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Abstract 

The scientific community’s ongoing pursuit of innovation has revived interest in hydrogen as a 

fuel for internal combustion engines (ICEs). This is only the latest wave in a long history of 
attention to hydrogen, considering that the first ICE car ever built, the de Rivaz prototype 

(1807), was hydrogen-fuelled. The European Union’s increasingly strict emission targets for 

road vehicles have further fuelled this revival, especially after the “diesel gate” scandal, which 

revealed how difficult it was for manufacturers to meet tighter standards without expensive 
redesigns, complex aftertreatments, or hybridization, each reducing competitiveness. Despite 

industry challenges, EU policy has continued to tighten, culminating in the planned 2035 90% 

emissions reduction of ICEs, with the intention to relegate them to a niche market. In this 

context, hydrogen reemerged as a potential transitional fuel toward carbon neutrality, allowing 

continued use of well-established ICE technology instead of complete replacement. 

The viability of hydrogen ICEs, however, depends strongly on how hydrogen is produced and 

distributed. While widespread use in light-duty vehicles remains unlikely in the short term, 

hydrogen engines appear more realistic for heavy transport applications such as trucks or ships. 

Hydrogen use in ICEs is thus not a technological breakthrough, and its field of application seems 
limited. Yet, hydrogen-fuelled ICEs hold great research value, particularly in 3D CFD 

(computational fluid dynamics) modelling. Hydrogen’s unusual fuel properties make it a 

demanding benchmark for frameworks originally developed for gasoline engines, revealing how 

much of the modelling relies on robust physical laws versus empirical correlations. Moreover, 
hydrogen’s exceptional combustion characteristics force the computational framework to remain 

as general and physically grounded as possible. 

This work presents the development and validation of a 3D CFD framework through three 

stages. The first phase employed a Lombardini 15LD500 single-cylinder engine, originally a 

naturally aspirated diesel, retrofitted by the University of Pisa for direct hydrogen injection. 
Tests covered equivalence ratios (φ) from 0.4 to 0.8 and speeds from 1500 to 3000 rpm, for a 

total of 11 operating points across the engine map. Remarkably, one single set of calibration 

constants reproduced experimental data for all conditions using nominal spark timing, 
strengthening confidence in the framework and enabling detailed analysis of combustion 

physics. 

The second phase focused on the PSA EP6 engine, a stock-based single-cylinder unit with an 

optically accessible modified piston, tested by the University of Orléans in port fuel injection 
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(PFI) mode. By eliminating mixture-stratification uncertainties, this setup allowed a more 
accurate evaluation of the model’s ability to reproduce combustion behaviour, the primary 

driver of heat release. Tests covered a narrower range of 1200–1500 rpm and φ < 0.55, extending 

down to 0.30, the leanest condition. This phase enabled investigation of secondary phenomena 

such as wall-flame quenching and instability. The latter remains an open topic, mainly because 
(1) modelling flame instability in 3D CFD URANS remains difficult, with only one established 

method to date, and (2) its effects on turbulent, transient ICE flames are still poorly understood. 

The final phase introduced a new method to represent flame instability within URANS 

simulations. This approach provided an initial assessment of instability effects under tested 
conditions and, more broadly, improved the predictive capability of 3D CFD frameworks for 

hydrogen-fuelled ICEs. 
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Introduction 

The utilization of hydrogen as a primary fuel for internal combustion engines (ICE) possesses a 

significant historical lineage. Excluding the development of Fuel Cell Electric Vehicles (FCEVs) 
to focus specifically on Hydrogen Internal Combustion Engine Vehicles (HICEVs), the 

conceptual origin dates back to the de Rivaz prototype of 1806 [1]. A subsequent milestone was 

achieved in 1862 by Étienne Lenoir, who developed a vehicle featuring a two-stroke hydrogen-

fuelled engine [2]. Following these early iterations, a prolonged period of dormancy ensued 
before a resurgence of interest occurred in 1979, marked by BMW’s conversion of a production 

gasoline model to hydrogen propulsion [3]. In the following decades, manufacturers such as 

Toyota, Mazda, Ford and Chevrolet joined the research field [4], leading to the contemporary 

landscape where companies including Volvo, Iveco, Scania, MAN, Alpine, and AVL are 
developing diverse power units ranging from single-cylinder research engines to full-scale 

production prototypes [5]. 

This historical trajectory mirrors the broader evolution of the industrial world. During the early 

turbomachinery era, machine efficiency was notably low, making fuel properties critical for 
achieving any viable power output. Furthermore, because modern refined hydrocarbons like 

gasoline and diesel were not yet established and the evaporation of liquid fuels was technically 

challenging, hydrogen, a gas with high power density, represented an optimal choice. As 

technical capabilities evolved, hydrocarbons came to dominate the market for a century. This 
dominance remained unchallenged until the energy crises of the 1970s prompted concerns 

regarding the depletion of global oil reserves and the geopolitical risks associated with 

hydrocarbon dependency. 

Despite the renewed interest in the late 20th century, the high state of development in 

hydrocarbon-based ICEs highlighted significant deficiencies in hydrogen performance. A 
prominent example is the 2006 dual-fuel BMW Hydrogen 7; its 6.0L V12 engine produced 445 

hp when fuelled by gasoline, yet only 260 hp when operated on hydrogen [6]. This performance 

gap is particularly striking given that a stoichiometric hydrogen-air mixture contains 
approximately 16% more energy than a stoichiometric gasoline-air mixture. The disparity is 

largely attributed to hydrogen’s low density, which displaces oxygen in the intake manifold, 

thereby reducing volumetric efficiency. 

More recently, the potential phase-out of internal combustion engines driven by European 

Union decarbonization mandates has catalysed a new wave of alternative fuel research. The 



7 
 

objective is to achieve deep decarbonization while maintaining the competitiveness of the 
European automotive industry. In this modern context, advanced technology has enabled 

hydrogen engines to reach efficiencies and power outputs comparable to their hydrocarbon 

counterparts. However, for light-duty transportation, hydrogen adoption is hindered by 

significant obstacles in distribution infrastructure and on-board storage. Consequently, the 
heavy-duty transportation sector has emerged as the primary actor in hydrogen research, as 

these larger vehicles are less constrained by the volumetric requirements of high-pressure 

hydrogen tanks. 

Contemporary research has transitioned beyond feasibility demonstrations toward achieving 
higher power density, increased efficiency, and minimized tailpipe emissions. While hydrogen 

oxidation produces no CO2, the high temperatures reached during the flame propagation process 

can lead to significant NOx formation [7]. Consequently, lean and ultra-lean combustion 

strategies have gained prominence. These modes are technically viable due to hydrogen’s 
exceptionally wide flammability limits and serve to reduce the adiabatic flame temperature, 

thereby mitigating NOx production. This reduction is critical because NOx species are a direct 

hazard for human health [8]. 

Operating under ultra-lean conditions, however, introduces complexities such as unusually low 

Lewis numbers 𝐿𝑒 of the fuel-oxidizer mixture. This phenomenon triggers thermo-diffusive 

flame instabilities, which become most evident in the leanest operating regimes. 

In this advanced research scenario, the role of 3D Computational Fluid Dynamics (CFD) is 

fundamental for the fine-tuning and optimization of engine performance. The vast array of 

parametric variations, including piston bowl geometry, hydrogen jet-wall interaction in direct-

injection systems, and flow field organization, can be evaluated more efficiently through the use 
of "Digital Twins." For these digital representations to be effective, the underlying models must 

demonstrate high reliability to ensure that predicted trends resulting from parametric changes 

are trustworthy. The primary objective of CFD in this context is not the exact replication of 

experimental data, which serves mainly for calibration, but rather the accurate prediction of 

performance trends to guide engine development toward the most promising configurations. 

Before this research, flame instability modelling was rarely incorporated into ICEs simulations. 

Notably, Hernandez et al. [9] was the first to recently introduce an approach similar to the one 

employed here, following fundamental DNS studies that established initial correlations [10], 
[11]. The recent resurgence of interest in hydrogen combustion, coupled with the availability of 

computationally intensive thermochemical DNS, generated a fertile environment for 

fundamental research to provide the groundwork for high-level URANS modelling. It is worth 

noting that, prior to this study, the state of the art for hydrogen-fuelled engine simulations did 
marginally address flame instability; this was due to both a lack of theoretical frameworks and 

a tendency to operate engines under thermochemical conditions where such instabilities were 

unlikely to occur. Consequently, the necessity for hydrogen flame instability modelling did never 

appear as a key problem. Main contributors to the field preceding this work include Kosmadakis 
and Rakopoulos, [12], [13], [14], Verhelst [7], [15] and Maio [16], [17], employing approaches to 

model the hydrogen combustion mainly inherited form the gasoline engines practice. 

Rakopoulos and Kosmadakis extensively used commercial 3D-CFD software employing variants 

of the fractal combustion model or standard Eddy Break-Up (EBU) models. Their work focused 
heavily on evaluating EGR rates, NOx emissions, and cyclic variations in H2 and H2-methane 

blends. The fractal and EBU models, however, showed limitations at lean conditions operations: 

to compensate and match experimental pressure traces, the researchers often had to heavily 

tune model constants for every specific operating condition, reducing the predictive capability 

of the model across varying equivalence ratios. 
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Verhelst et al. attempted to integrate accurate laminar correlations into standard turbulent 
models like the Turbulent Flame Speed Closure (TFC) or Flame Surface Density (FSD) models. 

As highlighted in his comprehensive 2009 and 2014 reviews, Verhelst recognized that standard 

turbulence-chemistry interaction models break down for hydrogen. Standard FSD models 

assume that flame wrinkling is created entirely by turbulent eddies and destroyed by flame 
propagation. However, in hydrogen engines, the flame surface area can grows due to the 

spontaneous cellular structures formed by flame instabilities. Verhelst frequently noted that 

without accounting for stretch effects and Lewis number disparities, models simply could not 

predict the pressure rise rates seen in actual lean hydrogen operation without artificial 

adjustments. 

Maio et al. applied the Extended Coherent Flame Model (ECFM) coupled with Large Eddy 

Simulation (LES) and Adaptive Mesh Refinement (AMR), to predict cyclic combustion 

variations in lean-burn hydrogen engines. ECFM, however, was originally formulated for 
hydrocarbon fuels (gasoline/diesel). It tracks flame surface density based on turbulence 

parameters. When applied to hydrogen, the base ECFM struggles because it natively assumes 

the flame stretch responses of a standard hydrocarbon. Maio's work demonstrated that while 

LES resolves the larger turbulent flow structures beautifully, the sub-grid models in ECFM 
failed to capture the sub-grid flame acceleration caused by hydrogen's unique diffusional 

characteristics. To get accurate results, especially for heavy-duty lean applications, ad-hoc 

corrections for the Lewis number and flame stretch had to be forced into the ECFM formulation. 

The present work establishes a framework for 3D-CFD simulations of ICE working cycles 
specifically applied to hydrogen-fuelled engines, proposing a methodology to ensure 

computational reliability. This research aims to bridge the gap between emerging evidence of 

flame instability in hydrogen-fuelled internal combustion engines and current state-of-the-art 

combustion models that do not yet account for these effects, extensively discussing the 

conditions for their onset. 

The initial phase involves the selection of physical models based on a rational analysis of the 

specific problem. In hydrogen applications, the combustion model is of particular importance. A 

simplified modelling approach is initially preferred to clarify the strengths and weaknesses of 

the framework while minimizing the number of calibration constants. 

To validate the proposed framework, experimental data were utilized from a modified 
Lombardini 15LD500 single-cylinder engine, retrofitted for Direct Injection Spark Ignition 

(DISI) operation with H2. The engine's two-valve head configuration allowed for the installation 

of two low-pressure injectors. This setup simplified the CFD representation of the hydrogen jet 
by avoiding the complexities of under-expanded supersonic flows typical of high-pressure 

injection. The validation matrix encompassed engine speeds from 1500 to 3000 rpm and 

equivalence ratios (φ) of 0.4, 0.6, and 0.8. Once a unique calibration was found for all the points, 

the framework accurately predicted trends across these diverse operating conditions, 

establishing a foundation for further refinement. 

The second stage of the research focused exclusively on combustion physics under ultra-lean 

conditions. To isolate combustion phenomena from the uncertainties of mixture stratification, 

where errors in mixing and combustion modelling might inadvertently compensate for one 

another, a Port Fuel Injection (PFI) single-cylinder unit was employed. This ensured a highly 
homogeneous mixture, isolating the evaluation of the results to the performance of the ignition 

and combustion models. Testing was conducted at 1200 and 1500 rpm with extreme equivalence 

ratios ranging from 0.30 to 0.55. 

The final phase of the study investigated the reasons why the framework could predict 
experimental pressure traces despite the absence of explicit thermo-diffusive instability 

modelling. Initial results indicated that the framework could reproduce experimental data with 
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only minor recalibration of the ignition model when changing the engine. Subsequent detailed 
analysis, incorporating sub-models for instability laminar flame speed enhancement, 

turbulence dampening effect on it, and wall flame quenching, elucidated this behaviour. 

It was determined that at the investigated conditions, the Indicated Mean Effective Pressure 

(IMEP) was sufficiently low to minimize the impact of flame instabilities. Furthermore, the 

enhancement of the laminar flame speed was effectively counterbalanced by the combined 
effects of wall quenching and turbulence interference. While these findings suggest that 

simplified models may suffice under certain conditions, it must be noted that these conclusions 

rely on qualitative assumptions prevalent in current literature. Further fundamental research 
is required to provide a quantitative understanding of flame instability effects in highly 

turbulent environments.  

Note: parts of current work have been adapted from successive publications ([18], [19], [20], [21], 

[22], [23], [24]) during the years leading to this synthesis. 
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Chapter 1. Physical models. 

1.1. Overview of the computational strategy. 

The following section provides an overview of the computational framework selected for this 
research. An Unsteady Reynolds-Averaged Navier-Stokes (URANS) approach was adopted as 

the primary numerical strategy. While LES remains a theoretically viable alternative, Direct 

Numerical Simulation (DNS) is currently beyond the practical reach of internal combustion 

engine research due to its prohibitive computational requirements. The decision to utilize 
URANS over LES was driven by the specific statistical requirements of engine performance 

analysis. LES inherently resolves a portion of the turbulent scales, which are stochastic and 

transient by nature. Consequently, the flow field in an LES run consists of a mean component 

superimposed with resolved fluctuations, leading to cycle-to-cycle variations. To derive 
meaningful engineering metrics, such as the Indicated Mean Effective Pressure (IMEP), peak 

cylinder pressure, or combustion phasing, a significant number of consecutive engine cycles 

must be simulated and then ensemble-averaged. 

While LES brings the utility, for example, of capturing the Coefficient of Variation (CoV) of the 
IMEP, a critical indicator of engine combustion stability and "roughness", it comes at the cost 

of massive computational overhead. In contrast, URANS provides a statistically averaged 

representation of the flow field in a single "representative" cycle. Assuming that the small-scale 

turbulence, which remains modelled in both approaches, exerts a secondary effect on the global 
engine behaviour, the URANS framework offers a robust and computationally efficient means 

of predicting the average performance trends necessary for this study. 

URANS, on the other hand, have the great advantage of, conceptually, automatically average 

the cycles resolving only the steady average portion of the flow and entirely modelling the 
fluctuating component through a turbulence model. It is evident that the potential saving in 

terms of computational time, for the specific application of internal combustion engines, is huge, 

because significantly fewer cycles are necessary and with a coarser discretization of the fluid 

domain, as the high resolution of flow field fluctuations is not required anymore. Nonetheless, 
significant challenges persist, as the fidelity of the simulation is inherently tied to the models' 

capacity to accurately resolve the underlying physical phenomena. Stated that all the models 

have a physical base, there are often calibration constants that can adjust the predicted 

behaviour to match the real one. Consequently, there is a risk of reverting from a physical 
approach to empirical tuning. While empirical models may yield results that align closely with 
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experimental data, they often lack the physical robustness required to ensure the model's 

reliability across varying operating conditions. 

To delve deeper into the physics of these modelling approaches, it is fundamental to recognize 

that DNS, LES, and RANS all originate from the exact Navier-Stokes (NS) equations. The 

distinction lies in how much of the turbulent spectrum is directly computed versus modelled. 

RANS addresses the issue of computational effort by fundamentally altering the NS equations 
to solve only for the mean flow field, leaving the effect of all chaotic fluctuations to be 

approximated by a turbulence model. 

Mathematically, standard RANS relies on Reynolds decomposition, where the instantaneous 

velocity is split into a time-averaged component and a fluctuating component: 

𝑢𝑖(𝑥, 𝑡) = 𝑢𝑖̅(𝑥) + 𝑢𝑖
′(𝑥, 𝑡) 

Substituting this decomposition into the NS equations introduces unclosed terms (the Reynolds 
stresses) that must be modelled. This is typically achieved using the Boussinesq hypothesis, 

which assumes that turbulent fluctuations act similarly to molecular viscosity, extracting 

kinetic energy from the mean flow to enhance mixing. Models utilizing this approach are 

consequently known as eddy viscosity models. 

While this time-averaging framework is perfectly suited for statistically steady flows, it cannot 

natively handle an inherently transient problem like the working cycle of an internal 

combustion engine. For such applications, the framework must transition to Unsteady RANS 

(URANS). In URANS, the decomposition is no longer based on a time average, but rather on an 
ensemble average (or phase average) across multiple hypothetical engine cycles. The resolved 

velocity field represents the ensemble mean at a specific crank angle: 

⟨𝑢𝑖(𝑥, 𝑡)⟩ =
1

𝑁
∑𝑢𝑖

(𝑛)(𝑥, 𝑡)

𝑁

𝑛=1

 

Despite this conceptual shift from time to ensemble averaging, the closure problem remains 

identical, and standard eddy viscosity models are still employed to model the fluctuations. 

Applying these models to a transient problem relies on two fundamental assumptions: 

The ergodic hypothesis: this postulates that the statistical properties of turbulence fluctuating 
over time (in a steady flow) are equivalent to the chaotic variations occurring across multiple 

repetitions of the same experiment (ensemble fluctuations) at a specific instant. 

Scale separation: URANS mathematically treats each discrete timestep as a localized, quasi-

steady RANS computation. For this to be physically valid, the turbulent energy cascade must 

have sufficient time to fully establish and dissipate within that specific time interval. Therefore, 
URANS requires a separation of scales: the computational timestep must fall into a "spectral 

gap". It must be small enough to accurately discretize the transient macroscopic flow, yet strictly 

larger than the turnover time of the turbulent eddies. 

Adhering to these fundamental principles, the selection of sub-models detailed in the 

subsequent sections prioritizes mathematically robust, physics-based formulations to respect 

these limits and mitigate the reliance on ad-hoc empirical calibration. 
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1.2. Sub models: turbulence and heat transfer 

The choice of sub-models starts from the turbulence model, for which the eddy viscosity 

assumption is adopted. The 2 equations closure k-ε RNG [25], [26] is chosen. This model is 

widely used in literature and in propaedeutic publications [27], [28], [29], [30], [31], [32].  

The near-wall flow is modelled by a high-Reynolds wall treatment to minimize the 
computational time. The “Improved GruMo-UniMORE” model is used for the heat transfer 

prediction [33], [34], [35]. It is independent of the near-wall grid resolution, using the effective 

Prandtl number of the gas mixture. 

The turbulence model have been considered as an invariant of the framework for the following 

reasons: it is hard to justify the preference of one model to another, in the field of engine 
applications; selecting different models would lead to different framework behaviour and 

consequently need to calibrate differently ignition and combustion models. Furthermore, there 

is little justification for prioritizing one turbulence closure over another, as the current 

experimental data provides no definitive benchmark to verify the local accuracy of the flow field 
predicted by any specific model. Similar arguments are applied to the heat transfer model, as 

no direct investigation on the heat rejection have been carried out in the experimental activities 

during which the experimental data here used were obtained. In fact, the sensitivity of the final 
results would be influenced by the different wall temperatures selected for each case other than 

the heat transfer model itself. Having no wall temperatures data for any of the engines studied, 

thus, trying other wall transfer models would have been irrelevant. All this considered, the 

selection of such models was purely based on previous experiences. 

 

1.3. Sub models: ignition 

The rationale for utilizing a dedicated ignition model, rather than simply initializing a small 

flame kernel for the combustion model to evolve, is revisited here. During the inception stage, 

turbulence exerts a limited influence on kernel development. This is due to the fact that the 
integral length scales of the flow field, those responsible for wrinkling the flame front and 

accelerating its propagation, are of the same order of magnitude as the nascent kernel itself 

[36]. Modelling its first development as driven by the full turbulent spectrum, as a combustion 

model would do, may thus lead to an overestimation of the kernel growth speed. Moreover, a big 
part of the early flame development is due to the thermal expansion of it [36] due to the high 

temperatures of the plasma channel found between the electrodes. Without a dedicated model 

to represent this phenomenon, this detail would be lost.  

To capture the ignition physics discussed above, a model developed within the research group 

is implemented via a user-coded routine. In the current framework, delays associated with the 
electrical circuit are neglected. This simplification is justified by the extremely short duration, 

approximately 10 µs, between the nominal spark command and the actual dielectric breakdown, 

a timeframe that proves negligible relative to the crank angle resolution at the engine speeds 

investigated [37], [38], [39]. 

The model starts with the deposition of an initial spherical flame kernel. Then, its growth is 

governed by a 1D ordinary differential equation (ODE) whose unknown is the kernel radius. 

The equation is solved starting from the spark timing until a threshold value for the unknown 

variable is reached. The 1D ODE is detailed in Equation 1 and it is similar to the Herweg and 

Maly model [36]. 

𝑑𝑟𝑘
𝑑𝑡

=
𝜌𝑢
𝜌𝑘
(𝑆𝑙 +𝑆𝑃𝑙𝑎𝑠𝑚𝑎) +

𝑉𝑘
𝐴𝑘
[
1

𝑇𝑘

𝑑𝑇𝑘
𝑑𝑡
]      (1) 
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Meaning of symbols is clarified in the dedicated section. Attention should be posed on the first 

term of right side of equality, where laminar flame speed 𝑆𝑙 and expansion velocity of the plasma 

column forming in the spark gap 𝑆𝑃𝑙𝑎𝑠𝑚𝑎 appear. Unlike Herweg and Maly model, the present 
approach relies, as highlighted, on a laminar flame speed inside Equation 1, instead of a 

turbulent one with an associated damping function. In other words, instead of a smooth 

transition form laminar to turbulent flame speed, a step function is adopted. Once a threshold 

value of 𝑟𝑘 is reached, the ignition model (i.e. the ODE) stops and the flame propagation is 
governed by G-equation. As for the threshold value, reference [36] suggests that the turbulence 

contribution is  significant after ≈ 2 mm, thus reducing the accuracy of the 1D model. 

In order to infer the value of 𝑆𝑃𝑙𝑎𝑠𝑚𝑎, Equation 2 is employed, which is a one-dimensional 

unsteady heat conduction equation. 

𝜌𝑐𝑝
𝜕𝑇

𝜕𝑡
=
𝜕

𝜕𝑥
(𝑘
𝜕𝑇

𝜕𝑥
)      (2) 

 

Among the quantities appearing in Equation 2, density ρ, specific heat 𝑐𝑝, and thermal 

conductivity 𝑘 are properties related to plasma, for which the experimental measure is difficult. 

Estimations can be found in [40], [41], [42], [43], [44], [45], where the product ρ ∙ 𝑐𝑝 is reported 

equal to 8000 J/(m³K), while thermal conductivity and boundary condition for the Equation 2, 

i.e. the temperature at x=0,  are suggested equal to 0.2 W/(mK) and 60∙103 K, respectively. 

The initial condition of Equation 1, namely the initial value of 𝑟𝑘 (𝑟𝑘,𝑖𝑛𝑖𝑡), is evaluated via a 

simplified method similar to the one proposed by Colin [46]. The initial kernel is assumed as a 

perfect sphere with radius 𝑟𝑘,𝑖𝑛𝑖𝑡, whose volume equals the volume of the plasma channel formed 

between the electrodes, supposed as a perfect cylinder. In this regard, the height of the cylinder 

corresponds to the spark gap (𝑑𝑔𝑎𝑝= 0.5 mm in this case) while the radius is the laminar flame 

thickness (𝛿𝑙) at the unburnt gas conditions at the spark-plug. Equation 3 expresses the volume 

of the cylinder, from which 𝑟𝑘,𝑖𝑛𝑖𝑡 can be inferred, as shown by Equation 4. 

𝑉𝑘,𝑖𝑛𝑖𝑡 = 𝑑𝑔𝑎𝑝𝜋𝛿𝑙
2      (3) 

𝑟𝑘,𝑖𝑛𝑖𝑡 = (
3

4𝜋
𝑉𝑘,𝑖𝑛𝑖𝑡)

1/3

      (4) 

 
It is worth noting that the adoption of Equation 3 is related to the fact that, if the ignition is 

successful, the volume of the initial kernel is assumed for simplicity equal to the plasma channel 

one. The latter is modelled as a cylinder characterised by a height equal to the spark gap and a 
radius equal to the laminar flame thickness. The spark gap is selected as the spark extends 

between the electrodes. As for the laminar flame thickness, its adoption ensures that the kernel 

radius is fixed at the minimum. In fact, once the cylindrical geometry is assumed for the kernel, 

the radius cannot be lower than the laminar flame thickness.  

In the software implementation, to resume, the model works as a delay calculator, assuming 
that the first part of the kernel development can be well approximated as zero dimensional. 

From the nominal crank angle of spark time a spherical G=0 surface is initialized, but the 

combustion model is not switched on till the iteration in which the ignition model computes a 

value for 𝑟𝑘 equal to 𝑟𝑘,𝑖𝑛𝑖𝑡. This radius is chosen as the calibration parameter of the model. While 

literature provides empirical estimates for this parameter, its value is highly sensitive to the 

specific engine geometry and operating conditions. Physically, this parameter governs the local 
turbulence scales, thereby establishing the critical kernel size at which the flame front begins 

to interact with the full turbulent spectrum. Figure 1 tries to clarify the functioning of the model: 

it reports 5 pictures, taken with a view pointing from the piston to upwards, of the flame during 

its development. 
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Figure 1: Flame kernel during the action of ignition model. 

In the picture, 720°CA (Crank Angle) is the Top Dead Centre firing (TDCf), and the spark time 

is 705°CA. In the first picture, the initial kernel deposed is visible, then up to 712°CA the kernel 

does not expand but is only advected by the local mean flow, as visible by the progressive 
elongation in the direction of the local velocity in the first 4 pictures (towards right). At 712°CA, 

the ignition model finally reaches the imposed limit kernel radius, in this specific case 2.3 mm, 

and thus allow the combustion model to start propagate the flame, as visible from the last frame 

of the Figure. Despite this behaviour is not the most physical, still allows for a fair 
representation of the delay that should elapse before the flame kernel starts its propagation 

driven by the full turbulent spectrum. It should be emphasized that the 7°CA delay depicted in 

this instance corresponds to an extreme case among those tested. This condition was chosen 

specifically to illustrate the ignition model's performance under high-latency conditions, where 

its underlying mechanisms are most visible. 

 

1.4. Sub models: combustion 

Combustion model selection represents a critical component of the framework development; the 

fidelity of the final results is intrinsically linked to the chosen modelling approach and the 
precision of its associated calibration parameters. There are three main candidate methods to 

model the combustion in internal combustion engines, emerged as the predominant choices in 

the field of 3D-CFD: level set methods, flame surface density methods and detailed chemistry 

methods. Detailed chemistry is the most elementary approach, as it is sufficient to choose a 
chemical kinetic mechanism and no calibration is generally possible. It is, however, even too 

much simplified, because no turbulence-flame interaction is accounted for. Despite in some 

applications this may not be an issue, like gas turbines where a flame generally is not present 
as they operate in the well stirred reactor regime, it may be a problem in internal combustion 

engines, generally operating in the flamelet regime. All the nomenclature of combustion regimes 

are here defined according to Peters [47]. The detailed chemistry approach, on the other hand, 

can be successfully employed to model the emissions. This last advantage, however, is not 
judged important enough to prevail on the disadvantage, bringing to the decisions to discard 

this approach as it is not suitable for the application in internal combustion engines. 

The flame surface density approach, on the other hand, relies on a simplified chemistry, that 

joins the model only through the off-line definition of a laminar flame speed, but it takes into 

account for the increased flame surface per unit volume due to the wrinkling induced on the 
flame by the turbulence. Being a complementary approach to the detailed chemistry, 

advantages and disadvantages are now flipped. In particular, only some pollutant emissions 

predictions are now possible and only if integrating additional sub-models, but the turbulence-

flame interaction typical of internal combustion engines operating in the flamelet regime is now 
accounted for. ECFM-3Z is the most common model pertaining to this category, widely used in 

literature on gasoline engine. Despite this, it is a quite complex model, featuring many 

contributions for the production and destruction of the flame surface density in its transport 
equation, each of which with a specific calibration constant. Due to its complexity and specific 

calibration tailored for the gasoline engine, therefore, this approach has been initially discarded 
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as well. Nevertheless, the performance of this model in some of the studied cases was assessed 

[48], with the resulting data validating the decision to discard it. 

The last viable approach is the level set one. It is based on the definition of a passive scalar, 

whose value represents the distance from the flame. The isosurface where this scalar equals 

zero, thus, can be intended as the flame itself. This scalar is then transported with a defined 

velocity, the turbulent flame speed, that is the laminar flame speed increased by the already 
discussed effect that turbulence has over it. Dependence on turbulence is represented in a more 

simple way, in this case, namely through empirical correlations based on turbulent quantities 

and chemical ones. "In its treatment of turbulent premixed flames, the methodology is 
functionally similar to the ECFM-3Z approach. Its main advantage is the ability to implement 

diverse turbulent flame speed correlations, thereby adjusting the modelling detail of turbulence-

chemistry interactions as needed. The emphasis of the present work is on developing a 

simplified yet robust framework that effectively represents the essential physics of the 

combustion regime under investigation. 

The choice of a flamelet combustion model is, to some extent, aprioristic. In fact, the combustion 

regime is at this stage supposed to allow for the use of such a combustion model, but there are 

still no rigorous evidences that the studied engine cases will fall in this combustion regime. A 

verification of this hypothesis will be carried out later in the current work, and lot of attention 
will be put in it: ultra-lean hydrogen combustion, in fact, lead to mixtures with Lewis numbers 

much lower than 1, thus making the assumptions underlying classical Peters' classification of 

combustion regimes weak and necessitating revision. 

With regard to the alternative approaches that were ultimately not adopted, detailed chemical 
kinetics, although deemed insufficiently reliable for the present application, were nevertheless 

tested at selected operating points. These simulations were performed in combination with the 

G-equation approach in order to resolve the burned-gas composition in greater detail and to 

enable a more accurate prediction of emissions. This exercise highlights a potential advantage 
of detailed chemistry over the other modelling strategies; however, such an advantage becomes 

meaningful only when it is coupled with an additional modelling framework, in this case the 

level-set method. 

Turning to the description of the model employed in this work, it is based on a level-set 

formulation in which the scalar field 𝐺, representing the signed distance from the flame front, 
is transported according to the governing equation reported in Equation 5. The flame front is 

identified by the iso-surface 𝐺 = 0, while, by convention, positive values of 𝐺correspond to the 

burned region. 

𝜕

𝜕𝑡
𝜌𝐺 +

𝜕

𝜕𝑥𝑖
𝜌𝑢𝑖𝐺 = 𝜌𝑆𝑇|𝛻𝐺|      (5) 

Hypothesis of chemistry much faster than turbulence would lead, at this point, to the idea that 

the species immediately react while crossing the 𝐺 = 0 iso surface. This consideration may be 

somehow true speaking of a single real engine cycle: but as the flame modelled here is the 

ensemble average of several flames of several individual cycles (RANS simulations), the 
combustion cannot be imagined to happen instantaneously crossing the flame. Instead, the 

progress of the combustion around the 𝐺 = 0 isosurface should be statistically distributed, 

mimicking the statistical distribution of the individual flames of each cycle around the average 

one. That’s the reason why the concept of progress variable ‘𝑐’ is introduced (Equation 6). 

 

𝑐 = 𝑎3[erf(𝑎1𝐺/𝑙𝐹,𝑡 − 𝑎2) + 1]      (6) 
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It is a scalar whose value progressively goes from 0 to 1 anchored, in the middle, to the 𝐺 = 0 

isosurface. In particular, its value is 0 ahead of the averaged flame and reaches 1 slightly after 
it. In the  STAR-CD implementation [26], the software used in the computations, the width of 

this distribution is related to the so called turbulent flame thickness, obtained from the scalars 

𝐺 and 𝐺′ through the algebraic relation reported in Equation 7. Equation 8, instead, reports the 

transport equation for 𝐺′. Meaning of all the symbols is reported in the dedicated symbols 

section. 

𝑙𝐹,𝑡 = α
√𝐺 ′

|∇𝐺|
      (7) 

 

∂

∂𝑡
ρ𝐺 ′ +

∂

∂𝑥𝑖
ρ𝑢𝑖𝐺

′ − ρ𝑆𝑇
∇𝐺 ′ ⋅ ∇𝐺

|∇𝐺|
= 2

μ𝑡
σ𝑡
[
∂𝐺

∂𝑥𝑖

∂𝐺

∂𝑥𝑖
] − 𝑐𝑠ρ

ϵ

𝑘
𝐺 ′      (8) 

 

The burnt mass of species is now computed proportionately to the progress variable value of 

each cell. The G-equation previously reported (Equation 5), is transported through a diffusive 

term containing the turbulent flame speed 𝑆𝑇. This point represents the juncture where 

turbulence is integrated into the modelling framework. The turbulent flame speed is typically 
determined through a correlation that augments the laminar flame speed to account for the 

heightened consumption rate. Within the flamelet regime, for which this model is intended, 

turbulence wrinkles the flame and thus enhance its effective area exposed towards fresh 

mixture. This increments the speed at which, macroscopically, the flame can advance. In a 
URANS, the scales of flow field falling in the turbulence spectrum are not resolved, thus it is 

not possible to represent the wrinkling directly in the computational grid. This is the reason 

why correlations are necessary to model it. Among the correlations, the Peters’ one [47] and the 
Damköhler one [49] are the most widespread. In this work, a variant of the Damköhler’ s one 

proposed by Herweg et al. [50] is used. It is a really basic correlation, including only one tuning 

constant and depending on the turbulent velocity 𝑢′, and the laminar flame speed 𝑆𝑙. It is 

reported in Equation 9. 

𝑆𝑇 = 𝑆𝑙 (1+ 𝐴 ∙ (
𝑢′

𝑆𝑙
)

5
6

)      (9) 

It is noteworthy to state that, despite its simplicity, this correlation could fit many different 

operative points in different engines, as the calibration constant (𝐴) value, set to 3.3, was never 

modified through all the simulations carried out in this work.  

The turbulent flame speed expresses a ratio of laminar flame speed increase due to turbulence 
action. Laminar flame speed, thus, needs to be computed as well. In general it is computed 

offline, e.g. not for each cell during the in-cylinder simulation. This technique would be in fact 

highly inefficient, because laminar flame speed does not depend on flow conditions but only on 

pressure, temperature and chemical composition (Exhaust Gas Recirculation (EGR) and 
equivalence ratio). The two most common ways to introduce it in the computations is through 

direct tabulation or correlations. In the current case, a correlation available in literature is 

selected, namely the one proposed by Verhelst et al. [51], reported in Equation 10. 

𝑆𝑙 = 𝑆𝑙,0 ⋅ (
𝑇

𝑇𝑟𝑒𝑓
)

α

⋅ (
𝑝

𝑝𝑟𝑒𝑓
)

β

⋅ (1 − 1.21 ⋅ 𝑓𝑟𝑒𝑠)      (10) 
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It fits chemical kinetics computation results obtained with Konnov mechanism [52]. This 
correlation is valid for the following ranges of pressure (p), temperature (T), equivalence ratio 

(φ), and exhaust gases recirculation (EGR): 5 bar ≤ p ≤ 45 bar, 500 K ≤ T ≤ 900 K, 0.33 ≤ φ ≤ 5, 

and 0% ≤ EGR ≤ 50%. The combinations of pressure, unburnt temperature and equivalence ratio 

experienced by the mixture throughout all the studied cases are various but always inside the 
fitting ranges of Verhelst correlation (except for two operative points at φ=0.30 which are, 

however, really close to the lower limit of 0.33). 

In the URANS framework, the modelled flame represents an ensemble average of all individual 

cycles. It is important to note, however, that the laminar flame speed 𝑆𝑙 calculated using mean 

values for pressure, temperature, equivalence ratio, and EGR is not necessarily equivalent to 
the average of the flame speeds calculated for each discrete cycle. To compensate, to some 

extent, for this, the employed software performs an integration of the turbulent flame speed 

over the space of the possible mixture fractions at each cell. More in detail, it is supposed that, 

in each cell, the mixture fraction is distributed across the engine cycles following a β-function 

shaped PDF (Equation 11). 

𝑃(𝑍, 𝑥, 𝑡) =
Γ(𝑟 + 𝑠)

Γ(𝑟)Γ(𝑠)
𝑍𝑟−1(1 − 𝑍)𝑠−1      (11) 

where 

𝑟 = 𝑍𝑝,  𝑠 = (1− 𝑍)𝑝,  𝑝 =
𝑍(1− 𝑍)

𝑍′
− 1 

This function requires the solution of mixture fraction Z itself, for which a dedicated transport 

equation is introduced, but also of its variance Z’. The two corresponding transport equations 

are reported as Equation 12 and 13. 

∂

∂𝑡
ρ𝑍 +

∂

∂𝑥𝑖
ρ𝑢𝑖𝑍 =

∂

∂𝑥𝑖
[(𝐷𝑍ρ+

μ𝑡
σ𝑡
)
∂𝑍

∂𝑥𝑖
] + 𝑆      (12) 

∂

∂𝑡
ρ𝑍′ +

∂

∂𝑥𝑖
ρ𝑢𝑖𝑍

′ −
∂

∂𝑥𝑖
[(𝐷𝑍ρ +

μ𝑡
σ𝑡
)
∂

∂𝑥𝑖
𝑍′] = 2

μ𝑡
σ𝑡

∂𝑍

∂𝑥𝑖

∂𝑍

∂𝑥𝑖
− 𝑐𝑠ρ

ε

𝑘
𝑍′      (13) 

Once all those variables are computed, it is finally to compute the final turbulent flame speed, 

input to the G-equation, as follows (Equation 14): 

𝑆𝑇 = ∫ 𝑆𝑇(Φ)𝑃(𝑍)𝑑𝑍
1

0

      (14) 

This final operation allows this model to drive the G-equation through the ‘ensemble average’ 

turbulent flame speed, at least with respect to the mixture fraction. The current approach 
neglects pressure and temperature fluctuations in the averaging process, assuming their cycle-

to-cycle variation is sufficiently linear to allow the use of mean values for 𝑠𝑇 calculations. In 

contrast, the mixture fraction displays much higher non-linearity in its effect on 𝑠𝑙. This 

disparity makes it critical to account for the mixture fraction distribution more strictly than 

that of pressure or temperature. 

 

1.5. Sub models: flame instability 

The last chapter of the theoretical background of the models regards the flame thermo-diffusive 

instability. It is worth to treat this argument because the hydrogen-air mixture, if lean, leads 

to such kind of flames. The reason is in the molecular properties of hydrogen, in particular its 
mass diffusivity, the highest of any other substance in gas state under equal conditions [53]. To 



18 
 

illustrate why lean hydrogen-air flames exhibit such distinct characteristics, it is helpful to 
examine a cross-section of the flame front that separates the unburnt reactants from the 

combustion products (Figure 2). 

 
Figure 2: Flame cross section [54]. 

If the flame, that is the region where reactants are converted to products and where a high 

thermal gradient occurs because of the exothermicity of reactions, stretches, local gradients of 
mass and temperature increase. From this point, the flame behaviour is governed by the 

interplay between two competing physical processes: on one side the reactant species are 

attracted to the reacting zone, where their concentration is poor; on the other side, flame tends 

to cool down due to the increased heat exchange towards the fresh gases, enabled by the higher 
temperature gradient. The number representing this competition is the Lewis number, defined 

as the ratio between thermal (𝛼) and mass (𝐷) diffusivity (Equation 15): 

𝐿𝑒 =
α

𝐷
=

λ

ρ𝑐𝑝𝐷
      (15) 

For a mixture of multiple gases, it is possible to define an effective Lewis number of the mixture 

[54]: in the example of hydrogen-air, the correlation in Equation 16 can be used: 

𝐿𝑒𝑒𝑓𝑓 = {

𝐿𝑒𝑜 + 𝐴𝐿𝑒𝐹
1 +𝐴

lean mixture (ϕ < 1)

𝐿𝑒𝐹 + 𝐴𝐿𝑒𝑜
1 +𝐴

rich mixture (ϕ > 1)

      (16) 

Where the coefficient 𝐴 depends on the equivalence ratio and the Zel’dovich number 𝛽 (Equation 

17): 

𝐴 = {
1 + β(ϕ−1 −1) (ϕ < 1)

1 + β(ϕ− 1) (ϕ > 1)
      (17) 

Based on this expression, it can be inferred that a lean hydrogen-air mixture possesses an 
effective Lewis number 𝐿𝑒𝑒𝑓𝑓  lower than unity. Recalling the definition of Lewis number itself, 

this shows that a lean hydrogen-air mixture is more biased towards the mass diffusion. In the 

problem of the flame response to a stretch, This property renders the flame front more 

susceptible to the influx of reactants than to the dissipation of heat when subjected to local 
stretch. As a consequence, where the flame is locally stretched, it tends to accelerate rather than 

slow down. This is the basis that constitutes the thermo-diffusive unstable behaviour of such 

flames that, in response to a perturbation (that leads to local stretches), tend to increase such 

perturbation instead of smoothing it out (as would happen in thermo-diffusive stable flames, 
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where the thermal diffusivity prevaricates the mass one, cooling down the flame and ultimately 

slowing the perturbation down). 

Thermo-diffusive instability, despite suspected to be dominant in lean hydrogen flames, is not 

the only kind of instability the flames are possibly subject to. Imagining the flame as an 

infinitely thin surface splitting two regions of gases with different densities, if the surface moves 

from the less towards the more dense, it is intrinsically unstable. This is the so called Darrieu-
Landau instability [55], which necessarily interacts with the mechanisms of the thermo-

diffusive one. The reason why not all flames are intrinsically unstable is in fact the stabilization 

(if present) effect of thermal and mass diffusivities. A nice mathematical description of this is 
given in the work of Matalon [54], where the simplest interpretation of the flame as a 2 

dimensional sheet leads to a linear dispersion relation, indicating that the growth speed of each 

spectral component of instability perturbation (modelled as a wave) is always positive, thus the 

instability wave tend to grow. Assuming that the perturbation can be described by Equation 18: 

𝑓′ = 𝐴𝑒𝑖𝑘𝑦+ω𝑡       (18) 

With 𝐴 wave amplitude, 𝑘 wavenumber and 𝜔 growth rate, the solution of the related eigenvalue 

problem leads to the expression, for the growth rate, reported in Equation 19 that, for 𝜎 > 1 as 

in an expanding flame, is always positive. 

ω =
1

σ+ 1
[√σ3 + σ2 − σ− σ]

⏟                
ω𝐷𝐿

𝑆𝑙𝑘      (19) 

Plotting 𝜔 against 𝑘, the dispersion relation can be visualized (Figure 3). 

 

Figure 3: dispersion relation predicted by the Darrieus-Landau theory. 

Refining the modelling and including a certain thickness to the flame, thermal and mass 

transport across such thickness must now be taken into account leading, finally, to a new 

dispersion relation reported in Equation 20 and plotted in Figure 4. 

ω = ω𝐷𝐿𝑆𝐿𝑘 − 𝛿𝑙 [𝐵1 + β(𝐿𝑒𝑒𝑓𝑓 − 1)𝐵2 + 𝑃𝑟𝐵3]⏟                    
ω2

𝑆𝐿𝑘
2+ . . .      (20) 
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Figure 4: dispersion relations according to the hydrodynamic theory [54]. Two possible shapes are reported, 

depending on the specific value of the parameter Leeff (solid lines). The black dashed line reports the dispersion 
relation according to Darrieus-Landau theory. 

Interestingly, refining flame physics led to an additional second order component of the 
dispersion relation, expanding upon the previous model as a higher-order extension rather than 

a correction of a fundamental error. The thermo-diffusive instability, indeed, should be intended 

not as a different kind of instability compared to the Darrieus-Landau one, but rather as an 
expression of a different physical mechanism driving the instability, which is unique and result 

of many different possible contributions. With this new second order component, the dispersion 

relation shows the same behaviour for really big wavelengths (smaller wavenumbers 𝑘), but for 

smaller ones it tends to zero and eventually goes below zero, meaning that an unstable 

perturbation is slowed down: the flame can even be stable. This is a sort of correction of the 
classical Darrieus-Landau theory application to flame instability, partially explaining 

experimental observations (flames are generally more prone to be stable rather than 

intrinsically unstable) but still not so precise in predicting the actual dispersion relation 

computed from 3D DNS simulations. In fact, other descriptions of the phenomena exists, that 
are able to give different expressions for the dispersion relation, as the one by Clavin [56] 

(Equation 21) or Sivashinsky [57] (Equation 22). 

ω =
σ− 1

σ + 1
𝑆𝑙𝑘 − 𝛿𝑙 [

σ

σ + 1
(ℳ+

1

σ− 1
lnσ)] 𝑆𝑙𝑘

2      (21) 

ω = [
β

2
(1 − 𝐿𝑒) − 1]𝐷𝑡ℎ𝑘

2 − γ𝐷𝑡ℎ𝛿𝑙
2𝑘4      (22) 

Nonetheless, the Matalon dispersion relation is, to the aim of this work, the more interesting, 

because it was chosen as the basis for the selected correlation to correct the laminar flame speed.  

The correlation is the one of Howarth [11], who carried out 3D DNS simulations of thermo-
diffusive hydrogen-air flames in unstable conditions not so far from the ones encountered in the 

studied operative points. As told, the correlation is based on the Matalon dispersion relation, 

and in particular on the parameter 𝜔2 (see Equation 20), addressed as a representative one for 

the hydrogen-air flame, where the thermo-diffusive contribution is believed to be dominant on 

the overall instability (𝜔2 serves as the coefficient for the second-order term in the dispersion 
relation, which emerges once the transport phenomena are accounted for). The laminar flame 

speed measured from the DNS simulations is then compared to the one computed through 1D 

kinetic simulations at same conditions; finally, a correlation fitting the dataset is found 

(Equation 23). 
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𝑆𝐿𝑖𝑛𝑠𝑡𝑎𝑏
𝑆𝐿

= {
𝑒0.08∙𝜔2                𝑖𝑓  𝜑 ≥ 𝜑𝑙𝑖𝑚
1 + 0.47 ∙ 𝜔2    𝑖𝑓  𝜑 < 𝜑𝑙𝑖𝑚

      (23) 

 

The fitting was found to better work with two separate fitting functions, depending on the 

combination of pressure, temperature and equivalence ratio. This condition is expressed 

through the inequalities of equivalence ratio 𝜑, for which a limit value individuates whether the 

studied point falls on one side or another of the 𝜔2 map. Some maps are hereafter reported, for 

a better visualization (Figure 5). 

 

 
a) 

 
b) 
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c) 

Figure 5: values assumed by the variable 𝜔2 for 3 different temperatures, in a bi-logarithmic map [22]. 

Equation 24 delineates the locus of the maxima of this function for various temperatures.  

𝜑𝑙𝑖𝑚 = (0.3475 − 0.000325 ∙ 𝑇) ∙ 𝑝
0.1425+0.000225∙𝑇       (24) 

It should be noted that this is a variant to the original expression individuated by Howarth in 

its work. This modification was made necessary after a map of 𝜔2 was computed and extended 

beyond the ranges tested in Howarth work, because the original correlation to individuate the 

pressure ridge was noticed not to hold anymore over 700K of unburnt temperature. The reason 
for this discrepancy is the empirical nature of the correlations. In the work by Howarth, 

investigations were limited to temperatures of 700K, where the original correlation proved 

sufficient. However, by extending the range to higher temperatures, as in this study, it became 

necessary to adapt the correlation to these new boundaries. 

Again, Howarth’s one is only one of the possible relations to correct the unstretched laminar 
flame speed, but it is here judged the best because of the vicinity to motoring conditions and the 

accuracy, as it is derived form 3D DNS simulations. Other correlations available, namely the 

ones in references [10], [58], are based on 2D DNS, and a significant scaling is shown to exist 
between 3D and 2D DNS fitted data of laminar flame speeds [11]. However, the scaling is left 

to the user as a calibration, introducing an unwanted leverage to artificially recover the 

numerical-experimental agreement. 

Around the final stages of this activity, Equation 23 was introduced in the framework, through 

an external computation of 𝜔2 values that were thus interpolated in function of pressure, 

temperature, EGR and equivalence ratio. The framework, thus, remained almost unchanged, 
having only an additional intermediate step between laminar and turbulent flame speeds 

computations, in which the unstretched laminar flame speed is incremented by the correction 

factor proposed by Howarth. This final "stretched" laminar flame speed is subsequently 
integrated into the turbulent flame speed calculation, following the established methodology. It 

is important to emphasize that, given the current modelling approach, the correlation does not 

isolate the thermo-diffusive contribution alone; rather, it inherently accounts for the Darrieus-

Landau instability that naturally emerges within the 3D DNS simulation framework. That’s 
why, in general, the term flame instability rather than thermo-diffusive instability, will be 

preferred in the following. 

A final relevant quest is posed on the applicability of such approach in presence of turbulence. 

Some authors ([11], [59]), in fact, claimed that there are conditions at which a mutual 

interaction between turbulence and instability can further enhance the flame de-stabilization, 
in turn further accelerating the turbulent flame speed. The adopted approach, in fact, relies on 

the hypothesis that turbulence and instability are decoupled phenomena. This hypothesis may 
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hold, but only under specific circumstances, usually not close to engine operations. To better 
explain these concepts, it may be useful to refer again to the dispersion relation, and include in 

the same graph the turbulent spectrum, obtaining the Figure 6. The wavelength of the turbulent 

spectral component is imagined included inside the wavenumber 𝑘 in the x-axis and the eddy 

turnover time in the growth rate 𝜔 in the y-axis. 

 

Figure 6: instability and turbulence spectrum. This representation is not physically accurate, and only describes 
qualitatively a possible way for the two spectrums to overlap. In the turbulent spectrum, Kolmogorov scale is 

towards right (high wavenumbers) and integral length scale towards left.  

From this perspective, the coupling or decoupling of physical phenomena is made clearer: if the 

two spectra do not intersect, decoupling can be assumed, as turbulent wrinkling and instability-

induced wrinkling occur at distinct scales. To discuss the possibility of scale separation, it is 
first necessary to delineate the instability spectrum. This is not a trivial task, as it lacks a 

unified theoretical framework and relies primarily on experimental and numerical observations. 

Nevertheless, it is possible to identify the largest possible instability wavelength as the domain 

size, which represents the physical spatial limit constraining the flame. Beyond this, Berger et 

al. [60] noted in a 2D DNS study the recurrence of "finger-like" structures characterized by a 
specific maximum wavelength. It was observed that no complex structures develop beyond this 

limit, which was identified at approximately 25 times the laminar flame thickness 𝛿𝑙. While 3D 

effects and the presence of turbulence may quantitatively alter this threshold, the hypothesis of 

a maximum size for instability-driven structures remains compelling, with a suggested order of 

magnitude between 10 and 100 𝛿𝑙. As for the lower limit, various measured dispersion relations 
show that the cutoff occurs at roughly two times the laminar flame thickness. Physically, it is 

reasonable to accept that wave components with scales close to the flame thickness are unable 

to effectively wrinkle the front; at such scales, the perturbation results in a slight local strain 

rather than a corrugation capable of increasing the flame surface area and its subsequent 

propagation speed. 

Establishing these boundaries allows for a detailed discussion on scale separation. One 

possibility is that the turbulence spectrum is entirely finer than the laminar flame thickness. 

In such a case, the turbulence would be decoupled from the instability; however, this scenario 
likely coincides with the "well-stirred reactor" regime. A partial decoupling, still consistent with 

the adoption of flamelet-based models, is instead allowed in the thickened flame regime, where 

only some of the turbulent scales are smaller than the laminar flame thickness, so out of the 

instability spectrum.  In this regime, intense small-scale turbulence tends to thicken the flame 
front, potentially dampening cellular instabilities by homogenizing the local gradients that 

drive them. 
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The other possibility for decoupling is that the finest turbulence scales capable of wrinkling the 

flame are larger than the largest instability structures (the aforementioned 10–100 𝛿𝑙). 
However, it is highly unlikely that the smallest turbulent scales can obey this limit in motoring 

conditions. Given that the Karlovitz number relates to the square of the ratio between the flame 

thickness and the turbulent scale (𝐾𝑎 ≈ (
𝛿𝑙

𝜂
)
2
), requiring the smallest turbulent scales to be 10 

to 100 times larger than the flame thickness translates into Karlovitz numbers between 1/100 

and 1/10000. Such values are exceptionally low for engine practice, suggesting that in most 

applications, turbulence and instability are at least partially coupled. 

Stated that these phenomena are likely coupled, a unified modelling approach remains difficult 

to find. Howarth et al. proposed an empirical correlation from 3D DNS data, linking the 
turbulent unstable flame speed to 1D kinetic laminar speeds by incorporating the instability 

parameter 𝜔2 alongside turbulent intensity 𝑢′ and dissipation 𝜀 (Equation 25).  

𝑆𝑆
𝑆𝐹
= 𝑓𝑆,𝑆 = 1 + 0.26exp(−0.038ω2) ∙ ((𝑢′

3𝛿𝑙)/(𝑠𝐹
3𝐿𝑡))

0.25
      (25) 

 

However, such models are often narrowly tailored to their calibration datasets. For instance, 

this correlation tends to predict a flame speed enhancement ratio of unity as 𝜔2 approaches 

zero, implying that in the absence of instability, turbulence provides no enhancement to flame 

propagation: a result that is physically inconsistent. 

Given the aforementioned complexities and the current lack of comprehensive data required to 
fully describe the interaction between turbulence and intrinsic instabilities, the adopted 

modelling strategy represents a calculated compromise. By primarily utilizing a laminar flame 

speed correction, hydrogen-specific instability effects are incorporated while maintaining the 

assumption of weak turbulence-instability coupling. However, to account for the physical 
influence of turbulence on these phenomena, an additional criterion derived from experimental 

observations is employed. This allows for the systematic dampening of the instability 

contribution as the flame approaches the thickened regime, thereby ensuring a more physically 
consistent representation without introducing the prohibitive uncertainty associated with 

applying complex empirical correlations outside their original calibration bounds. 

Delving into the model details, Matalon et al. [61], [62] observed that, while increasing the 

turbulence intensity, the turbulent wrinkling tends to dominate the flame instabilities. More 

recently, Berger et al. [63] noted the dampening effect of the turbulence on the flame instability 

in DNS simulations of a slot burner. In [64], [65], Bradley introduced a method to quantify the 

relative contributions of turbulence and instability to the flame wrinkling, defining a parameter 

known as Karlovitz stretch factor. As per Bradley’s formulation, Equation 26 represents this 

factor. 

𝐾 = 0.25 ∙ (
𝑢′

𝑆𝑙
)

2

∙ 𝑅𝑙
−0.5      (26) 

The terms that appear in the equation are turbulent intensity 𝑢′, laminar flame speed 𝑆𝑙 and 

turbulent Reynolds number 𝑅𝑙 = 
𝑢′ 𝑙𝑡

𝜈
, where 𝑙𝑡 is the integral length scale and 𝜈 the kinematic 

viscosity. 

In [64], [65], Bradley et al. identified the "regime of laminar instabilities and mild turbulence" 

for 𝐾 ≤ 0.1 and the "fully turbulent regime" for 𝐾 > 0.1. In the former, the instability effect is 
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significant. Conversely, in the latter, the turbulence wavelengths dominate and intensify the 

flame wrinkling, thus making the flame instability-induced wrinkling negligible. 

In order to obtain a smooth transition between the two regimes, an S-shaped function is 

introduced and reported in Equation 27. It guarantees continuity in the transition from 𝑆𝑙 to 

𝑆𝑙  𝑖𝑛𝑠𝑡𝑎𝑏. 

𝑆𝑙𝑐𝑜𝑟𝑟𝑒𝑐𝑡𝑒𝑑 = 𝑆𝑙 +
1

𝑒100(𝐾−0.1) +
1

𝑆𝑙𝑖𝑛𝑠𝑡𝑎𝑏 − 𝑆𝑙  

      (27) 

Figure 7 reports an example of blending, with this function, between two arbitrary laminar 

flame speeds of 4 and 6 m/s. 

 

Figure 7: S-function behaviour as a function of the Karlovitz stretch factor K.  As an example, values of Sl equal to 
4 and 6 m/s are considered for the blending.  

The parameter 100, which appears in Equation 27, is used as a calibration constant and governs 

the width of the ‘S’. A much higher value leads to a step function. The other parameter, 0.1, is 

the threshold value for the Karlovitz stretch factor, acting as a centre for the ‘S’. 

A last note is given on the proper identification of the combustion regime, already nominated 
sometimes in the dissertation. In fact, even this aspect is non trivial when dealing with lean 

hydrogen-air flames. The reason of this stays again in the high hydrogen mass diffusivity, 

lowering the effective mixture Lewis number. In fact, an underlying assumption of the classical 
definitions of Karlovitz and Damköhler numbers, thus of combustion regimes, is unity Lewis 

number. This hypothesis clearly falls down in the case of lean hydrogen combustion: in DNS 

studies carried out by Aspden et al. [66] it has been observed, in fact, that changing flame 

conditions (modifying together equivalence ratio and turbulence) in a way to keep the Karlovitz 
and Damköhler, as classically defined, constant, the flame visually appeared to belong to 

flamelet or thickened flame regimes. An attempt to modify the classical definitions, following 

the approach proposed by Aspden et al., is made throughout this work. 
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Chapter 2. Numerical framework validation and 

preliminary engine study. 

The first step of this work consisted in evaluating the robustness of the selected framework. 

Care was thus not posed on the accuracy of the results, but rather on the predictive capabilities 
of the framework, observing in particular its ability to catch the same trend that was observed 

in experiments for varying operating conditions. The available experimental dataset is 

particularly suitable for this aim: it consists of 11 operating conditions at 1500, 2000, 2500 and 
3000 rpm, with each engine speed running with equivalence ratio φ=0.4, 0.6 and 0.8, except for 

the case at 1500 where only 0.4 and 0.8 were present. The engine studied presents a direct 

injection system, as common in hydrogen engines, with two injectors directly facing the 

combustion chamber. However, the relatively low maximum engine speed and the dual-injector 
configuration allowed for low-pressure delivery, ensuring that flow velocities did not 

significantly exceed the speed of sound. This allowed for some simplifications of the framework, 

and didn’t force to use expensively fine meshes and timesteps for such a preliminary activity. A 

description of the experimental apparatus and the engine studied follows. 

 

2.1. Experimental campaign 

The experimental activity starts with the adaptation of the original engine to H2 injection and 

combustion [67]. The production Diesel engine, namely Lombardini 15LD500, was developed 

nearly 20 years ago for several light duty applications. Table 1 provides details of the engine 

specifications before and after the conversion.  

 

Table 1: engine specifications 

N° of Cylinders 1 

Valves per cylinder 2 

Alimentation Naturally aspired 

Bore 87 mm 

Stroke 85 mm 

Displacement 505 cm3 
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Compression ratio 19:1 (Diesel), 10:1 (Hydrogen) 

Max Power 9 kW @ 3600 rpm (Diesel), 9.14 kW @ 3000 rpm (Hydrogen) 

Max Torque 31 Nm @ 2000 rpm (Diesel), 32.7 Nm @ 2500 rpm (Hydrogen) 

Combustion 

initiation 

CI (Diesel), SI (Hydrogen) 

 

The conversion to H2 involves the adoption of two low-pressure injectors (operated at 6 bar), a 

spark-plug for mixture ignition and a reduction of the geometric compression ratio (CR) from 

19:1 to 10:1. The CR reduction is achieved by a broader piston bowl, which is shown in Figure 

8, and inserting a spacer between crankcase and cylinder. 

 
Figure 8: Modified piston bowl for hydrogen operations [68]. 

 

In order to mount the two H2 injectors, an external portion of the engine head is flattened. 

Figure 9 reports the cylinder head with the additional components used for the conversion. 

 
Figure 9: modified head with additional components for hydrogen operations [68]. 

Table 2 resumes the experimental operating conditions replicated by the numerical simulations.  
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Table 2: tested operating points. 

Test 

N° 

φ 

  

SOI 

[° CA  bTDC] 

Ignition 

[° CA  

bTDC] 

p  H2 

[bar] 

T  H2 

[°C] 

H2 MFR 

[g/s] 

Speed 

[RPM] 

Power 

[kW] 

1 0.80 210 -4.5 5.81 17.2 0.24663 2995 9.14 

2 0.80 210 -4.5 5.83 17.5 0.21957 2501 8.55 

3 0.80 220 -9 5.86 19.1 0.17173 2008 6.52 

4 0.80 220 -9 5.87 19.5 0.13253 1549 4.98 

5 0.60 200 3 5.85 20.2 0.18223 2995 6.15 

6 0.60 200 3 5.86 20.6 0.16007 2507 6.04 

7 0.60 200 3 5.89 20.7 0.12343 2011 4.62 

8 0.40 200 12 5.88 21 0.12600 3003 3.28 

9 0.40 200 12 5.89 21.1 0.10967 2505 3.82 

10 0.40 200 12 5.91 21.3 0.08727 2015 2.94 

11 0.40 200 12 5.92 21.3 0.06230 1505 1.97 

 

A schematic representation of the test rig is depicted in Figure 10. The complete system is 

positioned on the test bench and the engine output shaft is connected to a “Borghi e Severi” eddy 
current dynamometer, controlled by an API microprocessor unit. In order to obtain the indicated 

cycle, pressure is measured by the Kistler 6052C piezoelectric high temperature sensor, with a 

nominal sensitivity of nearly 20 pC/bar and a pressure range of 250 bar, featuring a maximum 

linearity error of ±0.4% of the full-scale output. The crankshaft position measurement relies on 
the 365X AVL angle encoder with ±0.1°CA precision. The signals of in-cylinder pressure sensor 

and encoder are processed by the VL IndiCom 1.2 acquisition code, in order to obtain the 

indicated cycle. The electronic control of injection and ignition is entrusted to the engine control 

unit (ECU), namely the Motec M400. In the exhaust line, the Bosch LSU 4.2 wide-band lambda 
sensor is installed to evaluate the equivalence ratio. Due to the strong sensitivity of the lambda 

sensors to H2 operation, three probes are alternated during the tests to keep the measurement 

accuracy within ±5%. To reduce the uncertainty of the data, φ values are verified by mass flow 
rate data of both intake air and H2. Fuel and intake air mass flow rates are obtained by the 

Bronkhorst High-Tech EL-FLOW mass flow meter. To calibrate the lambda sensors, a suitable 

range of mixture qualities is firstly individuated based on the engine conditions. Then, a mixture 

with the highest equivalence ratio of the defined range is imposed in the engine with the help 
of the mass flow meters. Given the voltage signal of the lambda sensor, the corresponding output 

value is scaled to match the imposed one. This procedure is repeated at steps of 0.1 till the lower 

equivalence ratio and the measure is checked for different days to account for the specific 

ambient conditions. The calibration is considered satisfactory if the measure remains within a 
±5% error without adjustments for all the days. The test bench also monitors the temperatures 

of intake air, exhaust gas and injected H2 by thermocouples. The Beckman 951 

chemiluminescence analyser is used to measure NOx emissions, which is characterized by an 

accuracy of ±0.5% of full scale. Gases are sampled by a probe installed in the exhaust line. 

Further details on the experimental apparatus can be found in Ref. [68]. 
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Figure 10: scheme of the test rig. 

 

2.2. 3D CFD study 

As for the numerical framework, it is basically the one detailed through Chapter 1, without the 

addition of instability modelling. The mesh size ranges between 1 and 2 mm in the core. Ad-hoc 
refinements are carried out around the spark-plug (the cell size is halved). At the solid walls, a 

0.3 mm prismatic layer is imposed. With this setup, the maximum number of cells at Bottom 

Dead Centre (BDC) is around 320000. The adopted numerical grid is reported in Figure 11. 

 
Figure 11: Computational mesh of the fluid domain [19]. 

As for the wall temperatures, they are a guess based on previous experiences because of the lack 

of specific heat rejection data. Selected values are reported in Table 3. 
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Table 3: wall temperatures at domain boundaries. 

Combustion dome 523K  
Piston crown 523K  
Cylinder wall 453K  
Intake valve stem and port 320K  
Intake valve face 420K 

Exhaust valve stem 720K 

Exhaust valve face 720K 

Exhaust port 473K 

Spark plug 600K 

 

As for the remaining setting, the time step is chosen equal to 0.05◦ CA (corresponding to 2.77 × 

10-6 s at 3000 rpm, 3.33 × 10-6 s at 2500 rpm, 4.16 × 10-6 s at 2000 rpm and 5.55 × 10-6 s at 1500 
rpm) during valves opening and closing, injection and combustion, while 0.1◦ CA (corresponding 

to 5.54 × 10-6 s at 3000 rpm, 6.66 × 10-6 s at 2500 rpm, 8.32 × 10-6 s at 2000 rpm and 1.11 × 10-6 

s at 1500 rpm) is adopted in the rest of the cycle. Constant values are adopted for pressure and 

temperature on intake and exhaust boundaries, with temperature values available from the 
experiments. The exhaust pressure is set equal to the atmospheric one. The intake pressure is 

calibrated to match the experimentally-derived cycle-averaged trapped air mass. The mass flow 

rate condition imposed at the H2 inlet boundary is the trapezoidal law described in the following 

paragraph, dedicated to the particular injection system. 

Since preliminary experimental analyses revealed a relevant charge stratification, as discussed 

in Ref. [69], caps reported in Figure 12 are mounted on the injector tips to guide the hydrogen 

jets in order to improve mixture homogeneity. 

 
Figure 12: injectors caps [70]. 

 The orientation of the caps adopted in this analysis to favour the charge homogeneity is 

proposed in Figure 13, where the orientation on different planes is illustrated. Further details 

can be found in Ref. [71]. 
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Figure 13: injector caps characteristic angles [19]. 

Because of the particular geometry of injector caps, the possibility to simplify the injector 
geometry, with consequent relevant savings of computational time, was explored. In-cylinder 

simulations include part of the internal portion of the H2 injector, characterized by an annular 

orifice. This implies a high-resolution grid (with a characteristic cell size in the order of 10 μm, 

as in Ref. [72]) needed to discretize the internal nozzle annular channel. In order to limit the 
CFL number (which is already critical considering that the H2 flow is sonic), small volume cells 

lead in turn to reduced time-step values, with a further increase of the computational cost. In 

addition, since H2 injection occurs in the small volume between nozzle and cap as visible in 

Figure 14, such volume should be meshed as well.  

 

Figure 14: injector-cap assembly [19]. 

Therefore, preliminary vessel simulations are carried out to evaluate the possibility to simplify 

the computational domain in proximity of the injector. The elimination of both the inner portion 

of the injector and of the cap volume prevents the use of very small cells and time-steps. The 

adopted numerical setup for the vessel simulations is presented at first, then results are shown.  

 

2.3. CFD vessel simulations 

3D-CFD vessel simulations consist in test cases characterized by a simplified geometry 

compared to the cylinder one, in order to facilitate and speed-up the analysis. In particular, the 

combustion chamber volume is included in the simplified form of a fixed flat-piston cylinder 
(with mass exchange possible only via the H2 inlet) with no valves. Moreover, the geometrical 
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symmetry is exploited, thus only one of the two injectors is included and half of the cylinder is 
considered. Simplifications on the chamber are allowed as the attention is focused on the 

injector only. Two configurations are tested and visible in Figure 15: the first one (a) with the 

complete injector geometry and the second one (b) including only the cap hole. 

 

 
a) 

 
b) 

Figure 15: vessel with original a) and simplified b) injector [19].  

Figure 16 shows the section downstream of the inlet which is considered to monitor the average 
temperature and the hydrogen mass flow rate. The same section is used for both the simplified 

version and the full-geometry one, as it can be noticed comparing Figures 16 a) and b).  

 
a) 

 
b) 

Figure 16: control section across the injector cap hole [19]. 

Simulations are performed using SIMCENTER STAR-CCM+, licensed by SIEMENS. The 

Realizable k-ε turbulence model is used, with a low- Reynolds approach, despite the in-cylinder 
simulations are carried out by the k-ε RNG model. The reason is that the low-Reynolds version 

of the RNG model is not available in STAR-CCM+, thus the most similar model is adopted. 

Moreover, in a previous study conducted by Pavlovich [73], it was observed that when simulating 

supersonic jets in open vessels, also the Realizable k-ε turbulence model is able to effectively 
capture the flow characteristics. In the light of the sonic/supersonic velocity and the Joule-

Thomson effect, the fluid is simulated as a real gas, via the Soave-Riedlich-Kwong model. At the 

hydrogen inlet boundary, an experimentally derived trapezoidal injection law is imposed for the 
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mass flow rate, while the H2 total temperature is 293 K. The same mass flow rate and total 
temperature are applied to both the configurations. In order to select the initial vessel pressure, 

the actual injection process occurring in the engine is investigated to verify the presence of a 

choked flow for the whole injection duration of each condition. For the purpose, the first 

operating condition of Table 2 is considered as it is the most critical one, having the greatest 
injected mass and the lowest available time before combustion (because of the highest engine 

speed). As a result, the injection terminates in proximity of the TDC, with a high in-cylinder 

back-pressure. In order to confirm the choked flow, the critical static pressure below which a 

sonic flow verifies is calculated as in Equation 28, using the throat section and the injector inlet 
pressure and temperature, 𝑝𝑖𝑛𝑙𝑒𝑡, as the inlet total pressure and 𝑘 as the ratio of the specific 

heats. 

𝑝𝑐𝑟𝑖𝑡 = 𝑝𝑖𝑛𝑙𝑒𝑡 (
2

𝑘 + 1
)

𝑘
𝑘−1

      (28) 

Figure 17 shows the H2 mass flow rate, the critical pressure and the experimental in-cylinder 

pressure for case 1 of Table 2. 

 

 
Figure 17: mass flow rate, critical pressure and cylinder pressure for the studied case [19]. 

 

From the image, is it possible to observe that the entire injection (apart from the very last CAs) 

takes place at sonic conditions, terminating immediately after chamber pressure rises above 

𝑝𝑐𝑟𝑖𝑡. This is also true for the other conditions in which, as previously anticipated, injection 

terminates even earlier. Since the injector always operates with choked flow, the injection flow 
is independent of the downstream condition. Therefore, the chamber pressure to be adopted in 

the preliminary vessel simulations discussed in the present paragraph is set to an arbitrary 

constant value (equal to 2 barA) below the critical pressure. Wall temperatures are set to 300 
K, the adopted timestep is 5 × 10-6 s and the characteristic mesh size is 0.5 mm. Localized mesh 

refinements of 0.2 mm are introduced around the injector in both the tested configurations. 

Figure 18 shows the trapezoidal mass flow rate (dotted line) imposed at the inlet boundary of 

both the tested configurations: it is almost perfectly superimposed to the hydrogen mass flow 

(red line) recorded at the monitoring boundary of case b.  
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Figure 18: mass flow rates across transverse control sections and at boundary [19]. 

The mass flow rate for the case a shows a little delay in the early phase due to the time needed 
to fill the fluid volume between injector and cap. Since such delay is almost irrelevant, the 

impact of the injector simplification is considered negligible. The total temperature is almost 

entirely conserved from the original to the simplified inlet boundary, since the heat losses in the 

region eliminated from the configuration b are negligible. Therefore, the static temperature on 
the monitored section is very close between case a and b. This result further justifies the 

geometrical simplification. Since the software used for the in-cylinder simulations needs the 

hydrogen static temperature at the inlet (instead of the total one), a trapezoidal law is derived 

from the results of Figure 19 and it is the dashed line reported in the same figure. 

 
Figure 19: hydrogen injector inlet static temperature [19]. 

This is adopted in the in-cylinder simulations described in the next paragraph. As a further 
confirmation that it is possible to simplify the injector geometry without penalizing the quality 

of the results, the fuel concentration distribution is reported in Figure 20 during the injection 

process for both the original geometry and the simplified one. The distribution is similar 

between the two configurations. 
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a) 

 
b) 

Figure 20: measurement stations a) and resulting sections b), highlighting similar hydrogen distribution among 
configurations [19]. 

 

2.4. 3D CFD combustion results 

In order to eliminate the influence of the initial conditions, multiple cycles are run for each 

investigated condition. For brevity, only the results of the last cycles are proposed in the 
following. The investigated operating points are characterized by the set of equivalence ratio 

and engine speed values presented in Table 2. 

Before considering the hot portion of the cycle, attention is focused on the mixture preparation. 

The latter is strongly influenced by the flow field. The swirling motion inherited from the 
original Diesel operation and due to the intake port shape is clearly visible in Figure 21, where 

the flow field is reported close to the TDC. The resulting intense flow field is able to deviate 

hydrogen jets, as shown in Figure 22. H2 is carried around the chamber and this limits a 

homogeneous mixing with the air. 

 

 
Figure 21: velocity field at 700° CA [19]. 
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Figure 22: the iso-surface at φ=1 shows the impact of the swirl motion on the distribution of the hydrogen plumes 

for the case at φ=0.8 and 3000 rpm [19]. 

The consequence is a peculiar tendency of the investigated conditions to form regions of rich and 

lean mixture at the opposite sides of the combustion chamber as visible in Figure 23, which 

shows a comparison between the different equivalence ratios at 3000 rpm. In Figure 24, the 

equivalence ratio probability density functions (PDFs) of the same cases show that the 
inhomogeneity increases with the average φ on equal engine speed and nearly equal injection 

start. This is motivated by the reduced mixing time for longer injection durations. The same 

comparison at 1500 rpm reveals an opposite trend. In fact, in Figure 25, φ=0.8 case is 

characterized by a more homogeneous mixture than the φ=0.4 one. Such behaviour is related to 
the short injection duration that characterizes φ=0.4 cases. Since hydrogen is carried by the flow 

field around the chamber and the injection is short, fuel concentrates just in a limited sector of 

the cylinder. Increasing φ and thus the amount of fuel, the latter is more distributed along the 

circumferential direction, as shown in Figure 26, promoting a more homogeneous mixture. This 
effect becomes more relevant at 1500 rpm than the one related to the reduction of time available 

for the mixing.   

 

 
Figure 23: equivalence ratio at 700° CA for the 3000 rpm case [19]. 
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Figure 24: probability density function of φ for all the equivalence ratios at 3000 rpm [19]. 

 

 
Figure 25: probability density function of φ for all the equivalence ratios at 1500 rpm [19]. 

 

 

Figure 26: φ=1 iso-surface at the EOI for all the equivalence ratios at 3000 rpm [19]. 
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Considering the φ=0.8 cases and comparing the equivalence ratio distribution for the different 
speeds as in Figure 27, it is possible to notice that for lower rpm the mixture homogeneity 

improves, despite a lower turbulent kinetic energy as reported in Figure 28. This emphasizes 

the dominant role of the mixing time over the turbulence intensity to achieve a uniform 

hydrogen-air mixture. At high engine speed (3000 rpm), the injection terminates close to the 
TDC, thus H2 has no time to homogenize. At 1500 rpm, a greater time available for the mixing, 

leads to an extremely homogeneous mixture. Figure 29 quantifies, by means of PDFs, the 

equivalence ratio distribution for all the engine speeds at φ=0.8, confirming the presence of a 

more homogeneous mixture for lower engine speed. 

 

 
Figure 27: equivalence ratio at 700° CA [19]. 

 

 
Figure 28: mean specific turbulent kinetic energy for the φ=0.8 cases at 700° CA [19]. 
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Figure 29: probability density function of φ for all the engine speeds at φ=0.8 [19]. 

The trend of the PDF with respect to the engine speed for φ=0.6 is the same. As for φ=0.4, 

instead, the fuel distribution homogeneity seems to be poorly influenced the rpm value, as 
visible in Figure 30. Such behaviour is due to the effect previously described and shown in 

Figure 26, which is related to the short injection duration that characterizes φ=0.4 cases. 

Because of the limited circumferential distribution of the fuel in the cylinder, the increasing 

available time for the mixing as the engine speed lowers cannot be adequately exploited. 

 

 
Figure 30: probability density function of φ for all the engine speeds in φ=0.4 case [19]. 

 

Finally, an overview of the mixture homogeneity in all the cases is proposed by means of the 

standard deviation of hydrogen mass fraction, reported in Figure 31.  
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Figure 31: standard deviation of hydrogen mass fraction at 700° CA [19]. 

 
Moving to the high-temperature cycle portion, numerical results are presented and compared 

to the experimental counterpart. As for the latter, data from test bench consist in phase-

averaged pressure traces, and they are adopted as a reference for the model validation. An 

overall agreement is found between simulations and test bench measurements, as visible in 
Figure 32. The major misalignment can be noticed for the case at 1500 rpm and φ=0.8, as the 

pressure is strongly underestimated during the expansion stroke. However, for this specific 

case, an inconsistency can be found in the experimental data. In fact, the in-cylinder pressure 

trace leads to an IMEP value that, combined with measured BMEP, results in an outlying 
FMEP value compared to the other cases. Accuracy of the individual case, however, is not the 

target of this activity, thus no concern was posed on this issue. 

a) b) 

c) 
d) 

Figure 32: numerical-experimental comparison in terms of average in-cylinder pressure [19]. 
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An error analysis is however carried out to quantify the differences between simulated and 
experimental pressure traces. Despite accuracy was not the target of this activity, the results 

are surprisingly aligned with the targets, thus the attempt to gain a deeper insight on the 

misalignment is done by means of the scatter plots reported in Figure 33. The coefficient of 

determination R2 is there reported as well. The latter is computed as in Equation 29. 

𝑅2 = 1 −
∑ (𝑦𝑖 − 𝑦̂𝑖)

2𝑛
𝑖=1

∑ (𝑦𝑖 − 𝑦̅)2
𝑛
𝑖=1

      (29) 

𝑦𝑖 and 𝑦̂𝑖 are the experimental and computed pressure values for the crank angle i, respectively. 

𝑦 is the phase-average of the experimental pressure values. The computation is focused on the 

combustion interval 700°-810° CA. 

a) 
 

b) 

 
c) 

 
d) 

Figure 33: error analysis for all the calculated pressure traces [19]. 
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The apparent heat release rate is analysed and reported in Figure 34. The overall agreement 
between numerical and experimental outcomes is confirmed, and CFD is able to closely replicate 

phasing and duration of the investigated cases despite speed/mixture variation. Similarly to the 

comparison in terms of pressure, it is possible to individuate the misalignment during the 

expansion stroke for the case at 1500 rpm for φ=0.8. In addition, it is evident that all the cases 

at 3000 rpm are affected by the same problem, that is combustion phasing anticipation.  

a) b) 

c) d) 
Figure 34: numerical-experimental comparison in terms of apparent heat release rate [19]. 

In order to highlight the capabilities of the numerical framework, Figure 35 reports the mass 

fraction of burnt fuel (MFB) for a selection of cases. In particular, a sensitivity to the mixture 

quality on equal engine speed (as well as the opposite) are proposed in Figure 35 a) and 35 b), 

respectively. In both the figures, only the extremal operating points are presented, for the sake 
of clarity. For a consistent comparison of the burn rates, the curves are shifted in the x-axis so 

that for each one the 50% of burnt mass occurs at 0° CA. This is motivated by the difference in 

same start of combustion and MFB 50% phasing of the original ones, hindering a clear 

comparison. In Figure 35 a) the numerical framework shows the correct sensitivity to the 
mixture quality. In Figure 35 b), instead, attention focuses on the engine speed. Despite a slight 

underestimation of the burn rate can be noticed at 1500 rpm, the sensitivity to the rpm value is 

coherent with the experiments, i.e. the combustion velocity nearly halves with the engine speed 

(as quantitatively confirmed in the following by the 10%-90% values), which means that it is 
almost constant considering the phenomenon on a time scale. The capability of the model to 

reproduce this behaviour is not trivial, considering the influences that simultaneously concur: 

on the one hand turbulence decreases with the rpm value, leading to a lower burn rate; on the 
other hand, the mixture is much more homogeneous at low engine speed, as confirmed by the 

PDF curves, leading to a higher combustion velocity.  
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a) 
 

b) 
Figure 35: a) mass fraction burnt at 3000 rpm and different mixture qualities; b) mass fraction burnt at φ=0.8 and 
different engine speeds [19]. 

In order to further quantify the agreement between CFD and experiments, Figure 36 compares 
combustion phasing and duration for all the investigated cases. Starting from MFB 50%, 

operating conditions at 3000 rpm are characterized by a similar value and this is fairly 

reproduced by CFD. The same is valid at 2500 rpm as well, although CFD underestimates the 

MFB50 value for the φ=0.4 case. At 2000 rpm and 1500 rpm experiments show a delayed 
combustion for increasing equivalence ratio and this is properly reproduced in the simulations. 

Moving to the duration, all the engine speeds are characterized by the same behaviour, that is 

10%-90% duration reduces as the mean equivalence ratio increases, which is again well 

reproduced by the CFD simulations. 

 

 
a) 

 
b) 

 
c) 

 
d) 
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e) 

 
f) 

 
g) 

 
h) 

Figure 36: Comparison in terms of combustion timing and duration for all the cases. a, c, e and g show the MFB50 
at 3000 rpm, 2500 rpm, 2000 rpm and 1500 rpm, respectively; b, d, f and h report the combustion duration at 3000 
rpm, 2500 rpm, 2000 rpm and 1500 rpm [19]. 

 

Some highlights follows as a conclusion of the first part of this work. Framework reliability was 

assessed by the fact that across all the operative points tested, the framework behaved always 

predicting the correct trends. This was achieved finding a value for the calibration constant A 

of the turbulent flame speed correlation equal to 3.3. The ignition model, initially calibrated in 
order to grow the kernel in sub grid till a 2mm radius, was not modified. The calibration 

constant for the turbulent flame speed remain unaltered through all the rest of the work, while 

the ignition model required a slight tuning of the critical radius switching from this engine to 

another. All these results were at first somehow confusing, because of the high framework 
predictivity found despite the total neglection of flame instability modelling, according to many 

([74], [75], [76], [77]), determinant to the framework predictivity. Furthermore, this was 

achieved for different engine speeds, thus different levels of turbulence, and different 

equivalence ratio. In other words, the possibility that the instability effect is just masked behind 
a higher turbulent flame speed calibration constant, somehow incorporating the instability 

effect, is hard to accredit. The same correlation, in fact, behaved well with high equivalence 

ratio (where instability is  not expected to be present) both at high and low engine speed, but 
the same hold for the low equivalence ratio tested operating points where, at φ=0.4, instability 

is expected to be present. All of this sounded like a difficult coincidence to be believed, and led 

to the suspect that, despite the engine is operated even at very lean equivalence ratios, this does 

not automatically imply a strong influence of flame instability. However, uncertainties still 
remain, at this stage, around this conclusion, making it only an hypothesis to be later verified. 

Biggest of them is the mixture stratification: in absence of any direct experimental evidence of 

mixture distribution, it is hard to assess whether the distribution predicted by CFD is indicative 

of the actual one or it is completely different.  
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2.5. NOx predictivity: general overview. 

Those considerations led to the prosecution of the activity. Initially, the study investigated the 

mixture stratification of this engine, approaching another set of operative points for which the 

NOx emissions were recorded. Since the NOx are typically tightly related to the mixture 

homogeneity, correctly capturing the emissions is here intended as a sort of indirect verification 
of mixture homogeneity representation. Moreover, since the adopted framework cannot predict 

NOx emissions by himself, an addition to it was done only on this part of the whole work, that 

is the detailed chemistry resolution in the burnt gases region. Two different kinetic mechanisms 
were tested, in order to eliminate the uncertainty on results related to the selection of one 

specific mechanism rather than another. A more detailed explanation of the additional model, 

the overall numerical framework and the other details of this second stage of the activity follows. 

Firstly, Table 4 resumes the operative conditions in which NOx emissions were tested, and were 

reproduced in the CFD simulations. 

Table 4: operative conditions tested for the NOx emissions. 

Test 

N° 

φ  SOI [° CA 

bTDCF] 

Speed 

[rpm] 

Spark Time [° 

CA] 

1 

0.8 225 3000 

0 

2 3 

3 6 

4 9 

5 12 

6 

0.6 190 3000 

-15 

7 -12 

8 -9 

9 -6 

10 -3 

11 0 

12 3 

13 

0.8 175 2000 

0 

14 3 

15 6 

16 9 

17 12 

 

The combustion model is for most the same already presented, thus it still rely on the progress 
variable ‘c’. In this case, however, once the progress variable falls below 0.99, the Detailed 

Chemistry (DC) model is activated. This model is specifically designed to integrate detailed 

chemical kinetics into engine simulations. It solves transport equations for all the species, such 

as the general one reported in Equation 30, using a comprehensive reaction mechanism. 

∂

∂t
(ρYi) +

∂

∂xi
(ρujYi− Fi,j) = Si      (30) 

Yi is the mass fraction of the i-th species, xi the i-th coordinate, uj the j-th velocity component, 

Fi,j the diffusion flux component and Si represents the production/consumption rate of the i-th 

species. To derive an expression for Si, it is necessary to introduce a detailed multi-step chemical 

reaction mechanism as in Equation 31, including N chemical species and NR reactions. 

∑(νRk
′ Rk)

N

k=1

=∑(νRk
′′ Rk)

N

k=1

,   R = 1,2,… , NR      (31) 
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νRk
′  and νRk

′′  represent the stoichiometric coefficients for reactants and products, respectively, of 

species k and reaction R. Rk is the chemical symbol of the k-th species. The 

production/consumption rate of the i-th species is described through Equation 32. 

Si = Mi∑[(νRi
′′ − νRi

′ ) (kfR∏[Rk]
νRk
′

N

k=1

− krR∏[Rk]
νRk
′′

N

k=1

)]

NR

R=1

      (32) 

 

Mi represents the molecular weight of the i-th species, while νRi
′  and νRi

′′  have the same meaning 

as νRk
′  and νRk

′′ , respectively. [Rk] denotes the mole concentration, while kfR and krR stand for 

forward and backward rate constants of reaction R. The DC approach is utilized to estimate 
emission formation. For instance, in case of NOx, transport equations for NO and NO2 enable 

the monitor of production and consumption of these scalars. 

Regarding the chemical schemes utilized in the 3D in-cylinder simulations with DC, the widely 
validated mechanisms proposed by Shrestha [78] and Klippenstein [79] are tested, and their 

results are compared. This is purposely done to investigate the sensitivity of the results to the 

chemical scheme. 

 

2.6. NOx predictivity: results. 

The first part of the result section is dedicated to the validation of the proposed numerical 

framework. In particular, since the NOx formation is closely related to the combustion process, 

it is necessary to assess the capabilities of the CFD model to properly predict such phenomenon 
at first. For that purpose, numerical and experimental pressure traces are compared during the 

high temperature portion of the engine cycle and they are reported in Figure 37. For each of the 

tested operating conditions, the results of three different spark times are shown. 
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Figure 37: comparison between measured and computed in cylinder pressure traces for: a) 2000 rpm - φ=0.8 case b) 
3000 rpm - φ=0.6 case c) 3000 rpm - φ=0.8 case [21]. 

A satisfactory agreement between CFD outcomes and experimental evidence is obtained, which 

is noteworthy considering that no case-by-case calibration of the model constants is carried out. 

The 3D model confirms its capability to properly reproduce the trend of the in-cylinder pressure 

even as a function of the spark time. 

Moving to the focus of the analysis, NOx formation prediction is evaluated in Figures 38 a) to 38 

c), where numerical and experimental outcomes are compared for each investigated condition 
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and spark time. Moreover, on the numerical side, two different sets of results are presented, one 
per tested chemical scheme. It is important to point out that the numerical NOx quantities 

reported in Figure 38 a) to 38 c) correspond to the sums of NO and NO2 and they are the mg 

present at the exhaust valve opening. Thus, it is supposed that reactions are frozen in the 

exhaust pipe, following the validated practice proposed in [32]. 

 

Figure 38: numerical and experimental NOx emissions as a function of the spark time for: a) 2000 rpm - φ=0.8 case 
b) 3000 rpm - φ=0.6 case c) 3000 rpm - φ=0.8 case [21]. 
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The simulations are able to match qualitatively and quantitatively the experimental data. 
Firstly, for all the engine speeds and the equivalence ratios, numerical results are able to 

properly reproduce the trend as a function of the spark time. In addition, focusing on φ=0.8 

cases, the decrease of NOx increasing the engine speed is properly captured by the simulations. 

Similarly, on equal engine speed (3000 rpm), CFD is able to correctly predict an increase of NOx 
with the equivalence ratio. Moreover, in quantitative terms, all the numerical data are very 

close to the experimental counterparts, which means all the involved phenomena, gas injection, 

mixing, combustion and chemical reactions are reasonably captured by the proposed CFD 

framework. As for the chemistry, it is interesting to point out that, despite the mechanism by 
Shrestha always provides slightly higher emission levels compared to the one by Klippenstein, 

the two mechanisms provide similar results. This is a proof that NOx emissions can be properly 

estimated independently of the mechanism, provided that the latter is well validated, and show 

no strict dependence of results on the choice of mechanism. 

Results are discussed more in detail hereafter, to highlight the effect on NOx emissions of two 

engine parameters, that are spark and injection timings. They affect in-cylinder temperature 

and mixture stratification, respectively, which are widely recognized to dominate nitrogen 

oxides formation. It is useful to point out such influences not only to understand the formation 
of the emissions, but also to emphasize the potential of CFD. In fact, the proven capabilities of 

the numerical framework to predict NOx make the use of CFD suitable for the optimization of 

the engine parameters to lower the emissions. 

Decreasing the spark advance leads to a reduction of the maximum pressure inside the cylinder. 
The reason is that the heat release rate occurs later and later in the cycle, and it is less and less 

able to compensate the decrease of pressure as a consequence of the cylinder volume increase. 

Similarly to the pressure behaviour, the maximum temperature of the exhaust gases decreases 

as well. In this regard, Figures 39 a) and 39 b) show in-cylinder pressures and temperatures for 
the φ=0.8 3000 rpm case. It is useful to point out that, for brevity, only φ=0.8 and 3000 rpm are 

considered for the present analysis, but the same trends and considerations are valid for the 

other operating conditions. 

 

Figure 39: computed in-cylinder pressure a) and temperature b) for the spark times at 3000 rpm and φ=0.8 [21]. 

NOx emissions are not simply related to the mean mixture quality, but they are strongly 

dependent on the local mixture stratification. This is confirmed by the proposed simulations, 

whose purpose is to assess framework capabilities in predicting emissions when integrating the 

DC, but also to indirectly confirm the correct prediction of the mixture stratification in this 
engine. For example, focusing on the 3000 rpm cases, Figures 40 a) to 40 f) show temperature, 

equivalence ratio and NO mass fraction for two different cases, one at φ=0.6 and one at φ=0.8 
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(further details one the proposed images can be found in the caption). Only NO is considered in 
the following, as the concentration is at least one order of magnitude higher compared to NO2. 

Looking at the φ=0.6 case, temperature seems to be the main promoter of NO formation as the 

highest concentration is located where T is the highest. Although T is unquestionably a leading 

factor for nitrogen oxides formation, the main responsible of the local peak is the local φ, which 
is close to 0.8. As a demonstration, it is possible to observe in Figures 40 d) to 40 f) the results 

of the φ=0.8 case, where the peak of NO does not correspond to the one of T but, rather, to the 

presence of local mixture at φ≈0.8. 

 

Figure 40: a), b) and c) show temperature, equivalence ratio and NO mass fraction at 750°CA for the case 3000 
rpm, φ=0.8 and ST=-15°CA; d), e) and f) report the same quantities at 740°CA for the case 3000 rpm, φ=0.6 and 

ST=0°CA on a section distant 5mm from head plane [21]. 

To understand the importance of an equivalence ratio equal (or close) to 0.8, 1D chemical 

kinetics computations are carried out using DARS licensed by SIEMENS DISW. A single 

mechanism is considered for brevity in this analysis, i.e. the one by Shrestha. Pressure and 
unburnt temperature profiles adopted for the computations are representative of the in-cylinder 

conditions for the analysed operations and they are provided by 3D-CFD. Figure 41 shows the 

NO mass fraction at fixed pressure and unburnt temperature (40 bar and 900K). Other 

conditions are omitted as the qualitative behaviour with respect to φ is marginally affected by 
p or T. Again, similarly to the 3D analyses, the attention is focused on NO as the other nitrogen 

oxides are characterized by remarkably lower concentrations. Interestingly, Figure 41 shows 

that NO production increases with the equivalence ratio up to φ≈0.8. Then it rapidly decreases 

so that, at stoichiometry, the NO mass fraction is nearly the same as that for φ≈0.45.  
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Figure 41: NO mass fraction as a function of the equivalence ratio [21]. 

In the light of this result, on the one hand it is possible to relate the peak of NO to local φ close 

to 0.8, in agreement with the outcomes of the 3D simulations. On the other hand, still 

considering the in-cylinder analyses, it is possible to conclude that, for the φ=0.8 case, increasing 
the mixture homogeneity is counterproductive. In fact, the peak of NO is positioned where the 

local φ is close to the average value. Pockets that are richer and leaner compared to the average 

value are characterized by lower NO mass fraction, as observed in Figure 41. 

A further confirmation of the mixture stratification importance comes from the adiabatic flame 
temperature reported in Figure 42 as function of φ. The plot still refers to 40 bar and 900 K and 

only one condition is considered, for the same reasons previously commented. The peak of 

adiabatic flame T is reached at equivalence ratio of nearly 1.1, thus for slightly rich mixtures. 

Considering the importance of T for NOx formation, Figure 42 would suggest a peak of NO at φ 
close to 1.1. Instead, Figure 41 shows a peak at φ≈0.8. The reason is that, moving from φ≈0.8 to 

φ≈1.1, the oxidation process of hydrogen speeds up more than the one of nitrogen, thus NO 

production reduces even in presence of higher temperatures. This highlights the role of φ which 

is not of secondary importance compared to T. 

 
Figure 42: adiabatic flame temperature at 40 bar and 900 K [21]. 
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As a concluding remark of this chapter, reliability of framework was assessed also in terms of 
mixture distribution, through the indirect verification of the NOx emissions. This also served as 

a short test of the framework capabilities in predicting emissions, provided that DC is included 

as a sub model in the burnt region. The fact that model well behaved under there circumstances, 

is thus encouraging in corroborating the quest previously born on the actual flame instability 
influence. The next chapter addresses, to this aim, the application of this framework (in its basic 

version, without the detailed chemistry in the burned region) on another engine: a 4 valves PFI 

optical unit. This engine configuration allowed to narrow the focus around the combustion 

representation, eliminating definitively the stratification uncertainty and even allowing for 

some flame visualizations. 
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Chapter 3. Combustion analysis and optical engine 

comparisons. 
 

This part of the work is addressed at a deeper understanding of the aspects related to the 
combustion representation, rather than the overall framework reliability. Nonetheless, an 

extensive validation across 15 operative points is primarily carried out. Peculiarity of those 

operating points are the low equivalence ratios, ranging from 0.30 to 0.55. While the engine 
speed remains nearly constant between 1200 and 1500 rpm, all tested equivalence ratios are 

lean to ultra-lean; this approach aims to stress the framework which, in this first stage, does 

not include flame instability modelling. This setup allows for the observation of the system’s 

behaviour without mixture uncertainties, thus shifting the focus of the performance prediction 

primarily onto the combustion model. 

 

3.1. Engine and test description 

The engine selected is a four-valve spark-ignition optical engine, whose main geometrical 

features are reported in Table 5. Figure 43 shows the engine at the test bench, where additional 
pipes and plenums at both intake and exhaust are present. The engine is characterized by a 

piston with optical access, visible in Figure 44. In particular, a quartz window is present in the 

piston bowl, to allow for flame visualization. In this regard, images of the chemiluminescent 

hydrogen flame are captured using a high-speed camera (Phantom v1610) equipped with a 
band-pass filter (with a centre wavelength of 318 nm and a full width at half-maximum of 175 

nm) and high-speed Intensified Relay Optics (LaVision HS IRO). The images are acquired at a 

frequency of 1 image/° CA, with a magnification ratio of 0.092 mm/pixel. The camera exposure 

time and intensifier gain vary based on the equivalence ratio (φ) and range from 80 μs and 65% 
(at φ = 0.30) to 30 μs and 50% (at φ = 0.55). Nonetheless, the piston shape is similar to the 

original gasoline direct injection engine. For the ignition, an unconventional spark plug is 

preferred, namely the Bosch ZLR07MTE, which is shown in Figure 45. It is specific for hydrogen 
operations and equipped with three mass electrodes. Based on the authors’ experience with 

different engine types, such a spark plug represents a valid compromise between cycle-to-cycle 

variability minimization at low loads and extension of the knock limit at high loads. Finally, the 

engine is characterized by tumble-promoting intake ports. 
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Table 5: engine geometrical characteristics. 

Bore 77 mm 

Stroke 85.8 mm 

Displacement 400 cm3 

Compression ratio 10.5:1 

Connecting rod 

length 

138.5 mm 

Pin offset 0.8 mm 

N° of valves 4 

 

 

Figure 43: Single-cylinder engine with intake and exhaust plenums and ducts [24]. 

 

 

Figure 44: Optical piston. 

Quartz window 
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Figure 45: Spark plug for hydrogen operations. 

 

To ensure a homogeneous mixture, hydrogen is continuously injected through a 6 mm pipe 

positioned near the intake plenum, as far as possible from the intake valve. The experimental 
setup is detailed in [80]. Additionally, the duct is sufficiently long to dampen macro turbulent 

structures that form at the junction between plenum and intake pipe. 

The most relevant quantities are monitored at the test bench, as illustrated in the schematic 

representation of Figure 46. Specifically, instantaneous pressure traces of cylinder and plenums 

are recorded for each cycle. The traces of 100 consecutive cycles are averaged and then used in 
the 3D-CFD URANS simulations for comparison or as boundary conditions. The pressure sensor 

used is an AVL QH32C quartz pressure transducer (piezoelectric sensor) with a nominal 

sensitivity of 26.82 pC/bar and a pressure range of 200 bar, featuring a maximum linearity error 
of ±0.25% of the full-scale output. Cycle-averaged temperatures at the intake and exhaust 

plenums are also measured and used as boundary conditions. The hydrogen-air mixture is 

regulated by mass flow controllers located upstream of the intake plenum. 
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Figure 46: Test bench scheme [24]. 

Table 6: Experimental operating conditions considered for the numerical simulations. 

Case 

Number 

# 

φ 

Ignition  

[° CA 

BTDC] 

Intake 

temperature 

[K] 

Exhaust 

temperature 

[K] 

Average 

intake 
pressure 

[bar] 

rpm 

CoV 

IMEP 

[%] 

1 0.30 15 295.7 596.0 0.7 1500 4.875 

2 0.35 15 295.7 608.6 0.7 1500 2.144 

3 0.40 15 295.8 623.7 0.7 1500 1.37 

4 0.45 15 295.9 635.0 0.7 1500 0.966 

5 0.50 15 296.0 658.4 0.7 1500 1.174 

6 0.55 15 296.0 666.2 0.7 1500 1.508 

7 0.30 15 295.2 590.4 0.9 1500 3.662 

8 0.35 15 295.3 598.8 0.9 1500 1.81 

9 0.40 15 295.5 612.6 0.9 1500 1.455 

10 0.45 15 295.7 623.0 0.9 1500 1.098 

11 0.35 23 296.2 544.0 0.89 1200 1.424 

12 0.40 18 296.5 566.6 0.82 1200 1.066 

13 0.45 14 296.7 599.2 0.75 1200 1.375 

14 0.50 11 296.9 597.2 0.73 1200 1.197 

15 0.55 8 297.0 610.0 0.72 1200 1.127 

 

The tested operating conditions are resumed in Table 6. Cases 1 to 6 are characterized by same 
spark time, intake pressure and engine speed, while the equivalence ratio varies from 0.30 to 

0.55. Cases 7 to 10 have the same spark advance of the previous ones while the intake pressure 

is fixed to 0.9 bar. The equivalence ratio sweeps from 0.30 to 0.45. Finally, the conditions of the 
cases 11 to 15 are obtained by pursuing the same IMEP. This is obtained by increasing φ and 

reducing spark advance and intake pressure. For these final cases, the engine speed lowers from 

1500 to 1200 rpm. 
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As an example of the investigated operating points, case #1 (the one with the highest CoV IMEP) 
is presented in Figure 47. In particular, the in-cylinder pressure trace of each of the 100 cycles 

is plotted, along with average and ±2σ band (representing the dispersion of the 95% of the 

cycles). The ensemble average pressure trace is the one used for the comparison with URANS 

simulations and the same is valid for the other operating points. 

 

Figure 47: Pressure traces of each of the 100 cycles are shown along with average and ±2σ band, for case #1. 

According to the experimental test aiming to ensure maximum homogeneity, a perfectly-
homogeneous mixture of the required quality is imposed at the inlet boundary of the model. 

Time-dependent pressure boundary conditions are applied at intake and exhaust and an 

example is reported in Figure 48. Such conditions are obtained by experimentally measuring 

pressure in the intake and exhaust plenums for each cycle, and then averaging over 100 cycles 
for each operating condition. The temperatures at these boundaries is kept constant and equal 

to the values provided in Table 6 for each case. The reason for constant temperature values is 

that the adopted thermocouples are not fast enough to obtain cycle resolved traces. 

 

Figure 48: Time-dependent pressure boundary conditions imposed at intake and exhaust for case #6 [20].  

 

To eliminate some more uncertainties, in this activity also a grid sensitivity is carried out. For 
brevity, only the sensitivity on one of the investigated cases is shown. Based on the authors 

previous experience [81], an initial mesh is chosen, able to balance accuracy and computational 

cost and hereafter referred to as "Coarse mesh." Then, a finer mesh ("Fine mesh") is tested in 

order to analyse the sensitivity of the results to the mesh. The "Fine mesh" has a minimum cell 
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size of 0.4 mm and a maximum of 0.8 mm, whereas the "Coarse mesh" features sizes that are 
50% larger, with a minimum of 0.6 mm and a maximum of 1.2 mm. At BDC, the finer mesh 

consists of nearly 1 M cells, while the coarser one contains about 500 k cells. As shown in Figure 

49 where results on the case #6 are presented, the predicted in-cylinder pressures are very close 

and the difference is almost negligible. This is an indication that mean flow structures and 
gradients resolved by the URANS equations are well captured by the “Coarse mesh”. Therefore, 

the latter is preferred to the finer version to save computational cost and time. 

 

Figure 49: Pressure traces computed with different grids for case #6 . 

The computational mesh selected for the present study (“Coarse mesh”) is depicted in Figure 

50. The cell size varies between the minimum and maximum values specified above, based on 
the local geometry. Around the spark plug, the cell size is further halved. A single prismatic 

layer with a height of 0.3 mm is used at the wall. 

 

 

 

a) b) 
Figure 50: The adopted computational grid at the BDC: global mesh a) and spark refinement detail b) [24]. 
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3.2. 3D CFD simulations results 

In the present section, the predictive capabilities of the proposed approach are proven. At first, 

a numerical-experimental comparison in terms of pressure traces is proposed. The comparison 

starts with the φ sweep at 0.7 bar of intake pressure, which is reported in Figure 51 a). Then 

Figures 51 c) and 51 e) show the φ sweeps at 0.9 bar and constant IMEP. Overall, a strong 
agreement between CFD and experimental outcomes is found. The main discrepancies deal with 

the pressure peak for some cases. In particular, major underpredictions (but always lower than 

1.3 bar) are noticed in the φ = 0.45 case of the 0.7 bar sweep, in the φ = 0.40 case of the 0.9 bar 
sweep and in the φ = 0.35 case of the constant IMEP sweep. A more detailed comparison between 

CFD and experiments is obtained by the apparent heat release rate (AHRR) traces reported in 

Figures 51 b), 51 d) and 51 f). An overall agreement is confirmed, even if discrepancies are 

identified also for this quantity. In particular, the main differences between numerical and 
experimental values are observed in correspondence of the AHRR peaks and towards the 

combustion completion, where the numerical traces are, for most cases, too inflated with respect 

to the experimental ones. The reason for this overestimation is multiple. Firstly, flame 

quenching at the walls is not modelled at this stage of numerical framework development. The 
effect can be non-negligible during the combustion completion, when the flame is close to the 

chamber walls. Secondly, the blow-by is not considered in the simulations even if slightly 

present in the experiments. Thirdly, although the boundary conditions derive from the 

experimental measurements, minimal errors in the numerical trapped mass of the different 
cases are present. Fourthly, the adopted heat transfer model is widely tested on gasoline and 

Diesel engines but no validation is available for H2 ICEs. Although it should be able to account 

for the mixture properties (thanks to variable Prandtl number inside the thermal wall function), 
the low quenching distance characterising H2 combustion may require ad hoc modification of 

the model. Anyway, despite the overestimations in terms of total heat release in some operating 

conditions, the overall agreement between simulations and experiments is not remarkably 

affected. 

  
a) b) 

  
c) d) 
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e) f) 

Figure 51: Numerical-experimental comparison in terms of pressure traces and AHRR at intake pressure of 0.7 bar 
(a and b), intake pressure of 0.9 bar (c and d) and constant IMEP (e and f) [24]. 

 
For a more quantitative comparison between CFD and experiments, combustion indicators 
(MFB, mass of fuel burnt) are reported in Figure 52, where MFB 0-10, MFB 50 (combustion 

timing) and MFB 10-90 (combustion duration) are proposed. They are CA intervals between 

spark-time and 10% of MFB, between spark-time and 50% of MFB and between 10% and 90% 
of MFB, respectively. Combustion timing is properly captured, as demonstrated by the MFB 50 

plots. The error between numerical and experimental values is reported and is shown to be 

minimal. Greater gaps can be noticed for MFB 0-10 and MFB 10-90. As for the latter, the overall 

tendency throughout the sweeps is to underestimate the combustion duration for the lower 
equivalence ratios, because of inaccuracies in the combustion completion prediction. This is 

mainly related to the flame-wall interaction, which is not modelled here. In fact, very lean 

mixtures are more sensitive to flame quenching at the end of the combustion while approaching 

the walls. Conversely, by increasing the equivalence ratio, the sensitivity is lower and the CFD 
outcomes are more accurate compared to the experimental counterparts. 

 

Intake pressure 0.7 bar Intake pressure 0.9 bar Constant IMEP 
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a) b) c) 
Figure 52: Comparison of combustion indicators (MFB 0-10, MFB 50 and MFB 10-90) for a) the φ sweep at an 

intake pressure of 0.7 bar, b) the φ sweep at an intake pressure of 0.9 bar and c) the φ sweep at constant IMEP  [24]. 

 

As a further validation, a comparison in terms of imaging is also proposed. In Figure 53, the 

experimental flame images are compared with the calculated G = 0 isosurface, for the φ sweep 
at an intake pressure of 0.7 bar. Only this sweep is considered for the comparison, as 

experimental images are not available for the other operating conditions. In each row, three 

different CAs are compared: 709°, 715° and 721°. 709° is the minimum CA at which the flame 

kernel is visible in the φ=0.30 case, while 721°CA is the maximum one before the flame expands 
beyond the optical window in the φ=0.55 case. 715° CA is purposely chosen as in the middle of 

the previously considered values. Overall, the numerical representations closely resemble the 

experimental images. A more detailed discussion of the imaging is proposed in the following. 

Considering the combustion indicators presented in Figure 52, the MFB 0-10 is roughly 16° CA 
for the φ=0.40 case and 10° CA for the φ=0.55 one. Therefore, the 10% of MFB occurs at about 

721°CA and 715°CA, respectively. Not by chance, observing the images of Figure 53, φ=0.40 

case at 721° CA and φ=0.55 one at 715° CA show a similar flame position. In addition, the 

previously discussed increasing overestimation of the MFB 0-10 obtained by lowering the 
equivalence ratio is confirmed by the images, that show a predicted flame radius smaller than 

the experimental counterpart at φ=0.30 and φ=0.35. 

 

φ=0.30    
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φ=0.35    

   

φ=0.40    

   

φ=0.45    
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φ=0.50    

   

φ=0.55    

   
Figure 53: numerical-experimental comparison in terms of flame imaging at 709°CA, 715°CA, and 721°CA for each 

case of the φ sweep at intake pressure 0.7 bar [24]. 

 

In order to perform a quantitative comparison, Figure 54 a) reports a plot of the flame radius 
as a function of the CA, while Figure 54 b) its time derivative. The radius is computed as the 

one of the circle characterised by the same perimeter of the flame contour. The equivalent radius 

is calculated using the same method for both numerical and experimental images. The solid 
lines are the ensemble average experimental data, with the semi-transparent area representing 

a ±2σ deviation. The computed data are reported with dotted lines. The lines interrupt roughly 

in correspondence of the 5% of burnt mass. As the flame radius evolution is almost linear in all 

the cases, two important factors should be considered: the slope of the lines and their shift. 
Before analysing such factors, it should be pointed out that, in the CFD framework, the ignition 

model switches off soon in the combustion process, i.e. at ~707°CA for the φ=0.55 case and 

~712°CA for the φ=0.30. This means that the ignition model is mainly responsible for the shift, 

while the slope (i.e. combustion rate) is primarily related to the combustion model (intended as 
a combination of model itself and correlations of laminar and turbulent flame speeds). As visible 

in Figure 54 a) and confirmed by the derivative reported in Figure 54 b), the slope is reasonably 
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captured, as proof of the reliability of the combustion model. All the numerical curves fall in the 
respective bands representing 95% of the experimental traces. The main issues deal with the 

shifts of the traces, which are primarily accumulated during the ignition model activity periods. 

However, errors can be considered acceptable, even if there is room for improvement in the 

ignition modelling. 

  
a) b) 

Figure 54: a) flame radius and b) flame radius time derivative, both as a function of crank angle, for each case of 
the φ sweep at intake pressure 0.7 bar. Numerical data (dotted lines) are compared with experimental ones (solid 

lines), with the latter including a ±2σ band [24]. 

 

The observation that the results still align without instability modelling is noteworthy, yet 
explainable; the following section will be dedicated to this analysis. Based on previous activities 

described in chapter 2, this behaviour did not appear to be linked to the calibration of the 

turbulent flame speed. Similarly, the current study suggests that it is not due to the ignition 

calibration either, which shows good agreement with the experimental imagery. 
 

 

3.3. Combustion regime analysis 

 
In this section, the combustion regime is also analysed. As previously mentioned, defining this 

regime is far from trivial given the unique properties of hydrogen. This analysis is fundamental 

to verify the actual applicability of a flamelet model, an assessment not yet performed and, 
above all, to attempt a definition of combustion regime that remains robust for lean hydrogen 

combustion. This will be particularly relevant for the final section of this work, where the 

definition of a Karlovitz number will be central to the discussion on the influence of flame 

instabilities. 

Internal combustion engines often exhibit “flamelet” combustion, for which the G-equation 

model (as implemented in the adopted software) is developed and widely adopted [47]. The goal 

of this section is, on the one hand, to confirm the presence of “flamelet” combustion in the 
investigated cases. On the other hand, it is necessary to examine the applicability of the 

consolidated combustion regime classification methods and to verify potential modifications 

proposed in the literature that can enhance their accuracy. The analysis is carried out by means 
of the Borghi-Peters diagram as presented in [47], since it is a well-consolidated tool to classify 

the combustion regimes of hydrocarbon fuels. 

More specifically, one of the criteria to classically individuate combustion regimes is that the 
combustion moves from “flamelet” to “thin reaction zones” for Karlovitz number (Ka) greater 
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than 1, i.e. above the so-called Klimov-Williams limit defined by the condition Ka=1. This 
criterion is obtained through a series of assumptions [82], [83], among which Lewis number 

equal to 1, which is not the case of lean H2/air mixtures. If the hypotheses are not respected, the 

combustion classification can be misleading. This is confirmed by Aspden et al. in [66], who vary 

the equivalence ratio of a lean hydrogen-air mixture (and, so, the Lewis number) and, although 
the Damköhler (Da) and Karlovitz numbers are kept constant, the combustion regime shifts 

from “thin reaction zone” to “broken reaction zones”. The findings proposed by Aspden et al. 

point out the limitations of the combustion regime classification proper of hydrocarbon fuels 

when applied to lean hydrogen combustion. In response, the same authors propose a 
modification to the classical definitions of Da and Ka, by computing these numbers via freely 

propagating flame properties instead of laminar ones. This approach allows them to obtain 

coherent results, i.e. when varying the Lewis number while keeping Ka and Da constant, the 
DNS simulations consistently exhibit the same combustion regime across the different 

conditions. This means that, by adopting ad-hoc definitions of Da and Ka, the Borghi-Peters 

diagram could be still adopted for classification of combustion regimes. 

In the light of the discussion above, in the present work the Borghi-Peters diagram is presented 
both in its original form and in the modified version based on the approach proposed by Aspden 

[66]. The comparison between original and modified diagrams is shown in Figure 55. The 

modified ones feature different axis names, where the additional subscript ‘F’ indicates the 
freely propagating flame properties. Such properties, namely laminar flame speed and 

thickness, are computed through the correlations proposed by Howarth [11] (Equations 23, 24). 

For completeness, in each operating condition, the initial marked point represents the 

combustion start and the line is the evolution of the regime during the combustion process. Each 
point of the line represents a different CA and it is obtained by calculating the average 

combustion regime on the reaction zone. It can be observed that both versions of the diagram 

cover a wide range of conditions, although the spread is narrower in the corrected version. In 

both the diagrams, the combustion traces extend beyond the formal applicability limits of G-
equation. However, the corrected version exhibits an overall shift of the traces toward the 

“flamelet” combustion regime. For instance, the two cases at φ = 0.35 move from being entirely 

within the thin reaction zones to partially entering the “flamelet” regime.  
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Figure 55: Borghi-Peters diagrams for all the investigated cases. On the x-axis, the ratio of integral length scale to 
laminar flame thickness 𝐿𝑡/𝛿𝑙  is reported, while the ratio between turbulent velocity fluctuations and laminar 

flame speed 𝑢′/𝑆𝑙 is reported on the y-axis [24]. 

 

Although the use of the adopted combustion model is not strictly valid given the results proposed 

in Figure 55, G-equation combined to a Damköhler-like correlation is able to reliably predict the 

combustion evolution for all the investigated cases, as demonstrated in the previous paragraph. 

This capability is confirmed by experimental observations of the authors of the present work on 
the same engine. In the experiments proposed in [84] and carried out at 1200 rpm, with φ values 

from 0.25 to 0.55, a wide range of conditions is covered. As a consequence, although the 

corrections move all the operating points outside the “broken reaction zones” regime, the flame 

occupies different regions of both the original and modified Borghi-Peters diagrams. As for the 
Karlovitz number, the original and modified formulations span four and three orders of 

magnitude (from 0.025 to 178 and from 0.034 to 70), respectively. Despite the very different 

conditions, the authors show that the behaviour of the flame can be represented by a single 
Damköhler-like correlation, similarly to the numerical simulations. More in detail, Figures 56 

a) and 56 b) show the original and modified Borghi-Peters diagrams with the experimentally 

investigated conditions. Each point represents an operating condition, and it is calculated when 

the flame front has an equivalent radius of 8 mm. For the calculation of the points (i.e. the 
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positioning inside the diagram), the flame speed and thickness are computed through a kinetic 

solver, using the Burke mechanism. The turbulence intensity 𝑢′ is estimated using the Heywood 
method [85], that provides values well aligned with the ones obtained by 3D-CFD simulations. 

The Heywood method is based on a correlation between mean piston velocity and turbulence 

intensity measured experimentally via laser Doppler anemometry. The integral length scale 𝐿𝑡 
is computed by particle image velocimetry (PIV) measurements across different CA and on 
different planes, and it coincides with the integral of the autocorrelation of the velocity field 

between zero and the first zero-crossing, as suggested by Pope [86]. A more detailed description 

of the experimental aspects can be found in [87]. 

 

  
a) b) 

Figure 56: Original a) and modified b) Borghi-Peters diagrams for the experimentally tested conditions [24]. 

 
For each of the points of Figure 56, it is possible to correlate the ratio between turbulent flame 

speed directly measured through the optical window and laminar flame speed 𝑆𝑙 with the 

quantity 𝑢′/𝑆𝑙, by adopting the Damköhler-like correlation presented in Figure 57 a), where the 

constants A and n are shown as well. The turbulent flame speed is estimated as 
𝜌𝑏

𝜌𝑢
∙ 𝑣𝑡̅, where 

the fraction is the ratio of the burnt density to the unburnt one and 𝑣𝑡̅ is the measured flame 

expansion velocity computed by the flame images. In Figure 57 a), it is evident that a single 

correlation is able to properly fit all the experimentally-derived values and this is true 
considering also the modified quantities, as visible in Figure 57 b). Moreover, apart from the 

coefficients, the correlation is de facto coincident with the one adopted on the CFD side. In this 

regard, by comparing the experimentally-derived coefficients to those used in the numerical 
simulations, the exponent n values are similar. Conversely, A coefficient non-negligibly differs. 

The reasons for the discrepancy are multiple. For instance, laminar flame speed computation 

methods differ between experimental activity and 3D-CFD simulation. The former relies on the 

Burke mechanism, while the latter exploits the Konnov one. Anyway, regardless of the 
differences in the coefficients, the most important aspect is that both CFD and experiments 

agree on the fact that a single correlation to be formally adopted for “flamelet” combustion can 

be proficiently adopted at different regimes. This apparent contradiction can be explained in 

two different ways. Firstly, it is possible that the modifications proposed by Aspden are still not 
sufficient to obtain a proper classification of the combustion regime. Therefore, all the 

investigated conditions may actually fall in the “flamelet” regime. A second explanation can be 

due to the fact that, since the adopted Damköhler-like correlation is able to match the flame 
speeds in both “flamelet” and “thin reaction zones” regimes, the use of that expression within 

G-equation leads to proper predictions in both areas of the Borghi-Peters diagram. In other 
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words, it is the capability (thanks to shape and/or tuning) of the turbulent flame speed 
correlation that compensates the deficiency of G-equation in the “thin reaction zones” regime. 

This clarification will be addressed in a future work. 

It is worth noting that the experimental fitting shown in Figure 57 (whose validity may be 

reasonably extended at ultra-lean conditions, i.e. out of the “flamelet” regime, as discussed 
above) does not account for flame instabilities. Therefore, the proposed experiments seem to 

support the numerical evidence that, at the investigated conditions, combustion indicators can 

be accurately matched without considering flame instabilities. As anticipated in the numerical 

setup section, the main reason is related to the turbulence impact on the flame which overcomes 
the flame instability one. 

 

  
a) b) 

Figure 57: Damköhler-like fitting for the experimentally-measured flame expansion speed values. Different colours 
are related to different equivalence ratios, as described in the legend of Figure 56. The fitting is proposed for both 

original a) and modified b) quantities [24]. 
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Chapter 4. Flame instability effect. 

Having better defined a way to describe the combustion regime in lean-hydrogen combustion 

problems, it is now possible to try describing the effect of instability by including its sub grid 
modelling, according to the description previously given. It is here anticipated that another sub-

model will be employed, representing wall flame quenching. This is the only part of the whole 

URANS activity that employed such sub-model, thus its functioning is here briefly detailed. The 

results are reported afterwards, for simplicity, for the sole sweep at 1500 rpm and intake 
pressure 0.7 bar, and are therefore referred to cases 1-6 of Table 6. The results will be presented 

gradually, at each integration of the original framework, in order to improve the clarity 

understating the effect of each sub-model individually (flame instability, turbulence instability 

dampening, wall flame quenching). 

 

4.1. Wall flame quenching modelling 

 

A simplified method is adopted to model the wall flame quenching. It relies on Equation 33 [88], 

which calculates the quenching distance 𝑙𝑞. For any cell centroid, if the wall distance is smaller 

than 𝑙𝑞, 𝑆𝑙 is adopted instead of the turbulent one. 

𝑙𝑞 = 𝑓𝑞[11.5𝜇/(𝜌𝐶𝜇
0.25𝑡𝑘𝑒0.5)]      (33) 

 

In Equation 33, 𝑓𝑞 is set to 1, following [88]. The other variables are density 𝜌, molecular 

viscosity 𝜇, turbulent kinetic energy 𝑡𝑘𝑒, and turbulent viscosity constant 𝐶𝜇. The value 11.5 

corresponds to the dimensionless wall distance (𝑦+) value defining the (ideal) transition between 

the viscous sub-layer and the log-region within the boundary layer. In practice, the model 

assumes that, when 𝑦+ is lower than 11.5 (i.e. the cell centroid pertains to the viscous sub-layer), 

the impact of the turbulence-induced flame stretch is negligible. This is a simplification of the 

Bruneaux model [89], which applies a correction to the integral length scale for 𝑦+<50, 

recognizing that vortices larger than their wall distance are unlikely to persist. 
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4.2. Results with instability sub-model 

 

Figure 58 reports numerical and experimental in-cylinder pressure, for each of the studied cases 

(1-6 Table 6), obtained with the basic framework with the addition of flame instability sub-

model only. With respect to the ‘base’ setup (whose results are added in Figure 58 for 

comparison), the predicted pressure traces are moderately affected by flame instability. To 

explain this behaviour, the numerical traces are coloured by the increment (𝑆𝐿𝑖𝑛𝑠𝑡𝑎𝑏/𝑆𝐿) that the 

unstretched 𝑆𝑙 undergoes when corrected, according to Equation 23, and they are reported in 

Figure 59. Coherently with the existing literature, the impact of the flame instability is strong 

for very lean mixtures. However, it is remarkable only towards the end of combustion, when the 

unburnt temperature decreases (i.e. when the stabilizing effect of temperature is less and less 

able to compensate the destabilizing one of pressure). Therefore, the effect on performance, 

namely in-cylinder pressure, is limited. It should be noted that if the combustion is fast enough, 

the end of the process is reached early in the power stroke, i.e. when the unburnt temperature 

is still high. This is the reason why the instability effect weakens rapidly, moving from φ=0.30 

to φ=0.55. In other words, the instability impact reduces twice when moving towards 

stoichiometry. Firstly, because of the effect of the equivalence ratio and secondly, because the 

combustion ends sooner in the power stroke, i.e. when the unburnt temperature is higher and 

the stabilizing effect results stronger. 

By comparing Figures 58 and 59, it is possible to notice that the effect of instability on the 

pressure traces is comparable, although the 𝑆𝑙 correction is strongly different for the cases. This 

is evident by comparing, for instance, φ=0.30 and φ=0.55. The reason is triple. Firstly, the 

pressure values of the traces are very different, so a similar variation in absolute terms implies 

a significantly different variation in percentage. Therefore, the pressure modification for the 

leanest cases is higher. Secondly, an increase in 𝑆𝑙 does not correspond to an equal increase in 

turbulent flame speed, which is much lower. Therefore, significant variations of laminar flame 

speed do not correspond to similarly large variations of burn rate and in-cylinder pressure. 

Thirdly, the instability effect manifests towards the combustion end, when the heat release rate 

is already low and any acceleration of it does not relevantly affect the pressure trace. 

Finally, again comparing Figures 58 and 59, it is evident that the effect of instability on in-

cylinder pressure does not match, in terms of phasing, the peak of laminar flame speed 

correction. For instance, considering φ=0.40 case, the pressure rise is concentrated in the first 

part of the combustion, when the 𝑆𝑙 correction is lower. The reason is that both laminar flame 

speed and its correction are great enough to lead to a visible effect on the in-cylinder pressure 

trace at the beginning of the combustion. Moving towards the end of the process, 𝑆𝑙 is much 

more accelerated but, similarly to the above, the effect becomes difficult to observe, due to the 

low heat release rate during the combustion completion. 
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a) b) 
Figure 58: numerical-experimental comparison in terms of in-cylinder pressure, for each investigated condition. 

Two sets of CFD results are presented, i.e. ones obtained with the ‘base’ setup (Base) and ones obtained with the 
‘base’ setup with the addition of the flame instability effect (𝜔2). The sweep is split in two figures, a) and b), for 

improved readability [22]. 

 

 

Figure 59: computed pressure traces coloured by the average percentage correction to the unstretched laminar 
flame speed. For completeness, pressure traces are coloured from MFB 0 to MFB 99 [22]. 

In order to better appreciate the effect of the flame instability compared to the ‘base’ setup, 

experimental and numerical AHRRs are reported in Figure 60. It is possible to observe that, 

compared to the CFD outcomes proposed in Figure 50b), all the predicted combustions are now 

shorter and their phasing is advanced. As for the leaner cases, also the combustion end is 

particularly anticipated compared to the experimental counterpart. 

 

Figure 60: Comparison in terms of AHRR between CFD and experiments. CFD results are obtained with the ‘base’ 
setup with the addition of the flame instability effect (𝜔2) [20]. 
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A final observation concerns the applicability of the instability correction factor within a 

URANS framework. The turbulence-induced variability contributes to cycle-to-cycle differences 

not only by means of the unstretched laminar flame speed (which varies with the 

thermodynamic conditions), but also by the flame instability itself (which depends on the 

thermodynamic conditions as well). This further amplifies the spread of the pressure traces 

between the cycles. The question is if the calculation of the flame instability effect for the 

average cycle calculated by the URANS approach makes sense. In fact, faster-burning cycles 

may be influenced by flame instability differently compared to slower-burning ones. Therefore, 

although the experimental cycles are averaged using a simple linear method, the flame speed 

predicted by the URANS approach for a single representative cycle does not necessarily 

correspond to the flame speed of the linearly-averaged experimental cycle. Nevertheless, the 

URANS approach remains meaningful because, in premixed combustion cases like the 

investigated ones, the thermodynamic conditions at a given crank angle slightly vary from cycle 

to cycle. As a result, the corresponding laminar and turbulent flame speeds modify almost 

linearly between the cycles. The same is valid also for the flame instability contribution. 

Although it introduces further non-linear effects, the limited differences between the 

thermodynamic conditions of the cycles lead to variations of the instability contribution that 

can be approximated as linear. Moreover, the opposed influences of pressure and temperature 

on the flame instability correction factor help to limit its variation across the different engine 

cycles. In order to prove this, Figure 61 presents the scatter of the experimental pressure traces 

for the φ = 0.30 case, purposely selected as it is the one with the highest cycle-to-cycle variability. 

The pressure traces of two URANS cycles are reported as well, aiming at mimicking the slower 

and the faster experimental cycles by the adjustment of the spark timing. This method is used 

coherently with the origin of the cycle-to-cycle variability for this operating point. In fact, it is 

mainly originated during the early stage of combustion, by the variability of the flow field at the 

spark. This is confirmed by a dedicated LES analysis which is currently ongoing on the 

operating point. The CFD traces are coloured by the laminar flame speed correction factor, 

which shows consistent values for the two curves. Therefore, for each crank angle, the variation 

of the flame instability effect (i.e. the variation of the correction factor) can be reasonably 

assumed as linear. 

 

 

Figure 61: Scatter of the experimental cycles for φ =0.30 case. Two CFD cycles coloured by the laminar flame speed 
correction factor are reported as well [22]. 
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4.3. Results with instability sub-model and turbulence 

dampening 

The Karlovitz stretch factor is now introduced to consider the interaction between flame 

instability and turbulence. In particular, it allows to distinguish the cases in which the flame 

instability has an impact (i.e. it is possible to recognize its effect) from those in which it is 

negligible, with respect to turbulence. The mass-averaged value assumed by this parameter on 

the flame front cells is plotted in Figure 62, during combustion, for each case. 

 

Figure 62: Mass-averaged Karlovitz stretch factor on the flame front cells, during combustion, for all the cases [20]. 

The combination of threshold suggested by Bradley (𝐾 = 0.1) and S-shaped function splits the 

cases in three groups. The first one includes φ=0.30 and φ=0.35 and it is characterized by a 

chemistry that is so slow that the instability-induced wrinkling is secondary compared to the 

one due to turbulence. φ=0.45, φ=0.50 and φ=0.55 pertain to the second group, in which the 

actions of both instability and turbulence coexist. The third group comprises the remaining case, 

namely φ=0.40, which is characterized by 𝐾 values that move across the threshold, thus 

undergoing the effect of the S-function (Equation 27). In this regard, it is necessary to point out 

that, based on the adopted values for the parameters governing centre and width, the S-shaped 

function mainly acts on the φ=0.40 case, while the impact on φ=0.45, φ=0.50 and φ=0.55 ones is 

negligible. In the light of these clarifications, φ=0.45, φ=0.50 and φ=0.55 cases are mainly 

characterized by the use of 𝑆𝐿 𝑖𝑛𝑠𝑡𝑎𝑏, while 𝑆𝐿 is mostly adopted by the code for φ=0.30 and φ=0.35 

simulations. Finally, φ=0.40 case rely on a blend of the two flame speeds. The results in terms 

of in-cylinder pressure obtained by introducing the effect of the Karlovitz stretch factor are 

presented in Figure 63. In order to highlight the effect of 𝐾, in the same figure also the results 

without it are reported. In Figure 63 a), it is evident that 𝐾 acts in φ=0.30, φ=0.35 and φ=0.40 

cases. Moreover, by comparing Figures 63 and 50 a), it is possible to notice that, due to the 

action of 𝐾, the instability effect is de facto neglected at φ=0.30 and φ=0.35, while it is still 

visible in the other ones. As for the φ=0.40 case, the pressure trace is characterized by values 

that are lower compared to the previous setup (‘base’ with instability effect) but higher with 

respect to the ‘base’ one, which demonstrates the action of the S-shaped function. 



74 
 

  
a) b) 

Figure 63: Numerical-experimental comparison in terms of in-cylinder pressure, for each investigated condition. 

Two sets of CFD results are presented, i.e. ones obtained with the ‘base’ setup with the addition of the flame 

instability effect (𝜔2) and the ones obtained with ‘base’ setup and adding the effect of both flame instability and 

Karlovitz stretch factor (𝜔2, K). The sweep is split in two figures, a) and b), for improved readability [22]. 

 

Figure 64 reports the numerical AHRR traces, obtained with the setup including flame 

instability effect and 𝐾, and the experimental ones. AHRR traces allow to point out the benefits 

related to the introduction of 𝐾. The agreement improvement is confirmed for φ=0.30, φ=0.35 

and φ=0.40 cases. As shown in Figure 50 b), in fact, the adoption of the flame instability effect 

alone is strongly penalizing for these cases. As for the remaining ones, 𝐾 does not act and no 

difference can be noticed between Figures 50 b) and 64. 

 

Figure 64: Comparison in terms of AHRR between CFD and experiments. Results are obtained with the ‘ base’ 
setup and adding the effect of both flame instability and Karlovitz stretch factor [22]. 

As previously mentioned, there are two parameters defining the S-function, equal to 100 and 

0.1, respectively. The first one determines the slope of the S-curve and it is used as a calibration 

parameter. The second one corresponds to the threshold value of 𝐾. It is inherited from the 

literature, and it is not varied in this analysis. To assess the sensitivity to the slope, additional 

simulations are performed with values equal to 50 and 10˙000. As visible in Figure 65, varying 
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this parameter alters the sharpness of the transition, thus affecting how quickly the laminar 

flame speed changes (from 𝑆𝐿 to 𝑆𝐿 𝑖𝑛𝑠𝑡𝑎𝑏) for the cases whose 𝐾 is close to the threshold. 

 

Figure 65: S-function sensitivity to the slope [22]. 

The sensitivity analysis is conducted only for φ=0.35, φ=0.40 and φ=0.45 cases, as these are the 

ones falling, on average, close to the 𝐾 = 0.1 threshold. Figure 66 shows the pressure traces for 

these cases using the three different S-function slopes. The impact is minimal, and only the case 

closest to the threshold, i.e. φ=0.40, is affected. The effect on it is to slightly inflate the pressure 

trace, as a consequence of the sharp transition between the regimes that allows for advanced 

onset of instability. On the other hand, φ=0.35 case remains almost completely confined in the 

fully turbulent regime, while the φ=0.45 case is almost entirely affected by flame instability 

during all the cycle.  

 

Figure 66: Sensitivity of the CFD pressure traces to the ‘slope’ parameter of the S-function, for φ=0.35, φ=0.40 and 
φ=0.45 cases [22]. 
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4.4. Results with instability sub-model, turbulence 

dampening and wall flame quenching  

As a final step of setup refinement, the wall flame quenching sub-model is introduced. The 

results obtained with the final framework including all the sub-models are reported in Figure 

67, in terms of average in-cylinder pressure, along with experiments and results obtained 

without quenching. As visible, the introduction of flame quenching leads to minimal variations 

of the results. The pressure peaks of φ=0.50 and φ=0.55 cases slightly improve, as the instability 

effect is partly compensated. As for φ=0.30 and φ=0.35, the quenching effect causes a weak 

underestimation of the of experimental trace during the expansion stroke. Despite this negative 

aspect, the effect on the apparent heat release rate (AHRR) tail is positive, as it will be pointed 

out in the following. 

By comparing Figure 67 with Figure 50 a), it can be noted that the results of the ‘base’ setup 

and the one including instability, turbulence dampening on it and wall flame quenching are 

similar. This means that prevailing turbulence effects and wall quenching of the flame roughly 

compensate the impact of the flame instability. However, compared to the ‘base’ setup, an 

improvement in the peak pressure prediction is visible, especially for φ=0.45 and φ=0.50 cases. 

  
a) b) 

Figure 67: numerical-experimental comparison in terms of in-cylinder pressure, for each investigated condition; 

Two sets of CFD results are presented, i.e. ones obtained with ‘base’ setup and the effect of both flame instability 

and Karlovitz stretch factor (𝜔2 K), and ones obtained with the ‘improved’ framework, featuring all the sub-models 

(𝜔2 K quench). The sweep is splitted in two figures, a) and b), for improved readability [22]. 

To better describe the results achieved with the final (‘improved’) version of the setup and point 

out the predictive capabilities, the numerical results in terms of AHRR and combustion 

indicators are compared with the experiments. Figure 68 reports a comparison between CFD 

and experiments in terms of AHRR, for each case. A good agreement is noticed, especially for 

the combustion completion, thanks to the action of both instability and quenching. In particular, 

φ=0.30 and φ=0.35 are characterized by the action of the flame quenching that extends the 

AHRR tail and allows a close agreement with the experiments to be obtained. As for the other 

cases, apart from quenching, the flame instability is present, leading to a progressive shortening 

of the tail, visible also in the experiments. The correct modelling of the combustion completion 

also represents an improvement compared to the ‘base’ setup. However, there is still room for 

amelioration. In fact, a slight overestimation of the combustion rate in the first half of the 

process can be noted, along with a progressively delayed AHRR growth moving to lean mixtures, 

attributable to the ignition model. In this regard, for a proper comparison, no recalibration of 

ignition and combustion model parameters is carried out moving from ‘base’ setup to its last 
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version. A recalibration of the models may lead to further improvements of the results. It is 

interesting to point out that the small spikes observed at 705° CA result from the initialization 

of G-equation, which leads to the formation of an initial burnt mass. Such an initialization is a 

modelling requirement, even though the effective propagation of G begins later, following the 

delay imposed by the ignition model. 

 
Figure 68: numerical-experimental comparison in terms of AHRR, for each investigated condition; CFD results are 

obtained with the ‘improved’ setup, featuring all the sub-models [22]. 

Figure 69 shows a numerical-experimental comparison of combustion indicators, which provide 

a more quantitative description of the results discussed above in terms of AHRR. An overall 

satisfying agreement between CFD and experimental outcomes is noticed. In detail, Figure 69a) 

shows the MFB 0-10, which confirms that, moving to leaner mixtures, the lengthening of the 

combustion initiation is slightly overpredicted by the simulations. Figure 69b) reports the MFB 

50 and, even in this case, the observations on the AHRR are confirmed. The overprediction of 

the combustion rate in the first half of the process results in a slight underestimation of the 

combustion phasing. As for the duration (namely MFB 10-90), Figure 69c) confirms an 

overprediction of the experiments for all the cases, which is probably due to an overestimation 

of the quenching effect. However, similarly to the other indicators, the error in the MFB 10-90 

prediction is still acceptable. 

 

 
a) 
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b) 

 
c) 

Figure 69: numerical-experimental comparison in terms of combustion indicators, for each investigated condition; 
CFD results are obtained with the ‘improved’ setup, featuring all the sub-models; a) MFB 10, b) MFB 50 and c) 

MFB 10-90 [22]. 

Thanks to the outcomes of the proposed simulation framework, it is possible to point out the 

moderate influence of the flame instability and the capability of turbulence-instability 

interaction and wall quenching to perfectly compensate it. The limited impact of the flame 

instability is a noteworthy outcome of this work. In fact, following the existing literature [11], 

[54], [90], the selected operating points presenting extremely lean mixtures and low engine 

speed should be characterized by a significant effect of the flame instability, that increases the 

flame speed despite low turbulence. However, pressure and temperature also play an important 

role and, at the investigated engine-like conditions, the stabilizing effect of the temperature 

limits the impact of the flame instability. 

As a further remark on the results, it is useful to point out the proven predictive capabilities of 

the proposed numerical framework, especially of the turbulent flame speed correlation and, 

more in general, of the combustion model. In fact, the investigated conditions cover a wide range 

of the 
𝑢′

𝑆𝑙
 ratio. The different values are obtained keeping 𝑢′ roughly constant (as the engine speed 

does not modify), while changing the laminar flame speed through the variation of the mixture 

quality. The 
𝑢′

𝑆𝑙
 sweep is particularly relevant not only for the wide range of φ (including 

conditions potentially affected by flame instability), but also with respect to the turbulent flame 

speed correlation, which depends solely on 
𝑢′

𝑆𝑙
 itself. A wide variation of this ratio without case-

by-case calibration strengthens the robustness of the combustion model, demonstrating the 

validity of the correlation across very different operating conditions. 
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Conclusions 
 

Throughout this research, a dedicated framework for in-cylinder URANS simulations was 

established to characterize the combustion processes in hydrogen-fuelled internal combustion 

engines. The framework has been thought to be easily implementable through many CFD 

solvers, and be as general as possible. 

The equations encompassing laminar and turbulent flame speed with relative corrections, and 

the entire ignition model are manually implemented in the software through external Fortran 

user-coding. As for the equations underlying the flame instability sub-model, they are used in a 

Python script in conjunction with a kinetic solver (namely Cantera). Output values are then 

used within the turbulent flame speed computation routine, to correct the unstretched laminar 

flame speed. No further fundamental change is made to the remaining equations, and all this 

work may be, in principle, replicated on any other code. 

In general, the combustion framework adopted here (intended as combination of ignition, 

combustion and quenching models, and turbulent flame speed correlation) is well-consolidated 

for stable premixed (or partially-premixed) flames, thus it can be extended in principle to any 

traditional fuel. In this regard, it is useful to remember that some tuning parameters such as 

the turbulent flame speed constant and the threshold kernel radius that governs the transition 

from ignition to combustion model may require fuel-to-fuel calibration. Additionally, the 

laminar flame speed must be adjusted to reflect the characteristics of the chosen fuel. 

Although the methodology to account for flame instability is fuel-agnostic, the empirical 

correlation finally linking the corrected laminar flame speed the chemical quantities is fuel-

dependent. Therefore, this correlation is specific for ultra-lean H2 combustion and not directly 

applicable to other fuels. Also, the approach for the turbulence-instability interaction based on 

the Karlovitz stretch factor is fuel-agnostic. Even if it is purposely introduced to compare the 

effect of the H2 flame instabilities to the turbulence one, it can be adopted in principle with any 

fuel. 
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The validation of the framework began with a test across 11 operative points on a retrofitted-
to-hydrogen diesel single cylinder engine, sweeping from 1500 to 3000 rpm and equivalence 

ratios from 0.4 to 0.8. This drove to the calibration of the model, where the value for the 

calibration constant of the turbulent flame speed was inferred, and never altered anymore. 

Since the engine under study features a direct injection configuration, it was necessary to 
address the uncertainties associated with fuel stratification. This was done exploiting another 

set of operative points, for which the NOx emissions were experimentally measured. Measures 

were then used as an indirect index to assess the realism of the mixture distribution represented 

in the simulations. Simulations, in this case, were run with additional kinetic models to solve 
in detail the burnt gases composition. Two models were tested to reduce the uncertainty possibly 

relating specific outcomes to specific kinetic models. 

An interesting outcome of this fist part of the activity, was the apparent irrelevant role of lean 

hydrogen flame instability effect. Without integrating them in the modelling, in fact, all the 
operating points were close to the experimental target, with the CFD traces correctly predicting 

the experimental trends. Second part of the activity, thus, involved the modelling of flame 

instability, on another engine: a PFI single cylinder unit with an optical access, retrofitted from 

a gasoline unit. In this second engine, operative points didn’t sweep as widely as in the previous 
engine, but they were more narrowly focused on the lean and ultra-lean mixtures, featuring 

equivalence ratios sweeping from 0.30 to 0.55.  

A first overall validation of the model on this new engine, showed the need to slightly calibrate 

the ignition model with respect to prior engine, but no other calibration was needed. The new 
calibration of ignition model, moreover, was not altered through all the studied operative points 

on the new unit. During this activity, the previous outcomes were confirmed: apparently really 

weak effect of flame instability was observed as, without modelling it, all the points lied close to 

the respective experimental pressure trace without, in this case, the uncertainty of fuel 
distribution. This hypothesis was then partially confirmed when the modelling of instability 

was included in the simulations; not a strong acceleration was induced on the flame, and the 

operative points at which it should have been stronger were the ones where the turbulence 

dampening of its effect, due to the thickening of the flame and thus the restriction of the 
instability spectrum, was stronger. In cases unaffected by this dampening effect, the flame 

instability was entirely compensated by the wall flame quenching, showing that the magnitude 

of its effect is in fact limited. 

The progressive integration of these sub-models highlights their relative significance at the 

tested operating points. The combination of relatively low pressure and high temperatures 
resulted in minimal instability-driven corrections to the laminar flame speed, despite the ultra-

lean equivalence ratios. Paradoxically, incorporating instability without accounting for 

compensating phenomena initially worsened the agreement between CFD and experimental 

data, indicating that other physical interactions were at play. 

By accounting for the damping effect of elevated turbulence, which thickens the flame and 

inhibits the development of instability spectral components, CFD predictions were brought back 

into alignment with experimental evidence. This damping was particularly influential in the 

leanest cases, which simultaneously exhibited the highest potential for instability-driven 
acceleration and the thickest laminar flames (inhibiting instability development). While specific 

to these operating points, this suggests a recurring pattern: as mixtures become leaner, the 

growth of instability is, to some extent, counteracted by the concurrent effects of flame 

thickening and turbulence damping. 

These conditions approach the limits of flamelet model applicability, a common occurrence in 

ultra-lean operations where chemical length and velocity scales approach turbulent scales. In 
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such regimes, classical combustion parameters definitions may no longer hold, necessitating a 

revised framework of parameters that more accurately reflects DNS-observed flame behaviour. 

Finally, the inclusion of wall flame quenching restored the originally satisfactory agreement 

between CFD traces and experimental results. Its decelerating action effectively 

counterbalanced the instability-driven acceleration to produce a high-fidelity match. While this 

precise balance may be specific to the studied cases, a broader conclusion emerges: at these low 
IMEP conditions, even when thermochemical factors would favour instability-driven 

combustion rate enhancement, the net impact on the pressure trace is comparable in magnitude 

to wall quenching. In those conditions, thus, flame instability acts as a second-order effect. 

 

Recommended future developments 

The objective of refining URANS combustion representations, specifically where flame 

instability significantly alters the combustion rate, presents a complex challenge. Currently, a 

robust theoretical framework for predicting unstable laminar flame propagation speeds is 

missing. Consequently, researchers must rely on empirical models derived from DNS data, 

ideally based on a rational selection of physical parameters. 

While the foundational work of Howarth [10], [11] and Berger [58] has paved the way, additional 

data is required to encompass the wide range of operating points found in ICEs which, at 

present, are limited to very low IMEP conditions. This data must be generated through 3D DNS, 
as research indicates a distinct scaling factor, though not yet universally defined, between flame 

acceleration in 2D and 3D domains. 

Once the laminar baseline is established, the interaction with turbulence must be addressed. 

Current literature offers limited 3D DNS data across varying turbulence levels, necessitating a 

broader simulation campaign. The coupling between turbulent and instability spectra varies 

significantly: 

1. Full decoupling: in cases where the spectra do not overlap because the smaller turbulence 

wavelength is larger than the bigger instability wavelength, a simpler ‘superimposition 

of effects’ approach may be used. Here, the instability-corrected laminar flame speed is 
enhanced by turbulence through classical correlations. However, these conditions are 

rare in ICE environments. 

2. Full coupling: in this regime, turbulent eddies can trigger all the spectral components of 

the instability. This leads to an overall flame speed enhancement greater than the sum 

of the individual effects, as the phenomena excite one another [59], [63]. 

3. Interaction and damping: when turbulent wavelengths are smaller than instability 
wavelengths, eddies penetrate and thicken the flame front. This phenomenon can 

dampen the instability effect, progressively degrading its accelerating influence. This 

work implements a modelling approach for such phenomena based on the findings of 
Bradley et al. [64], [65], where turbulent acceleration persists while the contribution of 

flame instability is progressively attenuated. 

A truly comprehensive turbulent flame speed correlation must integrate all three scenarios: 

1. A fully coupled range: spectra are fully coupled, requiring extensive 3D DNS data to fit. 

2. A decoupled range: effects are independent and can be superimposed. 

3. A damping range: instability correction is progressively eliminated by turbulent action 

as it disrupts flame coherence. 
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While this work proposes a method to model the damping regime, further 3D DNS or 
experimental validation is essential to infer such a complex comprehensive model, able to 

universally mimic hydrogen flame speed under the different thermochemical and turbulent 

conditions found during ICEs operations. 

 

 

 

 

 

 

 

Acronyms and abbreviations 
Abbreviation Description 

BDC Bottom Dead Centre 

CA Crank Angle 

CFD Computational Fluid Dynamics 

CoV Coefficient of Variation 

CR Compression Ratio 

DC Detailed Chemistry 

EGR Exhaust Gas Recirculation 

ICE Internal Combustion Engine 

IMEP Indicated Mean Effective Pressure 

PFI Port Fuel Injection 

SOI Start of Injection 

TDC Top Dead Centre 

URANS Unsteady Reynolds-Averaged Navier-Stokes 

 

Latin symbols 
Symbol Description Unit 

A Turbulent flame speed calibration constant [-] 

Da Damköhler number [-] 

G G-equation scalar field (Level-set) [m] 

k Turbulent kinetic energy [m²/s²] 

K Karlovitz stretch factor [-] 
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Ka Karlovitz number [-] 

Lb Markstein length [m] 

Le Lewis number [-] 

Ma Markstein number [-] 

p Pressure [bar] or [Pa] 

Re Reynolds number [-] 

Sl Laminar flame speed [m/s] 

ST Turbulent flame speed [m/s] 

T Temperature [K] 

u′ Turbulent intensity (r.m.s. velocity fluctuation) [m/s] 

y+ Dimensionless wall distance [-] 

f Frequency or functional relationship [-] 

Dth Thermal diffusivity [m²/s] 

Lt Turbulence integral length scale [m] 

k Wavenumber [1/m] 

Sl,instab Laminar flame speed enhanced by instabilities [m/s] 

Sl,corrected Final corrected laminar flame speed [m/s] 

Yi Mass fraction of the i-th chemical species [-] 

Fi,j Diffusion flux of species i in direction j [kg/(m²·s)] 

Si Source term (production/consumption rate) for species i [kg/(m³·s)] 

Mi Molecular weight of the i-th species [kg/kmol] 

N Total number of chemical species [-] 

NR Total number of elementary reactions [-] 

kf,k Forward reaction rate constant for reaction k [varies] 

kr,k Reverse reaction rate constant for reaction k [varies] 

lq Quenching distance (analytical) [m] 

fq Quenching calibration factor [-] 

pcrit Critical pressure for sonic flow conditions [bar] 

pinlet Injector inlet total pressure [bar] 

R2 Coefficient of determination (statistical accuracy) [-] 

𝑦𝑖  Measured (experimental) value in statistical analysis [varies] 

𝑦𝑖̂ Predicted (computed) value in statistical analysis [varies] 

𝑦̅ Mean value of the experimental dataset [varies] 

Cμ Standard k-ϵ turbulence model constant (0.09) [-] 
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Greek symbols 
Symbol Description Unit 

α Temperature exponent for laminar flame speed [-] 

β Pressure exponent for laminar flame speed [-] 

δl Laminar flame thickness [m] 

δq Quenching distance [m] 

ϵ Turbulent kinetic energy dissipation rate [m²/s³] 

λ Air-excess ratio [-] 

μ Dynamic viscosity [kg/(m∙s)] 

ϕ Equivalence ratio [-] 

ρ Density [kg/m³] 

ω2 Thermo-diffusive instability correction factor [-] 

𝜔𝑖̇  Net molar production rate of species i (Reaction rate) [kmol/(m³·s)] 

𝜈′𝑖𝑘 Stoichiometric coefficient of reactant i in reaction k [-] 

𝜈′′𝑖𝑘 Stoichiometric coefficient of product i in reaction k [-] 

ω Growth rate of flame instabilities [1/s] 

β Zel’dovich number [-] 

γ Specific heat ratio  [-] 

σ Unburnt to burnt density ratio [-] 

 

Subscripts 
Subscript Meaning 

0 Reference or initial state 

b Burnt mixture 

l Laminar property 

q Quenching related 

T Turbulent property 

u Unburnt mixture 
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