
Journal of Functional Analysis 291 (2026) 111599

Contents lists available at ScienceDirect

Journal of Functional Analysis  

journal homepage: www.elsevier.com/locate/jfa

Regular Article

On the Cahn-Hilliard equation with nonlinear 

diffusion: the non-convex case

Monica Conti a, Stefania Gatti b, Andrea Giorgini a,∗, 
Giulio Schimperna c

a Politecnico di Milano, Dipartimento di Matematica, Via E. Bonardi 9, I-20133 
Milano, Italy
b Università degli Studi di Modena e Reggio Emilia, Dipartimento di Scienze 
Fisiche, Informatiche e Matematiche, Via Campi 213/B, I-41125 Modena, Italy
c Università degli Studi di Pavia, Dipartimento di Matematica ``F. Casorati'', 
IMATI - C.N.R., via Ferrata 5, 27100, Pavia, Italy

a r t i c l e i n f o a b s t r a c t 

Article history:
Received 14 October 2025
Accepted 20 May 2026
Available online 12 June 2026
Communicated by Luis Silvestre

MSC:
35K55
35A02
35B65
35B40
35Q82

Keywords:
Cahn-Hilliard equation
Nonlinear diffusion
Łojasiewicz-Simon inequality
Convergence to equilibrium

We investigate the Cahn-Hilliard equation with nonlinear dif
fusion and non-degenerate mobility modeling phase separa
tion phenomena in complex systems (e.g., crystals and poly
mers). Previous results in the literature on this model relied 
on the strong convexity assumption of the gradient part of 
the energy, which excludes relevant cases. In this work, we 
remove the convexity condition and establish new qualita
tive properties of solutions under general assumptions on the 
diffusion and mobility functions. In two spatial dimensions, 
we prove uniqueness of weak solutions, their smoothing effect 
for positive times, and convergence to equilibrium as time 
tends to infinity. In three dimensions, we show local well
posedness of strong solutions for arbitrary initial data and 
global existence for data close to energy minimizers, yielding 
a Lyapunov stability principle. A key ingredient of our analy
sis is a Łojasiewicz-Simon inequality tailored to the nonlinear 
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diffusion case, which enables us to characterize the longtime 
dynamics.
© 2026 The Author(s). Published by Elsevier Inc. This is an 

open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction

We study the Cahn-Hilliard equation with nonlinear diffusion

∂tϕ = div(b(ϕ)∇μ), (1.1)

μ = −div(a(ϕ)∇ϕ) + a′(ϕ) |∇ϕ|2
2 

+ Ψ′(ϕ). (1.2)

The initial-boundary value problem related to (1.1)-(1.2) is considered in Ω × (0,∞), 
where Ω is a bounded domain in ℝd, with d = 2 and d = 3. The system (1.1)-(1.2) is 
equipped with the following homogeneous Neumann boundary conditions

∂nϕ = b(ϕ)∂nμ = 0 on ∂Ω × (0,∞), (1.3)

and initial condition

ϕ|t=0 = ϕ0 in Ω. (1.4)

Here, n is the unit outward normal vector on ∂Ω, and ∂n denotes the outer normal deriva
tive on ∂Ω. The state variable of the system is the difference of two fluid concentrations 
ϕ : Ω × [0,∞) → [−1, 1] (order parameter). The function a : [−1, 1] → [0,∞) represents 
nonlinear diffusion under the assumptions

a ∈ C2([−1, 1]) : 0 < am ≤ a(s) ≤ aM , s ∈ [−1, 1]. (1.5)

The function b : [−1, 1] → [0,∞) is the non-degenerate Onsager mobility, which satisfies

b ∈ C1([−1, 1]) : 0 < bm ≤ b(s) ≤ bM , s ∈ [−1, 1]. (1.6)

The homogeneous free energy density Ψ is the Flory-Huggins potential

Ψ(s) = F (s) − Θ0

2 
s2

= Θ
2 

[︃
(1 + s) log(1 + s) + (1 − s) log(1 − s)

]︃
− Θ0

2 
s2, s ∈ [−1, 1], (1.7)

where Θ < Θ0 are constant positive parameters. The system (1.1)-(1.3) is a generalization 
of the classical Cahn-Hilliard equation, which is recovered when a ≡ 1. The associated 
Ginzburg-Landau free energy is

http://creativecommons.org/licenses/by/4.0/
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E(ϕ) =
∫︂
Ω 

a(ϕ)
2 

|∇ϕ|2 + Ψ(ϕ) dx, (1.8)

and (1.1)-(1.2), together with (1.3), is the resulting mass conserving gradient flow with 
respect to the metric of the dual space of H1(Ω). The importance of including a nonlinear 
coefficient in the interfacial free energy density, depending on the order parameter, stems 
from the modeling of complex systems such as crystals, polymers and hydrogels (see, e.g., 
[6]). Different forms of a significantly affect the free energy costs of interfaces between 
components. For instance, specific approximations arising from the description of phase 
separation include polynomials such as

a(u) = a0 + a1u + a2u
2,

where a0 > 0 (cf. [31]), or even singular coefficients of de Gennes type as in [17]. We also 
mention that more general Ginzburg-Landau free energy (w.r.t. (1.8)) are employed in 
amphiphilic systems (see, e.g., [26])

The mathematical analysis of system (1.1)-(1.4) has been intensively studied over the 
last decades in the constant diffusion case, namely a ≡ 1. For the interested reader, we 
mention the works with constant mobility [1,5,16,18,24,33,34], non-degenerate mobility 
[7,13,36,38], as well as degenerate mobility [11,15,19,32], and the references therein. On 
the other hand, the nonlinear diffusion case a(ϕ) has only been partially developed so far. 
The main contribution in the literature is the work by the fourth author and Pawlow [37] 
(see, in particular, Sections 5 and 6) referring to the case with constant mobility. Therein, 
the authors first showed the existence of global weak solutions under the assumption 
(1.5). The uniqueness of weak solutions and their regularization properties for positive 
times were achieved under the assumptions

a′′(s) ≥ 0, 
(︃

1 
a

)︃′′
(s) < −κ, ∀ s ∈ [−1, 1], (1.9)

where κ > 0. As observed in [37], the above conditions entail that the gradient part of 
the energy

J(ϕ) =
∫︂
Ω 

a(ϕ)
2 

|∇ϕ|2 dx is strictly convex.

Concurrently, a Navier-Stokes/Cahn-Hilliard system, including (1.1)-(1.2) with non
degenerate or degenerate mobility, together with nonlinear diffusion, was studied by 
Abels, Garcke and Depner in [2,3], where they proved the existence of global weak solu
tions. Therefore, several mathematical questions on the model in presence of a non-convex 
gradient energy part remains largely unexplored.

In this work, we investigate fine qualitative properties of the solutions to the Cahn
Hilliard system (1.1)-(1.4) without imposing the convexity assumption (1.9). Our aim is 
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twofold: to address uniqueness and regularity of solutions in the general setting (1.5); to 
characterize the longtime behavior of solutions, a question that has not been explored 
so far, even in the convex case (1.9). Under the general setting (1.5), our main results 
are summarized here below:

• Theorem 1.2: In two space dimensions, the global weak solutions are unique, prop
agate regularity for positive times, and converge to an equilibrium point of the free 
energy E(ϕ) as t → ∞.

• Theorem 1.3: In three space dimensions, strong solutions exist locally in time for 
arbitrarily large initial data, and globally in time for initial data sufficiently close to 
energy minimizers. The latter entails a Lyapunov stability principle. Furthermore, 
such global strong solutions converge to an equilibrium point of the free energy E(ϕ)
as t → ∞.

Before detailing our main results, let us point out some novelties of this work. First of 
all, we show that any weak solution to the system exhibits enhanced regularity proper
ties. A key tool at this stage is a tailored regularity theory for the associated stationary 
problem with nonlinear diffusion that we derive in Section 3 based on a suitable refor
mulation of the chemical potential borrowed from [2]. In particular, obtaining that any 
weak solution belongs to L4(0,∞;H2(Ω)) enables us to extend the techniques of [13] to 
address the combined effects of the nonlinear diffusion a and the variable mobility b. This 
leads to uniqueness and global regularity results in two spatial dimensions. Furthermore, 
based on the improved regularity of weak solution at any positive time, we resolve an 
open question from [37, Remark 6.4] regarding the validity of the energy equality for 
E in the non-convex setting. In summary, our analysis goes beyond the classical Cahn
Hilliard equation with constant coefficients, providing a comprehensive well-posedness 
framework for the general nonlinear, non-degenerate system in two dimensions.

Secondly, we establish a crucial tool for analyzing the long-time behavior of solutions, 
as well as proving Lyapunov stability in the spirit of Simon [39]: the Łojasiewicz-Simon 
inequality. For the classical Cahn-Hilliard energy with constant coefficient, this inequality 
was first derived in [30] and later refined in [5]. However, such a tool has not yet been 
developed in the setting of nonlinear diffusion. In order to present the new Łojasiewicz
Simon inequality related to the free energy (1.8) with nonlinear coefficient a, we recall 
the stationary problem corresponding to the evolution system (1.1)-(1.4):

−div(a(u)∇u) + a′(u)
2 

|∇u|2 + Ψ′(u) = a′(u)
2 

|∇u|2 + Ψ′(u) in Ω, (1.10)

∂nu = 0 on ∂Ω, (1.11)

together with

u = ϕ0,
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where the notation f := 1 
|Ω|
∫︁
Ω f dx is the spatial average. For m ∈ (−1, 1), we denote 

the set of the stationary states as

𝒮m =
{︁
u ∈ H2(Ω) with Ψ′(u) ∈ L2(Ω) : u solves (1.10) − (1.11) and u = m

}︁
. (1.12)

We show that

Theorem 1.1 (Łojasiewicz-Simon inequality). Let Ω ⊂ ℝd, d = 2, 3, be a bounded smooth 
domain. Assume that a is real analytic on the open interval (−1, 1). Then, for any 
ψ ∈ 𝒮m, there exist θ ∈

(︁
0, 1

2
]︁
, CL > 0 and β > 0 such that the following inequality 

holds

|E(u) −E(ψ)|1−θ

≤ CL

⃦⃦⃦⃦
⃦−div(a(u)∇u) + a′(u)

2 
|∇u|2 + Ψ′(u) − a′(u)

2 
|∇u|2 + Ψ′(u)

⃦⃦⃦⃦
⃦
L2(Ω)

, (1.13)

for all u ∈ H2(Ω) such that u = m, ∂nu = 0 on ∂Ω and ∥u− ψ∥H2(Ω) ≤ β.

The proof of Theorem 1.1 relies on the approach proposed in [35], where the stationary 
points are interpreted as constrained critical points of the free energy on a manifold ℳ
which accounts for the conservation of mass. It is important to point out that, on the 
contrary to the classical case with constant diffusion, it is not possible to work in the 
energy space H1(Ω), but we rather need to consider the smaller space H2(Ω), which 
requires an assumption on the vicinity of u to ψ in H2(Ω). This is due to the fact that, 
in the H1(Ω) framework, the Frechet derivative J ′ is not well defined due to the quadratic 
term arising from a(ϕ). We refer the interested reader to [20] where a similar approach 
has been needed to deal with dynamic boundary conditions.

1.1. Main results

For m ∈ (−1, 1), we introduce the space of admissible finite energy data

𝒱m =
{︂
f ∈ H1(Ω) ∩ L∞(Ω) : ∥f∥L∞(Ω) ≤ 1 and f = m

}︂
,

and we study the evolution system (1.1)-(1.4) with initial datum in 𝒱m. In the two 
dimensional case, our results are collected in the following (some notation used in the 
statement will be specified in Subsection 2.1 below):

Theorem 1.2. Let Ω ⊂ ℝ2 be a bounded domain with smooth boundary. Assume that 
ϕ0 ∈ 𝒱m. 
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(1) Global weak solutions: There exists a global weak solution ϕ to (1.1)-(1.4) in the 
following sense:

ϕ ∈ L∞(0,∞;𝒱m) ∩ L4
uloc([0,∞);H2(Ω)), (1.14)

ϕ ∈ L∞(Ω × (0,∞)) such that |ϕ(x, t)| < 1 a.e. in Ω × (0,∞), (1.15)

∂tϕ ∈ L2(0,∞;H−1
(0) (Ω)), (1.16)

μ ∈ L2
uloc([0,∞);H1(Ω)), (1.17)

and, for any 2 ≤ p < ∞,

ϕ ∈ L2
uloc([0,∞);W 2,p(Ω)) and F ′(ϕ) ∈ L2

uloc([0,∞);Lp(Ω)), (1.18)

where

⟨∂tϕ, v⟩ + (b(ϕ)∇μ,∇v) = 0, ∀ v ∈ H1(Ω), a.e. in (0,∞), (1.19)

and the chemical potential is given by

μ = −div (a(ϕ)∇ϕ) + a′(ϕ) |∇ϕ|2
2 

+ Ψ′(ϕ) a.e. in Ω × (0,∞). (1.20)

Moreover, ∂nϕ = 0 almost everywhere on ∂Ω × (0,∞), and ϕ(·, 0) = ϕ0 in Ω.
(2) Uniqueness: Assume that b ∈ C2([−1, 1]). Let ϕ1, ϕ2 be two weak solutions starting 

from ϕ0
1, ϕ

0
2, respectively, with ϕ0

1 = ϕ0
2. Then, for any T > 0, there exists C > 0

such that

∥ϕ1(t) − ϕ2(t)∥H−1
(0) (Ω) ≤ C

⃦⃦
ϕ0

1 − ϕ0
2
⃦⃦
H−1

(0) (Ω), ∀ t ∈ [0, T ]. (1.21)

The constant C depends only on the parameters of the system, the final time T , and 
the initial free energies E(ϕ0

1) and E(ϕ0
2). In particular, the weak solution is unique.

(3) Propagation of regularity: For any τ > 0, there holds

ϕ ∈ L∞(τ,∞;H3(Ω)), ∂tϕ ∈ L2
uloc([τ,∞);H1(Ω)) ∩ L∞(τ,∞;H1(Ω)′), (1.22)

ϕ ∈ C(Ω × [τ,∞)) such that |ϕ(x, t)| ≤ 1 − δ everywhere in Ω × [τ,∞), (1.23)

μ ∈ L∞(τ,∞;H1(Ω)) ∩ L2
uloc([τ,∞);H3(Ω)), (1.24)

for some δ ∈ (0, 1) depending on τ and the norm of ϕ0. In particular, ϕ satisfies 
(1.1)-(1.2) almost everywhere in Ω × (τ,∞) and ∂nϕ = ∂nμ = 0 almost everywhere 
on ∂Ω × (τ,∞).
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(4) Energy equality: The weak solution satisfies the energy equality

E(ϕ(t)) +
t ∫︂

0 

⃦⃦⃦√︁
b(ϕ(s))∇μ(s)

⃦⃦⃦2
L2(Ω)

ds = E(ϕ0), (1.25)

for every 0 ≤ t < ∞. Furthermore, ϕ ∈ C([0,∞);H1(Ω)).
(5) Convergence to equilibrium: Let a be analytic in (−1, 1), b ∈ C2([−1, 1]). Then, there 

exists a unique ϕ∞ ∈ 𝒮m such that

lim 
t→∞

ϕ(t) = ϕ∞ in H2(Ω).

Concerning the evolutionary problem in a three dimensional domain, the main results 
are stated in the following.

Theorem 1.3. Let Ω ⊂ ℝ3 be a bounded smooth domain, and let ϕ0 ∈ 𝒱m. 

(1) Global weak solutions: There exists a global weak solution ϕ to (1.1)-(1.4) such that

ϕ ∈ L∞(0,∞;𝒱m) ∩ L4
uloc([0,∞);H2(Ω)) ∩ L2

uloc([0,∞);W 2,6(Ω)), (1.26)

ϕ ∈ L∞(Ω × (0,∞)) such that |ϕ(x, t)| < 1 a.e. in Ω × (0,∞), (1.27)

∂tϕ ∈ L2(0,∞;H−1
(0) (Ω)), (1.28)

μ ∈ L2
uloc([0,∞);H1(Ω)), F ′(ϕ) ∈ L2

uloc([0,∞);L6(Ω)), (1.29)

which satisfies (1.19)-(1.20), and ∂nϕ = 0 almost everywhere on ∂Ω× (0,∞), as well 
as ϕ(·, 0) = ϕ0 in Ω.

(2) Local strong solutions: Assume that ϕ0 ∈ 𝒱m ∩H2(Ω), ∂nϕ0 = 0 on ∂Ω and

⃦⃦⃦⃦
−div (a(ϕ0)∇ϕ0) + a′(ϕ0)

|∇ϕ0|2
2 

+ Ψ′(ϕ0)
⃦⃦⃦⃦
H1(Ω)

≤ M, (1.30)

for some M > 0. Then, there exist TM > 0, depending only on M , E(ϕ0) and m, 
and a unique strong solution ϕ to (1.1)-(1.4) on [0, TM ] in the following sense

ϕ ∈ L∞(0, TM ;W 2,6(Ω)), ∂tϕ ∈ L2
uloc(0, TM ;H1(Ω)),

ϕ ∈ L∞(Ω × (0, TM )) such that |ϕ(x, t)| < 1 a.e. (x, t) ∈ Ω × (0, TM ),

μ ∈ L∞(0, TM ;H1(Ω)), F ′(ϕ) ∈ L∞(0, TM ;L6(Ω)).

(1.31)

Besides, ϕ fulfills the equations (1.1)-(1.2) almost everywhere in Ω × (0, TM ).
(3) Lyapunov stability: Let a be analytic in (−1, 1) and let ψ ∈ 𝒱m ∩H2(Ω) be a local 

minimizer of the energy E in 𝒱m. Assume that the initial datum ϕ0 ∈ 𝒱m ∩H2(Ω), 
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∂nϕ0 = 0 on ∂Ω and satisfies (1.30). Then, for any ϵ > 0, there exists a constant 
η ∈ (0, 1), depending on ϵ and M , such that, if

∥ϕ0 − ψ∥H2(Ω) ≤ η,

the unique strong solution to (1.1)-(1.4) is global in time. Besides, ϕ ∈ L∞(0,∞; 
H3(Ω)) and

∥ϕ(t) − ψ∥H2(Ω) ≤ ϵ, ∀ t ≥ 0.

(4) Convergence to equilibrium: Let the assumptions of part (3) be in place. Then, there 
exists a unique ϕ∞ ∈ 𝒮m such that the unique global strong solution ϕ to (1.1)-(1.4)
obtained in part (3) satisfies

lim 
t→∞

ϕ(t) = ϕ∞ in H2(Ω).

Remark 1.4. We point out that the assumption ψ ∈ H2(Ω) is not a restriction. Indeed, 
we prove in Section 10 that any energy minimizer satisfies such regularity.

Remark 1.5. Our analysis can be straightforwardly generalized for singular potentials Ψ
of the form

Ψ(s) = F (s) − Θ0

2 
s2, ∀ s ∈ [−1, 1], (1.32)

where F ∈ C([−1, 1]) ∩ C2(−1, 1) such that F (0) = F ′(0) = 0, lims→±1 F
′(s) = ±∞, 

and F ′′(s) ≥ Θ > 0, for all s in (−1, 1) as in [34]. Furthermore, growth assumptions on 
F ′ or F ′′ are required for the separation property (1.23) as in [21] and [22].

Remark 1.6. After the submission of this manuscript, new results have been obtained 
for models involving the Cahn-Hilliard equation with nonlinear diffusion, partly building 
on the analysis developed here. First, Lyapunov stability has been extended in [23, 
Theorem 2.2] to solutions of the thermodynamically consistent diffuse-interface model 
for incompressible two-phase flows with unmatched densities studied in [2] (cf. [4] for 
the case with constant mobility). Besides, convergence to a single equilibrium has been 
established for global weak solutions in [27, Theorem 3.8].

2. Mathematical setting

2.1. Function spaces

For X Banach space, the set X ′ denotes the dual space and ⟨·, ·⟩X′,X the duality 
product. For 1 ≤ p ≤ ∞ and an interval I ⊆ [0,∞), Lp(I;X) is the space of all Bochner 
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p-integrable functions defined from I into X. For 1 ≤ p < ∞, the set Lp
uloc([0,∞), X)

denotes the space of functions f ∈ Lp(0, T ;X) for any T > 0 such that there exists 
C > 0 such that

∥f∥Lp
uloc([0,∞),X) := sup

t≥0 

t+1∫︂
t 

∥f(s)∥pX ds < ∞.

The set of continuous functions f : I → X is denoted by C(I;X). The space BCw(I;X)
consists of the topological vector space of all X-valued bounded and weakly continuous 
functions (i.e., the map t ∈ I ↦→ ⟨ϕ, f(t)⟩X∗,X is continuous for all ϕ ∈ X∗). Finally, 
the set BUC(I;X) is the subspace of all X-valued bounded and uniformly continuous 
functions with respect to the supremum norm.

Let Ω be a bounded smooth domain in ℝd, d = 2, 3. For any positive real k and 
1 ≤ p ≤ ∞, we denote by W k,p(Ω) the Sobolev space of function in Lp(Ω) such that the 
distributional derivative of order up to k is an element of Lp(Ω). We use the notation 
Hk(Ω) for the Hilbert space W k,2(Ω) with norm ∥·∥Hk(Ω). In particular, for k = 1, we 
denote the duality product between H1(Ω)′ and H1(Ω) by ⟨·, ·⟩.

Given the definition of spatial average

f = 1 
|Ω|

∫︂
Ω 

f(x) dx if f ∈ L1(Ω),

for any m ∈ ℝ, we introduce the function space

H1
(m)(Ω) =

{︁
f ∈ H1(Ω) : f = m

}︁
.

If m = 0, we recall the Poincaré-Wirtinger inequality

∥f∥L2(Ω) ≤ CP ∥∇f∥L2(Ω), ∀ f ∈ H1
(0)(Ω), (2.1)

where CP only depends on Ω. Thus, H1
(0)(Ω) is a Hilbert space endowed with inner 

product (f, g)H1
(0)(Ω) = (∇f,∇g) and corresponding norm ∥f∥H1

(0)(Ω) = ∥∇f∥L2(Ω). Ex
tending the definition of total mass as

f = 1 
|Ω| ⟨f, 1⟩ if f ∈ H1(Ω)′,

we define the Hilbert space

H−1
(0) (Ω) =

{︁
f ∈ H1(Ω)′ : f = 0

}︁
, (2.2)

with corresponding norm defined as ∥f∥H−1
(0) (Ω) := ∥f∥H1(Ω)′ .
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We also report the generalized Poincaré inequality (see [40, Chapter II, Section 1.4]): 
there exists a positive constant C = C(Ω, η∗, η∗) such that

∥u∥H1(Ω) ≤ C
(︂
∥∇u∥2

L2(Ω) +
⃓⃓⃓ ∫︂
Ω 

ηu dx
⃓⃓⃓2)︂ 1

2
, ∀ u ∈ H1(Ω), (2.3)

where η ∈ L∞(Ω) is such that 0 < η∗ ≤ η(x) ≤ η∗ for almost every x ∈ Ω.
Furthermore, the following Gagliardo-Nirenberg interpolation inequalities hold:

∥∇u∥L2p(Ω) ≤ C∥u∥
1
2
L∞(Ω)∥u∥

1
2
W 2,p(Ω), ∀ u ∈ W 2,p(Ω), 2 ≤ p ≤ ∞, (2.4)

which, in particular, gives

∥∇u∥L4(Ω) ≤ C∥u∥
1
2
L∞(Ω)∥u∥

1
2
H2(Ω). (2.5)

Lastly, we have

∥u∥L4(Ω) ≤ C∥u∥
1
2
L2(Ω)∥u∥

1
2
H1(Ω), d = 2, (2.6)

∥u∥L3(Ω) ≤ C∥u∥
1
2
L2(Ω)∥u∥

1
2
H1(Ω), d = 3. (2.7)

2.2. Elliptic problems

We introduce the solution operator of the Laplace problem with homogeneous Neu
mann boundary condition 𝒢 : H−1

(0) (Ω) → H1
(0)(Ω) such that, for every f ∈ H−1

(0) (Ω), 
𝒢f ∈ H1

(0)(Ω) satisfies

(∇𝒢f,∇v) = ⟨f, v⟩, ∀ v ∈ H1
(0)(Ω). (2.8)

For any f ∈ H−1
(0) (Ω), ∥∇𝒢f∥L2(Ω) is a norm on H−1

(0) (Ω), that is equivalent to ∥f∥H−1
(0) (Ω). 

Furthermore,

|⟨f, v⟩| ≤ ∥∇𝒢f∥L2(Ω) ∥∇v∥L2(Ω) , ∀ f ∈ H−1
(0) (Ω), v ∈ H1

(0)(Ω). (2.9)

Next, assuming (1.6) and given a measurable function q : Ω → [−1, 1], we introduce the 
following elliptic problem {︄

−div(b(q)∇u) = f in Ω,

b(q)∂nu = 0 on ∂Ω.
(2.10)

Similarly to the definition of 𝒢 in (2.8), we define the solution operator 𝒢q : H−1
(0) (Ω) →

H1
(0)(Ω) as follows: for every f ∈ H−1

(0) (Ω), 𝒢qf ∈ H1
(0)(Ω) such that
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(b(q)∇𝒢qf,∇v) = ⟨f, v⟩, ∀ v ∈ H1
(0)(Ω). (2.11)

It is immediate to see that√︁
bm

⃦⃦⃦√︁
b(q)∇𝒢qf

⃦⃦⃦
L2(Ω)

≤ ∥∇𝒢f∥L2(Ω) ≤
√︁

bM

⃦⃦⃦√︁
b(q)∇𝒢qf

⃦⃦⃦
L2(Ω)

, ∀ f ∈ H−1
(0) (Ω),

from which it follows that ∥∇𝒢qf∥L2(Ω) is a norm on H−1
(0) (Ω) that is equivalent to 

∥∇𝒢f∥L2(Ω).
We now report some elliptic estimates related to problem (2.10). Let f ∈ L2(Ω) ∩

H−1
(0) (Ω). Assuming that b ∈ C1([−1, 1]) and q ∈ H2(Ω), we have

∥𝒢qf∥H2(Ω) ≤ C
(︁
∥∇q∥L2(Ω)∥q∥H2(Ω)∥∇𝒢qf∥L2(Ω) + ∥f∥L2(Ω)

)︁
, d = 2. (2.12)

∥𝒢qf∥H2(Ω) ≤ C
(︂
∥q∥2

H2(Ω)∥∇𝒢qf∥L2(Ω) + ∥f∥L2(Ω)

)︂
, d = 3. (2.13)

More properties of 𝒢q can be found in [7] and [13].
The following is a classical result in the theory of elliptic systems (see, e.g., [1, Lemma 

4]).

Proposition 2.1. Let d = 2, 3. Assume that K ∈ C1(ℝ) such that 0 < K ≤ K(s) ≤ K for 
all s ∈ ℝ and let φ : Ω → ℝ be a measurable function. Consider the Neumann problem

{︄
−div (K(φ)∇u) + u = f in Ω,

∂nu = 0 on ∂Ω.
(2.14)

If φ ∈ W 1,r(Ω), with d < r ≤ ∞, and f ∈ L2(Ω). Then, u ∈ H2(Ω) and ∂nu = 0 on ∂Ω. 
Moreover, there exists a positive increasing function Q depending on K, K and r such 
that,

∥u∥H2(Ω) ≤ Q(R)∥f∥L2(Ω),

where ∥φ∥W 1,r(Ω) ≤ R.

3. The stationary system

Let d = 2, 3 and let m ∈ (−1, 1) be given. In this section we provide some regularity 
properties for the elements of 𝒮m. To this aim, following [2], it is convenient to introduce 
the integral function A : ℝ → ℝ

A(s) :=
s ∫︂

0 

√︁
a(τ) dτ. (3.1)
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Since ∇A(u) = A′(u)∇u =
√︁
a(u)∇u, we notice that, for u ∈ 𝒱m ∩H2(Ω),

−
√︁

a(u)ΔA(u) = −div(a(u)∇u) + a′(u) |∇u|2
2 

, (3.2)

and

Δu = 1 √︁
a(u)

ΔA(u) − a′(u) 
2a2(u) |∇A(u)|2. (3.3)

In addition, we have

∂nA(u) =
√︁

a(u)∂nu = 0 on ∂Ω × (0,∞).

Accordingly, if u ∈ 𝒮m, then u solves the following quasilinear elliptic problem with 
logarithmic nonlinear term{︄

−
√︁
a(u)ΔA(u) + F ′(u) = f in Ω,

∂nA(u) = 0 on ∂Ω,
(3.4)

where f is given by

f = a′(u)
2 

|∇u|2 + Ψ′(u) + Θ0u.

In the following, let f ∈ L2(Ω) be a generic function and assume that u is any solution 
to (3.4) in the following sense: u ∈ H2(Ω) with F ′(u) ∈ L2(Ω), which satisfies (3.4)
almost everywhere. In particular, we observe that ∥u∥L∞(Ω) ≤ 1. Then, the following 
result holds true.

Lemma 3.1. Let d = 2, 3 and f ∈ Lp(Ω) with 2 ≤ p ≤ ∞. Then, we have

∥F ′(u)∥Lp(Ω) ≤ C∥f∥Lp(Ω),

for some positive constant C independent of p.

Proof. For k ∈ ℕ, let us define the globally Lipschitz function hk : ℝ → ℝ

hk(s) =

⎧⎪⎪⎨⎪⎪⎩
−1 + 1 

k s < −1 + 1 
k ,

s s ∈ [−1 + 1 
k , 1 − 1 

k ],
1 − 1 

k s > 1 − 1 
k ,

and uk = hk ◦ u. (3.5)

Since u ∈ H1(Ω), the classical result on compositions in Sobolev spaces yields uk ∈
H1(Ω) and ∇uk = ∇u · χ[−1+ 1 

k ,1− 1 
k ](u), for any k > 0. Since a(·) > 0, we see from (3.4)

that u satisfies
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−ΔA(u) + F ′(u) √︁
a(u)

= f√︁
a(u)

a.e in Ω,

where f ∈ Lp(Ω) by assumption. Let 2 ≤ p < ∞. Choosing as test function 
|F ′(uk)|p−2F ′(uk), which belongs to H1(Ω) for any k, we have∫︂

Ω 

−ΔA(u)|F ′(uk)|p−2F ′(uk) dx +
∫︂
Ω 

F ′(u) √︁
a(u)

|F ′(uk)|p−2F ′(uk) dx

=
∫︂
Ω 

f√︁
a(u)

|F ′(uk)|p−2F ′(uk) dx.

Since F ′′(uk) is well-defined and positive, and ∂nA(u) = 0 on ∂Ω, we learn that∫︂
Ω 

−ΔA(u)|F ′(uk)|p−2F ′(uk) dx

= (p− 1)
∫︂
Ω 

|F ′(uk)|p−2F ′′(uk)∇u · χ[−1+ 1 
k ,1− 1 

k ](u) · ∇A(u) dx ≥ 0.

Then, recalling that am ≤ a(s) ≤ aM for any s ∈ [−1, 1], we obtain

1 √
aM

∫︂
Ω 

F ′(u)|F ′(uk)|p−2F ′(uk) dx ≤ 1 √
am

∫︂
Ω 

|f ||F ′(uk)|p−1 dx.

By the Hölder inequality∫︂
Ω 

|f ||F ′(uk)|p−1 dx ≤ ∥F ′(uk)∥p−1
Lp(Ω)∥f∥Lp(Ω).

On the other side, by exploiting the monotonicity of F ′ and the fact that F ′(s)s ≥ 0, we 
have

∥F ′(uk)∥pLp(Ω) ≤
∫︂
Ω 

F ′(u)|F ′(uk)|p−2F ′(uk) dx.

Therefore, we arrive at

∥F ′(uk)∥Lp(Ω) ≤
√
aM√
am

∥f∥Lp(Ω).

Passing to the limit as k → ∞, by Fatou’s lemma we end up with

∥F ′(u)∥Lp(Ω) ≤
√
aM√
am

∥f∥Lp(Ω).
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Finally, in the case when f ∈ L∞(Ω), we infer from the above estimate that 
∥F ′(u)∥Lp(Ω) ≤ C, where C is independent of p. Thus, passing to the limit as p → ∞, 
the claim follows. □

We are now in the position to show the validity of the following crucial result.

Proposition 3.2. For each u ∈ 𝒮m, there exists a constant δu ∈ (0, 1) such that

|u(x)| ≤ 1 − δu, ∀ x ∈ Ω. (3.6)

Moreover, u ∈ H3(Ω).

Proof. We notice that u solves the elliptic problem (3.4) with f given by

f = a′(u)
2 

|∇u|2 + Ψ′(u) + Θ0u ∈ L∞(Ω).

Therefore, we learn by Lemma 3.1 that F ′(u) ∈ L∞(Ω). Since F ′ diverges at ±1 and 
u ∈ C(Ω), we immediately deduce the existence of δu > 0 such that |u(x)| ≤ 1 − δu, for 
all x ∈ Ω.

In order to establish further regularity, we rewrite (3.4) in the following form{︄
−ΔA(u) + A(u) = g in Ω,

∂nA(u) = 0 on ∂Ω,
(3.7)

where

g = 1 √︁
a(u)

(f − F ′(u)) + A(u) = 1 √︁
a(u)

(︄
−Ψ′(u) + a′(u)

2 
|∇u|2 + Ψ′(u)

)︄
+ A(u).

Since u is separated from ±1 by (3.6), we learn that Ψ′(u) and Ψ′′(u) are in L∞(Ω). 
Therefore, since u ∈ H2(Ω), we easily see that g ∈ L2(Ω). Besides, since

∂xi
g = 1

2
a′(u) 
a

3
2 (u)

(︄
Ψ′(u) − a′(u)

2 
|∇u|2 + Ψ′(u)

)︄
∂xi

u− 1 √︁
a(u)

Ψ′′(u)∂xi
u +

√︁
a(u)∂xi

u,

we have

∥∂xi
g∥L2(Ω)

≤ 1
2

⃦⃦⃦⃦
a′(u) 
a

3
2 (u)

⃦⃦⃦⃦
L∞(Ω)

(︃
2∥Ψ′(u)∥L∞(Ω) + 1 

2|Ω| ∥a
′(u)∥L∞(Ω)∥∇u∥2

L2(Ω)

)︃
∥∂xi

u∥L2(Ω)

+

⃦⃦⃦⃦
⃦ 1 √︁

a(u)

⃦⃦⃦⃦
⃦
L∞(Ω)

∥Ψ′′(u)∥L∞(Ω)∥∂xi
u∥L2(Ω) + ∥

√︁
a(u)∥L∞(Ω)∥∂xi

u∥L2(Ω),
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which entails that g ∈ H1(Ω). Hence, the classical elliptic regularity theory yields that 
A(u) ∈ H3(Ω). Next, on account of (3.3), u solves

{︄
−Δu + u = h in Ω,

∂nu = 0 on ∂Ω,
(3.8)

where

h = − 1 √︁
a(u)

ΔA(u) + a′(u) 
2a2(u) |∇A(u)|2 + u.

We notice that

∂xi
h = 1

2
a′(u) 
a

3
2 (u)

ΔA(u)∂xi
u− 1 √︁

a(u)
∂xi

ΔA(u)

+ 1
2

(︃
a′′(u)a(u) − 2(a′(u))2

a3(u) 

)︃
∂xi

u|∇A(u)|2

+ a′(u) 
a2(u)∇A(u) · ∂xi

∇A(u) + ∂xi
u. (3.9)

Therefore,

∥∂xi
h∥L2(Ω) ≤

⃦⃦⃦⃦
a′(u) 

2a 3
2 (u)

⃦⃦⃦⃦
L∞(Ω)

∥ΔA(u)∥L4(Ω)∥∂xi
u∥L4(Ω)

+

⃦⃦⃦⃦
⃦ 1 √︁

a(u)

⃦⃦⃦⃦
⃦
L∞(Ω)

∥∂xi
ΔA(u)∥L2(Ω)

+
⃦⃦⃦⃦
a′′(u)a(u) − 2(a′(u))2

2a3(u) 

⃦⃦⃦⃦
L∞(Ω)

∥∂xi
u∥L6(Ω)∥∇A(u)∥2

L6(Ω)

+
⃦⃦⃦⃦
a′(u) 
a2(u)

⃦⃦⃦⃦
L∞(Ω)

∥∇A(u)∥L4(Ω)∥∂xi
∇A(u)∥L4(Ω) + ∥∂xi

u∥L2(Ω)

≤ C

2a
3
2
m

∥A(u)∥H3(Ω)∥u∥H2(Ω) + 1 √
am

∥A(u)∥H3(Ω)

+ C

2a3
m

∥u∥H2(Ω)∥A(u)∥2
H2(Ω) + C

a2
m

∥A(u)∥H2(Ω)∥A(u)∥H3(Ω)

+ ∥u∥H1(Ω). (3.10)

Since u ∈ H2(Ω) and A(u) ∈ H3(Ω), we obtain that h ∈ H1(Ω), and thus u ∈ H3(Ω) as 
claimed. □
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4. A gradient Łojasiewicz-Simon inequality with nonlinear diffusion

In this section we demonstrate a gradient inequality of Łojasiewicz-Simon type for 
the energy (1.8), namely we prove Theorem 1.1. To this aim, we embed the problem in 
a more general setting as follows.

4.1. A general result

We set H = L2(Ω) and we introduce the Hilbert space

V = {u ∈ H2(Ω) : ∂nu = 0 on ∂Ω} ⊂ H,

with continuous and dense embedding into H. We consider the class of functionals ℰ :
V → ℝ

ℰ(u) =
∫︂
Ω 

˜︁a(u)
2 

|∇u|2 + ˜︁Ψ(u) dx,

where ˜︁a and ˜︁Ψ are two arbitrary regular functions such that

˜︁a, ˜︁Ψ ∈ C3(ℝ) are analytic on 

(︄
−1 +

˜︁δ
2 , 1 −

˜︁δ
2

)︄
, for some ˜︁δ > 0. (4.1)

We preliminarily observe that, for any u ∈ V ,

⟨ℰ ′(u), v⟩V ′×V =
∫︂
Ω 

˜︁a(u)∇u · ∇v + ˜︁a′(u)
2 

|∇u|2v + ˜︁Ψ′(u)v dx, ∀ v ∈ V.

Since u ∈ V , it is easily seen that

⟨ℰ ′(u), v⟩V ′×V =
∫︂
Ω 

(︃
−div(˜︁a(u)∇u) + ˜︁a′(u)

2 
|∇u|2 + ˜︁Ψ′(u)

)︃
v dx, ∀ v ∈ V.

Hence, for any u ∈ V , ℰ has an H-gradient (see, for instance, [35, Definition 5.1]) defined 
by

∇ℰ(u) := −div(˜︁a(u)∇u) + ˜︁a′(u)
2 

|∇u|2 + ˜︁Ψ′(u) ∈ H. (4.2)

Finally, we introduce the set

U =
{︂
u ∈ V : −1 + ˜︁δ < u(x) < 1 − ˜︁δ, ∀ x ∈ Ω

}︂
which is an open subset of V , due to the continuous embedding V ↪→ C(Ω).
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Theorem 4.1. Let d = 2, 3. Assume that (4.1) hold. Let u⋆ ∈ U ∩ H3(Ω) with u⋆ = m

with m ∈ (−1, 1) such that

(∇ℰ(u⋆), v) = 0, ∀ v ∈ H with v = 0. (4.3)

Then, there exist θ ∈
(︁
0, 1

2
]︁
, C > 0, β > 0 such that

|ℰ(u) − ℰ(u⋆)|1−θ ≤ C
⃦⃦⃦
∇ℰ(u) −∇ℰ(u)

⃦⃦⃦
H

(4.4)

for all u ∈ U such that u = m and ∥u− u⋆∥V ≤ β.

The strategy of the proof consists in interpreting u⋆ as a constrained critical point 
of ℰ on a manifold ℳ defined as the nodal set of a suitable map 𝒢 : V → ℝ, see (4.6)
below, accounting for the conservation of mass of the model. Accordingly, hinging upon 
the abstract result [35, Corollary 5.2] (see also [9]), we will obtain a refined Łojasiewicz
Simon gradient inequality, that will yield the claimed inequality (4.4).

4.2. Proof of Theorem 4.1

We proceed by recasting our problem in the framework of [35, Corollary 5.2] through
out the subsequent three steps.

Step 1. Analyticity of ℰ e ∇ℰ on U . We will make use of the following result on the 
analyticity of superposition functions.

Lemma 4.2. If f : (−1 + ˜︁δ
2 , 1 − ˜︁δ

2 ) → ℝ is analytic, then the map

ℱ : U → C(Ω), u ↦→ f(u)

is analytic.

Proof. We argue as in the proof of [9, Corollary 4.6]. We preliminarily observe that f is 
uniformly analytic in J = (−1 + ˜︁δ, 1 − ˜︁δ). This means that there exists 0 < ρ <

˜︁δ
2 such 

that the power series expansion of f near any given ˆ︁s ∈ J

f(s) =
∑︂
n 

αn(ˆ︁s)(s− ˆ︁s)n, αn(ˆ︁s) ∈ ℝ, (4.5)

converges absolutely for every s ∈ (−1, 1) : |s − ˆ︁s| < ρ. Let 𝒰 := {u ∈ C(Ω) : u(x) ∈
J, ∀ x ∈ Ω}, noticing that 𝒰 is an open set of C(Ω), and fix ˆ︁u ∈ 𝒰 . Defining the ball 
Bρ(ˆ︁u) = {v ∈ C(Ω) : ∥v − ˆ︁u∥L∞(Ω) < ρ}, we learn from (4.5) that

f(u) =
∑︂
n 

an(u− ˆ︁u)n in C(Ω),
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for any u ∈ Bρ(ˆ︁u), where the multilinear forms an : [C(Ω)]n → C(Ω) and an(u− ˆ︁u)n :=
an(u−ˆ︁u, . . . , u−ˆ︁u) by the rule x ↦→ αn(ˆ︁u(x))(u(x)−ˆ︁u(x))n, for any x ∈ Ω. Accordingly, 
since ˆ︁u is arbitrary in 𝒰 , the map

𝒰 → C(Ω), u ↦→ f(u)

is analytic. In order to prove that ℱ is analytic as a map from U to C(Ω), we rely on 
the continuous embedding U ↪→ C(Ω). Since the inclusion i : U → C(Ω) is analytic, 
i(U) ⊂ 𝒰 and the composition of analytic maps is analytic (see e.g. [35, Theorem 2.2]), 
the conclusion immediately follows. □

We are now ready to prove the required analyticity of ℰ and ∇ℰ .

Lemma 4.3. The functional ℰ is analytic on U .

Proof. The following properties hold:

(M1) the pointwise multiplications C(Ω) × L2(Ω) → L2(Ω) : (f, g) ↦→ fg is analytic;
(M2) The map L2(Ω) → ℝ : f ↦→

∫︁
Ω f dx is analytic;

(M3) The map H2(Ω) → L2(Ω) : u ↦→ ∂i∂ju, for any i, j, is analytic;
(M4) The map H2(Ω) → L2(Ω) : u ↦→ |∇u|2 is analytic.

Indeed, (M1)-(M3) follow as the maps are (multi)linear and bounded (see e.g. [35, Ex
ample 2.3]). As to (M4), the map is analytic since it is the diagonal of the bounded 
bilinear map a : H2(Ω) ×H2(Ω) → L2(Ω) such that a(u, v) = ∇u · ∇v.

Now, by (4.1) and Lemma 4.2, the map U → C(Ω) : u ↦→ ˜︁a(u) is analytic. Since 
the pointwise multiplication C(Ω) × L2(Ω) → L2(Ω) is analytic (see (M1)), the map 
U → L2(Ω) : u ↦→ ˜︁a(u)

2 |∇u|2 is analytic in light of (M4). Then, as the composition of 
analytic maps is analytic, we deduce from (M2) that

U → ℝ : u ↦→
∫︂
Ω 

˜︁a(u)
2 

|∇u|2 dx is analytic.

Analogously, the analyticity of the map U → ℝ : u ↦→
∫︁
Ω
˜︁Ψ(u) dx easily follows. Hence, 

we obtain the desired claim. □
Lemma 4.4. The map ∇ℰ : U → L2(Ω) is analytic.

Proof. By standard computations and (4.2), we have

∇ℰ(u) = −˜︁a(u)Δu− ˜︁a′(u)
2 

|∇u|2 + ˜︁Ψ′(u) ∈ H.
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Hence, by arguing as in Lemma 4.3 for the analyticity of ℰ , we immediately learn that 
the map U → L2(Ω) : u ↦→ − ˜︁a′(u)

2 |∇u|2 + ˜︁Ψ′(u) is analytic. Finally, the map U →
L2(Ω) : u ↦→ ˜︁a(u)Δu is analytic by (M1) and (M3). □

Step 2. ℰ ′′(u⋆) is a Fredholm operator of index zero on V . First of all, for u ∈ U , the 
second derivative ℰ ′′(u) = (∇ℰ)′(u) is such that

⟨ℰ ′′(u)v, z⟩V ′×V

=
∫︂
Ω 

˜︁a′′(u)
2 

|∇u|2vz + ˜︁a′(u)v∇u · ∇z + ˜︁a′(u)z∇u · ∇v + ˜︁a(u)∇v · ∇z + ˜︁Ψ′′(u)vz dx,

for any v, z ∈ V . We notice that⃦⃦⃦⃦ ˜︁a′′(u)
2 

|∇u|2v + ˜︁a′(u)∇u · ∇v + ˜︁Ψ′′(u)v
⃦⃦⃦⃦
L2(Ω)

≤ C ∥˜︁a′′(u)∥L∞(Ω) ∥∇u∥2
L4(Ω)∥v∥L∞(Ω) + ∥˜︁a′(u)∥L∞(Ω) ∥∇u∥L4(Ω)∥∇v∥L4(Ω)

+ ∥˜︁Ψ′′(u)∥L∞(Ω)∥v∥L2(Ω),

and

∥−div(˜︁a(u)∇v) − div(˜︁a′(u)v∇u)∥L2(Ω)

≤ ∥˜︁a(u)∥L∞(Ω)∥Δv∥L2(Ω) + 2∥˜︁a′(u)∥L∞(Ω)∥∇u∥L4(Ω)∥∇v∥L4(Ω)

+ ∥˜︁a′′(u)∥L∞(Ω)∥∇u∥2
L4(Ω)∥v∥L∞(Ω) + ∥˜︁a′(u)∥L∞(Ω)∥v∥L∞(Ω)∥Δu∥L2(Ω).

Here, the right-hand sides are both finite since u ∈ U , v ∈ V and assumption (4.1) is in 
place. Therefore, an integration by parts leads to

ℰ ′′(u)v = −div(˜︁a(u)∇v) − div(˜︁a′(u)v∇u) + ˜︁a′′(u)
2 

|∇u|2v + ˜︁a′(u)∇u · ∇v + ˜︁Ψ′′(u)v ∈ H,

for any v ∈ V .
Let us now take ˆ︁u ∈ U ∩H3(Ω). For any v ∈ V , we write

ℰ ′′(ˆ︁u)v = Av + Kv,

where

Av = −div(˜︁a(ˆ︁u)∇v) + v,

and

Kv = −div(˜︁a′(ˆ︁u)v∇ˆ︁u) + ˜︁a′′(ˆ︁u)
2 

|∇ˆ︁u|2v + ˜︁a′(ˆ︁u)∇ˆ︁u · ∇v − v + ˜︁Ψ′′(ˆ︁u)v.
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First of all, we claim that A ∈ ℒ(V,H) is an isomorphism, which implies that A is a 
Fredholm operator of index zero. To this end, we first observe that

∥ − div(˜︁a(ˆ︁u)∇v) + v∥L2(Ω)

≤ ∥˜︁a(ˆ︁u)∥L∞(Ω)∥Δv∥L2(Ω) + ∥˜︁a′(ˆ︁u)∥L∞(Ω)∥∇ˆ︁u∥L4(Ω)∥∇v∥L4(Ω) + ∥v∥L2(Ω)

≤ C∥v∥H2(Ω).

Besides, since ˆ︁u ∈ W 1,r(Ω), with r > 3, we immediately infer from Proposition 2.1 that 
A is an isomorphism from V onto H as desired.

Next, we show that K is a compact operator from V to H. We notice that

Kv = −˜︁a′(ˆ︁u)Δˆ︁u v − ˜︁a′′(ˆ︁u)
2 

|∇ˆ︁u|2v − v + ˜︁Ψ′′(ˆ︁u)v,

and

∥Kv∥L2(Ω) ≤ ∥˜︁a′(ˆ︁u)∥L∞(Ω)∥Δˆ︁u∥L2(Ω)∥v∥L∞(Ω) + C∥˜︁a′′(ˆ︁u)∥L∞(Ω)∥∇ˆ︁u∥2
L4(Ω)∥v∥L∞(Ω)

+ ∥v∥L2(Ω) + ∥˜︁Ψ′′(ˆ︁u)∥L∞(Ω)∥v∥L2(Ω)

≤ C∥v∥H2(Ω),

where C depends on ˜︁a, ∥ˆ︁u∥H2(Ω) and ˜︁δ. Furthermore, since

∂xi
Kv = −˜︁a′′(ˆ︁u)∂xi

ˆ︁uΔˆ︁u v − ˜︁a′(ˆ︁u)∂xi
Δˆ︁u v − ˜︁a′(ˆ︁u)Δˆ︁u ∂xi

v

− ˜︁a′′′(ˆ︁u)
2 

∂xi
ˆ︁u|∇ˆ︁u|2 v − ˜︁a′′(ˆ︁u)∂xi

∇ˆ︁u · ∇ˆ︁u v − ˜︁a′′(ˆ︁u)
2 

|∇ˆ︁u|2 ∂xi
v

− ∂xi
v + ˜︁Ψ′′′(ˆ︁u)∂xi

ˆ︁u v + ˜︁Ψ′′(ˆ︁u)∂xi
v,

we find that

∥∇Kv∥L2(Ω) ≤ ∥˜︁a′′(ˆ︁u)∥L∞(Ω) ∥ˆ︁u∥W 1,∞(Ω) ∥Δˆ︁u∥L2(Ω) ∥v∥L∞(Ω)

+ ∥˜︁a′(ˆ︁u)∥L∞(Ω) ∥ˆ︁u∥H3(Ω)∥v∥L∞(Ω)

+ ∥˜︁a′(ˆ︁u)∥L∞(Ω) ∥Δˆ︁u∥L6(Ω)∥v∥W 1,3(Ω)

+ C ∥˜︁a′′′(ˆ︁u)∥L∞(Ω) ∥ˆ︁u∥3
W 1,6(Ω)∥v∥L∞(Ω)

+ ∥˜︁a′′(ˆ︁u)∥L∞(Ω) ∥ˆ︁u∥W 2,3(Ω)∥ˆ︁u∥W 1,6(Ω)∥v∥L∞(Ω)

+ C ∥˜︁a′′(ˆ︁u)∥L∞(Ω) ∥ˆ︁u∥2
W 1,6(Ω)∥v∥W 1,6(Ω)

+ ∥v∥H1(Ω) + ∥˜︁Ψ′′′(ˆ︁u)∥L∞(Ω)∥ˆ︁u∥W 1,6(Ω)∥v∥L3(Ω)

+ ∥˜︁Ψ′′(ˆ︁u)∥L∞(Ω)∥v∥H1(Ω)

≤ C∥v∥H2(Ω),
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where the constant C depends on ˜︁a, ∥ˆ︁u∥H3(Ω) and ˜︁δ. Hence, we deduce that K is a 
bounded operator from V to H1(Ω), meaning that K is a compact operator from V to 
L2(Ω), in light of the compact embedding H1(Ω) ↪→ L2(Ω). Finally, by [35, Proposition 
2.5], we conclude that ℰ ′′(ˆ︁u) : V → H is a Fredholm operator of index zero. In particular, 
we can take ˆ︁u = u⋆.

Step 3. The map 𝒢. We define the map 𝒢 : V → ℝ by

𝒢(u) =
∫︂
Ω 

u dx−m|Ω|,

and the corresponding nodal set

ℳ =
{︁
u ∈ U : 𝒢(u) = 0

}︁
, (4.6)

which contains all u ∈ U such that u = m. As in [35, Lemma 7.2], it is readily seen 
that 𝒢 : V → ℝ is analytic. Indeed, by the embedding V ↪→ C(Ω) and the fact that the 
inclusion i : V → C(Ω) is analytic, the conclusion follows from (M2). Besides, for all 
u ∈ U , we have

⟨𝒢′(u), v⟩V ′×V =
∫︂
Ω 

1 · v dx, ∀ v ∈ V.

In particular, 𝒢 has an H-gradient given by ∇𝒢(u) := 1 ∈ H for all u ∈ V . It immediately 
turns out that the (constant) map u ↦→ ∇𝒢(u) : U → H is analytic, and that 𝒢′(u) :
V → ℝ is surjective. Furthermore, for any u ∈ V , we have that (∇𝒢)′(u) = 0, implying 
that (∇𝒢)′(u) : V → H is compact.

We are now in the position to apply [35, Theorem 3.1] at any u ∈ ℳ, yielding that 
the set ℳ is an analytic submanifold of V of codimension 1. Furthermore, it follows 
from [35, Proposition 3.3] that, for every u ∈ ℳ, the tangent space of ℳ at u is given 
by

𝒯uℳ = ker(𝒢′(u)) =

⎧⎨⎩v ∈ V :
∫︂
Ω 

v dx = 0

⎫⎬⎭ . (4.7)

Finally, we consider u⋆ ∈ U ∩ H3(Ω) with u⋆ = m. In particular, u⋆ ∈ ℳ and, since 
(4.3) holds true, it turns out from (4.7) that u⋆ is a constrained critical point1 of ℰ on 
ℳ.

1 We recall that u ∈ ℳ is a constrained critical point of ℰ (or a critical point of ℰ|ℳ) if (∇ℰ(u), v) = 0
for all v ∈ 𝒯uℳ.
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Step 4. Conclusion of the proof of Theorem 4.1. Collecting the properties proved in 
the previous steps, all the required assumptions in [35, Corollary 5.2] are in place for our 
energy functional ℰ , the map 𝒢 defined in Step 3, and the constrained critical point u⋆. 
Therefore, there exist θ ∈

(︁
0, 1

2
]︁
, C > 0, β > 0 such that

|ℰ(u) − ℰ(u⋆)|1−θ ≤ C ∥P (u)∇ℰ(u)∥H (4.8)

for all u ∈ ℳ and ∥u− u⋆∥V ≤ β, where P (u) : H → H is the orthogonal projection on 
the closure in H of the tangent space 𝒯uℳ. Since, for every u ∈ ℳ, the projection P (u)
is given by

P (u)y = y − y, ∀ y ∈ H,

it then follows that (4.8) is exactly the claimed inequality. □
We are now ready to prove the Łojasiewicz-Simon inequality announced in Theo

rem 1.1.

4.3. Proof of Theorem 1.1

Let ψ ∈ 𝒮m. By Proposition 3.2, we know that ψ ∈ H3(Ω) and there exists δψ ∈
(︁
0, 1

2
)︁

such that

∥ψ∥C(Ω) ≤ 1 − 2δψ. (4.9)

Recalling the Sobolev embedding H2(Ω) ↪→ C(Ω), we have

∥u∥C(Ω) ≤ CS∥u∥H2(Ω)

for some CS > 0. Accordingly, we set

ω0 := δψ
CS

.

Then, for any u ∈ H2(Ω) such that

∥u− ψ∥H2(Ω) < ω0, (4.10)

it follows from (4.9) that

∥u∥C(Ω) ≤ ∥ψ∥C(Ω) + ∥u− ψ∥C(Ω) < 1 − δψ.

Now, having in mind Theorem 4.1, we set

V = {u ∈ H2(Ω) : ∂nu = 0 on ∂Ω}, H = L2(Ω),
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and

U = {u ∈ V : −1 + δψ < u(x) < 1 − δψ, ∀ x ∈ Ω},

which is an open subset of V . Note that U contains, in particular, all functions u ∈ H2(Ω)
satisfying ∂nu = 0 on ∂Ω and (4.10). Then, we define ˜︁Ψ : ℝ → ℝ such that ˜︁Ψ ∈ C3(ℝ), ˜︁Ψ|[−1+δψ,1−δψ ] = Ψ and |˜︁Ψ(j)| are bounded for j = 1, 2, 3, and similarly we extend a to ˜︁a ∈ C3(ℝ). Next, we introduce the functional ℰ : V → ℝ

ℰ(u) :=
∫︂
Ω 

˜︁a(u)
2 

|∇u|2 + ˜︁Ψ(u) dx. (4.11)

Since ˜︁Ψ and ˜︁a, are analytic in (−1 + δψ
2 , 1 − δψ

2 ), the functional ℰ is analytic (see 
Lemma 4.3). Besides, ℰ coincides with E in U and, for every u ∈ U , we have

∇ℰ(u) = ∇E(u) = −div(a(u)∇u) + a′(u)
2 

|∇u|2 + Ψ′(u) ∈ H. (4.12)

Since ψ ∈ 𝒮m, it is apparent that

⟨∇ℰ(ψ), v⟩ = 0, ∀ v ∈ H with v = 0,

namely u⋆ = ψ complies with assumption (4.3). Therefore, we can apply Theorem 4.1
with ℰ as in (4.11), which gives the following result: there exist θ ∈

(︁
0, 1

2
]︁
, CL > 0, β > 0

such that

|ℰ(u) − ℰ(ψ)|1−θ ≤ CL

⃦⃦⃦
∇ℰ(u) −∇ℰ(u)

⃦⃦⃦
L2(Ω)

(4.13)

for all u ∈ U such that u = m and ∥u− ψ∥H2(Ω) ≤ β.
Since, without loss of generality, we can assume β < ω0, in light of (4.12), we imme

diately recognize in (4.13) the desired inequality (1.13). □
5. Improved estimates for weak solutions

The existence of global weak solutions to system (1.1)-(1.2) subject to (1.3)-(1.4)
has been proved in [37] under the assumption b ≡ 1 and (1.5), in both two and 
three dimensions. The proof can be easily extended to the case with non-degenerate 
concentration-depending mobility satisfying (1.6), see also the analysis in [2]. As a re
sult, for any ϕ0 ∈ 𝒱m with m ∈ (−1, 1), there exists ϕ : Ω × [0,∞) → ℝ departing from 
ϕ0 at t = 0, with the following regularity properties

ϕ ∈ L∞(0, T ;H1(Ω)) ∩ L2(0, T ;H2(Ω)), (5.1)

ϕ ∈ L∞(Ω × (0, T )) : |ϕ(x, t)| < 1 a.e. in Ω × (0,∞), (5.2)
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∂tϕ ∈ L2(0, T ;H−1
(0) (Ω)), (5.3)

μ ∈ L2(0, T ;H1(Ω)), F ′(ϕ) ∈ L2(0, T ;L2(Ω)), (5.4)

for any T > 0, which satisfies the system in the weak sense as in (1.19)-(1.20). Further
more, recalling the definition of the energy in (1.8), the following energy inequality holds 
true

E(ϕ(t)) +
t ∫︂

0 

⃦⃦⃦√︁
b(ϕ(τ))∇μ(τ)

⃦⃦⃦2
L2(Ω)

dτ ≤ E(ϕ0), ∀ t ≥ 0. (5.5)

Besides, the total mass of the solution is preserved over time, namely

ϕ(t) = 1 
|Ω|

∫︂
Ω 

ϕ(t) dx = 1 
|Ω|

∫︂
Ω 

ϕ0 dx = ϕ0 = m, ∀ t ≥ 0. (5.6)

In this section, after recalling the basic properties of weak solutions, we establish some 
improved energy estimates, which in particular leads to the regularity class (1.14)-(1.17)
when d = 2 and (1.26)-(1.29) when d = 3. In the sequel, the generic constant C > 0
depends on E(ϕ0) and on ϕ0, but is independent of the specific initial datum.

Energy bounds. Since a(·) ≥ am, b(·) ≥ bm in the interval [−1, 1], we obtain from 
(5.5) that

∫︂
Ω 

|∇ϕ(t)|2 dx +
t ∫︂

0 

∥∇μ(τ)∥2
L2(Ω) dτ ≤ C, ∀ t ≥ 0.

Thanks to (5.6), an application of the Poincaré inequality entails that

∥ϕ∥L∞(0,∞;H1(Ω)) ≤ C. (5.7)

Moreover, we also get

∞ ∫︂
0 

∥∇μ(τ)∥2
L2(Ω) dτ ≤ C. (5.8)

Besides, recalling that ∇A(ϕ) =
√︁

a(ϕ)∇ϕ and observing that

A(ϕ) ∈ L∞(Ω × (0,∞)) : |A(ϕ(x, t))| ≤ √
aM a.e. in Ω × (0,∞), (5.9)

it follows from (5.7) that
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∥A(ϕ)∥L∞(0,∞;H1(Ω)) ≤ C. (5.10)

Estimate of the time derivative. We immediately infer from (1.1) that

∥∂tϕ∥H−1
(0) (Ω) ≤ C∥∇μ∥L2(Ω). (5.11)

Hence, by (5.8),

∞ ∫︂
0 

∥∂tϕ(τ)∥2
H−1

(0) (Ω) dτ ≤ C, (5.12)

which gives ∂tϕ ∈ L2(0,∞;H−1
(0) (Ω)).

H1-estimate of the chemical potential. First, observing that

ΔA(ϕ) =
√︁

a(ϕ)Δϕ + a′(ϕ) 
2
√︁
a(ϕ)

|∇ϕ|2 a.e. in Ω × (0,∞),

we infer from (1.5) and (2.5) that

∥ΔA(ϕ)∥L2(Ω) ≤
√
aM∥Δϕ∥L2(Ω) +

⃦⃦⃦⃦
⃦ a′(ϕ) 

2
√︁

a(ϕ)

⃦⃦⃦⃦
⃦
L∞(Ω)

∥ϕ∥L∞(Ω)∥ϕ∥H2(Ω).

Hence, we preliminarily deduce from (5.1) and (5.10) that A(ϕ) ∈ L2(0, T ;H2(Ω)).
Now, we proceed with the control of the total mass of μ. It is convenient to observe 

that

μ = −
√︁
a(ϕ)ΔA(ϕ) + Ψ′(ϕ) a.e. in Ω × (0,∞). (5.13)

We recall a standard tool from [34]: there exists a positive constant C, depending only 
on m, such that

∫︂
Ω 

|F ′(ϕ)| dx ≤ C

⃓⃓⃓⃓
⃓⃓∫︂
Ω 

F ′(ϕ)(ϕ− ϕ) dx

⃓⃓⃓⃓
⃓⃓+ C, (5.14)

where C → +∞ as |ϕ0| → 1. Multiplying (5.13) by ϕ − ϕ and integrating over Ω, we 
infer that∫︂

Ω 

∇A(ϕ) · ∇
(︂√︁

a(ϕ)
(︁
ϕ− ϕ

)︁)︂
dx +

∫︂
Ω 

F ′(ϕ)
(︁
ϕ− ϕ

)︁
dx

=
∫︂
Ω 

(μ− μ)ϕ dx + Θ0

∫︂
Ω 

ϕ(ϕ− ϕ) dx.
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Hence, by the Poincaré inequality (2.1) and (5.2), we have⃓⃓⃓⃓
⃓⃓∫︂
Ω 

F ′(ϕ)
(︁
ϕ− ϕ

)︁
dx

⃓⃓⃓⃓
⃓⃓ ≤
⃓⃓⃓⃓
⃓⃓∫︂
Ω 

(μ− μ)ϕ dx

⃓⃓⃓⃓
⃓⃓+ Θ0

⃓⃓⃓⃓
⃓⃓∫︂
Ω 

ϕ(ϕ− ϕ) dx

⃓⃓⃓⃓
⃓⃓

+

⃓⃓⃓⃓
⃓⃓∫︂
Ω 

∇A(ϕ) ·
√︁

a(ϕ)∇ϕ dx

⃓⃓⃓⃓
⃓⃓

+

⃓⃓⃓⃓
⃓⃓∫︂
Ω 

∇A(ϕ) · a′(ϕ) 
2
√︁
a(ϕ)

∇ϕ (ϕ− ϕ) dx

⃓⃓⃓⃓
⃓⃓

≤ C∥∇μ∥L2(Ω)∥ϕ∥L2(Ω) + C∥ϕ− ϕ∥2
L2(Ω)

+
⃦⃦⃦√︁

a(ϕ)
⃦⃦⃦
L∞(Ω)

∥∇A(ϕ)∥L2(Ω)∥∇ϕ∥L2(Ω)

+ C

⃦⃦⃦⃦
⃦ a′(ϕ) 

2
√︁

a(ϕ)

⃦⃦⃦⃦
⃦
L∞(Ω)

∥ϕ− ϕ∥L∞(Ω)∥∇A(ϕ)∥L2(Ω)∥∇ϕ∥L2(Ω).

Thanks to (5.7) and (5.10), we obtain⃓⃓⃓⃓
⃓⃓∫︂
Ω 

F ′(ϕ)
(︁
ϕ− ϕ

)︁
dx

⃓⃓⃓⃓
⃓⃓ ≤ C∥∇μ∥L2(Ω) + C. (5.15)

Therefore, by (5.14) and (5.15), we deduce that

∥F ′(ϕ)∥L1(Ω) ≤ C∥∇μ∥L2(Ω) + C. (5.16)

Now, due to the strict positivity of a(·), from (5.13) we have

1 √︁
a(ϕ)

μ = −ΔA(ϕ) + 1 √︁
a(ϕ)

Ψ′(ϕ) a.e. in Ω × (0,∞).

Integrating over Ω and exploiting the boundary condition on ϕ, we find∫︂
Ω 

1 √︁
a(ϕ)

μ dx =
∫︂
Ω 

1 √︁
a(ϕ)

Ψ′(ϕ) dx,

which immediately gives us⃓⃓⃓⃓
⃓⃓∫︂
Ω 

1 √︁
a(ϕ)

μ dx

⃓⃓⃓⃓
⃓⃓ ≤ ∫︂

Ω 

1 √︁
a(ϕ)

|Ψ′(ϕ)| dx ≤ 1 √
am

∫︂
Ω 

|Ψ′(ϕ)| dx.



M. Conti et al. / Journal of Functional Analysis 291 (2026) 111599 27

By (5.7) and (5.16), we get⃓⃓⃓⃓
⃓⃓∫︂
Ω 

1 √︁
a(ϕ)

μ dx

⃓⃓⃓⃓
⃓⃓ ≤ C∥∇μ∥L2(Ω) + C.

Therefore, thanks to (2.3), we deduce that

∥μ∥H1(Ω) ≤ C∥∇μ∥L2(Ω) + C, (5.17)

and, we conclude from (5.8) that

∥μ∥L2
uloc([0,∞);H1(Ω)) ≤ C. (5.18)

H2-estimate of the concentration. First, multiplying (5.13) by −ΔA(ϕ), integrating 
over Ω and exploiting the boundary conditions (1.3), we have∫︂
Ω 

√︁
a(ϕ)|ΔA(ϕ)|2 dx−

∫︂
Ω 

F ′(ϕ)ΔA(ϕ) dx =
∫︂
Ω 

∇μ · ∇A(ϕ) dx + Θ0

∫︂
Ω 

∇ϕ · ∇A(ϕ) dx.

Setting ϕk = hk ◦ ϕ, where hk is defined in (3.5), we rewrite the second term on the 
left-hand side as

−
∫︂
Ω 

F ′(ϕ)ΔA(ϕ) dx = −
∫︂
Ω 

F ′(ϕk)ΔA(ϕ) dx +
∫︂
Ω 

(F ′(ϕk) − F ′(ϕ))ΔA(ϕ) dx

=
∫︂
Ω 

√︁
a(ϕ)F ′′(ϕk)∇ϕk · ∇ϕ dx +

∫︂
Ω 

(F ′(ϕk) − F ′(ϕ)) ΔA(ϕ) dx.

Now, we observe that the first term is non-negative, whereas the second one converges to 
0 as k → ∞ since F ′(ϕ) ∈ L2(0, T ;L2(Ω)) and A(ϕ) ∈ L2(0, T ;H2(Ω)), for any T > 0. 
Then, passing to the limit as k → ∞, we conclude that the term −

∫︁
Ω F ′(ϕ)ΔA(ϕ) dx

is non-negative. Thus, recalling that a(·) ≥ am > 0 in [−1, 1], and exploiting (5.7) and 
(5.10), we obtain ∫︂

Ω 

|ΔA(ϕ)|2 dx ≤ C∥∇μ∥L2(Ω) + C.

Since ∂nA(ϕ) =
√︁
a(ϕ)∂nϕ = 0 on ∂Ω × (0,∞), we immediately infer that

∥A(ϕ)∥2
H2(Ω) ≤ C∥∇μ∥L2(Ω) + C, (5.19)

which entails that
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A(ϕ) ∈ L4
uloc([0,∞);H2(Ω)). (5.20)

Therefore, by exploiting (3.3) and using the interpolation inequality (2.5), we deduce 
that

∥Δϕ∥L2(Ω) ≤
⃦⃦⃦⃦
⃦ 1 √︁

a(ϕ)

⃦⃦⃦⃦
⃦
L∞(Ω)

∥ΔA(ϕ)∥L2(Ω) +
⃦⃦⃦⃦

a′(ϕ) 
2a2(ϕ)

⃦⃦⃦⃦
L∞(Ω)

∥∇A(ϕ)∥2
L4(Ω)

≤ 1 √
am

∥ΔA(ϕ)∥L2(Ω) + C

2a2
m

∥A(ϕ)∥L∞(Ω)∥A(ϕ)∥H2(Ω)

≤ C∥A(ϕ)∥H2(Ω),

which, also thanks to (5.19), implies that

∥Δϕ∥2
L2(Ω) ≤ C∥∇μ∥L2(Ω) + C. (5.21)

Finally, we conclude that

ϕ ∈ L4
uloc([0,∞);H2(Ω)). (5.22)

Lp-estimate of the potential. In light of (1.5) and (5.13), we consider the elliptic 
system {︄

−
√︁
a(ϕ)ΔA(ϕ) + F ′(ϕ) = f a.e. in Ω × (0,∞),

∂nA(ϕ) = 0 a.e. on ∂Ω × (0,∞),

where

f = μ + Θ0ϕ ∈ L2
uloc([0,∞);H1(Ω)).

By the theory developed in Section 3, in particular Lemma 3.1, we deduce that

∥F ′(ϕ)∥Lp(Ω) ≤ C∥μ∥Lp(Ω) + C∥ϕ∥Lp(Ω), (5.23)

for any 2 ≤ p < ∞ if d = 2, and p = 6 if d = 3, which entails that

F ′(ϕ) ∈ L2
uloc([0,∞);Lp(Ω)), (5.24)

for any 2 ≤ p < ∞ if d = 2, and p = 6 if d = 3.

W 2,p-estimate of the concentration. By (5.13), we observe that{︄
−ΔA(ϕ) + A(ϕ) = f a.e. in Ω × (0,∞),
∂nA(ϕ) = 0 a.e. on ∂Ω × (0,∞),

(5.25)
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where

f = 1 √︁
a(ϕ)

(μ− Ψ′(ϕ)) + A(ϕ).

Since the elliptic regularity theory entails that

∥A(ϕ)∥W 2,p(Ω) ≤ Cp∥f∥Lp(Ω), (5.26)

and observing that f ∈ L2
uloc([0,∞);Lp(Ω)) for any 2 ≤ p < ∞ if d = 2, and p = 6 if 

d = 3, we deduce that

A(ϕ) ∈ L2
uloc([0,∞);W 2,p(Ω)),

for any 2 ≤ p < ∞ if d = 2, and p = 6 if d = 3. In addition, by (2.4) and (3.3), we also 
infer that

∥Δϕ∥Lp(Ω) ≤
⃦⃦⃦⃦
⃦ 1 √︁

a(ϕ)

⃦⃦⃦⃦
⃦
L∞(Ω)

∥ΔA(ϕ)∥Lp(Ω) +
⃦⃦⃦⃦

a′(ϕ) 
2a2(ϕ)

⃦⃦⃦⃦
L∞(Ω)

∥∇A(ϕ)∥2
L2p(Ω)

≤ C∥A(ϕ)∥W 2,p(Ω) + C∥A(ϕ)∥L∞(Ω)∥A(ϕ)∥W 2,p(Ω)

≤ C∥A(ϕ)∥W 2,p(Ω). (5.27)

Thus, we conclude that

ϕ ∈ L2
uloc([0,∞);W 2,p(Ω)),

for any 2 ≤ p < ∞ if d = 2, and p = 6 if d = 3.

6. Uniqueness of weak solutions in two dimensions

We consider two weak solutions ϕ1 and ϕ2 to problem (1.1)-(1.4) originating from two 
initial data ϕ0

1 and ϕ0
2 such that ϕ0

1 = ϕ0
2. Following the notation in [13], we notice that 

(1.19) and (1.20) entail that

μi − μi = −𝒢ϕi
∂tϕi, a.e. in Ω × (0,∞), i = 1, 2, (6.1)

where μ1 and μ2 are the chemical potentials corresponding to ϕ1 and ϕ2, respectively. 
Setting Φ = ϕ1 − ϕ2, we find from (1.2) that

− div (a(ϕ1)∇Φ) − div ((a(ϕ1) − a(ϕ2))∇ϕ2) + a′(ϕ1)
2 

(︁
|∇ϕ1|2 − |∇ϕ2|2

)︁
+ 1

2 (a′(ϕ1) − a′(ϕ2)) |∇ϕ2|2 + Ψ′(ϕ1) − Ψ′(ϕ2) = μ1 − μ2, a.e. in Ω × (0,∞).
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Multiplying the above equation by Φ and integrating over Ω, we get∫︂
Ω 

a(ϕ1)|∇Φ|2 dx +
∫︂
Ω 

(F ′(ϕ1) − F ′(ϕ2)) Φ dx−
∫︂
Ω 

(μ1 − μ2)Φ dx

= Θ0 ∥Φ∥2
L2(Ω) −

∫︂
Ω 

(a(ϕ1) − a(ϕ2))∇ϕ2 · ∇Φ dx

−
∫︂
Ω 

a′(ϕ1)
2 

(︁
|∇ϕ1|2 − |∇ϕ2|2

)︁
Φ dx−

∫︂
Ω 

1
2 (a′(ϕ1) − a′(ϕ2)) |∇ϕ2|2Φ dx.

In light of (6.1), since Φ ≡ 0 by the conservation of mass, the third term on the left-hand 
side is

−
∫︂
Ω 

(μ1 − μ2) Φ dx =
∫︂
Ω 

(𝒢ϕ1∂tϕ1 − 𝒢ϕ2∂tϕ2)Φ dx

=
∫︂
Ω 

𝒢ϕ1∂tΦ Φ dx +
∫︂
Ω 

(𝒢ϕ1 − 𝒢ϕ2) ∂tϕ2 Φ dx.

We know from [13, eq. (3.16)] that the following integration-by-parts formula holds in 
the class of weak solutions∫︂
Ω 

𝒢ϕ1∂tΦ Φ dx = d 
dt

1
2

⃦⃦⃦√︁
b(ϕ1)∇𝒢ϕ1Φ

⃦⃦⃦2
L2(Ω)

+ 1
2

∫︂
Ω 

∇𝒢∂tϕ1 · b′′(ϕ1)∇ϕ1 |∇𝒢ϕ1Φ|2 dx

+
∫︂
Ω 

∇𝒢∂tϕ1 · b′(ϕ1)
(︁
D2𝒢ϕ1Φ∇𝒢ϕ1Φ

)︁
dx, (6.2)

almost everywhere in (0,∞), where D2f is the Hessian of f . On the other hand, we have∫︂
Ω 

(𝒢ϕ1 − 𝒢ϕ2) ∂tϕ2 Φ dx = ⟨∂tϕ2, (𝒢ϕ1 − 𝒢ϕ2)Φ⟩

= −
∫︂
Ω 

b(ϕ2)∇μ2 · ∇ (𝒢ϕ1 − 𝒢ϕ2) Φ dx

= −
∫︂
Ω 

(b(ϕ2) − b(ϕ1))∇μ2 · ∇𝒢ϕ1Φ dx. (6.3)

Thus, we deduce that

−
∫︂
Ω 

(μ1 − μ2)Φ dx
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= d 
dt

1
2

⃦⃦⃦√︁
b(ϕ1)∇𝒢ϕ1Φ

⃦⃦⃦2
L2(Ω)

+ 1
2

∫︂
Ω 

∇𝒢∂tϕ1 · b′′(ϕ1)∇ϕ1 |∇𝒢ϕ1Φ|2 dx

+
∫︂
Ω 

∇𝒢∂tϕ1 · b′(ϕ1)
(︁
D2𝒢ϕ1Φ∇𝒢ϕ1Φ

)︁
dx−

∫︂
Ω 

(b(ϕ2) − b(ϕ1))∇μ2 · ∇𝒢ϕ1Φ dx.

Therefore, we end up with the differential equality

d 
dt

1
2

⃦⃦⃦√︁
b(ϕ1)∇𝒢ϕ1Φ

⃦⃦⃦2
L2(Ω)

+
∫︂
Ω 

a(ϕ1)|∇Φ|2 dx +
∫︂
Ω 

(F ′(ϕ1) − F ′(ϕ2)) Φ dx

= Θ0 ∥Φ∥2
L2(Ω) −

∫︂
Ω 

(a(ϕ1) − a(ϕ2))∇ϕ2 · ∇Φ dx

−
∫︂
Ω 

a′(ϕ1)
2 

(︁
|∇ϕ1|2 − |∇ϕ2|2

)︁
Φ dx−

∫︂
Ω 

1
2 (a′(ϕ1) − a′(ϕ2)) |∇ϕ2|2Φ dx

− 1
2

∫︂
Ω 

∇𝒢∂tϕ1 · b′′(ϕ1)∇ϕ1 |∇𝒢ϕ1Φ|2 dx−
∫︂
Ω 

∇𝒢∂tϕ1 · b′(ϕ1)
(︁
D2𝒢ϕ1Φ∇𝒢ϕ1Φ

)︁
dx

+
∫︂
Ω 

(b(ϕ2) − b(ϕ1))∇μ2 · ∇𝒢ϕ1Φ dx. (6.4)

Let us now proceed by estimating the terms on the right-hand side. First, the first term 
on the right-hand side is simply estimated by

Θ0 ∥Φ∥2
L2(Ω) ≤

am
16 

∥∇Φ∥2
L2(Ω) + C ∥Φ∥2

H−1
(0) (Ω) .

The terms containing the nonlinear diffusion a can be controlled as follows. By (1.5), 
(2.6) and the Hilbert interpolation, we obtain⃓⃓⃓⃓
⃓⃓− ∫︂

Ω 

(a(ϕ1) − a(ϕ2))∇ϕ2 · ∇Φ dx

⃓⃓⃓⃓
⃓⃓ ≤ ∥a(ϕ1) − a(ϕ2)∥L4(Ω)∥∇ϕ2∥L4(Ω)∥∇Φ∥L2(Ω)

≤ C∥Φ∥L4(Ω)∥∇ϕ2∥L4(Ω)∥∇Φ∥L2(Ω)

≤ C∥Φ∥
1
4
H−1

(0) (Ω)∥∇ϕ2∥
1
2
L2(Ω)∥ϕ2∥

1
2
H2(Ω)∥∇Φ∥

7
4
L2(Ω)

≤ am
16 

∥∇Φ∥2
L2(Ω) + C∥ϕ2∥4

H2(Ω)∥Φ∥2
H−1

(0) (Ω).

Similarly, we have⃓⃓⃓⃓
⃓⃓− ∫︂

Ω 

a′(ϕ1)
2 

(︁
|∇ϕ1|2 − |∇ϕ2|2

)︁
Φ dx

⃓⃓⃓⃓
⃓⃓
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≤
⃦⃦⃦⃦
a′(ϕ1)

2 

⃦⃦⃦⃦
L∞(Ω)

(︁
∥∇ϕ1∥L4(Ω) + ∥∇ϕ2∥L4(Ω)

)︁
∥∇Φ∥L2(Ω)∥Φ∥L4(Ω)

≤ C(∥ϕ1∥
1
2
H2(Ω) + ∥ϕ2∥

1
2
H2(Ω))∥Φ∥

1
4
H−1

(0) (Ω)∥∇Φ∥
7
4
L2(Ω)

≤ am
16 

∥∇Φ∥2
L2(Ω) + C(∥ϕ1∥4

H2(Ω) + ∥ϕ2∥4
H2(Ω))∥Φ∥2

H−1
(0) (Ω),

and⃓⃓⃓⃓
⃓⃓− ∫︂

Ω 

1
2 (a′(ϕ1) − a′(ϕ2)) |∇ϕ2|2Φ dx

⃓⃓⃓⃓
⃓⃓ ≤ C∥a′(ϕ1) − a′(ϕ2)∥L4(Ω)∥∇ϕ2∥2

L4(Ω)∥Φ∥L4(Ω)

≤ C∥ϕ2∥H2(Ω)∥Φ∥2
L4(Ω)

≤ C∥ϕ2∥H2(Ω)∥Φ∥
1
2
H−1

(0) (Ω)∥∇Φ∥
3
2
L2(Ω)

≤ am
16 

∥∇Φ∥2
L2(Ω) + C∥ϕ2∥4

H2(Ω)∥Φ∥2
H−1

(0) (Ω).

The remaining terms

I1 = −1
2

∫︂
Ω 

∇𝒢∂tϕ1 · b′′(ϕ1)∇ϕ1 |∇𝒢ϕ1Φ|2 dx, (6.5)

I2 = −
∫︂
Ω 

∇𝒢∂tϕ1 · b′(ϕ1)
(︁
D2𝒢ϕ1Φ∇𝒢ϕ1Φ

)︁
dx, (6.6)

I3 =
∫︂
Ω 

(b(ϕ1) − b(ϕ2))∇μ2 · ∇𝒢ϕ1Φ dx (6.7)

require a careful control based on higher order estimates for the operator 𝒢ϕ1Φ. This 
has been done in [13, Section 3] based on suitable controls of ∥𝒢ϕ1Φ∥H2(Ω) and of 
∥𝒢ϕ1Φ∥W 2,4(Ω) in terms of ∥ϕ1∥H2(Ω), ∥∇Φ∥L2(Ω) and ∥∇𝒢ϕ1Φ∥L2(Ω) (that is equiva
lent to ∥Φ∥H−1

(0)
), coming from the elliptic regularity theory. Based on [13, Eqn. (3.46)], 

there holds

∥𝒢ϕ1Φ∥H2(Ω) ≤ C
(︂
∥∇ϕ1∥L2(Ω)∥ϕ1∥H2(Ω)∥∇𝒢ϕ1Φ∥L2(Ω) + ∥∇𝒢ϕ1Φ∥

1
2
L2(Ω)∥∇Φ∥

1
2
L2(Ω)

)︂
.

Thus, we have

|I1| ≤ C ∥∂tϕ1∥H−1
(0) (Ω)

⃦⃦
b′′(ϕ1)∇ϕ1|∇𝒢ϕ1Φ|2

⃦⃦
L2(Ω)

≤ C ∥∂tϕ1∥H−1
(0) (Ω) ∥∇ϕ1∥L6(Ω) ∥∇𝒢ϕ1Φ∥2

L6(Ω)

≤ C ∥∂tϕ1∥H−1
(0) (Ω) ∥∇ϕ1∥

1
3
L2(Ω) ∥ϕ1∥

2
3
H2(Ω) ∥∇𝒢ϕ1Φ∥

2
3
L2(Ω) ∥𝒢ϕ1Φ∥

4
3
H2(Ω)
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≤ C ∥∂tϕ1∥H−1
(0) (Ω) ∥ϕ1∥

2
3
H2(Ω) ∥∇𝒢ϕ1Φ∥

2
3
L2(Ω)

×
(︂
∥ϕ1∥H2(Ω) ∥∇𝒢ϕ1Φ∥L2(Ω) + ∥∇𝒢ϕ1Φ∥

1
2
L2(Ω) ∥∇Φ∥

1
2
L2(Ω)

)︂ 4
3

≤ C ∥∂tϕ1∥H−1
(0) (Ω) ∥ϕ1∥2

H2(Ω) ∥∇𝒢ϕ1Φ∥2
L2(Ω)

+ C ∥∂tϕ1∥H−1
(0) (Ω) ∥ϕ1∥

2
3
H2(Ω) ∥∇𝒢ϕ1Φ∥

4
3
L2(Ω) ∥∇Φ∥

2
3
L2(Ω)

≤ am
16 

∥∇Φ∥2
L2(Ω)

+ C

(︃
∥∂tϕ1∥H−1

(0) (Ω) ∥ϕ1∥2
H2(Ω) + ∥∂tϕ1∥

3
2
H−1

(0) (Ω) ∥ϕ1∥H2(Ω)

)︃
∥∇𝒢ϕ1Φ∥2

L2(Ω)

≤ am
16 

∥∇Φ∥2
L2(Ω) + C

(︂
∥∂tϕ1∥2

H−1
(0) (Ω) + ∥ϕ1∥4

H2(Ω)

)︂
∥Φ∥2

H−1
(0) (Ω).

Concerning I2 and I3, we report the final results from [13, Eqns. (3.50) and (3.51)]

|I2| ≤
am
16 

∥∇Φ∥2
L2(Ω) + C

(︂
∥∂tϕ1∥2

H−1
(0) (Ω) + ∥ϕ1∥4

H2(Ω)

)︂
∥Φ∥2

H−1
(0) (Ω),

and

|I3| ≤
am
16 

∥∇Φ∥2
L2(Ω) + C

(︂
∥∇μ2∥2

L2(Ω) + ∥ϕ1∥4
H2(Ω)

)︂
∥Φ∥2

H−1
(0) (Ω).

We now collect all the estimates above in (6.4). Observing that (F ′(ϕ1) − F ′(ϕ2), ϕ1 −
ϕ2) ≥ 0 and that a(ϕ1) ≥ am > 0, recalling that ∥Φ∥H−1

(0) (Ω) is equivalent to ⃦⃦⃦√︁
b(ϕ1)∇𝒢ϕ1Φ

⃦⃦⃦
L2(Ω)

, we arrive at the following differential inequality

d 
dt

⃦⃦⃦√︁
b(ϕ1)∇𝒢ϕ1Φ

⃦⃦⃦2
L2(Ω)

+ am∥∇Φ∥2
L2(Ω) ≤ h(t)

⃦⃦⃦√︁
b(ϕ1)∇𝒢ϕ1Φ

⃦⃦⃦2
L2(Ω)

, (6.8)

where

h(·) = C
(︂
1+∥∇μ2∥2

L2(Ω)+∥∂tϕ1∥2
H−1

(0) (Ω)+∥ϕ1∥4
H2(Ω)+∥ϕ2∥4

H2(Ω)

)︂
∈ L1(0, T ), ∀ T > 0.

A straightforward application of the Gronwall lemma entails that⃦⃦⃦√︁
b(ϕ1)∇𝒢ϕ1 (ϕ1(t) − ϕ2(t))

⃦⃦⃦2
L2(Ω)

≤
⃦⃦⃦√︁

b(ϕ1)∇𝒢ϕ1

(︁
ϕ0

1 − ϕ0
2
)︁⃦⃦⃦2

L2(Ω)
e
∫︁ t
0 h(s) ds, ∀ t ≥ 0, (6.9)

which implies (1.21) by the equivalence of the norms in H−1
(0) (Ω). Thus, if ϕ0

1 = ϕ0
2, the 

uniqueness of the weak solutions immediately follows. The proof of part (3) of Theo
rem 1.2 is done.
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7. Global regularity of weak solutions in two dimensions

This section is devoted to the propagation of regularity for any global weak solution 
in two dimensions, namely we prove part (3) of Theorem 1.2. Furthermore, relying on 
the achieved regularity for positive times, we show the validity of the energy equality 
claimed in part (4) of Theorem 1.2.

7.1. Global regularity

Below, we carry out formal estimates, which can be easily performed in the approx
imation scheme exploited in [37]. Multiplying (1.1) by ∂tμ and integrating over Ω, we 
find

1
2

d 
dt

∫︂
Ω 

b(ϕ) |∇μ|2 dx− 1
2

∫︂
Ω 

b′(ϕ)∂tϕ|∇μ|2 dx +
∫︂
Ω 

∂tϕ ∂tμ dx = 0. (7.1)

By exploiting (5.13), we observe that

∫︂
Ω 

∂tϕ ∂tμ dx =
∫︂
Ω 

∂t

(︂
−
√︁
a(ϕ)ΔA(ϕ)

)︂
∂tϕ dx +

∫︂
Ω 

F ′′(ϕ)|∂tϕ|2 dx− Θ0∥∂tϕ∥2
L2(Ω)

= −
∫︂
Ω 

a′(ϕ) 
2
√︁
a(ϕ)

ΔA(ϕ)|∂tϕ|2 dx−
∫︂
Ω 

√︁
a(ϕ)Δ∂tA(ϕ) ∂tϕ dx

+
∫︂
Ω 

F ′′(ϕ)|∂tϕ|2 dx− Θ0∥∂tϕ∥2
L2(Ω)

= −
∫︂
Ω 

a′(ϕ) 
2
√︁
a(ϕ)

ΔA(ϕ)|∂tϕ|2 dx +
∫︂
Ω 

∇∂tA(ϕ) · ∇
(︂√︁

a(ϕ)∂tϕ
)︂

dx

+
∫︂
Ω 

F ′′(ϕ)|∂tϕ|2 dx− Θ0∥∂tϕ∥2
L2(Ω)

= −
∫︂
Ω 

a′(ϕ) 
2
√︁
a(ϕ)

ΔA(ϕ)|∂tϕ|2 dx +
∫︂
Ω 

⃓⃓⃓
∇
(︂√︁

a(ϕ)∂tϕ
)︂ ⃓⃓⃓2

dx

+
∫︂
Ω 

F ′′(ϕ)|∂tϕ|2 dx− Θ0∥∂tϕ∥2
L2(Ω).

By a direct calculation, we notice that∫︂
Ω 

⃓⃓⃓
∇
(︂√︁

a(ϕ)∂tϕ
)︂ ⃓⃓⃓2

dx
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=
∫︂
Ω 

(︄
a′(ϕ) 

2
√︁
a(ϕ)

∇ϕ ∂tϕ +
√︁
a(ϕ)∇∂tϕ

)︄
·
(︄

a′(ϕ) 
2
√︁
a(ϕ)

∇ϕ ∂tϕ +
√︁

a(ϕ)∇∂tϕ

)︄
dx

=
∫︂
Ω 

a(ϕ)|∇∂tϕ|2 dx +
∫︂
Ω 

(a′(ϕ))2

4a(ϕ) |∇ϕ|2|∂tϕ|2 dx +
∫︂
Ω 

a′(ϕ)∇ϕ · ∇∂tϕ ∂tϕ dx.

Collecting the above calculations all together, we end up with

1
2

d 
dt

∫︂
Ω 

b(ϕ) |∇μ|2 dx +
∫︂
Ω 

a(ϕ)|∇∂tϕ|2 dx

+
∫︂
Ω 

(a′(ϕ))2

4a(ϕ) |∇ϕ|2|∂tϕ|2 dx +
∫︂
Ω 

F ′′(ϕ)|∂tϕ|2 dx

= Θ0∥∂tϕ∥2
L2(Ω) + 1

2

∫︂
Ω 

b′(ϕ)∂tϕ|∇μ|2 dx +
∫︂
Ω 

a′(ϕ) 
2
√︁
a(ϕ)

ΔA(ϕ)|∂tϕ|2 dx

−
∫︂
Ω 

a′(ϕ)∇ϕ · ∇∂tϕ ∂tϕ dx. (7.2)

We proceed with the control of the nonlinear terms. First, by interpolation in Hilbert 
spaces and (5.11), we know that

Θ0∥∂tϕ∥2
L2(Ω) ≤

am
4 

∥∇∂tϕ∥2
L2(Ω) + C∥∇μ∥2

L2(Ω).

Reasoning as in [13] (see, in particular, Eqns. (4.26)-(4.27) and the subsequent estimates 
therein), we have

⃓⃓⃓⃓
⃓⃓∫︂
Ω 

b′(ϕ)∂tϕ|∇μ|2 dx

⃓⃓⃓⃓
⃓⃓ ≤ am

4 
∥∇∂tϕ∥2

L2(Ω) + C
(︂
∥ϕ∥4

H2(Ω) + ∥∇μ∥2
L2(Ω)

)︂
∥∇μ∥2

L2(Ω).

Next, we consider⃓⃓⃓⃓
⃓⃓∫︂
Ω 

a′(ϕ) 
2
√︁
a(ϕ)

ΔA(ϕ)|∂tϕ|2 dx

⃓⃓⃓⃓
⃓⃓ ≤
⃦⃦⃦⃦
⃦ a′(ϕ) 

2
√︁
a(ϕ)

⃦⃦⃦⃦
⃦
L∞(Ω)

∥ΔA(ϕ)∥L2(Ω)∥∂tϕ∥2
L4(Ω)

≤ C∥ΔA(ϕ)∥L2(Ω) ∥∇∂tϕ∥
3
2
L2(Ω) ∥∂tϕ∥

1
2
H−1

(0) (Ω)

≤ am
8 

∥∇∂tϕ∥2
L2(Ω) + C∥A(ϕ)∥4

H2(Ω)∥∇μ∥2
L2(Ω).

Similarly, by (2.6) and (5.7), we get
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⃓⃓∫︂
Ω 

a′(ϕ)∇ϕ · ∇∂tϕ ∂tϕ dx

⃓⃓⃓⃓
⃓⃓ ≤ ∥a′(ϕ)∥L∞(Ω) ∥∇∂tϕ∥L2(Ω) ∥∇ϕ∥L4(Ω)∥∂tϕ∥L4(Ω)

≤ C ∥∇∂tϕ∥
7
4
L2(Ω) ∥ϕ∥

1
2
H2(Ω)∥∂tϕ∥

1
4
H−1

(0) (Ω)

≤ am
8 

∥∇∂tϕ∥2
L2(Ω) + C∥ϕ∥4

H2(Ω)∥∇μ∥2
L2(Ω).

Hence, recalling (5.19) and (5.21), we arrive at

d 
dt

∫︂
Ω 

b(ϕ) |∇μ|2 dx + am
4 

∥∇∂tϕ∥2
L2(Ω) ≤ C

(︂
1 + ∥∇μ∥2

L2(Ω)

)︂∫︂
Ω 

b(ϕ) |∇μ|2 dx. (7.3)

In order to derive a global control independent of time, we recall that, due to (5.18),

sup
t≥0 

t+1∫︂
t 

∫︂
Ω 

b(ϕ) |∇μ|2 dx ds ≤ C0, sup
t≥0 

t+1∫︂
t 

C
(︂
1 + ∥∇μ(s)∥2

L2(Ω)

)︂
ds ≤ C1,

where C0 and C1 are two positive constant depending on E(ϕ0), m and the parameters 
of the system. By applying the uniform Gronwall lemma (see [40, Chapter III, Lemma 
1.1]), we derive that

sup
t≥τ 

∫︂
Ω 

|∇μ(t)|2 dx ≤ C0

bmτ
exp(C1). (7.4)

In the sequel, we denote by C(τ) a generic constant depending on the parameters of the 
system, the initial energy E(ϕ0), and τ > 0. Thanks to (5.17), it immediately follows 
from (7.4) that

∥μ∥L∞(τ,∞;H1(Ω)) ≤ C(τ). (7.5)

As a consequence, we learn from (5.11) that

∥∂tϕ∥L∞(τ,∞;H−1
(0) (Ω)) ≤ C(τ). (7.6)

Now, we integrate (7.3) on the time interval [t, t + 1] with t ≥ τ . Thanks to (5.8) and 
(7.5), we infer that

sup
t≥τ 

t+1∫︂
t 

∥∇∂tϕ(s)∥2
L2(Ω) ds ≤ C(τ), (7.7)

which, by the conservation of mass, gives
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∂tϕ ∈ L2
uloc([τ,∞);H1

(0)(Ω)).

By (5.23), (5.26) and (5.27), we learn that

∥ϕ∥L∞(τ,∞;W 2,p(Ω)) + ∥F ′(ϕ)∥L∞(τ,∞;Lp(Ω)) ≤ C(τ, p), ∀ p ∈ [2,∞). (7.8)

Next, we prove the separation property (1.23) following [14] and [29]. To this end, we 
first observe that ϕ ∈ L∞(τ,∞;W 2,6(Ω))∩W 1,2

uloc(τ,∞;H1(Ω)) ↪→ C(Ω× [τ ;T ]), for any 
T ≥ τ , by standard interpolation. We claim that

∥F ′′(ϕ)∥L∞(τ,∞;Lp(Ω)) ≤ C (τ, p), ∀ p ∈ [2,∞). (7.9)

In fact, recalling that ∥f∥Lp(Ω) ≤ C
√
p∥f∥H1(Ω) for 2 ≤ p < ∞, we learn from (5.23)

that

ess sup
t≥τ 

∥F ′(ϕ(t))∥Lp(Ω) ≤ C
(︁
1 + √

p∥μ∥L∞(τ,∞;H1(Ω))
)︁
≤ C(τ)(1 + √

p),

where the constant C(τ) is independent of p. Since F ′′(s) ≤ CeC|F ′(s)| for all s ∈ (−1, 1), 
by arguing as in [21, pg. 2279--2281], we obtain the desired conclusion (7.9). Now, by 
[29, Lemma 3.2], ∂xi

F ′(ϕ) = F ′′(ϕ)∂xi
ϕ in the sense of distributions (and thus almost 

everywhere). As an immediate consequence, we derive that

ess sup
t≥τ 

∥F ′(ϕ(t))∥W 1,3(Ω) ≤ ∥F ′(ϕ(t))∥L∞(τ,∞;L3(Ω))

+ ∥F ′′(ϕ(t))∥L∞(τ,∞;L6(Ω))∥∇ϕ(t)∥L∞(τ,∞;L6(Ω)) ≤ C(τ).

As a consequence, we obtain that ∥F ′(ϕ)∥L∞(Ω×(τ,∞)) ≤ C(τ). Then, we deduce from 
lim 

s→±1
|F ′(s)| = ∞ that there exists δ > 0 such that (1.23) holds.

We now go back to the elliptic problem (5.25) for A(ϕ) with right-hand side given by

f = 1 √︁
a(ϕ)

(μ− Ψ′(ϕ)) + A(ϕ).

It is immediate to observe that f ∈ L∞(τ,∞;L2(Ω)). Moreover, we have

∂xi
f = −1

2
a′(ϕ) 
a

3
2 (ϕ)

(μ− Ψ′(ϕ)) ∂xi
ϕ + 1 √︁

a(ϕ)
(∂xi

μ− Ψ′′(ϕ)∂xi
ϕ) +

√︁
a(ϕ)∂xi

ϕ.

By exploiting (1.5), we immediately obtain

∥∂xi
f∥L2(Ω) ≤

⃦⃦⃦⃦
a′(ϕ) 

2a 3
2 (ϕ)

⃦⃦⃦⃦
L∞(Ω)

∥μ− Ψ′(ϕ)∥L2(Ω)∥∂xi
ϕ∥L∞(Ω)
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+

⃦⃦⃦⃦
⃦ 1 √︁

a(ϕ)

⃦⃦⃦⃦
⃦
L∞(Ω)

∥μ∥H1(Ω)

+

⃦⃦⃦⃦
⃦ 1 √︁

a(ϕ)

⃦⃦⃦⃦
⃦
L∞(Ω)

∥Ψ′′(ϕ)∥L2(Ω)∥∂xi
ϕ∥L∞(Ω)

+ ∥
√︁
a(ϕ)∥L∞(Ω)∥∂xi

ϕ∥L2(Ω). (7.10)

Hence, by (7.5), (7.8) and (7.9), we deduce that

∥f∥L∞(τ,∞;H1(Ω)) ≤ C(τ),

and by the elliptic regularity theory for (5.25), we get

∥A(ϕ)∥L∞(τ,∞;H3(Ω)) ≤ C(τ). (7.11)

Finally, since ϕ solves the elliptic problem (3.8) with u = ϕ, we deduce from (3.9)-(3.10), 
(7.8) and (7.11) that

∥ϕ∥L∞(τ,∞;H3(Ω)) ≤ C(τ).

7.2. Energy equality

Let ϕ be the weak solution originating from ϕ0 ∈ 𝒱m. For any τ > 0, we recall that 
ϕ satisfies the properties (1.22)-(1.24). Thus, an application of [37, Lemma 2.6] entails 
that

E(ϕ(t)) +
t ∫︂

τ

⃦⃦⃦√︁
b(ϕ(s))∇μ(s)

⃦⃦⃦2
L2(Ω)

ds = E(ϕ(τ)), ∀ t ≥ τ, (7.12)

for any τ > 0. In order to prove the claimed energy equality (1.25), we are left to show 
the validity of (7.12) for τ = 0. To this aim, we first observe that the gradient part of 
the energy can be rewritten in terms of A, namely, for any ϕ ∈ 𝒱m

E(ϕ) =
∫︂
Ω 

1
2 |∇A(ϕ)|2 + Ψ(ϕ) dx. (7.13)

Besides, since 
⃦⃦⃦√︁

b(ϕ(s))∇μ(s)
⃦⃦⃦2
L2(Ω)

∈ L1(0,∞), we can pass to the limit as τ → 0 in 

(7.12), which leads to

E(ϕ(t)) +
t ∫︂

0 

⃦⃦⃦√︁
b(ϕ(s))∇μ(s)

⃦⃦⃦2
L2(Ω)

ds = lim 
τ→0

E(ϕ(τ)), ∀ t ≥ 0. (7.14)
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Owing to the energy inequality (5.5), we thus deduce that

lim 
τ→0

E(ϕ(τ)) ≤ E(ϕ0). (7.15)

On the other hand, it follows from (1.14) and (1.16) that ϕ ∈ BCw([0,∞);H1(Ω)) ∩
C([0,∞);L2(Ω)). Then, we have

lim 
τ→0

∥ϕ(τ)∥2
L2(Ω) = ∥ϕ0∥2

L2(Ω), (7.16)

and

lim 
τ→0

∥A(ϕ(τ))∥2
L2(Ω) = ∥A(ϕ0)∥2

L2(Ω). (7.17)

By the convexity of F , it also follows that

lim inf
τ→0 

∫︂
Ω 

F (ϕ(τ)) dx ≥
∫︂
Ω 

F (ϕ0) dx. (7.18)

In addition, recalling that A(ϕ) ∈ L∞(0,∞;H1(Ω)), by the lower-semicontinuity of the 
norm and (7.17), we derive that there exists a sequence {τn}∞n=0 such that τn → 0 as 
n → ∞ and

lim inf
n→∞ 

∫︂
Ω 

|∇A(ϕ(τn))|2 dx ≥
∫︂
Ω 

|∇A(ϕ0)|2 dx. (7.19)

By collecting (7.13) and (7.16)-(7.19) together, we obtain

lim inf
n→∞ 

E(ϕ(τn)) ≥ E(ϕ0). (7.20)

Thus, in light of (7.15) and (7.20), we conclude that

lim 
τ→0

E(ϕ(τ)) = E(ϕ0), (7.21)

which, by (7.14), proves the energy identity (1.25).
Let us now focus on the continuity properties of ϕ with respect to time. By (1.25), we 

immediately have that E(ϕ(·)) ∈ AC([0, T ]), for any T > 0. Hence, for any t, s ∈ [0, T ]
we find that

lim sup
t→s 

∫︂
Ω 

1
2 |∇A(ϕ(t))|2 dx = lim sup

t→s 

(︃
E(ϕ(t)) −

∫︂
Ψ(ϕ(t)) dx

)︃

= E(ϕ(s)) − lim inf
t→s 

∫︂
Ψ(ϕ(t)) dx
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≤ E(ϕ(s)) −
∫︂

Ψ(ϕ(s)) dx =
∫︂
Ω 

1
2 |∇A(ϕ(s))|2 dx.

Therefore, since

lim inf
t→s 

∫︂
Ω 

|∇A(ϕ(t))|2 dx ≥
∫︂
Ω 

|∇A(ϕ(s))|2 dx,

we conclude that

∥∇A(ϕ(·))∥L2(Ω) ∈ C([0, T ]), ∀ T ≥ 0. (7.22)

By the equality

∇ϕ(t) −∇ϕ(s) = 1 √︁
a(ϕ(t))

∇A(ϕ(t)) − 1 √︁
a(ϕ(s))

∇A(ϕ(s)),

adding and subtracting the term 1 √︁
a(ϕ(t))∇A(ϕ(s)), we infer that

∥∇ϕ(t) −∇ϕ(s)∥2
L2(Ω) ≤

2 
am

∥∇A(ϕ(t)) −∇A(ϕ(s))∥2
L2(Ω)

+ 2
∫︂
Ω 

(︄
1 √︁

a(ϕ(t))
− 1 √︁

a(ϕ(s))

)︄2

|∇A(ϕ(s))|2 dx.

Now notice that, if we take any sequence {τn}∞n=0 such that τn → s as n → ∞, by the 
dominated convergence theorem, the second term on the right-hand side converges to 0 
as n → ∞. Indeed, since ϕ ∈ C([0,∞);L2(Ω)), we have

fn :=
(︄

1 √︁
a(ϕ(τn))

− 1 √︁
a(ϕ(s))

)︄2

|∇A(ϕ(s))|2 → 0 a.e. in Ω,

as n → ∞, and |fn| ≤ 2 
am

|∇A(ϕ(s))|2 ∈ L1(Ω). At this point we easily conclude from 
(7.22) that

lim 
t→s

∥∇ϕ(t) −∇ϕ(s)∥2
L2(Ω) = 0,

yielding the conclusion ϕ ∈ C([0,∞);H1(Ω)). The proof of Theorem 1.2, part (4), is now 
completed.

8. Convergence to equilibrium in two dimensions

This section is devoted to characterizing the longtime behavior of any solution in two 
dimensions. The strategy herein adopted to show the convergence to a unique equilibrium 
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is the well-known one based on the Łojasiewicz-Simon inequality, asymptotic regulariza
tion and strict separation from pure phases of weak solutions, as firstly devised in [5] 
and [30].

Let ϕ0 ∈ 𝒱m and let ϕ(t) be the corresponding global weak solution to (1.1)-(1.4). 
Fixed τ > 0, since ϕ ∈ L∞(τ,∞;H3(Ω)) and ∂tϕ ∈ L2(0,∞;H−1

(0) (Ω)), it immediately 
follows that ϕ ∈ BCw([τ,∞);H3(Ω)) ∩ BUC([τ,∞);H2(Ω)). Then, the ω-limit set, de
fined by

ω(ϕ0) =
{︂
ϕ′ ∈ H3(Ω) : ∃ tn → ∞ such that ϕ(tn) → ϕ′ in H2(Ω)

}︂
,

is non-empty and compact.

Lemma 8.1. For any ϕ0 ∈ 𝒱m, we have ω(ϕ0) ⊂ 𝒮m.

Proof. We introduce some terminology from the theory of dynamical systems, see e.g. 
[12, Chapter 9]. According to Theorem 1.2, we associate problem (1.1)-(1.4) with the 
solution map

S(t) : 𝒱m → 𝒱m, z0 ↦→ S(t)z0 = z(t), ∀ t ≥ 0,

where z(t) is the unique weak solution to (1.1)-(1.3) departing from z0. This is a one
parameter family of maps satisfying S(0)z0 = z0 for any z0 ∈ 𝒱m and the concatenation 
rule S(t + s) = S(t)S(s), for every t, s ≥ 0. In addition, owing to the energy inequality 
(5.5), the following properties hold:

(i) E(S(t)z0) ≤ E(z0), for any t ≥ 0, ∀ z0 ∈ 𝒱m;
(ii) E(S(t)z0) = E(z0) for any t ≥ 0 implies that z0 is a stationary point of the map 

S(t), namely S(t)z0 = z0, ∀ t ≥ 0, which means z ∈ 𝒮m (see Section 3).

Besides, the continuous dependence estimate (1.21) and the regularity BCw([τ,∞); 
H3(Ω)), for any τ > 0, entail by interpolation that S(t) ∈ C(H2(Ω);H2(Ω)), for any 
t > 0.

We are now ready to prove the result. To this end, we observe that ϕ(t) = S(t)ϕ0. 
Since the map t ↦→ E(ϕ(t)) is decreasing by (i) and bounded from below, there exists 
E∞ ∈ ℝ such that

E∞ = lim 
t→∞

E(ϕ(t)). (8.1)

Next, we claim that

E(ϕ′) = E∞, ∀ ϕ′ ∈ ω(ϕ0). (8.2)

Indeed, by the separation property (1.23) of the solution ϕ, there exists δ > 0 such that
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∥ϕ(t)∥L∞(Ω) ≤ 1 − δ, ∀ t ≥ 1.

By the embedding H2(Ω) ↪→ C(Ω), we deduce that

∥ϕ′∥L∞(Ω) ≤ 1 − δ, ∀ ϕ′ ∈ ω(ϕ0).

Therefore, for any ϕ′ ∈ ω(ϕ0) and t ≥ 1, we obtain

E(ϕ(t)) − E(ϕ′) = 1
2

∫︂
Ω 

a(ϕ(t))(|∇ϕ(t)|2 − |∇ϕ′|2) dx + 1
2

∫︂
Ω 

(a(ϕ(t)) − a(ϕ′))|∇ϕ′|2 dx

+
∫︂
Ω 

Ψ(ϕ(t)) − Ψ(ϕ′) dx

≤ aM
2 

∥∇(ϕ(t) + ϕ′)∥L2(Ω)∥∇(ϕ(t) − ϕ′)∥L2(Ω)

+ max 
s∈[−1,1]

|a′(s)|∥ϕ(t) − ϕ′∥L∞(Ω)∥∇ϕ′∥2
L2(Ω)

+ max 
s∈[−1+δ,1−δ]

|Ψ′(s)|∥ϕ(t) − ϕ′∥L1(Ω)

≤ C∥ϕ(t) − ϕ′∥H2(Ω).

Since ϕ′ ∈ ω(ϕ0), there exists tn → ∞ such that ϕ(tn) → ϕ′ in H2(Ω). Thus, exploiting 
the above inequality, we have

0 ≤ E(ϕ(tn)) − E(ϕ′) ≤ γ∥ϕ(tn) − ϕ′∥H2(Ω),

which yields

E(ϕ′) = lim 
n→∞

E(ϕ(tn)).

Hence, in light of (8.1), we finally derive that E(ϕ′) = E∞, as claimed.
Let now ϕ′ ∈ ω(ϕ0) be fixed and let tn → ∞ be such that S(tn)ϕ0 → ϕ′ in H2(Ω). 

Setting τn = t + tn, where t > 0 is arbitrarily fixed, by the concatenation rule and the 
H2-continuity of the map S(t), we obtain

S(τn)ϕ0 = S(t)S(tn)ϕ0 → S(t)ϕ′ in H2(Ω),

namely

S(t)ϕ′ ∈ ω(ϕ0), ∀ t > 0.

Owing to (8.2), we thus learn that

E(S(t)ϕ′) = E∞ = E(ϕ′), ∀ t ≥ 0.
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At this point, we exploit property (ii) to conclude that ϕ′ ∈ 𝒮m. By the arbitrariness of 
ϕ′ ∈ ω(ϕ0), the proof is complete. □

We are now ready to prove the following result, which implies the claim of part (5) of 
Theorem 1.2.

Lemma 8.2. For any ϕ0 ∈ 𝒱m, the set ω(ϕ0) is a singleton.

Proof. Let ϕ′ ∈ ω(ϕ0). Since ϕ′ ∈ 𝒮m, the Łojasiewicz-Simon inequality in Theorem 1.1
holds true at ϕ′, yielding constants θ ∈

(︁
0, 1

2
]︁
, C > 0 and β > 0 such that

|E(u) −E(ϕ′)|1−θ

≤ CL

⃦⃦⃦⃦
⃦−div(a(u)∇u) + a′(u)

2 
|∇u|2 + Ψ′(u) − a′(u)

2 
|∇u|2 + Ψ′(u)

⃦⃦⃦⃦
⃦
L2(Ω)

,

for all u ∈ H2(Ω) such that u = m, ∂nu = 0 on ∂Ω and ∥u− ϕ′∥H2(Ω) ≤ β.
Exploiting the fact that ω(ϕ0) is a compact subset of H2(Ω), we can cover ω(ϕ0) by 

finitely many open balls of H2(Ω), denoted by {Bi}Ni=1 ⊂ H2(Ω), centered at ϕ′
i ∈ ω(ϕ0)

and with radii βi, prescribed by Theorem 1.1 for ϕ′
i. Since E(ϕ′

i) = E∞ for any i, we 
conclude that there exist universal constants ˜︁θ ∈

(︁
0, 1

2
]︁

and ˜︁C > 0 such that

|E(u) − E∞|1−˜︁θ
≤ ˜︁C ⃦⃦⃦⃦⃦−div(a(u)∇u) + a′(u)

2 
|∇u|2 + Ψ′(u) − a′(u)

2 
|∇u|2 + Ψ′(u)

⃦⃦⃦⃦
⃦
L2(Ω)

, (8.3)

for all u ∈ H2(Ω) such that u = m, ∂nu = 0 on ∂Ω and u ∈ ℬ :=
⋃︁N

i=1 Bi.
Now, let ϕ(t) be the solution to problem (1.1)-(1.4). Recalling that dH2(Ω)(ϕ(t), ω(ϕ0)) 

→ 0 as t → ∞, there exists t⋆ such that ϕ(t) ∈ ℬ ∩𝒱m for all t ≥ t⋆. As a result, we can 
apply (8.3) with u = ϕ(t), for all t ≥ t⋆. In which case, using the definition of μ in (1.2)

μ = −div(a(ϕ)∇ϕ) + a′(ϕ)
2 

|∇ϕ|2 + Ψ′(ϕ),

we obtain from (8.3) the following inequality

|E(ϕ(t)) − E∞|1−˜︁θ ≤ ˜︁C ⃦⃦⃦μ(t) − μ(t)
⃦⃦⃦
L2(Ω)

, ∀ t ≥ t⋆. (8.4)

Let us define the function H : [t⋆,∞) → ℝ+ by

H(t) := (E(ϕ(t)) − E∞)˜︁θ.
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By the regularity of the solution (1.22)-(1.24), an application of [37, Lemma 2.6], together 
with the standard chain rule in Bochner spaces, gives

d 
dtE(ϕ) +

∫︂
Ω 

b(ϕ)|∇μ|2 dx = 0, for a.e. t ∈ (1,∞). (8.5)

By exploiting (2.1), (8.4) and (8.5), we obtain

− d 
dtH(t) = −˜︁θ (E(ϕ(t)) − E∞)˜︁θ−1 d 

dtE(ϕ(t))

≥
˜︁θ˜︁C
⃦⃦⃦√︁

b(ϕ(t))∇μ(t)
⃦⃦⃦2
L2(Ω)⃦⃦⃦

μ(t) − μ(t)
⃦⃦⃦
L2(Ω)

≥
˜︁θ
CP

bm˜︁C ∥∇μ(t)∥L2(Ω), a.e. in (t⋆,∞).

Now, the conclusion follows in a standard way. Integrating from t⋆ to ∞, and observing 
that lim 

t→∞
H(t) = 0, we infer that

∞ ∫︂
t⋆

∥∇μ(t)∥L2(Ω) dt ≤ CP
˜︁C˜︁θbm H(t⋆),

which gives that ∇μ ∈ L1(t⋆,∞;L2(Ω)). Hence, by (5.11), we have that ∂tϕ ∈
L1(t⋆,∞;H−1

(0) (Ω)). Since

ϕ(t) = ϕ(t⋆) +
t ∫︂

t⋆

∂tϕ(τ) dτ, ∀ t ≥ t⋆,

we conclude that lim 
t→∞

ϕ(t) exists in H−1
(0) (Ω). Therefore, ω(ϕ0) = {ϕ∞}, where ϕ∞ =

lim 
t→∞

ϕ(t). □
9. Local strong solutions in three dimensions

In this section, we study the existence and uniqueness of local strong solutions in three 
dimensions. We will prove the following result, which provides part (2) of Theorem 1.3.

Proposition 9.1. Let ϕ0 ∈ H2(Ω) be such that ϕ0 = m ∈ (−1, 1), ∂nϕ0 = 0 on ∂Ω and⃦⃦⃦⃦
−div (a(ϕ0)∇ϕ0) + a′(ϕ0)

|∇ϕ0|2
2 

+ Ψ′(ϕ0)
⃦⃦⃦⃦
H1(Ω)

≤ M. (9.1)

Then, there exist TM > 0, depending on M , E(ϕ0) and m, and a unique strong solution 
ϕ to (1.1)-(1.4) on [0, TM ] such that



M. Conti et al. / Journal of Functional Analysis 291 (2026) 111599 45

ϕ ∈ L∞(0, TM ;W 2,6(Ω)), ∂tϕ ∈ L2(0, TM ;H1(Ω)),

ϕ ∈ L∞(Ω × (0, TM )) such that |ϕ(x, t)| < 1 a.e. (x, t) ∈ Ω × (0, TM ),

μ ∈ L∞(0, TM ;H1(Ω)), F ′(ϕ) ∈ L∞(0, TM ;L6(Ω)).

(9.2)

The solution fulfills the problem (1.1)-(1.2) almost everywhere in Ω × (0, TM ). Further
more, we have the following estimates

∥∂tϕ∥L2(0,TM ;H1(Ω)) + ∥∂tϕ∥L∞(0,TM ;H−1
(0) (Ω)) ≤ CM , (9.3)

∥ϕ∥L∞(0,TM ;W 2,6(Ω)) + ∥F ′(ϕ)∥L∞(0,TM ;L6(Ω)) ≤ CM , (9.4)

∥μ∥L∞(0,TM ;H1(Ω)) ≤ CM . (9.5)

In addition, if ∥ϕ0∥L∞(Ω) ≤ 1− δ0, then there exists ˜︃TM ∈ (0, TM ], depending on δ0, but 
independent of the specific initial datum, such that ϕ ∈ L∞(0,˜︃TM ;H3(Ω)) and

max 
t∈[0,˜︃TM ]

∥ϕ(t)∥C(Ω) ≤ 1 − δ0
2 
. (9.6)

Proof. First of all, we collect the basic energy estimates provided in Section 5. Denoting 
by C > 0 a generic constant only depending on E(ϕ0) and m, the following estimates 
hold true:

∥ϕ∥L∞(0,∞;H1(Ω)) ≤ C, 

∞ ∫︂
0 

∥∇μ(τ)∥2
L2(Ω) dτ ≤ C. (9.7)

Besides,

∥μ∥H1(Ω) ≤ C∥∇μ∥L2(Ω) + C, (9.8)

and

∥ϕ∥2
H2(Ω) + ∥A(ϕ)∥2

H2(Ω) ≤ C∥∇μ∥L2(Ω) + C, (9.9)

as well as

∥∂tϕ∥H−1
(0) (Ω) ≤ C∥∇μ∥L2(Ω). (9.10)

We now perform higher-order energy estimates by relying on the assumption (9.1). 
As in Section 7, this argument can be rigorously justified within the approximation 
procedure devised in [37] (see also [25, Section 4] for the approximation of the initial 
datum). By reasoning as in the two dimensional case (cf. (7.2)), we have
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1
2

d 
dt

∫︂
Ω 

b(ϕ) |∇μ|2 dx +
∫︂
Ω 

a(ϕ)|∇∂tϕ|2 dx +
∫︂
Ω 

(a′(ϕ))2

4a(ϕ) |∇ϕ|2|∂tϕ|2 dx

+
∫︂
Ω 

F ′′(ϕ)|∂tϕ|2 dx

= Θ0∥∂tϕ∥2
L2(Ω) + 1

2

∫︂
Ω 

b′(ϕ)∂tϕ|∇μ|2 dx +
∫︂
Ω 

a′(ϕ) 
2
√︁

a(ϕ)
ΔA(ϕ)|∂tϕ|2 dx

−
∫︂
Ω 

a′(ϕ)∇ϕ · ∇∂tϕ ∂tϕ dx. (9.11)

We control the last two terms on the right-hand side. By exploiting (2.7), (9.9) and 
(9.10), we find⃓⃓⃓⃓
⃓⃓∫︂
Ω 

a′(ϕ) 
2
√︁

a(ϕ)
ΔA(ϕ)|∂tϕ|2 dx

⃓⃓⃓⃓
⃓⃓ ≤
⃦⃦⃦⃦
⃦ a′(ϕ) 

2
√︁
a(ϕ)

⃦⃦⃦⃦
⃦
L∞(Ω)

∥ΔA(ϕ)∥L2(Ω)∥∂tϕ∥L6(Ω)∥∂tϕ∥L3(Ω)

≤ C∥ΔA(ϕ)∥L2(Ω) ∥∇∂tϕ∥
3
2
L2(Ω) ∥∂tϕ∥

1
2
L2(Ω)

≤ C∥ΔA(ϕ)∥L2(Ω) ∥∇∂tϕ∥
7
4
L2(Ω) ∥∂tϕ∥

1
4
H−1

(0) (Ω)

≤ am
12 

∥∇∂tϕ∥2
L2(Ω) + C∥A(ϕ)∥8

H2(Ω)∥∇μ∥2
L2(Ω)

≤ am
12 

∥∇∂tϕ∥2
L2(Ω) + C

(︂
1 + ∥∇μ∥4

L2(Ω)

)︂
∥∇μ∥2

L2(Ω).

Similarly, we also obtain⃓⃓⃓⃓
⃓⃓∫︂
Ω 

a′(ϕ)∇ϕ · ∇∂tϕ ∂tϕ dx

⃓⃓⃓⃓
⃓⃓ ≤ ∥a′(ϕ)∥L∞(Ω)∥∇ϕ∥L6(Ω) ∥∇∂tϕ∥L2(Ω) ∥∂tϕ∥L3(Ω)

≤ C∥ϕ∥H2(Ω) ∥∇∂tϕ∥
3
2
L2(Ω) ∥∂tϕ∥

1
2
L2(Ω)

≤ C∥ϕ∥H2(Ω) ∥∇∂tϕ∥
7
4
L2(Ω) ∥∂tϕ∥

1
4
H−1

(0) (Ω)

≤ am
12 

∥∇∂tϕ∥2
L2(Ω) + C∥ϕ∥8

H2(Ω)∥∇μ∥2
L2(Ω)

≤ am
12 

∥∇∂tϕ∥2
L2(Ω) + C

(︂
1 + ∥∇μ∥4

L2(Ω)

)︂
∥∇μ∥2

L2(Ω).

We now control the nonlinear term containing b′. By Lebesgue interpolation, noticing 
that 5 

12 = a
2 +

1−a
6 with a = 3

4 , we have⃓⃓⃓⃓
⃓⃓∫︂
Ω 

b′(ϕ)∂tϕ|∇μ|2 dx

⃓⃓⃓⃓
⃓⃓ ≤ C ∥∇∂tϕ∥L2(Ω) ∥∇μ∥2

L
12
5 (Ω)
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≤ am
24 

∥∇∂tϕ∥2
L2(Ω) + C ∥∇μ∥4

L
12
5 (Ω)

≤ am
24 

∥∇∂tϕ∥2
L2(Ω) + C ∥∇μ∥3

L2(Ω) ∥μ− μ∥H2(Ω) . (9.12)

Owing to [7, eq. (2.26)] and (9.10), we know that

∥μ− μ∥H2(Ω) = ∥𝒢ϕ∂tϕ∥H2(Ω)

≤ C
(︂
∥ϕ∥2

H2(Ω)∥∇𝒢ϕ∂tϕ∥L2(Ω) + ∥∂tϕ∥L2(Ω)

)︂
≤ C

(︂
∥ϕ∥2

H2(Ω)∥∇μ∥L2(Ω) + ∥∇μ∥
1
2
L2(Ω)∥∇∂tϕ∥

1
2
L2(Ω)

)︂
.

Thus, we derive that⃓⃓⃓⃓
⃓⃓∫︂
Ω 

b′(ϕ)∂tϕ|∇μ|2 dx

⃓⃓⃓⃓
⃓⃓ ≤ am

24 
∥∇∂tϕ∥2

L2(Ω) + C∥ϕ∥2
H2(Ω) ∥∇μ∥4

L2(Ω)

+ C∥∇μ∥
7
2
L2(Ω)∥∇∂tϕ∥

1
2
L2(Ω)

≤ am
12 

∥∇∂tϕ∥2
L2(Ω) + C∥ϕ∥2

H2(Ω) ∥∇μ∥4
L2(Ω) + C∥∇μ∥

14
3 
L2(Ω)

≤ am
12 

∥∇∂tϕ∥2
L2(Ω) + C

(︂
1 + ∥∇μ∥4

L2(Ω)

)︂
∥∇μ∥2

L2(Ω).

Lastly, we recall that

Θ0∥∂tϕ∥2
L2(Ω) ≤

am
4 

∥∇∂tϕ∥2
L2(Ω) + C∥∇μ∥2

L2(Ω).

In light of (1.6), collecting all the above inequalities in (9.11), and setting 𝒴(t) :=∫︁
Ω b(ϕ(t)) |∇μ(t)|2 dx, we end up with

d 
dt𝒴(t) + am ∥∇∂tϕ∥2

L2(Ω) ≤ C0
(︁
1 + 𝒴2(t)

)︁
𝒴(t) (9.13)

for some C0, depending only E(ϕ0), m and the parameters of the system. By classical 
ODE’s comparison principles (see, e.g., [8, Lemma II.4.12]), we conclude that

sup 
0≤t≤T

∥∇μ(t)∥2
L2(Ω) ≤

1 
bm

𝒴(0) √︁
(1 + 𝒴2(0)) e−2C0T − 𝒴2(0)

,

where

0 < T < T ⋆ := 1 
2C0

ln
(︃

1 + 1 
𝒴2(0)

)︃
.

Since μ(0) = −div(a(ϕ0)∇ϕ0) + a′(ϕ0) |∇ϕ0|2
2 + Ψ′(ϕ0) and (9.1), we observe that



48 M. Conti et al. / Journal of Functional Analysis 291 (2026) 111599 

𝒴(0) ≤ bM∥∇μ0∥2
L2(Ω) ≤ bMM2.

Noticing that the function g : [0, bMM2] → ℝ, s ↦→ (1 + s2)e−2C0T − s2, which is 
decreasing, and so it has its minimum value at bMM2. Therefore, setting

0 < TM := 1 
2C0

ln
(︃

1 + 3 
1 + 4b2MM4

)︃
< T ⋆,

we derive that

sup 
0≤t≤TM

∥∇μ(t)∥2
L2(Ω) ≤

2bMM2

bm
. (9.14)

Now, it directly follows from (9.8) and (9.14) that

∥μ∥L∞(0,TM ;H1(Ω)) ≤ CM . (9.15)

As a consequence, we learn from (9.10) that

∥∂tϕ∥L∞(0,TM ;H−1
(0) (Ω)) ≤ CM . (9.16)

Then, integrating (9.13) on the time interval [0, TM ], we deduce that

TM∫︂
0 

∥∇∂tϕ(s)∥2
L2(Ω) ds ≤ CM . (9.17)

On the other hand, by (9.9), it is easily seen that

∥ϕ∥L∞(0,TM ;H2(Ω)) ≤ CM . (9.18)

Furthermore, by reasoning as in Section 5 (cf. (5.23), (5.26) and (5.27)) and exploiting 
the uniform bounds on [0, TM ], we conclude that

∥F ′(ϕ)∥L∞(0,TM ;L6(Ω)) ≤ CM ,

and

∥A(ϕ)∥L∞(0,TM ;W 2,6(Ω)) + ∥ϕ∥L∞(0,TM ;W 2,6(Ω)) ≤ CM . (9.19)

Local separation property. Next, we consider an initial datum ϕ0 satisfying

∥ϕ0∥L∞(Ω) ≤ 1 − δ0,
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and we prove the separation property (9.6) on an interval [0,˜︃TM ], where ˜︃TM is possibly 
smaller than TM , depending on δ0 but independent of the particular initial datum. First 
of all, we observe that ϕ ∈ BCw([0, TM ];W 2,6(Ω)) and ∥ϕ(t)∥W 2,6(Ω) ≤ CM , for any 
t ∈ [0, TM ]. Therefore, for any pair t1 < t2 ∈ [0, TM ], owing to the uniform bound (9.17), 
we have

∥ϕ(t1) − ϕ(t2)∥W 1,4(Ω) ≤ ∥ϕ(t1) − ϕ(t2)∥
1
4
H1(Ω)∥ϕ(t1) − ϕ(t2)∥

3
4
W 1,6(Ω)

≤ CM

⎛⎝ t2∫︂
t1

∥∂tϕ∥H1(Ω)

⎞⎠
1
4

≤ CM

⎛⎝ TM∫︂
0 

∥∂tϕ∥2
H1(Ω)

⎞⎠1/8

(t2 − t1)
1
8

≤ CM |t2 − t1|
1
8 .

In particular, by the embedding W 1,4(Ω) ↪→ C(Ω), and by choosing t1 = t ∈ [0, TM ] and 
t2 = 0, we have

∥ϕ(t)∥C(Ω) ≤ ∥ϕ0∥C(Ω) + CM t
1
8 ≤ 1 − δ0 + CM t

1
8 .

Thus, the desired estimate (9.6) follows by setting ˜︃TM = min{TM ,
δ8
0

28C8
M
}.

H3-estimate. We now go back to the elliptic problem (5.25) with right-hand side

f = 1 √︁
a(ϕ)

(μ− Ψ′(ϕ)) + A(ϕ) ∈ L∞(0, TM ;L2(Ω)).

In light of (7.10), noticing that ∥Ψ′′(ϕ(t))∥L∞(Ω) ≤ Cδ0 for t ∈ [0,˜︃TM ] in light of the 
separation property (9.6), by exploiting (9.15) and (9.19), we deduce that

∥f∥
L∞(0,˜︃TM ;H1(Ω)) ≤ C(M, δ0).

Therefore, by the elliptic regularity theory for problem (5.25), we obtain

∥A(ϕ)∥
L∞(0,˜︃TM ;H3(Ω)) ≤ C(M, δ0).

Finally, by considering once again the elliptic problem (3.8), and exploiting the estimate 
(3.10) with u = ϕ, it is easily seen that

∥ϕ∥
L∞(0,˜︃TM ;H3(Ω)) ≤ C(M, δ0). (9.20)
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Uniqueness. Let ϕ0
1 and ϕ0

2 be two initial data such that ϕ0
1 = ϕ0

2. We consider two cor
responding local strong solutions ϕ1 and ϕ2 to problem (1.1)-(1.3) defined on a common 
interval [0, TM ]. Setting Φ = ϕ1 − ϕ2, arguing as in Section 6, we find the identity∫︂

Ω 

a(ϕ1)|∇Φ|2 dx +
∫︂
Ω 

(F ′(ϕ1) − F ′(ϕ2)) Φ dx−
∫︂
Ω 

(μ1 − μ2)Φ dx

= Θ0 ∥Φ∥2
L2(Ω) −

∫︂
Ω 

(a(ϕ1) − a(ϕ2))∇ϕ2 · ∇Φ dx

−
∫︂
Ω 

a′(ϕ1)
2 

(︁
|∇ϕ1|2 − |∇ϕ2|2

)︁
Φ dx−

∫︂
Ω 

1
2 (a′(ϕ1) − a′(ϕ2)) |∇ϕ2|2Φ dx.

We observe that

−
∫︂
Ω 

(μ1 − μ2) Φ dx =
∫︂
Ω 

(𝒢ϕ1∂tϕ1 − 𝒢ϕ2∂tϕ2)Φ dx

=
∫︂
Ω 

𝒢ϕ1∂tΦ Φ dx−
∫︂
Ω 

(b(ϕ2) − b(ϕ1))∇μ2 · ∇𝒢ϕ1Φ dx.

Next, thanks to the regularity properties of strong solutions, we notice (cf. [7, Eqn. 
(2.22)]) that the following chain rule holds true:∫︂

Ω 

𝒢ϕ1∂tΦ Φ dx = d 
dt

1
2

⃦⃦⃦√︁
b(ϕ1)∇𝒢ϕ1Φ

⃦⃦⃦2
L2(Ω)

+ 1
2

∫︂
Ω 

∂tϕ1b
′(ϕ1)∇𝒢ϕ1Φ · ∇𝒢ϕ1Φ dx.

Therefore, we end up with the following differential equality

d 
dt

1
2

⃦⃦⃦√︁
b(ϕ1)∇𝒢ϕ1Φ

⃦⃦⃦2
L2(Ω)

+
∫︂
Ω 

a(ϕ1)|∇Φ|2 dx +
∫︂
Ω 

(F ′(ϕ1) − F ′(ϕ2)) Φ dx

= Θ0 ∥Φ∥2
L2(Ω) −

∫︂
Ω 

(a(ϕ1) − a(ϕ2))∇ϕ2 · ∇Φ dx

−
∫︂
Ω 

a′(ϕ1)
2 

(︁
|∇ϕ1|2 − |∇ϕ2|2

)︁
Φ dx−

∫︂
Ω 

1
2 (a′(ϕ1) − a′(ϕ2)) |∇ϕ2|2Φ dx

− 1
2

∫︂
Ω 

∂tϕ1b
′(ϕ1)∇𝒢ϕ1Φ · ∇𝒢ϕ1Φ dx +

∫︂
Ω 

(b(ϕ2) − b(ϕ1))∇μ2 · ∇𝒢ϕ1Φ dx. (9.21)

Let us now proceed by estimating the terms on the right-hand side. It is useful to recall 
the following control from Proposition 2.1

∥𝒢ϕ1Φ∥H2(Ω) ≤ C∥Φ∥L2(Ω).
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By exploiting the interpolation in Lebesgue spaces, we obtain

−1
2

∫︂
Ω 

∂tϕ1b
′(ϕ1)∇𝒢ϕ1Φ · ∇𝒢ϕ1Φ dx ≤ C∥∂tϕ1∥L6(Ω)∥∇𝒢ϕ1Φ∥2

L
12
5 (Ω)

≤ C∥∂tϕ1∥L6(Ω)∥∇𝒢ϕ1Φ∥
3
2
L2(Ω)∥𝒢ϕ1Φ∥

1
2
H2(Ω)

≤ am
16 

∥∇Φ∥2
L2(Ω) + C∥∂tϕ1∥

4
3
L6(Ω)∥∇𝒢ϕ1Φ∥2

L2(Ω).

Besides, since μ2 ∈ L∞(0, TM ;H1(Ω)), the last term on the right-hand side of (9.21) is 
estimated as follows∫︂

Ω 

(b(ϕ2) − b(ϕ1))∇μ2 · ∇𝒢ϕ1Φ dx ≤ ∥∇μ2∥L2(Ω) ∥b(ϕ1) − b(ϕ2)∥L6(Ω) ∥∇𝒢ϕ1Φ∥L3(Ω)

≤ C∥∇Φ∥L2(Ω)∥∇𝒢ϕ1Φ∥
1
2
L2(Ω)∥𝒢ϕ1Φ∥

1
2
H2(Ω)

≤ C∥∇Φ∥
3
2
L2(Ω)∥∇𝒢ϕ1Φ∥

1
2
L2(Ω)

≤ am
16 

∥∇Φ∥2
L2(Ω) + C∥∇𝒢ϕ1Φ∥2

L2(Ω).

By exploiting (2.7) and the regularity ϕ1, ϕ2 ∈ L∞(0, TM ;W 2,6(Ω)), we control the terms 
containing the nonlinear diffusion a as⃓⃓⃓⃓
⃓⃓− ∫︂

Ω 

(a(ϕ1) − a(ϕ2))∇ϕ2 · ∇Φ dx

⃓⃓⃓⃓
⃓⃓ ≤ ∥a(ϕ1) − a(ϕ2)∥L3(Ω)∥∇ϕ2∥L6(Ω)∥∇Φ∥L2(Ω)

≤ C∥Φ∥L3(Ω)∥∇Φ∥L2(Ω)

≤ C∥Φ∥
1
4
H−1

(0) (Ω)∥∇Φ∥
7
4
L2(Ω)

≤ am
16 

∥∇Φ∥2
L2(Ω) + C∥Φ∥2

H−1
(0) (Ω),

and ⃓⃓⃓⃓
⃓⃓− ∫︂

Ω 

a′(ϕ1)
2 

(︁
|∇ϕ1|2 − |∇ϕ2|2

)︁
Φ dx

⃓⃓⃓⃓
⃓⃓

≤ 1
2∥a

′(ϕ1)∥L∞(Ω)∥∇ϕ1 + ∇ϕ2∥L6(Ω)∥∇Φ∥L2(Ω)∥Φ∥L3(Ω)

≤ C∥Φ∥
1
4
H−1

(0) (Ω)∥∇Φ∥
7
4
L2(Ω)

≤ am
16 

∥∇Φ∥2
L2(Ω) + C∥Φ∥2

H−1
(0) (Ω).
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Besides, we have⃓⃓⃓⃓
⃓⃓− ∫︂

Ω 

1
2 (a′(ϕ1) − a′(ϕ2)) |∇ϕ2|2Φ dx

⃓⃓⃓⃓
⃓⃓ ≤ C

∫︂
Ω 

|∇ϕ2|2Φ2 dx

≤ C∥∇ϕ2∥2
L6(Ω)∥Φ∥2

L3(Ω)

≤ C∥Φ∥
1
2
H−1

(0) (Ω)∥∇Φ∥
3
2
L2(Ω)

≤ am
16 

∥∇Φ∥2
L2(Ω) + C∥Φ∥2

H−1
(0) (Ω).

Collecting all the estimates above, observing that (F ′(ϕ1)−F ′(ϕ2), ϕ1−ϕ2) ≥ 0, a(ϕ1) ≥
am > 0, and recalling that ∥Φ∥H−1

(0) (Ω) is equivalent to 
⃦⃦⃦√︁

b(ϕ1)∇𝒢ϕ1Φ
⃦⃦⃦
L2(Ω)

, we deduce 

that

d 
dt

⃦⃦⃦√︁
b(ϕ1)∇𝒢ϕ1Φ

⃦⃦⃦2
L2(Ω)

≤ h(t)
⃦⃦⃦√︁

b(ϕ1)∇𝒢ϕ1Φ
⃦⃦⃦2
L2(Ω)

, (9.22)

where

h(·) = C
(︂
1 + ∥∂tϕ1∥

4
3
L6(Ω)

)︂
∈ L1(0, TM ).

Therefore, the uniqueness follows by the Gronwall lemma. □
10. Lyapunov stability and longtime behavior in three dimensions

In this section we show that if the initial datum ϕ0 is sufficiently close to a local 
minimizer of the energy functional E, then the local strong solution provided by The
orem 9.1 is indeed a global one, and ϕ will stay close to that minimizer for all t ≥ 0. 
Finally, we investigate the longtime behavior of such global solutions as t → +∞. We 
start by providing a characterization of energy minimizers.

10.1. Energy minimizers

In the sequel, let m ∈ (−1, 1) be fixed. We consider local minimizers ψ of the total 
energy E subject to the mass constraint, namely ψ ∈ 𝒱m such that

E(ψ) ≤ E(u), ∀ u ∈ 𝒱m : ∥u− ψ∥H1(Ω) < ν,

for some ν > 0. As a first result, we show the connection between local minimizers and 
the stationary system (1.10)-(1.11).

Lemma 10.1. Let ψ ∈ 𝒱m be a local energy minimizer of E on 𝒱m. Then, ψ ∈ 𝒮m.
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Proof. Let ε > 0 and consider the viscous Cahn-Hilliard equation with nonlinear diffu
sion

∂tφ = Δμ, (10.1)

μ = −div (a(φ)∇φ) + a′(φ) |∇φ|2
2 

+ Ψ′(φ) + ε∂tφ, (10.2)

in Ω × (0,∞), equipped with the boundary and initial conditions

∂nφ = ∂nμ = 0 on ∂Ω × (0,∞), φ|t=0 = φ0 in Ω. (10.3)

It has been proved in [37] (see Theorem 5.1 and Proposition 6.3) that for both d = 2, 3
and any φ0 ∈ H1(Ω) with Ψ(φ0) ∈ L1(Ω) and φ0 ∈ (−1, 1), the problem (10.1)-(10.3)
admits a global weak solution φ(t), which satisfies the energy equality

E(φ(t)) = E(φ0) −
t ∫︂

0 

(︂
∥∇μ(τ)∥2

L2(Ω) + ε∥∂tφ(τ)∥2
L2(Ω)

)︂
dτ.

In particular, this implies that the map t ↦→ E(φ(t)) is continuous on [0,∞). At this 
point, it is immediate to deduce that φ ∈ C([0,∞);H1(Ω)) (see, e.g., [1, pg. 482]). Now, 
let φ0 = ψ, where ψ is a local minimizer of E in 𝒱m and let φ(t) be a weak solution to the 
viscous problem (10.1)-(10.3) departing from ψ. Then, by the continuity of the trajectory, 
there exists δ > 0 such that ∥φ(t) − ψ∥H1(Ω) < ν whenever t ∈ [0, δ). Exploiting the 
energy equality and the fact that E(φ(t)) ≥ E(ψ) on [0, δ), we have that

E(ψ) ≤ E(φ(t)) = E(ψ) −
t ∫︂

0 

(︂
∥∇μ(τ)∥2

L2(Ω) + ε∥∂tφ(τ)∥2
L2(Ω)

)︂
dτ,

namely

t ∫︂
0 

(︂
∥∇μ(τ)∥2

L2(Ω) + ε∥∂tφ(τ)∥2
L2(Ω)

)︂
dτ ≤ 0, ∀ t ∈ [0, δ).

This implies that ∂tφ = 0 for a.e. t ∈ [0, δ). That is, φ(t) ≡ ψ for any t ∈ [0, δ). As a 
result, since φ ∈ L2([0,∞);H2(Ω)), we deduce that ψ ∈ H2(Ω). Besides, ∥∇μ∥L2(Ω) = 0
a.e. t ∈ [0, δ), meaning that μ is constant. Therefore, ψ is a solution to the stationary 
system (1.10)-(1.11) and belongs to 𝒮m. □

Let ψ be a local minimizer. Since ψ ∈ 𝒮m, as a consequence of Proposition 3.2 we 
know that ψ is strictly separated from the pure states, namely ∥ψ∥L∞(Ω) < 1. Moreover, 
we shall exhibit an explicit L∞-bound for ψ that, besides m, only depends on the shape 
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of the nonlinearity Ψ. This is done in the spirit of [28]. In particular, if m is sufficiently 
close to ±1, the only minimizer of E is the constant function ψ ≡ m.

Let α0 ∈ (−1, 0), β0 ∈ (0, 1) be such that Ψ′(α0) = min
(0,1) 

Ψ′ and Ψ′(β0) = max 
(−1,0)

Ψ′ as 

in the figure below:

Observe that there exist numbers a, b ∈ (−1, 1), a ≤ m ≤ b such that

Ψ′(r) < Ψ′(s) ∀ r ∈ (−1,m), ∀ s ∈ (b, 1), (10.4)

Ψ′(r) < Ψ′(s) ∀ r ∈ (−1, a), ∀ s ∈ (m, 1). (10.5)

It is easily seen that proper choices are

a = b = m when m ≤ α0 or m ≥ β0,

a = α0, b = β0 when α0 < m < β0.

Lemma 10.2. Let ψ be a local minimizer of E on 𝒱m. Then,

a ≤ ψ(x) ≤ b for any x ∈ Ω.

In particular, if m ≤ α0 or m ≥ β0 the only local minimizer is the constant u(x) ≡ m.

Proof. Let us take a ≤ m as in (10.5). Due to the mass constraint, ψ remains a local 
minimizer when a linear function is added to Ψ, or equivalently, when a constant is added 
to Ψ′. Thus, in view of the second condition in (10.5), we may assume that

Ψ′ < 0 on (−1, a), Ψ′ > 0 on (m, 1). (10.6)
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Assume by contradiction that ψ < a on a set of nonzero measure. Choose arbitrarily 
ε > 0. Then, there are nontrivial values2 aε ∈ (−1, a) and mε ∈ (m, 1) such that the 
function ψ chopped above mε and below aε, namely

uε(x) =

⎧⎪⎪⎨⎪⎪⎩
aε ψ(x) < aε,

ψ(x) aε ≤ ψ(x) ≤ mε,

mε ψ(x) > mε,

satisfies

uε = ψ = m, and ∥uε − ψ∥H1(Ω) < ε. (10.7)

Since aε is a nontrivial value of ψ, the set Dε = {x ∈ Ω : ψ(x) < aε} has positive 
measure. Besides, ∇uε = 0 on Dε, implying that ∇A(uε) =

√︁
a(uε)∇uε = 0 on Dε. 

Therefore, it is apparent that∫︂
Ω 

a(uε)|∇uε|2 dx =
∫︂
Ω 

|∇A(uε)|2 dx =
∫︂

Ω\Dε

|∇A(uε)|2 dx ≤
∫︂
Ω 

|∇A(ψ)|2 dx.

Besides, in light of (10.6), we have∫︂
Ω 

Ψ(uε) <
∫︂
Ω 

Ψ(ψ).

This yields E(uε) < E(ψ), a contradiction since ε > 0 was arbitrarily chosen. A similar 
contradiction arises when ψ > b on a set of nonzero measure by using (10.4). □

We are now ready to prove the main result of this section.

10.2. Proof of Theorem 1.3 part (3)

In order to construct global strong solutions, we employ a technique, based on a 
suitable use of the Łojasiewicz-Simon inequality, that is well-known in the literature for 
non-linear evolution equations [39], geometric flows [10] and phasefield models [24,41]. 
In this work, we adapt it to the nonlinear diffusion setting.

Step 1. Bounds for initial data close to ψ. Since ψ is a local minimizer of E on 𝒱m, 
we already know that ψ ∈ H2(Ω) and there exist ξ ∈ (0, 1) and χ > 0 such that

2 c is a nontrivial value for u if the two sets {x ∈ Ω : u(x) < c} and {x ∈ Ω : u(x) > c} have both positive 
measure.
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∥ψ∥C(Ω) ≤ 1 − ξ, and E(u) ≥ E(ψ) for all u ∈ 𝒱m ∩H2(Ω) : ∥u− ψ∥H2(Ω) < χ.

(10.8)

Recalling that ∥u∥C(Ω) ≤ CS∥u∥H2(Ω) due to the Sobolev embedding theorem H2(Ω) ↪→
C(Ω), we set

ω0 := min
{︃

1, ξ

3CS

}︃
. (10.9)

Then, for any u ∈ H2(Ω) such that

∥u− ψ∥H2(Ω) ≤ ω0, (10.10)

it follows from (10.8) that

∥u∥C(Ω) ≤ ∥ψ∥C(Ω) + ∥u− ψ∥C(Ω) ≤ 1 − 2ξ
3 
. (10.11)

Besides, by using (10.9) and (10.10), we find

E(u) ≤ aM
2 

∥∇u∥2 + |Ω| max 
s∈[−1,1]

|Ψ(s)|

≤ aM
2 

(∥ψ∥H2(Ω) + 1)2 + |Ω| max 
s∈[−1,1]

|Ψ(s)| := γ1, (10.12)

where, along the proof, the constants γi > 0 only depend on ψ.
We now consider an initial datum ϕ0 ∈ H2(Ω) with ∂nϕ0 = 0 on ∂Ω, ϕ0 = m satisfying

∥ϕ0 − ψ∥H2(Ω) ≤ η, (10.13)

for some η ∈ (0, ω0) to be determined later (see (10.22)), and (1.30). Then, we have

∥μ0∥H1(Ω) ≤ M, (10.14)

for a given M > 0, where μ0 = −div(a(ϕ0)∇ϕ0) + a′(ϕ0) |∇ϕ0|2
2 + Ψ′(ϕ0). In particular, 

(10.11) and (10.12) hold true with u = ϕ0 and the constant γ1 is independent of the 
initial datum ϕ0.

Step 2. Strong solution on a finite interval. Owing to (10.11), (10.12) and (10.14), 
we apply Proposition 9.1 with M , γ1 and δ0 := 2

3ξ. As a consequence, there exists a 
universal time ˜︁T > 0, depending only on M , γ1 and δ0, such that problem (1.1)-(1.4)
with initial datum ϕ0 at t = 0 admits a (unique) strong solution ϕ : Ω× [0, ˜︁T ] → [−1, 1]. 
In particular, it follows from Proposition 9.1 that

∥ϕ(t)∥C(Ω) ≤ 1 − ξ

3 , ∀ t ∈ [0, ˜︁T ], (10.15)



M. Conti et al. / Journal of Functional Analysis 291 (2026) 111599 57

and that

sup 
t∈[0, ˜︁T ]

∥ϕ(t)∥H3(Ω) =: M1, (10.16)

for some M1 > 0 depending on M , γ1 and m but independent of ϕ0. Furthermore, in 
light of (5.17), there exists γ2 > 0 only depending on E(ϕ0) (and in turn, only on ψ by 
(10.12)), such that

∥ϕ(t)∥H1(Ω) ≤ γ2, ∥μ(t)∥H1 ≤ γ2(1 + ∥∇μ(t)∥L2(Ω)), ∀ t ∈ [0, ˜︁T ]. (10.17)

Furthermore, from (10.15) and (10.17), there exists γ3 > 0 such that

E(ϕ0) −E(ϕ(t)) = 1
2

∫︂
Ω 

a(ϕ0)(|∇ϕ0|2 − |∇ϕ(t)|2) dx

+ 1
2

∫︂
Ω 

(a(ϕ0) − a(ϕ(t)))|∇ϕ(t)|2 dx +
∫︂
Ω 

Ψ(ϕ0) − Ψ(ϕ(t)) dx

≤ aM
2 

∥∇(ϕ(t) + ϕ0)∥L2(Ω)∥∇(ϕ(t) − ϕ0)∥L2(Ω)

+ max 
s∈[−1,1]

|a′(s)|∥ϕ(t) − ϕ0∥L∞(Ω)∥∇ϕ(t)∥2
L2(Ω)

+ max 
s∈[−1+ ξ

3 ,1− ξ
3 ]
|Ψ′(s)|∥ϕ(t) − ϕ0∥L1(Ω)

≤ γ3∥ϕ(t) − ϕ0∥H2(Ω), ∀ t ∈ [0, ˜︁T ]. (10.18)

In the rest of the proof, we will assume without loss of generality that

M > 2γ2. (10.19)

Step 3. Determining η. Let ϵ > 0 be given, and define

ω := min
{︄
ω0, ϵ, χ, β, 

˜︁Tbm
6γ3

}︄
, (10.20)

where β is given by Theorem 1.1 and bm as in (1.6). We claim that there exist η > 0, 
depending on ω, such that

∥ϕ0 − ψ∥H2(Ω) ≤ η =⇒ ∥ϕ(t) − ψ∥H2(Ω) ≤ ω, ∀ t ∈ [0, ˜︁T ]. (10.21)

In particular, the solution always remains close within ϵ to ψ as stated in Theorem 1.3
part (3).
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To this aim, for η ∈ (0, ω
2 ] we define

Tη = inf{t > 0 : ∥ϕ(t) − ψ∥H2(Ω) ≥ ω}.

Let Tη < ˜︁T . We recall that E(ϕ(t)) is non-increasing and that E(ϕ(t)) ≥ E(ψ) on [0, Tη]
since ω < χ. Then, we are in the position to apply Theorem 1.1 to derive on the interval 
[0, Tη] ⊂ [0, ˜︁T ]

− d 
dt (E(ϕ(t)) − E(ψ))θ = −θ (E(ϕ(t)) − E(ψ))θ−1 d 

dtE(ϕ(t))

≥ θ

CL

⃦⃦⃦√︁
b(ϕ(t))∇μ(t)

⃦⃦⃦2
L2(Ω)⃦⃦⃦

μ(t) − μ(t)
⃦⃦⃦
L2(Ω)

≥ θ bm
CPCL

∥∇μ(t)∥L2(Ω)

≥ 1 
C1

∥∂tϕ(t)∥H−1
(0) (Ω).

Here, we have used (1.6), (2.1) and (5.11). The constant C1 depends only on bm, Ω
and the parameters θ and CL from Theorem 1.1. Therefore, an integration on the time 
interval (0, Tη), together with (10.18), gives that

Tη∫︂
0 

∥∂tϕ(τ)∥H−1
(0) (Ω) dτ ≤ C1

(︁
E(ϕ0) − E(ψ)

)︁θ ≤ γ4∥ϕ0 − ψ∥θH2(Ω).

Exploiting the H3-bound in (10.16), we then deduce the following control

∥ϕ(Tη) − ψ∥H2(Ω) ≤ ∥ϕ0 − ψ∥H2(Ω) + ∥ϕ(Tη) − ϕ0∥H2(Ω)

≤ ∥ϕ0 − ψ∥H2(Ω) + C2∥ϕ(Tη) − ϕ0∥
3
4
H3(Ω)∥ϕ(Tη) − ϕ0∥

1
4
H−1

(0) (Ω)

≤ ∥ϕ0 − ψ∥H2(Ω) + C2(2M1)
3
4

⎛⎝ Tη∫︂
0 

∥∂tϕ(τ)∥H−1
(0) (Ω) dτ

⎞⎠
1
4

≤ ∥ϕ0 − ψ∥H2(Ω) + 2 3
4C2M

3
4
1 γ

1
4
4 ∥ϕ0 − ψ∥

θ
4 
H2(Ω)

≤ η + 2C2M
3
4
1 γ

1
4
4 η

θ
4 ,

for some interpolation constant C2. Hence, setting

η := min

⎧⎨⎩ω

2 
,

(︄
ω

8C2M
3
4
1 γ

1
4
4

)︄ 4 
θ

⎫⎬⎭ , (10.22)
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we find ∥ϕ(Tη) − ψ∥H2(Ω) ≤ 3
4ω < ω, which yields a contradiction with the definition of 

Tη. As a consequence, for η given by (10.22) it holds that Tη ≥ ˜︁T , and we learn that

∥ϕ(t) − ψ∥H2(Ω) ≤ ω, ∀ t ∈ [0, ˜︁T ],

as claimed in (10.21). In turn, since ω ≤ ξ
3CS

, we obtain from (10.15) that

∥ϕ(t)∥C(Ω) ≤ ∥ψ∥C(Ω) + CS∥ϕ(t) − ψ∥H2(Ω) ≤ 1 − 2ξ
3 
, ∀ t ∈ [0, ˜︁T ]. (10.23)

Furthermore, observing that

∥ϕ(t) − ϕ0∥H2(Ω) ≤ ∥ϕ(t) − ψ∥H2(Ω) + ∥ϕ0 − ψ∥H2(Ω) ≤
3
2ω,

by (10.18) we can estimate the energy drop on [0, ˜︁T ] as

E(ϕ0) − E(ϕ( ˜︁T )) ≤ 3
2ωγ3. (10.24)

By exploiting (10.24) in the energy inequality (5.5), we find that

˜︁T∫︂
0 

𝒴(τ) dτ ≤ E(ϕ0) −E(ϕ( ˜︁T )) ≤ 3
2ωγ3,

where 𝒴 =
∫︁
Ω b(ϕ)|∇μ|2 dx. Since the function 𝒴(·) is non-negative, there exists t∗ ∈[︂ ˜︁T

2 ,
˜︁T]︂ such that

𝒴(t∗) ≤ 2 ˜︁T
˜︁T∫︂

˜︂T
2 

𝒴(τ) dτ ≤ 2 ˜︁T · 3
2ωγ3 < bm, (10.25)

where the last inequality follows from the definition of ω (cf. (10.20)). Since b(ϕ) ≥ bm, 
we deduce the control bm∥∇μ(t∗)∥2

L2(Ω) ≤ 𝒴(t∗), which in light of (10.25) gives

∥∇μ(t∗)∥2
L2(Ω) < 1.

Therefore, invoking (10.17) and (10.19) we end up with

∥μ(t∗)∥H1(Ω) ≤ γ2
(︁
1 + ∥∇μ(t∗)∥L2(Ω)

)︁
< 2γ2 < M. (10.26)

Step 4. Iteration argument. We have shown that μ(t∗) satisfies the same bound of μ0
(compare (10.14) with (10.26)). Moreover, by (10.23), ϕ(t∗) complies with the separation 
property (10.11).
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Now, we go back to Step 1 taking t = t∗ (instead of t = 0) as a new initial time, 
with ϕ(t∗) (and μ(t∗)) as initial datum instead of ϕ0 and μ0. Observing that the same 
bounds as in Step 1 hold true, we can apply Proposition 9.1 with the same M and δ0
as in Step 2. As a result, problem (1.1)-(1.3) with initial datum ϕ(t∗) at the initial time 
t = t∗ admits a (unique) strong solution, which is defined on the interval [t∗, t∗ + ˜︁T ]. 
Notice that ˜︁T is exactly the same as for ϕ0.

Thanks to the uniqueness of strong solutions, we conclude that ϕ (given in Step 2) 
is indeed defined on the extended interval [0, t∗ + ˜︁T ], which contains in particular the 
interval [0, 3

2
˜︁T ].

At this point, we repeat the argument in Step 3 on [0, 3
2
˜︁T ], and we derive the same 

refined estimates (10.21)-(10.24) on [0, 3
2
˜︁T ] under exactly the same choice of η given by 

(10.22). Again, we will find a time t∗∗ ∈ [ ˜︁T , 3
2
˜︁T ] such that 𝒴(t∗∗) < bm as in (10.25)

and thus ∥μ(t∗∗)∥H1(Ω) < M as in (10.26). Then, we can take t∗∗ as the new initial time 
to repeat the above procedure, thus extending the unique local strong solution to the 
longer interval [0, 2˜︁T ] with the same uniform estimates on the whole [0, 2˜︁T ]. By iterating 
the process, we easily arrive at the conclusion of Theorem 1.3 part (3).

Lastly, the convergence as t → ∞ of the global trajectory to a single stationary state 
can be proved as in the case d = 2, following exactly the arguments in Section 8, where 
the dimension plays no role. This concludes the proof of Theorem 1.3.
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