Mediterr. J. Math. (2025) 22:90 -
https: //doi.org/10.1007 /s00009-025-02856-9 Mediterranean Journal
© The Author(s) 2025 of Mathematics

®

Check for
updates

A Closed Formula for the Interleaving
Distance of Rectangle Persistence Modules

Mehmet Ali Batan, Claudia Landi and Mehmetcik Pamuk

Abstract. We give formulas for calculating the interleaving distance be-
tween rectangle persistence modules that depend solely on the geometry
of the underlying rectangles. Moreover, we extend our results to cal-
culate the bottleneck distance for rectangle decomposable persistence
modules.
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1. Introduction

Topological data analysis is a recently emerging and fast-growing field for
analyzing complex data using geometry and topology. One of its main tools,
persistent homology, has found a wide range of applications to biology [17],
medicine [15], information networks [1], finance [13], etc. It works by per-
forming a multiscale analysis of data structures. More precisely, persistent
homology studies the topology of a multifiltration with respect to a poset P
used as a parameter space. Taking homology, with coefficients over a field k
and for an arbitrary but fixed homology degree, of a multifiltration gives a
persistence module.

Formally, a (P-indexed) persistence module M is a functor M: P —
Vec where Vec denotes the category of k-vector spaces. Throughout the pa-
per, we consider the poset of real numbers R with its standard total order
and the product poset R™. Modules of the form R™ — Vec are known as
n-parameter persistence modules.
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In the l-parameter setting (n = 1), any pointwise finite-dimensional
persistence module decomposes in an essentially unique way into simple sum-
mands called interval modules [11]. The decomposition is specified by a dis-
crete invariant called a barcode. In contrast, the algebraic structure of a mul-
tiparameter (n > 2) persistence module can be far more complex. While de-
composition theorems exist, the underlying quivers are of wild-representation
type, meaning that their sets of indecomposables are hard to classify [8].

Another useful property of 1-parameter persistence modules is that they
are completely described up to isomorphism by the rank invariant [8]. Botnan
et al. [6] prove that the rank invariant is complete on the class of rectangle-
decomposable 2-parameter persistence modules and provide algorithms to
determine efficiently whether a given 2-parameter persistence module belongs
to this class.

Distances are tools for quantifying the (dis)similarity between persis-
tence modules. They play an essential role in both theory and application.
Different types of distances have been proposed on various types of persis-
tence modules with values in Vec [16]. Among the available distances, the
interleaving distance, introduced by Chazal et al. [9], stands out because of
its stability and universality properties. These properties can be extended to
any number of parameters [14]. On the other hand, the bottleneck distance
is the standard metric on barcodes; that is, it depends on the barcode de-
composition of the given modules. For the 1-parameter persistence modules,
it is now well known that these two distances are equal to each other [14].
Hence, the computation of the interleaving distance can be done by comput-
ing the bottleneck distance with efficient algorithms. Since a canonical def-
inition of a barcode is unavailable for multiparameter persistence modules,
the definition of bottleneck distance does not admit an immediate extension
to the multidimensional setting. Nevertheless, it is still possible to define
meaningful generalizations of the bottleneck distance between multiparam-
eter persistence modules whose decompositions are given (see, for example,
[4, Definition 2.9] for the interval decomposable modules). Unfortunately, the
interleaving distance and the bottleneck distance are no longer equal. Still,
the bottleneck distance is an upper bound for the interleaving distance since
it can be defined as the supremum of the pairwise interleaving distances be-
tween indecomposables.

It is known that the interleaving distance is NP-hard to compute for
persistence modules valued in Vec [5]. So, it is natural to consider a subclass
of persistence modules to obtain a formula for the interleaving distance. For
a polynomial time algorithm that computes the bottleneck distance for 2-
parameter interval decomposable modules, see [12]. Because of the results of
[6] mentioned above, rectangle decomposable persistence modules are another
interesting class.

In this paper, we give a closed formula to calculate the interleaving
distance between rectangle persistence modules that depends solely on the
geometry of the underlying rectangles.
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The first main result of the paper, which we discuss in Sect. 3 in detail,
shows that the interleaving distance is equal to the minimum of two quanti-
ties: one of them is related to the thickness of the underlying rectangles, and
the other one is the Hausdorff distance between the underlying rectangles.
Precisely, we prove:

Theorem A. Let M and N be two n-parameter rectangle persistence modules
with underlying rectangles Raq and Ryar, respectively. We have

LM — min { . {thickéRM)7 thickQ(RN) b (R RN)}.

We also want to note that by Proposition 2.20 and Corollary 2.21, our
result holds regardless of whether the underlying rectangles are open, closed,
or neither.

Furthermore, thanks to the fact that, if M and A are two interval
persistence modules, then the interleaving distance is equal to the bottleneck
distance (see Corollary 4.2), the formula above can be used to calculate the
bottleneck distance between two rectangle persistence modules in essentially
the same way as for the bottleneck distance in the 1-parameter case (see [16,
p. 50]).

The second main result of the paper, which we discuss in Section 4
in detail, provides an alternative formula for the bottleneck distance of rec-
tangle decomposable persistence modules using the geometry of underlying
rectangles in the decompositions.

Theorem B. Let M and N be two n-parameter finitely rectangle decompos-
able persistence modules with decompositions

m k
MZ@Mi and NZ@/\G

i=1 j=1

where we denote the underlying rectangle of each persistence module M; (re-
spectively, Nj) by R; (respectively by Q;). Let S be the set of all partial
bijections between the barcodes B(M) = {R;}™, and B(N) = {Q;}5_,. Let
o€ S and let I'(0) = B(M) — coimo, J'(0) = B(N) —imo. Then, the
bottleneck distance dg(M,N) is equal to
o€ R;Ecoim o Ri/EI,(U)

migmax{ max {dI(Mi,a(Mi))}, max {M tthk(Qﬂ’)}}

L e {
2 Q; €l (o) 2

where the interleaving distance between M; and o(M;) is equal to

min { max {thiCk(Ri) s thiCk(Ra(i)) }, du (Rw U(Ri)) }}

2 2

Remark 1.1. Note that Theorem B applies in particular to finitely presented
rectangle decomposable modules.
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2. Preliminaries

1. Notations and Conventions

For any integer n > 1, let us start with defining a partial order on R™ by
taking

u=(ug,...,up) 0= (v1,...,0n)

if and only if u; <wv; forall 1 <i<mn,...,n, and u < v if and only u; < v;
forall 1 <i¢ <mn,...,n. Note that u > v is not the negation of u < v. Also,
let us endow R™ with the max-norm, that is

e = mavx {Jul}

for all u € R™. The metric induced by the max-norm is
doo(u,v) = max {Jus — v1},..., [un — vn|}

for all u,v € R™. Let us define the extended real line, and more generally,
the extended space, as R = R U {—o0, +00} and R" = H@, respectively.

i=1
Throughout the paper, for any a € R, we follow the convention that

a+ (£00) = (£00) + a = too,
—00 < a < 400,
and, for any b € R,
—00 < b < +oo. (2)
Moreover, we follow the convention that
(00) — (£0) = 0,
(£00) + (£o0) = to0, (3)
| + 00| =
2.2. Multisets and Partial Multibijections

Definition 2.1. A multiset in the extended space R" is a subset 4 of R" such
that each point a € A is assigned a multiplicity mult4(a) € N* U {+o0}.

Basically, a multiset is a generalization of the concept of a set in which
the multiplicity of elements matters.

Definition 2.2. A multibijection o between two multisets (A, mult 4) and (B, multg)
is a bijection

mult 4 (a) mult g (b)
o J I @—-U II o
acA  i=1 beB =1

We will use different symbols to denote different copies of the same
element in a multiset.

Definition 2.3. A partial multibijection o : A - B between multisets A and
B is a multibijection 0: A — B where A = coimo is a subset of A and
B =imo is a subset of B.
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2.3. Persistence Modules

Definition 2.4. An n-parameter persistence module M over a field k is a
family of vector spaces { M, }uecrn over k together with a family of linear
maps called transition maps

{om(u,v): My — My, u v eR"}
such that for every u < v < w € R", we have
(1) em(v,w) o pr(u,v) = pr(u,w),
(i) em(u,u) =idm,-
We say that the n-parameter persistence module M is the zero persis-
tence module if M, is the zero vector space for all u € R™.

Definition 2.5. A morphism f: M — N between two n-parameter persis-
tence modules M and A is a collection of linear maps { f,: M, — N} such
that the following diagram commutes for all u < v € R™.

M wM(uﬂ))M
D

Nu o (u,v) Ny

Definition 2.6. We say that the persistence modules M and N are isomor-
phic, denoted by M ~ N, if there exist two morphisms f: M — N and
g: N'— M such that fog and go f are identity maps.

Definition 2.7. Let M be an n-parameter persistence module. Let € = (¢, ..., €) €
R™. For any € € R™ with € > 0, the e-shift of the persistence module M is
the n-parameter persistence module M(€) defined as

o M(é)y = M, ¢ for any u € R", and

® Y@ (u,v) = pam(u+ € v+ €) forany u <v e R™

Definition 2.8. Let M be a persistence module, we call M = M & My a
direct sum of the persistence modules M7 and My where

o M, >~ (Mi), ®(My), forany ue R", and

o pr(u,v) = ( 0 o, (1, ) for any u < v € R™.

Analogously, we call M = @Mi a direct sum of the persistence modules
M, for some collection of persistence modules {M;} satisfying the same
structure.

We say that M is an indecomposable persistence module if M is a
non-zero persistence module and cannot be written as a direct sum of two
non-zero persistence modules. By the Krull-Schmidt theorem [2], there exists
an essentially unique (up to permutation and isomorphism) decomposition

M = @ M; with every M; being indecomposable.

Definition 2.9 [4]. We say that I C R” is an n-parameter connected interval
if
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I is non-empty,

Ifu,vel and u X w < v, then w € I,

If u,v € I, then for some m € N there exist uy,us,...,us, € I such
that u <uy = us <X ... = ugy, < 0.

Throughout the paper, we denote the topological closure of an interval
I as a subset of R™ by I, and the interior of an interval I as I°.

Definition 2.10 [4]. We say that a persistence module M is an interval per-
sistence module if

e for some interval I C R", M, = k for every u € I, and M, = 0 for
every u ¢ I.
o or(u,v) =idy for every u 2 v € I.

Here, I is called the underlying interval of the persistence module M.

We may denote an interval persistence module Z with underlying inter-
val I by Z7.

Definition 2.11 [4]. If M ~ @Il for a multiset B of intervals of R™, we

IeB
say that M is an interval decomposable persistence module and the multiset

B(M) = B is the barcode of M. Moreover, we say that M is a finitely
interval decomposable persistence module if the barcode is finite.

M~ @ 7! is an interval decomposable persistence module, then
IeB(M)
M denotes the closed interval decomposable persistence module @ 7l
IeB(M)
Similarly, M° denotes the open interval decomposable persistence module
P 7"

IeB(M)

Remark 2.12. Any interval persistence module M is indecomposable [7, Propo-
sition 2.2].

Now, let us define rectangles, rectangle persistence modules, and rec-
tangle decomposable persistence modules.

Definition 2.13. We say that R C R” is an n-parameter rectangle if R =
Iy x ... x I, where each I; is a 1-parameter interval. We say that M is an n-
parameter rectangle persistence module if it is an interval persistence module
whose n-parameter underlying interval is an n-parameter rectangle R. We will
call R as the underlying rectangle of the rectangle persistence module M. We
say that a persistence module is a rectangle decomposable persistence module
if it decomposes into a direct sum of only rectangle persistence modules. If
the sum consists of only finitely many such modules, we call it a finitely
rectangle decomposable persistence module.
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2.4. Interleaving Distance

In this subsection, we first define the interleaving distance for multiparameter
persistence modules and then give some of its properties.

Definition 2.14 [14]. Let € be a non-negative real number and let € = (¢, ..., €) €
R”™. An e-interleaving between n-parameter persistence modules M and N is

a collection of morphisms f,: M, — N,z and g,: N, — M, ¢ such that
the four diagrams

My — M, N, —— N,

lfu J{f l u JQ” (4)

Nuye — Nose Myye —— Myye

; Nu+g Mu+€
% Gu
M, Ve (5)
\
Mu-&-ZE Nu+2€

commute for all © < v € R".

The non-labelled maps are the transition maps mentioned in Defini-
tion 2.4.

Note that, if M and N are e-interleaved, then they are d-interleaved for
any € < §. Therefore, one can define the interleaving distance by

dr(M,N) = inf{e € [0,400) : M and N are e-interleaved}.
If no such ¢ exists, then we put d;(M,N) = +oc.

Remark 2.15. Note that if the persistence modules M and N are 0-interleaved,
then d; (M, N) = 0. However, the following example shows that the converse
is not always true.

Example 2.16. Let M be a l-parameter persistence module with My = k
and zero otherwise, and A/ be the 1-parameter zero persistence module. Then,
dy(M,N) =0, but M and N are not 0-interleaved (for more details, see [14,
Example 2.3]).

Definition 2.17. Let € = (¢,...,€) € R™ with € > 0. An n-parameter persis-
tence module M is called e-significant if @ (u,u + €) # 0 for some u € R™,
and e-trivial otherwise.

Proposition 2.18. Let M be an n-parameter rectangle persistence module with
underlying rectangle Rapq = (a1,b1) X ... X (an,by). Then, M is e-trivial if
and only if € > 1r<n,i£1 {b; —a;}.

<i<n
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Proof. Let € = (e,...,¢) € R with ¢ > 0. Suppose M is e-trivial. By Defi-
nition 2.17, @ (u,u + €) = 0 is zero for all u € R™. Now, consider a point
u € Rpy. So, a < w < b. This implies that M,, # 0, but M,z = 0 as
om(u,u+€) =0. Since My 1z =0, u+€¢ Rprg, and so u + € A b. Thus, we
have € £ b—u < b— a as a < u. This implies that there exists i = 1,...,n
such that € > b; — a;. Hence, ¢ > 1I<n¢i£n{bi —a;}

Conversely, assume that e 271;<n_i£1 {b; — a;}. This implies that there
1SN

exists ¢ = 1,...,n such that € > b; — a;. Take an arbitrary point v € R™.
If a < u, then we have b; < a; + € < u; + ¢, and so M,z = 0. Thus,
om(u,u+€) : My — Mo,z is the zero map. If a £ u, then M, = 0. Thus,
om(u,u+€) : My — M,z is the zero map, again. Hence, pp : M, —
M4z is the zero map for every u € R, meaning that M is e-trivial. O

Proposition 2.19. An n-parameter persistence module M is 2¢e-trivial if and
only if it is e-interleaved with the zero persistence module.

Proof. Let M be an n-parameter persistence module and let N/ be the zero
persistence module, that is A, = 0 for all v € R™. Consider the following
diagrams.

My ———— My 0=N, — N, =0

lfu lfv lg“ l : (6)

0=Nyje — Noppe =0 Mype —— Myye

./\/u+g =0 MquE

Mu ‘/gu+2 0= Nu
\ \
Mu+2§ Nu+2€ =0

Suppose the persistence module M is 2e-trivial. So, by Definition 2.17 the
transition maps @aq(u, u + 2¢) = 0 for all w € R™. This implies that all dia-
grams in (6) commute for all u < v € R™ and all diagrams in (7) commute for
all v € R™. Hence, the persistence module M is e-interleaved with the zero
persistence module. Conversely, if the persistence module M is e-interleaved
with the zero persistence module, then all diagrams in (6) commute for all
u =X v € R" and all diagrams in (7) commute for all © € R™. Thus, by com-
mutativity of left triangle diagrams in (7) for all u € R™, the transition maps
om(u,u+ 2¢) = 0 for all u € R™. Hence, by Definition 2.17 the persistence
module M is 2e-trivial. O

The following result [12, Proposition 15] will be used later.

(7)

Proposition 2.20. Let M = Z! and N' = I’ be two interval persistence
modules with underlying intervals I and J, respectively. Then, dr(M,N) =
dr(M,N) where M =TI% and N =T".
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From the definition of the interior of an interval, the following corollary
is immediate.

Corollary 2.21. Let M = T! and N' = T’ be two interval persistence modules.
Then, df(M,N) = d(M°,N°) where M® =TI"" and N° =17°.

2.5. Bottleneck Distance

In this subsection, we briefly define the bottleneck distance. Later in Sect. 4,
we extend our results to calculate the bottleneck distance for rectangle de-
composable persistence modules.

Definition 2.22 [4]. Let A and B be multisets of intervals. An e-matching
between A and B is a partial multibijection o : A -» B such that

(i) for all I € A — coimo, I! is 2e-trivial,

(ii) for all I € B —imo, Z7 is 2e-trivial,

(iii) for all I € coima, Z! and Z°() are e-interleaved.

If there is an e-matching o between the barcodes B(M) and B(N) of
persistence modules M and N, then we say that M and A are e-matched.

Now, we can define the bottleneck distance between the barcodes of
multiparameter interval decomposable persistence modules.

Definition 2.23 [4]. Let M and N be two interval decomposable persistence
modules and S be the set of all partial multibijections between the barcodes
B(M) and B(N). Then, the bottleneck distance between interval decompos-
able persistence modules is defined as

dp(M,N) = inf{e € [0, +00) : M and N are e-matched}.
If there is no such an €, we put dg(M,N) = +oo.

Note that, this is also equivalent to setting dp(M,N) = ing cost(o).
[e4S]

Also, bear in mind that if B(M) and B(N) are finite barcodes, then S is
a finite set. Thus, one can use minimum in the definition of the bottleneck
distance instead of infimum since there always exists a partial multibijection
7 : B(M) - B(N) such that dg(M,N) = cost(7). Following [10, Defini-
tion 4], we call the partial multibijection & optimal.

3. Computing the Interleaving Distance for Rectangle
Persistence Modules

In this section, we show that the interleaving distance on rectangle persis-
tence modules can be computed by a closed formula using the geometry of
underlying rectangles.

In the following, we have results for open rectangle persistence modules.
Fortunately, by Proposition 2.20 and by Corollary 2.21, we know that, for any
interval persistence modules M = Z! and N' = Z7, d; (M, N) = d;(M,N) =
dr(M°,N°) where M = Z! and N = Z7, and M° = Z!" and N° = T7°.
Thus, after proving one for open rectangles, our results are also valid for
closed, non-open, and non-closed rectangle persistence modules.
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Throughout this section, M and N always denote two n-parameter
rectangle persistence modules with underlying rectangles Ryq = (a1,b1) X
... X (an,by) and Ry = (c1,d1) X ... X (¢n,dy). Also, we always assume that
ai,c; € RU{—o00}, b;,d; € RU{+o0}, and a; < b;, ¢; < d; fori=1,...,n.

Setting a = (a1,...,a,), b = (b1,...,bn), ¢ = (¢1,...,¢,) and d =
(dy,...,dy), respectively, we observe that Ry = {x € R" : a < & < b} and
Ry = {x € R" : ¢ < & < d}, respectively. We say a and b are the minimal
and the maximal points of the closure of Rj4, respectively, and ¢ and d
are the minimal and the maximal points of the closure of Ry, respectively.
Moreover, we define and denote thickness of these rectangles as thick(Rq) =

11%1%1"{@ — a;} and thick(Ryr) = 1I<n¢1£n{di — ¢}

In the next result, we show that we can define a non-trivial morphism
fi: M — N if Rpq overlaps with Rps from above.

Lemma 3.1. Let Raq and Ry be as above. The set of non-trivial morphisms
f: M — N is non-empty if and only if c X a < d =< b. Moreover, if such
set is non-empty, it contains the morphism f : M — N such that f, is the
identity map for all u € Ry N Ry, and the zero map for all u ¢ Ry N Rys.

Proof. Let f: M — N be a non-trivial morphism. So, there is u € R™ such
that f, #0. Thus, a < u < b and ¢ < u < d, and so a < u < d. Hence, it is
enough to show that ¢ < a and d X b.

We will first show that ¢ =< a. Suppose on the contrary that ¢ £ a,
i.e., there exists at least one ¢ € {1,...,n} for which ¢; > a;. Without loss of
generality, let ¢; > aq so that ¢; > —o0. Now, if u = (uq,...,u,) ¢ Raq, then
fu=0.Ifu=(ui,...,u,) € Rp, then a; < u; for every j =2,...,n. Thus,
there exists aj,...,a} € R such that a; < a;' < u; for every j =2,...,n.
Now, if u; < ¢1, then u ¢ Ry, and so f, = 0. Otherwise, if u; > ¢, since
we are assuming that a; < cp, there exits af € R such that a1 < af <
c1 < up. This implies that a* = (af,...,a}) ¢ Ry and a < a* < u. So,
at € Ruq. Now, consider the following diagram, where the horizontal maps
are the transition morphisms of M and A/, respectively.

k= My —25 M, =k

loz for lf“ The diagram must be commutative since

0=N,+ —— N,
f: M — N is a morphism. This implies that f, = 0 also for the case u; > ci.
Hence, f,, = 0 for all u € R™. So, it contradicts f: M — N being a non-trivial
morphism. Hence, ¢ < a.

Still assuming that f: M — A is a non-trivial morphism, we will show
that d < b. Suppose on the contrary that d £ b, i.e. there exists at least one
i€ {1,...,n} for which d; > b;. Without loss of generality, let d; > b; so that
by < +o0. Now, if u = (u1,...,un) ¢ Rar, then f,, = 0. If u = (uq,...,up) €
Ry, then u; < d; for every j = 2,...,n. Thus, there exists d; ,...,d, € R
such that u; < d; < d; for every j = 2,...,n. Now, if by < wuy, then
u ¢ Raq, and so f, = 0. Otherwise, if b; > wy, since we are assuming that
b1 < dj, there exits d; € R such that u; < by < dj < d;y. This implies that
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d-=(dy,...,d,;) ¢ Ry and u 2 d~ < d, and so d- € Ry. Now, consider
the following diagram, where the horizontal maps are the interval morphisms
of M and N, respectively.

My —— Mg =0

=

lfu
k=N, "%, A, =k

The diagram must be commutative since f: M — A is a morphism.
This implies that f, = 0 also for the case b; > wuy. Hence, f, = 0 for all
u € R™. So, it contradicts f: M — N being a non-trivial morphism. Hence,
d=<b.

For the proof of the converse statement, assuming ¢ < a < d =< b, we
can define a non-trivial map f: M — A as follows:

(8)

fu = idy ifa<u<d,
““ o otherwise

for any u € R"™.
Let us now check that it is a valid morphism M — AN. For a < u < v <
d, we have the following commutative diagram.

k=M, -5 M, =k
lid]k lidk
k=N, -5 N, =k
For a £ v and u =< v, observe that the following diagram commutes.
0=M, 2= M,
Jo |
Ny ——— N,
For a < uw <= v and v £ d, observe that the following diagram commutes.

M, —— M,

| Js

Ny —2= N, =0
s Therefore, the following diagram commutes for all u < v € R".
My —— M,
s
Ny —— N,

Hence, f: M — N as in (8) is the desired non-trivial morphism (Fig. 1).
O
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C

Figure 1. Some rectangles configurations in the 2-parameter
case where we can define a non-trivial morphism f : M — N
as in (8)

Corollary 3.2. Let Ry and Ry be as above. Let € = (e,...,¢) € R™ with
€ > 0 and let N'(€) be the e-shift of the persistence module N'. There exists a
non-trivial morphism f: M — N (€), among which the one defined by

= idi  if u € Rypm N Ryge
““ o otherwise ’
if and only if
max{ 1?%}(71{0’ ait, lréliasxn{dZ b,}} <e< lrgnilél"{dl a;}
Proof. By Lemma 3.1, there is a non-trivial morphism f: M — N (€) if and
only if c — € < a < d — € < b. We note that:
e c—¢é = aifandonly if ¢;—e < a; for 1 < i < n, or equivalently € > ¢; —a;
for 1 <i<m;
e a < d—¢€if and only if a; < d; — ¢ for 1 < i < n, or equivalently
e<d;—a;forl<i<mn;
e d—¢=<bifand only if d; — e < b;, for 1 < i < n, or equivalently
e>d; —b;for1 <i<n.

Hence, there is a non-trivial morphism f: M — N (€) if and only if
max{ 121%)(71{01 a;}, lrél%xn{dl bz}} <e< 1Ignz‘1£n{dl a;}
|

Next, we prove that the interleaving distance is always less than or equal
to half the maximum of the thicknesses of Raq and Rys.
Lemma 3.3. Let Raq and Ry be as above. We have
thick(Raq) thick(Rar) }
2 ’ 2 '

di(M,N) < max{

Proof. If

ax{thiCkéRM), thickz(RN)} _ max{

obi—a; L di
min , Inin
1<i<n 2 1<i<n 2

o
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then there is nothing to prove. Thus, let

. .obi—a; . di—
€ = max4 Imin , min
1<i<n 2 1<i<n 2

Ci} < +oc. 9)
We note that € > 0. So, we can consider M(€) and N (€). Let us take the

maps f: M — N(€) and g: N — M(€) to be trivial. Thus, all square dia-
grams (4) in the Definition 2.14 are commutative. Now consider the following

diagram.
u+e
f/ X_*_:O

P (u,u+2€)

u+26

By Eq.9, we have € > min — ai. By Proposition 2.18, it follows that M

1<i<n
is 2e-trivial. Thus, @aq(u,u + 2€) = 0 for every point u € R™, and hence the
diagram above is commutative.
Similarly, one can show that the following diagram is also commutative
for all points u € R™ by showing @ (u,u + 2€) = 0 for every point u € R".

u+e
9/ \ko

(u,u4+2¢€)

u+2e

Therefore, the trivial morphisms f: M — N(€) and g: N — M(€) are
e-interleaving morphisms such that all diagrams in Definition 2.14 are com-
mutative for every point in R™. Hence, the rectangle persistence modules M
and N are e-interleaved, and thus, we can conclude that

dl(M,N)SﬁzmaX{ min bi — ai . min di—Cz‘}'

1<i<n 2 Ti<i<n 2
O

We now review the definition of the well-known Hausdorff distance for
subsets of R"™.

Definition 3.4. Let X and Y be two subsets of R" and € = (¢,...,¢) € R"
with € > 0. The Hausdorff distance between these sets is defined and denoted
as

dg(X,Y) =inf{e: X CY(€) and Y C X ()}

where X (€) = U {2 €R": ||z — 2|l < €}, and Y (€) is defined analogously.
reX
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Proposition 3.5. The Hausdorff distance between the two n-parameter rect-
angles R={u€R":a<u<b} and R ={u € R" : ¢ < v < d} is equal
to

max { e = aflo, 14 = bl }.
Proof. Let € = (€,...,€) € R™ with € > 0. Observe that R C R’'(€) and
R CR@E) ifandonlyif b <d+¢ c—€é=<a,andd Xb+¢€ a—¢€=g
respectively. Equivalently, we have —€¢ < b—d < € and —€¢ < c—a < &

This is also equivalent to having ||d — b||oc < € and ||c — @]/ < €. Therefore,

maX{Hc — a0, ||d — b||oo} < e if and only if di (R, R') < e. Hence, we get

di (R, R') = max { [le = all, 14 = oo }
O
The following two results show that the interleaving distance between

the rectangle persistence modules is also bounded by the Hausdorff distance
of their underlying rectangles.

Lemma 3.6. Let Raq and Ry be as above. If

thick(R, thick(R,
dH(RM,RN) <max{ é M), 2( N)}

then

dir(Rm, Ry) < min{ 1212;1”{@ —a;}, 11;1};1”{()1- - cl}}

Proof. Without loss of generality, let us suppose that
i in {d; — a;}, mi b—~}:d—a.

mln{lrgniléln{ i —a;} 121;1”{ i — Ci} 1 1
Now, let € = max {||c — a||o, ||d — b||o }, and suppose on the contrary that
di — a1 < €. Note that 959 < d=21< gince ||c — al|s < € by definition of
€. Thus, we have dl%cl < € as di — a1 < € by assumption. Similarly, note
that 254 < di=tate gince ||d — b||os < € by definition of e. Thus, we have
bhi—ar < ¢ pg dy — a1 < € by assumption. Therefore, we have

2

bi — Qa; dz — C;

min <e¢ and min
1<i<n 2 1<i<n 2

<e.

Hence, we have

obi—a; L di g
max{ min , min 7} <,
1<i<n 2 1<i<n 2
which contradicts the assumption. O

Lemma 3.7. Let Raq and Ry be as above. If
dy(Ram, Ry) < min{ min {d; — a;}, 1r<n.i£1 {b; — ci}},

1<i<n
then
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Proof. If
max {fle = alloc, 4 = bl } = +oc,
then there is nothing to prove. Thus, let
0<e= max{||c — oo, ||d — b||oo} < 400.
Hence,

> a4 b
€ > max { 1@&)(11{01 a;t, 1r£1iagxn{dZ bl}}

and, by assumption,
i in {d; — a;}, min {b; — -}< in {d; — a;}.
€< mm{lrgnilgn{ p al}’lrgnilgn{ i —Cite < 1rSrlil£n{ i —a;}
Analogously,

> o .
€ > max { 1r£figxn{al cits 1rgzagxn{bl dl}}

and, by assumption,
e<min{ min {d; — a;}, min {b; — ¢; }< min {b; —¢;}.
1gi§n{ ‘ 1}’1gign{ i—cily < 1gi§n{ i —ci}

By Corollary 3.2, we can take morphisms f: M — N(€) and g: N' —
M(€) to be non-trivial and precisely idy : k — k at all points u € R™ such
that domain and codomain of f,, (respectively, g, ) are both non-trivial.

Let us show that they make the triangle diagram

u+e
/ \k commute for every u € R™.

e (u,ut2€)

u+26

If ./\/lu =0 or My 9: =0, then the triangle diagram is clearly commu-
tative. So, suppose that M,, = k and M, 12z = k. Thus, pq(u, u+2€) = idy
and a < u < b — 2¢. Thus, we have

UAE<b—E=<b—||d—bllo-(1,...,1) <d
since ||d — b|loo < € by definition of €. Also, we have
c<a+lc—alloeo-(1,...,1) 2a+e<u+e

since ||¢c — al|so < € by definition of e. These two inequalities together imply
that ¢ < u + € < d. It follows that M,z = k, and hence f, = idx and
Gute = idi make the diagram commute since we are assuming that M, =k
and M, 2z = k. Hence, the triangle diagram above commutes for all points
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u € R™. Analogously, the triangle diagram below is commutative for all points
u € R™

Mu+€

Gu

N e (u,u+2€) Nyioz
u u+2€e
Therefore, f, g form an e-interleaving pair, implying that
dr(MN) < e = max {Jle = alloc, 14 = bl }-
O

The following statement shows that the interleaving distance is always
less than or equal to the minimum of two quantities. One of them is the
maximum of half the thicknesses of Ry and Rar, and the other one is the
Hausdorff distance between Raq and Ryv.

Theorem 3.8. Let Ry and Ry be as above. We have

dr(M, ) < min { mae { W) WK g, Ry }

Proof. First, suppose that
a {thick(RM) thick(R)
* 2 T 2
By Lemma 3.3, we know that

}S dg (R, Byr)-

A (M) < max{thiCkéRM), thick2(RN) }

Hence, the result follows in this case.
Now, suppose that

thick(Raq) thick(Ry) }

dH(RMaRN)<maX{ 2 ) 2

Then, by Lemma 3.6, we know that
dig(Rm, Ry) < mm{ @lélnwi —a;}, 121;1”{61- - cl}}
Therefore, by Lemma 3.7,
di(M,N) < dg(Rm, Ry)-
Hence, in any case

dr (M, ') < min { mae { K] KRN Rm}.




MJOM A Closed Formula for the Interleaving Distance Page 17 of 25 90

Next, we prove the converse of the inequality of Theorem 3.8. That is,

d; (M, N) > min { max { thick(Fr) thick(Fy) } dir (R, RN)}.

2 ’ 2

Lemma 3.9. Let M and N be e-interleaved persistence modules with two in-
terleaving morphisms f: M — N (€) and g: N' — M(E). If f or g is a trivial
morphism, then

¢ > max { thick(RM)7 thick(Rxr) }
2 2
Proof. Without loss of generality, suppose that f: M — N(€) is a trivial
morphism. Thus, f,: M, — N,z is a zero map for every u € R™. By
assumption, we know that M and A are e-interleaved. Hence, both of the
diagrams below must be commutative for every u € R".

u+e u+e
/ \\: / \0

M (u,u+2¢€) (u,u+2¢€)
u+2€ u u+26

As a result, both @aq(u,u + 2€) and @ (u,u + 2€) are the zero maps for
every u € R™. Therefore, both M and A are 2e-trivial persistence modules.
By Proposition 2.18, it follows that 2¢ > min {b; — a;} and 2¢ > min {d; —

1<i<n 1<i<n
¢;}. Hence, we can conclude that
L obi—a; . di—g
€ > max<{ min min —— ;.
1<i<n 2 1<i<n 2

O

Lemma 3.10. Let M and N be e-interleaved persistence modules with two
interleaving morphisms f: M — N(€) and g: N — M(E). If f and g are
non-trivial morphisms, then

Proof. From Corollary 3.2, since f: M — N(€) is a non-trivial morphism,
we get

e>max{ max {¢; — a;}, max {d; — b; }
= lgign{ % l},lgign{ % z}
Analogously, since g: N — M(€) is a non-trivial morphism, we have
€ > max 4 max {a; — ¢;}, max {b; — d; }
= {1<z n{ ¢ 1}71§i§n{ i —di}

Hence, we can conclude that

¢> max{”c — af|oo, ||d — bHoo}.
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We present our first main result, showing that the interleaving distance
equals the smaller of the two quantities.
Theorem A. Let Ry and Ry be as above. We have

d](M,N) = min { maX{thiCkéRM), thiCkQ(RN) }, dH(RM,RN)}.

Proof. First, note that by Theorem 3.8, we already have

ick( ) thick(Rr)
{th k2RM ,th kQRN }

dry(M,N) Smin{max , dH(RM,RN)}.

For the remaining part of the proof, let M and N be two e-interleaved per-
sistence modules with interleaving morphisms f: M — N(€) and g: N' —
M(€). Suppose first that f or g is a trivial morphism. By Lemma 3.9, we
know that

¢ > max { thlckéRM)’ tthk2(RN) }

Thus, we have

hick hick
eZmin{max{t © ;RM),t © Q(RN)}7 dH(R/\/uRN)}.

Now, suppose that f and g are non-trivial morphisms. By Lemma 3.10, we
know that

Thus, again, we have

thick thick
€ > min { max{ IC gRM), IC 2(RN)

Therefore, in both cases, we have

€ > min { max { tthkéRM) thick(Rar)

S },dH(RM,RN)}.

Hence, we can immediately conclude that

41 (M, N) > min { max{thICkéRM) | thlckQ(RN)

3 dH<RM,RN>},

which finishes the proof. 0

Now, we present two examples in the 2-parameter case where the inter-
leaving distance is directly computed using the closed formula of Theorem A.
This distance is either equal to the maximum of half the thicknesses, or
the maximum distance between the minimal and maximal elements, i.e., the
Hausdorff distance.
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Figure 2. Two rectangle persistence modules whose inter-
leaving distance is equal to half the maximum of the thick-
nesses of the underlying rectangles

Example 3.11. Let M and A be two 2-parameter rectangle persistence mod-
ules given as in Fig. 2. By Theorem A, we know that the interleaving distance
is equal to

min { max { tthkéRM) , tthkéRN) }, di(Rm, RN)}.

Since

thick(Ra) thick(Ry)\ 373
R i e S L B
and
A (Rag, Ray) = max { e = afl o, 4 = bloc } = max { + 00,1} = +oc,
we get dr(M,N) =min {3, +oo} = 3.

In the next example, the interleaving distance is equal to the Hausdorff
distance.

Example 3.12. Let M and N be two 2-parameter rectangle persistence mod-
ules given as in Fig. 3. Since

ax{thiCkéRM), thickQ(RN)} e {1’ g}

3
2
and

di(Rat, Ry) = max{”c ~ af|oo, ||d — b||oo} - max{l, 1} —1,

we get df(M,N) =min{2,1} =1.
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Figure 3. Two rectangle persistence modules whose inter-
leaving distance is equal to the Hausdorff distance

Remark 3.13. Thanks to Proposition 2.20 and Corollary 2.21, Theorem A
holds independently of whether the underlying rectangles are open, closed,
or neither.

4. Computing the Bottleneck Distance for Rectangle
Decomposable Persistence Modules

In this section, we first give an equivalent expression of Definition 2.22 for
the calculation of the bottleneck distance for n-parameter interval decompos-
able persistence modules. Then, we present our result for the calculation of
the bottleneck distance for n-parameter rectangle decomposable persistence
modules.

Proposition 4.1. Let M and N be two finitely interval decomposable persis-
tence modules with given decompositions

M= P 7'adN= P T’
IeB(M) JEB(N)

where summands I' and I7 are interval persistence modules with underlying
intervals I and J, respectively. Let S be the set of all partial multibijections
between the barcodes B(M) and B(N). Let o € S and let I'(c) = B(M) —
coimo, J'(0) = B(N) —imo. Then, the bottleneck distance dg(M,N) is
equal to

minmax{ max {dl 7!, 70 } max {dII O} max {d[ 0, I }}

oceS Iccoimo eJ/ (o)
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Proof. Since M and N are finitely interval decomposable persistence mod-
ules, the barcodes B(M) and B(N) are finite, and hence S is also a fi-
nite set. If dg(M,N) = +oo, then the quantity in (10) is less than or
equal to dg(M,N). If dg(M,N) < +o0, consider a partial multibijection
: B(M) - B(N') between the barcodes B(M) and B(N) such that & is an
e-matching. Therefore,

(i) for all I € I'(5), I! is 2e-trivial,

(ii) for all J € J'(7), Z7 is 2e-trivial,

(iii) for all I € coima, Z' and Z°() are e-interleaved.

Now, by Proposition 2.19, the interval persistence module I is 2e-trivial
if and only if Z7 is e-interleaved with the zero persistence module for all
I €Y(5). Thus, € > d;(Z1,0) for all I € I'(5).

Similarly, by Proposition 2.19, the interval persistence module Z7 is 2e-
trivial if and only if Z7 is e-interleaved with the zero persistence module for
all J € J/(5). Thus, € > d;(0,Z7) for all J € J'(5).

Also, Z' and Z°U) are e-interleaved for all I € coima. Thus, € >
dr(Z",7°W) for all I € coim .

Therefore,
> I 75(I) I NS
e max{ max {d:(Z".770)}, max {di(T',0)}. max {d:(0.7°)})

It follows that
> mi dr(zt,z7°0 dr(Z%,0 dr(0,77)} ).
€ _mm(max{ max { I( ) )}7116151();){ I( ) )}’Jrer.lﬁf{a){ I( ) >}})

oces Iecoimo

By the arbitrariness of ¢, we deduce that

dp(M,N) Z{‘Ileiglmax{ max {dI(II,I‘T(I))}, max {dI(II,O)},

I€coimo IeY (o)
d; (0,77 }
Jmax {d:(0,27)}
Conversely, let us set

e:minmax{ max {d;(II,IU(I))}, max){dI(II70)},JrI}]aE<){dI(O,IJ)}}.
€J' (o

c€eS I€coimo Iel (o
Let & be a partial multibijection such that

7 o (1 1 J
e=max{ max {dr(T0I7) e (T, 00}, mae {dr(0,77) 1)

It follows that € > d;(Z%,Z°1) for all I € coim &. Similarly, € > d;(Z7,0) for
all I € I'(5) and € > d;(0,Z7) for all J € J'(5). Clearly, Z! is e-interleaved
with the zero persistence module for each I € I'(5) and Z7 is e-interleaved
with the zero persistence module for each J € J'(7). So, by Proposition 2.19,
T! is 2e-trivial for each I € I'(5) and Z” is 2e-trivial for each J € J'(5). So,
we have

(i) for all I € I'(5), I! is 2e-trivial,

(ii) for all J € J'(5), Z7 is 2e-trivial,

(iii) for all I € coima, Z' and Z°() are e-interleaved.
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Thus, & is an e-matching. So, by Definition 2.23, € > dg(M,N'). Hence,
the claim is proved. O

The following result shows that the bottleneck distance is equal to the
interleaving distance if M and N are two n-parameter interval persistence
modules (for more details of the proof, we refer to the reader to [3, Proposition
4.3.1)).

Corollary 4.2. If M =TI and N' = I7 are two n-parameter interval persis-
tence modules, then dg(M,N) = drf(M,N).

Proof. Tt is well known that d;(M,N) < dg(M,N). Thus, it is enough
to show that dg(M,N) < d;(M,N). Suppose that the interval persis-
tence modules M = Z! and N' = Z7 are e-interleaved. Now, consider the
bijection o: {I} — {J} with imo = {J} and coimo = {I}. Therefore,
B(M) — coimo = @ and B(N) — imo = (. Now, by Definition 2.22, the
bijection o: {I} — {J} is an e-matching since Z! and Z7 are e-interleaved.
In particular, we have dg(M,N) < dj(M,N). O

Now, we are ready to give an exact computation of the bottleneck dis-
tance between n-parameter rectangle decomposable persistence modules.

Let M and N be two finitely n-parameter rectangle decomposable per-
sistence modules with decompositions

m k
M=@DM, and N = DA,
i=1 j=1
Let us denote the underlying rectangle of the persistence module M; by
R; = (af,b}) x ... x (a},b,) and N by Q; = (cf,d]) x ... x (¢}, d},) where

at = (ai,...,al), bt = (bi,....0%), ¢d =(,....cl)and &/ = (d],...,dJ).

Theorem B. Let M and N be two finitely rectangle decomposable persistence
modules given as above. Let S be the set of all partial multibijections between
the barcodes B(M) and B(N). Let o € S and let I'(0) = B(M) — coimo,
J (o) = B(N) —imao. Then, the bottleneck distance dg(M,N) is equal to

minmax{ max {dI(MmU(Mi))} max {mid{(Ri/)},Qﬂnel%);(a){mid((Qj')}}’

ocES R;Ecoim o ’Ri' €I’ (o) 2 2

where the interleaving distance between M; and o(M;) is equal to

min { max {thiCl;(Ri) , thiCk(sz(i)) }, du (Rm U(Ri)) }}

Proof. By Proposition 4.1, the bottleneck distance between two finitely rec-
tangle decomposable persistence modules M and N with decompositions

m k
M:@Mi and]\/:@/\fj
i=1 j=1

can be computed as

s { (o0} e (i)} s (05)}
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Propositions 2.18 and 2.19 together imply

b —a’  thick(Ry
d[(Mi/,O) = min -2 2, _ e (B
1<s<n 2 2

and

&' — e’ thick(Qy
ar(0,N5) = min S5 = 2 Qi)
1<s<n 2 2

Finally, by Theorem A, we know that the interleaving distance between
M, and o(M;) is equal to

min { max { thid;(Ri) , thiCk(ZRU(i)) }, dg (Ri, U(Ri)) }}

O

The next stage of our ongoing research is to get an analogous formula
for the case of interval modules. This is not a straightforward task: An un-
derlying rectangle can be represented by just two corner points, but this is
no longer true and is more complicated for an underlying interval of an inter-
val persistence module. Moreover, two rectangles or their shiftings intersect
along a single component, which is again a rectangle, but for intervals or their
shiftings, the number of intersection components can be more than one.
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