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diffusion case, which enables us to characterize the longtime
dynamics.
© 2026 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction

We study the Cahn-Hilliard equation with nonlinear diffusion

O = div(b(9)Vp), (1.1)

2
b= ~div(a(6)V0) + '(6) Ve + W (). (1.2)

The initial-boundary value problem related to (1.1)-(1.2) is considered in © x (0, c0),
where Q is a bounded domain in R?, with d = 2 and d = 3. The system (1.1)-(1.2) is
equipped with the following homogeneous Neumann boundary conditions

On® = b()Oppu =0 on 9Q x (0, c0), (1.3)
and initial condition
Pli=0 = ¢o in Q. (1.4)

Here, n is the unit outward normal vector on 0f2, and 9, denotes the outer normal deriva-
tive on 0f). The state variable of the system is the difference of two fluid concentrations
¢: Q x[0,00) = [—1,1] (order parameter). The function a: [-1,1] — [0, 00) represents
nonlinear diffusion under the assumptions

a€C*([~1,1]) : 0 < a,, < a(s) < apr, s € [~1,1]. (1.5)
The function b: [—1,1] — [0, 00) is the non-degenerate Onsager mobility, which satisfies
be CH[-1,1]) : 0 < by, < b(s) < by, s € [-1,1]. (1.6)

The homogeneous free energy density ¥ is the Flory-Huggins potential

U(s) = F(s) — %52
= % (14 s)log(1+s)+ (1—s)log(l—s)| — %52, se[-1,1], (1.7)

where © < O are constant positive parameters. The system (1.1)-(1.3) is a generalization
of the classical Cahn-Hilliard equation, which is recovered when a = 1. The associated
Ginzburg-Landau free energy is
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B(6) = [ A2 0P +w(0)da. (18)
Q

and (1.1)-(1.2), together with (1.3), is the resulting mass conserving gradient flow with
respect to the metric of the dual space of H!(Q). The importance of including a nonlinear
coeflicient in the interfacial free energy density, depending on the order parameter, stems
from the modeling of complex systems such as crystals, polymers and hydrogels (see, e.g.,
[6]). Different forms of a significantly affect the free energy costs of interfaces between
components. For instance, specific approximations arising from the description of phase
separation include polynomials such as

a(u) = ap + aqu + asu?,

where ag > 0 (cf. [31]), or even singular coefficients of de Gennes type as in [17]. We also
mention that more general Ginzburg-Landau free energy (w.r.t. (1.8)) are employed in
amphiphilic systems (see, e.g., [26])

The mathematical analysis of system (1.1)-(1.4) has been intensively studied over the
last decades in the constant diffusion case, namely a = 1. For the interested reader, we
mention the works with constant mobility [1,5,16,18,24,33,34], non-degenerate mobility
[7,13,36,38], as well as degenerate mobility [11,15,19,32], and the references therein. On
the other hand, the nonlinear diffusion case a(¢) has only been partially developed so far.
The main contribution in the literature is the work by the fourth author and Pawlow [37]
(see, in particular, Sections 5 and 6) referring to the case with constant mobility. Therein,
the authors first showed the existence of global weak solutions under the assumption
(1.5). The uniqueness of weak solutions and their regularization properties for positive
times were achieved under the assumptions

a"(s) > 0, <1> (s) < =k, Vsel|-1,1], (1.9)

a
where x > 0. As observed in [37], the above conditions entail that the gradient part of
the energy
J(¢) = / @|V¢|2 dz is strictly convex.
Q

Concurrently, a Navier-Stokes/Cahn-Hilliard system, including (1.1)-(1.2) with non-
degenerate or degenerate mobility, together with nonlinear diffusion, was studied by
Abels, Garcke and Depner in [2,3], where they proved the existence of global weak solu-
tions. Therefore, several mathematical questions on the model in presence of a non-convez
gradient energy part remains largely unexplored.

In this work, we investigate fine qualitative properties of the solutions to the Cahn-
Hilliard system (1.1)-(1.4) without imposing the convexity assumption (1.9). Our aim is
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twofold: to address uniqueness and regularity of solutions in the general setting (1.5); to
characterize the longtime behavior of solutions, a question that has not been explored
so far, even in the conver case (1.9). Under the general setting (1.5), our main results
are summarized here below:

e Theorem 1.2: In two space dimensions, the global weak solutions are unique, prop-
agate regularity for positive times, and converge to an equilibrium point of the free
energy FE(¢) as t — co.

e Theorem 1.3: In three space dimensions, strong solutions exist locally in time for
arbitrarily large initial data, and globally in time for initial data sufficiently close to
energy minimizers. The latter entails a Lyapunov stability principle. Furthermore,
such global strong solutions converge to an equilibrium point of the free energy E(¢)
as t — oo.

Before detailing our main results, let us point out some novelties of this work. First of
all, we show that any weak solution to the system exhibits enhanced regularity proper-
ties. A key tool at this stage is a tailored regularity theory for the associated stationary
problem with nonlinear diffusion that we derive in Section 3 based on a suitable refor-
mulation of the chemical potential borrowed from [2]. In particular, obtaining that any
weak solution belongs to L*(0, 0o; H2(£2)) enables us to extend the techniques of [13] to
address the combined effects of the nonlinear diffusion a and the variable mobility b. This
leads to uniqueness and global regularity results in two spatial dimensions. Furthermore,
based on the improved regularity of weak solution at any positive time, we resolve an
open question from [37, Remark 6.4] regarding the validity of the energy equality for
E in the non-convex setting. In summary, our analysis goes beyond the classical Cahn-
Hilliard equation with constant coefficients, providing a comprehensive well-posedness
framework for the general nonlinear, non-degenerate system in two dimensions.

Secondly, we establish a crucial tool for analyzing the long-time behavior of solutions,
as well as proving Lyapunov stability in the spirit of Simon [39]: the L.ojasiewicz-Simon
inequality. For the classical Cahn-Hilliard energy with constant coefficient, this inequality
was first derived in [30] and later refined in [5]. However, such a tool has not yet been
developed in the setting of nonlinear diffusion. In order to present the new Y.ojasiewicz-
Simon inequality related to the free energy (1.8) with nonlinear coefficient a, we recall
the stationary problem corresponding to the evolution system (1.1)-(1.4):

—div(a(u)Vu) + #|VU|2 + 0 (u) = @|VU|2 + ¥ (u) in Q, (1.10)

Opu =0 on 0, (1.11)

together with
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where the notation f := ﬁ fQ f da is the spatial average. For m € (—1,1), we denote
the set of the stationary states as

S ={u € H*(Q) with ¥'(u) € L*(Q) : u solves (1.10) — (1.11) and @ = m}. (1.12)
We show that
Theorem 1.1 (Fojasiewicz-Simon inequality). Let @ C RY, d = 2,3, be a bounded smooth
domain. Assume that a is real analytic on the open interval (—1,1). Then, for any

Y € Sy, there exist 0 € (0, %], Cr, > 0 and B > 0 such that the following inequality
holds

|E(u) = E(W)["

—div(a(u)Vu) + @‘VUF + 0 (u) — M|V’u|2 + W' (u)

<y 5

., (1.13)
L2(Q)

for all w € H*(2) such that w=m, Oyu =0 on 0Q and ||u — | y2(q) < B.

The proof of Theorem 1.1 relies on the approach proposed in [35], where the stationary
points are interpreted as constrained critical points of the free energy on a manifold M
which accounts for the conservation of mass. It is important to point out that, on the
contrary to the classical case with constant diffusion, it is not possible to work in the
energy space H'(Q), but we rather need to consider the smaller space H?(Q2), which
requires an assumption on the vicinity of u to 1 in H?(Q). This is due to the fact that,
in the H!(Q) framework, the Frechet derivative J’ is not well defined due to the quadratic
term arising from a(¢). We refer the interested reader to [20] where a similar approach
has been needed to deal with dynamic boundary conditions.

1.1. Main results

For m € (—1,1), we introduce the space of admissible finite energy data
Voo = {F € H'(Q) N L2(Q) : | fllp(0) < 1 and [ =m},
and we study the evolution system (1.1)-(1.4) with initial datum in V,,. In the two
dimensional case, our results are collected in the following (some notation used in the

statement will be specified in Subsection 2.1 below):

Theorem 1.2. Let Q C R? be a bounded domain with smooth boundary. Assume that
(bO € Vm
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(1) Global weak solutions: There exists a global weak solution ¢ to (1.1)-(1.4) in the

following sense:

¢ € L>(0,00; Vi) N Ly ([0, 00); H*(R2)), (1.14)
¢ € L>(Q x (0,00)) such that |¢p(z,t)] < 1 a.e. in Q x (0,00), (1.15)
i € L*(0, 005 H gy (€2)), (1.16)
p € Lo ([0, 00); H' (), (1.17)

and, for any 2 < p < oo,

¢ € Lﬁloc([ov OO); WZ’p(Q)) and F/(¢) € Liloc([()? OO); Lp(Q))v (118)
where
(01, v) + (b(4) Vi, Vo) =0, Yo € HY(Q), a.e. in (0,00), (1.19)

and the chemical potential is given by

p = —div (a(¢)Ve) + a/((b)% + W' (¢) a.e. in Q x (0,00). (1.20)

Moreover, Oy = 0 almost everywhere on 9Q x (0,00), and ¢(+,0) = ¢g in 2.
Uniqueness: Assume that b € C%([—1,1]). Let ¢1,$2 be two weak solutions starting
from @Y, 93, respectively, with d)_? = (b_g. Then, for any T > 0, there exists C > 0
such that

I616) = 2Ol pa < C 168 = Bl sy VEEOTE  (121)

The constant C' depends only on the parameters of the system, the final time T, and
the initial free energies E(¢Y) and E($3). In particular, the weak solution is unique.
Propagation of reqularity: For any T > 0, there holds

é € L>®(1,00; H*(Q)), 0i¢p € L2,.([r,00); H'(Q)) N L>¥(7,00; H(Q)), (1.22)

uloc
¢ € C(Q x [1,00)) such that |¢p(x,t)] <1—6 everywhere in Q x [1,00),  (1.23)
€ L(7,00; H' () N L2, ([, 00); H* (), (1.24)

uloc
for some § € (0,1) depending on T and the norm of ¢o. In particular, ¢ satisfies
(1.1)-(1.2) almost everywhere in Q x (1,00) and Opp = Oppr = 0 almost everywhere
on 9N x (1,00).
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(4) Energy equality: The weak solution satisfies the energy equality

2

oy B = B(00) (1.25)

¢
EG®) + [ |VEEE)Vuls)
0
for every 0 <t < co. Furthermore, ¢ € C([0,00); H*(R)).
(5) Convergence to equilibrium: Let a be analytic in (—1,1), b € C%([~1,1]). Then, there

exists a unique ¢oo € Sy, such that

lim ¢(t) = ¢os in H*(Q).

t—o00

Concerning the evolutionary problem in a three dimensional domain, the main results
are stated in the following.

Theorem 1.3. Let Q C R3 be a bounded smooth domain, and let ¢g € V.

(1) Global weak solutions: There exists a global weak solution ¢ to (1.1)-(1.4) such that

¢ € L(0,00; Vi) N Lyjoe ([0, 00); H2(2)) N Lo ([0, 00); W2E(9)), (1.26)
¢ € L*°(Q x (0,00)) such that |p(x,t)] <1 a.e. in Q x (0, 00), (1.27)
drd € L*(0, oo;H(g;(Q)), (1.28)
IS Laloc([ov oo)aHl(Q))7 F/(¢) € L12110c([07oo);L6(Q>)7 (129)

which satisfies (1.19)-(1.20), and Ox¢ = 0 almost everywhere on 9 x (0,00), as well
as ¢(+,0) = ¢p in Q.
(2) Local strong solutions: Assume that ¢g € Vi, N H2(Y), Onpo = 0 on 0Q and

|V o2
2

|- atonvon) + )Vt wion)| <a )

HY(Q)

for some M > 0. Then, there exist Tpy > 0, depending only on M, E(¢py) and m,
and a unique strong solution ¢ to (1.1)-(1.4) on [0, Ta] in the following sense

Qb € LOO(OvTM;Wz’G(Q))a 8t¢€ Laloc(ovTM;Hl(Q))’
¢ € L x (0,Thr)) such that |Pp(z,t)| <1 a.e. (z,t) € Qx(0,Tn), (1.31)
€ L0, Tar; HH(Q)), F'(¢) € L™=(0, Tas; L8(Q)).

Besides, ¢ fulfills the equations (1.1)-(1.2) almost everywhere in  x (0,Thy).

(3) Lyapunov stability: Let a be analytic in (—1,1) and let 1) € V,,, N H?(Q) be a local
minimizer of the energy E in V,,. Assume that the initial datum ¢o € V,, N H?(Q),
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Onto = 0 on IQ and satisfies (1.30). Then, for any € > 0, there exists a constant
1 € (0,1), depending on € and M, such that, if

lpo — Y a2y < s

the unique strong solution to (1.1)-(1.4) is global in time. Besides, ¢ € L>(0,oc;
H3(Q)) and

lp(t) = Yllaz) <€, VE>0.

(4) Convergence to equilibrium: Let the assumptions of part (3) be in place. Then, there
exists a unique goo € Sy such that the unique global strong solution ¢ to (1.1)-(1.4)
obtained in part (3) satisfies

tlgl(;lo o(t) = poo in H*(Q).

Remark 1.4. We point out that the assumption 1 € H?(Q) is not a restriction. Indeed,
we prove in Section 10 that any energy minimizer satisfies such regularity.

Remark 1.5. Our analysis can be straightforwardly generalized for singular potentials ¥
of the form

U(s)=F(s) — —s°, Vse[-1,1], (1.32)

where F € C([-1,1]) N C?(—1,1) such that F(0) = F'(0) = 0, lims_,4+1 F'(s) = 400,
and F"(s) > © > 0, for all s in (—1,1) as in [34]. Furthermore, growth assumptions on
F' or F" are required for the separation property (1.23) as in [21] and [22].

Remark 1.6. After the submission of this manuscript, new results have been obtained
for models involving the Cahn-Hilliard equation with nonlinear diffusion, partly building
on the analysis developed here. First, Lyapunov stability has been extended in [23,
Theorem 2.2] to solutions of the thermodynamically consistent diffuse-interface model
for incompressible two-phase flows with unmatched densities studied in [2] (cf. [4] for
the case with constant mobility). Besides, convergence to a single equilibrium has been
established for global weak solutions in [27, Theorem 3.8].

2. Mathematical setting
2.1. Function spaces

For X Banach space, the set X’ denotes the dual space and (-,-)x/ x the duality
product. For 1 < p < oo and an interval I C [0,00), LP(I; X) is the space of all Bochner
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p-integrable functions defined from I into X. For 1 < p < oo, the set L? ([0, 00), X)
denotes the space of functions f € LP(0,7;X) for any T" > 0 such that there exists
C > 0 such that

t+1
19115 0y =500 [ 1A ds < o
Tt

The set of continuous functions f : I — X is denoted by C(I; X). The space BCy,(I; X)
consists of the topological vector space of all X-valued bounded and weakly continuous
functions (i.e., the map ¢ € I — (¢, f(¢))x+ x is continuous for all ¢ € X*). Finally,
the set BUC(I;X) is the subspace of all X-valued bounded and uniformly continuous
functions with respect to the supremum norm.

Let © be a bounded smooth domain in R¢, d = 2,3. For any positive real k and
1 < p < 00, we denote by W*P(Q) the Sobolev space of function in LP(£2) such that the
distributional derivative of order up to k is an element of LP(£2). We use the notation
H*(Q) for the Hilbert space W*2(Q) with norm [l g7 (- In particular, for k = 1, we
denote the duality product between H!(Q)" and H'(Q) by (-, ).

Given the definition of spatial average

f= |%/f(x)dx if fe LY(Q),
Q

for any m € R, we introduce the function space

H(lm)(Q) = {f S HI(Q) Cf= m}.
If m = 0, we recall the Poincaré-Wirtinger inequality
£l z20) < CPIVSlLa), V€ Hy(Q), (2.1)
where Cp only depends on (2. Thus, H(1 )(Q) is a Hilbert space endowed with inner

product (f,9)y H}y (9) = (Vf,Vg) and corresponding norm ||f||H1 () = = |V fll2)- Ex-
tending the definition of total mass as

F==(f.1) if f e HY(Q),
9]
we define the Hilbert space
Hig () ={feH'(Q) : f=0}, (2.2)

with corresponding norm defined as ||f||H o) = = [[fllar (-
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We also report the generalized Poincaré inequality (see [40, Chapter II, Section 1.4]):
there exists a positive constant C' = C(Q,n.,n*) such that

2\ 4
(s gc(nwnizm) +‘/nudm‘ ) . Yue HY(Q), (2.3)
Q

where n € L>(2) is such that 0 < 7, < n(z) < n* for almost every x € Q.
Furthermore, the following Gagliardo-Nirenberg interpolation inequalities hold:

1 1
IVl o) < Cllullfuoyllliyany, YueW?P(Q), 2<p<oo,  (24)

which, in particular, gives

IVl < CllulEa g1l (2.5)
Lastly, we have
1 1
lullz2(a) < C||u||22(g)‘|u||12-11(9)7 d=2, (2.6)
1 1
lullzs ey < Cllullfa o lulldn gy d=3. (2.7)

2.2. Elliptic problems

We introduce the solution operator of the Laplace problem with homogeneous Neu-
mann boundary condition G : H(B)l(Q) — H(lo)(Q) such that, for every f € H(B)l(Q)7
Gf e H(lo)(Q) satisfies

(VGf,Vv) = {f,v), Vve H(lo)(Q). (2.8)

For any f € H(B)l(Q), IVG £l 12 is anorm on H(B)l(ﬂ), that is equivalent to ||f||H(_0)1(Q).

Furthermore,
(o) < IVl oy V0l oy - Y F € Hgh(R)0 € Hy (9). (2.9)

Next, assuming (1.6) and given a measurable function ¢ : Q — [—1, 1], we introduce the
following elliptic problem

{—div(b(Q)VU) =f inQ, (2.10)

b(q)Opu =0 on Of).

Similarly to the definition of G in (2.8), we define the solution operator G, : H (B)l(Q) —

H(lo)(Q) as follows: for every f € H(_O)I(Q), G,f € H(lo)(Q) such that
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(W(@)VGef,Vv) = (f,v), Vv e Hy) (). (2.11)

It is immediate to see that

Voo | VB@ 96,1

< IVG Sl 2 < Vour || Vo@ VG, f

, VfeHg ),

L2(Q) L2(Q)

from which it follows that [|[VG,f| ;2 is a norm on H(B)l () that is equivalent to

1964120y
We now report some elliptic estimates related to problem (2.10). Let f € L?(Q) N
H(B)l(Q) Assuming that b € C*([—1,1]) and ¢ € H%(Q), we have
G fllmr20) = € (quHLQ(Q)HqHH"‘(Q)||ngf||L2(Q) + ||f||L2(Q)) , d=2. (2.12)

1Gef 20 < C (HqHI%I?(Q)vaquLQ(Q) + ||f||L2(Q)) , d=3. (2.13)

More properties of G, can be found in [7] and [13].
The following is a classical result in the theory of elliptic systems (see, e.g., [1, Lemma

4]).
Proposition 2.1. Let d = 2,3. Assume that K € C*(R) such that 0 < K < K(s) < K for

all s € R and let ¢ : @ — R be a measurable function. Consider the Neumann problem

{—div (K()Vu) +u=f in §, (2.14)

Oqt =0 on 0N).
If p € WHT(Q), with d < r < 0o, and f € L*(Q). Then, u € H*(Q) and dyu = 0 on 9.

Moreover, there exists a positive increasing function Q depending on K, K and r such
that,

[ull 2 ) < QR fllL2 ()
where ||o|lw1rq) < R.
3. The stationary system

Let d = 2,3 and let m € (—1,1) be given. In this section we provide some regularity
properties for the elements of S,,. To this aim, following [2], it is convenient to introduce
the integral function A: R — R

A(s) ::/\/a(T) dr. (3.1)
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Since VA(u) = A’(u)Vu = y/a(u)Vu, we notice that, for u € V,,, N H3(Q),

—va(u)AA(u) = —div(a(u)Vu) + a'(u)@, (3.2)

and

1 a(u)

Au = o) Am)fza%uﬂVA@of. (3.3)

In addition, we have

OnA(u) = v/a(u)Opu =0 on 9N x (0,00).
Accordingly, if u € S,,, then u solves the following quasilinear elliptic problem with

logarithmic nonlinear term

{—,/a(u)AA(u) +F(u)=f inQ, 5.0

O A(u) =0 on 01,

where f is given by

= g (2u) |Vu|? + ¥/ (u) + Ogu.

In the following, let f € L?(Q2) be a generic function and assume that u is any solution
to (3.4) in the following sense: u € H?(Q) with F'(u) € L*(Q), which satisfies (3.4)
almost everywhere. In particular, we observe that ||ul[z~(q) < 1. Then, the following
result holds true.

Lemma 3.1. Let d = 2,3 and f € LP(Q) with 2 < p < oo. Then, we have
| F'(w)l| e ) < Cllf e,
for some positive constant C' independent of p.

Proof. For k € N, let us define the globally Lipschitz function Ay : R — R

—1+% s<71+%,
s€[-1+4+,1—1], and up=hgou. (3.5)

=
e
—
w0
~

Il
V)

-1 s>1-—1

Since u € H'(Q), the classical result on compositions in Sobolev spaces yields uy, €
H'(Q) and Vuy = Vu - X{-141.1-1(u), for any k> 0. Since a(-) > 0, we see from (3.4)
that u satisfies
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—AA(u) + ) _ a.e in Q,

Vva(u)  y/a(u)

where f € LP(Q2) by assumption. Let 2 < p < oo. Choosing as test function
|F'(ug)|P~2F'(ug), which belongs to H(2) for any k, we have

IF (we) P72 F (ur) dw

/fAA(u)|F’( W)P2F (uy) da +

Q

\/_

f / -2
/\/a(u)| (i) (i)

Since F"'(uy) is well-defined and positive, and 9,A(u) = 0 on 91, we learn that

/ _AA ()| F () P2 F (ug) da
o)
=(p-1) / |F' (ug)|P~2F" (ug) Vu - Xi—141,1-1)(u) - VA(u)dz > 0.

Then, recalling that a,, < a(s) < aps for any s € [—1, 1], we obtain

p—2 T
\/_ up)| F()dém

/ FIIE (i) P d
By the Holder inequality

JIIF ) do < IF @l Lo

Q

On the other side, by exploiting the monotonicity of F’ and the fact that F'(s)s > 0, we
have

1B o) ey < [ F/ )| ()72 F () do

Q

Therefore, we arrive at

Van
[ F (ur)]| Lo (o) < ﬁHfHLP(Qy

Passing to the limit as £k — oo, by Fatou’s lemma we end up with

\ an
| E" (w)]| ey < =l Lr(0)-
vV am
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Finally, in the case when f € L*(Q), we infer from the above estimate that
| F'(u)| ey < C, where C is independent of p. Thus, passing to the limit as p — oo,
the claim follows. O

We are now in the position to show the validity of the following crucial result.
Proposition 3.2. For each u € Sy, there exists a constant §,, € (0,1) such that
lu(z)| <1—064, VYaeQ. (3.6)
Moreover, u € H3(Q).

Proof. We notice that u solves the elliptic problem (3.4) with f given by

f= @Ivuw + (u) + Oou € L=(Q).

Therefore, we learn by Lemma 3.1 that F'(u) € L*(Q). Since F diverges at +1 and
u € O(Q), we immediately deduce the existence of §, > 0 such that |u(x)| < 1 —§,, for
all z € Q.

In order to establish further regularity, we rewrite (3.4) in the following form

—AA(u)+ A(u) =g in Q,
OnA(u) =0 on 01,

where

9= al(u) (f = F'(w) + A(u) = ﬁ <_W“) + v+ Wl(u)) A

Since u is separated from 1 by (3.6), we learn that ¥'(u) and ¥”(u) are in L>(Q).
Therefore, since u € H?({2), we easily see that g € L?(12). Besides, since

1d / 1
0rg = 22U gy — L 1G24 wr(u) | By - — 0 ()01 + /a0,
2a2(u) 2 a(u)
we have
|02, 9 |L2(Q)
1] a'(w) 1
<3|z (2||‘I’/(“)||L°°(Q) + 2Q”a/(u)|L°°(Q)||vu||2L?(Q)) 102, ull L2(0)
az(u) Lo (Q) | |
1
+|l—7—= 19 (w)[| oo ) 10, ull 22y + [V @(w)]] Loo () |0 ul L2 (02),
a‘(u) Loo(Q)
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which entails that g € H*(£2). Hence, the classical elliptic regularity theory yields that
A(u) € H3(Q). Next, on account of (3.3), u solves

{—Au +u=nh in , (3.8)

Ot =0 on 0f),
where

1 " a(u)
alu) 2a2(u)

|VAu)|? + u.

We notice that

AA(u)0y,u 1

1
243 (u) - Va(u)

1 (a"(u)a(u) —2(a’ (u))? "
2 a3(u) > O

0, AA(u)

VA(u)l?

VA(u) - 0y, VA(U) + Oy, u. (3.9)

Therefore,

a'(u)

245 (u)

10z, hllL2 (o) < ‘

AAW)[ L2 10z, ullLaa)
L ()

+

[0, AA(u) HL2(Q)

(Z(U) Lo (Q)

a"(u)a(u) — 2(a’(u))?
2a3(u)

Lo @) IVAW)]|Zs (0

|02, u
L (Q)

_|_

||VA(U)||L4(Q)HasciVA(u)HL“(Q) + ||axiu||L2(Q)
L>(Q)

C

3
2ap,

1
||A(U)HH3(Q)||U||H2(Q) + \/T—mHA(U)Hm(Q)

C C
+ ﬁ”u”HQ(Q)HA(u)”%—I?(Q) + aT||A(u)||H2(Q)HA(U)”H3(Q)

<

+ ull 1) (3.10)

Since u € H?(Q2) and A(u) € H3(Q2), we obtain that h € H'(Q), and thus u € H3() as
claimed. O
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4. A gradient Lojasiewicz-Simon inequality with nonlinear diffusion

In this section we demonstrate a gradient inequality of Lojasiewicz-Simon type for
the energy (1.8), namely we prove Theorem 1.1. To this aim, we embed the problem in
a more general setting as follows.

4.1. A general result

We set H = L?(2) and we introduce the Hilbert space
V={u€ H*Q):0yu=0o0n00N} CH,

with continuous and dense embedding into H. We consider the class of functionals & :
V=R

£(u) —/5(2“)|W|2+\Tf(u) dz,
Q

where G and U are two arbitrary regular functions such that

~ 5 5 ~
@,V € C3(R) are analytic on (1 + 3 1- 2), for some 6 > 0. (4.1)
We preliminarily observe that, for any v € V|
/ ~ AW g 2 G
(&' (w),v)vxv = [ a(u)Vu- Vo + T\Vu| v+ V' (uwvde, VveV.

Q

Since u € V, it is easily seen that

a'(u)

(€' (w),v)vixv = / (div(a(u)vu) + T|vu|2 + xfﬂ@)) vdz, YveV.
Q

Hence, for any u € V, £ has an H-gradient (see, for instance, [35, Definition 5.1]) defined
by

-~ N
VE(u) := —div(a(u)Vu) + @\VUF +W'(u) € H. (4.2)
Finally, we introduce the set
U={u€V:—1—|—g<u(a}) <1-34, Vmeﬁ}

which is an open subset of V, due to the continuous embedding V < C(Q).
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Theorem 4.1. Let d = 2,3. Assume that (4.1) hold. Let u* € U N H3(QY) with u* = m
with m € (—1,1) such that

(VE(W*),v) =0, YveH withv=0. (4.3)

Then, there exist 0 € (0, %], C >0, >0 such that

E(u) — E@H)|? < C HVE(u) - WHH (4.4)

for allu € U such that w =m and |Ju — u*||y < 8.

The strategy of the proof consists in interpreting u* as a constrained critical point
of £ on a manifold M defined as the nodal set of a suitable map G : V. — R, see (4.6)
below, accounting for the conservation of mass of the model. Accordingly, hinging upon
the abstract result [35, Corollary 5.2] (see also [9]), we will obtain a refined Y.ojasiewicz-
Simon gradient inequality, that will yield the claimed inequality (4.4).

4.2. Proof of Theorem /.1

We proceed by recasting our problem in the framework of [35, Corollary 5.2] through-
out the subsequent three steps.

Step 1. Analyticity of £ e VE on U. We will make use of the following result on the
analyticity of superposition functions.

Lemma 4.2. If f: (-1 + § g ;1= f) — R is analytic, then the map
F:U — C(Q), u— f(u)
s analytic.

Proof. We argue as in the proof of [9, Corollary 4.6]. We preliminarily observe that f is
uniformly analytic in J = (=1 + 4,1 — §). This means that there exists 0 < p < % such
that the power series expansion of f near any given s € J

Z an(35)(s —73) an () € R, (4.5)

converges absolutely for every s € (—1,1) : [s — 5] < p. Let U := {u € C(Q) : u(x) €
J,Vx € Q}, noticing that U is an open set of C(Q), and fix & € U. Defining the ball
B,(@) = {v € C(Q) : |[v— 10l r=(a) < p}, we learn from (4.5) that

u):Zan(u—ﬂ)" in C(Q),
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for any u € B, (1), where the multilinear forms a,, : [C(Q)]" — C(Q) and a,,(u — Q)" =
an(u—1,...,u—10) by the rule z — a, (a(z))(u(z) —u(x))", for any x € Q. Accordingly,
since 4 is arbitrary in U, the map

U—CQ), u f(u)

is analytic. In order to prove that F is analytic as a map from U to C(Q), we rely on
the continuous embedding U < C(€). Since the inclusion i : U — C(Q) is analytic,
i(U) C U and the composition of analytic maps is analytic (see e.g. [35, Theorem 2.2]),
the conclusion immediately follows. O

We are now ready to prove the required analyticity of £ and VE&.
Lemma 4.3. The functional £ is analytic on U.
Proof. The following properties hold:

(M1) the pointwise multiplications C(Q) x L?(Q) — L2(Q) : (f,g) — fg is analytic;
(M2) The map L*(Q) = R : f — [, f dz is analytic;

(M3) The map H?(Q) — L*(Q) : u + 9;0;u, for any i, j, is analytic;

(M4) The map H?(Q2) — L*(Q) : u + |Vu|? is analytic.

Indeed, (M1)-(M3) follow as the maps are (multi)linear and bounded (see e.g. [35, Ex-
ample 2.3]). As to (M4), the map is analytic since it is the diagonal of the bounded
bilinear map a : H2(Q2) x H%(Q) — L*(Q) such that a(u,v) = Vu - Vo.

Now, by (4.1) and Lemma 4.2, the map U — C(Q) : u ~ a(u) is analytic. Since
the pointwise multiplication C(Q) x L?(2) — L2(f) is analytic (see (M1)), the map
U— L*(Q) :urs @|VU|2 is analytic in light of (M4). Then, as the composition of
analytic maps is analytic, we deduce from (M2) that

U—-R: u— / \Vu|2 dz is analytic.

Analogously, the analyticity of the map U - R: u — fQ u) dz easily follows. Hence,
we obtain the desired claim. O

Lemma 4.4. The map VE : U — L?(Q) is analytic.

Proof. By standard computations and (4.2), we have

VE(u) = —a(u)Au — @Wuﬁ + U (u) € H.
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Hence, by arguing as in Lemma 4.3 for the analyticity of £, we immediately learn that
the map U — L?(Q) : u —#\VMQ + U'(u) is analytic. Finally, the map U —
L2(Q) : u s a(u)Au is analytic by (M1) and (M3). O

Step 2. £”(u*) is a Fredholm operator of index zero on V. First of all, for u € U, the
second derivative £ (u) = (VE)'(u) is such that

(E" (w)v, 2)vrxv

)
a//(u) 2 ~1 ~1 =~ ST
= 5 |[Vul?vz + @' (w)vVu - Vz + @' (u)zVu - Vo + a(u)Vo - Vz + U (u)vz da,
Q

for any v,z € V. We notice that

@ (u)

T|Vu|2v + @ (w)Vu - Vo + 0" (u)v

L2(Q)
< O " ()| ey IVl 000 01l =) + 1@ (@) e V0l 2000 [ V0l )
1" (W)l oo () V]| 220

and

[ =div(@(u)Vv) — div(@ (u)oVu)]| 12 (q)
< [a(u)|| Lo () | Av|| 2 () + 2[1@" (w) || oo ()l V|| La) | VOl L (o)
+ (@ ()| L= @ IVl Fa oy [0l Loe (@) + 118" () oo () 0] Low () | Al L2 (02)-

Here, the right-hand sides are both finite since u € U, v € V and assumption (4.1) is in
place. Therefore, an integration by parts leads to

" (u)

E"(u)v = —div(a(u)Vv) — div(a’ (u)vVu) + T|Vu|2v +@ (u)Vu- Vu+ U (u)v € H,

for any v € V.
Let us now take 1 € U N H3(Q). For any v € V, we write

E"(@)yv = Av + Kwv,
where
Av = —div(a(u)Vv) + v,

and

’C‘i// (a)

Kv = —div(@ (@)vVa) + T\vm% + 3@ (@W)Va- Vo — v+ ¥ (@)
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First of all, we claim that A € £(V, H) is an isomorphism, which implies that A is a
Fredholm operator of index zero. To this end, we first observe that
|~ div(@(@) Vo) + vl 2oy
< @@l zo o |Avll L2 @) + 1@ (@) Lo ) 1Vl L2 @) IVoll Lao) + [vllz2 @)

< Cllvlla(o)-

Besides, since u € W17 (Q), with 7 > 3, we immediately infer from Proposition 2.1 that
A is an isomorphism from V onto H as desired.
Next, we show that K is a compact operator from V' to H. We notice that

=~ _
Kv=—d(@)Atv -2 ( @) a2y — o+ T (@,
and

15 0]l 220y < 1@ (@) oo ) AT 220 ]| o< () + Cll@" (@) e ) VL 0 [0]] e 0

+ Jvllz2 () + 19" (@ u)| ooy llvll L2 ()
< Clvllm2(@)

where C' depends on a, ||| g2(q) and 5. Furthermore, since

O, Kv = —a"(0)0,,u Aiv — @' ()0, Auv — @' (W) AU Oy, v
’Ei///(u) ~//( )
2
— 0,0+ U ()0, Tv + U (W), v,

O, 0|V v — @ (W)0y, Vi - Viiv — |Va|? 0,,v

we find that

[VE|[r2) < l[a” (@ )||L°°(Q) [l . 100 () ”AUHLZ(Q) vz ()
N @) oo o 1@l 73 @) V]| L= (0)
1@ @) oo (o) 12T Lo () l[0][w12(0)
+C @ (@) o ) Nl @y llvll L= ()
+ |la" (@ )”LOO ||UHW213(Q [@llwrs@)llvliL=(a)
+ Cla" (@) e ) N@l1.0(0 0l o)

+ HUHHl(Q) + ||‘I’m( Mo Q)||UHW1 6(Q) ||UHL3(Q)
197 @) || Lo 0]l 21 )
< Ol gz
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where the constant C' depends on @, ||u|| g3y and 6. Hence, we deduce that K is a
bounded operator from V to H'(Q), meaning that K is a compact operator from V to
L?(€), in light of the compact embedding H'(Q2) < L?(£2). Finally, by [35, Proposition
2.5], we conclude that £”(u) : V' — H is a Fredholm operator of index zero. In particular,
we can take U = u*.

Step 3. The map G. We define the map G : V — R by

6(w) = [ udz —migl,

Q

and the corresponding nodal set
M={ueU:G(u) =0}, (4.6)

which contains all w € U such that @ = m. As in [35, Lemma 7.2], it is readily seen
that G : V — R is analytic. Indeed, by the embedding V < C(Q) and the fact that the
inclusion i : V. — C(fQ) is analytic, the conclusion follows from (M2). Besides, for all
u € U, we have

(G'(u),v)vixy = /1 cvdz, YveV.
5

In particular, G has an H-gradient given by VG(u) := 1 € H for all u € V. It immediately
turns out that the (constant) map u — VG(u) : U — H is analytic, and that G'(u) :
V — R is surjective. Furthermore, for any u € V, we have that (VG)'(u) = 0, implying
that (VG)'(u) : V — H is compact.

We are now in the position to apply [35, Theorem 3.1] at any u € M, yielding that
the set M is an analytic submanifold of V' of codimension 1. Furthermore, it follows
from [35, Proposition 3.3] that, for every u € M, the tangent space of M at u is given
by

TuM =ker(G' (u)) =S v e V: /vda: =0;. (4.7)
)

Finally, we consider u* € U N H3(Q) with u* = m. In particular, u* € M and, since
(4.3) holds true, it turns out from (4.7) that u* is a constrained critical point' of £ on

M.

! We recall that u € M is a constrained critical point of € (or a critical point of &) if (VE(u),v) =0
for all v € T, M.
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Step 4. Conclusion of the proof of Theorem 4.1. Collecting the properties proved in
the previous steps, all the required assumptions in [35, Corollary 5.2] are in place for our
energy functional &£, the map G defined in Step 3, and the constrained critical point u*.
Therefore, there exist 6 € (0, %], C >0, 8 > 0 such that

[E(u) = E@)|'™? < CIP(w)VE)ll, (4.8)

for all u € M and ||u — u*||y < B, where P(u) : H — H is the orthogonal projection on
the closure in H of the tangent space T, M. Since, for every u € M, the projection P(u)
is given by

P(U,)y:y—@, VyEH,

it then follows that (4.8) is exactly the claimed inequality. O
We are now ready to prove the Lojasiewicz-Simon inequality announced in Theo-
rem 1.1.

4.8. Proof of Theorem 1.1

Let ¢ € S,,. By Proposition 3.2, we know that ¢ € H3(£2) and there exists d,, € (O, %)
such that

[¥llo@) <1 —20y. (4.9)
Recalling the Sobolev embedding H2() < C(Q2), we have
lulc@ < Csllullrzo)

for some Cg > 0. Accordingly, we set

Oy
wo = C—S
Then, for any u € H?(2) such that
[u = Y[l r2(0) < wo, (4.10)

it follows from (4.9) that

lulle@ < Wlle@) + v —Ylleq <1—dy.
Now, having in mind Theorem 4.1, we set

V ={uec H*(Q) : Oqu = 0 on 09}, H = L*(Q),
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and
U={ueV:-1+68 <u(z)<1l-6, VzeQl,

which is an open subset of V. Note that U contains, in particular, all functions u € H 2(Q)
satisfying dyu = 0 on 9€ and (4.10). Then, we define ¥ :R — R such that ¥ € C3(R),
\I/|[ 145,,1-5,] = ¥ and |\IJ(J | are bounded for j = 1,2, 3, and similarly we extend a to
a € C3(R). Next, we introduce the functional £ : V — R

E(u) = /@|VU|2 + U(u)dz. (4.11)
Q
Since W and @, are analytic in (—1 + 6” ,1 — —) the functional &£ is analytic (see

Lemma 4.3). Besides, & coincides with E in U and, for every u € U, we have

VE(u) = VE(u) = —div(a(u)Vu) + #|Vu|2 +W'(u) € H. (4.12)

Since ¥ € S,,, it is apparent that
(VEW),v) =0, Vv e H withv=0,

namely u* = v complies with assumption (4.3). Therefore, we can apply Theorem 4.1
with £ as in (4.11), which gives the following result: there exist 6 € (O7 %} ,CL>0,6>0
such that

E(u) = W) < o | VEw) - VEW)|

4.13
L2 (4.13)
for allw € U such that = m and ||u — )| g2y < B.
Since, without loss of generality, we can assume 8 < wp, in light of (4.12), we imme-
diately recognize in (4.13) the desired inequality (1.13). O

5. Improved estimates for weak solutions

The existence of global weak solutions to system (1.1)-(1.2) subject to (1.3)-(1.4)
has been proved in [37] under the assumption b = 1 and (1.5), in both two and
three dimensions. The proof can be easily extended to the case with non-degenerate
concentration-depending mobility satisfying (1.6), see also the analysis in [2]. As a re-
sult, for any ¢g € V,,, with m € (—1,1), there exists ¢ :  x [0,00) — R departing from
¢o at t = 0, with the following regularity properties

¢ € L0, T; H'(Q)) N L*(0,T; H*(Q)), (5.1)
p € L>®(Qx(0,7)) :|p(x,t)] <1 ae. in Q x (0,00), (5.2)
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dip € L(0,T; H 5 (), (5.3)

pe L0, T; HY(Q), F'(¢) € L*(0,T; L*()), (5.4)

for any T' > 0, which satisfies the system in the weak sense as in (1.19)-(1.20). Further-
more, recalling the definition of the energy in (1.8), the following energy inequality holds
true

2

< F > 0. .
oy 4 Elgo), E20 (5.5)

t
EG(0) + [ | Vi@ alr)
0
Besides, the total mass of the solution is preserved over time, namely
— 1 1 _
¢(t)|Q|/¢(t)d=TQ|/¢od$¢om, vVt > 0. (5.6)
Q Q

In this section, after recalling the basic properties of weak solutions, we establish some
improved energy estimates, which in particular leads to the regularity class (1.14)-(1.17)
when d = 2 and (1.26)-(1.29) when d = 3. In the sequel, the generic constant C > 0
depends on E(¢g) and on ¢, but is independent of the specific initial datum.

Energy bounds. Since a(-) > ap,, b(-) > by, in the interval [—1,1], we obtain from
(5.5) that

t
/|V¢>(t)|2dx+/||Vu(7)||2L2(Q) dr < C, Wi>0.
Q 0

Thanks to (5.6), an application of the Poincaré inequality entails that

1Dl oo (0,001 (2)) < C- (5.7)
Moreover, we also get
/ V()220 dr < C. (5.8)
0

Besides, recalling that VA(¢) = \/a(¢)V¢ and observing that

A(¢p) € L=(2 x (0,00)) :  |A(P(z,t))] < Vanr a.e. in Q x (0,00), (5.9)

it follows from (5.7) that
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[ A(D)| Lo (0,001 (2)) < C- (5.10)

Estimate of the time derivative. We immediately infer from (1.1) that

1060510 < €IVl (511)
Hence, by (5.8),

J10:6(0)1E 3 07 < € (512)

0

which gives 9;¢ € L?(0, oo; H(o) (Q)).

H'-estimate of the chemical potential. First, observing that

) 2
\% a.e. in 0, 00
=Va(9)As + ml ol x (0, 00),

we infer from (1.5) and (2.5) that

a'(9)

1AA(B) I 2(0) < Vam|Adlr2o) +
a(¢)

Bl o () 1Bl 2 (02) -
L (Q)

Hence, we preliminarily deduce from (5.1) and (5.10) that A(¢) € L2(0,T; H?(Q2)).
Now, we proceed with the control of the total mass of u. It is convenient to observe
that

—Va(p)AA(¢) + ' (¢) a.e.in Q x (0,00). (5.13)

We recall a standard tool from [34]: there exists a positive constant C, depending only
on m, such that

[1F@la <T| [ Foe -+ (5.14)
Q

Q

where C' — +o00 as |¢g| — 1. Multiplying (5.13) by ¢ — ¢ and integrating over €2, we
infer that

/VA(¢)~V( () (¢ — dx—f— F'(¢ ) dz

[re
! - ¢>dx+@o/¢(¢—@dx

Q
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Hence, by the Poincaré inequality (2.1) and (5.2), we have

/¢<¢78>dsc

Q

< /(ufﬁwdx ey

Q

+ / VA(9) - Va(d)Vé du

/ F'(0) (6 ) da

Q

- d(9) o
; J VA) 55T~ B)da
< ClVull2@lloll Lz + Cllid = dll72 (0

+|Va@)|, . IV A@) e 199l o)

Lo (Q)

a'(¢)

— 9||lLe||VA 2 ||V 1.2
2 Jad) ¢ — @llLe @) IVAD)IL2() VO L2(0)

Le=(Q)

+C

Thanks to (5.7) and (5.10), we obtain

< OVl 2 + €. (5.15)

/ F'(0) (6 ) da

Q

Therefore, by (5.14) and (5.15), we deduce that
IE" (D)1 < ClIVullL2@) + C. (5.16)
Now, due to the strict positivity of a(-), from (5.13) we have

1 1
— _AA — a.e. in Q x (0, 00).
a(¢)u (¢) + 0 (0) (0,00)

Integrating over 2 and exploiting the boundary condition on ¢, we find

"(¢) dz,

which immediately gives us

uda:

1 1
"(¢)|dx < — "(¢)| dax.
_/ el sm!ww
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By (5.7) and (5.16), we get

pdr| < C||Vulp ) + C.

1
| V()
Therefore, thanks to (2.3), we deduce that
el o) < ClVullL2@) + C, (5.17)

and, we conclude from (5.8) that

el L2, (10,00):H1 () < C- (5.18)

uloc

H?-estimate of the concentration. First, multiplying (5.13) by —AA(¢), integrating
over ) and exploiting the boundary conditions (1.3), we have

/F\AA ¢)|? da — Q/F’( YAA(o dx—/w VA(¢)dx+G)o!V¢ VA(¢) dz

Setting ¢, = hy o ¢, where hy is defined in (3.5), we rewrite the second term on the
left-hand side as

- / F/()AA(6) dz = / (60 AA(S) da + / F/(9)) AA(9) da
Q Q Q
- / Val@)F" ($) Vs - Vodz + / (F(é) — F'(6)) AA(6) du.
Q Q

Now, we observe that the first term is non-negative, whereas the second one converges to
0 as k — oo since F'(¢) € L*(0,T; L*(R)) and A(¢) € L%(0,T; H*(Q2)), for any T > 0.
Then, passing to the limit as & — oo, we conclude that the term — fQ F'(p)AA(¢) dx
is non-negative. Thus, recalling that a(-) > a,,, > 0 in [—1, 1], and exploiting (5.7) and
(5.10), we obtain

/ A de < OVl o + C.

Since OpA(P) = v/a(¢)Iud = 0 on 9N x (0,00), we immediately infer that
1A Z2 () < ClIVallLa() + C, (5.19)

which entails that
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A(0) € Lyoc([0,00); H*(92)). (5.20)

uloc

Therefore, by exploiting (3.3) and using the interpolation inequality (2.5), we deduce
that

a'(¢)

[AA(D) | L2(0) + H—

186120 ST

IVA@)Z4(q)

< 1
V a’(d)) Lm(Q) L‘X’(Q)
1 C
< \/T—mHAA(ﬁb)HL?(Q) + EHA@’)HL”(Q)HA((ZS)”HQ(Q)
< ClAD) a2 )

which, also thanks to (5.19), implies that

[A¢1Z20) < ClIVallL2 () + C- (5.21)
Finally, we conclude that
¢ € Lioe([0, 00); H2(92)). (5.22)

LP-estimate of the potential. In light of (1.5) and (5.13), we consider the elliptic

system
—va(p)AA(P)+ F'(¢) = f a.e. in Q x (0,00),
OnA(p) =0 a.e. on 99 x (0, 00),
where

f=n+000 € Ly ([0,00); H' ().
By the theory developed in Section 3, in particular Lemma 3.1, we deduce that
IE" (&) lLe@) < Cllpllze@) + Clléllr o), (5.23)
for any 2 < p < o0 if d = 2, and p = 6 if d = 3, which entails that
F'(¢) € Lije(10,00); LP(9)), (5.24)
forany 2 <p<ooifd=2,and p==6if d=3.

W?2P-estimate of the concentration. By (5.13), we observe that

{AA(¢) TA@B) =f ae inQx(0,00), (5.25)

OnA(¢p) =0 a.e. on 98 x (0, 00),
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where

1

0 (n—U'(9)) + A(9)-

f=

Since the elliptic regularity theory entails that

[A@)lw2r ) < Cpllfllze (), (5.26)

and observing that f € L2 ([0,00); LP(Q)) for any 2 < p < oo if d = 2, and p = 6 if
d = 3, we deduce that

A(¢) € L?xloc([()? OO), W27P(Q))7

for any 2 < p < oo if d =2, and p = 6 if d = 3. In addition, by (2.4) and (3.3), we also
infer that

1 a'(p) 2
A » < AA i) + VA 2p
A e () NG e [AA(P)] Lr (0 222(0) || e IVA(®)|| 720 (02)
< CllA(D)lwzr (o) + CllAD) L= @) [ A(D) lwzr(a)
< CllAD) w2 (a)- (5.27)

Thus, we conclude that

¢ € Lijoe([0,00); W2P(Q)),

uloc
forany 2 <p<ooifd=2,and p=6if d=3.
6. Uniqueness of weak solutions in two dimensions

We consider two weak solutions ¢1 and ¢, to problem (1.1)-(1.4) originating from two
initial data ¢ and ¢9 such that ¢? = ¢9. Following the notation in [13], we notice that
(1.19) and (1.20) entail that

i — i = —Gg,Orpp;, ae. in Qx(0,00), 1 =1,2, (6.1)

where p1 and o are the chemical potentials corresponding to ¢; and ¢9, respectively.
Setting ® = ¢ — ¢2, we find from (1.2) that

a'(é1)
2

— div (a(¢1)V®) — div ((a(¢1) — a(¢2))Ve2) + (IVo1]* = [V2/?)

+ % (a'(¢1) — d'(¢2)) [Vo|* + W' (¢1) — W'(¢2) = i1 — pr2,  a.e. in 2 x (0, 00).
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Multiplying the above equation by ® and integrating over 2, we get

[atonivep s+ [(Fo) - o) do— [ (n - p)vds

Q a J
= 00 [®l[72(q) —/<a(¢1) —a(¢2)) Vo - VO dz
Q
o / . (5)1) (|V¢1|2 — |V¢2|2) ddx — / % (a/(¢1) _ a/(¢2)) |V¢2|2q> de.

Q Q
In light of (6.1), since ® = 0 by the conservation of mass, the third term on the left-hand

side is

/ — o) ®dx = /(g¢13t¢1 =G, 01¢2) @ dx

Q Q

:/g¢1atq)q)dx+/(g¢l 7Q¢2)8t¢2<1>dx.
Q

Q

We know from [13, eq. (3.16)] that the following integration-by-parts formula holds in
the class of weak solutions

/g¢18t<b<bdx— =3 H\/Tvg% ‘
Q

1
T3 /Vgat¢1 0" (¢1)V 1 [VGy, @ dw

Q

L2(Q)

+ / VGOip1 -V (¢1) (D?Gy, VG, @) dz, (6.2)

Q

almost everywhere in (0, 00), where D?f is the Hessian of f. On the other hand, we have

/(%1 — Gy,) 02 @ da = (0s¢2, (G, — Gg,) D)

Q

= */b(%)vﬁu -V (G, — Gp,) Pdx

Q

. / (b(6s) — b(61))Viiz - VG, 0da.  (6.3)

Q

Thus, we deduce that

—/(Ml — p2) da

Q
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dt2 ‘V (¢1)VGs,

1
5 / VGOip1 - b (¢1)V 1 |Vg¢1‘1>\2 dz
Q

+ / VGi1 -V ($1) (D>Gy, ®VGy, @) da — / (b(2) — b(¢h1))Viuz - VG, ® da.
Q

Q

Therefore, we end up with the differential equality

dt2 H V(@)Y Gy,

/ ¢1)\V¢|2dm+/(F’(¢1)—F’(¢2))<I>dx
Q

Q

= 6o H‘I’|\i2(n) - / (a(¢1) — a(¢2)) Voo - VO da

Q

- / @ (Vo1 — [Ve|?) @ da — / % (a'(¢1) — a'(¢2)) [Vo|* @ dw
Q Q

- l/vgatﬁﬁl b (¢1)Vr [VGy, @ d$—/vgat¢l V' (¢1) (D*Gy, PV Gy, @) dz

Q

n / (b(¢2) — b(1))Viiz - VG, ® da. (6.4)

Q

Let us now proceed by estimating the terms on the right-hand side. First, the first term
on the right-hand side is simply estimated by

©o ||‘I’Hiz( ||V‘I’||L2(Q +C||(I)||H HOR

The terms containing the nonlinear diffusion a can be controlled as follows. By (1.5),
(2.6) and the Hilbert interpolation, we obtain

‘—/(a(%) —a($2)) Voo - VO dz| < [la(¢1) — ald2) L) IV o2l 1) IV L2 ()

Q

< C||®] s IVe2llLs @) VRl L2(0)
1 1 1 I
< CION, ) [T02l iy 621 o 11
Qm 2 4 2
< 1—6HV¢>||L2(Q) +CH¢2||H2(Q)H‘I’HH@;(Q)'
Similarly, we have

‘—/@ (IVer[* = [Vsl*) @ da

Q
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a'(¢1)
2

<

(IVé1llLao) + IVo2llLa) IVO|| 2o | @]l L2 0
L>(Q)

1 1 1 7
< Clloall fraqq) + H¢2||12L[2(Q))HCI)H;_I<B§(Q)HVCI)H?,?(Q)
am
< 1—6\\V‘I)||2L2(Q) + Cllo1ll 2y + ||¢2||‘}{2(Q)>||‘I’H§{<—O§(Q)7

and

—/%(a'(cbl)—a'(¢2))|V¢2|2<1>d$ < Clld'(91) = a'(¢2) |l La(@) Vo2l Zs () @l oo
Q

< C||¢2||H2(Q)H(I)H%4(Q)
1 3
< C’||¢2||H2(Q)\|‘I)\|,2{(—0;(Q)\|V‘I’||iz(n)
Am 2 4 2
< 1—6||V<I>||L2(Q) + C“QSQ”HQ(Q)”(I)HH(_O;(Q)

The remaining terms

b =5 [ V09611 (61)V o1 [9G,, 0" da. (65)
Q
I2 = —/Vg@t¢1 . b/((bl) (DQQ¢1(I>VQ¢1(I)> dl‘, (66)
Q
Iy = [(b(61) — b(62)) Vi - VG, & (67
Q

require a careful control based on higher order estimates for the operator G4, ®. This
has been done in [13, Section 3] based on suitable controls of [|Gy, ®||g2(q) and of
G, @llw2a(q) in terms of [[¢1]lm2(q), [|[V®|L2(0) and [VGg, |12 (that is equiva-
lent to ”(I)”H(B)l)’ coming from the elliptic regularity theory. Based on [13, Eqn. (3.46)],
there holds

1 1
G0, @z < € (196112161 1200 | VG, @) + VG0 @l [Vl ).
Thus, we have
L <C H3t¢1||H(—O§(Q) Hb”(fi)l)véﬁl|Vg¢1q’|2HL2(Q)
< C 061 -1y 901 g0 19,212

3 2 2 3
<cC Hatﬁbl”H(—O;(Q) ||v¢1||zz(g) H‘bl”}}z(g) vadnq)”zz(g) ||g¢1(1>||13{2(9)
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2 2
<C ||8t¢1||H(_0>1(Q) ||¢1||13-12(Q) ||vg¢1¢.Hz2(Q)

ik

% (16112 119G, @l 2y + 11V G, Bl1 ) V0] 7))
< C 1001l 5151y 19111322y VG, @720

+ C 1011 161y 1V G0 @ 2y V0
< T2V 2o

+C <|3t¢1|H(O;(Q) H¢’1||i12(9) + H@@Hi(—(ﬁm ¢1||H2(Q)> ||VQ¢1<I>||22(Q)
< TRVl + € (19052 @) + 11l Erey) 19152

Concerning I and I3, we report the final results from [13, Eqns. (3.50) and (3.51)]
1] < 2 V2 )+ C (10001 s )+ 101 o) 101

and
sl < T2V 20 + C (IVn2lFagey + 91l ) 191371 o)

We now collect all the estimates above in (6.4). Observing that (F'(¢1) — F'(d2), ¢1 —
¢2) > 0 and that a(¢1) > a, > 0, recalling that H(I)HH(‘0§(9) is equivalent to

|vE@0vGs,

2@’ we arrive at the following differential inequality

6.8
w68

d 2
G VoGOV o[, |+ enl VI < ho) | VoG]
where
_ 2 2 4 4 1

h(-) = C(l"'HVMHLz(Q)"'Ha@l||H(—O;(Q)+||¢1||H2(Q)+H¢2||H2(Q)> € L(0,T), VT >0.
A straightforward application of the Gronwall lemma entails that

; 2

| Vi@V, (610) =200,

< |VE@ves, (68 - )

which implies (1.21) by the equivalence of the norms in H(B)l (). Thus, if ¢9 = ¢9, the
uniqueness of the weak solutions immediately follows. The proof of part (3) of Theo-

eloh(s)ds iy >0, (6.9)
Q(Q

rem 1.2 is done.
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7. Global regularity of weak solutions in two dimensions

This section is devoted to the propagation of regularity for any global weak solution
in two dimensions, namely we prove part (3) of Theorem 1.2. Furthermore, relying on
the achieved regularity for positive times, we show the validity of the energy equality
claimed in part (4) of Theorem 1.2.

7.1. Global regularity
Below, we carry out formal estimates, which can be easily performed in the approx-

imation scheme exploited in [37]. Multiplying (1.1) by d:pt and integrating over ), we
find

&)~

% /b(¢) Vpl? da — %/b/(qﬁ)atqb\wﬁ dr + /at¢ opdz—0.  (7.1)
Q Q

Q

By exploiting (5.13), we observe that

Jowomar= [0 (~va@aa@)ovde+ [P0l s - eolorol-co
Q

Q Q

AA(6)[0roP da — / Va8 AdA(Y) o da
Q

F"($)[0:0]? dx — 60 /|0:0|72 (0

AAS)|06[ dz + / VO,A(6) -V (Va[@)ho) da
Q

"(¢)]0ep)? dx — O |0,[|72 (0

sl ar+ [ v (Vawios) [ ar
Q

F"(¢)|0:¢]* dz — ©0|0s6|32(cy)-

O —, O—0 b; D O O
e

By a direct calculation, we notice that

/‘v (\/@a@) fdx
Q
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- / ( YO G496 + \/a(qb)vam) - (2“’("” V600 + \/a(o:)vatczs) dr
Q

2,/al9) 0
a’ 2
= [at@vaor s+ [0 v aoR a4 [ a0 Ta000dn
Q Q Q

Collecting the above calculations all together, we end up with

d
G [ o+ [a@)Ivae? a

Q Q

a’ 2
+ [ ol ar + [ Fr(@aiof ds
Q Q

DN =

a'(9)
a(¢)

1 /
= Ouliolie + 5 [H@a0VHEa+ [ L Aa@) a0 o
Q

Q

Q

We proceed with the control of the nonlinear terms. First, by interpolation in Hilbert
spaces and (5.11), we know that

O0ll0: |72 (0 < TmHvatd)H%ﬁ(Q) + C|IVulZzq

Reasoning as in [13] (see, in particular, Eqns. (4.26)-(4.27) and the subsequent estimates
therein), we have

/b’(¢)at¢\w|2 dz

Q

am
< ||V3t¢||iz(sz) +C (||¢||§{2(Q) + ||VN||%2(Q)> IVllZ2 0

Next, we consider

9)|0r¢|* da [AA(D) | 2@ 19:9 11740

L (Q)

<[

3 1
< CllAA(9) |20 V09 12 Hat¢||;@1(m

e

A
=3 IV 720 + CIAG) 2 IV a1l 2

Similarly, by (2.6) and (5.7), we get
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/a/(gb)VqSoV@thathdx < Hal(¢)||Loo(Q) ||V3t¢||L2(Q) ||V¢HL4(Q)||3t¢||L4(Q)
Q

7 1 1
< OV () 191 ey 100911 g

a

< M
- 8

IVOB1172 () + Cllb (o | Vel F 202y

Hence, recalling (5.19) and (5.21), we arrive at

d Am
& MO Tl o %2 906y < C (14 IVl [ 006) VA o ()

Q Q
In order to derive a global control independent of time, we recall that, due to (5.18),
t+1 t+1

sup / /b(qb) V> dzds < Co, sup / C (1 + ||Vu(s)||2Lz(Q)) ds < (4,
t Q =%

t>0

where Cy and Cy are two positive constant depending on F(¢g), m and the parameters
of the system. By applying the uniform Gronwall lemma (see [40, Chapter III, Lemma
1.1]), we derive that

sup/ Vi) de < bC—OT exp(Ch). (7.4)

t>T1 m

Q

In the sequel, we denote by C(7) a generic constant depending on the parameters of the
system, the initial energy E(¢o), and 7 > 0. Thanks to (5.17), it immediately follows
from (7.4) that

[[1ll oo (00 m1(2)) < C(7). (7.5)
As a consequence, we learn from (5.11) that
H5t¢||Loo(T,oo;H<—0>1(Q)) < C(7). (7.6)

Now, we integrate (7.3) on the time interval [¢,¢ 4+ 1] with ¢ > 7. Thanks to (5.8) and
(7.5), we infer that

t+1
sup [ [V00()]3:(0 ds < (), (7.7

which, by the conservation of mass, gives
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8t¢ € Laloc([,rv OO); H(lo) (Q))
By (5.23), (5.26) and (5.27), we learn that

91| oo (005w 22 (02)) + 1E (D) Loe (7,000 () < C(T,p),  Vp € [2,00). (7.8)

Next, we prove the separation property (1.23) following [14] and [29]. To this end, we
first observe that ¢ € L (7, o0; W6(Q)) N W52 (1, 00; HY(Q)) «— C(Q x [r;T)), for any

T > 7, by standard interpolation. We claim that

IF" ()| (r.o0izr()) < C'(7,0),  Vp € [2,00). (7.9)

In fact, recalling that || f|lzr) < C/D||flla1 ) for 2 < p < oo, we learn from (5.23)
that

esssup [ (0(t)|r(@) < € (14 VBl (rossari)) < N1+ V)

where the constant C(7) is independent of p. Since F”/(s) < CeClF Gl for all s € (—1,1),
by arguing as in [21, pg. 2279-2281], we obtain the desired conclusion (7.9). Now, by
[29, Lemma 3.2], 8, F'(¢) = F"(¢)0:,¢ in the sense of distributions (and thus almost
everywhere). As an immediate consequence, we derive that

esssup [ (&(0)llwra(@) < [F (O]l (roozo )

+IF" (@) Lo (r,00:L8 () [ VOE) | oo (.00 L8 (22)) < C(T).

As a consequence, we obtain that ||[F'(¢)||L(ax(r,0)) < C(7). Then, we deduce from

lirrjtl1 |F'(s)| = oo that there exists § > 0 such that (1.23) holds.
s—

We now go back to the elliptic problem (5.25) for A(¢) with right-hand side given by

0 (n—U'(9)) + A(9)-

It is immediate to observe that f € L (1, 00; L()). Moreover, we have

Ld@) T -
3 aT (g (4~ V) 96+ s Gri = V(6)00,0) + Vo910

By exploiting (1.5), we immediately obtain

a'(¢)

2a2(¢)

100, Flzecen < \ 1= U)o e 10w, Sl e

Le>=(Q)
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1

" Vaw)

||N||H1(Q)
Le(Q)

197 (&)l 2 () 10, Bll L ()
Leo(Q)

1
Va(e)
+ [V a(@) Lo @)l 0, Pl L2()- (7.10)

Hence, by (7.5), (7.8) and (7.9), we deduce that

i

I flloe (001 () < C(T),
and by the elliptic regularity theory for (5.25), we get
| A(D) | oo (r,00s 3 () < C(T)- (7.11)

Finally, since ¢ solves the elliptic problem (3.8) with u = ¢, we deduce from (3.9)-(3.10),
(7.8) and (7.11) that

1Dl oo (7,003 (02)) < CO(T)-
7.2. Energy equality

Let ¢ be the weak solution originating from ¢y € V,,. For any 7 > 0, we recall that
¢ satisfies the properties (1.22)-(1.24). Thus, an application of [37, Lemma 2.6] entails
that

2
Lo B = E@), Vi, (7.12)

EG®) + [ |V Vuls)

for any 7 > 0. In order to prove the claimed energy equality (1.25), we are left to show
the validity of (7.12) for 7 = 0. To this aim, we first observe that the gradient part of
the energy can be rewritten in terms of A, namely, for any ¢ € V,,

E) = [ 5IVA@P +¥(0)dz. (7.13)
Q

2

2@ € L'(0,00), we can pass to the limit as 7 — 0 in
L2(Q

Besides, since H\/b(qﬁ(s))v;t(s)‘
(7.12), which leads to

2

oy & = I E(G(T), iz o0, (7.14)

EG®) + [ |V Vuls)



M. Conti et al. / Journal of Functional Analysis 291 (2026) 111599

Owing to the energy inequality (5.5), we thus deduce that

lim E(¢(7)) < E(¢o).-

On the other hand, it follows from (1.14) and (1.16) that ¢ € BCy(]0,
C([0,00); L?(£2)). Then, we have

lim [|6(r)[22() = I¢olZ2(),
and
lim, ([ A(6(7) [72(0) = 14(00)[13(0)-

By the convexity of F', it also follows that

liminf/F(d)(T))dx > /F(gbo) dx

T—0
Q Q

39

(7.15)

00); H'(2)) N

(7.16)

(7.17)

(7.18)

In addition, recalling that A(¢) € L>(0,00; HY(R)), by the lower-semicontinuity of the
norm and (7.17), we derive that there exists a sequence {7,}2%, such that 7,, — 0 as

n — oo and

11m1nf/|VA o(10))|? da:>/|VA $0)|? dz.

By collecting (7.13) and (7.16)-(7.19) together, we obtain

liminf E(p(7,)) > E(¢o).-

n—oo

Thus, in light of (7.15) and (7.20), we conclude that

lim E(¢(7)) = E(¢o),

T—0

which, by (7.14), proves the energy identity (1.25).

(7.19)

(7.20)

(7.21)

Let us now focus on the continuity properties of ¢ with respect to time. By (1.25), we
immediately have that E(¢(-)) € AC([0,T1]), for any T > 0. Hence, for any t,s € [0,T]

we find that

t—s t—s

imsup [ 31V A@(0)? do = tmsup ( E(0(0) - [ wo()a)

— B(4(s)) — lim inf / V(1)) da

t—s
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< B(é(s)) - / B(g(s)) dz = / SIVAG()P da

Q

Therefore, since

tinint [ [VA@O) do > [ [VAG()P da.

Q Q
we conclude that
IVA(@()| 20 € C([0,T]), VT >0. (7.22)
By the equality
1 1
Vo(t) = Vo(s) = —=———=VA - —————=VA(¢(5)),
o(t) = V(s) o) (o(t)) EO) (¢(s))

. . 1 .
adding and subtracting the term a(d)(t))VA(q[)(s))7 we infer that

IVo(t) — Vo (s)| 70 < % IVA($(1)) — VA(S()1 720

1 1 2
] - VA($(s))]? da.
: !(\/a@(t)) \/a(¢(3))> [VA(¢(s))]

Now notice that, if we take any sequence {7,}52 such that 7, — s as n — oo, by the

dominated convergence theorem, the second term on the right-hand side converges to 0
as n — o0o. Indeed, since ¢ € C([0,0); L(R)), we have

Va@(m)  Valé(s))

as n — 0o, and |f,| < %|VA(¢(S))\2 € LY(9). At this point we easily conclude from
(7.22) that

2
Jn = ( ! ! > |IVA(4(s))]> = 0 a.e. in Q,

. 2
lim [Vo(t) — Vo(s)l[z2(q) =0

yielding the conclusion ¢ € C(]0,00); H'(£2)). The proof of Theorem 1.2, part (4), is now
completed.

8. Convergence to equilibrium in two dimensions

This section is devoted to characterizing the longtime behavior of any solution in two
dimensions. The strategy herein adopted to show the convergence to a unique equilibrium
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is the well-known one based on the Lojasiewicz-Simon inequality, asymptotic regulariza-
tion and strict separation from pure phases of weak solutions, as firstly devised in [5]
and [30].

Let ¢9 € Vy, and let ¢(t) be the corresponding global weak solution to (1.1)-(1.4).
Fixed 7 > 0, since ¢ € L*(1,00; H3(Q)) and 9,6 € L*(0, oo; H(B)I(Q)), it immediately
follows that ¢ € BC\([1,00); H3(2)) N BUC([r,00); H*()). Then, the w-limit set, de-
fined by

w(dy) = {¢’ € H3(Q) : 3t, — oo such that é(t,) — ¢’ in H2(Q)},
is non-empty and compact.
Lemma 8.1. For any ¢g € Vi, we have w(¢g) C Sp,.

Proof. We introduce some terminology from the theory of dynamical systems, see e.g.
[12, Chapter 9]. According to Theorem 1.2, we associate problem (1.1)-(1.4) with the
solution map

St) : Vi = Vim, 20+ S(t)z0 = 2(t), Vt>0,

where z(t) is the unique weak solution to (1.1)-(1.3) departing from zy. This is a one-
parameter family of maps satisfying S(0)zo = 2o for any 2y € V,,, and the concatenation
rule S(t + s) = S(t)S(s), for every ¢, s > 0. In addition, owing to the energy inequality
(5.5), the following properties hold:

() E(S(t)2) < E(x0), for any t >0, Y20 € Vin:
(ii) E(S(t)z0) = E(z0) for any ¢t > 0 implies that zo is a stationary point of the map
S(t), namely S(t)zg = 20, V¢ > 0, which means z € S, (see Section 3).

Besides, the continuous dependence estimate (1.21) and the regularity BCy([7, 00);
H3(Q)), for any 7 > 0, entail by interpolation that S(t) € C(H?(Q); H*>(Q2)), for any
t>0.

We are now ready to prove the result. To this end, we observe that ¢(t) = S(t)¢g.
Since the map t — E(¢(t)) is decreasing by (i) and bounded from below, there exists
FE € R such that

Ea = Jim E(9(1)). (8.1)
Next, we claim that
E(¢') = Ex, V¢ € w(do). (8.2)

Indeed, by the separation property (1.23) of the solution ¢, there exists 6 > 0 such that
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lg@®llp=(@) <1 -6, Vt=1.
By the embedding H?(Q) — C(Q), we deduce that
[0 |y <1 =0, Vo' €wldo).

Therefore, for any ¢’ € w(¢g) and ¢t > 1, we obtain

E(o(t)) — E(¢’) = %/a(¢(t))(|v¢(t)\2 _ |V¢"2) dz + %/(a(qﬁ(t)) _ a(¢/))|V¢'|2 de
& Q
+ [ U(p(t) — ¥(¢') da
/
< PI9(8(1) + ) e [9(6(0) — )l z2(en
+ max [()9(0) |~ @) |99 20
o max (W )90) e

< Cllé(t) = &'l m2()-

Since ¢’ € w(¢o), there exists t, — oo such that ¢(t,) — ¢’ in H?(Q). Thus, exploiting
the above inequality, we have

0 < E(¢(ty)) — E(¢) <Allo(tn) — &'l m2(0)
which yields

E(¢') = lim E($(tn))-

n—oo

Hence, in light of (8.1), we finally derive that E(¢') = Ew, as claimed.

Let now ¢’ € w(¢g) be fixed and let ¢, — oo be such that S(t,)¢o — ¢’ in H2(Q).
Setting 7,, = t + t,,, where ¢t > 0 is arbitrarily fixed, by the concatenation rule and the
H?-continuity of the map S(¢), we obtain

S(1a)¢o = S(t)S(tn)po — S(t)¢' in H*(Q),
namely
S(t)¢' € w(pg), Vt>0.
Owing to (8.2), we thus learn that

E(S(t)¢') = Ex = E(¢'), Vt>0.
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At this point, we exploit property (ii) to conclude that ¢’ € S,,,. By the arbitrariness of
@' € w(¢y), the proof is complete. O

We are now ready to prove the following result, which implies the claim of part (5) of
Theorem 1.2.

Lemma 8.2. For any ¢g € Vi, the set w(do) is a singleton.

Proof. Let ¢’ € w(¢p). Since ¢’ € S, the Lojasiewicz-Simon inequality in Theorem 1.1
holds true at ¢’, yielding constants 6 € (0, %], C > 0 and S > 0 such that

|E(u) — B(¢")'°

—div(a(u)Vu) + #|VU|2 + 0 (u) — M\VU\Q + U/ (u)

<CL 5

)

L2(Q)

for all u € H?(Q) such that @ =m, dyu = 0 on 9Q and ||u — ¢'|| y2(0) < B

Exploiting the fact that w(¢p) is a compact subset of H2()), we can cover w(¢g) by
finitely many open balls of H?(€2), denoted by {B;}}¥., C H?(Q), centered at ¢ € w(¢p)
and with radii 3;, prescribed by Theorem 1.1 for ¢}. Since E(¢;) = E for any i, we
conclude that there exist universal constants § € (07 %] and C > 0 such that

|B(u) — Exo|'?

<& o ()

—div(a(u)Vu) + Tu)\VuF + W' (u) — T|Vu|2 + U/ (u) ,  (8.3)

L2(Q)

for all uw € H?() such that © =m, dyu =0 on dQ and u € B := vazl B;.

Now, let ¢(t) be the solution to problem (1.1)-(1.4). Recalling that d g2 q)(¢(t), w(¢o))
— 0 as t — oo, there exists t* such that ¢(t) € BNV, for all t > t*. As a result, we can
apply (8.3) with u = ¢(t), for all ¢ > ¢*. In which case, using the definition of y in (1.2)
a'(¢)

2

= —div(a(¢)Ve) + Vol* + ¥'(¢),

we obtain from (8.3) the following inequality

E(6() — Ewcl'" < C ut) ~ u0)

L2(Q)’

Let us define the function H : [t*,00) — R4 by
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By the regularity of the solution (1.22)-(1.24), an application of [37, Lemma 2.6], together
with the standard chain rule in Bochner spaces, gives

%E(d)) + / b(¢)|Vu|>dz =0, for a.e. t € (1,00). (8.5)
)

By exploiting (2.1), (8.4) and (8.5), we obtain

d ~ g—1 d
— () = =0 (B(6(t) — Bx)” ™ L E(@(1))
Vvl 5
> %H — ‘ ) > CL;%HHVM(”HL?(Q), a.e. in (t*, 00).
[HORTO] .

Now, the conclusion follows in a standard way. Integrating from ¢* to co, and observing
that tlim H(t) = 0, we infer that
— 00

Vi CpC .
/wwmwmwéi H(t*),
t*

m

which gives that Vu € L(t*,00;L?(2)). Hence, by (5.11), we have that 9,¢ €

L}(t*, 005 H gy (€2)). Since

¢w:wm+/@aﬂm Vit

we conclude that tlim @(t) exists in H(B;(Q) Therefore, w(dg) = {Poo}, Where ¢oo =

tlggo ¢(t). O
9. Local strong solutions in three dimensions

In this section, we study the existence and uniqueness of local strong solutions in three
dimensions. We will prove the following result, which provides part (2) of Theorem 1.3.

Proposition 9.1. Let ¢g € H?(2) be such that ¢g = m € (—1,1), Ouo = 0 on I and

[Vol|*
2

H—div (a(dho) Vo) + a’ (o) + \I!'(QSO)H <M. (9.1)

H ()

Then, there exist Tay > 0, depending on M, E(¢o) and m, and a unique strong solution
¢ to (1.1)-(1.4) on [0,Tns] such that
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¢ € LOO(OvTM;WQﬁ(Q))a 8t¢) € L2(07TM,H1(Q))7
¢ € L% (0,Tn)) such that |Pp(z,t)| <1 a.e. (x,t) € Qx (0,Tn), (9.2)
je L0, Ty H'(Q)),  F'(9) € L0, Tag; L8(92)).

The solution fulfills the problem (1.1)-(1.2) almost everywhere in  x (0,Tyr). Further-
more, we have the following estimates

||at¢||L2(0,TM;H1(Q)) + ||at¢HLoc(o’TM;H(—O;(Q)) < Cu, (93)
”(ZS”LOO(O,TM;W?:G(Q)) + HF/(Qb)”Lw(o,TM;Lﬁ(Q)) < Cu, (9.4)
||/1’||L°C(O,TM;H1(Q)) < Cu. (9.5)

In addition, if ||¢ol| L) < 1— 00, then there exists Ty € (0, T, depending on &y, but
independent of the specific initial datum, such that ¢ € LW(O,Z?A;; H3(Q)) and

]
max (60l <1- 5 (9.6)
te[0,Tar]

Proof. First of all, we collect the basic energy estimates provided in Section 5. Denoting
by C > 0 a generic constant only depending on E(¢g) and m, the following estimates
hold true:

(o]
[l @ecirion < €. [ IV xey dr < C. (9.7)
0
Besides,
il @) < ClIVallL2@) + C, (9.8)
and
”QS”%{Z(Q) + 1 A3 () < ClIVallL2@) + C, (9.9)
as well as
100l 51 () < ClVEl 220 (9.10)

We now perform higher-order energy estimates by relying on the assumption (9.1).
As in Section 7, this argument can be rigorously justified within the approximation
procedure devised in [37] (see also [25, Section 4] for the approximation of the initial
datum). By reasoning as in the two dimensional case (cf. (7.2)), we have
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N —
CL|Q

! 2
&) [Vul? dz + / a(8)| Va2 da + / @O 154210,/ da
Q

! ) da(9)
e

|at¢|2d33

1 ’ a’(qﬁ) 2
= 00[|0:9)1 720y + 5 [ V' (0)0g|Vul? Az + AA($)|0r¢|* dz
29/ ! 2/a(¢)

- /a’(¢>)v¢ V0,0 0,6 da. (9.11)

Q

We control the last two terms on the right-hand side. By exploiting (2.7), (9.9) and
(9.10), we find

a'(¢)
2\/7

< CllAA(D)||z2(0) VO 72 ||8t¢||§2(n

< CIAAD)I L2 ||V8t¢||L2 @ ||3t¢||

A($)|0y0]? da IAA(D)|| L2 10: 0l Lo () 10: Bl L3 ()

L>=(Q)

[ssis

I(Q
am 2
< 15 1IVO@lLao) + CIlAB 52 IV 121 720
am 2 4 2
< 22 V0l 12(q) + C (14 IVlibae ) IVilFaco).
Similarly, we also obtain

/a/(@V(ﬁ'V@td)at(bdx < la" (@)L= @) IVOll o) [VO:Dl 12 (0 10:0]l L2 (0)

0
3 1
< Clll @) VOl 72 ) 1010l f2 (0

T 1
< Cllmz(@ V06 ) 10061y

am
S ||Vat¢||2L2(Q) + Cllel 2o I Vel 72

A

(m
< V06320 + C (1+ VAl ) IVAIE20)-

We now control the nonlinear term containing b’. By Lebesgue interpolation, noticing

5 _a 3
thatﬁ—z—&— ¢ with a = 3

1> we have

/ ()08 Vpf? da

Q

< CV0lla(q 1901232
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57 IV0blia@) +C Va2
< VOBl ia@) + ClIVAlTa@ It =Tl - (912)
Owing to [7, eq. (2.26)] and (9.10), we know that
=Bl a2(2) = 1960:0l g2 )
< C (181312 IV Go0u8l 20 + 190|120
< C (191320 198l 200 + V1l 2y IV £ )

Thus, we derive that

am
/bl(¢)3t¢|vﬂ|2 dz| < o1 Hvaﬂﬁniz(@) + CHQSH%P(Q) ||Vﬂ||i2(9)
Q

+ OVl a0 I90:8 e
< 2 V0132 ) + ol V8l Ly + ClI Vil ooy
< TVl 2 +C (1+ VAl ) 1Vl 0.
Lastly, we recall that
O0l19:61%2() < ZIVSIE () + ClIVirl (-

In light of (1.6), collecting all the above inequalities in (9.11), and setting Y(t) :=
Jo b(8(1)) [Vu(t)]? da, we end up with

S0+ an |93 0 < Co (14+Y2(0) V(1) (9.13)

for some Cy, depending only E(¢g), m and the parameters of the system. By classical
ODE’s comparison principles (see, e.g., [8, Lemma 11.4.12]), we conclude that

Y(0)
L+ 32(0)) 72T = 32(0)

1
su Vu(d)|? < —
OgthH Pz o) < b/
where

1 1
T<T'i=—Mh(1+——].
0<T< 5Co n( —|-y2(0))

Since p(0) = —div(a(¢o)Vo) + a’((ﬁo)% + U'(¢ho) and (9.1), we observe that
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Y(0) < bMHv/lOHiz(Q) < by M2

Noticing that the function g : [0,byyM?] — R, s = (1 + s2)e 26T — 52 which is
decreasing, and so it has its minimum value at by; M?2. Therefore, setting

1 3
Tori= —In14— > )1
0 <y 200n< +1+4b§4M4)< :

we derive that

205 M?
sup V(1) ey < 2 (9.14)
0<t<Ta m
Now, it directly follows from (9.8) and (9.14) that
1)l oo (0, 7r 1 () < Ot (9.15)
As a consequence, we learn from (9.10) that
10 e 0,10s3 1 (2)) S Ot (9.16)
Then, integrating (9.13) on the time interval [0, T)s], we deduce that
T
/ IV8:(s) (172 ds < Chr. (9.17)
0
On the other hand, by (9.9), it is easily seen that
D1l oo (0,71 12 () < Ot (9.18)

Furthermore, by reasoning as in Section 5 (cf. (5.23), (5.26) and (5.27)) and exploiting
the uniform bounds on [0, Tys], we conclude that

I F" (@)l e (0,10s:8(2)) < Cr

and
[A(D) | oo (0,10r5w26 (2)) + |01 Loe (0, 10r 2.6 (2)) < Ca- (9.19)

Local separation property. Next, we consider an initial datum ¢g satisfying

lollLo(y < 1 —do,
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and we prove the separation property (9.6) on an interval [0, ﬁ\;], where ﬁ\; is possibly
smaller than T}, depending on Jy but independent of the particular initial datum. First
of all, we observe that ¢ € BCy([0,Ta]; W25(Q)) and [|¢(t)|lw2s0) < Cu, for any
t € [0, Tas]. Therefore, for any pair t; < ta € [0, T)s], owing to the uniform bound (9.17),
we have

6(t1) = 6(t2)llwr sy < 9(t1) = (E2)lL s o 16(t1) = 6ty

to %
<Cwum /||at¢HH1(Q)
t1
1/8

<Cur | [ 1060 | (-t}
0
< Crlts — t1]5.

In particular, by the embedding W'4(Q) — C(9), and by choosing t; = t € [0, Tys] and
to = 0, we have

le()llo@ < lldollem + Cuts <1 -8 + Ot
Thus, the desired estimate (9.6) follows by setting T = min{Ty;, %}

H3-estimate. We now go back to the elliptic problem (5.25) with right-hand side

/= ﬁ (1= W'()) + A(6) € L™(0, Tyr; L3()).

In light of (7.10), noticing that [[¥”(¢(t))[|z~) < Cs, for t € [O,E] in light of the
separation property (9.6), by exploiting (9.15) and (9.19), we deduce that

”f”Loo OTM H(Q)) = C(M 50)

Therefore, by the elliptic regularity theory for problem (5.25), we obtain

”A( )HLoe OTIW’HJ(Q)) C(M 50)

Finally, by considering once again the elliptic problem (3.8), and exploiting the estimate
(3.10) with u = ¢, it is easily seen that

||¢||Loo OTM (H3(Q)) = C(M 50) (9.20)
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Uniqueness. Let ¢{ and ¢9 be two initial data such that qﬁi(l) = gg. We consider two cor-
responding local strong solutions ¢ and ¢2 to problem (1.1)-(1.3) defined on a common
interval [0, Thy]. Setting ® = ¢ — ¢b2, arguing as in Section 6, we find the identity

/ a(n)| V> di + / (F'(é1) — F'(¢)) B — / (41— p2) @ o

Q Q Q

N - / (a(61) — a(62)) Vs - VO da

Q

- [H) (varf - (9oa) s - [

Q Q

(a(¢1) — d'(¢2)) |[Vpo|*® da.

DN | =

We observe that

—/(Ml pi2) © dw

Q

(G, 0101 — G, O10p2) @ d

{O\ io\

Go 0100 dz — [ (4(02) ~ H(61))Viz - VG, Bl
Q

Next, thanks to the regularity properties of strong solutions, we notice (cf. [7, Eqn.
(2.22)]) that the following chain rule holds true:

/g¢18t<1><1>dx— s H\/ (o1 Vg%fb‘
Q

L2(Q)

1
5 /6t¢1b'(¢1)vg¢1<1> . Vg¢l<1>dm
Q

Therefore, we end up with the following differential equality

dt2 H V(1)

/ (60)| VO dz + / (F'(d) — F'()) Bz
Q

Q

N / (a(61) — a(62)) Vs - Vb da

Q

= [ (90— V) par - [ 5 (@60 — 02 [VaPda

Q Q

- %/&d)lb/(qﬁl)vgm@ : Vg¢1<I>dx+/(b(¢2) — b(¢1)) Vg - VG, & dz.  (9.21)
Q Q

Let us now proceed by estimating the terms on the right-hand side. It is useful to recall
the following control from Proposition 2.1

G, @l a2(0) < ClP|L2(0)-
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By exploiting the interpolation in Lebesgue spaces, we obtain

- / 001 (01)VGs,® - VG5, 8o < Clu1 |10 IVG B2 2

3 1
< C||at¢1||L6(Q)||vg¢1q)||22(9)||g¢1q)||1%12(9)
am 4
< EHV‘I)HZE(Q) + C||5t¢1||26(9)||Vg¢1‘1>||2L2(Q)-

Besides, since pa € L (0, Th; H(Q)), the last term on the right-hand side of (9.21) is
estimated as follows

/(b(¢2) — (1)) Vg - VG, @ dx < [[Vpa|[ 120 [16(61) = b(D2) o) VG @l 3
Q

1 1
S CIVlL2() IVGe, @72 () 1Gs: Pl 72 ()
3 1
SOV 7o) Vi P72 (e
A
< EHVCPH%Z(Q) + C||Vg¢1q’||%2(9)~

By exploiting (2.7) and the regularity ¢y, o € L= (0, Ths; W25(Q)), we control the terms
containing the nonlinear diffusion a as

- / (a(¢p1) —a(92)) Voo - VO dr| < a(o1) — alo2)llzs ) |Vd2llLe@) IV L2

&
< Ol s [IVP| 220

1 z
< C|\<1>||§r VO] 72(q)

0 ()
||V(I)||L2 () + CH(I)H —1(9),

and

—/“/(;’1) (1Y |2 = [Véo|?) ® dar

1
< §||a/(¢1)\|Loo(Q)HV¢1 + Valls @) V[ L2 [P L3 ()

1
<Cllof

7
Hil () HV(I)HEQ(Q)

||V<I>HL2(Q> + Ol HH©)"
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Besides, we have

- [ 5@ -0 VouPda| < [ Vou0% o
Q Q

< CIVoaloo®l7s o)

1 3
<O o V] Fay

—1
(@

am 2 2
< PRIV ) + CIIE 1 g

Collecting all the estimates above, observing that (F'(¢1)—F'(¢2), p1—p2) > 0, a(d1) >
am > 0, and recalling that ”(I)”Hfo;(m is equivalent to H,/b(¢>1)vg¢1<1>HL2(m, we deduce
that

2 2

< | Veteves.al

< () [ Ve(@1) vy, 0|

L2Q) ~

9.22
e (922)

where
4
h() = C (14 10011y ) € L0, Tar).
Therefore, the uniqueness follows by the Gronwall lemma. O

10. Lyapunov stability and longtime behavior in three dimensions

In this section we show that if the initial datum ¢q is sufficiently close to a local
minimizer of the energy functional E, then the local strong solution provided by The-
orem 9.1 is indeed a global one, and ¢ will stay close to that minimizer for all ¢ > 0.
Finally, we investigate the longtime behavior of such global solutions as t — +o00. We
start by providing a characterization of energy minimizers.

10.1. Energy minimizers

In the sequel, let m € (—1,1) be fixed. We consider local minimizers 1 of the total
energy F subject to the mass constraint, namely ¢ € V,, such that

EW) < E(u), Yu€Vn : lu—1dlm@ <v,

for some v > 0. As a first result, we show the connection between local minimizers and
the stationary system (1.10)-(1.11).

Lemma 10.1. Let ¢ € V,,, be a local energy minimizer of E on V,,. Then, ¥ € S,,.
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Proof. Let £ > 0 and consider the viscous Cahn-Hilliard equation with nonlinear diffu-
sion

Ovp = Ap, (10.1)

V|

p=—div (a(¢)Ve) +d'(¢) 2

+ W' (p) + edsp, (10.2)
in Q x (0,00), equipped with the boundary and initial conditions
Ope = Oppt =0 on 9 x (0,00), ©Yli=o = po in . (10.3)

It has been proved in [37] (see Theorem 5.1 and Proposition 6.3) that for both d = 2,3
and any g € H(Q2) with ¥(pg) € L1(Q) and B, € (—1,1), the problem (10.1)-(10.3)
admits a global weak solution ¢(t), which satisfies the energy equality

B(p(t) / IV0(7) 220 + ell9ko () gy ) o
0

In particular, this implies that the map t — E(p(t)) is continuous on [0,00). At this
point, it is immediate to deduce that ¢ € C([0,00); H*(Q)) (see, e.g., [1, pg. 482]). Now,
let g = 1, where % is a local minimizer of F in V,, and let ¢(t) be a weak solution to the
viscous problem (10.1)-(10.3) departing from 1. Then, by the continuity of the trajectory,
there exists § > 0 such that ||o(t) — ¥ g1(o) < v whenever ¢t € [0,6). Exploiting the
energy equality and the fact that E(p(t)) > E(y) on [0,0), we have that

t
B() < E(e(6) = BW) ~ [ (1960 x(a) + 0y
0

namely

t

J (198 + eloror)e@) dr <0, Vee 0.9).
0

This implies that 9, = 0 for a.e. t € [0,0). That is, ¢(t) = ¢ for any ¢ € [0,0). As a
result, since ¢ € L?([0, 00); H*()), we deduce that ¢ € H?(). Besides, |Vl 12 = 0
a.e. t € [0,d), meaning that p is constant. Therefore, ¢ is a solution to the stationary
system (1.10)-(1.11) and belongs to S,,,. O

Let % be a local minimizer. Since ¢ € S,,, as a consequence of Proposition 3.2 we
know that 1) is strictly separated from the pure states, namely |[1)|| (o) < 1. Moreover,
we shall exhibit an explicit L°°-bound for ¢ that, besides m, only depends on the shape
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of the nonlinearity ¥. This is done in the spirit of [28]. In particular, if m is sufficiently
close to £1, the only minimizer of E is the constant function ¢ = m.
Let ag € (—1,0), By € (0,1) be such that ¥ (ag) = {mr; U and ¥'(6y) = (max) U’ as
0,1 1,0

in the figure below:

Observe that there exist numbers a,b € (—1,1), a < m < b such that

U'(r)<¥'(s) Vre(-1,m), Vse(b1), (10.4)

U'(r) < ¥'(s) Vre(-1l,a), Vse(m,l). (10.5)
It is easily seen that proper choices are

a=b=m when m < ag or m > fy,

a=qagy,b= Gy when ag <m < fp.
Lemma 10.2. Let v be a local minimizer of E on V,,. Then,
a<YP(x) <b for any x € Q.
In particular, if m < ag or m > By the only local minimizer is the constant u(x) = m.

Proof. Let us take a < m as in (10.5). Due to the mass constraint, ¢ remains a local
minimizer when a linear function is added to ¥, or equivalently, when a constant is added
to W’. Thus, in view of the second condition in (10.5), we may assume that

V' <0 on(—1,a), ¥' >0 on (m,1). (10.6)
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Assume by contradiction that ¥ < a on a set of nonzero measure. Choose arbitrarily
e > 0. Then, there are nontrivial values” a. € (—1,a) and m. € (m,1) such that the
function ¥ chopped above m. and below a., namely

ae () < ae,
uc(z) = P(x) a. <P(z) < me,
Me 'L/](x) > Me,

satisfies
=1 =m, and |u.—¢|g@ <e. (10.7)
Since a. is a nontrivial value of ¢, the set D, = {z € Q : ¢¥(z) < a.} has positive

measure. Besides, Vu. = 0 on D., implying that VA(u.) = \/a(us)Vu. = 0 on D..
Therefore, it is apparent that

a(u5)|Vu5|2 dz = |VA(U€)|2 dz = ‘VA(UE)Fd:E < ‘VA(Q/})Fdx
/ / ) /

Besides, in light of (10.6), we have

[t < [vw)

This yields E(us) < E(1), a contradiction since € > 0 was arbitrarily chosen. A similar
contradiction arises when 1 > b on a set of nonzero measure by using (10.4). O

We are now ready to prove the main result of this section.
10.2. Proof of Theorem 1.3 part (3)

In order to construct global strong solutions, we employ a technique, based on a
suitable use of the t.ojasiewicz-Simon inequality, that is well-known in the literature for
non-linear evolution equations [39], geometric flows [10] and phase-field models [24,41].
In this work, we adapt it to the nonlinear diffusion setting.

Step 1. Bounds for initial data close to 1. Since v is a local minimizer of £ on V,,,
we already know that 1 € H?(£2) and there exist £ € (0,1) and x > 0 such that

2 ¢ is a nontrivial value for u if the two sets {z € Q : u(z) < ¢} and {z € Q : u(x) > c} have both positive

measure.
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[lo@ <1—¢ and E(u) > E(y) forall u € Vo N H*(Q) : [lu— ¢ g2) < x-
(10.8)

Recalling that [|lu[|¢q) < Csllull#2(n) due to the Sobolev embedding theorem H?(Q) —

C (), we set

wp := min {1, %} . (10.9)
Then, for any u € H?() such that
lu — b g2y < wo, (10.10)
it follows from (10.8) that
lullo < Wlog + I~ Vlom <1- . (10.11)

Besides, by using (10.9) and (10.10), we find

anr
E(u) < 7HVU||2 + 19| Jhax |9 (s)]
anr 2
< = Ul llaz@) +1)7 + 19 JJhax (W (s)] =71, (10.12)

where, along the proof, the constants ; > 0 only depend on .
We now consider an initial datum ¢g € H?(2) with duég = 0 on 9, ¢g = m satisfying

oo — Yllz2) < m, (10.13)

for some 1 € (0,wp) to be determined later (see (10.22)), and (1.30). Then, we have
ol mr oy < M, (10.14)

for a given M > 0, where up = —div(a(pg)Ve) + a’ (¢ [Vl 4 ¢0). In particular,
2

(10.11) and (10.12) hold true with u = ¢ and the constant -, is independent of the

initial datum ¢g.

Step 2. Strong solution on a finite interval. Owing to (10.11), (10.12) and (10.14),
we apply Pr0p0~sition 9.1 with M, v, and dg := %5. As a consequence, there exists a
universal time 7' > 0, depending only on M, v, and §p, such that problem (1.1)-(1.4)
with initial datum ¢g at ¢ = 0 admits a (unique) strong solution ¢ : Q x [0, 7] — [—1, 1].
In particular, it follows from Proposition 9.1 that

6o <1- 5, veeT], (10.15)
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and that

sup () || 3 () =2 M, (10.16)
t€[0,T

for some M; > 0 depending on M, v; and m but independent of ¢y. Furthermore, in

light of (5.17), there exists 75 > 0 only depending on E(¢) (and in turn, only on ¢ by
(10.12)), such that

ol <z Iu®lm <2+ Va®lz@), Ve[0T (10.17)

Furthermore, from (10.15) and (10.17), there exists y3 > 0 such that

E(60) — B0(0) = 5 [ al0)([Venl? = [Vo(0)P) dz

2
Q
45 [ (@60) = a(@IVo(0 do+ [ Wdn) — wo(0)) da
Q Q

< T (0(0) + o)l 2 |V (9(0) — o)l 2oy
+_max [0()][6(6) = ol @ IVHOI o

+  max  [W(s)[[lo(t) = dollLr (e
s€[-1+5.1-§]
< sllé(t) — dollr2(), Vie [0, 7). (10.18)

In the rest of the proof, we will assume without loss of generality that

M > 27,. (10.19)

Step 3. Determining 7. Let € > 0 be given, and define

Ty,
w = min {(JJO, € X, 6, W}, (1020)
3

where (3 is given by Theorem 1.1 and b, as in (1.6). We claim that there exist > 0,
depending on w, such that

b0 — Yl <1 = [6(t) = ¥lla2) <w, Vtel[0,T]. (10.21)

In particular, the solution always remains close within € to 1 as stated in Theorem 1.3-
part (3).
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To this aim, for n € (0, §] we define

—inf{t > 0: [6t) — Yllsey = wh

Let T, < T. We recall that E(¢(t)) is non-increasing and that E(¢(t)) > E(¢)) on [0,T})

since w < x. Then, we are in the position to apply Theorem 1.1 to derive on the interval
[0,T;] € [0,T]

S (B@() ~ BW) = 0 (B6(1) ~ Bw)'™ SE6(0)

dt
6 HV Vult ‘
"G Hu(t)—m(

L2(Q)

> C C’ Vi)l 2o

L2 ()

v

1
& 1000 13 .

Here, we have used (1.6), (2.1) and (5.11). The constant C; depends only on b,,,

and the parameters 6 and Cf, from Theorem 1.1. Therefore, an integration on the time
interval (0,7},), together with (10.18), gives that

J 10603000 4 < Ca(EGG0)  Bw)” < vlén — bl
0

Exploiting the H3-bound in (10.16), we then deduce the following control
o(Ty) — Yl 20 < ll¢o — Yllaz@) + 19(Th) — ¢ollm2(o)
3 1
< [l¢o = Ylla2@) + Call¢(T) — doll fra oy 0(T7) — ¢o||;1(—0;(9)

1
4

< llgo — llrzcey + Ca(20)} / 104671y 7

3 3 1 )
< ||¢0 - w‘|H2(Q + 2402M1474f ||¢0 - w”;p(g)

)

1
< n —+ 2CQM4 f 4,
for some interpolation constant Cy. Hence, setting

4
0

, <%> 7 (10.22)
8Co M~}

7 := min

| &
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Y|lp2(0) < Jw < w, which yields a contradiction with the definition of
n <4,

1) —
(10.23)

Va2 Sw
we obtain from (1(

we find ||¢(
_£

3Cs’
2€

vt e 0,T).

< 3
T,,. As a consequence, for n given by (10.22) it holds that T;, > T, and we learn that
llo(t) — vt e0,1],

) that

as claimed in (10.21). In turn, since w <
le®lc@ < 1¥lom + Csllé®) = vllaw <1- 3

Yl + [P0 — Yl m2(0)
(10.24)

Furthermore, observing that

dollm2(0) < |lo(t)

B(o()) < Swrs

lo(t) —
by (10.18) we can estimate the energy drop on [0, 7] as
3
E(¢o) — 5

By exploiting (10.24) in the energy inequality (5.5), we find that
< 3
—w
9 3,

T
/ V() dr < E(y) — E(¢(T))
0

#)|Vu|? dz. Since the function Y(-) is non-negative, there exists t*
(10.25)

where Y = [, b(¢
[g,f} such that
2 7 2 3
)< 2 ar< 2.2 b,
V)< 2 [Vimyar < 2 S <
T
2
where the last inequality follows from the definition of w (cf. (10.20)). Since b(¢) > by,
we deduce the control bm||V,u(t*)H2L2(Q) < Y(t*), which in light of (10.25) gives
IVt 720 < 1.
Therefore, invoking (10.17) and (10.19) we end up with
() ) < 72 A+ IVRE)L2(9) <272 <M (10.26)
Step 4. Iteration argument. We have shown that u(t*) satisfies the same bound of pg

(compare (10.14) with (10.26)). Moreover, by (10.23), ¢(t*) complies with the separation

property (10.11)
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Now, we go back to Step 1 taking ¢t = ¢* (instead of ¢ = 0) as a new initial time,
with ¢(t*) (and wp(t*)) as initial datum instead of ¢o and po. Observing that the same
bounds as in Step 1 hold true, we can apply Proposition 9.1 with the same M and dg
as in Step 2. As a result, problem (1.1)-(1.3) with initial datum ¢(¢*) at the initial time
t = t, admits a (unique) strong solution, which is defined on the interval [t*, ¢* + 7.
Notice that T is exactly the same as for ¢g.

Thanks to the uniqueness of strong solutions, we conclude that ¢ (given in Step 2)
is indeed defined on the extended interval [0, t* + T ], which contains in particular the
interval [0, %f]

At this point, we repeat the argument in Step 3 on [0, %T ], and we derive the same
refined estimates (10.21)-(10.24) on [0, %f] under exactly the same choice of 7 given by
(10.22). Again, we will find a time t** € [T, 3T such that Y(t**) < by, as in (10.25)
and thus ||u(t*)[| 1) < M as in (10.26). Then, we can take t** as the new initial time
to repeat the above procedure, thus extending the unique local strong solution to the
longer interval [0, 277 with the same uniform estimates on the whole [0, 277]. By iterating
the process, we easily arrive at the conclusion of Theorem 1.3 part (3).

Lastly, the convergence as t — oo of the global trajectory to a single stationary state
can be proved as in the case d = 2, following exactly the arguments in Section 8, where
the dimension plays no role. This concludes the proof of Theorem 1.3.
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