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Abstract

Semiconductor nanowires (NWs) manifest unique physical properties ensuing from the reduced di-
mensionality and represent a promising platform for a wide range of applications in nanotechnology
and electronics. NWs can be reliably manufactured in single crystal structures, with precise control
of crucial parameters such as chemical composition, dimensions, and doping, enabling to engineer
a vast range of devices and integration techniques, including NW-based field-effect-transistors, p-
n junctions, light-harvesting and thermoelectric devices. Moreover, the demonstration of NWs with
radial material modulation, also referred to as core-shell NWs (CSNWs), paved the way to devices
with enhanced performance and new functionalities through wave-function engineering and quan-
tum effects.

Among the theoretical methods used to describe semiconductor nanostructures, the self-consistent
k - p method, combined with the envelope function approximation, stands out for computational

efficiency and predictivity. Of relevance here is the ability to describe the interplay between spin-
orbit coupling (SOC) in the underlying compounds, material modulations, and structural parame-
ters. Moreover, considering the impact of built-in electric fields is crucial for describing the nanos-
tructures discussed in this study. For instance, doped NWs inherently demand a self-consistent

treatment of the electronic energy levels. Therefore, the thesis project started with the design and

deployment of a new and original at-state-of-the-art, object-oriented Python package, where the

coupled multiband Schrodinger and Poisson equations are solved by the finite element method;

using unstructured and adaptive meshes in self-consistent k - p approach keeps the numerical bur-
den and accuracy under control also in strong confinement, high-doping, or low-symmetry regimes.
The implemented 8-band k - p Hamiltonian is suitable to describe type-|, type-Il, and inverted band

heterostructures discussed in this thesis.

Modulation doping is a key functionalization technique for high-mobility devices, but relatively less
under control in growth processes. Hence, we study how different doping regimes influence the
electronic properties of a prototypical high-mobility modulation-doped GaAs/AlGaAs radial heterostruc-
ture. We show that high-doping brings about a strong carrier localization towards the core-shell
interface, as well as mass inversions and non-trivial changes in the spinorial character of the low-
energy valence states. We show by explicit calculations that indications of the band structure’s evo-
lution with doping can be exposed in the anisotropy patterns of linearly polarized optical absorption
spectra.

Full-shell hybrid NWs -semiconductor NWs embedded in a superconductor- have recently emerged
as candidates in the search for Majorana zero modes, possible building-blocks for the implementa-
tion of fault-tolerant qubits thanks to their topological nature and ensuing robustness against local
disorder. Up to now the primary issue has been the small SOC achieved in typical samples, hin-
dering the possibility to attain a topological superconducting phase. Here, we propose to exploit
the inherently strong SOC of the hole valence bands, exploring the potential of InP/GaSb CSNWs



in full-shell geometries. Predictive self-consistent k - p calculations foresee values of the intrinsic
SOC as high as 20 meV-nm, regardless of the electric field or strain at the interface.

InAs/GaSb CSNWs constitute a suitable system for applications in low-power electronics as well as
core studies on electron-hole hybridization and topological insulating states. Using self-consistent
k - p simulations, we identify a new reentrant semimetal state with Weyl dispersion in the hybridiza-
tion gap of slightly band-inverted NWs, which is triggered by a transverse electric field. Using an
effective low-energy Bernevig-Hughes-Zhang model Hamiltonian we show that the semimetallic
phase is due to an exact compensation of SOCs and electron-hole interactions. We further ratio-
nalize the closure of the indirect gap in terms of the appearance of localized states at both ends of
the NW.
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Introduction

Nanowires (NWs) are a class of one-dimensional nano-crystals with diameters in the nanometer
range and lengths extending to micrometers. These nanostructures exhibit unique physical, chem-
ical, and electronic characteristics that set them apart from their bulk counterparts, and, during the
last 20 years, have been continuously investigated by physicist and engineers in view of promising
applications in numerous fields.

The tunable properties of NWs endow them with unique advantages as versatile building blocks in a
wide range of applications. Semiconductor NWs made of silicon [1], germanium [2] and llI-V semi-
conductor compounds [3], as well as metallic NWs [4], have been demonstrated and intensively
studied for their applications in nano- and opto-electronic devices. Thanks to the recent develop-
ments in the area of NW growth, scientists are nowadays able to control the chemical composition
[6], shape and diameter of single crystal NWs [6]. Additionally, combination of different materials in
hepitaxial NW-based heterostructures [7], have been proven for type-I, type-Il, as well as "broken-
gap” band alignments [8]. For example, radial variations in composition and doping in so-called
core-shell NWs bring about the formation of low-dimensional confinement potentials within the NW,
offering opportunities for the design of advanced applications in electronics [9], optoelectronic de-
vices [10], energy harvesting [11], energy transport [12], and light emission or absorption.

Semiconductor NWs provide a platform for the ongoing quest for miniaturization in electronics.
As traditional electronics based on two-dimensional metal-oxide-semiconductor (MOS) transistors
face a number limitations in scaling down device dimensions, such as the reduction of switching
speed caused by short-channel effects [14], NWs offer a novel approach. For example, the imple-
mentation of NWs in transistors [15] allows to efficiently implement a three-dimensional electro-
static control of the channel. In such so-called gate-all-around architectures, the gate surrounds
the NW from all sides, effectively mitigating short-channel effects, leading to improved switching
characteristics, reduced power consumption, and overall optimization of device functionality. A
scanning-electron-microscopy image of NW field-effect transistor (FET) with multiple ©2-shaped
gates is shown Fig. 1.1[taken from Ref. [13]].



Figure 1.1: Nanowire field-effect-transistor (NW-FET). scanning-electron-microscopy image of a NW-FET with four
source-drain contacts labeled 1-4 and three Q-shaped gates labeled 1-4 A,B and C. Source: Ref.[13]

Due to the reduced dimensionality and high aspect-ratio, NWs have been proposed and demon-
strated as high-performance thermoelectric generators [16]. In fact, on the one hand thermal con-
ductivity is reduced by employing NWs, whose dimensions are comparable to the phonon mean
free path, on the other hand field-effect modulation of the electrical properties can be exploited
to modulate electrical conductivity in order to obtain, ultimately, an increased thermoelectric figure-
of-merit. Furthermore, NWs benefit from the high surface-to-volume ratio typical of nanostructures,
and the tunability of their surface properties makes them highly sensitive to their environment. This
sensitivity can be exploited in applications such as sensors [17] and detectors [18, 19, 20].

At the nanoscale, quantum effects become increasingly prominent. In NWs with a very small cross-
section, electronic states form standing waves in the directions of quantized motion. Hence, the
three-dimensional band dispersion splits into a series of discrete levels within the conduction and
valence bands with one-dimensional dynamics, commonly referred to as energy subbands. Quan-
tum effects can be used to engineer new devices, as for example gate-all-around, NW tunnel FETs
[21], promising building blocks for future low-power electronics, which harness the so called band-
to-band tunneling [22] as underlying key functioning mechanism.

The tunability of NWs properties is enabled and complemented by the availability of various syn-
thesis techniques, broadly classified into either top-down or bottom-up methodologies. Both ap-
proaches have advantages and disadvantages [24]. In the top-down approach, the NW features
are sculptured starting from larger-scale solids down to nanoscale dimensions by a combination
of lithography, etching and deposition. Top-down techniques offer an advantage in creating NWs
with precise, lithographically-defined features at specific locations, facilitating seamless integration
into systems [25]. Nevertheless, the use of lithography for patterning introduces surface roughness,
which may constitute a significant portion of the overall NW diameter.

Alternatively, bottom-up methods involve the spontaneous growth of NWs in appropriate condi-
tions, starting from a properly synthesized nanoparticle, like the growth of a tree from a small seed,
as shown in Fig. 1.2. This often uses the vapor-liquid-solid (VLS) method [26], whereby a set of
metal nanoparticles are placed on a substrate (e.g., Au on Si). Each nanoparticle acts as a cata-
lyst for the semiconductor NW growth. The semiconductor precursor (e.g., SiH, for silicon) is intro-
duced in vapour phase, while the metal catalyst is heated above the eutectic point of the metal-
semiconductor system, enabling absorption of the vapour phase [Fig. 1.2(a)]. As a result, a small
droplet of metal-semiconductor alloy, as for example an Au-Si alloy, is formed. When assimilation
eventually reaches supersaturation, a solid semiconductor starts to precipitate beneath the droplet
[Fig 1.2(b)]. As the process persists, the alloy droplet floats atop of the emerging solid NW, whose
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Figure 1.2: Schematic nanowire growth (a-c) Different stages of vapor-liquid-solid (VLS) growth. (d) Growth of an axial het-
erostructure via the vapor-liquid-solid (VLS) process. (€) Growth of a radial heterostructure via the vapor-solid (VS) process.
Source: Ref.[23]

diameter is determined by the size of the alloy nanoparticle [Fig 1.2(c)].

By switching vapour species and growth conditions it is possible to obtain NW heterostructures [27,
28, 29]. If the vapour phase is preferentially absorbed at the surface of the liquid droplet, an axial
heterostructure [30] is formed, with material modulation along the growth direction [Fig 1.2(d)]. How-
ever, the vapour phase can also selectively adsorb on the NW surfaces, a process also referred to
as vapor-solid (VS) growth, and the heterostructure will grow in the radial direction [Fig 1.2(e)]. The
resulting nanostructure is referred to as core-shell NW (CSNW) [31]. Thanks to easier stress release,
epitaxial shell growth is facilitated in NWs even in cases of lattice mismatched materials that would
result in incoherent growth for planar heterostructures [32]. Starting from the 1990s, nhumerous
classes of llI-V compound semiconductor NWs have been demonstrated with customized dimen-
sions and composition, allowing new forms of band gap engineering at the nanoscale.

Finally, and crucially, from the point of view of scaling and integration, catalyst-free growth meth-
ods have also been developed, such as the VS growth [33] and selective-area-epitaxy [34], or self-
assisted methods, where a component of the semiconductor NW plays the role of the liquid droplet
in the VLS mechanism [35]. This allows to avoid the use of Au, whose unwanted incorporation pro-
duces deep levels, especially in silicon [36] and impose severe restrictions to the integration of llI-V
NWs in Si-based complementary MOS technology. The onset of Au-free growth methods repre-
sents a fundamental step towards high-mobility in 1lI-V semiconductor NWs and their future inte-
gration in Si-based microelectronics.

Although semiconductor NWs are extremely interesting and flexible systems for future high-speed/low-

power electronics, charge carrier mobility in NWs is strongly limited by a number of factors, including
surface and impurity scattering. In order to mitigate these effects, radially modulation-doped NW
devices have been proposed and demonstrated [37, 38, 39, 40, 13]. However, precise control of



Figure 1.3: Full-shell Majorana nanowire. Colorized electron micrograph of a tunneling device composed of a hybrid
nanowire with hexagonal semiconducting InAs core fully coated with a superconducting Al shell. Source: Ref. [43]

dopants incorporation in NWs is still challenging, the ultimate performance in these devices be-
ing highly affected by any uncontrolled doping anisotropy. As during the catalyzed growth of IlI-V
NWs dopant incorporation happens either through the catalyst or through the side facets, dopant
anisotropy can arise, for example, due the lack of proper coordination between the two incorpora-
tion paths, or due to the diffusion of dopants atoms inside the NW core during the growth process.
Furthermore, the amphoteric nature of some dopant species, as for example Si in GaAs NWs, rep-
resents an additional element to take into account. We contribute to these problems in Ch. 3, where
we report on self-consistent calculations of the electronic structure of a prototypical, modulation-
doped, GaAs-AlGaAs CSNW [41] for either n- or p-doping. Our calculations show that different dop-
ing regimes can be traced in optical anisotropy spectra. Furthermore we identify specific signa-
tures in the anisotropy patterns which distinguish between n- or p-doping. Our results intend to
provide a possible characterization technique of the incorporation of dopants in modulation-doped
core-shell NWs, the latter being of fundamental importance for their application into commercial
products [42].

Semiconductor NWs have emerged as a promising platform in the search for Majorana zero modes
(MZMs), quasiparticle excitations that benefit from the topological protection of the underlying phase
and, consequently, represent ideal candidates for the realization of fault-tolerant quantum comput-
ers. To date, the most promising platform consists of a hybrid system based on a semiconductor NW
with strong spin-orbit interaction proximity-coupled to a standard s-wave superconductor within the
influence of a longitudinal magnetic field [44, 45]. Majorana-like signatures, e.g., zero-bias anoma-
lies, have been repeatedly measured using transport spectroscopy in partially-coated hybrid sys-
tems [46], as well as in the more recent full-shell configuration [43], where a semiconductor core is
fully wrapped in a thin superconductor shell [see Fig. 1.3]. An essential concern in this context is to
design devices with robust spin-orbit coupling (SOC), as the magnitude of topological energy gap
protecting zero-energy Majorana modes is directly proportional to the value of the effective SOC
constant [47]. This issue is even more pronounced in the full-shell configuration, where the metallic
encapsulation prevents tuning of both the chemical potential and the SOC inside the core by means
of large external electric fields. In Ch. 4 we propose and analyze a viable proposal that significantly
enhances the performance of full-shell hybrid NWs, thereby facilitating the generation of MZMs. On
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the one hand, we propose to use a CSNW with a conductive shell and an insulating core [48] for the
hybrid’s normal core. On the other hand, we make use of the hole bands of llI-V compound SMs
with intrinsically higher values of SOC with respect to proposals based on the conduction electrons
[49].

Majorana bound states are just an example of the broader category of topological phases in con-
densed matter systems that hold immense potential for qubit applications. In recent years, a new
class of topological states has been theoretically predicted [50] and experimentally observed [51],
called quantum spin Hall (QSH) states or topological insulators (Tl), which, due to the presence of
time-reversal symmetry protected, helical edge states, hold promise for application in spin-based
electronics and fault-tolerant information processing. While the realization of QSH states in two-
dimensional systems, such as inverted InAs-GaSb quantum wells, has been largely investigated
both theoretically [52, 53, 54] and experimentally [55, 56, 57], possible signatures of a TI quantum
phase transition in the corresponding one-dimensional systems have attracted less attention. In
Ch. 5 we study the behaviour of the band structure of InAs-GaSb CSNWSs in the presence of a trans-
verse electric field and find that the hybridization gap closes at a critical value of the external field.
We show that this new, field controlled, spin-specific semi-metal phase, which can be described as
a massless Dirac point, emerges from a subtle compensation of kinetic and spin-orbit couplings.
We also connect the vanishing of the gap with the emergence of localized states at both ends of
finite length wires describing the fate of such states in the context of an underlying topological tran-
sition.

This thesis is concerned with materials and phenomena in which the semiconductor valence states,
and, therefore, the spin-orbit interaction, are not only a crucial ingredient for band description, but
actually exploited to induce new phenomena. This is particularly interesting in low-dimensional sys-
tems as CSNWs, where quantum confinement and external fields combine with appropriate choices
of material classes and parameters to allow for SOC engineering [568, 59, 60, 61]. In this context,
theoretical methods should be able to describe delicate SOC-related phenomena, such as non-
parabolicity, spin splitting, heavy holes and light holes couplings, as well as the kinetic interactions
between conduction and valence band states. The k - p envelope function theory is often used in
literature, as well as in this thesis, since it comes with sustainable computational effort and the re-
quired predictive quality in the vicinity of the band gap. This is thoroughly described in Ch. 2. Due
to the complexities and low symmetry of the nanomaterials investigated in this thesis, particularly
their multilayer nature and the presence of intentional or unintentional free carriers, it is desirable to
employ numerical methods built on non-uniform, non-symmetric real-space meshes which can be
adapted to the localization of the quantum states. Calculations within this thesis were performed
using the nwkp package, completely new, highly flexible, object-oriented Python library which has
been realized for the purpose of the thesis project. Planning and deployment of the nwkp library
represent a specific and distinctive outcome of this thesis and is a novel contribution to existing
literature. This numerical tool integrates multiband k - p methods with the Schrédinger-Poisson
approach for nanostructures, within an at-state-of-the-art implementation. The corresponding dif-
ferential equations are numerically solved using the finite element method [62, 63], an accurate,
flexible and largely widespread variational approach which greatly helped in keeping the computa-
tional burden under control for very different nanomaterials.



Electronic structure of
semiconductor nanowires in the
K - p approach

In this chapter, we summarize the derivation of the k - p method in the envelope function approxi-
mation (EFA) which is used in this thesis for the quantum mechanical determination of the electronic
structure of llI-V compound semiconductor nanowires (NWs). Whereas NWs with tens of nm in di-
ameter might involve thousands of atoms per unit cell, requiring enormous computer power with
atomistic descriptions, the envelope function approach is a semi-empirical method which approx-
imates the atomic arrangement as a continuum, leading to partial differential equations which can
be solved with moderate computational effort using well-founded numerical techniques and with
documented predictive quality in the sub-meV energy scale.

We start with the derivation in Sec. 2.1 of the exact envelope function equations (EFEs) for an arbitrary
heterostructure, including the Pauli spin-orbit interaction (SOI) term. The contents of that section,
as well as the related appendices, are based mainly on the work published by Burt in Refs.[64, 65,
66]; here we carefully go through the derivation and clarify some of the most thorny steps. Then, in
Sec. 2.2, following in particular Refs. [67, 68, 69], we derive the Burt-Foreman (BF) equations that
describe the lowest-energy spectrum of the semiconductor which, for IlI-V binary compound semi-
conductors of interest for this work, happens to be at the I'-point. These equations include the first
four spinful bands, namely the topmost three valence band p-like states, also referred to as heavy-
holes (HH), light-holes (LH) and split-off (SOFF), and the first s-like conduction band states. Since all
these bands are doubly degenerate at the I'-point, the wave function is actually an eight-component
spinor, and the approach goes by the name of 8-band k - p approach. Finally, in Sec. (2.3) we make
explicit the EFEs for the case of a NW with growth axis directed along an arbitrary crystallographic
direction z. By assuming the NW to be of infinite length the associated wave vector k. is a good
quantum number. Thus, the EFEs become a set of coupled, two-dimensional partial differential

6



2.1. The envelope function approximation 7

equations which are solved at selected k., values to obtain the band structure of the NW in proximity
of the I"-point.

In this thesis, we solve the NW'’s EFEs using the Finite Element Method (FEM) [63, 62]. In essence,
it is a variational approach where, in contrast to standard variational methods—in which a trial wave
function is defined on the entire simulation domain—the domain is arbitrarily partitioned into small
regions, also referred to as elements. Within each element, a local polynomial approximation is
used to represent the wave function, with coefficients serving as variational parameters. Remark-
ably, FEM allows for the use of non-uniform, problem-designed real space discretizations. This is
particularly handy when dealing with nanostructures, where the wave function may be confined to
narrowed regions of the nanodevice due to quantum confinement and/or electrostatic interactions.

Inthis work we shall consistently consider the effects of non-vanishing distributions of space charges
due to ionization of impurity atoms or as charge carriers in terms of free-holes and electrons. To-
gether with external gate voltages from the contacts of the NW, these charges determine an electro-
static potential that can have an important influence on the electronic states. Replacing the exact
many-electron potential by an average field (mean-field or Hartree approximation) whose source de-
pends on the wave functions, a self-consistent solution of the coupled multi-band EFEs and Poisson
equations is obtained, which is discussed in Sec. (2.4).

The computational scheme has been deployed in-house in an original object-oriented Python library
named nwkp. At present, nwkp appears to be the only library implementing self-consistent solution
of EFEs for core-shell nanowires (CSNWs) of arbitrary composition, geometry and doping on non-
uniform arbitrary grids by the FEM.

2.1. The envelope function approximation

2.1.1. Derivation of the exact envelope function equations

To describe electron states in presence of external fields', or to deal with layered structures, we
make use of the envelope function approximation. The starting point is the one-electron Schrodinger
equation

R h .
gVt 2@ (@ X VV) - (V) V()| ¥(r) = BY(r), 2.)

where V(r) = Vu(r) + V¢(r) is the sum of the crystalline, lattice periodic potential V;, and, possibly,
an external potential V¢, while mq denotes the free-electron mass, ¢ the velocity of light and o is
a vector of Pauli matrices. Note that, due to the presence of SOI, the wave function ¥(r) is a two
component spinor.

Let U, (r) be a complete set of Bravais lattice periodic functions with normalization
1 *T 3
o MU# U, d°r =0, , (2.2)

where fu'c denotes the integral over the volume Q, of the unit cell of the Bravais lattice. Note that

"We shall not consider here magnetic fields, but similar arguments can be developed in this case.



2.1. The envelope function approximation 8

the U,,(r) are spinors as well. Given an arbitrary wave function ¥(r) it can be shown that it exists a
set of uniquely defined functions «(r), called envelope functions, such that

)= u(r)Uu(r), (2:3)
1
where the functions v, (r) are C' continuous and are constrained to a plane wave expansion within
the first Brillouin zone corresponding to the Bravais lattice used to define the U, (r).
We now derive the exact EFEs, including the SOI term

Hso = (0 x VV)-(—hV). (2.4)

2 2
dmge

The first step is to express the spinor (r|O|¥) in envelope expansion form (2.3), where |U) is a state
vector with spinor representative ¥(r) = (r|¥) and O is an arbitrary operator. We consider a com-
plete set of plane waves (including spin) denoting with G the reciprocal lattice vectors of the crystal
Bravais lattice and with k the wave vectors restricted to the corresponding first Brillouin zone. Using
the completeness relations we have

o) =>"> " (rlk+G) (k+G|OK + G') (K + G'|¥) . (2.5)
kk’ GG’

In the spinor notation used above,

(rlk+G) = %ei“”a” x 1y 26)

and (k + G|O|k’ + G”) are 2x2 matrices, with 1, being the 2x2 unit matrix and Q the volume of the
whole crystal. The v, (r) coefficients and the basis functions U, (r) have the Fourier expansions

r) =Y tu(k)e* T, 2.7)
k

r) =Y Uue'“T. (2.8)
G

Recall that the U,,(r) are lattice-periodic and the Fourier expansion contains only the reciprocal lat-
tice vectors, while the envelope functions v (r) have a Fourier expansion limited to the first Brillouin
zone.

Using Egs. (2.8), (2.7), and the fact that

1 - ’ ’
Q / A ! BTKHEENT = 6 b ar 29)
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we have
(k' + G'|T) :/d% K +G'|r) (r|¥)

/d3 k/+G)TX]122wu )
_ \/7 Z Q /d3rel(k” k:/+G” Zwﬂ k:// G” (2.10)

kG

619” k! 56‘” Neld

=V (KU -
7

From the completeness of the U, functions,
1
o 22 U} (Ul = 12, 2.11)
I

we have

G x 1y = VA (r|G)

VQ
= 970%:<T‘UH> (U.G)

VQ
~ L YU [ i) 21
- .
3 7 *T 7G -
= Z U,( Qo / d*r'U;
= Z Up(rUsg
I
We now plug Egs. (2.6), (2.10) and (2.12) in Eq. (2.5) to obtain
lOIw) =33 "> " Uu(r)Usge ¥ (k+ G|O|K + G') Uygribu (K') (213)
nv kk’ GG’

and finally anti-transform the v, (k') using

Wy (k) = % / d3ry, (v e T (214)
to obtain
(o1} =30 1) [ & Oulrayinlr'), (215)
with
) = é > etk (Z Uk (k+G|OK +G') UVG/> e~k (2.16)
kk’ GG’

We now have an expression for the action of an arbitrary operator O written in envelope expansion
form. The next step is to express the operators of the Schrodinger equation in this form.

When the operator O contains derivatives, the matrix element (k+ G]O]k’ + G") will depend on k.
If we express such dependence as a gradient acting on the exponential e=i*'"" in Eq. (2.16), we can
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bring the gradient operator to act on the envelope function using an integration by parts in Eq. (2.15).

For example, if the operator O is the kinetic energy operator, from Eq. (2.16) we have

ﬁ2 1 ik-r * —ik/r’
(mmkf“”:QEPk(éi% %+®!H+G>£> '

kk/ GG’
R (K + G')? i
Y] Z e (Z LG Ok kb G’i( 5 ) UuG'> e kT (217)
Kk’ leTes Mo
_ l Z ik-r Z U*T _i (V2 —2iG -V — GQ) U —ik-r’
= Q k e C e 2m0 (3 vG | € .

Analogously, when O is the Pauli SOI operator, we have
kel ﬁ y l o
zk r - ! ! —ik'r
(HSO) » ’I",’l" Q% ((; HG <k+G|W(UXVV)(—7ﬁV)|k +G>UUG’>6

= ézeik'r <Z U;g (k+Gv|k'+G") -h(K' + G/)UI/G/> o—ik'r’

kK’ GG’

= %Zeik'r (Z Ui (k+ G|v|k' + G') - (hV +/G") VG,) kT

kk’ GG’
(2.18)
where we have defined the spin-orbit velocity operator as
3 —L(A X VV) (2.19)
v = 4m3¢:2 (e . .

We now plug Eq. (2.17) into Eq. (2.15), perform an integration by parts and use the completeness
relation

> UsEUva = b, (2.20)
G
as well as the following definition of the delta distribution function

Alr—7') = Qio I eketr—r) (2.21)
k

and obtain

(rl ) = Zwm&iy%m+2j%fwmwznmm» 2.22)

"

where we have also recognized the matrix elements of the momentum operator and the kinetic
energy operator between the U, functions, respectively
Z /LGUVG’ / d3 ' 7ZGT( 7ﬁV) iGhr

/ d3 U*T
GG’

_ IrrxT 3 (G —G)r _ *T
—BZGUMGUVG/Q—O/ &*r (€ -C" _[ S GUILU,q,
u.c. G

GG’

(2.23)
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av)?
3 *T 2
T =g / d’rU; QmOZG &Ua - (2.24)

2my

Analogously, for the SOl term we obtain

(r|Hso| W) = ZU/‘ ( ﬁZ/d v (r,r') - Vi, (r +Z/d3 /nyo (r 7“)1/},(7"’)) 7
(2.25)

where v, (r, ') is the matrix element of the spin-orbit velocity operator, given by Eq. (2.16) with O
replaced by v, and

Hfuorr QZ“’“‘(Z

kK’ GG’

'+ G -EG’UZ,G,> etk (2.26)

corresponds to the spin-orbit energy.

Finally, for the potential energy term, we simply have

(r |V 0) = ZU <Z / dPr’ v,w(r,r')w,,(r’)> , (2.27)

where V,,, (r,7'), corresponds to Eq. (2.16) with O replaced by V.

Plugging Egs. (2.22), (2.25) and (2.27) into the Schrddinger equation and equating the "coefficients”
of the U, functions, we obtain the following set of exact EFEs:

R? v 3
_m +Zip;u/ un diZ/d v’ UHV L T le’(r/)
(2.28)
£ 30 [ A ) nle) = B ().
where
H;w(’l", TI) = TAWA(T - T'/) + Hf,f)(’l“, rl) + V#V(r’ T/) ' (229)

It is worth noting that the above derivation is not restricted to local potentials, as no assumption has
been made about the matrix elements (k + G\V\k’ + G'). More importantly, we see that the third
and the fourth terms on the left-hand side of Eq. (2.28) introduce non-locality in the equations even
if the potential V' is local.

2.1.2. Approximations of the exact envelope function equations

In presence of a local potential V, the non-local contribution to Eq. (2.28) can be safely dropped
under the assumption of slowly varying envelope functions. In other words, V,,,.(r,r’) in Eq. (2.29)
can be replaced by V,,,.(r)A(r — r’), where V,,,.(r) is a new function of the position (see App. A.l).
The same is true for the spin-orbit velocity v, (r) and the spin-orbit energy Hﬁl,o(r). The new EFEs
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become
52
-5 - Z 7Tp1/ un + Z H[Ll/ 1/ El/}/_L( ) (230)

where
Hyu (1) = Ty + H30 (1) + Vi (), (2.31)

nv

and we have defined
7T,UJJ = p/,u/ + mo’vw(r) . (232)

In heterostructures, the EFEs Eq. (2.30) are a good approximation to the exact equations Eq. (2.28)
very far away from the interfaces. In fact, far from any interface and in absence of external potentials,
it can be shown that (see App. A.2)

H,,(r,7") = HZZjlkA(r -7, (2.33)

with

nv

Hbulk QO /dS U*T( )Hbulk( )Uy(r)v (234)

where H""*(r) is the appropriate potential for the bulk crystal. Note that far away from the interfaces
the non-local components of H,,, (r, r") vanish without any approximation. Thus, when dealing with
an arbitrary heterostructure, if the material interfaces are approximated with abrupt changes, as
is often the case, H,, (r) varies from one value of H/“'* to another. If V,, (r) also contains a local,
slowly varying external potential V¢(r), it can be shown that the effective potential for the envelope
function becomes (see App. A.3)

Ve, (rr')=6,Ve(r)A(r —r'). (2.35)

n%

2.2. Derivation of the effective mass equation

We are typically interested in studying the band structure of a semiconductor in an energy E near
the edges of the gap. Thus, we choose a set S of basis functions U, () such that the corresponding
envelope functions ¢, (r) will be dominant in the envelope expansion (2.3). We denote with R the
set of the remaining basis functions, which we will referto as U,,, ().

Denoting with s and r the indices running in S and R, respectively, we set 1 = p, in Eq. (2.30), and,
neglecting the term V%/;W we obtain

—ih
w (E H/lrltr) Z (Tnoﬂ-ﬂr’/s ! Vd}lfs (T) + Hlter¢Vs (T‘)) . (236)

Vs

We now plug Eq. (2.36) into Eq. (2.30) with i« = us and obtain

2m0 ZV VUSVS V,(/JVS Z 7.rlbs’/s qul’s ZH;(EI)/S E r ,(/}Vs( ) E¢us("')a (237)
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where the effective mass tensor is defined as

2 1
Tusvs (E7 T) = Id’l’sys + mi Z T s pur mﬂ-#r% (238)
0 e Hr per
and .
o (g =H,, H -—  _H,, 2.
Msus( ,T‘) Hs 5(1‘) + %: MsMr(T)E _ HMM(,’,) for S(’I") ( 39)

coincides with the effective potential in second order perturbation theory. The "perturbative” term
in Eq. (2.39) represents the interaction between the states in the set of interest S and the states in
the set R which are traced away.

It is important to note that the first term of Eq. (2.37) takes into account the fact that the band param-
eters are position dependent in heterostructures, and so they do not commute with the differential
operators. This in turn means that the order in which the operators appear with respect to the band
parameters matters. Moreover, in writing down Eq. (2.37) we have neglected terms that are appre-
ciable only near interfaces as well as those that lead to contributions to the bulk band structure linear
in wave vector [64]. Indeed, the latter contribution, due to the absence of inversion symmetry in the
constituent crystalline structure, is generally small for most IlI-V compound semiconductors.

We now discuss the application of the effective mass equations Eq. (2.37) to a generic multi-layer
nanostructure. We make two important assumptions. First, we assume the same basis functions
U, in all layers. Second, we assume that such basis set approximates the zone-center Bloch func-
tions w0 of all the constituent materials. Then the diagonal elements of HL?,S(E, r) represent the
appropriate bulk zone-center band profiles to second order in perturbation theory throughout the
heterostructure.

In this work the set S includes the I'; conduction band and the I'y valence band of the semicon-
ductor [70]. It is customary to represent the three Ty, (valence band) wave functions with | X), |Y)
and |Z). The I’y (conduction band) wave function is represented as |.S). From symmetry arguments,
we note that the second term in the LHS of Eq. (2.37) only couples I';. with Iy, states through the
interband optical matrix element P:

(Slpel X) = (Slpy[Y) = (S15:12) =i P (2.40)

When spin-orbit coupling is taken into account it is necessary to include the spin functions into the
basis states, leading to an eight-dimensional basis. The matrix elements of the spin-orbit potential
energy term are given by Eq. (2.34) with H*“*(r) replaced by 47:?(0 x VVo(r)) - p, where Vy(r) is
the lattice-periodic crystalline potential of the bulk material. We will not consider spin-orbit effects
generated by any other external potential, as the dominant contribution to the SOI originates from
the atomic core potential 14 (r). It can be shown that it exists only one independent matrix element
[711:

(X|(VVh x p).|Y) £0. (2.47)

The spin-orbit gap A, is usually defined as

3ih

4m(2)c2

Ay (X[0:V py — 0y V pa|[Y) . (2.42)



2.2. Derivation of the effective mass equation 14

We can now compute explicitly the matrix elements of the operator H;fl? in this basis. For example

h A A
S <X|W(W0 x p).|[Y) (tlo.|1) = _i?ov
and : ;
<X‘4 2 Q(VVO xp)|Z) - (teo|t) = <X|W(V% x p)y|Y) (Tloy|1) =0.
2c

One can evaluate in an analogous way the rest of the matrix elements. The result is

0 0
0

1

o O O
o

O O O O

(2.43)

S O O O O O o O
S O O O O o o O
— O O O =
o o o O
\
[
e
o~
o O o O

~
o
o

From now on, we will neglect the k-dependent spin-orbit term v, and assume «,, = p,,. As
already anticipated, the remaining part of the potential energy term, in absence of strain effects,
results in a diagonal matrix containing the position dependent band profiles E.(r) and E, (r) of the
conduction and valence bands, respectively. According to Eq. (2.35), the external potential V¢(r) is
added to the diagonal as well.

To derive an explicit form of the Hamiltonian, one needs to compute the effective mass tensor

« 2 <U s|pa‘U r> < |pB|Ul’s>
’7.“5/3 = 6#«31’850‘,3 + mi Z H T ,UfHu IL ( ) . (244)

Hr

which, in turns, requires the knowledge of each zone-center eigenstate to obtain the dipole matrix
elements p,,, and all the matrix elements H,, . This problem is typically circumvented expressing
the components 'yﬁ‘fys in terms of existing phenomenological parameters. For the valence band
these are the Dresselhaus-Kip-Kittel (DKK) parameters [72] L, M, N* and N~. For the conduction
band, the interaction of the first s-like conduction band state with the remote bands gives rise to the
electron effective mass through the parameter

52 | S‘pT|UJr
A, = o ( Z D e el - ) (2.45)

lJ«rlJ«r

Once the various components of the effective mass tensor are matched with the definitions of
the parameters DKK parameters and A, written in terms of the appropriate matrix elements (see
Ref. [71]), we can write down the resulting 8 x8 Hamiltonian as a sum of three terms:

HEF(p) = HO (v) + H3O (7) + 6,,VE(r). (2.46)

Qv nv nv



2.2. Derivation of the effective mass equation 15

The first term is given by

ISt ISh | IX Y 211X Y 12

St [ He 0 He, 0

sy [ o m 0 H,,

X 1)

HSV = |Y T> Hy. 0 H, 0 ] (2.47)

1Z 1)

X 1)

v | o He 0 H,

1Z 1)

For the valence band Hamiltonian H, we have:

koLky + kyMk,  kuNTk, ke N*k,
+ k., Mk, + kyN"k, +k, Nk,
R® o2 NS ) i ) NS
Hy = Boa(r)+ o —k |15+ | kyN'h koMky + kyLk,  k,N*k, . (248)

mo R R R R

+ kN7, + k. Mk, +k.N"k,

k.NTk, kE.N*k, koMb, + ky Mk,

+ kN "k, + kyN"k, + k. Lk,

where E, oy = E, — A,,/3 and 13 is a 3x3 identity matrix.

Note that the valence band Hamiltonian Eq. (2.48) derived from the exact envelope function theory
contains the correct operator ordering, which originates from the non-commutativity of the position-
dependent band parameters and the momentum operators. For example, in heterostructures one
obtains terms of the form k, N*tk, + k, N~ k,, while for a bulk semiconductor one would simply have
kyNk,, with N = N* + N~. Furthermore, since N* # N, the operator ordering obtained is said to
be non-symmetrized. This contrasts with the common practice within the k - p community before
the advent of Burt’s exact theory, which involved using a symmetrized form, i.e. toset Nt = N~ =
N /2, which has been shown to be incorrect for heterostructures [73].

In this work the DKK parameters are calculated from the Luttinger parameters ~1, 7, v3 as [67]

2

L=y —dyp—1
2m0< At Y2 )7
2
M= —Q2v2—m—1),
2};’;0 (2.49)
Nt = (69— (29— — 1
2mo( 673 — (272 =711 — 1)),
2
N =c—@2r-n-1).

2m0
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The conduction band Hamiltonian H.. is given by

H. = Eo(r) + kyAcky + kyAck, + k. Ack., . (2.50)

The coupling between conduction and valence bands is described by 2

Hoy = (iPh, iPk, iPk.) (2.51)
and R
ik, P
Hyo= | —it,P| . (2.52)
—ik. P

The spin-orbit term Hfl,o in given in Eq. (2.43), while the third, diagonal term accounts for the pres-
ence of an external potential V¢(r).

While in a 6-band k - p Hamiltonian including only the p-like valence band states all conduction
bands are considered to be part of the remote bands set R, in 8-band k - p theory the lowest s-
like conduction band is already included in the k - p Hamiltonian and not treated as a perturbation
anymore. Thus, the material parameters of the valence band Hamiltonian H, have to be modified ac-
cordingly. It can be shown [67] that the required correction term to the DKK parameters is obtained
by replacing the bare Luttinger parameters 41, 2, 3 with the modified ones

~ _ Ep
Y1 =71 3Eg )
- E,
Y2 =72 — 67Eg ) (2.53)
~ Ep
V3 =73 — @ )
being E, the energy gap of the bulk semiconductor and
2m0 2
Ep = 5T P (2.54)

the Kane energy.

In this work, the parameter A. is evaluated from the bulk semiconductor band gap and the electron
effective mass m,, [75]:
UL Y R N i

= S R 2.
2m, 3B, 3E,+ AL (2.59)

For many relevant semiconductors, including the ones we considered in this work, the standard
parameters lead to a negative value for A.. This fact induces spurious solutions [76] that bend within
the band gap for large wave vectors. To avoid these unphysical results we set A. = 0 and rescale
the E, parameter (or, equivalently, the parameter P) in order to still get the correct conduction bulk

band dispersion [69, 77]:
g = HolBa T 8v) <m°> . (2.56)
Eg + §Aso Me

21n this work we adopt the common practice in the k - p literature [67] of neglecting in H..,, additional second order terms
of the form k., Bkg, which are proportional to the inversion asymmetry parameter B [74].
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Foreman rigorously showed that this approach is not an approximation and is equivalent to a change
of the Bloch basis [78]. Note that the rescaling procedure affects also the valence band Hamiltonian
H,, as the modified Luttinger parameters in the 8-band model depend upon Ep through Eq. (2.53).

2.3. The envelope function approach for nanowires

We now consider the application of the EFEs to compute the electronic states of a NW with growth
axis directed along an arbitrary crystallographic direction [hkl].

2.3.1. Rotation of the Burt-Foreman Hamiltonian

2k

Y

¥

Figure 2.1: Rotation of the coordinate system. The new coordinate system is set with its principal axis 2’ rotated by an
angle (0,¢) with respect to the original coordinate system.

First, we write the BF Hamiltonian Eq. (2.46) in a rotated coordinate system where 2’ is aligned with
the NW’s growth direction [hkI]. We have that ' = Rr and k' = Rk where R is the standard rotation

matrix
cosfcosp sinpcosf —sind

R(0,9) = —siny COS ¢ 0 . (2.57)
cospsing sinpsing®  cos6

In this work, to treat NWs with growth axis 2’ directed along the [111] crystallographic direction, we
set the values ¢ = arccos (1/v/3) and ¢ = m/4. We note that the BF Hamiltonian Eq. (2.46) can be
written in general terms as

HEF (1) = > ka D%k + 3 (Fika + kaFR) + G, (2.58)

af «

where D?, FS(R) and G are 8 x8 matrices obtained by collecting terms involving the same powers of
the wave vector’s component in the Hamiltonian and keeping track of the correct operator ordering.
For example, to obtain the matrix D*¥, one has to collect all the terms in which the band parameter
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has k, on the left and l%y on the right. Analogously, to obtain F} one has to group all the terms with
I%I on the right and the band parameter on the left. Note that D*? # Df* and Fp # Fg, and that
these matrices are not Hermitian. Nevertheless, the sums D*# + D> and Fp 4+ Fg are indeed
Hermitian.

Using k = Rk we have
HEF (r! Z BLD P (0, 0)i + > (FE(0, 9k, + K FR(0,)) + G (2.59)

where the rotated matrices are given by

D*?(0,¢) = Y Raa D7 R3, | (2.60)
/ﬁ/

Fpp(0,0) = ZFL/RR : (2.61)

From now on we will omit the (¢, ) dependence for simplicity. To be consistent, we also transform
the basis functions U, (r) into the rotated frame. Since the basis states are either isotropic (conduc-
tion band) or directed along the cartesian axis (valence states), the transformation matrix is simple
and it is given by AU, where

U= (2.62)

R

A= (A _ ) (2.63)
Ao T,

i <e—i*"/2 cosf/2  e*/2sin 9/2)

is a standard rotation matrix, and

with

. . 2.64
—e~%/2sin0/2 e'¥/2cosh/2 (264)

rotates the spin. The form of the rotation matrices just given is for a cartesian basis ordered as
USTASH LX), Y1), 121, [X 1), Y ), [Z])}, consistently with Eq. (2.47).
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Furthermore, we can chose the following symmetry-adapted basis that diagonalizes the SOlterm [75]:

11 latat
272>EL_|ST>7

1 cral !
3
) = VIR i),
HH
3
7_2> \/ | _ZY >

(2.65)

= i/1/6|(X' +iY"))") —i\/2/3|12'1),
= V1/6[(X' —iY")1) +/2/312'))

3) = VI +iY)) +12'7).
SO

|
DO =
\/
-
T

1
2

N N = NW NDW NDWw W N -
N =
\/

> = L IB((X — YY) |2
SO

The SOI splits the six-fold degenerate, p-like valence band states into a four-fold degenerate sub-
space with degenerate eigenvalue %Aso, at energy FE,, and a two-fold degenerate subspace with
degenerate eigenvalue —%Aso. Being £, av = E, — %ASO, the two degenerate subspaces are at
energies F, and E, — A,,, respectively. The electron states are not affected by spin-orbit coupling.
Here we classified the six valence states in terms of the eigenstates |.J, J,) of the total angular mo-
mentum J = L + S, being J, its z-component. L is the orbital angular momentum of the Bloch
orbit and S is the spin. The four-fold degenerate subspace corresponds to the J = 3/2 angular mo-
mentum states. The Bloch states with J, = +3/2 are referred to as heavy hole (HH) states, while the
ones with J, = +3/2 are referred to as light hole states (LH). The names "heavy” and "light” originate
from the smaller curvatures of the energy dispersions for HH bands with respect to LH bands in bulk
materials. The two-fold degenerate subspace corresponds instead to the J = 1/2 sector, and the
corresponding Bloch states are referred to as split-off (SOFF) hole bands.

Note finally that the term "symmetry-adapted” refers to the fact that the total angular momentum J
quantization axis is aligned with the growth direction of the NW 2’. The transformation matrix from
the cartesian basis to the total angular momentum basis is

10 0 0 0 O 0 0
0 i 0 0 0 0o 0 0
1 -]
00 L il o 0o 0 0
-] 1
00 0 0 0 ik L 0
Q=10 0 o 0 —z\ﬁ L L (2.66)
3 % 6
1 -] 2
00 L - 0 0 0 2
1 1 -]
.1 1 - 1

If we define P = QAU as the transformation matrix to go from the original cartesian basis to the
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symmetry-adapted one, the matrices in Eq. (2.59) transform according to (see App. A.4):

D% — p*D*pT,
Ffyp — P*FRp P, (2.67)
G — P*GP".

2.3.2. Infinite nanowires

The translational invariance along 2’ allows to write the envelope function as

1
VL
where r’, =z’ +y' is the in-plane position vector, ¢/ (', ) is the in-plane envelope function compo-
nent in the symmetry-adapted basis Eq. (2.65) and £’ is the free wave vector. If we plug Eq. (2.68)
into the transformed EFEs and use k, = —id,, for « = .y, and k. = k., we obtain an set of coupled,
second order, partial differential equations for the in-plane envelope function components v, (', ).
Note that, since k. is a good quantum number for infinite NWs, the second order terms —ik, D** and
—ik, D** become additional first order differential operators. Analogously, the second order term
k2D?* as well as the first order terms k. F'; and F7 k., become additional zero-th order terms, where
no differential operator appears. Explicitly, the Hamiltonian operator reads

Ul (r') = —=l, (v el (2.68)

HPP = N" 9,D°P095+ Y (Ffoa +0.FF) + G, (2.69)
(Jt,,@ZZ‘/,y/ a=x,y
where
Daﬁ —_ _D(lﬂ ,

F = —i(Ff + k.D**),
Fg = —i(F§ + k.D*)
G=G+kD"" +k.(Fi +F}).

(2.70)

are the appropriate coefficient matrices for the an infinite NW. While first order and zero-th order
matrices gets new terms, as discussed above, each second order matrix for o, 5 = 2/, 3’ just gets a
minus sign in front, as a result of the product —id, D*?(—idg) = 9o (—D*?)05.

2.4. External potential

2.4.1. The Poisson equation

As already stated in Ch. 1, the electronic states of the semiconductor nanostructures studied in this
work are subjected to a mesoscopic, external potential V¢(r) with several components. First, V¢
includes the electron-electron interaction at the mean field level, or Hartree approximation. This
amounts to replace the exact many-electron potential by an average one that will be determined by
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the solution of the Poisson equation

Ve(r)Vo(r) = —@ . (2.7)
0
In Eq. (2.71) ¢(r) is the Hartree electrostatic potential, p(r) is the excess charge density in the nanos-
tructure and ¢(r) is a position dependent static dielectric constant, while ¢, is the vacuum permit-
tivity. The excess charge density p(r) originates from the free electrons n.(r), free holes n;(r), as
well as ionized donors and acceptors charge concentrations,

p(r) =e |np(r) —ne(r) + Z §(r— Rq) Zé(r -R,)|, (2.72)

where R, and R, label the position effectively occupied by dopants. We now consider the case of
a selectively doped nanowire, of particular interest for this work, i.e. we assume that the impurities
are distributed randomly in the z-direction, but have a specific distribution in the (z, y) plane which
is determined by the growth process. We split the impurity contributions in two parts [79]. The first
part is the spatial average of the impurity potentials

nD(’I"J_) / 5 ’I“ — Rd)d Rd, (273)

na(ry) = / §(r — Ry)d*R, , (2.74)

where w is a macroscopic volume that contains many impurities. The second part is the local devia-
tion from this average. Only the first term will be retained in Eq. (2.71). Note that np (7 ) and n4(r,)
depend on the in-plane position vector r |, in order to account for radial heterostructures and se-
lective doping. For infinite NWs, if we neglect the local deviations, the translational invariance along
the z-direction is restored and we can write the envelope function as we have done in Sec. 2.3.2. In
particular, the external potential in the multiband EFEs becomes V¢(r ) = —e¢(r 1), where ¢(r ) is
the solution of a two-dimensional Poisson equation.

The free electron and hole concentrations can be evaluated as, respectively,

Ml , )
ne(rl) = Z Zl/k %f(Eﬂ(k)muvT) wjn(rlak” ’ (275)
nec.s. v= M
Far dk )
=2 Z I En(k), 1, 7)) [ (r L. ), 2.76)

where the first summation runs over the conduction (valence) subband indices for electrons (holes).
Here, f(E, u,T) is the Fermi-Dirac distribution function, p is the chemical potential, T is the tem-
perature and kg is the Boltzmann constant. The integration in k-space is performed on a uniform
grid [—kur, kar], where the eigenenergies and wave functions have been determined, being &, fairly
above the Fermi wave vector.

From Egs. (2.75) and (2.76) we see that the total charge density pin Eq. (2.71) depends on the energies
E,, and envelope functions ¢,, of the NW. This means that the multi-band EFEs as well as the Poisson
equation have to be solved self-consistently. The numerical solution of this problem will be treated
in the next section.
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2.4.2. Coupled envelope function-Poisson equations

In this section we discuss how to deal with the self-consistent solution of multi-band EFEs and Pois-
son equations, which are strongly coupled by the quantum free charge density distribution

Piree = Ph T Pe = €N} — €N (2.77)

and the electrostatic potential ¢. Indeed, ¢ enters the EFEs and determines the quantum charge
density which in turns enters in the Poisson equation. The solution of the coupled problem involves
finding the self-consistent charge density or, alternatively, the electrostatic potential, by an iterative
protocol.

The algorithm employed in this work is shown in Algorithm 1. We first solve the Poisson equation
without mobile charges, i.e. by setting pree = 0, and obtain the initial electrostatic potential ¢(©). At
the first iteration we solve the the EFEs with ¢(°), and compute the initial quantum charge density
pf(rlge from the eigenenergies and wave functions. Then, the Poisson equation is solved with pf(rle)e and
the potential ¢(1) is obtained. At this point one would be tempted to take (1) as the new potential to
be inserted into EFEs and iterate the procedure. However, a simple iteration between the two equa-
tions runs into convergence problems due to the strong charge oscillation between subsequent
steps. To avoid such instability, in this work we rely on the modified second Broyden’s method [80,
81, 82, 83, 84] when updating the electrostatic potential at the current iteration. In Algorithm 1the
mixing step is indicated with ¢(*) = Fri (¢, o0~ ... ¢(=M+1): note that in the Broyden’s method,
the potential at the next iteration is updated by mixing the potentials of the M previous iterations.
Starting from the second iteration (i > 2), after the new pf(r’ge has been obtained, we require as exit
condition that the electron as well as hole relative densities become stationary, i.e.,

Joydr i [p () = p8 V(e 1))

(i—1) <107,
Jodrolpe™ " (ry)
(4) (-1
fQ dr i |p, (ri) —p; (ri)] <1073, (2.78)

Jodr oy V()

The number of iterations to converge depends on the specific application. In all the simulations per-
formed for this work convergence is achieved in about 10-20 iteration. If an educated initial guess
for the electrostatic potential is available, e.g., from a calculation with slightly different parameters,
the number of iterations can be further reduced.

2.5. The Finite Element Method

In this section we summarize the application of FEM to the solution of the EFEs and Poisson equa-
tion. Details of the implementation can be found in Refs. [62, 63, 85]. The considerable flexibility
of FEM allows a number of optimization strategies in actual calculations of coupled EFEs-Poisson
equation for complex nanostructures as the CSNWS investigated in this thesis. Some of such strate-
gies are summarized in Sec. 3.2.1.
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Algorithm 1 Coupled envelope function-Poisson iterative solution algorithm.

Set p\2) — 0.
Compute ¢(©) from the Poisson equation [Eq. (2.71)] using pf(r%)e.
for: > 1do
Compute wave functions from the EFEs with ¢(i—1),
Compute ,oe ) from the wave functions.
if Jolo) ol V1 <107?% & Joles’ —pi | < 1073 then > Check convergence
fﬂ f(r;e R fQ (1 1)
break > Return p{*)_and ¢(i-1)
end if

Compute ¢(?) from the Poisson equation [Eq. (2.71)] using pfree

Perform Broyden mixing ¢(9) = Fix(¢(®, ¢0=1) .., p=M+1)),
end for

2.5.1. Solution of the envelope function equations

Now we solve the EFEs using FEM [63]. Within FEM, one writes the proper action integral A that
generates the EFEs through a variational procedure. For the multiband EFEs we have

A= / dr ) Loty (2.79)
nv
with the lagrangian density
L = Z —Baz‘)aﬁaﬂ + Z ( W& —8(117“,%7“”) + G — Edu, (2.80)
af=z,y af=z,y

where p and v refer to the different envelope function components in the multiband problem. Here
we drop the prime indices for simplicity, always assuming that the equations are written in the
symmetry-adapted basis and the real space coordinate system has = aligned with the growth di-
rection of the NW. We note that the original operator ordering is retained if we take the differential
operator Ba to act on the left when I%a is on the left of the coefficient matrices. Analogously, we have
5a acting on the right when I%a is on the right of the coefficient matrices. It is easy to check that
Eq. (2.79) is equivalent to the original eigenvalue problem by performing a functional variation of A
with respect to +;; and invoking the principle of least action, namely §.A = 0 (see App. A.5 for the full
derivation). Here, surface terms at the material interfaces arising from the integration by parts can
be eliminated using the continuity of the envelope function and of the conservation of the normal
component of the probability current [86, 87, 88]. If the wave function is set to zero on the domain
boundaries, the outer boundary surface term vanishes too.

The action integral A is discretized into n,; finite elements of the 2D domain,

A=Al (2.81)

el

The geometrical shape of each element can be arbitrary in principle. Widely used element shapes
are the rectangular and triangular ones. In this work we make use only of triangular elements, a
shape that allows us to consistently cover the hexagonal section of the simulated NWs. Note, how-
ever, that triangles need not to have, and will not have in our calculations, a uniform distribution. The
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triangular grid should be adjusted to have larger densities where the envelope functions are mostly
localized.

The shape of the element defines the number of its geometrical nodes: for a triangle we have three
geometrical nodes (four in rectangular elements). The geometrical nodes define the position of
each element inside the simulation domain. In our calculations, material modulations in the radial
direction, as in CSNWs, are invariably assumed as step-like. Therefore, for simplicity and numeri-
cal convenience, we adopt triangulations where the material interfaces always overlap with the ele-
ments boundaries. In other words, we build the triangulation in such a way that material interfaces
does not intersect any triangular element. Apart from that, the tassellation of the simulation do-
main with triangular elements, from the point of view of the theoretical formulation of the method,
is arbitrary and can be optimized for the problem at hand, as noted above.

Within the i.;-th triangular element, each component of the unknown envelope function is approxi-
mated using interpolation polynomials [63] N;(r, ) such that

Tint

,(/)[L T‘L Z /(/);LJ (282)

where the sum is performed over the nj, interpolation, or nodal points, and the expansion coeffi-
cients v,,; represent the value of the u-th component of the envelope function at the j-th triangle’s
nodal point. In fact, the interpolation basis functions, by construction, obey the property

Nj(l‘iayi) = 5ij7 (2.83)

where (z;, y;) are the coordinates of the i-th nodal point. Note that the nodal points can be located
onthe triangle’s vertices, on the triangle’s edges or even within the triangle itself. In the former case,
the interpolation nodes coincides with the geometrical nodes.

The simplest form of Eq. (2.82) is the case of Lagrange linear interpolation polynomials, where the
three interpolation nodes coincide with the geometrical nodes, and the interpolation function are
linear functions of the position inside the triangle. Thus, for Lagrange linear elements, we have

3
1)) WuNj(ra). (2.84)
~

Note that FEM allows to increase the accuracy of the solution by considering higher order interpo-
lation polynomials in each element. For example, if three additional interpolation nodes located at
the midpoints of the three sides are defined for each triangular element, second order Lagrange
interpolation functions can be employed. The Lagrange polynomial expansion Eq. (2.84) ensures
that the envelope function has Cy continuity throughout the simulation domain. In FEM, one can
also ensure the continuity of the envelope function and some of its derivatives at the nodes. For
example, to have the continuity of the first derivatives at the nodes, the analogous of Eq. (2.84) is
given by

3
3 (g NF () + 0 N B ) + 00, N (1) ) (2.85)
j=1

where the six additional expansion coefficient ¢;j . and ww , represent the values of first derivative
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of the p-th component of the envelope function at the j-th triangle’s nodal point with respect to «
and y, respectively, while N7 (v, ), N/ (r,) and N/ (v, ) are third order interpolation polynomials.
The expansion in Eqg. (2.85) is referred to as Hermite polynomial interpolation. More details about
the Lagrange and Hermite expansions, as well as the actual analytical form of the interpolation poly-
nomials for triangular elements used in this work are given in App. A.6.

To solve the multiband EFEs in this thesis we make use of a mixed polynomial basis, where the s-like
conduction band components of the envelope function are represented through Lagrange interpo-
lation polynomials, while the p-like valence band components are represented using the Hermite
polynomial expansion. It has been shown in Refs. [76, 89] that such Lagrange-Hermite bases are
inherently free form spurious solutions caused by the ill representation of first-order derivatives that
plagues generic real-space representation bases of the multiband EFEs.

To simplify the discussion, in the following we assume that linear Lagrange interpolation, Eq. (2.84),
is used to represent each component of the envelope function. Plugging Eq. (2.84) into Eq. (2.79)
we obtain

3
A(iel) — Z Z ¢2<” |:/Q dTLNi(’I"l)ﬁlej(’f‘L) Qp,/j

pr o tj=1

3 (2.86)
=33 M
pur ij=1
where we have defined the element matrix M (<) such that
M/SL;,’Z)‘] = /Q dTLNi(TJ_)EuuNj (""J_) (287)
el

and ., is the area of the i.;-th element.

The total action is given by the sum of each element’s contribution. This can be written in a very
natural manner in matrix form by imposing inter-element continuity through carefully overlaying the
element matrices M (<) [62]. To understand how to construct a global matrix starting from element
matrices it is convenient to make a simple example. Let us consider a mesh composed of only two
adjacent triangular elements (i.,; = 1,2) as in Fig. 2.2. In terms of the global indices 1... 4, the first
triangle (i.; = 1) has local nodes numbering i = 1, 2, 3 while the second triangle (i.; = 1) has nodes
numbering i = 3, 2,4 counted anti-clockwise. The two elements have two nodes (and one edge) in
common.

Let us now consider a scalar envelope function . Then, the total action integral for this simple mesh
reads , s

A= MPp + 37 9P M (2.88)

ij=1 ij=1

where the summations runs over the local indices for each element, and we used the notation (%)
to distinguish the envelope functions in the two elements. Since the two elements share two nodes
(the red dots in Fig. 2.2) and we require inter-element continuity, we set wél) = 1/)52) = 1), as the
second nodes of the two elements coincides, and we set zpél) = ¢§2> = )3, as the third and the first
nodes of the first and the second elements, respectively, coincide (see also the table with the node
numbering in Fig. 2.2). Using the above conditions, it is possible to rewrite Eq. (2.88) in the global
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Figure 2.2: Two adjacent triangular elements.The element label is indicated with a number enclosed in bold parentheses.
The global nodes 1 and 4 (black dots) belong to the elements (1) and (2), respectively, while nodes 2 and 3 (red dots) are
common to both elements, as well as the edge connecting the two nodes (red edge). Inter-element continuity assume the
wave function to be continuous at the nodes 2 and 3, as well as at the common edge.

form

4
A= PiMusby, (2.89)
I1J=1
where I and J now stand for global node indices and M is obtained from M) and M (?) by summing
the contributions from the same nodes and collecting the envelope functions on common vertices.
For example, referring to Fig. 2.2, for I, J = 2,3 we have M;; = /\/l(ﬁ,) + M(f]) The same is true for
1,J=3,2,I,J=22andI,J=3,3.

From this example it is now easy to see that the action integral for a multi-component envelope
function can be written in its global form as

Nglob

A= M1t (2.90)

puv  IJ

where ng, is the total number of interpolation nodes on the entire domain. We now invoke the
principle of stationary action
0A =0, (2.97)

and obtain the equations of motion in algebraic form. We vary the action integral with respect to Y
to obtain simultaneous equations for the coefficients v, ;,

5./4 Nglob
o, YD Mursus =0. (2.92)
v J
Given the particular form of the lagrangian density £,,.,, Eq. (2.80), the above expression results in
the generalized eigenvalue problem

Nglob

Z Z [H/I,VIJ -k 5/I,VS/I,VIJ} ¢VJ =0. (293)
v J

Here, H,, 1, represents the discretized form of the BF operator ISIEVF in Eq. (2.69), while S,,,.1; is an

overlap matrix which is due to the non-orthogonality of the basis functions N,. From Eq. (2.93) it is
clear that the dimension of the problem is given by the number of interpolation nodes n,;;, in the
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simulation domain times the number of components of the envelope function.

The problem in Eq. (2.93) can be numerically solved after the inclusion of the proper boundary con-
ditions (BCs). In this work we set each component of the envelope function to zero at the domain
external boundaries. This procedure is also referred to as Dirichlet BCs. To do that, we simply can-
cel the degrees of freedom corresponding to the nodes located on the external boundaries. This
can be done by canceling the corresponding rows and columns in the matrix M, ;;. Once the
appropriate BCs are introduced, Eq. (2.93) is solved by means of standard library routines.

2.5.2. Solution of the Poisson equation

Consistently with the solution of the EFEs, and with the similar motivation of allowing non-uniform,
optimized grids, we solve the 2D Poisson equation using FEM, with the obvious advantage of reusing
part of the developed library. Note, however, that the triangular tassellation used to solve the two
sets of equations are completely independent and in general are optimized for each equation sep-
arately. For example, the electric field extends in regions where the envelope functions vanish and
need not be included in the real space description. It is easy, in the self-consistent cycle, to switch
between the two grids by interpolation methods.

For the Poisson equation the energy functional to be minimized is given by
1 1
A= / dm_§ [e(r )Vo(rL) - Vo(rL) — %qzﬁ(m_)p(m_)] ) (2.94)
Q

where ) is the two dimensional simulation domain, with boundary 99. We first assume that the po-
tential ¢(r, ) is specified at the boundary by the relation ¢(s) = ¢o(s), where s is a one-dimensional
coordinate on the boundary 0€2. Then, a functional variation of A with respect to ¢ followed by an
integration by parts gives Eq. (2.71). In fact, the surface terms at the interface between two different
materials originating from the integration by parts can be eliminated leveraging the continuity of the
normal component of the displacement field D = ¢(r, )E at the interface, being E = —V¢. Fur-
thermore, since the potential is fixed at the domain’s boundaries, the surface term on 92 vanishes
too. The detailed derivation can be found, for example, in Ref. [62].

If, for a certain fraction 092,, of the boundary, the potential ¢(s) is not specified, Neumann BC (i.e.,
the normal component of the electric field equal to zero) are automatically imposed on 9€2,,. In fact,
Neumann BC are natural BC in the FEM for the Poisson equation. If the boundary potential ¢(s) is left
unspecified for the whole boundary 992, Neumann BC are naturally imposed on the whole boundary;
¢(s) is arbitrary and the solution of the problem ¢(r, ) is defined up to a constant. This situation
is referred to as pure Neumann BC. In this case, to uniquely define the solution of the problem,
an additional constrain on the potential ¢ is required. In this thesis, when pure Neumann BC are
considered, as e.g. in Sec. 5.2 of Ch. 5, we impose the additional constrain

d’l"l (b(’l"l) =0 (295)

Q
using the Lagrange multiplier strategy, i.e. by adding the term cfQ dr, ¢(r,) to action integral
Eq. 2.94, where c is a Lagrange multiplier to be sought in R. It is easy to show that the principle
of least action for the newly defined action integral gives the Poisson equation with pure Neumann
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BC and the zero-mean constrain Eq. 2.95 on the electrostatic potential [63].

As discussed for the multiband EFEs, in FEM the electrostatic potential is approximated in terms of
Lagrange linear interpolation polynomials inside each triangular element,

3
¢(ri) = é;N;(ry), (2.96)
j=1

and following the same procedure described in section 2.5.1, a linear system of n,, equations is
obtained:

Nglob

Z Cryog =br. (2.97)
J

After the inclusion of proper BCs, Eq. (2.97) is solved with standard library routines.



Remotely doped, type-I radial
heterostructures

We investigate the electronic band structure of modulation-doped GaAs/AlGaAs core-shell
nanowires (CSNWs) for both n- and p-doping. We employ an 8-band Burt-Foreman k - p Hamilto-
nian approach to describe coupled conduction and valence bands in heterostructured nanowires
of arbitrary composition, growth directions, and doping. Coulomb interactions with the electron/-
hole gas are taken into account within a mean-field self-consistent approach. We map the ensuing
multi-band envelope function and Poisson equations to optimized, non-uniform real-space grids
by the FEM. Self-consistent charge density, single-particle subbands, density of states and absorp-
tion spectra are obtained at different doping regimes. For n-doped samples, the large restructur-
ing of the electron gas for increasing doping results in the formation of quasi-1D electron channels
at the core-shell interface. Strong heavy-hole (HH)/light-hole (LH) coupling of hole states leads to
non parabolic dispersions with mass inversion, similarly to planar structures, which persist at large
dopings, giving rise to direct LH and indirect HH gaps. In p-doped samples the hole gas forms an
almost isotropic, ring-like cloud for a large range of doping. Here, as a result of the increasing lo-
calization, HH and LH states uncouple, and mass inversion takes place at a threshold density. A
similar evolution is obtained at fixed doping as a function of temperature. We show that signatures
of the evolution of the band structure can be singled out in the anisotropy of linearly polarized optical
absorption.

3.1. Introduction

Among llI-V compound semiconductor nanostructures, radially heterostructured nanowires rep-
resent an increasingly investigated, silicon-compatible perspective for applications in transistor-
based electronic devices [90] and opto-electronic devices [91, 92]. From the point of view of ma-
terial quality, several issues have already been settled on the route to technological exploitation of

29



3.1. Introduction 30

nanowires or as a platform for coherent quantum phenomena. These include self-assisted growth
[35, 93], order and polytypism [6, 94], high-quality interfaces [95], and multi-layer growth [96]. One
critical issue bridging between material science and device nanofabrication is the control of doping,
for example in modulation doped heterostructures [97, 38] and radial p-n junctions [98]. This is still
aconcern interms of reproducibility between nanowires and homogeneity within each nanowire [42,
39].

As in the realm of planar heterostructures, GaAs-based nanomaterials play a special role also for
nanowires. Ultra-high-mobility devices in planar GaAs/AlGaAs heterojunctions build on the modu-
lation doping concept [99]. Here dopants are incorporated in a higher gap AlGaAs layer, physically
separated from the lower-gap layers, where carriers are confined, suppressing carrier-ionized impu-
rity scattering. A corresponding, modulation doped radial heterostructure is schematically shown
in Fig. 3.1(a) [97], which can be seen as a planar heterojunction with wrapped around layers. Carriers
are confined in the GaAs core, while dopants are incorporated in an outer AlIGaAs layer. Typically, a
thin GaAs capping layer is included to prevent Al oxidation. While mobility is still improving in planar
systems [100], where background impurities are the limiting factor, high mobility is more difficult to
achieve in core-multi-shell nanowires though [38, 101], and experimental and theoretical character-
ization is needed.

Due to comparable kinetic and Coulomb energies, in doped core-shell nanowires (CSNWs) elec-
tronic states [102] and ensuing response functions [103, 104] are determined by the self-consistent
field of free carriers, which, in turn depends on the concentration and type of doping [102], together
with the Fermi level pinning at surface states [105, 106]. Hence, different doping regimes may re-
sult in distinct charge localization patterns [107]. The ability to predict the band structure in doped
CSNWs is therefore a complex task.

Among the methods used, the envelope function approach stands out for its versatility and com-
putational efficiency. Single-band descriptions have been widely used, including non-perturbative
electric and magnetic fields [102, 108, 109, 110]. Multi-band k - p descriptions, which include spin-
orbit coupling arising from valence states that are crucial to describe, e.g., optical properties [111,
112], have been employed for several classes of materials, taking into account composition modu-
lations, crystallographic details and mesoscopic symmetries [113, 114, 115, 8, 68, 116, 86]. Spin-orbit
coupling in the conduction band has been evaluated, also in presence of strong magnetic fields [59,
60, 61]. However, a full description of the band structure of doped CSNWs in the different doping
regimes including the self-consistent field arising from the free charge is still missing.

In this paper we investigate the electronic band structure of modulation-doped GaAs/AlGaAs
CSNWs with n- or p-type doping [117]. We employ the 8-band Burt-Foreman k - p Hamiltonian ap-
proach developed in Ch. 2, with Coulomb interactions with the electron/hole gas taken into account
within a mean-field self-consistent approach. The numerical burden arising from the self-consistent
solution of multi-band envelope function and Poisson equations is minimized by the use of the finite
element method (FEM) with non-uniform real-space grids, optimized to different doping regimes.
Self-consistent charge density, single-particle subbands, density of states and absorption spectra
are then obtained. For strong n-doping, quasi-1D channel tend to form at the corners of the core-
shell interface. Heavy-hole (HH)/light-hole (LH) couplings lead to non-parabolic dispersions with
mass inversion in the valence band, similarly to planar structures, giving rise to direct LH and indi-
rect HH gaps persisting at any doping density. In strongly p-doped samples, on the contrary, the
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Figure 3.1: (a) Sketch of the section of the simulated CSNWs. The principal axes of the 2D-coordinate system are directed
along the [112] and [110] crystallographic directions. (b) bulk band alignment and doping layers

hole gas forms an almost isotropic, ring-like cloud. As a result of the increasing localization, HH and
LH states uncouple, and mass inversion takes place at a threshold density. Similar evolutions are
obtained at fixed doping as a function of temperature. We suggest that signatures of the evolution
of band structure can be traced in the anisotropy of linearly polarized optical absorption.

In Sec. 3.2 we outline the theoretical-computational methods used, largely referring to Ch. 2. Band
structures, density of states, projected charge densities and optical anisotropy are discussed in
Sec. 3.3, as a function of the doping density, separately for both n- and p-doped samples.

3.2. Model and methods

The electronic structure of the modulation-doped CSNW is obtained using a self-conistent, 8-band
K - p envelope function approach. We give here a summary of the model used, referencing to Ch. 2
when needed.

We assume the nanowire to be infinite along the z-direction, which coincides with the growth crys-
tallographic axis of the nanowire. Furthermore, we assume that the ionized impurity charges are uni-
formly distributed along the nanowire and do not break translational invariance along the z—direction.
Thus, we can write the n-th eigenstate at the in-wire wave-vector k., as

8
1 ik
Un(r k) = —ﬁ;el Fogp(reks)  uw(r) (37
- Envelope function Bloch state
component |J,J2)

where v” (r) = (r|J, J,) is a Bloch basis function in the symmetry-adapted basis of the angular mo-
mentum Eq. (2.65). The coefficients ¢%(r, k.) are the v-th component of the n-th solution of the
multi-band envelope-function equation

8
Z [I:I;LBVF(TJ_» kz) - 6¢(TL)5WJ] 1/15(717 kz) = En(kz)djﬁ(riq kz) ) (32)
v=1

where HBF is the 8 x8 Burt-Foreman Hamiltonian operator Eq. (2.46), with material-dependent pa-
rameters and including the band offsets, and ¢(r | ) represents the electrostatic potential generated
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by free carriers and fully ionized dopants, which is added to the diagonal of the Hamiltonian operator
as derived in App A.3.

Eq. (3.2) represents a set of second order coupled partial differential equations which we numer-
ically solve using FEM on an appropriate two-dimensional grid (see Sec. 2.5.1 and App. A.6) with
Dirichlet boundary conditions. The strongly non-parabolic subbands E,,(k,) and the corresponding
envelope functions ¢ (r ., k) are finally determined on a uniform grid of wave vectors k. Since the
Hamiltonian is time-reversal symmetric, we need to solve Eq. (3.2) only for positive wave vectors,
k. €10, knm].

From the solutions of Eq. (3.2), we evaluate the total charge density
p(ri)=e[nn(ryL) —ne(ry) +np(ri) —na(rl)l, (3.3)

where the free electron and hole densities n.(r, ) and n,(r_ ) are calculated from Egs. (2.75) and
(2.76), respectively, and the ionized donor or acceptor 2D profiles np(r, ) and n4(r ) are calculated
from Egs. (2.73) and (2.74), respectively.

The electrostatic potential ¢(r ) is the solution of the 2D Poisson equation, Eq. (2.71) with a material
dependent dielectric constant ¢(r ), with the source term given by the charge density in Eq. (3.3).
Again, the Poisson equation is solved using FEM on a 2D grid with Dirichlet boundary conditions. The
potential at the outer boundary of the CSNW is fixed to zero at the six edges of the outer layer of the
structure. The computational protocol does not imply any symmetry and allows to include arbitrary
voltages at gates surrounding the nanowire [16], although we will not investigate this configuration
here. The above steps are iterated self-consistently until convergence as described in Sec. 2.4.2
using Algorithm 1.

To characterize bands states, a k.-dependent spinorial analysis is useful. The contribution to each
state of any of the component of the envelope function can be estimated as

Cy (k) :/‘wZ(erkz)Per» (3.4)

with the normalization condition .
v=1

at each subband index n and wave-vector k.. When analysing electronic states, we shall classify
states in terms of EL, HH, LH characters [see also Eq. (2.65)], which are computed as

C(EL(k’z) Cvlz(kZ) + 0721(]4&) ’
Chn(k:) = Ch(k.) + Cp(ks), (3.5)
CLH(kZ) C?z(kZ) + CS(kZ) :
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We shall also plot the projected probability distributions at k, = 0, defined as

¢EL ’I“J_ Z Cu ‘w T, )‘ ,

ve{1,2} n
dnr) = 3 (0 JWhrL, 0F 36)
ve{3,4} f’/
W (ri,0)f
Pu(r) = Y Cr0)——-,
ve{5,6} 5

where
&n = max [ (r 1, 0.
T

Additionally, we compute the projected density of states (PDOS) for any given component v of the
wave function,

subbands

9.(B) = 2. 2 CLE ~ Enlh)), (3:7)

where N is the total number of points in k-space considered in the summation. Furthermore, for
n/p-doped samples we evaluate the self-consistent linear charge density of electrons/holes as

Plin = /%/h(’l)d?&- (3-8)

The calculation of the optical anisotropy proceeds as follows. In the dipole approximation, the inter-
band absorption intensity of photons with energy hw and light polarization vector e reads:

x Yoy Z| ekl [F(En(k) = f(Em (k)] 8B (k) — En(k) +hw],  (3.9)

neEV.S. mecC.s.

where M:_, . is the interband optical matrix element, [79]

n—m,

8

My~ Y (e plut) / dr L (r b (L ) (310)

pr=1

Summations are extended to convergence on a sufficiently large number of valence subbands (v.s.)
n, conduction subbands (c.s.) m, and wave vectors up to k.

Note that doping, in addition to determine the envelope functions via the self-consistent field, enters
Eaq. (3.9) through Fermi-Dirac distributions, which account for band filling effects when electron/hole
subband edges approach the Fermi energy due to doping. For undoped structures the Fermienergy
is well within the gap, and this term is almost equal to unity. In heavily doped structures, however, it
inhibits interband transitions to the lowest subbands which may be non-negligibly occupied.

Finally, we compute the relative optical anisotropy 5 between linearly polarized light along the wire
axis, I._, and perpendicular to it along the x direction, I, :

I, — I,

ﬂ:fez+lsw'

(3.11)
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3.2.1. Numerical implementation details

The above self-consistent 8-band k - p equations may result in a computationally intensive task, but
a number of strategies can be implemented to keep the computational burden low and avoid the
use of massively parallel architectures. Most of the strategies mentioned below take advantage of
the flexibility of FEM which allows the use of hon-uniform grids, which we generate by the Free FEM
library [118].

The k - p Hamiltonian is represented on a 2D hexagonal domain, partitioned in a Dgs symmetry-
compliant, unstructured mesh of triangular elements. Since at different doping levels the charge
density forms substantially dissimilar localization patterns [102], different density-optimized grids
are used at different doping levels. A typical grid used for a high density regime is shown in Fig. 3.2,
showing that the grid is denser where charge density is localized.

We emphasize that the use of centro-symmetric grid is critical to correctly reproduce the degenera-
cies expected in an hexagonal, centro-symmetric hanowire, without the need of extremely dense
grids. Breaking the inversion symmetry of the grid would not only artificially split the orbital degen-
eracy expected in the conduction band [119], but also split the spin degeneracy, particularly in the
strongly spin-orbit coupled valence band [120]. The need to maintain the inversion symmetry dis-
courages the use of standard automatic adaptive grid methods. Hence, we use fixed, although
optimized, non-uniform grids. To partition the hexagonal domain in a Dg symmetry-compliant way;,
we make use of a customized Free FEM procedure.

In CSNWs which are at stage here, the charge density is confined to the GaAs core (althoughinanon
trivial manner) and rapidly goes to zero inside the shell material; therefore, we use larger elements
inside the shell with respect to the core and we require the envelope function to vanish somewhere
inside the shell, typically at the doping layer. A typical grid used in the calculations is shown in Fig. 3.2.
Finally, we found it convenient to use coarser grids during the self-consistent cycle, with optimized,
finer grid used only in the last iterations.

For the 8-band k - p model the bound states of interest around the gap correspond to interior eigen-
values of the Hamiltonian matrix. To compute the charge density via Egs. (2.75), (2.76) the sum is
restricted to few tens of subbands (usually n,,... =60 for the electrons and n,,,..=100 for holes), and
iterative methods are preferable. We use the Arnoldi method [121], implemented in the ARPACK library
[122], together with the shift-and-invert approach, where the original problem is recast to target the
largest eigenvalues. This approach provides faster convergence and enables the search for n,,4.
eigenvalues around an energy value E.....,. Thus, since for both n- and p-doping the occupation
of the minority carrier is negligible, during the self-consistent cycle one needs to solve only for the
conduction or the valence band structure, respectively, by properly choosing Es.q,ch, |- The full band
structure is then calculated only in the final converged self-consistent potential.

The Poisson equation is solved on a single specific mesh extending over the entire 2D domain of
the heterostructure. To go back-and-forth between the grids of the envelope function and Poisson
solver, as well as between different grids used during the self-consistent cycle, we make use of 2D

"Note that the convergence of the diagonalization is affected by the actual value of E, .1, [123]. For this reason, compu-
tational times can be further reduced by using the minimum (maximum) conduction (valence) band eigenvalue at E]7**" (k)
(Ema® (k) as Eseqrch fOr the next diagonalization at k., + Ak..
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Figure 3.2: Typical finite element grid and charge density distribution. The FEM allows for the use of unstructured,
non-uniform and optimized real space discretization. In this example, the number of triangular elements concentrates at
the interface between the two materials, where the charge density (in grey scale) localizes, and coarsen elsewhere.

linear interpolation. As discussed in Sec. 2.4.2, to achieve the convergence of the self-consistent
protocol we rely on the modified second Broyden's method [82]. The inverse Jacobian is updated
using the information from M = 8 previous iterations. We fixed the weight corresponding to the
first iteration to wg = 0.01, while all the other weights w,,,, with m = 1,..., M — 1, are computed as
suggested in Ref. [81]. The simple mixing parameter Sy is fixed to 0.05.

Before the simulation starts, the mesh is processed through a bandwidth reduction procedure lever-
aging the reverse Cuthill-McKee algorithm [124] implemented within the SciPy library [125]. This is
done in order to obtain tightly banded sparse matrices from the FEM discretization.

The above self-consistent numerical protocol and ancillary calculations have been performed by the
in-house developed python library nwkp. A typical run uses a grid of about 7000 triangular elements
and 3500 nodes for the k - p problem and 10-20 self-consistent iterations. A run on a single node
architecture equipped with 16 2.60 GHz Intel Xeon E5-2670 processor cores takes about 6 hours
CPU time.

3.3. Results

We simulate a typical modulation-doped structure [38] consisting of a GaAs hexagonal core with an
edge-to-edge distance of 80 nm surrounded by a 50-nm-wide Aly 3Ga, 7As shell and a GaAs cap-
ping layer of thickness 10 nm. The 2D-coordinate system has the z- and y-axes directed along the
[112] and [110] crystallographic directions, respectively, while the z-axis coincides with the growth
direction of the nanowire, namely, the [111] crystallographic direction. Buried inside the shell, at a
distance of 20 nm from the core-shell interface, a 10-nm-thick layer is doped at a constant density
np of donors or n4 of acceptors. A slice of the bulk band edges CB (conduction band) and VB (va-
lence band) and of the selective doping profile along the edge-to-edge direction (y-axis) is shown
in Fig. 3.1(b)? All calculations discussed below are performed at T' = 20 K, except in Sec. 3.3.4. The
chemical potential 1 is fixed at the mid-gap value of GaAs [106]. The bulk band parameters of the
8-band model for GaAs and AlGaAs as well as the interface band offsets used in the simulations

2The 10-nm wide GaAs capping layer is not shown here, but is considered in the numerical simulations.
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GaAs AI()Vg/Ga()j/AS
E, [eV] 1.518 1.936
AE, [eV] 0.263
AE, [eV] 0155
Ay, [eV] 0.341 0.323
E,/ E;,SC [eV] 28.8/20.9 26.5/18.0
Me 0.067 0.092
/" 6.98/2.39 6.01/2.91
Y2 / 72 2.06/-0.235 1.69/0.138
Y3 /A3 2.93/0.635 2.48/0.928
€r 13.18 12.24
a;. [nm] 0.56

Table 3.1: Material parameters used in the simulations at T' = 20 K. E is the energy gap, AE., AE, are the conduction and
valence band offset values at the GaAs/Alp.3Gag.7As interface, A, is the split-off energy, E,, is the bare Kane energy, EZ’,SC
the rescaled Kane energy (Eqg. 2.56), m. is the effective conduction electron mass, ~; are the bare Luttinger parameters, 5;
are the modified values (Eq. 2.53), ¢, is the relative dielectric constant and q;.. is the lattice constant. The band structure
parameters are taken from Ref. [126] except for the band offset values. The latter have been determined assuming an offset
ratioof AE. : AE, = 63 : 37, as recommended in Ref. [127].

are reported in Tab. 3.1.

3.3.1. Band structure of the undoped nanowire

As a reference for calculations of the band structure of doped CSNWs to be discussed in the next
sections, we first consider an undoped sample and analyze the conduction and valence bands sub-
bands, which are shown in Fig. 3.3 (left), together with the corresponding PDOSs (right). These are
best analyzed together with the projected probability distributions of the EL, HH, and LH spinor com-
ponents [see Egs. (3.4), (3.6)] at k. = 0, which are shown separately in Fig. 3.45.

We first consider conduction states. Due to the large gap of GaAs, which disentangles conduc-
tion and valence bands in the k - p Hamiltonian, conduction subbands [Fig. 3.3(a)] show an almost
pure EL character with parabolic dispersion and ensuing 1/,/énergy PDOS typical of 1D systems
[Fig. 3.3(b)]. In a system with Dg;, symmetry, assuming a perfectly isotropic band structure, we ex-
pect the ground state to be non degenerate, while the second/third and fourth/fifth doublets are
degenerate [119]. Here, anisotropic residual interactions with the valence band remove the degen-
eracies by ~ 10~®meV, a quantity which cannot be distinguished in Fig. 3.3*. Indeed, the single/-
double degeneracy of the levels is easily recognized in the height of the peaks of the PDOS.

As shown in Fig. 3.4(left column), the lowest conduction state is 1s-like in the center, while the nearly
degenerate doublets are ring-like states with an increasing modulation in the corners of the hexag-
onal confining potential. The 6-th state is again a non-degenerate state with a 2s character. Higher
levels (not shown here) have maxima on the corners of the hexagon and nodes along the facets or
vice versa [119, 128].

The valence subbands [Fig. 3.3(c)] are of course denser in energy than conduction subbands, due

3The SO component for these states is negligible and it is not shown here.

4As discussed in Sec. 3.2, the almost exact double degeneracy can be taken as a quality indicator of the grid. As in our
FEM implementation the elements are triangular, the symmetry of the system can be reproduced by a symmetry-compliant,
though non-uniform, grid at moderate grid densities.
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Figure 3.3: Band structure of the undoped nanowire. Conduction (a) and valence (c) subbands of an undoped GaAs/Al-
GaAs CSNW with core width equal to 80 nm and shell width of 50 nm. In (c) the hue/color represents the spinorial character in
terms of HH and LH, according to Egs. (3.4). Conduction (b) and valence (d) PDOS [Eq. (3.7)] for different spinor components.
The zero of the energy in each panel is taken at the bulk band edge of GaAs for conduction and valence band, respectively.

to the larger mass of holes. The LH-HH mixing, which is small but finite also at T, leads to a strongly
non-parabolic dispersion of the subbands with k.. As shown by the color code of the lines, the two
highest subbands have a predominant LH character at I, which is also shown by the correspond-
ing distribution functions in Fig. 3.4(center and right columns) °. In between several subbands in
Fig. 3.3(c) pointing downward and with a strong LH character at I', we recognize a mixed character
state (the 3rd subband) and an aimost HH subband (the 6-th state) (see also Fig. 3.4). These two sub-
bands strongly couple at finite wave vectors (note from the hue that these two subbands exchange
their HH-LH character), causing a strong camel’s back dispersion of the third subband and a corre-
sponding peak in the PDOS at ~ -0.54 meV with 50% character of either HH and LH components.
All in all, the LH character dominates the PDOS, which agrees with Ref. [68]. Note that band cross-
ings of the third subband can be traced to states belonging to different irreducible representations
of the C3, double symmetry group of [111] oriented nanowires with hexagonal cross-section [129,
130, 131].

The probability distributions of HH and LH states shown in Fig. 3.4 are either s-like or ring-like (arising
from a quadrupolar symmetry of the real/imaginary parts of the envelope functions), similarly to
corresponding conduction states, although of course the ordering is different, as HH- and LH-like
states interlace. No orbital degeneracies are expected, since the strongly anisotropic bulk valence
band structure does not share the hexagonal symmetry of the confinement.

We finally note that all electronic states are doubly spin-degenerate, due to the centro-symmetric
symmetry of the system (which is carefully preserved by the FEM grid), which will hold true in all
calculations throughout 6.

5Note that the quantization axis of the total angular momentum J is chosen along the free direction, i.e., the nanowire axis
z, not along the confinement direction, as usually done in quantum wells; hence, the HH/LH labelling of the highest valence
state is opposite to the quantum well case, see, e.g., [75]

61t should be noted that our k - p model has an higher symmetry with respect to an atomistic Hamiltonian due to lack of
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Figure 3.4: Projected probability distributions [Egs. (3.6)] of the six lowest conduction band (Ist column) and six highest
valence band states (2nd and 3rd column) at I" for the undoped material of Fig. 3.3.

3.3.2. n-doping

We now consider n-doped samples with increasing doping density n p, up to high-doping regimes.
As shown in Fig. 3.5(a), the self-consistent linear charge density [Eq. (3.8)] increases almost linearly
for large doping, while an increasing number of conduction subbands fall below the Fermi energy
[Fig. 3.5(b)]. The evolution of the (unoccupied) valence band states at I is also shown in Fig. 3.5(c).

The evolution of the localization of the self-consistent charge density and the corresponding elec-
trostatic potential, shown in Fig. 3.6(left), is not trivial. With increasing doping, the charge density
evolves from a small, isotropic charge distribution in the core of the structure to a larger, ring-like
charge density distribution, and finally to a charge density which is primarily located in the corners
of the core, as can be inferred by comparing the edge-to-edge and corner-to-corner profiles in
Fig. 3.6. This is in agreement with single-band self-consistent calculations [102,132], as expected
from the nearly pure EL character of conduction subbands.

Conduction subbands retain a trivial parabolic dispersion regardless of the doping level (and type),

bulk inversion symmetry (BIA) in 1lI-V materials. This would remove the double degeneracy of our k - p subbands with tiny
spin-splittings in the micro-eV range [130].
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Figure 3.5: (a) Linear free charge density [Eq. (3.8)], (b) conduction subband energies at k, = 0, and (c) valence subband
energies at k., = 0 as a function of the doping density n . Energies are referred to the Fermi level.

which is therefore not shown here. However, it is still interesting to consider the evolution of the
localization of the conduction envelope functions shown in terms of the projected density distribu-
tion ¢g.(r ) in Fig. 3.7 (left columns in each panel), with increasing doping (panels from left to right).
For each of the seven lowest levels, the larger the doping, the more localized is ¢g (7, ) at the core-
shell interface. For the largest doping shown here, all subbands feature a clear six-fold symmetry
induced by the heterostructure confining potential. Note that the ordering of the levels in terms of
symmetry depends on the level of doping, as seen from the “exchange” of the 6-th and 7-th levels
with increasing doping.

Although for n-doping the charge density is determined by conduction band states, the valence
band structure does have an evolution as well, due to the restructuring of the free charge density
and ensuing change in the self-consistent confining electrostatic potential shown in Fig. 3.6. The
valence band structure shown in Fig. 3.6 (second column) shows a downward shift of the subbands
and an increase of the inter-subband gaps, due to the increased localization energy at the core-
shell interface. The k., = 0 character (Fig. 3.6, right column) at low doping is ~ 10 + 30% LH for most
states, except for the ground level which is almost completely LH, and two states which stand out
with a strong HH character. Increasing doping increases the gaps, but does not change much the



3.3. Results 40

np= 1.75x10%cm—3

024

] R
—_ 0.24 15170 HH il =— LH
T o018 _ TR pE:

E = 5 I
& o1z 016 W -15175 7
= - — E SN .

) = % 7

:

2 oo w

L'

=y

0.00

oM
loos & -1518.0 s
‘::,_
_ i
000 1518.5 \ -

—1520.0

il
==

2 15205 L ==
E >
— -1521.0
m 5
1
-15215 i
np= 1.90x10%cm=>3
= 024
| -1521.0
7 ® ! F0.18
£ ! o S -sas e —
g 4 029 P L oo
=] o = -1522.0 i
= posd W i
)
e -1522.5 . !
lo.0o ]
0 \ |
40 20 0 20 40 0.00 0.02 004 0o 0 5 10 14 0 05 1
position [nm] k=( ?” ) g.lmev-1] Cinlkz=0)
V38

Figure 3.6: Left column: free charge density distribution n. (blue) and self-consistent conduction-band profile CB (red)
shown along the edge-to-edge (dashed line) and corner-to-corner (full line) directions of the CSNW section for 7' = 20 K at
selected values of np, as indicated. Doping increases from top to bottom. Middle left and middle right columns: valence
subbands and PDOS, respectively, corresponding to the doping density and self-consistent potential of the left panels. The
hue/color represents the spinorial character in terms of HH and LH, according to Egs. (3.4). Right column: LH-character of
each subband at I'.

subband dispersions. At the largest doping shown here, the PDOS is dominated by i) a LH peak near
the gap, and ii) two overlapping peaks, one arising from a LH band and one from a HH band. Note,
however, that the latter HH peak arises from the camel’s back subband with a maximum at a finite
k. and, therefore, an indirect gap with the conduction band.

Figure 3.7 shows that as doping increases holes tend to be more localized in the center, with a mostly
isotropic distribution. This contrasts with conduction states which move towards the GaAs/AlGaAs
interface at larger doping densities, and it is due to the opposite sign of the electrostatic energy.
Note that, as already noted for EL states, also for HH and LH states the order in terms of symmetry
is not preserved as doping is swept. For example the 7-th level changes both character and orbital
symmetry as np moves from 1.75 to 1.80 10 cm—3.

3.3.3. p-doping

We next discuss the results for p-doped materials, focusing on the effects of an increasing acceptor
density n 4 on the band structure and the hole charge density localization.

Figure 3.8(a) shows a linear increase of the free charge density after a threshold density of dopants.
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Figure 3.7: Projected probability distributions [Egs. (3.6)] for the seven lowest conduction and seven highest valence sub-
bands at the same selected doping densities of Fig. 3.6, as indicated. Each column corresponds to the EL, LH, HH compo-
nent, as indicated.

Note that the range of densities is similar with respect to the n-doping case, despite the very differ-
ent parameters and, as we shall see below, charge localization. Indeed, the free charge n;, shown
in Fig. 3.9(left) at selected values of the acceptor density n 4, shows a dip in the center already at
weak doping, which is consistent with the larger mass and lower confinement energy of holes with
respect to conduction electrons. As the acceptor doping density n 4 increases, the charge progres-
sively moves toward the interfaces to minimize Coulomb energy, in analogy with the n-doping case,
but in contrast with the latter case, the hole gas remains remarkably isotropic, a seen by compar-
ing the edge-to-edge and corner-to-corner profiles which nearly coincide in Fig. 3.9(left). In other
words, the hole charge forms a uniform gas with a cylindrical shape and little resemblance to the
host hexagonal confining potential up to these doping densities.

As n4 is swept, the conduction levels [Fig. 3.8(b)] shift in energy with respect to the Fermi level
and finally stabilize, while an increasing number of hole subbands approach the Fermi energy and
contribute to the free charge. Note that at large dopings, hole levels separate in a low-energy and
a high-energy branch, which correspond to increasingly LH- and HH-like levels, respectively.

In contrast to the n-doping case, the hole band structure is strongly affected by p-doping, as exem-
plified in Fig. 3.9. This is due to the different localization energies of HHs and LHs in the increasingly
localizing self-consistent potential. A prominent effect can be seen by comparing Figs. 3.9 and
3.10. The only strongly HH level (the 6-th level in Fig. 3.10, left panel) moves to lower energy due to
the light mass. As a result, HH-LH mixing and related anticrossings are removed, the mass of the
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Figure 3.8: (a) Linear free charge density [Eq. (3.8)], (b) conduction subband energies at k., = 0, and (c) valence subband
energies at k., = 0 as a function of the doping density n 4. Energies are referred to the Fermi level.

camel’s back subband changes sign, and all bands point downward with a small mass at the large
densities. Note that the PDOS at large doping is dominated by far by LH states. Furthermore, as a
consequence of the reduced k - p coupling in the valence band at high doping densities, the hole
energy levels at I tend to group in 6-fold clusters [see Fig. 3.8(c)] separated by gaps that increase
with increasing n 4 [119].

Figure 3.10 shows that all highest valence subbands become strongly localized at the interfaces
at high doping. Contrary to conduction electrons, however, which always tend to localize at the
six corners, holes alternate subbands localized at the corners and at the facets, which is again in
agreement with single-band calculations in Ref. [102]. Since the charge density is a convolution of
these levels, the isotropy of the hole cloud noted above is justified.

We also note that, as doping is increased, there is no definite order of LH- and HH-like levels in term
of symmetry/localization, due to the increasing hole confinement energy towards the core-shell
interface which is different for HH and LH components.

Finally, we note that, similarly to n-doped samples, minority carriers localize in the opposite direction,
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Figure 3.9: Left column: free charge density distribution n;, (blue) and self-consistent valence-band profile VB (red) shown
along the edge-to-edge (dashed line) and corner-to-corner (full line) directions of the CSNW section for 7' = 20 K at selected
values of n 4, as indicated. Doping increases from top to bottom. Middle left and middle right columns: valence subbands
and PDOS, respectively, corresponding to the doping density and self-consistent potential of the left panels. The hue/color

represents the spinorial character in terms of HH and LH, according to Egs. (3.4). Right column: LH-character of each
subband at T".

due to the opposite sign of the self-consistent potential. However, conduction electrons are much

more rigid and stable due to the light mass, hence showing little evolution with doping density, and
in particular no symmetry inversion takes place.

3.3.4. Temperature dependence

The electronic states discussed above are the result of the competition between comparable en-
ergy scales in the meV range. As temperatures of ~ 10K are in the same energy range, we expect
that small changes in temperature at this scale may bring about strong restructuring of the elec-
tronic system. As we shall see below, in general the effect of a temperature variation on the free-

carrier charge density and the valence band structure are qualitatively analogous to the effects of a
varying doping density.

In Fig. 3.11 we consider an n-doped sample with donor densitynp = 1.76 x 10! cm—3 at T = 10K (top
row) and 7' = 30 K (bottom row), which are above and below the temperature used in Sec. 3.3.2. Such
temperature variations respectively increase or decrease the bulk-band gap values of 1 meV with re-
spect to the values in Tab. 3.1 for both the core and the shell materials. As a result, the band-offset
are unchanged, while the band structure parameters that are affected by a rescaling procedure
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Figure 3.10: Projected probability distributions [Egs. (3.6)] for the seven lowest conduction and seven highest valence sub-
bands at the same selected doping densities of Fig. 3.9, as indicated. Each column corresponds to the EL, LH, HH compo-
nent, as indicated.

are slightly modified. Starting at the lower temperature, the electronic charge density (left column)
evolves from an isotropic charge density centered in the core to a ring-like density. This is similar to
the effect of increasing doping, as in Fig. 3.6, as the occupation probability of the levels above the
chemical potential increases with temperature, and more charge populates the nanowire. Consis-
tently with Fig. 3.6, the valence band structure and PDOS are little affected by temperature in this
range. However, the subbands are shifted in the opposite direction with respect to Fig. 3.6.

In Fig. 3.12 we consider a p-doped sample with acceptor density n4 = 1.75 x 10'8cm~3 at the same
two temperature as above. Again, increasing the temperature results in a greater hole charge den-
sity and a more pronounced charge depletion in the center due to the Coulomb interaction. Clearly,
valence band states are more sensitive to changes in the charge density for p-doping. Indeed,
Fig. 3.12 shows that as temperature is increased, HH-like states move to lower energies, while HH-
like subbands change their curvature downward. As a consequence, the PDOS undergoes a sub-
stantial restructuring, as all main features are LH-like. Note that in contrast to the case of a doping
density variation, the valence band structure is shifted downward when the temperature increases.

3.3.5. Optical anisotropy

Optical absorption in quasi-one-dimensional systems is dominated by excitonic and polarization
effects induced by Coulomb interactions, not included in Egs. (3.9),(3.10) [133, 134]. However, the
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Figure 3.11: Left column: free charge density distribution n. (blue) and self-consistent conduction-band profile CB (red)
shown along the edge-to-edge (dashed line) and corner-to-corner (full line) directions of the CSNW section for 7' = 10 K (top
row) and T' = 30 K (bottom row) at the single doping density np = 1.76 x 1018 cm—3. Middle left and middle right columns:
valence subbands and PDOS, respectively, corresponding to the doping density, temperature and self-consistent potential
of the left panels. The hue/color represents the spinorial character in terms of HH and LH, according to Egs. (3.4). Right
column: LH-character of each subband at I

optical anisotropy between linearly polarized light along and transverse the nanowire axis, should
be less sensitive to Coulomb effects [111, 112]. On the other hand, while xz-polarized light couples
to HH states [see Eq. (2.65)], z-polarized light does not. Hence, 3 is a sensitive probe of the orbital
composition of valence band states [111].

In Fig. 313 we show the calculated relative optical anisotropy S [EqQ. (3.11)] at selected doping con-
centrations for n- (left) and p-doped (right) samples, respectively. Doping concentration increases
from top to bottom in both panels. To emphasize the anisotropy of the more intense absorption
peaks, the line darkness is modulated with the intensity of the absorption spectrum at the given
photon energy. For reference, we also show in the inset single-particle absorption spectra in the
two polarizations (for the undoped sample) with optical transitions from the n-th valence state to the
m-th conduction state labelled (mn).

As a reference, we shall first describe the spectral anisotropy of the undoped sample [top panels
in Figs. 3.13(a),(b)]. The first positive structure, labelled E] arises from the fundamental optical tran-
sition (77 [see inset of Fig. 3.13(a)] which involves the almost purely LH state. This is also an intense
transition due to the overlapping envelope functions components (see Fig. 3.4, first row). The posi-
tive anisotropy is 5 ~ 3/5, which is expected from the ratio between the momentum matrix element

in the z and z directions,
3,1 3,1
2 2 2 2

2
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hence 5 = {71.

The next two negative dips in the anisotropy structure @ involve the m = 1 EL subband, and arise
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Figure 3.12: Left column: free charge density distribution n;, (blue) and self-consistent valence-band profile VB (red) shown
along the edge-to-edge (dashed line) and corner-to-corner (full line) directions of the CSNW section for 7' = 10 K (top row)
and T = 30 K (bottom row) at the single doping density n4 = 1.75 x 108 cm—3. Middle left and middle right columns:
valence subbands and PDOS, respectively, corresponding to the doping density, temperature and self-consistent potential
of the left panels. The hue/color represents the spinorial character in terms of HH and LH, according to Egs. (3.4). Right
column: LH-character of each subband at I

from the HH components of transitions @ and (see Fig. 3.4, third and sixth row). As HH compo-
nents do not couple to EL states for light linearly polarized along z, we indeed expect the anisotropy
to be negative for these optical transitions.

A second, positive anisotropy set of structures at higher photon energies, labelled @ involves tran-
sitions to the m = 2 conduction subband with predominantly LH initial states, namely 22) and 24)
transitions (see also Fig. 3.4, second and fourth row).

As the optical anisotropy discriminates specific transitions, it is interesting to discuss how the
anisotropy spectra evolves with doping concentration. As seen in Figs. 3.13(a),(b) in both n- and
p-doped samples the absorption edge experiences a red-shift with increasing doping, due to band
gap renormalization. In Fig. 314 we compare the energy difference AFE between the ground state
energy of the conduction and the valence band, respectively, showing that the effective energy gap
decreases almost linearly for both kind of samples in the range of a few meV as doping concentra-
tionrises.

In n-doped samples, Fig. 3.13(a), the absorption intensity of the lowest transitions gradually vanishes
with doping, which is due to two concomitant effects, i) band-filling due to electron subbands falling
below the Fermi level, which inhibits inter-band absorption to these levels, and ii) optical matrix el-
ement reduction, which is due to Coulomb repulsion: the free charge distribution in the occupied
band tends to localize towards the core-shell interfaces as doping concentration is increased, while
confining states in the center in the other band, lessening the optical matrix element between ini-
tial and final states [Eq. (3.10)]. Both effects contribute to suppress low-energy absorption at high-
doping, finally moving the absorption edge to the strongly anisotropic structure , originated by
transitions to the m = 7 EL subband, namely @ mainly LH with positive anisotropy, and @ mainly
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Figure 3.13: (a) Optical anisotropy 3 [Eq. (3.11)] for n-doped samples at different donor concentrations. From top to bottom:
undoped, 1.75,1.77,1.79,1.82,1.87,1.90 x 108 cm~3. Horizontal dashed lines indicate the zero reference, each panel extends
vertically from -1to +1. The gray hue represents the intensity of the corresponding absorption spectrum [Eq. (3.9)] at the
given photon energy. E,=1.518 eV is the band gap of GaAs at T' = 20 K. Inset: calculated absorption spectra of the undoped
structure for linearly polarized light. Peaks are labelled with (mn), where m is the index of the final conduction subband and
n the index of the initial valence subband involved in the optical transition. (b) Same as panel (a) but for p-doped samples.
From top to bottom: undoped, 1.73, 1.75, 1.77,1.79, 1.80, 1.82 x 1018 cm—3.

HH, hence with negative anisotropy.

For p-doped samples, see Fig. 3.13(b), the band-filling effect is less pronounced within the examined
range of doping. In fact, even at the highest acceptor density shown in Fig. 3.13(b), the highest va-
lence subband does not cross the Fermi level (see Fig. 3.8). Here, the suppression of the absorption
intensity with positive anisotropy at E] is mainly due to reduction of the initial and the final states’
overlap, due to an increasing localization towards the core-shell interfaces of the hole ground state
envelope function (see Fig. 3.10, first row). The first negative dip gradually disappears because the
third valence subband loses its HH character with increasing doping (see Fig. 3.10, third row and
Fig. 3.9, second column). The opposite occurs for the second negative anisotropy peak, which per-
sists at high doping, due to the increasing HH character of the sixth hole subband with doping, as
already pointed out in Sec. 3.3.3, which in turn increases the optical matrix element for z-polarized
light.
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Figure 3.14: Effective energy gap AFE as a function of doping concentration for n- and p-doped samples.

3.4. Conclusions

We have thoroughly investigated the band structure of doped GaAs-based CSNWs, with an empha-
sis on the evolution of spin-orbit coupled valence band states with doping, either of n- or p-type [117].
This is an important piece of information for the characterization of such materials, where doping is
still an issue.

Our calculations, performed with a state-of-the-art Burt-Foreman 8-band k - p description, treat
many-body effects at the mean-field level, and extend previous investigations to realistic descrip-
tions of doped materials. The use of a flexible FEM approach, which allows to use non-uniform grids,
proved to be numerically efficient at different doping levels. This is clearly an advantage in view of
multi-parameter optimization, e.g., by stochastic methods [135, 136, 86].

In particular, we have investigated a proto-typical CSNW with remote doping. As in corresponding
planar heterojunctions, the conduction subbands feature a parabolic in-wire dispersion, while hole
subbands have a complex dispersion, with inverted masses, which has been rationalized in terms of
HH-LH mixing. In large core nanowires, with small confinement energies, increasing doping density
moves the majority carriers to the core-shell interface in order to reduce the Coulomb energy. Cor-
respondingly, the states of the minority carrier band are confined to the core by the self-consistent
electrostatic field, and in general the overlap of conduction and valence states decreases. While this
is qualitatively true for both types of dopings, our calculations allow to identify several differences
between the two type of samples which may have an impact, in particular, on optical absorption. In
particular, for p-doping the valence band structure is strongly reshaped by confinement of holes at
the core-shell interface, and all low energy excitations have a strong LH character.

It may be expected that band structure affects optical absorption and, in particular, optical anisotropy
for light polarized along or normal to the nanowire axis. Hence, we have evaluated the doping-
density dependent optical anisotropy, which is able to distinguish the spin-orbital character of the
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transition. In addition to the expected band-filling effects, specific signatures can be identified in
the anisotropy patterns which distinguish between n- and p-doping.



Full-shell tubular-core hybrid
nanowires with hole bands: a
practical proposal for Majorana zero
modes

Full-shell hybrid nanowires, structures comprising a superconductor shell that encapsulates a semi-
conductor core, have attracted considerable attention in the search for Majorana zero modes
(MZMs). The main caveats of this platform, however, are that the predicted spin-orbit coupling
(SOC) is too small to achieve substantial topological minigaps and that the MZMs typically coex-
ist with a finite background of trivial subgap states. In order to overcome both problems, we explore
the potential of utilizing core-shell hole-band nanowires within the superconductor full-shell, form-
ing a concentric trilayer heterostructure with an i) insulating core, an ii) intermediate semiconductor
layer, and iii) an outer superconductor shell. This tubular-core nanostructure is specially suitable
for the creation of protected MZMs in full-shell geometries because it minimizes the presence of
other detrimental subgap states and therefore enables the development of true sizeable topological
minigaps. We propose particularly InP/GaSb core-shell nanowires and exploit the unique charac-
teristics of the llI-V compound semiconductor valence bands. We show that they exhibit a robust
hole SOC that depends on the semiconductor layer radius and thickness, with magnitudes around
20 meV-nm. Interestingly, we find that this enhanced coupling is intrinsic and thus does not rely on
electric fields, which are non-tunable in a hybrid full-shell geometry.

4.. Introduction

Hybrid superconductor-semiconductor (SC-SM) heterostructures are probably the most analyzed
platform [137] for the creation of one-dimensional (1D) topological superconductivity [138, 45] and
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the search of Majorana zero modes [139] (MZMs). MZMs offer immunity to local noise and possess
non-trivial braiding statistics [140], making them promising building-blocks of future fault-tolerant
quantum computers [141, 142, 143]. In conventional Majorana nanowires [138, 45] (NWs), a SM NW
with strong spin-orbit coupling (SOC) and g-factor is partially covered by an s-wave SC and subject
to a Zeeman field [144, 145, 146, 147]. A popular choice of materials is Al for the SC and n-type IlI-V
compound SMs such as InAs or InSb, although other possibilities are also studied [148, 149, 150].
In spite of the tremendous advancement of this field in the last decade, the experimental demon-
stration and manipulation of MZMs remain challenging due to a number obstacles [151], including
the presence of various types of disorder [152, 153, 154, 155, 156, 157], metallization effects exerted
by the parent SC on the SM parameters [158, 159, 160], or the need to subject the hybrid system to
strong magnetic fields [161, 162].

An alternative nanowire design that alleviates some of the problems that conventional Majorana
NWs face was recently proposed. It is called a full-shell hybrid NW [43], and consists of a SM core
fully wrapped in a SC shell, instead of only partially covered by the SC. The encapsulation of the
core by the metallic shell should shield the NW from the electrostatic environment, and reduce
disorder created by surface reconstruction of the NW facets exposed to air in partial-shell NWs.
Moreover, conventional partial-shell NWs are predicted to undergo a topological phase transition
for a sufficiently strong Zeeman field [45, 44], which typically requires strong magnetic fields B that
degrade the parent superconducting state [163] before the topological transition can occur [59,
164]. In full-shell NWs, however, the topological driving mechanism is a magnetic-field mediated
orbital effect when the SC is threaded by an odd number of fluxoids [43]. The topological phase
transition and thus the appearance of MZMs are in this case predicted at much smaller B values.
Additionally, these NWs can operate with small or zero g-factor.

Full-shell NWs present also some disadvantages, most notably the impossibility to gate tune the
chemical potential inside the core due to the metallic encapsulation. Furthermore, using micro-
scopic simulations in realistic Al/InAs full-shell wires, the electron SOC has been predicted to be
too small to provide substantial topological protection [49]. This Rashba SOC appears due to the
radial electric field that is produced by the SM conduction-band bending at the SM-SC interface in
[lI-V compound SMs. As the chemical potential, the electrostatic potential profile and thus the SOC
are also not tunable by external gating.

Full-shell hybrid NWs present another challenge. For the parameter regions for which Majorana
states are predicted to appear, these zero modes typically coexist with a number of trivial subgap
states that disperse with flux, cross zero energy, and give rise to a dense local density of states
(LDOS) background around them. These subgap states have been dubbed Caroli-de Gennes-
Matricon (CdGM) analogs [165], and their presence is due to the doubly-connected geometry of
the SC shell and the non-zero winding of the SC pairing phase in the presence of a magnetic flux.
A recent study [166] that thoroughly examines the phenomenology of these hybrid NWs has estab-
lished that MZMs free from CdGM analogs for a certain flux interval, and thus with true topological
minigaps, are possible in tubular-core NWs. These are structures with a core in the form of a tube
of a certain thickness, wrapped in the SC shell.

In view of these arguments, in this chapter we make a specific and practical proposal that substan-
tially improves the performance of full-shell hybrid NWs and thus facilitates the creation of protected
MZMs. Onthe one hand, we propose to use a core-shellinsulator-SM NW for the hybrid’s core. Note
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that typical core-shell NWs have a SM core and an insulating shell, as the reason of the shell is nor-
mally to protect the semiconducting interior. Here, we propose to do the opposite, we want to place
the active SM layer outside, confining and pushing the wave function closer to the SC-SM interface
by means of an insulating core. In this chapter, we will refer to this part of the hybrid wire as the
tubular-core SM to avoid any confusion with the SC full-shell covering. On the other hand, we pro-
pose to make use of the hole bands of IlI-V compound SMs as we want to harness the spin-orbit
coupled nature of the valence bands (VBs).

Our proposal centers around a specific material configuration, tubular-core InP/GaSb NWs, with
GaSb acting as the SM shell and InP as the insulating core, see Fig. 4.1(b). This NW should have
the Fermi level placed at the VBs, close to the band edge [167, 168], which is convenient for the
topological phase when proximitized with the SC. In our analysis, we first examine the SO coupling
of GaSb/InP NWs for different GaSb radii and thicknesses. We find substantial values, of the order
of 20 meV-nm?, that do not rely on external factors like electric fields or strain.

Subsequently, we consider a trilayer structure by proximitizing the InP/GaSb tubular core with a SC
shell. Different SCs could in principle be considered?. Being Al the most tested one in full-shell
hybrids, we perform specific numerical simulations for Al/X/GaSb/InP, where “X” here stands for
a possible insulating layer between the SC and the SM that controls the coupling between both
materials. Apart from tuning the system into the topological phase, this insulating layer has been
proposed to reduce disorder and metallization effects. We analyze the topological phase diagram
and the local density of states (LDOS) at the end of a semi-infinite full-shell tubular-core NW. We
find extended regions in parameter space where the system is topological and the MZMs display a
measurable topological minigap of the order of 30 ueV (more than 10% of the parent SC gap). This
is possible thanks to a combination of factors: the SOC of the hole bands, the tubular nature of the
core and the increased carrier mass of holes as compared to wires based on the SM CB.

To the best of our knowledge, this type of trilayer hybrid nanostructures has not yet been grown
and analyzed experimentally. Apart from its obvious application for topological superconductivity, it
offers a new playground for the study of superconducting proximity effect and SOC in both n-type
and p-type nanostructures.

This chapter is organized as follows. In Sec. 4.2 we analyze the tubular-core SM. We first present
our model, focused on the description of the VBs of llI-V SM NWs. We use a microscopic approach
that employs a self-consistent Schrodinger-Poisson equation within a multi-band k-p Hamiltonian
framework. Subsequently, we elucidate the origin and strength of the SOC in an InP/GaSb geometry.
With this knowledge, we derive an effective Hamiltonian that accurately describes the lowest-energy
subbands. In Sec. 4.3 we turn to the complete structure, the full-shell tubular-core hybrid. Leverag-
ing the effective Hamiltonian and using the realistic parameters for the NW obtained in the previous
section, we analyze the topological phase diagram and the LDOS. We conclude in Sec. 4.4. More
details about the methods can be found in the related appendices.

This number for the SOC should be compared to values of 2 — 4 meV-nm found in Ref. [49] for similar geometries.
2For example, Al [169], Pb [170], Ta [171], V [172] or Sn [173]. This is nevertheless a material science problem and should
be investigated experimentally.



4.2. Tubular-core hole-band semiconductor 53

@ ®

SM
Insulating
core

SM shell

Y metal/SC shell

Ly

Figure 4.1: Sketch of the nanodevice. (a) Full-shell tubular-core hybrid nanowire (NW). This heterostructure is composed
of a semiconductor (SM) core-shell NW made of an insulating core (yellow) and an active SM layer (green). We call this part
the tubular-core SM. The NW is coated all around by a thin superconductor (SC) shell (grey). An additional insulating layer
(brown) may be placed between the SM and SC to regulate the coupling between both materials. This composite system
can host a topological superconducting phase when an axial magnetic flux is applied. (b) Typical band structure of a bulk
IlI-V compound SM. For some specific materials, like the GaSb/InP tubular-core NWs studied here, the Fermi level may lie at
the valence bands close to the band edge (LH and HH stands for light and heavy-hole bands, and CB for conduction band).
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4.2. Tubular-core hole-band semiconductor

4.2.1. Model and methods

We look for a SM tubular-core heterostructure whose Fermi level lies at the VBs of shell and close
to the VB maximum, see Fig. 4.1(b). The core must be insulating at these energies, since we seek
to empty the wire’s center and push the charge wave function towards the outer part of the NW,
as explained in the introduction. In this sense, type-Il "broken gap” SM heterostructures are not
helpful, as the valence and conduction bands in different layers overlap. Only type-l and type-II
are thus useful. There are several material combinations that could be analyzed, being the lattice
mismatch between the two materials an important factor to determine whether the heterostructure
is viable. It would be interesting to study both theoretically and experimentally how quantitative and
even qualitative details vary between different choices. For the sake of concreteness, we propose to
use type-Il heterostructures based on Sb compounds because they have hole carriers at the Fermi
level more commonly [174]. Particularly, for our numerical simulations we will consider InP/GaSb
core-shell NWs. To avoid any confusion with the full-shell hybrid, we rename it GaSb/InP tubular-
core NW. To the best of our knowledge, these have not yet been grown and analyzed experimentally,
but they appear to be feasible. In this regard, high quality and relaxed GaSb layers grown directly
on InP(001) substrates using solid source molecular beam epitaxy have been reported [175, 176].
Furthermore, InAs-InP-GaAsSb core-dual-shell NWs have been recently grown using catalyst-free
chemical beam epitaxy [177].

InP-GaSb heterostructures exhibit a type-Il band alignment with a wide gap of ~ 0.5 eV. Specifically,
the VB maximum of GaSb lies within the energy gap of InP, as schematically illustrated in Fig. 4.2(a).
Furthermore, we assume that the Fermi level is placed close to the VB edge of GaSb, as observed in
Ref. [175]. Partial control over the wire’s overall doping could be achieved through the incorporation
of chemical impurities within the InP core during the growth process [178, 175, 179]. Given that the



4.2. Tubular-core hole-band semiconductor 54

Table 4.1: Material parameters used in the 8-band k-p model at temperature T' =4 K. The energy gap E, the conduction and
valence band offsets AE. and AE, at the InP/GaAs interface, the split-off energy A;,, the Kane energy E,, the conduction
electron effective mass m. and the Luttinger parameters ~; are taken from Ref. [126]. EI’)SC is the rescaled Kane energy
Eq. (2.56) and 7; are the modified values Eq. (2.53). ¢,- refers to the relative dielectric constant of each material.

nP GaSb
E, [eV] 14236 0.812
AE, [eV] 0.514
AE, [eV] 0.91
A,, [eV] 0108 0.76
E,/ES[eV] 207/183 27/248
Me 0.0795 0.039
M/ 5.08/0.79 13.4/3.2
Yo / o 1.60/-0.55 47/-0.39
s ] A 210/-0.047 6.0/0.9
e 177 15.7

InP core primarily acts as an insulator in this context, it is reasonable to assume that these dopants
would exert a minimal influence on the electronic properties of the wire, aside from their impact on
the Fermi level position.

We note that group IV SMs integrated into heterostructures, such as Ge/Si heterostructures, are
more popular platforms to exploit the hole-bands of SMs [180]. These materials are well-established
and widely adopted in SM qubit platforms [181, 182, 183, 184] as their valence bands exhibit strong
SO coupling [185, 186, 187, 188] and electrically tunable g-factors [189, 190, 191]. Moreover, they
can be proximitized by a SC as well [192, 193, 194, 195, 196, 197]. However, these favorable prop-
erties stem from the strain introduced at the Ge/Si heterostructure interface [198, 199, 200], which
imposes specific design constraints. Firstly, the wires or stackings must be thin enough to homo-
geneously induce the required degree of strain in the hole NW or layer. Secondly, strain may induce
further disorder and, while this concern is not relevant in qubits based on QDs, it becomes prob-
lematic in quasi-1D systems [201, 202, 155], especially for thin wires/layers. Still, several theoretical
works have proposed and analyzed nanodevices based on these heterostructures for the creation
and manipulation of 1D MZMs [203, 204, 205]. And even though they do not consider the effect of
disorder, either they find very narrow topological windows as a result of the small g-factors [205], or
tiny minigaps as a consequence of the necessary strong confinement [204].

We start with the analysis of the band structure of holes in GaSb-InP tubular-core NWs with hexag-
onal cross section and assumed to be translational invariant along its growth axis (z-direction). We
obtain the energy spectrum of the NW through a self-consistent solution of the coupled Envelope
Function-Poisson equations, employing the 8-band Burt-Foreman Hamiltonian developed in Ch. 2,
which accurately describes the lowest energy states of NWs made out of IlI-V compound SMs
around the I' point [2086, 71] and thus provides reliable estimations for the SOC [207]. The param-
eters of used for the simulations in this chapter are reported in Tab. 4.1. All these calculations are
performed through the Python library nwkp, as discussed in Ch. 2, which is developed in-house.

A typical NW energy spectrum is shown in Fig. 4.2(b), displaying several subbands that arise due
to the confinement imposed by the finite wire's cross section. The color represents the light hole
(LH) and heavy hole (HH) character of each state, as in Eqgs. (3.4). E, indicates the top of the highest
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energy subband at I'. Due to the presence of both time reversal symmetry and inversion symmetry,
each subband is doubly degenerate.

The subbands in Fig. 4.2(b) presents several noteworthy aspects. First, the subband dispersion is
negative, as expected for the VBs. No camel’s back structure, typical of hole bands in heterostruc-
ture, is present, due to the strong confinement in the narrow shell which strongly separates HHs
from LHs. Second, all subbands have a hybrid LH and HH character that depends on k.. Remark-
ably, the LH character predominates in the higher energy subbands, i.e. close to the Fermi level.
This means that these states have a lighter mass in the z—direction, which is the quantization axis
of the total angular momentum of the Bloch states. On the other hand, being the lowest energy
transverse modes, these states have a heavier mass in the confinement plane. On the contrary,
lower energy subbands (with higher kinetic energy) have a larger HH character in the z—direction
and lower effective mass in the confinement plane. In any case, LH-HH coupling is the essential
ingredient, as we shall demonstrate, to provide a strong SOC to the different subbands, and it is
ultimately regulated by the strength of the lateral confinement.

InFig. 4.2(c) we show an example of the self-consistent charge density distribution corresponding to
the spectrum computed in Fig. 4.2(b). It shows the hole concentration throughout the cross section
of the CSNW (solid black lines represent the interfaces). Although no specific symmetry is implied
in the calculation, the charge density has a ring-like distribution centered at the GaSb-shell average
radius, with negligible presence within the InP core. The nearly perfect cylindrical symmetry of this
charge distribution arises from the finite thickness w of the SM shell and the occupation of the
lowest angular momentum states.

In a NW with cylindrical symmetry and within the axial approximation, the total angular momentum
component J, commutes with the Hamiltonian, hence m; is a good quantum numbers which takes
the values m; € (Z + 1/2). In Fig. 4.2(b) we calculate projection C,,, of the different states onto the
value m; = 1/2, represented by the size of the dots at discrete values of k.. Specifically, we project
the nanowire eigenstates onto the eigenstates of the total angular momentum operator .J. with cor-
responding eigenvalue m,; = 1/2. The reader can refer to appendix B.1 for more details about how
we obtain the C,,; coefficients. We are interested in this particular total angular momentum quan-
tum number because, in the presence of superconductivity in a full-shell geometry, these states
will be able to give rise to MZMs. It is noteworthy that in Fig. 4.2(b) the two higher energy subbands
predominantly correspond to the m; = 1/2 sector, meaning that a cylindrical approximation [208] is
justified for them. The use of the cylindrical approximation to treat the eigenstates of the hexagonal
wire remains in general justified as long as the shell thickness w is larger than approximately 5 nm.
Only for very small values of w, the charge distribution tends develop an hexagonal shape due to
the hybridization with higher angular harmonics m; + 6n for integer n.

To complement our investigation, we present the electrostatic potential energy profile —e¢(r) for
the same parameters in Fig. 4.2(d). It is computed self-consistently taking into account the poten-
tial generated by the hole charges within the NW. We set the boundary condition as ¢, = 0 at the
wire facets, assuming that there is a surrounding metal that is grounded. Consequently, the poten-
tial energy is zero in proximity to the interface and becomes progressively negative towards the core.
This implies that holes tend to feel attracted towards the outer interface. It is important to note that if
the metallic shell is superconducting, ¢, # 0 evenif it is grounded. This is due to the Ohmic SM-SC
contact that produces a SM band bending at the interface as a result of the work-function differ-
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Figure 4.2: GaSb/InP tubular-core Nws. (a) Schematic representation of the band alignment of a InP/GaSb heterostruc-
ture. This type-1l SM heterostructure features the GaSb valence band (VB) maximum positioned within the energy gap of InP.
We assume that the Fermi level lies close to the GaSb VB maximum. (b) Typical energy spectrum of GaSb/InP NWs near
the I" point as a function of the axial wave vector k.. The colorbar denotes the weight of each state on the light-hole (LH)
and heavy-hole (HH) bulk bands. Due to confinement effects, the highest energy subbands exhibit primarily a LH character,
albeit with a degree of hybridization between LH and HH states. p is the chemical potential and Ej is the VB edge energy. (c)
Charge density distribution of holes within the tubular-core nanowire, corresponding to the spectrum presented in (b). The
wire geometry is defined by its radius R and shell thickness w. (d) Electrostatic potential profile for the same simulation. For
these simulations R = 30 nm and w = 15 nm.

ence between both materials. The precise magnitude and shape of this band-bending depends
on chemical details that have not yet been studied for this heterostructure. In general, it is reason-
able to assume that it will create a negative potential energy at the outer interface, pushing holes
away from it and towards the inner interface. This might be very convenient for our full-shell hybrid
nanowire proposal as this might decrease metallization effects from the SC while still preserving
the necessary proximity effect due to the finite thickness of the SM layer.

4.2.2. Spin-orbit coupling

We now proceed to study the SOC in these InP-GaSb, tubular-core NWs. Using the lowest energy
hole subbands and wave functions, calculated from the 8-band k - p model, we derive boththe SOC
« and the effective mass m* (see App. B.2 for the rather elaborate method). In Fig. 4.3(a), we present
the SOC constant « of the highest-energy state, i.e., the closest to the band edge, as a function of the
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NW shell thickness w for different NW radii R, each represented by a different color. We extract the
SOC when the chemical potential is located halfway between the two subbands of the first m;=1/2
subbands pair. We consider realistic values 2 for R and w, ranging from R = 15 nm to R = 40 nm,
andfromw = 5nmtow = R—10 nm. For these tubular-core NWs, we obtain SOCs in the range of 15
to 30 meV-nm. These numbers are larger by a factor of ~ 4 than the largest SOCs found in Ref. [49]
for solid-core NWs based on CB electrons and equivalent radius R. As in the case of Ref. [49], we
find that the « increases with R. In our case, moreover, for a fixed R, « also increases with w.

In Fig. 4.3(b) we show the behavior of the SOC constant with the doping level of the wire, considering
different shell thicknesses w for a fixed radius R = 30 nm. Notably, the SOC remains almost constant
with i, what suggests that the hole bands are essentially insensitive to the built-in electric field inside
the wire. This is in sharp contrast to what happens to the CB of these materials, where the sole
contribution to the (Rashba) SOC arises from the electric field [206].

Both the observations that, for a fixed R, « increases with w and is essentially independent of the
electric field, point to the intrinsic nature of the hole-band SOC of IllI-V compound semiconductors.
To further understand this behavior and unravel the underlying origin of the SOC, in Fig. 4.3(d) we
conduct a comparative analysis by selectively omitting certain contributions. In blue we present the
results derived from the complete 8-band model, which are the same as the blue curve in Fig. 4.3(a).
First, we want to test whether the interaction between the HH-LH bands of GaSb and either the split-
off bands or the CBs of both GaSb or InP, do influence the SOC. To explore this, we set either the split-
off gaps Az to exceedingly large value or the coupling with the CBs Pj3 to zero. We recompute the
energy spectrum and SOC under each assumption, and plot the results in Fig. 4.3(d) with different
colors. Notice that none of these bands contribute significantly to the hole SOC as all the curves lie
almost on top of each other.

Next, we consider whether the SOC arises from the inversion asymmetry generated by the core-
shell interface [60]. Specifically, we investigate whether the non-commutativity of the Kane param-
eters with momentum at the interface plays an important role. To test this, we set all Kane parame-
ters (excluding the gaps) of InP to be identical to those of GaSb. Remarkably, the results depicted
in grey in Fig. 4.3(d) reveal that the interfacial effects do not have a significant influence on the SOC
of the GaSb hole bands.

These results lead us to conclude that the origin of the SOC is an inherent property of GaSb, rooted
in the symmetry of the crystal structure of this tetravalent SM. Furthermore, as InP plays a negligible
role, we can assume that the core serves as a generic wide band-gap insulator in our simulations,
and that could be replaced by other insulator. Nevertheless, the particular chemical properties of
the core are still relevant to determine the Fermi level within the hole bands of GaSb.

3Regarding w, the minimum thickness of 5 nm ensures that the shell can be grown with sufficient homogeneity, while we
fix w = R — 10 nm for the maximum since the minimum core radius that is typically grown nowadays is approximately 10 nm.
For R, although larger radii are certainly possible experimentally, the methodology that we employ to extract the value of «
ceases to be valid for R > 50 nm.
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Figure 4.3: SOC of GaSh/InP tubular-core NWs. (a) SOC « of the highest-energy subband pair as a function of GaSb shell
thickness w for different wire radii R, each represented by a different color. o decreases with R and increases with w. Solid
lines corresponds to the 8-band model numerical results while dashed lines to results obtained analytically with Eq. (4.4). «
decreases with R and increases with w. (b) « vs chemical potential of the wire (—p) for R = 30 nm and various w. The negative
sign of —u stems from the occupation of the VB. Notably, there is a weak dependence on doping and, consequently, on the
electric field inside the nanostructure. (c) Harmonic mean effective mass m [see Eq. (B.4)] of the same subbands as in (a)
divided the light-hole bulk effective mass of GaSb mEHGaSb =mo/(v1 + 2v2) = 0.0439mg, being mo the free electron mass.

m does not change substantially with w. (d) a vs shell thickness w for a core-shell NW of R = 30 nm, considering various
scenarios: infinite split-off gaps for GaSb (solid green) or InP (dashed green), zero coupling between CBs and VBs for GaSb
(solid red) or InP (dashed red), and identical Kane parameters (except for the gaps) for InP and for GaSb (grey). The results
computed with the full 8-band model are also shown for comparison (blue). Other parameters as in the red curve of (a). The
different curves lie almost on top of each other. This suggests an intrinsic origin of the SOC of the GaSb hole bands.
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4.2.3. Effective Hamiltonian

Given the previous observations, it is justified to describe the NW through the Luttinger-Kohn (LK)
Hamiltonian in axial approximation that only involves the two spinful LH and HH bands of GaSb,

5 2
Hy=(m+2%) s~ > (p-8)°, (41
2 2m0 mo
where p = —ihV is the momentum operator, S is the vector of spin-3/2 matrices and +; and v, =

(2 + 73)/2 are the Luttinger parameters of GaSb, while my is the free electron mass. In App. B.3 we
show that starting from H\ it is possible to derive a 2 x 2 effective Hamiltonian that describes the
the two highest-energy subbands, given by

B2 k2 SE  R2k2
Hets = (Emean + 2mz> oo + < + Z> o, + Oéefszay . 4.2)

2 2m

Here, o, are the standard Pauli matrices, Emean is the mean energy of the two subbands, § E the sub-
band splitting and m and m are the harmonic mean effective mass and its dispersion, respectively.
Particularly, for the effective mass and the SOC we have

= 2mme 4.3)
mi + mo
_ s g2 1, w
aon = VB (34 5 ) @4

where m; is the effective mass of each subband. In Eq. (4.4) x is an overlap factor that depends on
the degree of LH/HH hybridization of the two subbands.

To asses the validity of the effective Hamiltonian of Eq. (4.2) we compute ae analytically using
Eq. (4.4) and tabulated values for ; and x [126]. We show the results in Fig. 4.3(a) with dashed lines
for comparison with the numerical results. Even though the agreement is not perfect, it is fairly good.
This is important in light of the various approximations made to derive the effective Hamiltonian of
Eq. (4.2). This attests the overall validity of the analytical approach.

Notice that, in accordance with our numerical 8-band model simulations, the effective SOC of Eq. (4.4)
is independent of the electric field, decreases with R, and increases with w. Moreover, o also in-
creases with the degree of LH/HH hybridization x, which is ultimately regulated by the degree of
confinement of the wave function. This supports again that the origin of the SOC in this case is not
an electric field, as it happens for the CB, but is rather an orbital effect imposed by the confinement
of the wave function. In a cylinder, aes thus points towards the radial direction, along which the
spatial symmetry is broken. This property is crucial in order to have a gapped topological supercon-
ducting phase, as shown in Ref. [166], and it naturally happens in our tubular-core NW. We note that
in a conventional full-shell NW that leverages the properties of the conduction band, this is unlikely
to happen as the electric field of the heterostructure forces the Rashba to point towards the core
instead.

Since larger w provides larger SOCs, the reader might question the necessity of the InP core in our
setup. There are three essential reasons that underline its importance. Firstly, an insulating core
serves to mitigate the impact of disorder stemming from impurities introduced during the NW (core)
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growth process. Secondly, it’s worth noting that, in contrast to the electrons in the CB, the band-
bending typically observed in the SM at the SM/SC interface tends to push holes away from the
interface, effectively suppressing the superconducting proximity effect. Consequently, an insulator
becomes indispensable to counteract this effect, pushing the holes back toward the SC interface.
Thirdly, a very thick shell can introduce CdGM states with different and unpredictable dispersions
under the influence of a magnetic field. These states may reduce the size of the minigap and, what
is more, have the potential to disrupt the topological superconducting phase. In Ref. [166], we show
that this can be partially avoided as long as w < 30 nm.

4.3. Full-shell tubular-core NWs

4.3.1. Model

We now delve into the examination of the full-shell hybrid configuration. As explained in the intro-
duction, when a SM with strong SOC is fully wrapped by a SC film, MZMs may emerge at the ends
of the NW when subjected to a magnetic flux. To investigate this phenomenon, we study a sys-
tem like the one depicted in Fig. 4.1, wherein the outer layer is now a SC inducing superconductivity
through proximity effect. Following the methodology of Ref. [166], we describe the proximity effect
through the incorporation of a self-energy term, stemming from the diffusive SC, into the effective
Hamiltonian described by Eq. (4.2). For the SM, we use the values of « extracted in this work, and
we set m; = mo = 0.2my. For the SC we use the parameters for Al, a commonly utilized material
in conventional full-shell NWs. It is worth noting that achieving epitaxial growth of Al on GaSb may
pose challenges due to significant lattice mismatch between the two materials. Alternatively, SCs
like Sn [209, 210] or Nb [211, 212], which have been grown in other IlI-V compound SMs, posses lat-
tice constants similar to GaSb with comparable superconducting gaps. Another strategy involves
depositing a thin layer of an insulating ternary SM, such as InGaSb, between GaSb and Al, effec-
tively assimilating lattice constants. This approach further helps to regulate the metallization effects.
Since an exhaustive consideration of all interface intricacies is beyond the scope of this study, we
explore the system’s behavior with respect to the tunneling ratio I between the SC and the tubular
SM. This constant is inherently tied to the transparency of the interface and the (hormal) density of
states of the SC.

From this Hamiltonian, we describe in Ref. [166] the extensive methodology used in order to extract
key topological properties of the system. These include the local density of states (LDOS) at the end
of the NW, the topological invariant, and the localization length of the MZMs. These three serve as
key indicators for comprehending the extension and robustness of the topological superconducting
phase.

4.3.2. Results

We focus our study on a NW with R = 30 nm, w = 10 nm and a thickness of the SC layer of d = 10 nm.
This configuration ensures a robust SO coupling and a limited number of CdGM states. In Fig. 4.4(a),
we present the topological phase diagram, depicting the dependence on two key parameters: the
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Figure 4.4: Topological properties of the full-shell tubular-core hybrid NW. (a) Topological phase diagram of the full-
shell tubular-core NW as a function of the tunneling ratio I between the SC and the tubular SM (normalized to the parent
gap A) and the chemical potential .. The colored (white) area corresponds to the topological (trivial) region. The color scale
represents the Majorana localization length &y. (b) LDOS at the end of a semi-infinite full-shell tubular-core NW along the
longitudinal (z) and radial (r) directions, for the topological state identified with a white dot in (a). (c) LDOS for the same
topological state as a function of energy w and magnetic flux ® (normalized to the superconducting flux quantum ®¢ = h/2e).
Parameters: R = 30 nm, w = 10 nm, SC layer thickness d = 10 nm, A = 0.23 meV, diffusive superconducting coherence
length &4 = 70 nm, g-factor of the NW g = 2, and a = 15 meV-nm. Moreover, for (a) ® = 0.71®¢; and for (b,c) p = 9.62 meV,
T'/Ao = 10 [marked in white in (a)]. For (b) ® = 1.1®(. We use a discretization constant of ag = 2 nm for these simulations.
In (a) £ is evaluated at @ = 0.71®¢. In (b) ® = 1.1Py.
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tunneling strength I', normalized to the parent superconducting gap A = 0.23meV, and the chemi-
cal potential . The colored region indicates a non-trivial topological phase, with color encoding the
Majorana localization length. We observe an extensive topological phase in parameter space, yield-
ing Majorana zero modes MZMs for I' < 20A and within a chemical potential range of Ay ~ 0.5 meV.
The Majorana localization length spans from 0.1 to 1 um, indicating that a few zm-long NW should
be sufficient to host truly zero-energy Majorana states. The red contour in Fig. 4.4(a) delineates
the region with a genuine minigap where there are no CdGM states compromising the MZMs. This
region constitutes 1/3 of the overall topological region.

For a deeper understanding of the measurable characteristics of the NW, we depict in Fig. 4.4(c) the
LDOS at one of the wire's end vs energy w and magnetic flux, for specific (T, 1) values corresponding
tothe white dot in panel (a). Inthe tunneling regime, a standard conductance measurement between
a normal lead and the NW should be directly proportional to this LDOS. Notably, we observe the
conventional Little-Parks oscillations of the superconducting gap as a function of magnetic flux,
which is completely destroyed when the SC steps into a different quantized flux ®,. As expected,
the zeroth-lobe exhibits no subgap states, while the first-lobe hosts a extended MZM with a sizeable
topological minigap of 30 peV. This magnitude surpasses typical thermal energies in experimental
setups, rendering the topological state easily measurable. To complement this analysis, we show in
Fig. 4.4(b) the LDOS along the longitudinal (z) and radial (r) directions of the NW, for the MZM state
identified in (c). As expected, this state localizes predominantly at one end of the wire, exhibiting an
exponential decay into the wire with some oscillations, together with a localization within the GaSb
tubular SM, with a minor penetration into the SC Al layer.

4.4. Conclusions

In this chapter we have studied the VBs of tubular-core GaSb/InP NWs and their potential as a plat-
form for topological superconducting phases, particularly in full-shell geometries where the NW is
fully-covered by a SC shell. First, we have studied the strength and origin of the SOC in the tubular-
core SM, a key attribute to sustain a topological superconducting phase as well as to provide long
coherence times in some other qubit proposals. Our investigations unveiled that tubular-core GaS-
b/InP NWs boast arobust SOC, with values approximately around 20 meV-nm, that does not depend
on the electric field or strain at the interface. These crucial features eliminate the necessity of tuning
the electric field inside the NW or using ultra-thin NWs, what imposes severe device constrictions.
In fact, we observe that the SOC in our tubular-core NWs increases with increasing shell thickness,
as opposed to Ge/Si heterostructures, where strain plays the major role [200]. Although our simula-
tions do not account for strain effects, we estimate in App. B.4 that they introduce a small deviation
to the SOC of ~ 20% close to the GaSb/InP interface. Consequently, GaSb/InP heterostructures
exhibit promising potential as a competitor of Ge/Si in the realm of SM qubits. Nevertheless, it's
worth noting that other properties, such as the g-factor, warrant further exploration.

We have also uncovered that our hole-band tubular-core NWs demonstrate promise in hosting a
topological superconducting phase when proximitized with a superconducting material. Unlike pre-
vious proposals reliant on the CB of IlI-V compound SMs, which suffer from reduced SOC in full-
shell geometries [49], our GaSb/InP platform circumvents this limitation as it does not depend on
the electric field. Additionally, the insulating nature of the InP core serves to mitigate the impact



4.4. Conclusions 63

of disorder stemming from impurities introduced during the NW growth process. It also counters
band-bending effects that tend to expel holes from the SC interface, thereby enhancing the proxim-
ity effect. And in addition, the thin thickness of the tubular GaSb SM ensures that no CdGM states
spoil the topological phase, thus providing a true topological minigap [166]. We obtain MZMs for
extended regions in parameter space, providing typical minigaps of 30 ueV.

We have explored several materials and NW geometries, although not all are presented in this con-
text. Our investigations indicate that combinations such as GaSb/InP or GaAsSb/GaSb are promis-
ing, as they likely position the Fermi level close to the VB edge while maintaining the insulating nature
of the core. In terms of geometry, we observe that nanowires with a radius R not exceeding 40 nm
and a SM shell thickness w smaller than 15 nm, consistently exhibit the most favorable topologi-
cal minigaps and more extended topological phases. These material choices and geometries are
deemed realistic and hold significant potential for practical implementation. However, it is crucial to
acknowledge that a more in-depth investigation is essential concerning the SC/SM interface. While
it is evident that a SC, be it Al or Sn, can be epitaxially grown on top of GaSb (or GaAsSb) to induce
superconductivity, the specific details of this proximity effect on the VBs of the SM remain unclear.
This aspect demands a more thorough analysis in future research that necessarily needs from ex-
perimental support, being beyond the scope of this work and opening a new venue of research.



A Weyl semimetal state in inverted
gap semiconductor nanowires
induced by an electric field

This chapter deals with the hybridization gap in InAs-GaSb core-shell nanowires, an inverted gap
system. First, we develop a self-consistent prediction of the low-energy states of these nanowires,
including the charge transfer between the layers. Then, we study the behaviour of the hybridization
gap in the presence of a transverse electric field. We identify a new semi-metal state with Weyl
dispersion which can be switched by the electric field. Using a laterally confined Bernevig-Hughes-
Zhang model describing a four-band, low-energy Hamiltonian, we connect the observed reentrant
semi-metal transition with the topological transition in inverted gap quantum wells and we investi-
gate the behaviour and fate of localized end states at both extrema of a long, but finite wire with
respect to the applied electric field and disorder.

5.1. Introduction

Topological insulators (Tl) in quantum wells (QWSs) represent a cutting-edge frontier, where the inter-
play of topology and quantum mechanics has the potential for revolutionizing electronics and quan-
tum computing [213, 214]. At their core, they are quasi-2D materials characterized by an insulating
interior and conductive one-dimensional states at the edges of the sample. Such spin-momentum
locked states are "protected” from scattering from disorder or defects, if time-reversal symmetry
is preserved, leading to extraordinary robustness in electron spin transport, a phenomenon termed
Quantum Spin Hall (QSH) effect [215]. In other words, in a Tl phase, helical modes [216] appear at
the edges of the 2D sample, characterized by spin-up traveling in one direction and the spin-down
traveling in the opposite direction without back-scattering as long as time-reversal symmetry is pre-
served. However, if a scattering potential that breaks time-reversal symmetry, as for example the

64
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one generated by a magnetic impurity, is present, back-scattering becomes possible and devia-
tions from perfect transmission are observed in experiments [217, 218].

The QSH insulator was first theoretically predicted in 2006 by Bernevig, Hughes, and Zhang [50]
and experimentally observed [51] in HgTe/CdTe QWs. Here, the unusual inverted ordering with con-
duction s-states laying below valence p-states leads to a topologically non-trivial semi-metal state.
Transition to the normal insulating states, i.e. with normal ordering of conduction and valence states,
takes place when HgTe is sandwiched between CdTe layers, which is a normal insulator, when the
thickness of the QW falls below ~6 nm and the quantum confinement shifts s-states above p-states,
i.e. to the normal ordering. In other words, quantum confinement allows to fine-tune the gap in or-
der to trigger the topological transition. A further proposal for the QSH state includes "broken-gap”
type-Il InAs/GaSb/AISb QWs [219]. Also in this case the topological phase is due to the inverted
alignment of the valence and conduction bands of the two materials, with the GaSb valence band
lying above the InAs conduction band. Similarly to HgTe-CdTe QWSs, quantum confinement may in-
duce a transition to a normal ordering and to a normal insulator, but in contrast to HgTe-CdTe QWs,
in InAs/GaSb QWs electrons and holes are hosted in different layers, and the band inversion can be
easily tuned by external gate fields [52].

Nanowires (NWs) have also been investigated in the search for topological states and proposed as
building blocks for topological quantum gates, e.g. in superconductor proximitized nanostructures
[220, 144, 221] (see Ch. 4). Based on the topological properties in the corresponding QW struc-
tures, InAs-GaSb core-shell NWs (CSNWSs) represent an attracting system for the study of topo-
logical states of matter in 1D. The electronic structure and the effective gap of InAs-GaSb CSNWs
have been studied using the cylindrical approximation [114] as well as the more realistic hexagonal
section [222], as a function of the structural parameters of the system, such as core radius and
shell thickness. For a fixed core radius, a band-inverted fundamental gap exists in a finite range
of intermediate shell thicknesses, with maximum values around ~3.5 meV. This naturally raises the
question about the possible realization of a one-dimensional Tl phase in these wires.

In principle, this is excluded by the low symmetry of the system. InAs-GaSb CSNWs, as well as 2D
InAs-GaSb QWs, belong to the symmetry class All [223]. Systems in this symmetry class obey time-
reversal symmetry, with 72 = -1, being 7 the time reversal operator, but not particle-hole or chiral
symmetry, with 7 and C being the corresponding anti-unitary operators, respectively. The symmetry
class All for dimensionality D=2 is characterized by a Z- topological invariant, which describes 2D
QSH insulators as HgTe-CdTe and InAs-GaSb QW. However, the class All lacks a topological phase
in 1D, rendering, in principle, INnAs-GaSb CSNWs topologically trivial.

However, let us consider an ideal, band-inverted InAs-GaSb CSNW where the lowest energy con-
duction subband and the highest energy valence subband, i.e. the ones forming the inverted hy-
bridization gap, have the same band dispersion shape (but opposite curvature, obviously). In such
an ideal system the existence of the 1D topological state could be possible, as both time-reversal
and particle-hole symmetries are present [222]. In fact, such system would be either in the sym-
metry class Cll (P2 = -1) or DIl (P2 = 1), with 2Z and Z, topological invariants in one dimension, re-
spectively [223]. In a real CSNW, particle-hole symmetry is normally broken, due to the complexity
of the band structures in the materials. For example, electrons and holes have different effective
masses even in bulk semiconductors. Additionally, in nanostructures, the spin splitting induced by a
structure inversion asymmetry of the confining potential—originating from, for instance, an external
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electric field—differs for electrons and holes [224]. However, if this symmetry breaking is sufficiently
small, it could be considered as a perturbation and the system could display a 1D topological phase
as long as the hybridization gap remains finite [222].

Indeed, it was theoretically predicted in Ref. [225] that finite-length, InAs-GaSb CSNW can host
localized states at the wire extremes, even if these so called end states were shown to be not topo-
logically protected against a time-reversal symmetry preserving potential axial disorder in a model
cylindrical CSNW.

Here, we investigate the electronic structure of InAs-GaSb CSNWs using a self-consistent, 8-band
k - papproach (see Ch. 2) which takes full account of the symmetry and crystallographic directions of
the nano-crystal and external electric fields. We are particularly interested in the fundamental band
gap of the system, the hybridization gap which results from the anticrossing of the inverted electron
and hole subbands. To make our calculation, in Sec. 5.2 we first discuss the charge transfer effects
in InAs-GaSb CSNWs. To include such self-consistent effects we extended and implemented pre-
viously proposed approaches in the context of InAs-GaSb QWs, exposing the substantial effect of
the corresponding built-in electric field on the fundamental band gap of the system, which were
neglected in previous investigations [116].

In Sec. 5.3 we consider InAs-GaSb CSNWs with a transverse electric field. The combined effect of a
symmetry-breaking external field £, and the spin-orbit interaction (SOI) in the valence band of the
semiconductors removes the spin-degeneracy of the energy subbands, a phenomenon commonly
referred to as structural inversion asymmetry (SIA) spin splitting [206]. Starting from a CSNW with
with a slightly inverted ordering of the first electron and hole subbands, we find that £, caninduce a
Dirac-like dispersion of two spin-polarized subbands, with vanishing mass at a critical electric field
E . Atthis field the fundamental gap of the NW vanishes at a large system-dependent wave vector
ko, and the system passes through a semimetallic phase with Weyl dispersion and weakly broken
electron-hole symmetry. When the electric field is further increased beyond E | the gap opens again,
and the system returns to a semiconducting phase.

To understand the nature of the semimetallic transitions, in Sec. 5.4 we use the Bernevig, Hughes,
and Zhang (BHZ) 2D model Hamiltonian first introduced in Ref. [50] to describe the QSH phase in
HgTe-CdTe QWSs, and we obtain an effective Hamiltonian that reproduces the low-energy spectrum
of the CSNW in the vicinity of the field-induced Dirac point. Using this low-energy theory, we eluci-
date that the crossing of the two subbands arises due to a compensation between the Rashba SOI,
modulated by the electric field, and the k - p electron-hole interaction.

Finally, we investigate finite-length CSNWs. We show that localized end states form and survive in
presence of the electric field up to the critical value E |, where the fundamental gap closes. As the
field isincreased beyond El the end states disappear, merging into the electron and hole subbands
which, at the same time, return to normal ordering. Hence, the semimetal transition is interpreted as
an electric field induced transition between topologically different phases. We also investigate the
stability of these states against potential disorder along the axial direction and asymmetric electron-
hole Rashba couplings.



5.2. Self-consistent effects in broken-gap nanowires 67

(b)
! !
GaSb | InAs i GaSb
1372 == - _—
! !
? e\ 2 ; |
o | %
> i === CB i
= ‘ i
s | — VB |
| |
mﬁ 0.56 f——— —
0.417; ———————— .
" Gasb 5 i
| I
I |
0] i i
position

Figure 5.1: Broken-gap InAs-GaSb nanowires.(a) Sketch of the simulated hexagonal InAs-GaSb CSNW. (b) Bulk conduc-
tion band (CB, dashed blue line) and valence band (VB, full red line) profiles of INnAs-GaSb heterostructures. The InAs lowest
conduction band falls approximately 0.14 eV below the topmost valence band of GaSb, a band alignment usually referred to
as type-Il broken-gap.

56.2. Self-consistent effects in broken-gap nanowires

In Fig. 5.1(a) we sketch an InAs-GaSb CSNW grown along the [111] crystallographic axis. As already
mentioned in Ch. 1, InAs/GaSb interfaces form a type-Il broken-gap band alignment, that is, the
conduction band edge of one bulk material falls below the highest valence band of the adjacent
layer.

In particular, as shown in Fig. 5.1(b), the InAs conduction band edge is ~ 0.14 eV below the GaSb va-
lence band edge. This results in a significant coupling between conduction bands pointing upward
and valence bands pointing downward, and results in a gap opening at a finite wave vector, the so-
called hybridization gap. This is fully taken into account by the use of our 8-band k - p approach
(see Ch. 2), which includes the lowest energy I'g conduction bands, as well as the top-most I's and
I'; valence states.

Similarly to QW systems, in a CSNW of appropriate geometrical parameters quantum confinement
can raise the lowest electron subband edge ¢, above the highest hole subband edge h, restoring
the conventional subbands alignment of a trivial insulator. This situation is depicted in Fig. 5.2(a). In
this scenario, the effective band gap E, = eq — ho occurs at the I point. In InAs-GaSb CSNWs this
situation happens for small values of core radius R, and shell thickness w (typically R., w < 5nm).

For larger R. and w confinement energies are lowered, and the positions of ¢; and h are reversed,
as depicted in in Fig. 5.2(b). Here, the subband extrema ¢, and hy are exchanged, and the effective
band gap occurs at k, # 0. Furthermore, we expect a spontaneous charge transfer from one mate-
rial to the other to occur when the chemical potential is within the effective gap, as required by the
charge neutrality condition. This conceptis again schematically represented in Fig. 5.2(b): filled blue
circles and red open circles indicate occupied electron states and unoccupied hole states, respec-
tively. The former create negative charge contributions, while the latter create positive charge con-
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Figure 5.2: Schematic band structure of InAs-GaSb core-shell nanowires. (a) Typical band structure of InAs-GaSb
CSNW inthe normal semiconducting regime. The color coded EL/H character is calculated according to Egs. (5.1),(5.2). Even
if the (bulk) InAs conduction band (dashed, light-blue line) lies below the (bulk) GaSb valence band (dashed, red line), the low-
est electron subband edge (ep) and the highest hole subband edge (h) follow the conventional ordering of semiconducting
materials due to a strong quantum confinement imposed in CSNWs with sufficiently small core radii and shell thicknesses.
In this regime, if the chemical potential p lies within the gap no charge transfer occurs at zero temperature. Furthermore,
electron-hole hybridization is negligible, as shown by the almost pure spinorial character of the subbands, encoded in the
colorbar. (b) Typical band structure of InAs-GaSb CSNW in the inverted regime. For larger structural parameters, quantum
confinement is lowered, causing ep and hg to invert with respect to panel (a). Because of electron-hole kinetic interactions an
hybridization gap opens. When the chemical potential lies within the this gap, contrary to panel (a), charge transfer between
the InAs and the GaSb region occurs. States of the ey subband (blue dots) contribute with a negative charge density within
the InAs region, while the states of the hg subband (red circles) contribute with a positive charge density within the GaSb
region. States located at the anticrossings between the two subbands (green circles), as a result of electron-hole hybridiza-
tion, are expected to contribute to the negative as well as to the positive charge density in the respective regions.
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tributions. Since the electron states originate from the InAs conduction bands, a negative charge
density is expected to form within the core of the NW. On the contrary, since hole states originate
from the GaSb valence bands, a positive charge density is likely to form within the shell of the NW.
As a result of the charge transfer between different layers, band bending in both layers takes place,
affecting the electronic structure of the system.

What about the green, half-filled dots in Fig. 5.2(b)? As the color refers to the bulk electron or hole
character of the wave-function, these are strongly hybridized states, and form the extrema of the
effective band gap, which is usually referred to as the hybridization gap. Thus, we expect those
states to have non-zero probability density in both the core and the shell of the NW, and to contribute
with both positive and negative charge density distributions.

While for purely electron and hole states (filled blue dots and openred circles) we canin principle use
Egs. (2.75) and (2.76) to evaluate the charge density contributions, the case of overlapping hole and
electron states (green half filled dots) is more difficult to deal with, as it is not possible to occupy in-
dependently electron and hole states as prescribed by the multi-band envelope function approach
(EFA).

Self-consistent electronic structure calculations exist for InAs-GaSb, broken-gap QWs and 2D su-
perlattices. In Ref. [226] the authors employ a single-band approach, which neglects the k - p cou-
pling between conduction and valence bands and therefore circumvents any ambiguity in the defini-
tion of the charge densities. Typical self-consistent multi-band models only considered narrow layer
widths, where the standard prescription for the calculation of the charge density still applies [227].
For situations where the standard multiband EFA fails, a self-consistent multi-band approach was
used for the first time in Ref. [228]. Inthat paper, the proposed method is to occupy only certain com-
ponents of the electronic states, according to their bulk spinorial character. In a more recent work
[229], a self-consistent 8-band k - p model has been used to study the semimetal-semiconductor
transition in INAs-GaSb QWs under external electric fields, even if the details of the method used to
evaluate the charge density are not explicitly specified. Remarkably, from the paper, one can infer
that the electron and hole densities are computed separately.

A conceptually different technique has been instead proposed in Ref. [230], under the name of "full-
band” EFA. Here the classification into electron and hole states is avoided and the charge density
is evaluated within the electron picture. The authors apply their method to the calculation of optical
transition energies of intrinsic InAs-GaSb superlattices in a band inverted regime, and found good
agreement with experimental data. The main limitation for the extension of this method to NWs is
that one is forced to compute the entire spectrum of the Hamiltonian. For an 8-band model and a
typical real space discretization on the order of 10° nodes one has to compute all the eigenvalues
and eigenvectors of a matrix of dimension 10* x 10, a computationally prohibitive task for a direct
diagonalization method .

In this work we designed an ad-hoc method for the evaluation of the charge density in broken-gap
NWs, properly aimed to reproduce the expected charge transfer effects in inverted-gap situations
as in Fig. 5.2(b). Our method is very close to the ones used in Refs. [228] and [229], in the sense that
it calculates the positive and negative charge density contributions separately. Furthermore, being a

"Note that the use of direct diagonalization methods does not take advantage of the sparsity structure of the matrices
generated by the real space discretization with FEM.
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modified EFA, it only involves the calculation of a reduced number lowest energy eigenstates around
the chemical potential, and not the entire spectrum.

First, we define the electron EL and hole H character of each state from

EL= / dro > [¢u(rL)*Omas(ry), (5.)
7

H= [dre 3 10,(rs) POsassr). 5.2)

where the Heaviside © functions are

1 if »r, €lInAscore
Omas(rL) = - _ ) (5.3)
0 if otherwise

1 if 7, € GaSbshell
Oasp(T1) = { . . (5.4)

0 if otherwise

These numbers can be evaluated for each subband s and for each wave-vector k..

The total charge density can be written as?
Far dk
pri)=e Z / —ns(ri, k) +ps(ri, k) (5.5)
sesubbands kM

To calculate ng and p,, we define two character "threshold” values, ELn,n € [0,1] and Hmin € [0, 1],
and we compute the negative charge in the NW according to the following rule:

nEA(r k) if EL> Elm
TR i 7 (56)
nyEFA(’I’L,k) Zf (EL < ELmin and H< Hmin)
where nE™ refers to the standard EFA for the conduction band
nEA(ryk Z f(E T) |5 (r L, k), (5.7)
and nVEFA refers to a modified EFA for the conduction band
& A (r Zf T) [5(ro. k)| *Omas(rL) - (5.8)
Analogous equations hold for the positive charge density. Explicitly, we have
EFA(r k) if H>Hm
pulra k) = PR " , (5.9)
p':’lEFA(’I”L, k) Zf (H < Hmin and EL < EI—min)

2]n this chapter we refer for convenience to the free electron and hole concentrations using the symbols » and p, respec-
tively, instead of the symbol n. and n;, used to refer to the same quantities in Chs. 2 and 3.
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Figure 5.3: Modified EFA approach. Schematic visualization of the approach used in this work to calculate the charge
densities of electrons and holes in inverted-gap InAs-GaSb CSNWs. Basically, each one of the calculated electronic states
is assigned to either the "electron”, "hybridized” or "hole” class according to its spinorial character. States whose charac-
ter is above (below) the threshold character EL,i, (Hmin) are classified as "electron” ("hole”) and the corresponding charge
density is evaluated using the standard EFA approach. Otherwise, the state occupation is evaluated using the modified EFA
approach: the part of the wave function that overlaps with the InAs (GaSb) region contributes to the negative (positive) charge
according the the standard EFA approach. Note that states that belong to the "hybridized” class can contribute with a charge
density of both signs.

where pE™ refers to the standard EFA approach for the valence band,

PEA(rL k) = (1= f(Bs(k), 1, T)) |05 (r L, k), (5.10)

m

and pMEFA refers to a modified EFA approach for the valence band

P k) = > (1= F(Ey(k), 1, T)) [95(r 1, k) *Ogasn (T 1). (11

m

Figure 5.3 aims at clarifying schematically our modified EFA. The two threshold values are used
to select between the standard EFA and the modified one. If the electron character EL, Eq. (5.1),
is larger than ELn, the standard EFA for the conduction band in Eq. (5.7) is used to compute the
negative charge contribution. Otherwise, if EL<ELi, and H>Hnin only the InAs layer contributes
to the negative charge [see Eq. (5.8)]. For the positive charge contribution an analogous approach
follows. If the hole character H, Eq. (5.2) is larger than Hy,, the standard EFA approach in Eq. (5.10)
for the valence band is used to compute the positive charge contribution. Otherwise, if H<Hin and
EL>ELni» only the GaSB layer contributes to the positive charge [see Eq. (5.11)].

In practice, we assign each state to one of the three regions outlined in Fig. (5.3), namely "electron”,
"hole” or "hybridized”. States that belong to the "electron” and "hole” classes contribute to the neg-
ative and positive charge respectively in both layers. States that belong to the "hybridized” class,
contribute to both the negative charge (only within the InAs layer) and the positive charge (only within
the GaSb layer). For example, half-filled green dots in Fig. 5.2(b) belong to the "hybridized” class.
Those that are above the chemical potential, will contribute to the positive charge in the GaSb layer
through the hole component of the probability density. On the other hand, those below the chemical
potential, will contribute to the negative charge in the InAs layer through the electron component of
the probability density.

It seems natural to ask why we don’t simply take all states to fall into the "hybridized” class and
add the corresponding charge according to their H or EL character. The answer is that, although
energetically the states well above or well below the band-inverted gap are naturally regarded as
pure conduction band and pure valence band states, respectively, in the 8-band k - p approach
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Table 5.1: Material parameters used in the 8-band k-p model at temperature ' = 4 K for InAs-GaSb CSNWs. The energy gap
E4, the conduction and valence band offsets AE. and AE, at the InAs-GaSb interface, the split-off energy A, the Kane
energy I, the conduction electron effective mass m. and the bare Luttinger parameters ~; are taken from Ref. [126]. £73°
is the rescaled Kane energy Eq. (2.56) and 7; are the modified values Eq. (2.53). ¢,- refers to the relative dielectric constant of
each material. ELy,j, and Hy,i, are the threshold values introduced in our modified EFA approach, and have been heuristically
determined using insights from the numerical simulations of the specific nanostructure.

InAs Gasb
B, [eV] 0417 0.812
AE, [eV] 0.955

AE, [eV] 0.56

Ay, [6V] 0.39 0.76
E,/E[eV] 215/191 27/248
Me 0.026 0.039
| 20/47 13.4/3.2
o | Ao 85/0.86 4.7/-039
s ) As 9.2/16 6.0/0.9
e 15.5 15.7
ELmin 0.8

Humin 0.95

they always carry some degree of electron-hole hybridization, even at large wave vectors k., [222].
In particular, the EL character never converges to one, for increasing k.. Therefore, calculating the
charge according to the EL or H character would run into convergence issues. For example we
would have negative charge contributions from states deeply located in the valence band, or posi-
tive charge contributions from states deeply located in the conduction band. Apart from being an
unphysical result, this would force us to take into account also eigenstates that are very far away
from the chemical potential.

We now use this self-consistent k - p protocol to study the band structure of free-standing InAs-
GaSb CSNWs. The band parameters are reported in Tab.5.1. The position of the Fermi level is deter-
mined by charge neutrality condition n = p. We used pure Neumann boundary conditions (BCs) for
the Poisson equation (see Sec. 2.4.1) in order to set the electric field to zero at the outer surface of
the wire.

In Fig. 5.4(a) we show the two-dimensional map of the charge density of an InAs-GaSb CSNW with
core radius R. = 7 nm and shell width w = 7.32 nm calculated using our self-consistent protocol:
a hole gas is formed in the shell, mostly originating from the GaSb valence band states, while an
electron gas, originating from the InAs conduction band states, is found within the core.

The calculated charge density distribution can be explained qualitatively by considering the char-
acter of the calculated subbands in Fig. 5.4(a). Here, the color corresponds to the electron or hole
character, according to Egs. (5.1) and (5.2). As expected, the system is in an inverted regime [as in
Fig. 5.2(b)], with three valence subbands above the lowest electron subband subband. The main
contribution to the positive charge density in the GaSb shell comes from hole states above the
chemical potential, here labelled with open red circles in the first subband. On the other hand, the
negative charge in the InAs core mostly comes from the occupied electron states in the fourth sub-
band, here indicated with filled blue dots. Furthermore, hybridized states, as for example the states
in the second subband indicated with circles, contribute to the charge density of both layers. The
states that are not indicated with dots, do not contribute significantly to the charge density. For ex-
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Figure 5.4: Self-consistent band structure of broken-gap, InAs-GaSb nanowires. (a) Charge density of an InAs-GaSb
CSNW with InAs core radius R. = 7 nm and GaSb shell thickness w = 7.32 nm at charge neutrality, obtained using our self-
consistent, modified EFA approach. Our method correctly yields a positive charge density in the GaSb shell and a negative
charge distribution in the InAs core. (b) Electronic structure corresponding to panel (a). The color refers the electron (EL) or
hole (H) character of the different subband states, calculated from the wave function localization in the InAs and GaSb layer,
respectively [see Egs. (5.1) and (5.2)]. States indicated with dots are those contributing to the charge density in panel (a):
occupied electron states in the fourth subband (filled blue dots) participate to the negative charge density, while unoccupied
hole states in the first subband (red circles) participate to the positive charge distribution. Furthermore, states in the second
subband between k. = 0.05 and 0.1 nm—1 (green dots) contribute to the charge distribution in both materials. The position
of the Fermi level is determined by the charge neutrality condition. (c) Effective energy gap E, of a CSNW with R. = 7 nm
for different values of the GaSb shell thickness w with (dashed line) and without (full line) including self-consistent effects, at
charge neutrality.

ample, the states in the first subband for k., > 0.1 nm~! fall within the "electron” class according to
their spinorial character. As a consequence, these states are occupied using Eq. (5.7), which rapidly
goes to zero after a few k, T away from the chemical potential x, as dictated by the Fermi distribu-
tion function f(E, 1, T). The same is true for electron states found at higher energy, not shown in
Fig. 5.2(b). A perfectly analogous reasoning holds for hole states.

Systematic studies of the effective band gap of InAs-GaSb NWs as a function of the structural pa-
rameters have been performed for both cylindrical [114] and hexagonal geometries [222] using 8-
band models. However, up to now, the influence of charge transfer and self-consistent effects in
InAs-GaSb NW has been neglected in the literature. In Fig. 5.4(c) we consider a NW with R, = 7
nm and we calculate the effective energy gap E, of the system as a function of the shell width w,
In particular, we compare the results obtained with and without the inclusion of charge transfer ef-
fects. The self-consistent calculations are indicated with a dashed black line, while the full black
line is obtained neglecting charge transfer effects. For small values of w, being the system in the
normal semiconducting regime [Fig. 5.2(a)], charge transfer does not occur, and the two curves are
superimposed 3. However, starting from w ~ 6 nm, the self-consistent result departs from the non-
self-consistent one, as charge transfer starts to play a role. In particular, when a charge distribution
is present inside the wire, band bending is expected to occur and to influence the band structure
and the effective energy gap. Importantly, for experimentally achievable structures with w > 8.32
nm, the non self-consistent model predicts a semimetallic phase (E, < 0) where the self-consistent
model predicts a semiconducting behaviour (£, > 0).

SNote that in the normal regime no charge is present in the system according to the standard EFA. Thus, we also have a
proof that in the normal regime our modified EFA gives the same results as the standard EFA.
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Figure 5.5: Transverse electric field. Sketch of the simulated InAs-GaSb CSNW. A back-gate located below the NW in-
duces a transverse electric field directed along the y-direction. The chemical potential is assumed to be fixed by a second
gate attached to the NW, and is a free parameter in our simulations. (b) Typical charge density distribution in the nanodevice
for a negative back gate potential V; < 0, obtained using our self-consistent approach. This situation is modeled by a posi-
tive electric field in the y-direction £, > 0 in the simulations. Holes are attracted to the bottom edge of the NW hexagonal
cross section. In principle, electrons are pushed in the opposite direction, even if hardly visible from the figure. The electro-
static potential is fixed to zero at the bottom edge of the wire, while Neumann BCs are used for the remaining five edges.
Parameters: R. = 7nm, w = 4.88 nm, u = 539.14 eV, £, = 1.285V/um.

5.3. Effects of a transverse electric field

We now consider InAs-GaSb CSNWSs in the presence of a transverse electric field. We assume
a constant electric field E, directed along the y-direction, as schematically depicted in Fig. 5.5(a).
Furthermore, we fix the potential to zero at the bottom edge of the wire and impose Neumann BCs
for the remaining edges. This configuration intends to reproduce the effects of a back gate voltage
V, placed below the NW. We will assume that the chemical potential can be tuned by a second gate
connected to the NW. In Fig. 5.5(b) we show a typical, calculated charge density map in inverted-gap,
InAs-GaSb CSNW when V,, < 0, a situation which we simulate using £, > 0. In this case, holes are
attracted towards the bottom edge of the hexagonal section. Electrons, having opposite charge
with respect to holes, are weakly pushed towards the top edge.

In Fig. 5.6 we show the band structure for a NW with with R, = 7 nm, w = 4.88 nm, u = 539.14 eV and
E, =1V/um. The CSNW parameters are chosen so to realize a slightly inverted gap, with only one
electron-like subband below one hole-like subband. The subbands are degenerate at &, = 0 due to
time-reversal symmetry. The size of the arrows in Fig. 5.6 is proportional to the modulus |5, | of the
z-component of the vector spin operator S, that we evaluate as S, = (¥|5,|¥) as a function of the
wave vector k. for each subband eigenstate |¥). Upwords (downwards) pointing arrows indicates
a positive (negative) sign of S,.. At k., # 0 each subband splits in two subbands with opposite spin
component S, due to the SIA induced by the electric field braking inversion symmetry along the
y-direction. It should be noted that SIA spin splitting is present only if we have both a macroscopic
electric field, that breaks inversion symmetry, and a microscopic electric field from the atomic cores,
that is responsible for the matrix elements of the microscopic spin-orbit interaction Hff [206]. We
note that the spin splitting in the valence subbands is more pronounced with respect to the electron
subbands. This is expected, since it originates from the "direct” SOl between p-like states in the
valence band. In the conduction states, which are s-like, there is no direct SOl and the splitting



5.3. Effects of a transverse electric field 75

5451
< 5401
[}
E
W 535
5301
m .
0 0.05 0.1 0.15

k [nm~1]

Figure 5.6: Energy bands with transverse electric field. Energy bands of the InAs-GaSb CSNW in presence of a trans-
verse electric field £, =1V/um directed along the y-direction. At k. #0 each subband splits in two subbands with opposite
spin component S: the modulus |S.;| of the z-component of the vector spin operator S calculated as S, = (¥|5,|¥) is
represented by the size of the arrows. Upwords pointing arrows indicates a positive sign of S,, while downwards pointing
arrows indicates a negative sign of S;.

ensues from the coupling with the valence band [231].

In Fig. 5.7(a) we show the same band structure as in Fig. 5.6 but concentrating in a narrow region
around the gap. The four subbands interact between each other in a complex way, as a result of
the interplay between electron-hole kinetic interactions, regulated by the optical matrix element
P, and SOI. Qualitatively, we identify two anticrossings: the first is between subbands "1” and "4”,
the second between subbands "2” and "3”, with clearly different couplings. The latter defines the
effective gap of the system, and is an hybridization gap, as it stems from the anticrossing between
a conduction subband and a valence subband.

Interestingly, increasing the value of the electric field £, the system undergoes a transition through
a semimetallic phase, where the effective gap of the system vanishes. The gap closing is shown in
Fig. 5.7(b), for an electric field £, = 1.285 V/um. Here two opposite spin, electron and hole subband
cross at k, # 0. Furthermore, the crossing subbands show a linear dispersion describing massless
Dirac particles in one dimension near a degeneracy point ky # 0. Clearly, an identical behaviour
is obtained in the negative branch of k., not shown here, due to Kramers degeneracy, with a gap
closing at —kj. Consistently with the closing gap, the crossing subbands show a pure electron and
hole character. If the electric field is further increased, the two subbands anticross again, and the
energy gap reopens, as shown in Fig. 5.7(c).

In Fig. 5.7(d), we systematically study the effective gap of the same NW as a function of the the
electric field £, and the chemical potential . While the former is generated by a back-gate voltage
below the NW, the latter can be tuned by contacts directly attached to to it. Note that self-consistent
charge transfer is included here, as explained in Sec. 5.2. We find that the for each value of 1 in the
explored range the gap closes at two values of the electric field. In particular, the three dots refer
to the sequence Fig. 5.7(a),(b) and (c), as indicated. The gap closing point is represented by the red
dot. The corresponding gap closing point at negative electric field is is non-symmetric with respect
to £, = 0. This is due to the fact that the presence of the back-gate voltage attached to the NW
breaks inversion symmetry with respect to the z = 0 plane, making the form of the self-consistent
potential (thus of the screening-effects), to depend on the sign of the electric field.
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Figure 5.7: Semimetal state induced by and electric field. Evolution of the energy band structure of the InAs-GaSb
CSNW in presence of increasing values of the transverse electric field E,, specifically (a) E, = 1 V/um, (b) E, = 1.285
V/pmand (c) E, = 1.5 V/um. The system undergoes a transition through a semimetallic phase in (b), where the energy gap
vanishes. (d) Phase diagram of the nanowire as a function of chemical potential 1. and electric field E,. For each value of 11, a
semimetallic state as in panel (b) occurs at two values of the electric field E,, one negative and one positive. The sequence
in panels (a), (b) and (c) is highlighted with dots as indicated, the red one corresponding the the gap closing point.
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5.4. An effective low-energy model

In this section we delve deeper into the understanding of the occurrence of the semimetallic phase
induced by the electric field. We will show below that the intimate physical reason underneath the
energy crossing of the two opposite spin, electron and hole subbands is a compensation of SOI
with the electron-hole k - p interaction.

To show this we use the BHZ model, a 2D model Hamiltonian that was first introduced in Ref. [50]
to describe the topological quantum phase transition between the conventional insulating phase
and the phase exhibiting the QSH effect in HgTe-CdTe semiconductor QWs, which form a type-ll|
heterostructure, i.e., a QW with band inverted well material. Indeed, HgTe has an inverted band
ordering whereby the first s-like, I's; band lies below the first p-like band with symmetry I's. On the
contrary, the barrier material (CdTe) has a normal band ordering, with the I'q band above the I's band.

The BHZ Hamiltonian can be obtained from general symmetry considerations and the standard k - p
theory for a quasi-2D QW grown along the z direction with the in-plane wave vector k = (kg, k). It
has the form

(k) 0
Hgnz = ( 0 h*(—k)) ) (512)
with
h(k) =ho(k)ro+ > hi(k)7i, (5.13)

where 7; are the standard Pauli matrices and 7 is the identity matrix. The lower block is related to the
upper one by time-reversal symmetry, here represented by the operator 7 = i, K, where K stands
for complex conjugation. The above Hamiltonian is written in the basis of the first spin-up and spin-
down (+) electron-like and (heavy) hole-like subbands (|[EL+),|H+),|[EL—),|H-)) of the HgTe-CdTe
QW at the I' point. It can be shown (see [206]) that, with J, quantized along the QW growth direc-
tion, at k = 0 the |[EL+) states are linear combinations of the bulk s-like states |T'g,J. = +1) and
p-like states |, J. = +3) (LHs), while the |H+) states consist of the bulk states |y, J. = £2) (HHs).
Fromthe parity under inversion of the Blochstates P |T'{, J. = +3) = |}, J. = £3), P |I'{, J. = £3)
IT$,J. =+3)and P|Tg,J. = £1) = — [Ty, J. = +1), one obtains that the electron-like subbands
states |EL+) and the hole-like ones |H+) have opposite parity, i.e. P|EL+) = — |EL+) and P |[H+) =
|[H+). As a result, the matrix elements ho and /., must be even under P (as they connect states with
the same parity eigenvalue), while the matrix elements the matrix elements ., and i, must be odd
(as they connects states with opposite parity eigenvalue). Taking into account time-reversal, inver-
sion, and crystal symmetry, a Taylor expansion near k = 0 gives the functional form of the matrix
matrix elements h; [50]:

ho(k) = C — D(k2 + k),
h. (k) = Ak, ,
(5.14)
hy (k) = —Ak,
h:(k) = M — B(k2 + k)

The parameters C, D, A, B and M depend on the materials involved as well as the structural pa-
rameters of the QW, as for example the QW thickness. The parameter C sets the zero of energy.
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The parameter A regulates the strength of the kinetic electron-hole interaction. B and D regulates
in-plane dispersion of the energy bands and can be related to the effective masses m. and m;, of
electrons and holes respectively by the relation D + B = —52/2me/h, or

2

p-_" (1 N 1) 7 (5.15)
2 \me my
2

. (1 N 1> _ (5.16)
2 \me my

Note that m. > 0 while m;, < 0. As a consequence D is proportional to the difference between the
inverse absolute values of the effective masses, while B will be proportional to their average.

The critical quantity is the gap parameter M, with 2M being the energy difference between the EL
and H levels at the I" point. Remarkably, when the ratio % changes sign a band inversion occurs.
In HgTe-CdTe QWs, this ratio is experimentally controllable through the width of the HgTe QW. As
shown in Ref. [50], band inversion, via closing of the bulk gap, leads the system to the topological
insulator (T1) phase which exhibits QSH edge states due to bulk-boundary correspondence.

The QSH state has been predicted in InAs-GaSb QWs as well. As already noted in Sec. 5.2 InAs-
GaSb heterostructures can be in an inverted band regime for proper values of structural parameters,
i.e. the width of the InAs and GaSb layers. Furthermore, electron-hole kinetic interactions provide a
finite bulk insulating gap in the inverted regime. Therefore, the inverted regime of InAs-GaSb QWs
should be a topologically nontrivial QSH phase protected by the bulk gap [219]. Nevertheless, we
emphasize the fundamental distinction between HgTe-CdTe and InAs-GaSb QWs; in the former the
band inversion takes place only in the HgTe well, while in the latter electrons and holes are confined
in distinct materials (electron in the InAs layer and holes in the GaSb layer) and the full heterostruc-
ture is in the inverted band regime.

The BHZ model discussed above for HgTe-CdTe QWs has been used to describe the topological
transition in asymmetric InAs-GaSb QWs, although in this case the BHZ Hamiltonian must include
additional terms to account for the effect of SIA induced by the fact that the QW is asymmetric
along the growth direction. However, these terms only modify the location of the phase transition
between the QSH and the trivial insulating phases (phase boundary in the parameter space) [216].
On the other hand, a major advantage of asymmetric InAs-GaSb QW with respect to HgTe-CdTe
QWs is their much larger sensitivity to external gate voltages ensuing from the spatial separation of
electrons and holes in different asymmetric layers.This enable the possibility to drive the system to
the inverted regime, hence into the Tl phase, by means of electrical gating [232].

In Ref. [233] an extension of the BHZ model in presence of an inversion breaking potential generated
by an electric field in the z direction was derived. The authors use k - p theory and derive an effective
4 x4 Hamiltonian through third-order Lowdin perturbation theory, using the unperturbed basis of the
eigenstates of the 6 x6 Kane Hamiltonian at k = 0. The k-dependent part of the Kane Hamiltonian
as well as the electrostatic potential V(z) = —eE,z are treated as a perturbation. The result is an
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Figure 5.8: Sketch of the BHZ model for InAs-GaSb core-shell nanowires. A simple model for for InAs-GaSb CSNWs in
presence of a transverse electric field can be obtained starting from a two-dimensional InAs-GaSb quantum well with growth
axis along y, and considering a short strip of length L, along the z-direction. The translationally invariant direction = then
represents the nanowire growth axis.

extended BHZ Hamiltonian

M(E) Ak, 0 —Sok?
Ak_ —M(k)  Sok* 0
H, =e€(k)ly + , 51
gHz = €(k) 14 0 Soki Mk)  —Ak_ (5.17)
fSok:i 0 —Aky  —M(k)

where ks = k, £ iky, k* = k2 4+ k2, M = M — Bk? ¢(k) = C — Dk? and 14 is a 4 x 4 identity matrix.
The parameter Sy is a linear function of the electric field, or Sy = const x E., being the constant of
proportionality material and structure dependent, while the definitions of the other the parameters
are the same as the ones of Eq. (5.14). With respect to Eq. (5.12) we note the presence of SIA terms,
proportional to S, and hence induced by the electric field, coupling electron states to hole states
that belong to different spin blocks. The linear Stark shift term, which is a first order correction term,
is absent because the envelope functions of the unperturbed basis have a well defined parity under
spatial inversion. Nevertheless, the electric field enters in the Hamiltonian through the terms +Syk3,
which originates from the second order correction in perturbation theory. It should be noted that the
Hamiltonian of Ref. [233] includes additional Rashba terms that couples electron and hole states
with opposite spin, respectively. Since these terms do not alter the conclusions of this section, we
will neglect them for now to easy our analysis. Their effect will be considered in Sec.5.5.2.

The critical observation is that, as the electric field breaks the symmetry in the y direction and in-
duces the localization of holes in the GaSb layer near the gate [see Fig. 5.5 (right panel)], the system
appears approximately as a laterally confined GaSb/InAs QW. Hence, to model the energy disper-
sion of the NW, we use the extended BHZ model Eq. (5.17), which simulates a 2D system, adding
a lateral confinement. Specifically, we write the Hamiltonian in Eq. (5.17) in the zz plane by relabel-
ing (ky, k) — (k, k) and consider a short strip along the = direction by replacing &, — —i%. A
schematic picture of the short strip model is shown in Fig 5.8. Assuming open BCs at the strip
edges, we project Hgz onto the following real space basis

bn(z) = \/LTsin (TF (ac - L;)) : (5.18)

If we consider only n = 1, which is justified for sufficiently narrow strips (we shall consider L, = 16.5
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nm hereafter), after the projection we obtain a 4 x 4 Hamiltonian

Hy(ks) = &' (k) + M (k.)ooT

, , (5.19)
+ Ak,o,7, + So (ka — L2> OyTy
where
e'(k.)=C—D |[(n/L)* + k2] , (5.20)
M (k) =M — B[(n/L,)* + k2] , (5.21)

and 7, . and oy . 4 . are Pauli matrices acting on the electron-hole and pseudospin subspaces,
respectively.

To support the validity of the Hamiltonian H, (k. ), in App. C.1 we considered a cylindrical InAs-GaSb
CSNW and derived a effective 4-band Hamiltonian describing the two spinful, lowest-energy elec-
tron and hole subbands of the system. We used first order perturbation theory and we did not con-
sider the interaction with other subbands apart from the four ones that we considered explicitly.
Despite these approximations, we found that the form of the 4-band Hamiltonian obtained in this
way is exactly equivalent, apart from the term to proportional to k20, 7,, to the form of the effective
Hamiltonian H4(k,) in Eq. (5.19) obtained starting from the laterally confined two-dimensional QW
model. Importantly, the Hamiltonian obtained starting from the CSNW model with cylindrical sym-
metry, contains the term proportional to o,7,, which is expected to dominate at small k., and is
essential to reproduce the field-induced gap closure observed in the numerical simulation, as we
shall demonstrate.

By inspection from the numerical diagonalization of H, (k. ), we infer that the degenerate subspace
at k, = ko is spanned by the following eigenvectors:

0

1 —1
|12) = Slol (5.22)
1

1

[P1) = NG

S = O =

For |1 2) to be eigenvectors with degenerate eigenvalue E at k., = & we find that the following two
conditions must hold:

M (ko) =0, (5.23a)
2
Al + S (kg - ;) = 0. (5.23D)

From the first condition Eq. (5.23a) one obtains the wave vector at the crossing point

M w2

which does not depend on the value of the electric field E,. Furthermore we have that the energy at

which the gap closes is given by
D
Eq=¢€'(ko)=C — EM' (5.25)
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A[nmeV] 31.8 x 1073

B [nm? eV] -1.052
D [nm? eV] -0.0436
M [eV] -38 x 1073
C [eV] 5375 x 1073
So/(eE,) [nm?] 27016
L, [nm] 16.5

Table 5.2: Parameters of the BHZ model Hamiltonian Eq. (5.17). The parameter A regulates the strength of the electron-
hole kinetic interaction. B is proportional to the average between the effective masses m.;, while D is proportional to the
difference between the two. 2M is the value of the inverted-gap. C is a constant energy shift. Sy regulates the strength
of the Rashba electron-hole, opposite-spin interaction. L, is the short strip length used to model the energy states of the
nanowire.

The second condition Eq. (5.23b), that is fulfilled for a specific value of the electric field E,, shows
that, at the degeneracy point k., = ko, the same-spin electron-hole kinetic interaction is suppressed
by the opposite-spin electron-hole Rashba term proportional to S.

The effective Hamiltonian with the parameters of Tab. 5.2 indeed reproduces very well the exactk - p
energy spectrum in proximity of the band crossing at ky, and energy E,, where fitting is enforced, but
it is very accurate for the two crossing subbands down to I, as shown in Fig. 5.9(a). The fitting is per-
formed as follows. The values of kq, E, and E, are extracted from the numerical results in Fig. 5.7(b).
We also assume a fixed value of A (see Tab.5.2) close to the value employed in Ref.[225]. Thus, from
Eq. (5.23) we obtain the value of S;. Eventually, from Egs. (5.24) and Egs. (5.25) we eliminate the pa-
rameters B and D in favour of M and C, which now represent the remaining two fitting parameters
used in order to reproduce the band structure in Fig. 5.7(b).

Using the laterally confined BHZ Hamiltonian H, with the parameters in Tab. 5.2, in Fig. 5.9(b) we
plot the fundamental energy gap E, (blue) of the energy spectrum of the Hamiltonian H, and the
condition in Eqg. 5.23b (red) as a function of the electric field E,. The fundamental energy gap E,
closes and reopens as a function of the electric field E,, a feature we already obtained in the nu-
merical simulations of Fig 5.7. Furthermore, as already stated, the gap closes at the specific value
of electric field that fulfills the condition in Eq. (5.23b).

Starting from Eq. (5.19) it is possible and instructive to derive an effective 2 x 2 Hamiltonian close to
ko. To do that we write the wave vector as k., = ky + k where k is the distance wave vector calculated
from the degeneracy point. Thus, we can write the Hamiltonian in Eq. (5.19) as

Hy(k) = Ho + H(k), (5.26)

where Hy = H(k = 0) = H(ko) is the Hamiltonian H,(k.) calculated at the degeneracy point, while
H(k) is treated as a perturbation. At first order in perturbation theory, we project the Hamiltonian
H,(k,) onto the degenerate subspace spanned by |11) and |12) while keeping only linear terms in k.
The resulting 2 x 2 Hamiltonian is given by

Ha(k) = Booo—2ko (Bo= + Doo)k (5.27)
— (A + QSOkO) ok

Furthermore, we can rotate the coordinate system using the rotation operator U = ¢~*%2°= and obtain
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Figure 5.9: BHZ model results. (a) Energy spectrum of the short strip BHZ model (full line) superimposed with the energy
bands of the core-shell nanowire [Fig 5.7(b)] for the gap closing point, or semimetallic state. The low-energy model well
describes the energy spectrum of the nanowire in the vicinity if the crossing point. (b) Energy gap of the short strip BHZ
model (blue line) and gap closing condition Eq. (5.23) as a function of the electric field E,. When the gap closing condition is
satisfied, the energy gap goes to zero. (c) Energy gap as a function of the strip length L, at a fixed electric field £, = 1.285
V/um, showing multiple gap closing point. (d) Energy band structure for L,, = 210.8 nm, exhibiting topologically protected
edge states.
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the rotated Hamiltonian H, (k) = UT Hy(k)U, namely
Hy(k) = Egoo — 2koDook — 2koBoyk — (A + 2Soko) o4k . (5.28)

The spectrum of ﬁg(k) is given by a linear dispersion relation of the form

E. (k)= Eo+hvik, (5.29)

with )
ve =z <—2k0D + \/4k3(sg + B2?) + 4Soko A + A2> ) (5.30)
With the effective parameters in Tab 5.2 we obtain v, = 1.326 x 10°m/s and v_ = —1.226 x 10°m/s

Note that the two velocities at the crossing of the two subbands have slightly different absolute val-
ues, or in other words, the two crossing linear bands are slightly rotated counterclockwise. This is
a consequence of the second term in Eq. (5.28), which is proportional to the identity matrix oo and
the parameter D. The latter would zero if the absolute values of the effective masses |m.;| and |my|
of the two subbands were equal. In this case, the two velocities would be exactly opposite, as the
effective Hamiltonian H,(k,) would possess exact particle-hole symmetry. In fact, it is easy to show
that the Hamiltonian H,(k.) with D = 0 satisfies chiral symmetry, as CHC' = —H # with C = OyTas
as well as time-reversal symmetry, as already noted. Since H,(k.) has both chiral and time reversal
symmetry, particle-hole symmetry is also implied. Note also that due to Kramer’s degeneracy, an
analogous semimetal phase occurs at —k,, with opposite spins of the two subbands, and the oppo-
site velocity asymmetry. The latter, indeed, is possible because the crossing occurs at a finite wave
vector. In QSH states the velocity must be equal by symmetry, since the degeneracy occurs at the
I" point and spin degeneracy must occur.

Before delving more deeply into the nature of the semimetal transition in the next section, we an-
swer to the natural question about the relationship between the field-induced semimetal phase at a
finite wave vector &, discussed above and the expected Dirac point at I" in topological QWs. There-
fore, we studied how the spectrum of H, changes when we consider increasing larger values of the
strip length L, including a sufficiently large number of basis states (5.18). In Fig. 5.9(c) we show
the evolution of the fundamental energy gap of the system as a function of the strip length L, at a
finite field. The energy gap shows an oscillatory exponential decay, corresponding to multiple gap
closings at specific values of L,. This is similar to what has been reported in Ref. [234] for stripes of
increasing width at zero-field. However, while in the latter case a gap closing requires careful tuning
of the heterostructure parameter, in the present case at each length one could find an appropriate
electric field at which the gap vanishes. Note also that as L, is increased, at each gap closing the
degeneracy wave vector kg moves further towards the I" point. This is exempilified in Fig. 5.9(d) where
we show the energy spectrum at a specific length L, = 210.8 nm, showing a gap closing near the
topologically protected edge states of a purely 2D system. In conclusion, the field-induced semi-
metal phase in a band-inverted CSNW at a critical field and finite wave vector appears as a natural
evolution of the Tl phase at zero field for band-inverted QWs.

4This is strictly true if also C = 0, but this is always possible by redefining the zero of the energy.
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5.5. End states

As discussedin Sec. 5.1, from the topological point of view an InAs/GaSb CSNWs lacks a topological
invariant in 1D and does not support topologically protected states, analogous of the edge states
in QSH phases. However, a band inverted NW can host localized end states [225]. We show next
that these states may appear in the hybridization gap with an electric field modulating the gap, but
do not survive the closing of the gap at the the critical value of electric field E ., which brings the
system back to the normal s-p ordering.

To investigate end states in our band inverted NW by the full k - p approach for a finite, but long
sample would be numerically inconvenient. However, we can assume that the laterally confined
BHZ model (5.19), which has been fitted to provide a good description of the states at fields near
the degeneracy point, also provides a qualitatively correct band structure at low field. Hence, we
start from the short strip model Hamiltonian H,(k,) and consider a long but finite length L. along
the z direction, by replacing k., — —z‘%. Again, we project the Hamiltonian onto a real space basis
¥, (z) with the same form of Eq. (5.18), but directed along z, satisfying open BCs at the wire ends
—L./2 and L. /2, including a sufficiently high number N; of basis functions. Typically convergence
is achieved with N, ~ 100 for L, = 1000 nm and N, ~ 200 for L, = 4000 nm.

In Figs. 5.10(a), (b) we show the energy eigenvalues of the finite length NW Hamiltonian for L, = 1000
nmand L, = 4000 nm, respectively, as a function of the transverse electric field £,. For afinite length
NW £, is not a good quantum number, of course, and a set of discrete states appear at each field,
ensuing from the discretization of k., in the axial direction. Clearly, as L, is increased, the discrete
states become denser. When the electric field is below the critical value for the infinitely long NW,
here at EL = 1.285,V/m, the system is gapped and in the inverted regime, with a set of s-like states
below, and well separated from, a set of p-like states, as shown by the hue in the figures. Direct
inspection shows that these states are extended along the NW. However, a four-fold degenerate
state also appear at the energy Ej [see Eq. 5.25]. For these states, we plot in Figs. 5.10(c), (d) the
squared modulus of the wave function (normalized to its maximum at each field) as a function of E,.
We clearly see that these mid-gap states are localized at the ends of the NW.

Figures 5.10(a), (b) show that, as the electric field approaches the critical value E., i.e. the field
at which the "bulk” gap vanishes, the end states start to split in two distinct Kramers degenerate
doublets. Of course, for a finite system the gap never vanishes exactly. However, above the critical
value, where the "bulk” gap opens again, the end states approach the continuum of bulk states. As
seenin Figs. 5.10(a), (b), the s-like states now lay above the p-like states. In other words, consistently
with the disappearance of the end states, the system has passed from an inverted to a normal band
ordering. This can also be seen from the evolution of the localization shown in Figs. 5.10(c), (d): end
states delocalize from the extrema to the bulk of the NW when crossing the critical field EL. As one
may expect, while for the shorter NW with L, = 1000 nm the end states appearance/disappearance
is less clear-cut, since the gap of the continuum is not closing completely, for the longer NW of
L. = 4000 nm the transition is very sharp. We note finally from Figs. 5.10(a), (b) that the two Kramers
pairs are symmetrically located in energy with respect to E,. Correspondingly they have identical
localization, as seen comparing Figs. 5.10(c), (d) with Figs. 5.10(e), (f), as one should expect from the
fact that particle-hole symmetry is only perturbatively broken in the effective Hamiltonian by a small
difference in the effective masses, which is contained in the parameter D.
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Figure 5.10: End states of the core-shell nanowire. Energy spectra and end states localization for NWs with finite lengths
(a,c) L. = 1000 nm and (b,d) L. = 4000 nm versus electric field E, obtained using the discretized BHZ Hamiltonian with
hard-wall boundary conditions at the wire ends, indicated by dashed black lines. In (a) and (b) the color represents the elec-
tron/hole contribution of each state, while in (c) and (d) it represents the modulus square of the wave function normalized to

its maximum.
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Note that, as already anticipated, we have neglected additional Rashba terms which would be present
in the extended BHZ Hamiltonian Hgyz in Eq. (5.17). These terms, which will be included in a sub-
sequent section, are usually different for electrons and holes. The difference between the two

Rashba couplings, analogously to the difference between the effective masses, represents a fur-
ther particle-hole symmetry breaking term in the Hamiltonian.

To summarize, we found that starting from a NW in the topological insulating phase at zero field, the
electric field has the effect to move the conduction states upward and the valence states downward
until a transition to a trivial insulator occurs through a semimetal phase at a finite field and wave
vector. Correspondingly, localized end states suddenly delocalize and merge in the bulk band states.
This is clearly reminiscent of the topological insulator transition predicted in InAs-GaSb QWs and to
the fate of edge states which form in 2D topological systems due to the bulk-edge correspondence,
which discriminate between the trivial and topological phase. Hence, end states can be seen as
parents of the edge states in a 2D system when one of the in-plane direction is strongly confined to
form a narrow stripe. Interestingly, the transition to the trivial phase obtained after the critical value of
electric field in InAs/GaSb CSNW happens without altering the sign of the inverted gap atI". Contrary
to previous investigations in 2D systems, therefore, where the transition in induced by crossing spin-
degenerate s- and p- like states at I, here the transition is only due to the compensation between
off-diagonal k - p and SOC terms induced by the field between opposite-spin subbands.

As already noted, one of the advantages of the InAs/GaSb heterostructures, with respect to Hg/Te
ones, is the possibility to drive the system to a topological insulating phase by means of an external
electric field. In this perspective, a sufficiently strong field is used to change the band ordering
atI' [52]. In our system, on the contrary, we start from the outset with a band-inverted material, by
carefully choosing the nanostructure parameters. The field does not close the gap at I, and actually
this gap is slightly enhanced by the field, as seen comparing Figs. 5.7(a-c), driving the system to an
even more inverted regime. The vanishing of the gap discussed above, instead, occurs at a finite
wave vector and it has not been observed before. In Ref. [235] the authors explored the dependence
of the hybridization gap in InAs/GaSb QWs as a function of external electric fields, and showed that
when the system is tuned to more inverted regime by a gate voltage (a larger inverted gap at I'), the
hybridization gap decreases. However, gap closure for a critical electric field was not investigated.
In Ref. [232] the authors considered a similar system and showed the occurrence of electric field-
induced gap oscillations in the non-trivial phase. However, even if the gap closes and re-opens
multiple times after the transition, the end states do not disappear, although their localization length
increases with the electric field, while the system stays in the topological phase.

5.5.1. Axial disorder

Even if localized states, reminiscent of the topological edge states in 2D systems, are present at
both ends of the wire, it remains to evaluate the degree of topological protection against disorder.
In Ref. [225], the authors noted that in a cylindrical model NW the end states (at zero field) are not
topologically protected against axial disorder. We expect this to be true also in our model.

To check this, we introduce an axial disorder in the Hamiltonian as in Ref. [225]. We add to H, the
following disorder Hamiltonian
Hais(2) = a(2)VaisIaxa (5.31)
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Figure 5.11: End states vs axial disorder at zero electric field. Energy spectra and end states localization for both Kramer
pairs for nanowires with finite lengths (a,c,e) L. = 1000 nm and (b,d,f) L, = 4000 nm versus axial disorder intensity V;
obtained using the discretized BHZ Hamiltonian with hard-wall boundary conditions at the wire ends, indicated by dashed
blacklines. In (a) and (b) the color represents the electron/hole contribution of each state, while in (c),(d),(e) and (f) it represents
the modulus square of the wave function normalized to its maximum.
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where a(z) is a random number from a uniform distribution in the interval [-1,1] and V;; is the disorder
intensity. The disorder distribution a(z) is a step-constant function with step length givenby d = 5
nm. The corresponding matrix element is

H™ = Vi Lia / dz s (2)a(2)dm(2) (5.32)

First, we investigate how axial disorder affects the energy states of the finite length NW model in
absence of the electric field. In Fig. 5.11(a) and (b) we show the energy eigenvalues of the for L, =
1000 nm and L., = 4000 nm, respectively, as a function of the axial disorder intensity V;;,. For both
values of L., the four-fold degenerate state at energy E, split in two doubly degenerate Kramers
pairs. The latter phenomenon is enhanced for the shorter NW with respect to the longer one, where
the energy splitting is hardly visible even at the highest disorder intensity of 2 meV.

In Fig. 5.11(c) and (d) we plot the squared modulus of the wave function normalized to its maximum
as a function of V;, for the first (c) and the second (d) Kramer pair of the shorter NW with L, = 1000
nm. We see that when V,;, # 0 the two states remains localized at opposite ends of the NW. The
same happens to Kramers pairs of the longer NW with L, = 4000 nm represented in Fig. 5.11(d) and
(), eveniif in this case, the full localization at opposite ends of the wire sets in at larger values of V;;,.

As already noted in Ref. [225], the energy splitting is a clear signature of the lack of topological
protection of the end states. In fact, the splitting between the two states cannot be attributed to the
wave function overlap due to finite wire length, as the two states remains localized at opposite ends
of the NW for V;s # 0.

In Fig. 5.12 we repeat a similar analysis, but considering a fixed value of V;, = 1.5 meV and studying
how axial disorder affects the end states as a function of the electric field E,. From Fig. 5.12 (a), (b)
we see that the energy splitting induced by disorder persists at small values of electric field. As
the electric field reaches the critical value, the end states disappear and merge into the continuum
of bulk states, as already seen in absence of axial disorder. From Fig. 5.12(c),(e) and (d), (f), we see
that the wave functions of both Kramers pair remains localized at the wire ends up to the critical
value, where the end states disappear and the wave function delocalizes throughout the wire length.
Interestingly, close to the critical field, the wave functions of the Kramers pairs seem to become
symmetric with respect to = = 0, as in Figs. 5.10(c) and (d) without axial disorder.

5.5.2. Rashbaterms

In this section include additional Rashba terms that are present in the Hamiltonian of Ref. [233] and
that we have neglected up to now:

0 0 —iRok_ 0
0 0 0 Tok3
Hy=| ot (5.33)
ZRokJr 0 0 0
0 —iTk? 0 0

Here, both Ry and Ty are linear functions of the electric field E.. The term proportional to R, origi-
nates from the second order correction in perturbation theory and couples the basis states |EL 1)
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Figure 5.12: End states vs electric field with axial disorder. Energy spectra and end states localization for both Kramer
pairs for NWs with finite lengths (a,c,e) L. = 1000 nm and (b,d,f) L. = 4000 nm versus electric field E, in presence of axial
disorder with intensity V;;s = 1.5 meV obtained using the discretized BHZ Hamiltonian with hard-wall boundary conditions
at the wire ends, indicated by dashed black lines. In (a) and (b) the color represents the electron/hole contribution of each
state, while in (c),(d),(e) and (f) it represents the modulus square of the wave function normalized to its maximum.



5.5. End states 90

2
— Ey with Ro=0, Tg=0
—_— Eg with Ro?fo, To?fo
S'14
()
£
>
2
2
L 01
0.5 1 1.5 2

Ey [V/um]

Figure 5.13: Gap closure with and without Rashba terms. Energy gap of the short strip BHZ model with (blue line) and
without (green) the Rashba term Hy in Eq. (5.33) as a function of the electric field E,,.. The energy gap goes to zero for a given
critical electric field in both cases.

and |EL ), while the term proportional to T, couples |H 1) with |H |) and is a third order term. In
particular, we considered Ry /(eE,) = 5 nm? and T,/(eE,) = 50 nm*. The derivation of the effective
low energy model including Hp is straightforward. After the projection onto the real space basis in
Eq. (5.18) with n = 1, we obtain H, given by Eq. (5.19) plus the additional term

0 H
Hra = ( : R’2> (5.34)
Hf, 0
where
—iRgk, 0 535
Hgp, = 2 .
R2 0 3Ty (£) ke +iToh?

Again, we first consider infinite length NWs. In Fig. 513 we show that even in presence of the Rashba
terms introduced by Hg the gap closes and reopens as a function of the electric field. However, it
is not easy to guess the form of the degenerate eigenvectors Eq. (5.22) in this case. Thus we are
not able to find the corresponding gap closing conditions analogous to Eq. (5.23). By comparing
the two curves in Fig. 5.13, however, we see that value of the critical field that closes the gap is only
slightly displaced when we include Rashba terms.

As afinal step, in Fig. 514 we repeated the analysis of the end state formation in finite length NWs in
presence of Rashbaterms. Figs. 5.14(a), (b) clearly show that the end states below the critical electric
field split in two Kramers pairs. For electric fields well below the critical value, the energy splitting
between the two states slightly increases. As the critical value is approached the two Kramers pair
seem to come closer to each other and finally merge with the corresponding continuum, similarly
to the case without the Rashba term. However, several difference can be noticed. First, merging
is not complete, and the two doublets remain slightly in the gap, separated by the continuum, this
effect being larger for holes in the valence states. Second, and consistent with this observation,
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although at the critical field the wave functions delocalize throughout the length of the NW, when
the critical field is overcome, the wave function of both pairs tend to re-localize at the both ends of
the wire, see Figs. 5.14(d), (f), but the localization length is field dependent and is very different from
the localization of the end states.

Hence, the semimetal phase at £, discriminates between topological mid-gap end states with field
independent localization and trivial in-gap states near the top and bottom of the valence and con-
duction states, respectively, which appear as trivial defect states induced by the breaking of the
translational symmetry of a normal insulator.

5.6. Conclusions

In this chapter we investigated the lowest-energy states of inverted gap InAs-GaSb CSNWs. These
are dominated by the hybridization of s- and p-like states which, wheninverted in the valence-conduction
band ordering, lead to finite wave vector hybridization gaps. Since this results from a delicate bal-
ance of internal fields and material parameters, we have extended previous calculations [116] to in-
clude the unavoidable charge transfer between the upper hole states and the lower electron states.
A posteriori, this proved to be an essential contribution for predictive calculations and extends the
parameter range for the stability of the semiconducting phase with respect to the semimetallic one.

Using our self-consistent k - p calculations, we have investigated the effect of a transverse electric
field, as generated for example by a back-gate placed beneath the CSNW, on the hybridization gap.
Assuming a slightly inverted CSNW, where only two subbands are inverted, we obtained spin splitted
subbands, as a result of the combination of SOC and the removal of the inversion symmetry. In this
configuration, electron and hole subbands couple in pair and with opposite spin. For each pair the
coupling is increased or decreased, and the hybridization gap depends on the field and, possibly,
the chemical potential.

Hence, We investigated the phase diagram of the fundamental hybridization gap of the system as
a function of chemical potential ;. and electric field E, in the range of a few tens of meV around the
fundamental gap and a few V/um, for the chemical potential and the field, respectively. Interestingly,
for each value of the chemical potential n, the effective gap of the system vanishes at two, nearly
opposite, critical values of the electric field Ey. This gap closing happens as a 1D Dirac point located
at a field- and structure dependent wave vector, far from the I" point, and it has been apparently
unnoticed in the literature.

We have then adapted a low-energy effective analytical Hamiltonian, which has been devised and
used to study topological transitions in 2D systems, to describe the dispersion of the crossing sub-
bands and the occurrence of the semimetal state, which turns out to be due to an exact compensa-
tion between the electron-hole kinetic interaction and the electron-hole Rashba coupling. The BHZ
Hamiltonian has also been used to study the end states in finite CSNWs, localized at both ends of
the wire, which appear in the hybridization gap for electric fields below the critical value Ey. The
presence of end-states in the inverted phase, already noted in previous studies, can be ascribed to
the approximate particle-hole symmetry present in the model Hamiltonian. However, we find that
these states do not survive the closing of the "bulk” hybridization gap at Ey, which, indeed, brings
the system back to the normal s-p ordering. Being the extinction of the end states after the closing
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Figure 5.14: End states vs electric field with Rashba terms. Energy spectra and end states localization for both Kramer
pairs for NWs with finite lengths (a,c,e) L. = 1000 nm and (b,d,f) L. = 4000 nm versus electric field E, in presence of
Rashba terms Rq = 5 nm? and Tp = 50 nm* obtained using the discretized BHZ Hamiltonian with open BCs at the wire’s
ends, indicated by dashed black lines. In (a) and (b) the color represents the electron/hole contribution of each state, while
in (c),(d),(e) and (f) it represents the modulus square of the wave function normalized to its maximum.
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of the "bulk” gap a common signature of a topological transition, we speculate that the critical field
Ey discriminates between two distinct topological phases in the system.

A key aspect for possible applications in quantum coherent devices is the degree of protection from
disorder of such end states. These states cannot be exactly decoupled from disorder, since the sys-
tem does not have exact electron-hole symmetry, in addition to time-reversal symmetry. However,
symmetry removal is small in the investigated regime, and we made preliminary investigation of the
effect of axial disorder. We also considered the inclusion of additional Rashba terms in the effective
model and their effect on the end states. We find that slightly asymmetric, electron/hole Rashba in-
teraction terms introduce additional particle-hole symmetry breaking terms and consequently the
end state gap out with increasing electric field below Ey.

While our investigation of end states is performed by a simplified model Hamiltonian which captures
the topological aspects, it does not contain the full complexity of the quantum states of the system
as a k - p calculation would do. In particular, the electric field does not affect localization, which
in the BHZ Hamiltonian is frozen by the choice of the parameters. A full k - p calculation would be
very inconvenient for a very long but finite CSNW. An alternative is to use a k - p description and, by
means of the Green’s function matrix of a semi-infinite system, calculate the corresponding surface
local density of states [236, 237], in order to confirm the presence and stability of end states in the
gap from zero field up to the critical field. From an experimental point of view, we speculate that end
states could be probed by, for example, tunnel spectroscopy between adjacent NWs.



Summary and outlook

In this thesis, we have made contributions to several scientific domains where 1ll-V semiconductor
core-shell nanowires, and, in particular, the role of spin-orbit coupling, are the essential ingredients
enabling advancements in the development of novel electronic and quantum devices.

For example, we have contributed to the field of nanoelectronics. In particular, in Ch. 3 we have
investigated a high-mobility, modulation-doped, GaAs-AlGaAs core-shell nanowire, a promising
building block for the development of faster and more energy-efficient electronic devices operating
at the nanoscale. Our calculations provided a thoughtful and systematic analysis of the band struc-
ture of these nanowires as a function of dopants concentration. As doping influences the electronic
structure, and, crucially, the spin-orbital character of the highest energy valence band states of the
nanowire, we showed that optical anisotropy spectra are able to distinguish between different dop-
ing regimes, as well as between n- and p-doped samples. Our results suggest a yet-unexplored,
rapid characterization method of dopants incorporation in semiconductor nanowires, to be com-
pared with the most widely used optical doping characterization techniques, as e.g. photolumines-
cence and Raman spectroscopy.

In Ch. 4, we have contributed to the search of new platforms for the generation of Majorana zero

modes in condensed matters systems, a promising basis for obtaining topologically protected qubits.
In particular, our study has focused on the valence bands of type-Il InP/GaSb core-shell nanowires

and assessed their potential in the quest to obtain topological superconductivity in full-shell, hy-
brid nanowire heterostructures. Crucially, our calculations unveiled a strong and intrinsic spin-orbit

coupling, stemming from the spin-orbit coupled nature of the valence bands of the nanowire. This

key factor, as well as the insulating-core/conductive-shell configuration, has the potential to relax

some of the most prohibitive device constrictions of the full-shell nanowire proposal configuration.

While certain aspects of our proposal, such as the specific details of the proximity effect on the

valence bands, demand further theoretical and experimental investigation, our calculations aim to

draw attention to this area and advance the field of full-shell Majorana nanowires, particularly to-
wards core-shell, hole-based platforms.
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Motivated by the reported topological insulating behavior in InAs-GaSb quantum wells, In Ch. 5
we studied the electronic structure of the corresponding one-dimensional nanostructures, namely,
InAs-GaSb core-shell nanowires, in the search for topologically non-trivial states stemming from
the inverted gap phase of the system. First, we reported a methodological contribution, i.e. the de-
velopment of a modified envelope function approach, able to deal with the electron-hole hybridized
nature of the energy levels, which hinders the separate occupation of electron and hole states when
calculating the charge carrier densities. Then, we investigated the effect of a transverse electric
field on slightly inverted core-shell nanowires, where only two subbands are inverted. We found that
the spin-split subbands dispersion, as well as the formation of the hybridization gap, results from a
non-trivial interplay between kinetic electron-hole and Rashba spin-orbit interactions. Moreover, we
observed a critical electric field at which the two interactions mutually suppress each other, leading
to gap closure. Finally, using an effective, low-energy Hamiltonian, we study finite length wires, and
find that localized end states at the wire ends are present below the critical field, but vanish as the
"bulk” gap closes. Given the approximate particle-hole symmetry present in the model Hamiltonian,
this feature could be ascribed to a (field-mediated) topological transition. However, it is important
to acknowledge that our simplified model Hamiltonian, while capturing the topological aspects, dis-
regards the full complexity of the quantum states of the system. In this regard, a more in-depth
investigation, as e.g. a full k - p calculation complemented with the calculation of the local density
of states of a semi-infinite system, is essential and will be object of near future work.



Appendices for chapter 2

A.1. The local approximation for the potential term

The effective potential for the envelope function is
/ 1 ik-r 9 —ik'r’
Vi(rr') = 5 > e® (Z Usé (k+GV|K + @) U,,Gr> e kT (A1)
kk’ GG’

If the bare V is local and the envelope functions are slowly varying, the effective potential Vi (r, ")
can be separated into a local and a non-local component. The Fourier coefficient of the potential V'
are

(k+G|V|K +G') = /d3rV r)e kK +G-G)r
Q /d3r V(r)e ik1tG-G'=G)r, (A.2)
=Va-c'-a, (k1)

where k, = k—k’'4+ G is within the first Brillouin zone and G is a reciprocal lattice vector. Replacing
k in favour of k, we get

Vi (r,7) = & S Y etk Gy (Z ULVe arc, (k) VG/> T (A3)

kik’ GG’

The local approximation is obtained for G; = 0. In fact,

Ve (r,r') = Vi (P)A(r — 1), (A.4)
where
Vi) =) (Z U;?;VG_@(kl)U,,G/) ek (A.5)
k1 GG’
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A similar equation can be obtained for the spin-orbit velocity v,,. For the spin-orbit energy one
obtains

SO (loc _ SO
H30 ) (p 0!y = HZO (r)A(r — 7)), (A.6)
with
Hif(r) =3 (Z rave-cr (ki) - ﬁG/UuG'> et (A7)
k1 GG’

We note that G; # 0 only when k — k' is outside the first Brillouin zone. Since for slowly varying
envelope functions both k£ and &’ are close the zone center, the local approximation is justified in
this case.

A.2. Asymptotic form of the potential term far from the inter-
face

Starting from Eq. (A.1) and using

(k+G|V|K +G') = é / AV ()T kR H GG (A.8)
we have
VW/(,’,’T,/) — Z U::gUI/G’ /d?’r" A(T‘ _ r//)v(,’,//)e—i(G—G/).T//A(r// _ ,’,/) ) (Ag)
GG’

The integrand is appreciably different from zero only around » and »’. Thus, for » and r’ away from
any interface, one can replace V (") with the appropriate bulk potential V*“* (). The bulk potential
has the periodicity of the crystal lattice, and we can write down its plane wave expansion as

Vbulk Z Vbulk iG- 'r (A-IO)

and one has

k+ G Vbulk k/ + G/ _ Vbif/”fl d3,,, e—i(k—k/-i-G—G/—G”)"r
Q
G//

Z bullc d3r e~ i(k1-G1+G—-G'~G")r
)

//*

(A1)
G//

where k, = k — k' + G4 is within the first Brillouin zone and G, is a reciprocal lattice vector. Let
G’ - G’ — G4 (as G is a dummy variable) and obtain:

<k+G|Vbulk‘k/+G/> :va%lkl/d?)re i(k1+G—G' —G'")-r

G//
= Z Vc@;%lk5k1,05c",cfc/ (A12)
GII

— bulk 6k -
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Substituting this expression into the effective potential gives
Vi (r,r") = VISEA(r — 1), (A13)
where

Vbulk Z U* vavull&/ UVG/
G&' (A14)

1 * U
= & r U (r) VPR (U, (7).

A similar expressions holds for the spin-orbit velocity term

v (r,r) = i’fﬁkA(r -7, (A15)
with
U 3 *T 5’2 bulk
,Uzylk o /d U, (r )4m(2)c2 (o x VV“F(r)U, (7). (A.16)
For the spin-orbit energy we have
HO(r,v') = HRO P A(r — o) (A17)
with )
1 h
SO bulk _ 3, 7T bulk
Hp, o /d rU, (T)W (0' x VV (7“)) -pU,(r). (A18)

A.3. Inclusion of local, slowly varying, external potentials

Consider a local, slowly varying external potential V¢(r). Under this assumption, V¢(r) has appre-
ciable Fourier components only close to k& ~ 0:

r)=> V(k)e™rT. (A19)
k

Using the local approximation and Eq. (A.5) with
V& (k) =V(k)oa.ar (A.20)

we obtain

’“’ Z <Z LGVe )da G’UVG/> e*FTA(r — 1)

k GG’

Z 7k: r Z UVGA ’I" —p ) (A21)
k

=0, Ve(r)A(r — 7'/) :
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A.4. Envelope function equations under a change of basis

In the exact envelope function theory the wave function is expanded according to Eq. (2.3). Let P
be the unitary matrix that describes the transformation of the basis set U, into a new basis set (7#:

Uy=>_ PuU,. (A.22)

Since the transformation matrix is unitary (P~ = P), the inverse transformation reads

Up=> (P, U
= (P, U (A.23)
=> PBU,.
To obtain the envelope expansion in the new basis, we plug Eq. (A.23) into Eq. (2.3),
v=>"P;U,
pv
= Z U/l, Z P)/fud}l/ (A24)
I v
= Z ﬁu{/;,u »
12
where we have defined the transformed envelope function component {EM as
V=Y Piiby, (A.25)

and in going from the first to the second line in Eq. (A.24) we have simply interchanged the dummy
indices 1 and v. By comparing Eq. (A.22) with Eq. (A.25) we see that if P is the unitary matrix that
transforms the U, functions to the new basis, the envelope functions v, instead transforms to the
new basis through the complex conjugated matrix P*.

As a result, as the BUrt-Foreman Hamiltonian Eq. (??) acts on the envelope functions v,,, it trans-
forms as

HBF —_ P*HBF(P*)T

(A.26)
_ P*HBFPT ,

where PT denotes the transpose of the matrix P.
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A.5. Functional variation of the multiband action integral

In this section we show that a functional variation of the action integral

A=Y / dr 1% Loty (A.27)
%
with the lagrangian density
L= Y (— 0aD2dys + Ff 00 — Baﬁgw) + Gy — By, (A.28)

gives the multiband envelope function equations after invoking the principle of least action
0A=0. (A.29)

Given a generic functional F of the wave function ) and its derivatives,

oY o™
F = ]-"(z/) P~ ,ﬂ, 5@ ,) , (A.30)
we define the functional variation of F with respect to ¢* as
oOF OF o™
wrF = — 0" + —— 0 | — A.31
v aw*éw +8<8w*)5<8m)+ (A.31)
ox

The functional A is a sum of terms that contain both first order and second order differential oper-
ators, as well as homogeneous terms. First, we consider the variation of second order term with
a =z and g = y. We have

(6
/d a Mnyaz/)V /d dy w,t)Drgawu
H ay
/ dady 6v7,0, DY 0,1, + ]f 3, Dl 0y, dy (A.32)

/ dady 5470, D2V, 0, + ]{ 505 DAy, cos(8)dS

where integration by parts in two dimension has been used in going from the first line to the second
line. In going from the second line to the third one we have used the fact that dy = cos(6)dS, where
dsS represent the differential arc length on the boundary S, and 6 is the angle that 7, i.e. the unit
normal vector to the boundary S, forms with the z-axis of a cartesian reference system. The direction
of the path of the contour integral is performed such that the domain is always located on the left
and 71 is always oriented outside the integration domain.

Analogous equations hold for the remaining second order terms:

o([e

5 ( / xdy — “D” 8;;”) - / dady 64750, DE2d,b, + ]{ 57 DI, 4, cos(0)dS (A.34)

“Dy’” awu) / dzdy 6¢,8, DY D, b, +]{ 5 DYy 0y, SIN(0)dS (A.33)

w v




A.5. Functional variation of the multiband action integral 101

(/d dy Dyy a%) /dxdy&p*a D20y, +j{ 6¢;D:ﬁf,8yz/;,, sin(6)dsS . (A.35)
For the first order terms we have
. Oy . o,
(/ dxdyw FT 0 o ) /dxd O FL L e (A.36)
61/)V
/dxdyi/)u Lv gy /dxdyéw F7 0500, (A.37)
awy -
/dsrd % Luv /dmdy o, FY " Oyu (A.38)
8 ; x * x * T
5 N Pyt ) = - / dadly 6070, FE, b, + f 50 FE b, cos(0)dS (A.39)
(/ dxdy “FI% ¥ > /dxdy oYL0yFp 00 + j(l{éw*F}é L SIN(0)dsS.. (A.40)

Let us first assume that the integration domain consists only of one region, as it happens for ex-
ample for single material nanowires. In this case, if we assume Dirichlet boundary conditions at the
outer boundary, the surface terms vanish there. In fact, if we fix the value of ¢, at the outer boundary,
any arbitrary variation ¢ will be zero there.

Let us consider instead a multi-convex domain, where the integration domain consists of two or
more regions, as it happens for example in core-shell nanowires, where different regions corre-
sponds to different materials. In this case, we face two kinds of boundary surfaces: the interfaces
between two different materials and the outer surface. As in the case of single material nanowires,
if we assume that the wave function is fixed at the outer boundary, the surface terms vanish there.
On the contrary, the surface terms at any material interface do not vanish a priori. Anyway, it can be
shown that setting all these leftover surface terms to zero is equivalent to the conservation of the
probability current across the material interfaces. In other words, the probability current conserva-
tion is naturally included in the problem by simply setting all the surface terms to zero.

To show that this is true, we evaluate the probability current vector components J, and J, as in
Ref. [86], i.e., we substitute v, — e"A*¥)y, in Eq. (A.27) and perform a functional variation of the
Lagrangian with respect to the gauge function A(z, y). We have

5(0, M) R

1/ 6L 1
Jm ~r A > - *D‘Tﬁaf v+ am DQIII/’ v *Da:ga v+ a L Dya: v

+ dj;Ff,/wwl/ - ¢ZF§,W7/M ’

[ VDY 0y, + (O ) DAY aby, — 4bn D4y 0ntby, + (9x0,,) Dby A42)

+ 1/J*F£ Wﬂpu - 1/JZF1‘3,,W¢V] .

Thus, following Ref. [86], the conservation of the normal component of the probability current re-
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quires the continuity of the following quantity across any material interface:

Dy 01 cos(8) + D3y 9y sin()
+ D29, cos(6) + DYz, sin(6) (A.43)
+ Fg ¥ c0s(0) + Fp 4 sin(f) = continuous..

Note that the condition in Eq. (A.43) exactly cancels the contributions of the interface terms in the
variation of the action integral. To see that this is the case, we can consider the example of a core-
shell nanowire with two different materials for the core and the shell regions, respectively. In this
case, if we set the wave function to zero at the outer boundary, we are left with the surface terms
originated just by the interface between these two different materials. The direction of the path of
the contour integral at the interface is clockwise for the core region and anticlockwise for the shell
region. As a result, one is left with the difference between the surface terms calculated for one ma-
terial minus the ones calculated for the other material. It easy to see from the above equations that
setting this difference to zero coincides with the probability current continuity condition in Eq. (A.43).

Eventually, the functional variation of the action integral A reads

Sy A = / dzdy 6y, Y ( > 0aD0s+ > (FFOa+ 0aFR ) + G — E(SW) Wby

v \a.p=c"y’ a=zy

(A.44)
Since the variation g1y, is arbitrary, the principle of least action Eq. (A.29) requires the integrand of
Eq. (A.44) to identically vanish, which gives the envelope function equations

> HEp, = By, (A.45)

14

with HEF given in Eq. (2.69).

A.6. Finite elements: implementation details

In this appendix we explain how to implement the finite element method (FEM) for the multiband
envelope function equations (EFEs) and the Poisson equation. As already discussed in Sec. 2.51,
the FEM discretization of the EFEs lead to a generalized eigenvalue problem of the form of Eq. (2.93).
The solution of Eq. (2.93) gives the unknown coefficients 1,,; of an expansion of the form of Eq. (2.84).

The Hamiltonian matrix 7.,  as well as the overlap matrix S, 1y are constructed through an element-
wise assembly procedure. For each element i.; of the simulation domain, we first evaluate the cor-
responding element matrix from Eq. (2.87). Explicitly, given the form of the Lagrangian density op-
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Figure A.1: The real element (left) and its mapping to the reference triangle (right).

erator in Eq. (2.80), we need to evaluate the following quantity

it =— [ dri Y (8aNi(r1))D3l (ri)(95N;(r L))
Qi af=z,y
[ dr Y N B ()@ ()
Qs a=x,1,
el Y (A.46)

- dri Y (GaNi(r)Fg ., (ri)N(ry)

iy a=xz,y

+/Q dr  Ni(r 1 )G (r)N;(r1)

tel

for the Hamiltonian operator, while for the overlap matrix we have
St = /Q dry Ni(r )0, N;(ry). (A.47)
iel

Note that the matrices D7 (r L), Ff*,,(r1), F§ ,,(r1) and G, (r.) can in principle depend on the
position vector r, inside each element i,;. A common approach in FEM is to perform the two-
dimensional integrals in Eq. (A.46), defined on the real element (2;_,, in the so called standard or
reference element ;_, instead. For simplicity, let us consider the case of triangular elements used
in this work. The real element, with coordinates (z;, y;) with i = 1, 2, 3 in the global coordinate system,
is mapped to a unique reference triangle in the z, y plane through an affine transformation f. In this

work, the mapping f is defined by the relation

(5” - x3> -J <§) , (A.48)
Yy—1ys Yy

— - Oz Oz
N S I T (A.49)

Y1 —Ys Y2—Ys 9z Oy
The determinant |J| of the matrix J is the Jacobian of the transformation from the area element dxdy
to dzdy. The labeling of the nodes in the real element as well as in the reference element are shown

in Fig. (A.1). In particular, we see that the mapping f transforms the node with coordinates (x;,y;) of
the real element into the point labelled with 7 in the reference element.

where
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The differential operators 9, and 9, in Eq. (A.46) transform to the reference triangle as

0 _050 070

Y _ 4 A.
9z 0205 000y (A.50)
o 0r o 0y o
oy~ oyor T ayay A0
where [62]
or 1 0y
FrANIETR (A.52)
oy _ 19y
or  N|oz’ (A.53)
or 1 Ox
= (A.54)
dy J| 9y
oy 1 Oz
2= A.
oy |J|ox (A.55)
Thus, Eq. (A.46) transferred to the reference element reads
_ da I R aB _
Hieh = — [ dFL > (Z 50 0aNi(T 1) DFEL) | D %agzvj(m J|
Qi af=z,y \a=7,y Ezg’g
~ - L= _ oa _
+/~ dar. Y Ni(FL)FP,,(FL) ( > azaaNj(M)) |
Qi a—a,y a=z,j (A.56)
_ oa _ _ _
- /ﬁl dr, a;y (aggaaaaf\fi(rl)) Fg (TN (r )
+ [ dFIN(T )G (TN (TN,
Qiez
while Eq. (A.47) becomes
Syt = /Q A7 L N3 (7 1) 8, (F )N (7)) (A57)

el

Theintegralsin Egs. (A.46) and (A.47) can be evaluated using Gauss quadrature intwo dimensions [62].
Once the element matrices #,,, ;; and S, ;; are obtained for each element of the mesh, the corre-
sponding global matrices H,,,,r; and S, r; are obtained by carefully overlaying the single element
matrices, as explained in Sec. 2.5.1.

For the Poisson equation, the finite element discretization lead to the linear system in Eq. (2.97) for
the electrostatic potential ¢(r, ). The element matrix for the stiffness term is given by

c = / e(r1) Y O0aNi(r1)daN;(ry), (A.58)

el a=x,y

while for the mass term we have

plien) — / Ni(r )27 (A.59)
Q;
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Again, when the integrals are performed within the reference element we have

. ~ oo _ oa _
c§je>=/~ ) Y Y aﬁaazvi(m 3 ETo‘aaNj(rl) J| (A.60)
Qi o=y \a—z.5 % sz %
for the stiffness element matrix, and
i) = / AN AGEIN (A1)
Q; €0

el

for the load vector.

In this work we always assume constant bulk band parameters for a given material region, as well
as heterostructures with abrupt interfaces that coincide with the finite elements boundaries. In this
case, the coefficient matrices that enter the Hamiltonian operator are always constant in each el-
ement, and we can bring them outside the integrals in Egs. (A.46) and (A.47). So, the remaining
integrals only depend on the coordinates of the element and on the shape functions N (). This
means that, in the actual self-consistent band structure calculations for nanowires, we evaluate this
set of integrals once for all, i.e. independently of the value of the free wave vector &, and only at
the first iteration of the self-consistent cycle. Since ¢(r, ) is also constant within each element of
the mesh, an analogous reasoning holds for the Poisson equation when dealing with the integral in
Eq. (A.60).

On the contrary the element matricx corresponding to the electrostatic potential ¢(», ) in the EFEs,

Vil = —¢ / dF L Ni(7 1) 8,0 (F L )N; (7 L))
Q;

el

and the mass term in the Poisson equation, Eq. (A.61), are evaluated at each iteration of the self-
consistent cycle. Note that both the electrostatic potential ¢(r ) and the charge density p(r, ) are
allowed to vary within each finite element and can not be factorized outside of the integrals.

Up to now we have assumed that the wave function inside each element is approximated using an
expansion of the form in Eq. (2.84), i.e. a Lagrange polynomial expansion of a given order. If instead
the wave function is approximated inside each element using the Hermite polynomial expansion in
Eq. (2.85), the above equations are slightly modified. To simplify the notation, we can write Eq. (2.85)
in a more compact form by introducing an additional index to keep into account that at each node
of the mesh the solution of the problem has now three nodal degrees-of-freedom, i.e. the value of
the wave function and its first derivatives. Thus, we have

Yu(r) =YY g N (r ), (A.62)

J=1~=1

where v = 1 corresponds to the value of the function, while v = 2 and v = 3 corresponds to the first
derivatives with respect to x and y, respectively. Correspondingly, the element matrix in Eq. (2.87)
becomes

i s =

) /Q dr 1 Niry(71) Lo Njs (1) (A.63)

The dimension of each element matrix is given by the number of nodes in each element nnoq times
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the number of component of the multiband problem ngof times the number of degrees-of-freedom
per node neomp. Thus, for the 8-band k - p envelope function equations, if we use the Hermite
interpolation on a mesh composed of triangular elements, each element matrix has dimension
8 x 3 x 3 = 72. Eventually, the Hamiltonian and overlap element matrices for the Hermite elements
are given by Egs. (A.46) and (A.47) where the shape functions have now an additional index account-
ing for the presence of multiple degrees-of-freedom on each node.

With Hermite interpolation, the representation of the wave function () in terms of interpola-
tion functions defined on the reference element requires a further step. In order to reproduce re-

produces 81"*{‘97(;”:%]@ and %S"L):zpjmy when r | =(z;,y;) we need to use a modified form of the

Hermite expansion Eq. (A.62), i.e.

3 3
Yu(rl) =3 > b NEFL) (A.64)

where _
N]}{(FL) :N]q(:izl)v
Ng(ﬁ_) :JllNg(FL) +J12N]{g(ﬁ_), (A.65)
NAGEL) =daNj3(F 1) + I NJ(F1)

are the modified shape functions in the reference element.

A.6.1. Lagrange and Hermite triangular elements

Here we report the analytical expressions of the interpolation functions used in this work.

Lagrange linear elements
Three interpolation nodes that coincide with the triangle’s vertices.

N, =7
Ny =7 (A.66)
Ny=1-F—7

Lagrange quadratic elements
Six interpolation nodes. j = 1,2,3 coincide with the triangle’s vertices. j = 4,5,6 are mid-side
located on the edges 2-3, 3-1, 1-2, respectively, where the edge i-j connects the triangle’s vertices i
and j. N
N, = —F+ 272
No = —3 + 277
Ny =1— 3% — 3j + 23° + 437 + 2
Ny = 47 — 477 — 43
N5 = 47 — 437 — 432

No = 437

(A.67)
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Hermite cubic elements
Three interpolation nodes that coincide with the triangle’s vertices, with three degrees-of-freedom
per node (the value of the function and its first derivatives with respect to x and y)

NE =323 -20)+ 285 (1 - % —7)

Nt =573 — 29) + 25y (1 - 7 - )

NI =(1-2-9)°3B-200-Z—9)+25(1 -7 —7)
NE=3@-1)-29(1-2—-7)

~ 1

NE =392 + 2351 - % —

22 Yy 29( Y) (A.68)
S S BUNDR

Ny =z2(1—-2—7Yy) +§xy(1—x—@)

~ ISR B ~

N£:x2y+§xy(1—x—@

N =@ -1 -1 -7

~ _ _ 1__ _
Ngg =g(1=7-5)° + 575 (1 -7 ~7)



Appendices for chapter 4

B.1. Angular momentum projections

In order to obtain the projections of the different states onto the value m; = 1/2 we employ the
following procedure. First, we consider the following eigenvalue equation:

J. |®) =m;|®) , (BJ)

where J, = (ﬁz ® ]lspin) ® (ILorb ® Sz) and (r|®) = 30 ¢¥(r1) ]S, S.) e*-*, being | S, S.) an eigen-
state of the total pseudospin angular momentum S in symmetry adapted basis Eq. (2.65). In the
position representation the z-component of the orbital angular momentum operator is written as
L, = —ih(x0, — y0). We then solve Eq. (B.1) using FEM on the hexagonal domain and obtain a set of
nqor % 8 eigenvalues end eigenvectors, being n,,s the total number of vertices in the mesh. Since
the equation is solved on an hexagonal domain (thus braking cylindrical symmetry) we find a contin-
uous distribution of the eigenvalues of .J, along the real axis. However, we find that the density of
eigenvalues is tightly peaked around half-integer values (21 — 1)k /2 with [ € Z. To quantify the projec-
tions of each eigenstate of the nanowire (NW) Hamiltonian |¥) onto a single m; sector we evaluate
the following quantity for each value of the wave vector k.:

> om )P

+m; EI;LJ
i N ’

Cr (B.2)
where (r|¥) = Zle Y (r1)]S, S.) e*=* and the sum is performed considering the set of eigen-
values m; that fall within an given interval I, centered around 7; and N = -, | (®,,,|¥)*isa
normalization factor which is required since the two set of eigenstates we are projecting onto each
other are not orthonormal.

108



B.2. Extraction of SOC and effective mass values 109

B.2. Extraction of SOC and effective mass values

In this section we show how we obtain the values of the spin-orbit coupling (SOC) coefficient and
effective mass values of the highest-energy subband pair of the hexagonal NW. We actually used
the same fitting approach of Ref. [49] with minor adjustments. As anticipated in the main text, the
highest energy hole states of the NW are well described by the following 2 x 2 fitting Hamiltonian
R2k2 0F  R%k?
Hiit = (Emean + _Z> oo+ ( + j) o, + aoyk. , (B.3)
2m 2 2m
where Emean is the mean energy of the two subbands at k£, = 0, §E is the energy splittingat k, = 0
between the two states, and m is the harmonic mean of the effective masses m; and m, of the two
subbands, i.e.,

= 2T (B.4)
mq -+ mo
and
1 _ma-m (B.5)

m 2mimo
Here, o; are Pauli matrices for an effective spin-1/2 degree of freedom. Note that, in contrast to
the case of spin-1/2 electrons in semiconductor NWs, the highest-energy hole subband pair has
contributions from both states with spin projection +3/2 (HHs) and +1/2 (LHs). We will show this
explicitly, and how Eq. (B.3) can be derived from the Luttinger-Kohn Hamiltonian, in the next Section.

The fitting Hamiltonian Hy; has the spectrum:

R k2 SE(k.) 402k2
Ey (k) = <Emean + 5 ) + < 5 > 1+ Eh) (B.6)
being -
SE(k,) = 6E + ﬁffj : (B.7)
m

Using Eq. (B.6) one can in principle fit the numerical results of the 8-band k - p model and extract
the coefficients o, m and m. However, as was already noted in Ref. [49], the effect of the SOC is
dominated by the energy splitting § £, and thus a fitting cannot resolve it. To overcome this issue
we basically follow the solution proposed in the supplementary material of Ref. [49], with a minor
adjustment. The numerical diagonalization of the envelope function equations for hexagonal NWs
gives access only to a subset of eigenstates close the a predefined energy region of interest. In this
case we only calculate a few subbands close to the valence band edge of GaSb. On the contrary,
the authors in Ref. [49] assume that the entire spectrum has been obtained after the numerical
diagonalization of the 8-band Hamiltonian. This is probably numerically accessible in that work,
as the NWs are modeled in a cylindrical approximation, and only the radial (thus one dimensional)
envelope function equations have to be solved.

Anyway, even if we only know a reduced subset of low energy eigenstates from the numerical diag-
onalization, the proposed approach is still applicable with a few clarifications. First, we diagonalize
the 8-band k - p Hamiltonian H,,,, , x,,, at k. = 0, and write the q lowest energy eigenvectors in the
columns of the rectangular matrix X, ,, . x4 The matrix X diagonalizes the Hamiltonian H, such that
XtHX = A, where A is an ¢ x ¢ matrix containing the eigenvalues \; (i = 1, ..., g) on the diagonal.
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Now we construct the matrix A = diag(—2Z, +2£,0, ..., 0). The matrix A is then used to shift the two
subbands of the first subband pair such that the two states have the same energy at k., = 0. To
implement the energy shifting technique, we compute the matrix 6 H = OXTXXTOT, where O is an
overlap matrix such that XTOX = 1,x,, and diagonalize the Hamiltonian H(k,) = H(k.) +6H as a
function of k.. In the perturbed spectrum § E ~ 0 and the spin-orbit effect is now pronounced, and «
can be fit with much improved certainty. Although we included the parameter m in the fitting proce-
dure, to keep into account that the two subbands can have different effective masses, in Fig. 4.3 of
the main text we show only results for the harmonic mean effective mass m of the subband pair (as
in Ref. [49]). The reason is that 1/m is in general very small and, in any case, the extracted values or
« are essentially independent of m. Note that m is extracted from the band structure of the original
Hamiltonian H (k. ).

B.3. Effective two-band Hamiltonian for holes

Asjustified in the main text, the low-energy physics the GaSb-InP tubular-core NW can be described
through a four-band Luttinger-Kohn (LK) Hamiltonian with cylindrical symmetry. In the eigenbasis
of the spin-3/2 angular momentum operator {|S. = +3/2),|S, = +1/2),|S, = —1/2),|S. = —=3/2)},
the LK Hamiltonian can be written as

Hik = (71 + 2%) ;i - (p-S)°, (B.8)
mo mo

where p = hk = —ih'V is the momentum operator, v; and 75 = (72 + v3)/2 are the Luttinger pa-

rameters of GaSb and my, is the free electron mass. Since (v; —v2) /711 < 1 in GaSb, anisotropic

corrections to the LK Hamiltonian are small and the isotropic approximation is well justified. In this

section we show that how to derive a 2 x 2 effective Hamiltonian that describes the highest-energy

subbands pair starting from Eq.B.8.

To account for cylindrical symmetry we rotate the Hamiltonian to a cylindrical coordinate system
using the unitary operator U = ¢~%%:%, which acts on the operators as:

U'pU = p — e hS., (B.9)

U'SU = e,.S, + e,S, +e.S., (B.10)
i 2 — Mp,S, +h>S2

UpU =g = Spy + B 2, GRY

. 2
UT(p R S)ZU _ (prsm . ihS, + psaSy . ﬁSzSy +pzsz>
r

T T
9 .
QSQ—ﬁ .52 — fpr{SMSS}—i-ﬁSSS +ﬁ(SS)
T
ih P2 h P
7]97" {Sa:a S } QPLPS Sac + iSZ - ijgo {stya Sy} + 7@]92: {Sy>Sz}
h h

+ Prp2 {SZ7S:E} 7pz {S Sva } pz {S;uS }+p2S2- (B12)
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where p, = —ih0,, p, = —#h0,, p. = —h0,, and

e, = COS(p)e, + sin(p)e, , (B.13)
e, = —Sin(y)e; + cos(p)e, . (B.14)

In performing these calculations, we have made use of the commutation relations [p,, e,| = e,

Py, er] = —the, an - 1T | = ir~ <. Now we rewrite the above expressions in terms of the her-
- ihe, and |k ! 2N ite the ab i i f the h
mitean radial momentum 5 )
= —h (8r + ) ) (B.15)
To do that one simply needs to perform the replacements:
ih
Dr = Pr+ %
7 5 52 (B.16)
2 2 R U S R
Pro Pty ( 8r) 4r2 "
Making the above substitution one gets
R p? — %p,S. +1%S?
UTp?U = p? — =t d ‘;2 +p? (B.17)
t 2r7 2 2 R 2 ih 2 ih° R 2
Ul(p-S)°U =p:S; + PSI pTSx fpr {8z,5.5, }+ [S Sy, Sz] + 2(SZSy) ,

75 p? h
7pr {Sa:S)} + 35Po 1S, S) + =555 = 5o {55, 5,} + %pz (s,,5.} (B18)

ih
+rp: {2, S} — 5opa {92, S0} - pz{S Sy, 8.} +p2S2.

We can now write down the rotated Hamiltonian HLK = UTH U using the standard representation
of the 4 x 4 angular momentum matrices S for a spin 3/2 system. The matrix elements of this Hamil-
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tonian are
(ﬁLK)H = % {(71 +9s) (k? + W) + (71— 2%)@} ,
(ﬁLK)22 = % {(’Yl —s) (kf + W) + (1 + 275)1:3} ,
(ﬁLK>33 = IZO {(71 —s) (kf + ki;“) + (71 + 2%)/{3} ,
(ﬁLK)44 = QIZ {(% +s) (k? + W) +(n-— 275)1@} :
(E’LK)H = —%52\/3162 (kzr - Z(kwr_l)> , (B.19)
(FILK>13 = —3;?52 (kf - 1(2/@; l)k, - ke ;22]%) ;
(i)
(i)

s VB (kf ikt K2 — 1) |

24 mg 2 T T

~ ) 1
() = -2V3k, (—k, + ),
34 mg r

where k, = —i(0,+1/2r) and k, = —i0,,. The rest of the elements can be derived taking into account
that H,x must be hermitian’.

We note that total angular momentum J, = p,, +AS, in the original coordinate system transforms
asUTJ,U = P, in the rotated frame. As a consequence, p,, is a good quantum number and each
eigenstate of the Hamiltonian is also an eigenstate |+!) of the total angular momentum with eigen-
value p,, |£l) = +h(l —1/2) |£l), being [ € IN. In the same way, k. is also a good quantum number, as
the NW is translationally invariant along the NW'’s axis.

Now we obtain a 2 x 2 Hamiltonian that describes the first subband pair with total angular momentum
m; = 1/2. To do that, we first split the Hamiltonian ﬁLK in two parts as

H=Hy+ H', (B.20)

where Hy = fILK(k;Z = 0) is the zero-order Hamiltonian, while H’=I—~ILK(I€Z) — H, is treated as a
perturbation. Since we are interested in the first subband pair with total angular momentum m; =
1/2, we can focus on the m; = 1/2 sector only, and replace k, with k, = 1/2 in Eq. (B.19). Now we
can, in principle, numerically diagonalize the Hamiltonian H, and obtain a finite set of eigenstates
|i) with the eigenergies E; such that H, |i)=F, |i). Each eigenstate |i) can be expressed as

iy =Y fis(r)IB) |l =1) (B.21)
B

where f; 5 is a radial envelope function component of the i-the subband eigenstate with 5 =1, 2,3, 4
corresponding to the basis states {|S, = +3/2),|S, = +1/2),|5. = —1/2),|S, = —3/2)},and |l = 1)

"When taking the hermitean conjugates of the above matrix elements, we make use of the commutator [k,., 7~ 1] = i/r2.
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is an eigenstate of the total angular momentum operator with eigenvalue p, [l = 1) =h(1/2) [l = 1).
It easy to note from the matrix elements in Eq. (B.19) that at k,=0 the LK Hamiltonian H, separates
in two disconnected blocks: one block couples the states |S. = +3/2) with |S, = —1/2), while the
other block couples the states |S, = —3/2) with |S, = +1/2). As a result, the eigenstates of the first
subband pair with m; = 1/2 can be written as

ILHT) = (fuma(r) 1) + fumns(r) [3)) [T = 1)

) (B.22)
ILH2) = (fin2(r)[2) + fina(r) [4) |1 = 1)

Atthe lowest order in perturbation theory, we can obtain an effective Hamiltonian for these two states
by projecting the full Hamiltonian Hyx = Hy+ H’ onto the basis {|LH1) , |[LH2)}. The matrix elements
of Hy inthis basis yield the eigenenergies of the two subbands at the I' point F| 41 and E 1o separated
by an energy splitting 6 £ = E 1> — E 1 While the matrix elements of H' have to be computed as

R 4
(i|H'|j) = /0 drr Y fisHpg fip (B.23)
8,8

where R indicates the total radius of the nanowire, and we have implicitly assumed that the angular
integration in dp between the two eigenstates of the total angular momentum gives 1, i.e.

2
I=11=1)= 2i/ dpe(1/2ei1/2) — 1 (B.24)
™ Jo

Explicitly, we obtain

7

R
(LH1|H'|LH2) = — %ﬁ%/gkz/ dr 7 fin 1 (r) <k: +5
0 ’r

) fLH2,2(7“)

(B.25)
LY /Rd Fra@) (=Er + 25 fira(r)
m z ) T JLH,3\" Ty, LH2,4\T")
/ ﬁka 2 2
(LH1H'|LH2) = 5 (71 + 2vs(lewmnsl® = ewmial?)) (B.26)
R2 k2 ) )
(LH2|H'|LH2) = er; (71 + 27 (eLnz,2|* — lethz 4l )) ) (B.27)
where we defined "
lcipl? = / drr|fis(r)?, (B.28)
0
with the normalization condition
> leisl? =1 Vi. (B.29)
B

Note that the Hamiltonian H, is real and symmetric, thus we can chose the envelope functions f; (r)
tobereal. As aresult, being k. = —i(9, +1/2r), the off-diagonal matrix element in Eq. (B.25) is purely
imaginary. The obtained effective 2 x 2 Hamiltonian can be eventually written a more compact form

as
R k2 SE  R°k?
Hegt = (Emean + Z> oo+ ( + Z) 0.+ Oéeffaykza (B.30)

2m 2 2m

where Ej and § E are the mean energy and the energy splitting at &, = 0 between the two subbands,
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respectively, m is given my Eq. (B.4) with m; and m, replaced by

mo
MLH = (831)
Y1+ 27vs(cLmn,3 — cLhn)
and
mo
MiH2 = , (B.32)
LA Y1 + 27s(cLh2,2 — cLH2,4)
respectively, while )
L PuH2 = muw (B.33)

m 2MHmLH2

Note that the Hamiltonian in Eq. (B.30) is completely analogous to Eq. (B.3) with the effective SOC
coefficient given by

s B _ 1
Ottt 2%52\/5/ dr 7 fim,i(r) (—Zk‘r + 27#) JiH2,2(7)
0 0 (B.34)

+

S R ; 3
i 52\@/ drr fim s (r) (zkr + ) JiH2,4(7) .
mo 0 27"

As already noted, the envelope functions f; 3 can be found through a numerical diagonalization
of the Hamiltonian Hy. An alternative, analytical approach is to assume a reasonable functional
form for the f; 3 and integrate out the radial degrees of freedom. The results of the 8-band k - p
calculations in Ch. 4 show that the charge density of the nanowire is almost completely confined
in the GaSb shell. Thus, it is reasonable to expand the radial wave function onto the the following
basis states [200]

Un(r) = \/Zsin (%T (r = Rav - %)) , (B.35)

where n € N stems for different radial subbands and v, (r) satisfies hard-wall boundary conditions
at Ray + w/2, being R,y = R — w/2 an average effective radius.

For the states |LH1) and |LH2), which correspond to the first radial mode, we can consideronlyn = 1
in the expansion. Explicitly, we have

ILHT) = 91(7) (cLhna [1) + ctmz [3)) [ = 1)

. (B.36)
ILH2) = 91 (7) (cLh2 [2) + cLna [4)) [ = 1)

By plugging Eq. (B.36) into Eq. (B.34), and using the fact that (¢4 |k,|¢¥1) = 0, we can obtain an ana-
lytical expression for the effective SOC coefficient, i.e.

s +3 R
et = J2F2V3 <X12X34> dr 2 (r)
mo 0

2 (B.37)
_ g2 3 (X12 +3X34> (—21)
mo 2 w

where

™ sin’(z)
= N B.
7 /0 s, (B:38)
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Figure B.1: Spin-orbit coupling of InP/GaSb core-shell nanowires from the Luttinger-Khon effective Hamiltonian
Spin-orbit coupling of the highest-energy subbands as a function of GaSb shell thickness w for different wire radii R obtained
from the 8-band k-p numerical simulations presented in the main text (full line, dots) and from the effective theory (dashed
line, diamonds), calculated using Eq. (B.41) with x12=x34=0.3, corresponding to ¢y 1 =ci 2 4=Vv/0.1 and cp1, 2 =ci p2,3=v0.9
[see Eqgs. (B.28) and (B.39)] '

with ¢ = (R/w)m, and

X12 = CLH1,1 CLH3,2
(B.39)

X34 = CLH1,3 CLH2,4 -

Using a Taylor expansion up to first order of —L- for |a| >> |z| the integral Z can be approximated

as )
s s
Which gives
_ Osg2 xiz+3xsa) (1 | w
Gett = - V3 ( 5 ) (R+2R2> . (B.41)

In Fig. (B.1) we show the values of aes Obtained from Eq. (B.41), together with numerical results pre-
sented in Fig. 4.3(a), as a function of w for different values of R. We assumed the fixed values
c._H1,1=c|_H2,4=\/(ﬁ and cLH1,2=cLH273=\/@ for each value of R and w, which is reasonable since the
light-hole character dominates in the highest-energy hole states [see Fig. 4.2(b)]. These analytical
results are shown together with the numerical ones provided by the 8-band model in Fig. 4.3(a),
showing a good agreement.

B.4. Effects of strain in the semiconductor nanowire

It should be noted that in the present derivation we have completely neglected the effect of other
subbands which can be close in energy to the first subband pair. A more detailed derivation was per-
formed in Ref. [200] for a system very similar to InP/GaSb core-shell NWs, particularly thin Si/Ge/Si
curved quantum wells, but including the effect of strain through the Bir-Pikus Hamiltonian. The au-
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thors obtained an effective two-band Hamiltonian that accurately describes the highest-energy hole
states of the system through a second-order Schrieffer-Wolff transformation including the effect of
the second radial LH subbands as well as the first radial HH subband. Once this two-band Hamil-
tonian is projected onto the low-energy states |LH1) and |LH2), and projected on the radial basis
states of Eq. (B.35), with m;=1/2, they obtain

~(s) R2 k2
HY ~ Do oo + asoyk, + O, (B.42)
where
1 ~ ~

= — [ +s(1+3¢) — 37/, (B.43)
mg mo
3 =5 — (4 w] (B.44)

as_?moR Ts —° Y1 T Vs)€z|, .

and O includes all the terms that provide the mean energy and the splitting [see Ref. [198, 200]],
ignored here for simplicity of the discussion. The definitions of 4 and ¢, can be found in Ref. [200]
as a function of the Luttinger parameters ~; and ~,, and the strain energies along each direction

R w
e —fple. o= (15 ) e (B.45)
2 w
(R+%)

being ¢ the strain coefficient and b the uniaxial deformation potential.

In the absence of strain we have ¢ = 0 and ¢, = 0, and then this Hamiltonian has the same form as
the one in Eq. (B.3) and Eq. (B.30). Actually, it provides an estimation for

Y12 + 3x34 ~ V3 (1 - ;fgm) — 1.45, (B.46)
that applies to the highest-energy mode. This agrees quantitatively with our numerics, that provide
x12+3x34 = 1.2 (see above). Since strain typically relaxes sharply at the interface between IlI-V com-
pound semiconductors in NWs (less than 5 atomic layers), this further justifies the use of Eq. (B.3) for
the fitting of the hole SOC « and constitutes another valid method to describe the semiconductor
part of the NW.

We can thus legitimately use these results to estimate the effects of strain in the SOC close to the
interface where the GaSb shell layer is not relaxed, and it is instead strained by the InP core due to
the lattice mismatch ¢ = (agasp — ainp)/agasp == 3.93%. This provides ¢, = 0.07, and a (detrimental)
correction to the SOC of ~ 20% at the interface.

B.5. Subband splitting in the nanowire

To further evaluate the probability of hosting a topological superconducting (TS) phase in full-shell
geometries, we must study the energy splitting between subbands with angular momentum m,; =
1/2. These are the only ones capable of hosting a TS phase, as they can effectively wind around
a superconducting vortex. It's worth noting that the m; = 1/2 states always appear in pairs, with
one pair corresponding to each transverse radial subband. The separation between consecutive
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Figure B.2: Topological superconducting window. (a) Crossing points of the chemical potential —p with the first (solid
lines) and the second (dashed lines) m; = 1/2 highest-energy states vs shell width w for different NW radii R (in different
colors). The spacing between the two lines defines the energy window A Er g for which a topological superconducting phase
is possible, which is plotted in panel (b).

subbands within a pair defines the extent for which a topological superconducting phase is possi-
ble and, consequently, the likelihood of encountering Majorana modes at a given fixed chemical
potential or doping.

In Fig. B.2(a) we depict the energy position —u where the chemical potential cross the highest-
energy subband pair with m; = 1/2 vs the shell width w for different wire diameters R. Solid lines
indicates the crossing of the first subband of the pair, while dashed lines indicate the crossing with
the second one. For simplicity, we display only the first radial mode. In Fig. B.2(b) we explicitly dis-
play the topological window A Erg, extracted by computing the energy spacing between solid and
dashed lines of Fig. B.2(a). Notably, the topological window ranges from approximately 1 to 4 meV
across all cases, larger than typical superconducting gaps, e.g., ~ 0.2 meV for Al or ~ 0.5 meV for
Sn. While the topological window decreases as the total radius gets bigger, it appears to increase
as the shell width increases. This phenomenon can be readily comprehended by examining the an-
alytical equations governing these pairs. Larger shells result in smaller values of R, that lead to a
greater level spacing in turn. This agrees with the analytical expression for § E' in Eq. (B.30), which is
proportional to R,” = (R — %)*2, as shown in Ref. [200].

Additionally, we complement this analysis by analyzing the corresponding values of the SOC for
these bands, which is shown in Fig. 4.3(a) using the same color coding. Our analysis demonstrates
that larger shells yield stronger SOC and wider topological windows. Conversely, smaller diameters
also result in enhanced SOC and increased spacing between radial subbands.



Appendices for chapter 5

C.1. Nanowire effective model

In this appendix we derive an effective 4 x 4 Hamiltonian to describe the lowest energy states in InAs-
GaSb core-shell nanowires. The nanowire in our model has circular cross section and the electrons
move freely in the z-direction. The starting point is the 8-band Kane model, already introduced in
Ch. 2, which includes the eight basis states in Eq. (2.65).

From the numerical results obtained in Sec. 5.3 we know that the split-off subbands are well sep-
arated in energy from the other bands, hence we neglect the basis states |%, i%)so in Eq. (2.65),
which results in a six-dimensional basis including the electrons, heavy holes (HHs) and light holes
(LHs) Bloch basis states.

H Hey
Hkp _ Tel el-h (C.1)
He  Hik
where Hg describes the s-like conduction band states,
H, —ﬁ(k2+k2+k2) (C.2)
el — oImE T y z) .

H\ « is the Luttinger-Khon Hamiltonian in axial approximation, Eq. (4.1), and

1 2 1
_(~dPre \3PE PR 0 c3
Hein = ) 5 ) ; (C3)
0 —L&Pk 2P LPE

with k+ = k, + ik,, describes the coupling between the conduction band states and the p-like
valence band states. As we have done in App. B.3, we rotate the Hamiltonian Hy, to a cylindrical
coordinate system using the unitary operator U = e~ #(?=®5:)¢ and obtain

He  Heln

UHoU' = Hep = | = ! . (C4)
P P (Hell-h HLK)
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In Eq. (C.4) the matrix element of the rotated Luttinger-Khon Hamiltonian ﬁLK are givenin Eq. ((B.19)).
The remaining rotated blocks In Eq. C.4 are given by

P (—ng %k, Lk 0 ) L (1 0 0 o) cH
0 — Lok \/gkz Lk V2r\o 0 0 1
and , , ,
Hg = 2};* (k;z + %’ + k2) 1, — %zi*rzkwaz , (C.6)
written in terms of the electron effective mass m*, the hermitean radial momentum k, = —i(9, +

1/2r), the orbital angular momentum k, = —idp and k4. =k, + 7’“,—*"

Analogously to App. B.3, we note that total angular momentum J, = p, +AS, + %az in the original
coordinate system transforms as UTF,U = p, inthe rotated frame. As a consequence, p,, is a good
quantum number with quantum numbers (2] — 1)/2, being | € Z.

If an electric field E = E e, is present, we need to add the additional energy
Hp = —ersin(p)E,1g, (C.7)
where ¢ is the electron charge and 1 is a six-dimensional identity matrix.

Now we obtain an effective Hamiltonian that describes the first electron and hole subband pairs
with total angular momentum J, = +1/2. To do that, as we have already done in App. B.3, we first
split the Hamiltonian fIkp in two parts as

Hkp :H0+H/, (C.8)

where Hy = Hyp (k. = 0) is the zero-order Hamiltonian, while H' = Hy,(k.) — Hy + Hp is treated as
a perturbation.

The eigenstates |i) of the eigenvalue problem Hy |i) = E; |i) can be written in the form

li+) Zfz,ﬁ )18) [0 - (C.9)

where 5 = 1, ..., 6 indicates the basis functions of the rotated six-band k - p Hamiltonian in Eq. (C.4),
|l) are eigenstates of the total angular momentum with eigenvalues p,, |+l) = +h(l — 1/2)|+) and

; ﬁ( r) are the corresponding radial components of the envelope function. We consider the first two
spinful electron and hole subbands and assume [ = 1, corresponding to the J, = +1/2 sector, which
results in the four-dimensional basis {|EL+), ,|H+), , |EL-), , [H-),}. Explicitly, we have

[EL+), = (ferra(r) [1) + fery s(r) [3) + fery 5(r) [5)) 1+1)
IH+), = (fhs 2(r) [2) + fura(r) [4) + frs6(r) [6)) [+D)
[EL), = (fer—2(r) 2) + feL—a(r) [4) + fe—6(r) 16)) =)

IH-), = (fu—a(r) [1) + fu—3(r) [3) + fu—5(r) [5)) |=1)

(C10)

and we consider only I = 1, which corresponds to the J, = +1/2 sector.
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It is important to have a look at the symmetry properties of the envelope functions. In particular, for

the time reversal operation 7 it easy to show that 7 |[EL+), = |EL-),, T [EL-), = — |[EL+),, T |H+), =
|H-), and 7 |H-), = — |H+),, and we use the phase conventions for the envelope functions such that
few-2 = feLe 1 Jera = fELy 5 o6 = fELe s @Nd fu1 = — iy 00 foos = —flser fro5 = —fls s

The matrix elements of H, in the chosen four-dimensional basis yield the eigenenergies of the two
subbands at the I' point £, g and E, 4 separated by an energy splitting 0 E = Ey g —Ep 1. The matrix
element of H’, for generic [, are computed as

. ) 1 [ R 0 N i(1—1 i(1—1
i) = 5= [ de [ dre 3 s eR T g fs (e e
: 8,8’

Note that while the ﬁkp(kz) — Hy in H' only couples states with same angular momentum quantum
number, Hg couples states with total angular momentum quantum numbers that differs by one unit.
For example, for I = 1 we have

(EL+[Hp|H-) = eUen By , (C12)
where
1 (B 6
Uen = =5 / drr ) féisor o (C13)
0 o.p

Using the symmetry relations on the envelope functions imposed by time-reversal symmetry we
also obtain
(H+|Hg|EL-) = —eUch E, . (C14)

Analogously we have
(EL+|Hp|H+) = Ak, , (C15)

where

R
A= \/g L/O drr P(r) (fEL+71(T)fH+,4(7') + fEL+,5(T)fH+,2(T))1

0

R J—
— %52\/5 l / drrfg, s(r) <k fik“"r 1) fH+}4(7-)] (C16)

R
s N k,+1
— lﬁ2\/§ [/ drrfE+75(7’) <k,> +i-2£ > fH+’6(r)] .
m 0 T
From time-reversal symmetry we also have

(H-|Hyp|ELr) = — Ak, . (Ca7)

Finally, the Hamiltonian we get has the form

R2K>
E07EL + . Ak, 0 eUehEy
B 272
~ Ak, Eou+2k  _ev,E 0
Hy = O 2, g (C18)
0 —eUehEy EO,EL + 2mi —A*k,

eUel-hl?y 0 —.Akz Eon+ ZL
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where we have introduced the effective masses

mo
Mme = —,

Ve

o (C19)
mp = —,

Yh

being mg the free electron mass and

R

Fe = / drr [W%fEL+,1<r>|2 — (1 () = 29 () fere s (1) = (1 () + 274 (1)) |fEL+,5<r>|ﬂ !

_ = mo 2 2 2

= [ e [ e a)  (3() + 2 a0 = (1(7) — 220) s
(C.20)

taking into account the fact that the electron effective mass m* and the Luttinger parameters ~;

depend on the radial position r. Using the definitions of the parameters D and B, given in Egs. (5.15)

and (5.16), respectively, as well as

E — E
M= o,EL2 o
C.21
C Eop+ Eon €21
-2

and
e(k,)=C— Dkﬁ ,

(C.22)
we can rewrite the Hamiltonian in Eq. (C.18) as
M(kﬁz) .Akz 0 €UehEy
Hyz ety | AR Mk —eUaby 0 (C.23)
0 —eUep By M(ky) —A*k,
eUel_hEy 0 —Ak‘z —M(k‘z)

We see that the electric field induces a direct coupling between basis states |EL+) and |H-), as well
as between |EL-) and |H+). Thus, the effect of this term is to introduce a direct Rashba coupling
between electron or holes states with opposite spin. Since this k.-independent term originates
directly from the dipole Hamiltonian Hg, at first order, it is expected to dominate at small k..

Note that, apart from the term Sy k20,7, the form of the Hamiltonian H, in Eq. (C.23)is exactly equiv-
alent to the form of the effective Hamiltonian in Eq. (5.19) obtained in Sec. 5.3 starting from the later-
ally confined two-dimensional quantum well model, as explained in the main text, which, eventually,
further supports the results obtained in Ch. 5.
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