid spectrum corresponding to the NaNO3 salt is more similar to the
pure one than for the 2 other salts. This can be explained by considering
the density of points for each of the 3 clusters modelled by K-means (see
Fig. S2 in Supplementary Material). As for K-means, the maps (Fig. 5B)
obtained for each cluster are also very comparable (considering that the
information is segmented).

This dataset was introduced to clearly show that in cases in which we
have prior information on the number of components, high spectral and
spatial selectivity, as well as a high number of pure pixels, MCR-ALS and
K-means solutions are very comparable, with selection of the method
depending on specific analysis goals. Also, the information retrieved
with the 2 approaches can be readily extracted from the analysis of the
geometry of the data.

3.2. LIBS mineral dataset

The mean image and the LIBS spectra obtained for the mineral
sample are shown in Fig. 6A and B, respectively. In Fig. 6A it is impor-
tant to note that the pixel size is 15 μm. Considering the scale of mineral
phases, the presence of many pure spectral pixels is, therefore, not ex-
pected. Fig. 6B highlights data characterized by low spectral selectivity.
An additional complexity of this sample arises from its composition,
which includes iron. Iron has numerous emission lines across the entire
spectral range. Additionally, pyrite typically exists in various oxidative
forms [39,42,51], and the iron ions within pyrite can easily exchange
with copper or aluminium ions present in turquoise [52]. In fact, this
kind of rocks are often referred to as “solid mixtures” [53]. Furthermore,
within quartz, the predominant silica phase in this sample, aluminium
impurities are quite common, while iron inclusions are also possible,
albeit less frequent [54]. All these peculiarities translate into a very
challenging LIBS HSI dataset to analyse and investigate with classical
chemometric tool. Indeed, this scenario is not ideal for approaches such
as MCR-ALS as pure pixels may not be present, spectral selectivity is low
and different phases with very similar spatial distribution are present.
Similarly, K-means clustering is not ideal as it may have difficulty
assigning different minority phases to distinct clusters, as pixels may
belong to multiple clusters due to low spectral selectivity.

The geometry of the data in the (X2, X3) and (Y2, Y3) spaces is
illustrated in Fig. 7A and B, respectively. While more complex than the
geometry observed in the previous example, the observed data points
clouds exhibit some degree of structure. However, determining the
appropriate number of components to consider is not straightforward
given the absence of clear a priori information with this dataset. Convex-

Fig. 2. Raman powder dataset: mean image (A), spectra (B) and spectra of pure salts (C).
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hull computation provided 19 archetype points in (X2, X3), and 13
archetype points in (Y2, Y3), (black circles in Fig. 7A and B, respec-
tively). Considering the geometry of the data observed in Figs. 7A and 6
archetype points were selected (filled green circles) and the corre-
sponding essential spectra are shown. However, considering Fig. 7B–is
clear that some relevant points, corresponding to clear directions, were
not identified as archetypes, as they are not found at vertices of the data
points cloud in the two-dimensional Y-space. It should be noted that by
applying convex hull calculation to a six-dimensional Y matrix (see
Supplementary Material Fig. S3), these points could be selected, but the
total number of archetypes would be very large. This is not really

needed, though, since they can be manually pointed out in the (Y2, Y3)
plot, resulting in the extraction of 7 essential single-variable images.

The spectra corresponding to points labelled A, C and D in Fig. 7A
correspond to the main mineral phases of pyrite, silica, and turquoise
respectively. Spectrum B shows spectral features corresponding to a
phase where silica has iron inclusions, somehow in between the pyrite
and the main phase of silica. Spectrum F features another pyrite phase,
different from the one observed in A. Lastly, the spectrum corresponding
to pixel E characterizes an intermediate phase between turquoise and
pyrite, where iron and mainly aluminium exchanges occur. The spectral
regions used for the identification are highlighted in blue referring to

Fig. 3. 2-D representation of the X-space (A) colour-coded by point density. Black circles mark the archetypes points (some are close and result overlapped in the
plot) at the vertices of the convex hull computed in the (X2, X3) normalized space. Filled green circles are the selected points and black crosses are the projection of
the pure reference spectra in the (X2, X3) normalized space. In panel B, the spectra corresponding to the green points (black line) with overlapped the pure spectrum
(red line) of the corresponding component. (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of
this article.)

Fig. 4. 2-D representation of the Y-space colour-coded by point density (A). Black circles mark the archetypes points of the convex hull computed in the (Y2, Y3)
normalized space. Filled green circles are the points identified looking at the structure of the data. In panel B, the essential single-wavelength images corresponding to
the 3 identified selective wavelengths. (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.)
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Kurucz LIBS database [55], following the assessed procedure of Mon-
cayo et al. [42]. These spectra are the purest spectra identified and can
be interpreted as such without further analysis of the data.

In the same way, the essential single-wavelength images extracted
correspond to the information obtained at the most selective wave-
lengths. Images λ1, λ3 and λ7 which are linked to point A, C and D in
Fig. 7B, respectively describe pyrite, silica and turquoise. Image λ2,
corresponding to point B, describes a situation where both pyrite and
silica are present and image λ4 shows the distribution of pyrite, tur-
quoise and silica. It is worth noting that when looking at image λ5, which
does not show any correspondence in the (X2, X3) plot, it could be
hypothesised that it represents a mineral phase where both silica and

turquoise are present. In fact, it lies between image λ3 and λ7 in the (Y2,
Y3) plot. Image λ6, linked to point F, is identified as another form of
pyrite. In addition, it can be noticed that in the right area of both the (X2,
X3) and (Y2, Y3) plots, there is a higher density of points (either pixels or
spectral wavelengths). Since points A and F correspond to spectra that
are associated to pyrite phases, it can be concluded that pyrite is iden-
tified as the major phase in this mineral sample. For comparison pur-
poses, the results obtained by SIMPLISMA are also provided (Fig. S4 in
Supplementary Material). A six-component MCR-ALS model could then
be fitted (LOF = 3 %, r2 = 99 %) and the results are shown in Fig. 8.

The spectra of the first 2 components of the MCR-ALS model are
identified as silica and turquoise phases, respectively. The

Fig. 5. Panel A shows the spectra for the purest pixels obtained by the exploratory analysis (black line), the purest components resolved spectra by MCR-ALS (blue)
and the K-means centroids spectra (green). Centroids spectra are calculated as the average of the spectra of all the pixels belonging to a given cluster. For sake of
clarity an arbitrary vertical offset was added to the MCR-ALS and K-means results. Panel B shows the single-wavelength images extracted with the exploratory
approach, the concentration distribution maps retrieved by MCR-ALS and the clustering maps obtained by K-means clustering. (For interpretation of the references to
colour in this figure legend, the reader is referred to the Web version of this article.)

Fig. 6. Mean image (A) and overlapped spectra (B) of the mineral sample dataset.
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Fig. 7. (A) 2-D representation of the X-space of the mineral sample dataset, colour-coded by point density. Black circles mark the archetypes points at the vertices of
the convex hull computed in the (X2, X3) normalized space. Letters and filled green circles represent the selected points, while the corresponding spectra are shown in
the right panel. (B) 2-D representation of the Y-space, colour-coded by point density. Black circles mark the archetypes points of the convex hull computed in the (Y2,
Y3) normalized space. Filled green circles represent the selected wavelengths, the corresponding refolded images are shown in the right panel. (For interpretation of
the references to colour in this figure legend, the reader is referred to the Web version of this article.)

Fig. 8. MCR-ALS solutions for the mineral sample dataset. Refolded concentration profiles (left) and resolved spectra (right) are shown for each of the 6 components
with the corresponding data variance.
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corresponding concentration distribution are in agreement with the
images retrieved by the exploratory analysis. Pyrite is identified pri-
marily in the spectral profile of the third component. However, the
spectral profiles observed in the remaining 3 components suggest the
potential occurrence of different pyrite phases characterized by ion ex-
changes, which present challenges for interpretation. This is further
complicated by the fact that the corresponding concentration distribu-
tion maps show very similar distributions. The third MCR component is
the one explaining most of the data variance (52 %) confirming that
pyrite is the major phase. By contrast the variance explained by other
components, is very low, less than 3 % for silica, turquoise and the other
phases of pyrite.

For the sake of comparison, a K-means model was computed setting
the number of clusters to 6. The results are shown in Fig. 9. Cluster 1, 2
and 3 can be associated to silica, turquoise and pyrite phases, respec-
tively. The clustering maps for clusters 4 to 6 reveal distributions
spanning the boundaries between pyrite and the phases described by the
first 2 clusters. The centroid spectra of these clusters are challenging to
interpret, suggesting possible exchanges between iron and aluminium.

MCR-ALS and K-means clustering provide complementary informa-
tion that leads to a more complete understanding of the sample. The
proposed methodology allows for observing the potential complexity of
data exploration prior to implementing MCR and/or K-means. It is
important to note that the exploratory approach not only provides the
same information as the one obtained from data modelling, but also
enables to extract the spectral and spatial features related to the pres-
ence of minority components resulting from ion exchanges between the
main mineral phases. The results obtained for silica, turquoise, and
pyrite are comparable. The centroid spectra obtained by K-means and
identified as pyrite is very comparable with the one extracted exploring
the X-space and MCR-ALS, again because of the high number of pure
pixels in that cluster (being pyrite the major phase, high number of
pixels correspond only to pyrite). The concentration maps of 3 of the
MCR-ALS components and the clustering maps of 3 of the clusters show
the same distribution observed in the purest images extracted from the
Y-space, while the other differ and as discussed above, are not easily
interpretable.

Overall, we may remark that in this challenging scenario, that

deviates from the ideal model underlying both MCR and clustering
techniques, exploratory analysis driven by archetypes identification can
provide insight into the number of components (when going for an
unmixing approach) or clusters (when using clustering) to select. In fact,
traditional methods such as eigenvalues, scree plots, and cluster indices
may not provide unambiguous answers, as illustrated in Fig. S5 in the
Supplementary Material. The exploratory approach employed in this
study offers notable advantages, particularly in the extraction of spectra
and images without the need for complex modelling. Also, convex hulls
need to be calculated for more than 2 components, in order to retrieve
the archetype points for each direction in the Y-space. These findings
emphasize the feasibility and efficiency of our methodology in obtaining
informative data without excessive computational load.

4. Conclusion

Understanding the structure of the data is a key step in the data
analysis workflow of any application. In particular, exploring HSI
datasets, because of their nature and dimensionality, is nontrivial. An
exploratory approach, like the one proposed in this work, demonstrate
to be able to guide extracting the useful information encrypted in the
spectral image of complex samples and furnishing a comprehensive
understanding of the investigated system.

Two different datasets were analyzed in this work by the exploratory
approach and compared with the conventional methods of two widely
used approaches in spectral image analysis: spectral unmixing (MCR-
ALS) and clustering (K-means), with the aim of envisioning their
applicability domain. The shared information, among all methods, in
terms of distribution and spectral signature of retrieved common com-
ponents, concerned major phases and/or the one with selective spectral
profile. In cases, where the application of very well-known methodolo-
gies revealed its limits, looking at the geometry of the data resulted in an
extremely easy and fast way to have better and more complete insights,
with respect to the MCR-ALS and/or K-means ones. The analysis of the
structure of the data could be considered, as any exploratory tool, as
preliminary to allow a more rational choice of the next steps of data
analysis and also to help solve all the cases of limitations for the two
methods, such as the choice of the number of components and clusters,

Fig. 9. K-means results for the mineral sample dataset. Cluster membership maps and the mean spectra are shown for each of the 6 clusters.
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and in the retrieval and identification of the purest species as well as
minor components.

This exploratory approach may have limitations when the data
present a quite uniform distribution with no clear structures, thus
rendering difficult finding the archetype points. However, to the best of
our knowledge, applying appropriate spectral pre-processing could
remove those effects, such as baseline, scatter, etc., that go into making
the data less geometrically structured. In this way, a change in the “data
shape” can be obtained making this approach therefore applicable.
Furthermore, while automation of this process could be considered, it
bears the risk of yielding inaccurate results, as extreme points may also
include noise points requiring visual inspection before selection. More-
over, any automated implementation must carefully consider relevant
parameters and considering convex hull algorithm proves significantly
more reliable in this regard.

In conclusion, this paper highlights also the potential synergy be-
tween the exploratory analysis and the unsupervised methods of clus-
tering and unmixing. Further exploration of their combined application,
which remains relatively unexplored in the scientific community, is
warranted, thus paving the way for a new research direction.
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