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Abstract
Soft real-time multiprocessor systems need scheduling policies introducing small 
overheads and for which it is possible to give guarantees on tardiness (i.e., the maxi-
mum delay that might arise with respect to job deadlines) in order to assess their 
feasibility in specific applications. For these reasons, lightweight policies such as 
Global Earliest Deadline First, and First-in First-out are preferred. Much effort 
has been spent in literature to provide efficiently computable tardiness bounds for 
periodic task systems scheduled on multiprocessors, but still, no exact bounds are 
known and results are given for specific classes of instances. In this paper, we use 
a work-conserving policy to schedule uniform instances, namely synchronous and 
periodic task systems in which tasks have the same period length and the same job 
length. We analytically derive a tight bound on the maximum tardiness and we give 
the exact length of the schedule hyper-period, showing that the latter can be com-
puted in time linear in the number of processors. This result provides a lower bound 
to tardiness for the more general class of instances and is intended to close the gap 
with the upper bound from below.
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1  Introduction

Soft Real-Time (SRT) systems are used to model real-world systems that can tol-
erate, to some extent, deadline misses for their jobs. Such models are useful for 
a number of applications, including multimedia streaming and industrial automa-
tion (Erickson 2014). In SRT systems where responsive execution and predict-
ability are prioritized, one approach to ensure correctness is to consider the tardi-
ness of the used scheduling policy, i.e., the maximum amount of time by which a 
job deadline is missed.

As it is not trivial to derive exact tardiness values, upper bounds are estimated 
to assert the feasibility of scheduling policy for a task set and specific system 
requirements a priori: only if the bound is admissible for the application, the 
scheduling policy might be taken into consideration. Therefore, tightness of tar-
diness bounds is key to avoiding misclassification of feasible applications: if the 
upper bound is loose, the scheduling policy might be discarded (in favor of less 
performing ones) even if it would be able to guarantee the desired performances. 
Moreover, the scheduling policy chosen for SRT applications should introduce 
minimal overhead itself, making lightweight priority schemes such as First-in 
First-out (FIFO) and Global Earliest Deadline First (G-EDF) attractive choices. 
Global policies allow the scheduling of any job to any processor and are usually 
preferred when dealing with soft real-time systems, as they allow bounded tardi-
ness if the available processing capacity is not exceeded. This desirable feature is 
lacking in partitioned scheduling, as statically assigning tasks to processors may 
lead to global under-utilization of resources and processor overloading, causing 
unbounded tardiness (Leontyev and Anderson 2009). Therefore, in this paper, we 
will focus on global scheduling policies.

Different methods have been developed to compute general tardiness bounds 
for FIFO, G-EDF, and similar policies (Leontyev and Anderson 2007; Devi and 
Anderson 2008; Valente 2016; Ahmed and Anderson 2021). However, the result-
ing bounds are often either too complex or demanding to implement and compute 
in a reasonable time, or too loose to be useful in practice. Therefore, the problem 
of defining tight tardiness upper bounds is still open.

In this paper, we approach the problem of bounding tardiness for the class of 
work-conserving non-preemptive global schedulers from below: we restrict our 
study to a particular class of task sets, and we provide an exact analytical tar-
diness description of all the considered instances. In addition to this nontrivial 
result, the provided characterization gives a lower bound to the tardiness on the 
class of general task systems (i.e., it is not possible to achieve better tardiness, in 
general), closing the gap from below with respect to the previously given tardi-
ness upper bounds.

In a work-conserving scheduler, processors can not be idle if there are pending 
jobs (i.e., released and not subject to precedence constraints), and non-preemp-
tion does not allow the execution of a job to be suspended once started on a pro-
cessor. The class of schedulers that we analyze includes widely studied policies 
such as FIFO, G-EDF, and G-EDF-Like (GEL). These policies differ in the way 
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they define the order in which released jobs are to be scheduled to processors: 
they assign a priority to each released job (possibly changing it over time) and 
schedule the highest priority job first. The FIFO policy gives priority to the jobs 
that have been released earlier, and the G-EDF policy to the job having the clos-
est deadline. The GEL policies assign priority based on priority points that are 
calculated by means of the task priority and the job release time. Note that the 
work-conserving and non-preemption features cause the priority of any pending 
job to be higher than that of any future job, a condition that allows bounded tardi-
ness (Leontyev and Anderson 2009).

As for the set of instances under study in this paper, we consider periodic task 
systems in which periods and jobs have the same lengths, and synchronous tasks on 
identical unit-speed processors. We call these task sets uniform instances, to reflect 
their regularity. This places our work in a particular subset of Harmonic Task Sys-
tems, i.e. the class of periodic task systems where every period is a multiple of each 
smaller period (Ahmed and Anderson 2021), which commonly arise in different 
application fields such as avionics, robotics, control applications and more (Anssi 
et al. 2013; Fu et al. 2010; Li et al. 2003; Shih et al. 2003).

Even if the set of uniform instances are very specific among harmonic task sys-
tems, and they might not naturally arise in the previously mentioned practical appli-
cations, we observe that they might find real-world applications whenever security 
issues are to be taken into consideration. Indeed, uniform instances may be deployed 
to make tasks indistinguishable for a malicious external observer. Thus, the observer 
would not be able to easily gather information about the arrival of specific jobs that 
might be targets of attacks (Chen et al. 2019), because they are all released simulta-
neously and all have the same execution time. Moreover, imposing the same length 
on all jobs may help maximize utilization and thus prevent malicious code execution 
on idle processors, as well as prevent the injection of code to the jobs, as this would 
be easily detectable.

Contributions. Here we extend our previous work (Buzzega et  al. 2023), in 
which we introduced the problem and proved our results only for a subclass of uni-
form instances under the G-EDF scheduling policy.

In this paper, we simplify the approach as we tackle the general problem with-
out splitting instances into classes. In this way, we provide the missing proofs and 
we generalize the results to any global work-conserving non-preemptive scheduler, 
and we give a complete analytical description of the tardiness for uniform instances. 
Finally, we provide the hyper-parameter length and the exact maximum tardiness 
value of any instance, both computable in time linear in the minimum number of 
processors and the job length. Our results may serve as the basis for future research 
on exact tardiness bounds for more complex synchronous task sets.

Roadmap. The rest of the paper is organized as follows: we review previous 
related works from the literature (Sect. 2) and we formally introduce the problem 
(Sect. 3). After that we introduce notation and preliminaries (Sect. 4) to prove our 
main result on tardiness in Sect. 5; then, we introduce more notation needed to prove 
the remaining lemmas in Sect. 6. Finally, we prove our results related to the hyper-
period length in Sect. 7 and we conclude (Sect. 8).
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2 � Related work

In the literature of soft real-time scheduling, significant research has been con-
ducted on establishing tardiness bounds, and a large part of the studies on global 
schedulers has focused on G-EDF and GEL policies. Initially, both preemptive 
and non-preemptive G-EDF policies were proven to be SRT-optimal for identical 
multiprocessor platforms by Devi and Anderson (2008), i.e. they ensure bounded 
tardiness for task sets that do not over-utilize available computing time. Subse-
quent improvements to tardiness bounds for preemptive G-EDF were introduced 
by Erickson et al. (2010a) using compliant vector analysis, with extensions made 
for arbitrary sporadic task systems in a later work by Erickson et  al. (2010b). 
Leontyev and Anderson (2009) further demonstrated the SRT-optimality of a 
broad class of global algorithms that can model dynamically changing priorities 
of tasks.

More recently, Valente (2016) proposed the harmonic bound as an upper limit 
on tardiness for G-EDF, which was shown to be up to 30% tighter than previous 
bounds. However, the high computational complexity of deriving this bound lim-
ited its practical utility, leading to the development of a Branch-and-Bound algo-
rithm by Leoncini et al. (2017) and its subsequent parallelization in a later work 
(Leoncini et al. 2019).

Several studies have also focused on specific instances of the tardiness-bound 
problem to refine their accuracy. For example, Leontyev and Anderson (2007) 
introduced upper bounds for the FIFO scheduling policy, while Voronov et  al. 
(2018) derived tardiness bounds for fixed-priority global scheduling on identi-
cal multiprocessors with concurrent execution of successive jobs within the same 
task. Dong et al. (2021) addressed the challenge of gang scheduling, where task 
groups are executed in parallel, by establishing tardiness bounds for G-EDF in 
such scenarios. Ahmed and Anderson (2021) recently presented a pseudo-polyno-
mial simulation-based approach for exact bound computation in pseudo-harmonic 
periodic task systems under preemptive GEL schedulers.

Going in the opposite direction, Erickson et  al. (2014) and Goh and Ander-
son (2023) adopt a linear-programming technique to select the parameters of 
their GEL scheduling policies; the objective is to minimize response-time bounds 
under compliant vector analysis, that is the time taken to finish the execution of a 
job from its release.

Other research on tardiness estimates has focused on a more realistic set-
ting where jobs exhibit stochastic execution demand and bounds are derived on 
expected tardiness (Mills and Anderson 2010, 2011). Some studies take into con-
sideration memory management issues that arise in SRT systems, such as short 
bursts of high memory bandwidth requests. In multicore architectures, such a 
phenomenon may cause memory contentions with non-real-time tasks, which 
in turn could result in missed deadlines. Kato et  al. (2011) propose and imple-
ment a CPU scheduler based on EDF, and enrich it with a memory reservation 
scheme that allows real-time tasks to reserve or share memory pages. Yun et al. 
(2017) propose a memory bandwidth throttling mechanism, which allows the user 
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to explicitly define segments in which SRT jobs should be given priority. Even 
though this is an interesting area of research and is useful for practical imple-
mentations, it is beyond the scope of this paper. In the following, we propose 
a purely theoretical and deterministic analysis of tardiness and hide such unex-
pected delays in the worst-case execution time of each job.

3 � The scheduling tardiness problem

In this paper, we study the tardiness of a subset of instances of a classical sched-
uling problem of periodic tasks on a multiprocessor (see Fig.  1 for an example), 
called uniform scheduling instances, because they are uniform with respect to job 
and period length. In this section, we present the problem addressed in this paper 
and we give formal definitions of the main concepts used throughout the paper.

Task model. We consider a set � of N synchronous tasks �1, �2,… , �N , 
where each task �i consists of an infinite sequence of identical periodical jobs 
�i,0,�i,1, �i,2,… . Each job is characterized by: (i) an arrival (or release) time, after 
which the job must be eventually scheduled on some processor; (ii) a completion 
time (or length) that is the time needed to execute the job on a unit-speed proces-
sor; (iii) an absolute deadline, that it the time by when the job execution should be 
finished. Failing to do so would cause positive tardiness for that job. Each task is 
characterized by a period, that defines the job inter-arrival time, i.e., the jth job of 
task i, �i,j , is released in period j.

Moreover, jobs of the same task are subject to precedence constraints: for any 
task �i , job �i,j cannot start its execution before job �i,j−1 has ended.

We model the scheduling problem in the discrete-time domain, meaning that the 
job arrival time and finish time are non-negative integer values. Within this gen-
eral context, in this paper, we consider uniform instances, having the following 
characteristics:

•	 All tasks have the same period length, denoted by P > 0 and expressed in time 
units.

•	 The job inter-arrival time is the task period: the jth job of any task arrives at the 
beginning of the jth period and its deadline is the end of the same period.

•	 Jobs of different tasks have the same length, denoted by L > 0 , which specifies 
the number of time units needed to execute the job on a unit-speed processor.

As tasks synchronously release their jth job at the same time at the beginning of 
the period, we will refer to period j ≥ 0 to indicate the time spanning from jP to 
(j + 1)P − 1 , included.

Scheduling policy. We assume that jobs are to be scheduled using any non-
preemptive work-conserving global policy on a symmetric multiprocessor com-
posed of M identical, unit-speed processors. Non-preemptive means that an execut-
ing job must finish on the same processor with no interruptions. Work-conserving 
means that, if there are jobs ready to be executed that are not subject to precedence 
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constraints, no processor can be idle. We focus on global policies, which allow 
scheduling any job to any idle processor without constraints. Intuitively, this means 
that in a period where no precedence constraints apply, the earlier a processor is 
ready to execute jobs of that period, the more jobs it is assigned. Finally, a sym-
metric multiprocessor is composed of two or more identical processors connected 
to a single shared memory, in which all processors are treated equally and none are 
reserved for special purposes.

Throughout the paper, the term assign is used to refer to the scheduling of a job 
on a specific processor to begin executing within a given period.

In this paper, we focus on characterizing the schedule tardiness under the previ-
ous assumptions and for uniform instances. Intuitively, the tardiness of a schedule 
is the maximum delay in completing a job (w.r.t. to its deadline) that occurs in the 
whole (infinite) scheduling of jobs to processors. In other words, tardiness is the 
maximum of the differences between job completion times and deadlines, taken over 
all periods, processors, and jobs. If no job ever exceeds its deadline, tardiness is 
zero.

As in Leontyev and Anderson (2008), in order to avoid unbounded tardiness 
growth, we assume that the amount of work N ⋅ L is not larger than the avail-
able execution time M ⋅ P , i.e., that NL ≤ MP . To avoid trivial instances, we also 
assume that the number of processors is not greater than the number of tasks, i.e., 
that M ≤ N . Indeed, if we have more processors than tasks, then each task can be 
executed on a dedicated processor, and tardiness will be zero if the job length is less 
than P, or diverge due to the precedence constraints whenever L > P . The two con-
ditions NL ≤ MP and M ≤ N together imply that L ≤ P.

We will see that, thanks to the symmetry of job lengths and the work-conserving 
nature of the scheduler, we will not need to refer to jobs of specific tasks; instead, 
since all jobs are eventually executed and can not be preempted, we can shift our 
focus to processors: for each period and processor, we deal with the tardiness of the 
last job of that period executed by that processor. Therefore, the term � will not be 
explicitly used in the following, and we will work with the number of jobs executed 
by a processor in a given period.

In the following, we show that any priority policy of a global non-preemptive 
work-conserving scheduler produces the same maximum tardiness on uniform 
instances and that this bound is given by the length of the job.

3.1 � Problem definition

We start by formally defining uniform instances.

Definition 1  (Uniform Instance) A Uniform Instance is a tuple (N, L, M, P) of posi-
tive integers such that

(1)M ≤ N,

(2)L ≤ P,
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where M is the number of processors, N is the number of tasks, and tasks synchro-
nously release one job of length L every P time units, with deadline at the end of the 
period.

Traditionally in literature, tardiness is defined for the whole scheduling, while in 
this paper we will decline tardiness also for periods and processors. Thus, we for-
mally define the concept of tardiness for different entities.

Definition 2  (Tardiness) We define the following different types of tardiness:

•	 Job tardiness is the difference between the job completion time and its deadline 
(that is, the end of the release period for uniform instances), or zero if the differ-
ence is negative.

•	 The tardiness Rm,j of a processor m in period j is the maximum tardiness of the 
jobs assigned to m in the previous period j − 11. If no jobs were assigned, the 
tardiness is considered to be zero. Note that, due to the lack of preemption, each 
job is assigned to only one processor. We say that the tardiness of processor m 
resets in period j when it drops to zero in period j after being positive for k ≥ 1 
consecutive periods.

•	 The tardiness Rj of period j is the maximum tardiness of all processors in period 
j , i.e., Rj = maxm Rm,j.

•	 The scheduling tardiness T is the maximum tardiness among periods, i.e., 
T = maxj Rj = maxj maxm Rm,j.

Observe that tardiness is always non-negative, and since no job is executed before 
period 0 , we set R0 = 0.
Example 1  In Fig.  1, in period 1 , processors 1, 2 , and 3 have tardiness 
R1 = R1,1 = R2,1 = R3,1 = 4 . On the other hand processors 4 and 5 have no tardiness: 
R4,1 = R5,1 = 0.

In the rest of the paper, when we talk about processor or period tardiness values, 
we refer to it as a feature of the period, as if it is computed a posteriori when all jobs 
of that period have finished their execution.

Moreover, we shall use extensive comparisons between tardiness values of dif-
ferent periods. In particular when we say that in period j tardiness increases, or 
decreases, we refer to changes in the tardiness value of a given period with respect 
to the one of the previous period.

We are now ready to define the problem addressed in the paper:

(3)NL ≤ MP,

1  Note that the concept of tardiness differs from the one we introduced in the conference version of this 
paper Buzzega et al. (2023), where Rm,j referred to the tardiness of jobs of period j.



544	 Real-Time Systems (2024) 60:537–569

Definition 3  (Uniform Scheduling Tardiness Problem) Given a uniform instance I, 
the Uniform Scheduling Tardiness Problem is to determine the tardiness value T 
deriving from scheduling instance I with a non-preemptive, work-conserving sched-
uling policy.

4 � Notation and preliminaries

In this section, we first briefly recall some properties of the modulo operator that will 
be heavily used throughout the paper, and then we continue with the preliminaries.

Modulo operator. For any positive integers a and b, we have that floor and ceil-
ing operators are related depending on the modulo operation:

Moreover, we can rewrite them in long form:

⌈
a

b

⌉
=
⌊
a

b

⌋
+ 1 ⇐ (a mod b) ≠ 0, otherwise

⌈
a

b

⌉
=
⌊
a

b

⌋
.

Table 1   Notation

N Number of tasks
L length of tasks jobs (same of all jobs)
M Number of processors
P Length of the period (the same for all tasks)
Rm,j Tardiness of processor m at the beginning of period j
Rj Maximum processor tardiness at the beginning of period j
T Maximum tardiness among all periods

� Tardiness caused by 
⌈

N

M

⌉
 jobs in a period with tardiness equal to zero

� Slack time after 
⌊

N

M

⌋
 jobs in a period with tardiness equal to zero

Aj Set of processors with tardiness lower than � in period j

Sj Set of processors that are assigned 
⌈

N

M

⌉
 jobs of period j

Sj Set of processors that are not assigned 
⌈

N

M

⌉
 jobs of period j

τ1,0

τ2,0

τ3,0

τ4,0

τ5,0

τ6,0

τ7,0

τ8,0

τ9,0

τ10,0

τ11,0

τ12,0

τ13,0

τ1,1

τ2,1

τ3,1

τ4,1

τ5,1

τ6,1

τ7,1

τ8,1

τ9,1

τ10,1

τ11,1

τ12,1

τ13,1

τ1,2

τ2,2

1
2
3
4
5

M

L µ λ

P R1

N mod M

Fig. 1   Scheduled example in the first periods of the instance (N,L,M,P) = (13, 9, 5, 23) in which 
(N mod M) = 3 , � = 27 − 23 = 4 and � = 23 − 18 = 5 . Note that since (N mod M) ≠ 0 , � and � sum 
to L , and that each processor executes either 

⌊
N

M

⌋
= 2 or 

⌈
N

M

⌉
= 3 jobs
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We emphasize the difference between (−a mod b) and −(a mod b) : the for-
mer is always non-negative and the latter is non-positive; specifically, we have 
that (−a mod b) = b − (a mod b) if (a mod b) > 0 and (−a mod b) = 0 if 
(a mod b) = 0 . This allows us to conclude that (a mod b) + (−a mod b) = b if 
(a mod b) > 0 and (a mod b) + (−a mod b) = 0 if (a mod b) = 0.

Inequalities under modulo can be written compactly: if (a mod b) > (c mod b) , 
we may equivalently write that (a > c) mod b . Finally, we may freely add or sub-
tract multiples of the modulus: (a mod b) = (a + 2b mod b).

Values � and � . Notation defined and used in this section is summarized, for the 
reader’s convenience, in Table 1.

The study of the schedule tardiness bound is based on two values, � and � , that 
will be extensively used in the rest of the paper, and are formally defined as follows 
(see Fig. 1 for an explicating example):

Definition 4  (Values � and � ) For a given uniform instance (N, L, M, P), we define

and

Intuitively, consider the first period and (according to the scheduling policy) 
assign jobs to processors following a round-robin policy. Some processors will be 
assigned 

⌊
N

M

⌋
 jobs, the others 

⌈
N

M

⌉
 . Consider the latter processors and assume that 

0 < 𝜆,𝜇 ≤ L , then value � denotes how much executing the 
⌈
N

M

⌉
 jobs exceeds the 

length of the first period, and � is the remaining time of the first period after the 
execution of 

⌊
N

M

⌋
 jobs.

Remark 1  If (N mod M) ≠ 0 , then the sum of � and � is equal to L (see also Fig. 1). 
Indeed:

which is true if and only if (N mod M) ≠ 0.

Easy instances. There are some instances for which it is easy to state that the 
schedule tardiness is always zero because it is always possible to schedule all jobs 
of each period within the period. We will characterize these instances here and we 

⌊
a

b

⌋
=

a − (a mod b)

b
,

⌈
a

b

⌉
=

a + (−a mod b)

b
.

(4)� =
⌈
N

M

⌉
L − P,

(5)� = P −
⌊
N

M

⌋
L.

(6)� + � =
⌈
N

M

⌉
L − P + P −

⌊
N

M

⌋
L =

(⌈
N

M

⌉
−
⌊
N

M

⌋)
L = L,
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will no longer take them into consideration in the rest of the paper after this section. 
These instances are identified by the following conditions:

•	 If (N mod M) = 0 we have 
⌊
N

M

⌋
=
⌈
N

M

⌉
=

N

M
 (see Fig. 2a). In each period, each 

processor executes exactly N
M

 jobs and terminates N
M
L ≤ P time units after the 

beginning of the period, that is before the start of the following period. Note that 
all instances where N = M fall into this category of the easy cases.

•	 If � = 0 then we have P =
⌊
N

M

⌋
L (see Fig. 2b), implying (N mod M) = 0 , and 

the previous result applies also in this case. Since P ≥
N

M
L ≥

⌊
N

M

⌋
L = P , we 

have that N
M
L =

⌊
N

M

⌋
L . The difference with the former case is that all available 

computation time is always used, i.e. NL = MP.
•	 If (N mod M) ≠ 0 and � ≥ L or if � ≤ 0 then, by definition of � and � , in each 

period it is always possible to assign 
⌈
N

M

⌉
 jobs to (N mod M) processors and 

⌊
N

M

⌋
 

to the others, incurring in zero tardiness (see Fig. 2c).

Difficult instances. As a consequence of the characterization of easy cases, 
in the rest of the paper, we will always assume that � , � , and (N mod M) are all 
strictly positive, and that � is smaller than L. These parameter values define difficult 
instances.

Lemma 1  In all difficult instances, the following inequality holds:

Proof 

	�  ◻

(7)
M

N mod M
≥

L

�
.

M

N mod M
=

M

N −M
�
N

M

�
(3)

≥
M

M
P

L
−M

�
N

M

� =
1

P−L⌊ N

M
⌋

L

(5)
=
L

�
.

τ1,0

τ2,0

τ3,0

τ4,0

τ5,0

τ6,0

τ7,0

τ8,0

τ9,0

τ10,0

1
2
3
4
5

(a) (N mod M) = 0.

τ1,0
τ2,0
τ3,0
τ4,0
τ5,0

τ6,0
τ7,0
τ8,0
τ9,0
τ10,0

1
2
3
4
5

(b) µ = 0.

τ1,0

τ2,0

τ3,0

τ4,0

τ5,0

τ6,0

τ7,0

τ8,0

τ9,0

τ10,0

τ11,0

τ12,0

τ13,0

1
2
3
4
5

(c) λ ≤ 0.

Fig. 2   Graphical representation of easy instances where only the first period is scheduled, the successive 
are identical. We can see that tardiness is always zero
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We now introduce some more definitions that will be useful in the rest of the 
paper. We start by defining specific classes of processors. Intuitively, those proces-
sors with tardiness strictly smaller than � , and those having one extra job to execute 
in a period with respect to the others.

Definition 5  (Available processors) We define Aj as the set of processors that in 
period j have tardiness lower than �:

We shall call such processors available.2

Example 2  Referring to Fig.  1, all processors are available in period one. Indeed, 
processors 4 and 5 have tardiness equal to zero (and 0 < 𝜇 ), and the tardiness of pro-
cessors 1, 2, and 3 is equal to � = 4 ≤ 5 = �.

Definition 6  (Selected and non-selected processor) A processor that is assigned 
⌈
N

M

⌉
 

jobs in a given period is said to be selected, and the action of assigning such number 
of jobs to the processor is referred to as selecting the processor.

The set of processors that are selected in period j is denoted by Sj , and the set of 
non-selected processors is denoted by Sj = {1,… ,M}⧵Sj.

Example 3  Referring to Fig. 1, we have 
⌈
N

M

⌉
= 3 . In the first period, processors 1, 2, 

and 3 are selected, as they are assigned 3 jobs. In the second period, the selected 
processors are 1, 4, and 5.

We now define a possible assignment of jobs to the processors that is admissible 
for a non-preemptive scheduler with uniform instances. As we will prove, this con-
figuration is always applied by the scheduling policy and it characterizes the sched-
ule tardiness.

Definition 7  (Standard configuration) We say that the standard configuration 
applies to a period j if, in the period, the following happens:

•	 exactly (N mod M) processors are selected,
•	 no processor is assigned more than 

⌈
N

M

⌉
 jobs of period j.

Remark 2  By a counting argument, we have that non-selected processors, under the 
standard configuration, are assigned exactly 

⌊
N

M

⌋
.

Aj =
{
m ∈ {1,… ,M} ∶ Rm,j < 𝜇

}
.

2  Note that the concept of available processors differs from the one we introduced in the conference ver-
sion of this paper Buzzega et al. (2023), where the available processors were the ones without tardiness 
at the start of the period.
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Definition 8  (Standard configuration start) We say that period j has a standard con-
figuration start if and only if the two following conditions hold: 

1.	 period j has tardiness bounded by L (i.e., Rj < L),
2.	 in period j there are at least (N mod M) available processors (i.e., |Aj| ≥ (N mod M)).

Example 4  Referring to Fig.  1, the standard configuration applies to period zero. 
Indeed, processors 1, 2, and 3 are selected and (N mod M) = 3 , and no processor is 
assigned more than 3 =

⌈
N

M

⌉
 jobs. Moreover, period 1 has a standard configuration 

start, as R1 = 4 < 9 = L and all processors are available, as R1 = 4 < 5 = 𝜇.

We now prove that we can ignore precedence constraints when scheduling the 
jobs in a period having tardiness bounded by the job length.

Lemma 2  If Rj < L , precedence constraints of jobs of period j − 1 over jobs of 
period j do not cause any idle time.

Proof  By time t = (j − 1)P + Rj all processors executed all jobs of previous periods, 
thus starting at time t, the jobs of period j are not subject to precedence constraints 
from earlier periods. Therefore, we concentrate on job assignments in the time interval 
[(j − 1)P..t − 1] , which, by hypothesis, lasts less than L time units. We show that the first 
job of period j to be assigned to any processor is not subject to precedence constraints.

As Rj < L , at the beginning of period j a processor might be executing its last job 
of period j − 1 . Consider the beginning of period j, we have two cases:

•	 Case 1: All the processors are executing their last job from period (j − 1) ; in 
period j each processor can be assigned the next job of the same task as soon as 
the previous one ends;

•	 Case 2: There are n < M processor executing their last job from period (j − 1) , and 
the same arguments as Case 1 can be applied. The remaining M − n processors have 
tardiness equal to zero. Observe that there are N − n jobs of period j − 1 that ended 
their execution within period j − 1 , and do not pose precedence constraints on their 
corresponding jobs in period j. As N − n ≥ M − n (by hypothesis N ≥ M ), all the 
M − n processors can start executing one job among these N − n , with no idle time.

	�  ◻

5 � Scheduling tardiness bound and hyper‑period

In this section, we present the main result of the paper. We show that, for any 
uniform instance, the schedule tardiness is strictly bounded by L. The proof relies 
on Lemma 6 which, for the sake of presentation, will be proven later in Sect. 6. 
Specifically, Theorem 7 proves by induction that tardiness is bounded by the job 
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length. If in all periods preceding j we have a standard configuration start, then 
we can show that: (i) in period j tardiness is lower than L; (ii) by using Lemma 6, 
that period j + 1 has enough available processors to cause another standard con-
figuration start.

We conclude the section reporting results concerning the schedule hyper-
period. These are based on the results that appeared in Buzzega et al. (2023). The 
proofs will be then presented in Sect. 7.

5.1 � Tardiness bound

The following Lemma provides a sufficient condition for the application of the 
standard configuration in a period.

Lemma 3  (Standard configuration) Consider period j ≥ 0 , if j has a standard con-
figuration start, then the standard configuration applies and the selected processors 
are available (i.e., Sj ⊆ Aj).

Proof  By hypothesis, for period j we have L > Rj ≥ 0 . We distinguish two cases:
Case 1: Rj = 0 , i.e., the tardiness of period j is 0 (e.g. in period j = 0 ). Then, all 

processors have tardiness equal to zero as well, and the thesis follows by the pigeon-
hole principle (as in the first period in Fig. 1).

Case 2: 0 < Rj < L , then all the jobs of period j − 1 must have started their exe-
cution before the end of period j − 1 , and in period j , only the N jobs of period j 
must be scheduled.

By Lemma 2 precedence constraints cannot cause any idle time, so, by the work-
conserving property of the scheduler, all processors are assigned 

⌊
N

M

⌋
 jobs before the 

start of period (j + 1) . The assignment of the last of these jobs is done before the end 
of the period, in particular by time t given by the sum of: (i) the end of period j − 1 , 
(ii) the tardiness of period j, and (iii) the time needed to execute the preceding ⌊
N

M

⌋
− 1 jobs. We have,

i.e., t falls before the end of period P.
Moreover, the remaining N −

⌊
N

M

⌋
M = (N mod M) jobs are assigned to the pro-

cessors with smaller tardiness at the beginning of period j , one each, as they are the 
first to complete their previous assignments. By hypothesis, there are at least 
(N mod M) available processors, and (N mod M) of these will also be selected. 	
� ◻

Corollary 4  Let j ≥ 0 , if period j has a standard configuration start, then in period j 
we have that: 

t = (j − 1)P + Rj +
(⌊

N

M

⌋
− 1

)
L < (j − 1)P +

⌊
N

M

⌋
L ≤ (j − 1)P +

N

M
L
(3)

≤jP,
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1.	 selected processors are assigned 
⌈
N

M

⌉
 jobs and increase their tardiness by � in 

period j + 1 , i.e., Rm,j+1 = Rm,j + � ∀m ∈ Sj;
2.	 non-selected non-available processors are assigned 

⌊
N

M

⌋
 jobs, i.e., Rm,j+1 = Rm,j − �

∀m ∈ Sj⧵Aj;
3.	 non-selected available processors reset, i.e., Rm,j+1 = 0 ∀m ∈ Sj

⋂
Aj.

Proof  The proof follows from the definitions of � and � used in equations analogous 
to those of the proof of Lemma 3. Let m be a processor and tm the time in which it 
ends the execution of the jobs assigned to it in period j. We consider the three cases 
separately: 

1.	 Processor m is selected, then it is assigned 
⌈
N

M

⌉
 jobs (by definition) and 

 and thus we have Rm,j+1 = Rm,j + �.
2.	 Processor m is not selected and not available, then it is assigned 

⌊
N

M

⌋
 jobs (by 

Remark 2) and 

 and thus we have Rm,j+1 = Rm,j − �.
3.	 Processor m is available and not selected, then it is assigned 

⌊
N

M

⌋
 jobs (by 

Remark 2), Rm,j < 𝜇 and 

 and thus we have Rm,j+1 = 0.
	�  ◻

The following corollary and lemma are fundamental for the inductive proof of 
the main theorem of the paper. The proof of Lemma 6 will be the focus of the next 
section.

Corollary 5  (Inductive step 1) Let j ≥ 0 , if period j has a standard configuration 
start, then the tardiness of period j + 1 is also strictly smaller than L , i.e., Rj+1 < L.

Proof  Processor m that is selected in period j had tardiness Rm,j < 𝜇 
(because it is also available) and incurs a tardiness in period j + 1 equal to 
Rm,j+1 = Rm,j + 𝜆 < 𝜇 + 𝜆 = L . The other processors are not selected and do not 
increase their tardiness in period j + 1 w.r.t. period j. 	� ◻

Lemma 6  (Inductive step 2) Let j ≥ 0 , If each period k ∈
[
0..j

]
 has a standard con-

figuration start, then there are at least (N mod M) available processors also in 
period j + 1 (i.e., |Aj+1| ≥ (N mod M)).

tm = (j − 1)P + Rm,j +
⌈
N

M

⌉
L
(4)
=(j − 1)P + Rm,j + P + � = jP + Rm,j + �,

tm = (j − 1)P + Rm,j +
⌊
N

M

⌋
L
(5)
=(j − 1)P + Rm,j + P − � = jP + Rm,j − �,

tm = jP + Rm,j − 𝜇 < jP,
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We are now ready to state and prove that, for any period j ≥ 0 , the period tardi-
ness is strictly bounded by L.

Theorem  7  (Schedule Tardiness Upper Bound) Consider any uniform instance 
(N, L, M, P), and let T be the schedule tardiness. Then we have T < L.

Proof  The thesis is true for easy instances, because their schedule tardiness is 
always zero, as shown in Sect. 4. Let us now consider difficult instances. The proof 
is by induction, and we will show that any period j ≥ 0 has a standard configuration 
start. The proof then follows from the first condition of standard configuration start, 
because T is the maximum over all periods tardiness.

Base of the induction: By definition period zero has a standard configuration 
start: R0 = 0 and |A0| = M.

Inductive step: Assume each period k ∈ [0..j] has a standard configuration start. 
Then, in period j + 1 the following hold: (1) by Corollary 5, we have that Rj+1 < L 
and, (2) by Lemma 6 we have that |Aj+1| ≥ (N mod M) . This means that also period 
j + 1 has a standard configuration start. 	�  ◻

Corollary 8  The T < L bound for the scheduling tardiness of uniform instances is 
tight.

Proof  For the class of uniform instances given by (N, L,M,P) = (k + 1, k − 1, k, k) , 
k ∈ ℕ

+ and k > 1 , the tardiness of period one is � =
⌈
k+1

k

⌉
(k − 1) − k = 2(k − 1)

−k = k − 2 = L − 1

 . 	�  ◻

Corollary 9  Given a uniform instance (N, L, M, P), in any period j, the number of 
available processors is always at least (N mod M) , i.e.:

|Aj| ≥ (N mod M) ∀j ≥ 0.
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⌉
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Fig. 3   Scheduled example of the instance (N,L,M,P) = (8, 11, 5, 18) in which � = 18 − 11 = 7 , u∗ = 3 , 
so by Theorem 10 the hyperperiod length is 6 . It is evident in the figure that the tardiness distribution at 
the beginning of period 5 is equivalent to the one at the beginning of period 12 ; the periodicity follows by 
the deterministic and work-conserving nature of the scheduler
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5.2 � Hyper‑period length

We conclude this section by reporting the result concerning the length of the sched-
ule hyper-period. We prove that the schedule is periodic and characterize the length 
of the hyper-period. An example of hyper-period is shown in Fig 3.

We make use of the value u∗ , first presented in Buzzega et al. (2023), to parti-
tion the set of uniform instances into classes. Here, instead, we show that it can be 
used to compute the hyper-period length and the exact schedule tardiness value. All 
proofs are presented in Sect. 7, where we also report an upper bound for u∗ , and we 
show that it is computable.

Theorem  10  (Hyper-period length) Given a difficult instance (N, L,M,P) , let 
u ∈ ℕ

+ be the maximum number of times a processor is selected before resetting. 
Then the hyper-period length is equal to 

⌈
u
L

�

⌉
.

Definition 9  Given a difficult instance (N, L,M,P) , we define the value

Theorem 11  For any difficult instance (N, L,M,P) , u∗ is the maximum number of 
times any processor is selected before resetting.

Corollary 12  (Exact maximum tardiness value) Consider a uniform instance 
(N, L,M,P) . The maximum tardiness T  is

6 � About available processors

The proof of Theorem 7 relies on Lemma 6, which is not difficult to state and under-
stand. Unfortunately, the proof of the Lemma is not trivial at all; on the contrary, it 
is the most demanding task of the paper. To prove the existence of a set of available 
processors in a given period under a standard configuration regime, we study how 
the tardiness of the processors in this set decreases in the preceding periods. By 
going backward to the first periods we are able to show that the cardinality of the set 
is at least (N mod M).

Example 5  In Fig. 3, in period 8 there are 4 available processors, namely the ones 
corresponding to the first, the second, the third, and the last row. The first was pre-
viously selected in period 6 and had to decrease its tardiness in period 7 to become 
available in period 8 . The second and third were selected in period 7 , but their tardi-
ness was still below � . Finally, the last one was available and not selected in period 

u∗ = min

{
u ∈ ℕ

+ ∶

⌈
uL

�

⌉
≤

uM

N mod M

}
.

T = max(0, 𝜆 + max
0≤i<u∗

i𝜆 mod 𝜇).



553Real-Time Systems (2024) 60:537–569	

7 , so its tardiness reset. In this case, the number of available processors in period 8 is 
4 ≥ (N mod M) . Lemma 6 proves that, if its hypotheses are met, this is the case in 
any period.

Looking at the examples in the figures and knowing that there is a hyper-period, 
it might seem easy to characterize the processor’s tardiness, because it shows some 
regularity. However, the “type” of regularity might vary according to the relations 
between the values that characterize the instance, and its study proves to be not 
trivial.

The notation defined in this section is reported, for the reader’s convenience, in 
Table 2).

6.1 � Yet some more notation and preliminaries

We give two definitions that allow us to characterize with a finer grain the tardiness 
values of available processors.

Definition 10  Let us define two disjoint sets of integers:

•	 W> = {(i𝜆) mod 𝜇 ∶ (i𝜆 > (i + 1)𝜆) mod 𝜇, i ∈ ℤ};

•	 W≤ = {(i�) mod � ∶ (i� ≤ (i + 1)�) mod �, i ∈ ℤ}.

Definition 11  We define two sets of processors:

•	 A>
j
 is the set of processors that start period j with a tardiness value that belongs 

to the set W>;
•	 A≤

j
 is the set of processors that start period j with a tardiness value that belongs 

to the set W≤.

Remark 3  Observe that sets A>
j
 and A≤

j
 are always disjoint because W> and W≤ are. 

Moreover, as the values in W> and W≤ are smaller than � , we have that processors in 
A>
j
and A≤

j
 are available, i.e., A>

j
∪ A≤

j
⊆ Aj.

Table 2   Helper symbols

W> Set of tardiness values (i� mod �) greater than their next multiple in modulo �
W≤ Set of tardiness values (i� mod �) smaller than their next multiple in modulo �
A>
j

Set of processors with tardiness in W> in period j
A≤

j
Set of processors with tardiness in W≤ in period j

�m,j Position of processor m in period j
Λi Tardiness value equal to � + (i� mod �)

qi Cooldown time for a processor with tardiness Λi

q> Cooldown time for a selected processor with tardiness in W> , equal to ⌊L∕�⌋
q≤ Cooldown time for a selected processor with tardiness in W≤ , equal to ⌊L∕�⌋ − 1
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Remark 4  Note that if (� mod �) = 0 , then (i� mod �) = 0 = ((i + 1)� mod �) 
for all i ∈ ℤ . Thus, (i� mod �) ∈ W≤ for all i ∈ ℤ and A>

j
 is empty.

The same holds if (L mod �) = 0, because L = � + � for difficult instances, 
which implies (� mod �) = 0.

Remark 5  Given period j, if the tardiness Rm,j of an available processor m ∈ Aj can 
be expressed as a multiple of � minus a multiple of � , then Rm,j belongs to A>

j
 or A≤

j
.

Indeed, there exists i, h ≥ 0 such that Rm,j = i� − h� and, as j is available, then 
Rm,j < 𝜇 . This implies that Rm,j = (i� mod �) and thus that it belongs to A>

j
∪ A≤

j
.

The following lemma ties the order relation occurring between i� and −� , 
modulo � , to the membership of (i� mod �) to either W> or W≤ . See also Fig. 4 
for a visual intuition of the statement of the lemma.

Lemma 13  If (𝜆 mod 𝜇 > 0) then

dually

Proof  Let us first consider statement (8).
(⇐ ) By hypothesis, we have that

so 𝜇 ≤ (i𝜆 mod 𝜇) + (𝜆 mod 𝜇) < 2𝜇 and

(8)(i𝜆 mod 𝜇) ∈ W>
⇔ (i𝜆 ≥ −𝜆) mod 𝜇 i ∈ ℤ;

(9)(i𝜆 mod 𝜇) ∈ W≤
⇔ (i𝜆 < −𝜆) mod 𝜇 i ∈ ℤ.

(i� mod �) + (� mod �) ≥ ((−�) mod �) + (� mod �) = �,

(i + 1)𝜆 mod 𝜇 = ((i𝜆 mod 𝜇) + (𝜆 mod 𝜇)) mod 𝜇

= (i𝜆 mod 𝜇) + (𝜆 mod 𝜇) − 𝜇
�������������������

<0
< i𝜆 mod 𝜇.

Fig. 4   Example related to Definitions 10 and 11: Tardiness values distribution for (� mod �) = 3 and 
� = 10 . Arrows point to the next multiple of � in modulo � . Values of set W> are greater or equal to 
((−�) mod �) = 7
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By definition, this implies that (i𝜆 mod 𝜇) ∈ W>.
(⇒ ) Let i be an integer such that (i𝜆 > (i + 1)𝜆) mod 𝜇 . This is only if 

(i� mod �) + (� mod �) ≥ � , or, equivalently, (i� mod �) ≥ � − (� mod �) =

((−�) mod �).

For the statement (9), since (𝜆 mod 𝜇) > 0 , W≤ and W> form a parti-
tion of the set of multiples of � modulo � . Thus, by statement  (8), we have that 
(i𝜆 mod 𝜇) ∈ W≤

⇔ (i𝜆 mod 𝜇) < ((−𝜆) mod 𝜇) . 	� ◻

Example 6  In Fig  5 we can see that processor 1 in period 2 has tardi-
ness R1,2 = (� mod �) = 2 ≥ (−� mod �) = 1 . Indeed we have that 
2 > (2𝜆 mod 𝜇) = 1 , as Lemma 13 predicts.

6.2 � Position of processors

We now introduce the concept of position of processors in a given period. The posi-
tion depends on the number of processors in the period having tardiness smaller or 
equal to the given processor. Position is defined for all processors, independently 
from the fact of being selected or not, being available or not.

Let b(m1,m2) be a tie-break function that, for any two idle processors m1,m2 , 
is true if a job is assigned to processor m1 over processor m2 , false otherwise. For 
example, if a scheduler prioritizes lower index processors, b is <.

Definition 12  (Processor position) We define �m,j as the position of processor m in 
period j , which corresponds to the number of processors with tardiness smaller than 
the tardiness of m in period j plus the number of processors that have the same tardi-
ness of m and are prioritized by the tie-breaking function, i.e.,

Observe that positions range from zero to M − 1 and processors have distinct 
positions.

Remark 6  As we have seen in the proof of Lemma  3, in the standard configura-
tion the selected processors are the ones with the lowest tardiness. Since position 

𝜋m,j =
||
{
m� ∈ [1..M] ∶ Rm�

,j < Rm,j

}|| + ||
{
m� ∈ [1..M] ∶ Rm�

,j = Rm,j ∧ b(m�
,m)

}||.
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Fig. 5   Example: first periods of the schedule of the instance (N,L,M,P) = (19, 8, 8, 19) , in which 
(N mod M) = 3 , � = 5 and � = 3



556	 Real-Time Systems (2024) 60:537–569

encodes both tardiness relative to other processors and the tie-breaking policy of the 
scheduler, in each period where the standard configuration applies selected proces-
sors are the (N mod M) with the lowest position.

Example 7  Let us consider Fig. 5 and assume that < is the tie-breaking function b . 
In period 4, we see that processor 5 is in position 0, processor 6 is in position 1 
(because of the tie-break), and processor 1 is in position 4.

Lemma 14  (Position change in standard configuration) Consider a difficult instance 
(N, L, M, P). If period j ≥ 0 has a standard configuration start, then selected pro-
cessors increase their position by M − (N mod M) positions, while non-selected 
ones decrease it by (N mod M) i.e.:

Example 8  Let us consider Fig.  5 again, in which (N mod M) = (19 mod 8) = 3 
and M − (N mod M) = 5 . In period 4, processors 5 and 6 are selected and increase 
their position in period 5 from 0 and 1 to 5 and 6, respectively. Processor 1 is not 
selected in period 4 and decreases its position in period 5 from 4 to 1.

Proof  By Lemma  3 the standard configuration applies in period j , so, by 
Remark  6 non-selected processors have position greater or equal to (N mod M) . 
Let m ∈ Sj be a selected processor, and m ∈ Sj be a non-selected one, thus 
0 ≤ 𝜋m,j < (N mod M) ≤ 𝜋m,j < M . We show that, in period j + 1 the situation flips 
and we have that 𝜋m,j+1 < 𝜋m,j+1 . Indeed, by hypothesis, Corollary 4 applies and

To conclude the proof, we observe that, by the definition of standard configuration, 
|Sj| = (N mod M) and |Sj| = M − (N mod M) . 	�  ◻

Lemma 15  Consider any difficult instance (N, L, M, P) such that 
⌊

M

N mod M

⌋
=
⌊
L

�

⌋
 

and period j ≥ 0 . If each period in [0..j − 1] has a standard configuration start, then 
each processor m ∈ A>

j
 has position

Proof  There are three cases:
Case 1: (M mod (N mod M) = 0) . Then also (−M) mod (N mod M) = 0 and 

the thesis holds because positions are non-negative.
Case 2: (� mod �) = 0 . By Remark 4, then A>

j
= � and the thesis holds.

Case 3: (M mod (N mod M) > 0) and (𝜆 mod 𝜇) > 0.
By Lemma  3 and Lemma  2 in all periods [0..j − 1] the standard configuration 

applies and precedence constraints cause no idle time. As m ∈ A>
j
 then its tardiness 

𝜋m,j+1 =

{
𝜋m,j +M − (N mod M) < M, if m ∈ Sj,

𝜋m,j − (N mod M) ≥ 0 if m ∉ Sj

Rm,j+1 = Rm,j − 𝜇 < L − 𝜇
(6)
=L − 𝜇 = 𝜆 ≤ Rm,j + 𝜆 = Rm,j+1.

�m,j ≥ (−M) mod (N mod M).
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can be expressed as Rm,j = ((i𝜆) mod 𝜇) ∈ W> for some 0 < i <
lcm (𝜆,𝜇)

𝜆
 . Indeed, 

when i = lcm (�,�)

�
 , i� mod � = 0 and Rm,j ∈ W≤.

By Corollary 4, m must have been selected i times (increasing each time its tardi-
ness by � w.r.t. the previous period) and non-selected h times (decreasing its tardi-
ness by � each time w.r.t the previous period), without resetting. As in period j pro-
cessor m is in A>

j
 , then 0 < Rm,j < 𝜇 , and the number h of decreases in tardiness 

must compensate for a total increase of i� . Thus, h =
⌊
i�

�

⌋
.

Assume that the most recent period in which processor m is selected after a reset 
is k ∈ [0..j] . By Lemma 14, we can state that, by period j the position of processor m 
increased by (M − (N mod M)) positions each period it was selected, and decreased 
of (N mod M) positions each period it was not selected without resetting:

As �m,k−1 ≥ 0 , the thesis follows by calculation:

	�  ◻

6.3 � Cooldown time

We now concentrate on what is defined as the cooldown time, that is the mini-
mum number of periods needed by a selected processor to become available 
again, under a standard configuration regime. We will show that this value solely 
depends on whether the tardiness of the processor belongs to either W> or W≤.

�m,j = �m,k−1 + i(M − (N mod M)) − h(N mod M).

�m,j ≥ iM − i(N mod M) −

⌊
i�

�

⌋
(N mod M)

(6)
=iM −

(
i
L

�
−

(i�) mod �

�

)
(N mod M)

(8)

≥iM −

(
i
L

�
+

(−�) mod �

�

)
(N mod M)

= i

(
M −

L

�
(N mod M)

)
+

� − (L mod �)

�
(N mod M)

(7)

≥

(
1 −

(
L

�
−

⌊
L

�

⌋))
(N mod M)

(7)

≥

(
1 −

(
M

N mod M
−
⌊

M

N mod M

⌋))
(N mod M)

=

(
1 −

(M) mod (N mod M)

N mod M

)
(N mod M)

= (−M) mod (N mod M).
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Definition 13  (Cooldown time) Let us consider a processor with tardiness 
Λi = � + (i� mod �) in some period k. The cooldown time qi is the number of con-
secutive periods after k in which, under a standard configuration regime, that are 
necessary for the processor to reduce its tardiness to a value smaller than � , without 
being selected.

Lemma 16  Consider a processor with tardiness Λi = � + (i� mod �) in some 
period k. Assume that the processor is not selected for qi consecutive periods, and 
that period k + qi is the first in which the processor tardiness is smaller than � . 
Then, we have

Proof  In each period in which the processor is not selected, it reduces its tardiness 
by � . Thus, to reduce the tardiness to a value smaller than � it needs exactly ⌊Λi∕�⌋ 
consecutive periods. Therefore, using the definitions of integer division and modulo, 
by calculation we have:

	�  ◻

Example 9  In Fig.  5 processor 1 in period 3 has tardiness 
R1,3 = Λ1 = � + (1� mod �) = 7 . As we can see, the standard configuration applies 
in the first 5 periods, so processor 1 needs q1 =

⌊
7

3

⌋
= 2 periods to become available 

again. Indeed R1,3+q1
= R1,5 = 1 < 𝜇 . Note that in periods 3 and 4 , processor 1 is not 

yet available.

Lemma 17  Consider a difficult instance (N, L, M, P), a period j ≥ 0 , and a proces-
sor m in period j with tardiness Rm,j = Λi = � + (i� mod �) for some i ≥ 0 . If each 
period h ∈ [j..j + qi − 1] has a standard configuration start and m is never available 
(i.e., Rm,h ≥ �), then m will never be selected in the interval [j..j + qi − 1] and

Proof  Processor m will never be selected in [j..j + qi − 1] because its tardiness is not 
< 𝜇 , by Lemma 3. Moreover, by Corollary 4, the processor tardiness is decreased by 
� , w.r.t the previous period, in each of the qi periods in the interval. Thus, at period 
j + qi the tardiness of processor m is:

(10)qi =
� + (i� mod �) − ((i + 1)� mod �)

�
.

qi =

⌊
� + (i� mod �)

�

⌋

=
� + (i� mod �) − ((� + (i� mod �)) mod �)

�

=
� + (i� mod �) − ((i + 1)� mod �)

�
.

Rm,(j+qi)
= ((i + 1)� mod �).
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where we used (10). 	�  ◻

Remark 7  Under the same hypothesis of Lemma 17, we can show that qi may only 
assume two values, depending on the value of i:

Remembering that by Remark  1 we have that � + � = L , let us consider the two 
cases separately:

•	 If (i𝜆 mod 𝜇) ∈ W> , 

•	 If (i� mod �) ∈ W≤

6.4 � Back to available processors

In this section, we finally prove Lemma 6.
In the next proofs, in a period k > q> , we focus on the following set of selected 

processors (that will be denoted with Sk,1, Sk,2 and Sk,3 , respectively, for better read-
ability), under the standard configuration regime:

•	 Processors available but not selected in period k, i.e., Ak

⋂
Sk = Sk,1;

•	 Non-available processors that will become available in period k + 1 . In particu-
lar, depending on their cooldown time value qi ∈ {q≤, q>} , we have:

(11)Rm,(j+qi)
= � + (i� mod �) − �qi = ((i + 1)� mod �),

qi =

⎧
⎪
⎨
⎪⎩

q> =
�
L

𝜇

�
if (i𝜆 mod 𝜇) ∈ W>,

q≤ =
�
L

𝜇

�
− 1 if (i𝜆 mod 𝜇) ∈ W≤.

⇒(i𝜆 > (i + 1)𝜆) mod 𝜇, by definition of W>

⇒((i + 1)𝜆 mod 𝜇) = (i𝜆 mod 𝜇) + (𝜆 mod 𝜇) − 𝜇

⇒qi =
𝜆 + (i𝜆 mod 𝜇) − (i𝜆 mod 𝜇) − (𝜆 mod 𝜇) + 𝜇

𝜇

=
𝜆 + 𝜇 − L mod 𝜇

𝜇
=

L − L mod 𝜇

𝜇
=

⌊
L

𝜇

⌋

⇒(i� ≤ (i + 1)�) mod �, by definition ofW≤

⇒((i + 1)�) mod � = (i� mod �) + (� mod �)

⇒qi =
� + (i� mod �) − (i� mod �) − (� mod �)

�

=
� − L mod �

�
=

L − L mod �

�
− 1 =

⌊
L

�

⌋
− 1
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–	 processors available and selected in period k − q> , i.e., A>
k−q>

⋂
Sk−q> = Sk,2;

–	 processors available and selected in period k − q≤ , i.e., A≤

k−q≤

⋂
Sk−q≤ = Sk,3.

Remark 8  Observe that the three sets are disjoint. Processors in Sk,1 are available in 
period k, while processors in Sk,2 and Sk,3 are not available.

Processors in Sk,2 can not be in Sk,3 (and vice versa) because their cooldown 
time differs by one period. Indeed, processors of set Sk,2 are not available in period 
(k − q≤) ≤ k , while processors of set Sk,3 are.

Remark 9  The processors in Sk,1 ∪ Sk,2 ∪ Sk,3 are those that will be available in period 
k + 1 , i.e., are subsets of Ak+1 . Indeed, by Corollary 4:

•	 Processors in Sk,1 have tardiness strictly smaller than � and are not selected in 
period k, thus they will decrease their tardiness in period k + 1 by � , resetting.

•	 Processors in Sk,2 and Sk,3 will complete their cooldown time in period k + 1 
becoming available.

•	 All other processors in k have tardiness of at least � and are at least two periods 
away from their cooldown time, thus will not be available at period k + 1.

Lemma 18  Let j ≥ q> . If for each k ∈ [0..j] the following holds:

1.	 period k has a standard configuration start,
2.	 the tardiness of each processor in the period is given by a multiple of � minus a 

multiple of � , i.e., ∀m ∈ [1..M],∃i, h ≥ 0 ∶ Rm,k = i� − h�,

then, the union of sets Sj,1, Sj,2 and Sj,3 contains at least (N mod M) processors, i.e.,

Proof  By Lemma  3, in each period k ∈ [0..j] the standard configuration applies 
and the (N mod M) selected processors are also available processors (i.e., 
|Sk| = (N mod M) and Sk ⊆ Ak ). Moreover, by Lemma  2 precedence constraints 
cause no idle time.

By hypothesis, all processors in period k have tardiness values expressed as mul-
tiples of � minus multiples of � , thus this applies also to all available processors, 
and by Remark 5 we have that the tardiness of any available processor belongs to 
A>
k

⋃
A≤

k
= Ak . As processors are selected among available ones, we have:

because A>
k
 and A≤

k
 are disjoint.

We distinguish two cases:

||||

(
Aj

⋂
Sj

)

���������
Sj,1

⋃(
A>
j−q>

⋂
Sj−q>

)

�������������������
Sj,2

⋃(
A
≤

j−q≤

⋂
Sj−q≤

)

�������������������
Sj,3

||||
≥ N mod M.

(12)|A>
k

⋂
Sk| + |A≤

k

⋂
Sk| = |Sk| = (N mod M),
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Case 1: If (L mod �) = 0 , then by Remark 4 we have that, A>
k
= � . By eq. (12) 

for k = j − q≤ , we have that �Sj,3� = �A≤

j−q≤

⋂
Sj−q≤ � = (N mod M) , which implies 

the thesis.
Case 2: (L mod 𝜇) > 0 . Let g ∈

[
q>..j

]
 . By Remark 9 we have that the available 

processors in Ag are those in the Sg−1,⋅s of the previous period:

because the sets are disjoint. Processors in Sg,1 are those available in period g but not 
selected in g, thus

Let’s start evaluating the sum of cardinalities of Sj,1 and Sj,2 . We have that:

Observe that, by definition q> = q≤ + 1 , implying that j − q> = j − 1 − q≤ , and thus

And using equation (12) for k = j − 1 − q≤ , this implies that

Using (15) in (16) we have that

because the number of selected processors, under the current hypothesis, is always 
equal to (N mod M) , independently of the index of the period.

Repeating these substitutions multiple times we get that

Indeed, observe that Sq>,1 = A>
0

⋂
S0 and that in period zero A>

0
 is empty because 

all processors have tardiness equal to zero and 0 ∈ W≤ . Therefore, |Sq>,1| = 0 . 
Moreover, Sq>,2 is the set Aq>

 of processors available in period q> that have not been 
selected, therefore Sq>,2 = Aq>

⧵Sq>.
Moreover, in the interval going from period zero to period q> − 1 , at 

most q>(N mod M) distinct processors have been selected, and so at least 
M − q>(N mod M) processors have never been selected. In addition, the processors 

(13)Ag =

3⋃

i=1

Sg−1,i and |Ag| =
3∑

i=1

|Sg−1,i|,

(14)|Sg,1| = |Ag

⋂
Sg| = |Ag| − |Sg|

(13)
=

3∑

i=1

|Sg−1,i| − |Sg|.

(15)|Sj,1| + |Sj,2|
(14)
= |Sj−1,1| + |Sj−1,2| +

(
|Sj−1,3| + |Sj,2|

)
− |Sj|.

(16)Sj,2 = A>
j−q>

⋂
Sj−q> = A>

j−1−q≤

⋂
Sj−1−q> .

|Sj−1,3| + |Sj,2| = |A≤

j−1−q≤

⋂
Sj−1−q≤ | + |A>

j−1−q≤

⋂
Sj−1−q≤ | = |Sj−1−q≤ |.

(17)
|Sj,1| + |Sj,2| = |Sj−1,1| + |Sj−1,2| + |Sj−1−q≤ | − |Sj|

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
=0

= |Sj−1,1| + |Sj−1,2|,

|Sj,1| + |Sj,2| = |Sq>,1|
���

=0

+|Sq>,2| = |Aq>
| − (N mod M).
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that have been selected in period zero, have tardiness Λ0 = � + (0� mod �) 
in period one. Since (0� mod �) ∈ W≤ their cooldown time is q≤ and, by 
Lemma  17, in period 1 + q≤ = q> these processors are available again. Hence 
|Aq>

| ≥ M − q>(N mod M) + (N mod M).
Summing up:

We further distinguish two more cases:
Case 2.1: 

⌊
M

N mod M

⌋
>
⌊
L

𝜇

⌋
 . Then |Sj,1| + |Sj,2| ≥ (N mod M) , because the two 

sets are disjoint by Remark 8, and we have the thesis.
Case 2.2: 

⌊
M

N mod M

⌋
=
⌊
L

�

⌋
 and we have that |Sj,1| + |Sj,2| = (M mod (N mod M)) . 

By Lemma  15 available processors m> ∈ A>
j−q≤

 have position 𝜋m>,j−q≤
≥ (−M)

mod (N mod M) . Therefore, lower positions must be occupied by available proces-
sors with tardiness in W≤ (i.e., in A≤

j−q≤
 ), and at least ((−M) mod (N mod M)) of 

these processors must be selected in period j − q≤ because ((−M) mod (N mod M))

< N mod M . Therefore,

and, by modulo proprieties,

which finally implies the thesis because the sets are disjoint, by Remark 8. 	�  ◻

We are finally ready to prove Lemma 6, whose statement is here reported for the 
reader’s convenience.

Lemma 6  (Inductive step 2) Let j ≥ 0 , If each period k ∈
[
0..j

]
 has a standard con-

figuration start, then there are at least (N mod M) available processors also in 
period j + 1 (i.e., |Aj+1| ≥ (N mod M)).

Proof  Consider period j ≥ 0 . By hypothesis and by Lemma 3 observe that the stand-
ard configuration applies in all periods up to period j included. Now we distinguish 
three cases:

Case 1: j ∈
[
0..

⌊
M

N mod M

⌋
− 2

]
.

By Corollary  4 only the (N mod M) selected processors increase their tardi-
ness in each period k ∈ [0..j] . As exactly (N mod M) processors are selected in 

|Sj,1| + |Sj,2|
= |Aq>

| − (N mod M)

= M − q>(N mod M) + (N mod M) − (N mod M)

=

(⌊
M

N mod M

⌋
−

⌊
L

𝜇

⌋)
(N mod M) + (M mod (N mod M)).

|Sj,3| = |A≤

j−q≤

⋂
Sj−q≤ | ≥ (−M) mod (N mod M) ,

|Sj,1| + |Sj,2| + |Sj,3| ≥ (M mod (N mod M)) + ((−M) mod (N mod M))

= N mod M,
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each period, by period j at most (j + 1) ⋅ (N mod M) distinct processors have been 
selected, and the number of those that have never been selected up to period j + 1 is 
at least

As all M processors have no tardiness in period 0 , a processor that is never selected 
up to period j + 1 still has no tardiness, thus, the (N mod M) never selected proces-
sors are also available in period j + 1.

Case 2: j =
⌊

M

N mod M

⌋
− 1.

Consider period j − q0 . By the discussion in case 1, there are at least (N mod M) 
processors that have never been selected before and still have tardiness equal to zero. 
Thus, (N mod M) zero tardiness processors are selected and reach tardiness Λ0 = � 
in period j − q0 + 1 . Their cooldown time is q0 and by Lemma 17 will be available 
again in period j + 1 . Hence |Aj+1| ≥ (N mod M).

Case 3: j ≥
⌊

M

N mod M

⌋
.

First observe that j ≥ q> = ⌊L∕𝜇⌋ , by equation (7). Then notice that, by Corol-
lary  4, in each period up to j processors have either increased their tardiness by 
� , decreased it by � , or reset it, and thus hypothesis 2 of Lemma  18 is true, i.e., 
∀m ∈ [1..M],∃i, h ≥ 0 ∶ Rm,k = i� − h� . Then Lemma 18 might be applied in this 
case for period j. This means that

As, by Remark 8 the three sets are disjoint, and by Remark 9, the three sets are sub-
sets of Aj+1 , the thesis follows from

	�  ◻

7 � Schedule hyper‑period

In this section, we prove the result of the exact hyper-period length for uniform 
instances anticipated in Theorem  10, that is the number of periods needed for 
the schedule to return to a previous tardiness configuration. This result derives 
from the deterministic nature of the scheduler and shows that the same schedul-
ing repeats periodically.

With respect to the conference version of the paper Buzzega et  al. (2023), 
rewrite some results and adapt them to the stronger hypotheses needed for dealing 
with any work-conserving non-preemptive schedulers.

M − (j + 1)(N mod M) ≥ M −
(⌊

M

N mod M

⌋
− 1

)
(N mod M) ≥ (N mod M).

|Sj,1 ∪ Sj,2 ∪ Sj,3| ≥ N mod M.

|Sj,1 ∪ Sj,2 ∪ Sj,3| ≤ |Aj+1|.
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Theorem  10  (Hyper-period length) Given a difficult instance (N, L,M,P) , let 
u ∈ ℕ

+ be the maximum number of times a processor is selected before resetting. 
Then the hyper-period length is equal to 

⌈
u
L

�

⌉
.

Proof  By Theorem 7 and Corollary 9, any period has a standard configuration start and 
by Lemma 3 standard configuration applies. By Corollary 4 selected processors increase 
their tardiness by � and non-selected ones decrease it by � , w.r.t the previous period. For 
each of the u times in which the processor is selected, one period is used to increase the 
tardiness to Λi and qi periods to reduce it to ((i + 1)� mod �) for some i ≥ 0.

After that, the remaining tardiness will be (u� mod �) . If it is greater than 0 , one 
more period is needed to reset it. Thus, the number of periods needed to reset is exactly:

	�  ◻

Theorem 11  For any difficult instance (N, L,M,P) , u∗ is the maximum number of 
times any processor is selected before resetting.

Proof  We begin by showing that there exists a finite value u ∈ ℕ
+ that corresponds 

to the number of times any processor is selected before resetting.
As in the proof of Theorem  10, in every period, the standard configuration 

applies and any non-zero tardiness may be expressed as a multiple of � minus a 
multiple of � . By Remark  1, a selected processor m must have initial tardiness 
∈ [0..� − 1] , so for any j ≥ 0 and m ∈ Sj , Rm,j = (i� mod �) for some i ≥ 0 . In par-
ticular, there exists a finite value ord(�) called additive order of � ∈ ℤ� such that 
ord(�) ⋅ � ≡ 0 mod � . It follows that the number of tardiness increases u does not 
exceed the order: u ≤ ord(�) , thus u exists and is finite.

Now we prove that u∗ = u.
Consider any processor m with zero tardiness in period j ≥ 0 and that increases 

its tardiness exactly u times (that is in u different periods) before resetting. Since 
there are always enough available processors, by Remark 6 m has position lower or 
equal to (N mod M) if and only if it is selected. By Theorem 10, m is subject to 

⌈
uL

�

⌉
 

periods in which it has non-zero tardiness.
By Lemma 14 processor m increases its position u times and, in order to bring it 

back to a value lower than (N mod M) , it reduces it 
⌊
uM−u(N mod M)

N mod M

⌋
 times. Thus we 

must have that

u−1∑

i=0

(1 + qi) +

(⌈
u� mod �

�

⌉)

= u +
u� + (0� mod �) − ((u)� mod �)

�
+

(u� mod �) + (−u� mod �)

�

(6)
=
uL + (−uL mod �)

�

=

⌈
u
L

�

⌉
.
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otherwise m would have position lower or equal to (N mod M) , causing it to be 
selected u + 1 times without resetting, which contradicts the hypothesis. Since by 
definition, u∗ is the minimum value for which this inequality holds, we have that 
u∗ ≤ u.

On the other hand, we supposed that m does not reset its tardiness before having 
been selected u times, hence, using Corollary 4, the number of periods needed to be 
selected u′ < u times and lower the tardiness to a value in [0..�] is at least as much as 
the periods needed to reduce the position to a value lower or equal to (N mod M):

This implies that u is the smallest value for which Eq. (18) holds; hence u = u∗ . 	�  ◻

For the following corollary, the proof can be found in the conference version of 
the paper.

Corollary 19  (Buzzega et al. 2023) We have that u∗ ≤ min
(

�

gcd (L,�)
,
N mod M

gcd (N,M)

)
 , hence 

it can be computed in time O(min(M, L)) that is pseudo-polynomial in the length of 
the input.

8 � Conclusions and future work

In this paper, we complete the study of the tardiness of uniform instances, intro-
duced in our previous work (Buzzega et  al. 2023), which are a subset of Har-
monic Task systems. We consider tasks to be synchronous and periodic, with the 
period and job length to be shared among the tasks. We present a full analytical 
study of the tardiness of such instances under the general class of non-preemptive 
and work-conserving schedulers.

We show that the job length is a tight bound to tardiness and we provide a 
method to find the exact scheduling tardiness as well as the length of the hyper-
period, both in pseudo-polynomial time, linear with the number of processors. In 
particular, given a uniform instance (N, L, M, P), to derive the results, one has to 
first compute the following values:

–	 value � as ⌈N∕M⌉L − P , in constant time;
–	 value � as P − ⌊N∕M⌋L , in constant time;
–	 value u∗ as the minimum positive integer u such that ⌈uL∕�⌉ ≤ uM∕(N mod M) , 

in time linear with min(M, L) , because u∗ is bounded by the minimum between 
�∕gcd(L,�) and (N mod M)∕gcd(N,M).

(18)
⌈
uL

�
s

⌉
≤ u +

⌊
uM − u(N mod M)

N mod M

⌋
,

⌈
u�L

𝜇

⌉
− 1 ≥

⌊
u�M

N mod M

⌋
, ∀0 < u� < u.
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Then, it is possible to compute:

–	 the exact instance tardiness as the maximum between zero and 
𝜆 +max0≤i<u∗ (i𝜆 mod 𝜇) , in time linear with u∗ (i.e., as before, in time linear 
with min(M, L));

–	 the exact length of the hyper-period as 
⌈
u∗L

�

⌉
 , in constant time.

We observe that each value can be computed with simple algebraic operations in 
a number that depends on M, the number of processors. Since in practical appli-
cations, the latter is generally relatively small, the method is computationally 
tractable for real-world scenarios in which uniform instances arise.

We performed some tests to support the latter affirmation: we computed values 
of u∗ for various instances by forcing u∗ > 1 , otherwise the computation requires 
only less than ten arithmetical and logic operations. At this aim, we chose M and 
P of the same order of magnitude, uniformly up to a value of 4 billion (far larger 
than typical applications), and N was sampled to be up to 16 times larger than M. 
Value L was set so that L ≥

�
P

⌊N∕M⌋+1∕⌊M∕(N mod M)⌋

�
 , so that u∗ > 1 , with values 

never smaller than M/16; i.e., min(M, L) ∈ Ω(M) . Among the 1 million tests we 
conducted, only 0.04% of the instances had u∗ that exceeded the value of 5000, 
and for all other instances, u∗ was computed in less than 0.46 ms. In general, the 
execution time never exceeded 95 ms. All experiments were carried out on a 
Python 3.12.5 implementation of the algorithm, run on an Apple MacBook with 
an M2 chip. Since the computation of u∗ is to be done only once to determine the 
instance tardiness, tests confirm tractability for real-world scenarios.

As for future works, we plan to use the gained insights to explore the behavior 
of more general task systems. By systematically relaxing constraints, we aim to 
deepen our understanding of scheduling problems and generalize our results. The 
aim of such research direction is twofold: on the theoretical side, to analytically 
derive tighter bounds to tardiness, while on the practical side, to overcome a limi-
tation of the present study and include more general types of instances that are 
more applicable to real-world scenarios. This iterative process of generalization 
will guide our future research efforts in this area.
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