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1  Introduction

The work focuses on the pull-in instability phenom-
enon of cantilever bistable electrodes for electro-
mechanical applications. Electrostatically actuated 
devices are a class of smart electronic systems which 
are used for several industrial applications, such as 
sensors, actuators, storage information devices, fil-
ters and resonators [1–3]. In particular, some of these 
devices include carbon nano-tubes (CNTs) actua-
tors, which are widely used in the biomechanical and 
medical sectors [4–6] since they can act as manipu-
lators for nanoparticles and nanoscale objects thanks 
to their tiny size, ultra-low mass and high resonance 
frequency [7–9]. The purely elastic behaviour of 
these peculiar devices permits to carry huge electri-
cal currents and to sustain high current densities, 
which makes CNTs a fundamental component in 
mechatronic applications.

Typical CNT tweezers include movable electrodes 
which consist of two parallel wires with tubular 
cross-section (i.e. the cantilevers) which are elec-
trostatically actuated by a DC voltage difference 
between them [10]. The voltage difference between 
the electrodes causes the electrostatic attraction of 
the CNTs with their consequent approaching. For a 
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threshold voltage, namely the pull-in voltage [11], the 
CNTs suddenly become unstable, by attaching them-
selves, thus causing a short-circuit of the electrodes 
[12]. The pull-in instability defines the stable region 
of the device, that depends on the maximum control-
lable deflection of the nanowires, and consequently, 
the minimum sizes of the manipulated objects [13]. 
Thus, the prediction of pull-in parameters, namely the 
pull-in voltage and the pull-in tip deflection, is fun-
damental in order to estimate the equilibrium posi-
tions of the device and the geometrical dimensions 
of the actuated manipulators. For this reason, several 
numerical and semi-numerical approaches are pre-
sented in literature.

The pull-in instability of CNTs subjected to elec-
trostatic and dispersion forces is studied by Ramezani 
[14] by using distributed and lumped parameter mod-
els. In order to estimate the critical pull-in character-
istics in CNTs, Farrokhabadi et al. [15] proposes three 
different approaches: (i) a lumped parameter model, 
(ii) a modified Adomian decomposition model and, 
(iii) a numerical integration model with multipurpose 
commercial software. Furthermore, Farrokhabadi 
et  al. [16] used a modified variation method and a 
generalized differential quadrature method (DQM) in 
order to estimate the pull-in parameters. The dynamic 
governing equation of CNT tweezers is solved using 
DQM and fourth order Runge–Kutta method pro-
posed by Zare [17]. Additionally, numerical tech-
niques using finite element analysis (FEA) and Galer-
kin discretization method are used to predict the 
critical parameters [18–21]. However, these approxi-
mated methods provide errors that become signifi-
cant, especially, when the pull-in instability occurs. 
Then, to ensure the correct operation of these devices, 
a more accurate approach should be used in order to 
estimate the pull-in bounds, i.e. the lower and upper 
pull-in limits; thus, these approaches techniques sup-
ply only arbitrary estimates of the critical pull-in 
value. Otherwise, molecular dynamics approaches 
can be adopted to study CNTs pull-in behaviour: 
unfortunately, these methods are very time-consum-
ing and not easily employed for large scale systems 
[22].

Instead, Radi et  al. [23–25] propose an accu-
rate purely analytical technique for estimating the 
lower and upper bounds of the static pull-in param-
eters by focusing on the geometrical dimensions and 
material properties of the actuated device. Recently, 

Bianchi et al. [26] exploits that method to investigate 
pull-in phenomena in CNT cantilever actuators with 
tip-charge concentration. The method proposed by 
Bianchi provides the analytical estimates of pull-in 
lower and upper bound parameters for CNT tweezers 
under the action of electrostatic and van der Waals 
(vdW) forces for different geometrical parameters of 
the cantilevers. The experimental characterization of 
these electro-mechanical models are reported in the 
works of Akita et  al. [7], Kim et  al. [9] and Chang 
et al. [10].

The present work aims to estimate the static pull-in 
lower and upper bounds of an electrostatically actu-
ated tweezers with tubular electrodes based on CNT 
configuration. Firstly, the work presents a comprehen-
sive analytical model describing the electro-mechani-
cal behaviour of tweezer architectures. In particular, 
the analytical model can be described by an integral 
equation equivalent to the nonlinear fourth-order dif-
ferential equation (ODE) governing the wires insta-
bility. The proposed method allows to estimate the 
critical pull-in voltage and tip deflection for different 
geometrical parameters of the devices resulting in a 
variation of the pull-in factors. Secondly, in order to 
assess the proposed analytical model, we designed 
and built a millimeter scale actuator subjected to an 
electrostatic actuation which is able to reproduce the 
peculiar pull-in instability phenomenon of actuated 
electrodes. The tests investigated different model 
configurations obtained by varying the free length of 
the wires and the gap between the electrodes with the 
aim to evaluate their effect on the pull-in voltage. The 
experimental results exhibit an excellent agreement 
with the analytical predictions, where the relative dif-
ference between the predicted and experimental pull-
in voltage falls in the range from 0.83 to 13%.

2 � Mathematical model

2.1 � The CNT tweezers model

Figure 1 shows a schematic of a typical CNT twee-
zers configuration. The architecture of the device con-
sists of two tubular cantilever electrodes of length, 
l, external radius, r, and wall thickness, t, which are 
separated by an initial gap, g.

A voltage difference applied between the two 
wires, namely V, generates an electrostatic attractive 
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force causing a symmetric deflection of the tubes. 
Specifically, U(z) represents the deflection of a sin-
gle electrode, where z is the axial coordinate of the 
CNT (Fig. 1), which is the same for both the canti-
levers. Usually, the system is affected by two attrac-
tive contributions: the Coulomb electrostatic force 
and the van der Waals intermolecular contribution, 
where the latter occur solely at the nano-scale, par-
ticularly when the gap, g, is lower than 20 nm.

2.1.1 � Electrostatic attraction

The effect of the electrostatic force is computed by 
using an energetic model [27]. In particular, the 
wire is considered as a perfect cylindrical conduc-
tor [11, 28] with a constant voltage along its entire 
length. This assumption allows to use a capacitive 

model for the tweezer architecture [29], where the 
equivalent capacitance per unit length between the 
two cylindrical and parallel tubes, separated by the 
initial distance, g, is given by

where �0 is the permittivity of vacuum.
Consequently, the electrostatic energy per unit 

length is

Then, the attractive electrostatic force per unit 
length, fe , is defined as

By applying an external voltage difference, i.e. V, 
the two electrodes deflect to each other, thus reduc-
ing the initial gap from g to g − U1 − U2 , where U1 
and U2 represent the deflections of the two mobile 
wires, respectively. Considering that CNTs have the 
same geometry and material properties, the applied 
voltage originates the same deflection on both 
CNTs (i.e. U1 = U2 = U ): it comes that the system 
is symmetric.

Then, by replacing the initial gap, g, in Eq. 3 by 
the effective distance g − 2U , we obtain:
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Fig. 1   Schematic of CNT tweezers under electrostatic actua-
tion
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2.1.2 � The van der Waals force

As reported in literature [15, 25–27], the van der 
Waals (vdW) interaction force can be evaluated by 
employing a Lennard–Jones potential model, where, 
the potential between atoms i and j is defined as

where dij represents the distance between two atoms, 
i.e. i and j, while C12 and C6 represent the repulsive 
and attractive constants, respectively. However, for 
distances higher than 3.4 Å, the repulsive terms can 
be neglected [11] and it can be assumed C6 = 15.6 
eVÅ6.

As suggested by Farrokhabadi [15] and Israelach-
vili [30], the van der Waals (vdW) energy can be 
obtained by double volume integral of the Len-
nard–Jones potential, that is equal to

where v1 and v2 represent the two domains of inte-
gration of CNTs, while n1 and n2 are the densities of 
atoms in these domains, and d (v1, v2) is the distance 
between any two points in these domains, i.e. v1 and 
v2.

Similarly to the equation described for the elec-
trostatic force, i.e. Equation  3, and by considering 
the case of r ≪ g (see Fig. 1), the vdW force per unit 
length can be written as [15]

where A is the Hamaker constant [15].
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C12

d12
ij

−
C6

d6
ij

,
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(
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,

2.1.3 � Governing nonlinear equation of CNT 
configuration

From Eq. 4 and Eq. 7, the electrostatic force, fe , and 
the molecular vdW force, fvdW , of a CNT tweezer can 
be expressed as

where the dimensionless variables k, u and x are, 
respectively:

By using a minimum energy principle [31], the 
governing equation of CNTs can be described through 
the following fourth-order nonlinear ODE

and the boundary conditions for the cantilever 
tweezers

where the load function governing the system, namely 
f(u), can be expressed as

where the dimensionless parameters, β and α, are pro-
portional to the magnitude of the electrostatic force 
and vdW interactions, respectively, namely

(8)
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.

(11)uIV (x) = f (u(x)), for 0 ≤ x ≤ 1,

(12)
u(0) = 0, u�(0) = 0, u��(1) = 0, u���(1) = 0,

(13)f (u) = �f ∗
e
(u) + �f ∗

vdW
(u),
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where I is the moment of inertia of the beam cross-
section, defined as I ≈ πtr3 [32], t is the CNT wall 
thickness, ranging from 0.7 up to 3.4 Å, while E is the 
Young’s modulus of the graphene which varies from 
0.5 up to 5.5 TPa. However, for the present investiga-
tions the mean values considered are t = 1.34 Å and 
E = 2.52 TPa [32].

2.2 � Analytical method

In order to estimate the lower and upper bounds of 
the pull-in voltage and tip deflection of CNTs, we 
propose an accurate analytical approach, similar to 
that developed in the works of Bianchi et al. [26] and 
Radi et al. [23, 24].

2.2.1 � Nonlinear integral equation

Following the approaches reported in [23], the 
Boundary Value Problem (BVP) is equivalent to a 
nonlinear integral equation that is obtained exploit-
ing the Green’s function of the differential problem of 
Eqs. 11 and 12. In particular, by imposing the bound-
ary conditions of cantilever beam and the continuity 
conditions, the coefficients of the general solution to 
this problem can be univocally determined

Thus, the BVP of Eqs.  11 and 12 can be equiva-
lently formulated in term of the following non-linear 
integral equation

From Eq. 17, the maximum deflection at the tip of 
the cantilever (x = 1) is equal to

(14)� =
�0�V

2l4

EIg2
,

(15)� =
3At2l4

256r3∕2EIg7∕2
,

(16)G(t) =

{

t2(3x−t)

6
, 0 ≤ t < x,

x2(3t−x)

6
, x < t ≤ 1.

(17)

u(x) =
1

6

x

∫
0

[

t2(3x − t)
]

f (u(t))dt +
1

6

1

∫
x

[

x2(3t − x)
]

f (u(t))dt.

Given that the load function of the system (i.e. f (u) 
in Eq. 13), and its first derivative with respect to the 
displacement, u, (i.e. f �(u) ), are positive and mono-
tonically increasing, the following inequalities then 
hold true

As reported in the work of Radi [23], the inequali-
ties in Eq.  19 provide useful properties of the func-
tion u(x), that is the solution of the above mentioned 
BVP (see Eqs. 11 and 12).

Specifically, the function u is positive, mono-
tonically increasing and convex, and can be used to 
obtain accurate lower and upper bounds estimates of 
the deflection of CNT tweezers, namely

2.2.2 � Upper and lower bounds for the deflection

In order to define the upper and lower bounds of the 
critical pull-in parameters, two-side estimates are first 
derived for the deflection u(x). As reported in Radi 
et  al. [23], u(x) denotes the solution to the ODE of 
Eq. 11 that satisfy the boundary conditions of Eq. 12, 
then

where uU (x) is the upper bound of the deflection u(x), 
then yields

where b(x) is obtained from [23] and defined as

Similarly, the lower bound of the deflection (see 
Ref [23].), namely uL(x) , can be obtained as

(18)� = u(1) =
1

6

1

∫
0

t2(3 − t)f (u(t))dt.

(19)
0 ≤ f (0) ≤ f (u) ≤ f (�), 0 ≤ f �(0) ≤ f �(u) ≤ f �(�) for 0 ≤ u ≤ �.

(20)
u(x) ≥ 0, u�(x) ≥ 0, u��(x) ≥ 0, for x ∈ [0, 1].

(21)u(x) ≤ uU(x), for x ∈ [0, 1]

(22)uU(x) = � ⋅ b(x),

(23)b(x) =
1

3

(

6x2 − 4x3 + x4
)

(24)u(x) ≥ uL(x) forx ∈ [0, 1]
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where

And the load function, f (u) , computed in u = 0 is 
defined as

where b(x), a1(x) and a2(x) in Eqs.  23 and 26 rep-
resent the polynomials that define the limits of the 
deflection [23]. Specifically, upper and lower bounds 
in Eqs. 22 and 25 are obtained by the boundary con-
ditions in Eq. 12. For this reason, these polynomials 
are the same reported in [23], with a different f (0) 
since the load functions affecting the two devices are 
different.

2.2.3 � Upper and lower bounds for the pull‑in 
parameters

By introducing the upper and lower estimates Eqs. 22 
and 25 in Eq. 18 for the normalized CNTs tip deflec-
tion, the lower and upper bounds for the pull-in 
parameters can be derived.

2.2.3.1  Lower bounds to the pull‑in parameters  By 
using Eqs. 18 and 21 it follows

where the functions L(δ) and F(δ) are defined as

(25)uL(x) = � ⋅ a1(x) + f (0) ⋅ a2(x),

(26)
a1(x) = (3x2 − x3),

a2(x) = (3x2 − 5x3 + 2x4).
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dt,

F(�) = �

1

∫
0

t2(3 − t)

[1 − � b(t)]5∕2
dt,

where L(δ) and F(δ) can be evaluated numerically. 
Specifically, Eq.  28 defines a lower bound for the 
relation between the electrostatic loading parameter, 
β, and the normalized pull-in deflection, δ. The maxi-
mum value of β, and the corresponding tip deflec-
tion, δ, are obtained from Eq. 28, using the stationary 
condition

Then, it is possible to define the lower bounds of 
pull-in parameters, namely βL and δL, such that

where �PI and �PI represent the exact solution of the 
BVP problem of Eqs. 11 and 12, for the pull-in insta-
bility of the CNT tweezers.

The analytical lower bounds, i.e. βL and δL, are 
obtained by the following two conditions

where the functions L�

(�L) and F�

(�L) represent the 
first derivative with respect to δ of the functions L(δ) 
and F(δ) in Eq. 29, and can be estimated numerically.

2.2.3.2  Upper bounds to the pull‑in parameters  By 
using Eqs. 18 and 24 it follows

where the functions K(δ,β) and H(δ,β) are defined as

(30)
��

��
= 0.

(31)
�PI ≥ �L,

�PI ≥ �L,

(32)
�LL(�L) + F(�L) = 6�L,

�LL
�

(�L) + F
�

(�L) = 6,

(33)� ≥ 1

6
[� K(�, �) + H(�, �)],
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where K(δ,β) and H(δ,β) can be evaluated 
numerically.

Specifically, Eq. 33 defines an upper bound to the 
relation between the parameters β and δ.

The maximum value of β, and the corresponding 
tip deflection, δ, obtained by using the stationary con-
dition (see Eq. 28), provides the upper bounds of the 
pull-in parameters, namely βU and δU, such that

Then, the upper bounds follow from the follow-
ing two conditions

where the functions K �

(�U , �U) and H�

(�U , �U) repre-
sent the first derivative with respect to δ of the func-
tions K(δ, β) and H(δ, β) in Eq. 34, and can be esti-
mated numerically.

(34)
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1

∫
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2

k
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⋅

⋅

1
[

ln
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+ k

√

(

1 −
[

�a1(t) + f (0)a2(t)
])

(

1 −
[
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2
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dt,

H(�, �) = �

1

∫
0

t2(3 − t)
(

1 −
[

� a1(t) + f (0)a2(t)
])5∕2

dt,

(35)
�PI ≤ �U ,

�PI ≤ �U .

(36)
�UK(�U , �U) + H(�U , �U) = 6�U ,

�UK
�(�U , �U) + H�(�U , �U) = 6,

2.2.4 � The approximated pull‑in voltage in tweezer 
devices with negligible intermolecular 
interactions

As shown in Eqs. 13–15, α and β remarkably affect 
the values of critical pull-in parameters, and conse-
quently, the operation point of the nanowires. How-
ever, when the geometrical dimensions of the twee-
zers increase, the contribution of the intermolecular 
vdW forces decrease (i.e. α = 0). Specifically, if the 
gap between the CNTs increases from the nano- to 
micro-scale, then the intermolecular force becomes 
negligible. In this specific operating condition, only 
the electrostatic force determines the pull-instability 
threshold of the tweezers.

Thus, by solving the BVP of the pull-in instability 
introduced in Eqs. 11 and 12, the parameter β takes 
the following expression

(37)�∗ =
61.1070 + 28.2748k + 0.129635k2

12.2183 + 0.469347k + 0.000679689k2
,

Fig. 2   Macro-scale device 
implemented
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where the geometrical parameter k is defined as in 
Eq. 10, and the numerical coefficients are obtained by 
interpolation of the analytical upper and lower esti-
mates using the Mathematica software [33].

Then, from Eq.  14, the value of the critical pull-
in voltage of the CNTs device, namely V∗

PI
 , can be 

expressed as

where the geometrical and material parameters are 
the same reported as in Sect. 2.1.3.

3 � Experimental characterization of macro‑scale 
tweezers

The experimental validation focused on the electro-
statically actuated model in Sect.  2.2.4, which rep-
resents the typical operating condition in most of 
cantilever actuators, given that the electrostatic input 
constitutes the principal attractive contribution in 
CNT architecture.

3.1 � Prototype development

The switching configuration examined is the same 
described in Fig. 1, with the only exception that we 
considered a solid cylinder, since the value of the 
parameter β in Eq. 14 is not affected by the thickness, 
t, of the wire.

As shown in previous works from literature 
[34–38], to simplify the experimental approach, the 
experimental characterization focused on a macro-
scale model of the CNT configuration. Specifically, 
by keeping constant the ratio between the geometri-
cal dimensions of the system, it is possible to obtain 
a macro-scale model of the tweezers by increasing 
the geometrical dimensions of the nano-system. The 
macro-scale size system obtained is able to reproduce 
the static pull-in phenomena of electrostatically actu-
ated tweezer configuration, where the intermolecular 
forces are negligible (see Sect. 2.2.4).

As shown in Fig. 2, the switching system is com-
posed by two suspended wires made of steel C100 
with constant radius, r, equal to 0.225 mm, and with 
a free length, l. The wires are separated by an initial 
gap, g, and clamped at one end to a 3D printed ABS 

(38)V∗
PI

=

√

�∗
EIg2

�0�l
4
,

support that acts as a dielectric between the flexible 
wires. For the wires we assumed a Young’s modulus, 
E, equal to 210 GPa, and a Poisson’s ratio, v = 0.3. 
Moreover, the system is subject to an electrostatic 
actuation, namely Vout.

Due to the macro scale, the device required a high 
actuation voltage to reach the pull-in threshold. For 
this reason, we used a high voltage DC–DC converter 
(EMCO CB101) that provides an output voltage, i.e. 
Vout , in a range between 0 and ± 10 kV. The high volt-
age DC-DC converter is powered by a 12  V power 
supply and controlled by a simple electric circuit that 
allows to regulate the output voltage. Specifically, the 
regulation circuit consists of a voltage divider and 
of a manual multi-turn potentiometer that allows to 
regulate the output voltage (i.e.Vout ) from the DC–DC 
converter, from 0 up to the pull-in threshold, i.e.VPI . 
Thus, the critical value of the output voltage corre-
sponds to the critical pull-in voltage, VPI.

Consequently, the high voltage output pin of the 
DC–DC converter was connected to the clamped 
end of the suspended electrodes where the wires are 
bonded. These electric circuit and the voltage sys-
tem regulation are the same described in [35]. Since 
the critical pull-in voltage is affected by the geomet-
ric dimensions of the wires and by the initial gap 
between them [35], we set the maximum admissible 
pull-in voltage equal to 3000 V, thus avoiding unex-
pected breakdown phenomena.

3.2 � Experimental validation

3.2.1 � Experimental set‑up

The experimental validation aims to measure the 
critical pull-in voltage of the actuated tweezers of the 

Table 1   Average values of real dimension for the different 
specimens tested

a ((mean ± standard deviation))

Specimen r [mm] l [mm] g [mm] k

1 0.225 73.00 ± 0.05a 0.81 ± 0.05a 1.80
2 0.225 70.00 ± 0.05a 0.82 ± 0.05a 1.82
3 0.225 56.50 ± 0.05a 0.59 ± 0.05a 1.31
4 0.225 56.40 ± 0.05a 0.66 ± 0.05a 1.47
5 0.225 65.70 ± 0.05a 0.84 ± 0.05a 1.87
6 0.225 74.40 ± 0.05a 0.78 ± 0.05a 1.73
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macro-scale model in Sect.  2.2.4. In particular, we 
supplied the device with a power supply up to reach 
the pull-in threshold, and regulated the input voltage 
to the DC–DC converter using the multi-turn potenti-
ometer (see Sect. 3.1).

During the test, a National Instrument acquisi-
tion board (NI 9211) measured the pull-in voltage on 
the device until the system reached the pull-in. The 
acquisition board was connected to a notebook that 
registered and processed the acquired data using an 
algorithm implemented in LabVIEW [39]. For fur-
ther details of the experimental benchmark see Ref. 
[35].

3.2.2 � Test plan

In order to assess the analytical model in Sect. 2.2.4, 
we investigated some different configurations of the 

tweezers to examine the influence of the geometrical 
parameters on the pull-in.

Table 1 reports the average values of the six twee-
zers configurations investigated experimentally, 
where k is the same described in Eq. 10.

Specifically, we tested different specimen configu-
rations which have different free length, l, in com-
bination of different gaps between the wires, g, and 
where the external radius of the wire, r, is fixed to 
0.225 mm (Fig. 1). Thus, for all the six configurations 
in Table 1, we performed 5 replications of the pull-
in tests, for a total of 30 tests. In particular, the real 
geometrical dimensions of the system were obtained 
by image processing using Image J software [40], 
thus obtaining an accurate estimate of the geometrical 
parameters of the switching system.

Table 2   Values of lower and upper pull-in parameters of a CNT tweezers, for different values of the parameter α and the geometric 
ratio k 

α k = 10 k = 100 k = 1000

δL βL δU βU δL βL δU βU δL βL δU βU

0.0 0.5196 21.542 0.5286 21.855 0.5471 63.000 0.5562 63.886 0.5726 135.76 0.5817 137.63
0.3 0.4793 16.568 0.4887 16.946 0.4961 48.040 0.5054 49.035 0.5103 102.59 0.5196 104.64
0.6 0.4471 11.824 0.4573 12.299 0.4574 34.074 0.4670 35.150 0.4658 72.330 0.4753 74.484
1.0 0.4114 5.7578 0.4229 6.4018 0.4158 16.487 0.4257 17.631 0.4192 34.796 0.4290 36.956
1.2 0.3957 2.8126 0.4079 3.5572 0.3976 8.0320 0.4078 9.1947 0.3993 16.913 0.4091 19.026
1.4 0.3810 − 0.083 0.3940 0.7720 0.3809 − 0.236 0.3913 0.9337 0.3809 − 0.497 0.3909 1.5371

Fig. 3   Variations of the tip 
deflection parameter δ with 
the pull-in parameters β 
obtained from the shooting 
method, for various values 
of the geometric param-
eter k and for the vdW 
force parameter α = 0 (a) 
and α = 1 (b). The curves 
display the numerical 
solutions, while the lower 
and upper analytical values 
of the pull-in parameters, 
i.e.�

L
 and �

U
 , are indicated 

by empty circles and solid 
circles, respectively
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4 � Results and discussion

4.1 � Analytical estimates

Table 2 reports the analytical predictions of the lower 
and upper bounds for the dimensionless pull-in volt-
age parameter, i.e. �L and �U , and the correspond-
ing values of the dimensionless pull-in deflection 
parameter, �L and �U , for different values of the van 
der Waals force parameter, α, and three levels of the 
dimensionless parameter k, from 10 to 1000 (see 
Eq. 10). It is worth noting that the value of the param-
eter k is usually greater than 80, which correspond to 
a tweezer of radius, r, of 5 nm, with a value of the gap 
between the electrodes, g, equal to 800 nm [7, 9].

From Table  2 it can be observed that the pull-
in voltage and deflection parameters significantly 
decrease by increasing the contribution of vdW 
force parameter, α. These results suggest that the 
pull-in voltage and deflection significantly decrease 
if the contribution of the vdW force is considered, 
namely as the coefficient α increases. Otherwise, the 
pull-in parameters increase as the geometric ratio k 
increases. These predictions confirm the well-known 
effect of the vdW parameter α and the geometric ratio 
k. However, if the gap, g, is typically above 20  nm, 
the contribution of the vdW forces can be neglected, 
especially for the case of metal wires.

Moreover, if the vdW force parameter α is greater 
than its critical value, ranging between 1.3942 and 
1.4229, a repulsive electrostatic force with negative 
value is required to prevent pull-in instability and the 
consequent occurrence of stiction of tweezers (see 
last row in Table 2).

Figure  3 shows the relation between the pull-in 
voltage parameter, β, and the tip deflection parameter 
of the tweezer, δ, for different values of parameter k: 
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Fig. 4   Variations of the tip displacement parameter δ with 
the pull-in voltage parameters β obtained from the shooting 
method, for various values of the vdW parameter α and for the 
geometric coefficient k = 100 (a) and k = 1000 (b). The curves 

display the numerical solutions, while the lower and upper 
analytical values of the pull-in parameters, i.e.�

L
 and �

U
 , are 

indicated by empty circles and solid circles, respectively
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the case of α = 0 is considered in Fig. 3.a, while the 
case of α = 1 is considered in Fig.  3.b. Specifically, 
the lower and upper analytical estimates of the pull-in 
parameter, i.e.�L and �U , calculated by using the accu-
rate method described in Sect.  2.2, are marked with 
empty circles and solid circles, respectively. In order 
to validate the analytical estimates, a numerical inte-
gration approach based on the shooting method avail-
able in Mathematica® [33] is employed for obtaining 
a numerical solution of the boundary value problem 
(BVP) defined by the nonlinear ODE and the bound-
ary conditions in Sect. 2.1.3. In particular, the curves 
in Fig. 3 display the variation of dimensionless CNT 
pull-in voltage obtained from the shooting method, 
for various values of the geometric ratio k.

As depicted in Fig. 3, the pull-in voltage parameter 
β increases, by increasing the value of the coefficient 
k. Conversely, the increase of the vdW coefficient (i.e. 
α) yields a significant decrease of the pull-in voltage 
parameters β and δ. The analytical pull-in bounds, i.e. 
β and δ, are in good agreement to the numerical pull-
in parameters obtained by the shooting method, i.e. 
βPI and δPI, confirming the accuracy of the proposed 

1.5

0.5

0.0
0 0.2 0.3

1.0

2.0

0.40.1

= 0β

δ

α

Fig. 6   Relationships between vdW parameter α and tip deflec-
tion parameter δ obtained from the shooting method, for a free-
standing CNT tweezers (β = 0). Lower and upper estimates of 
the pull-in parameters are indicated by empty circles and solid 
circles, respectively

Fig. 7   Variations of βL and 
βU (a) and δL and δU (b) 
with respect to k according 
to Eq. 32 and Eq. 36 for a 
CNT tweezers, for the case 
of α = 0
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method (see Fig. 3). On the one hand, for the case of 
α = 0, the maximum relative error between the ana-
lytical and numerical estimates of the pull-in voltage 
parameter, β, and of the pull-in deflection parameter, 
β, is lower than 0.75% and 0.88%, respectively (i.e. 
k = 1000 in Fig.  3a). On other hand, for α = 1, the 
maximum relative difference is lower than 3.86% for 
the pull-in voltage parameter, β, and lower than 1.27% 
for the pull-in deflection parameter, δ (i.e. k = 1000 in 
Fig. 3b).

Similarly, Fig.  4 reports the effect of vdW force 
contribution, i.e. α, on the pull-in parameters β and 
δ, by considering two values of the geometric ratio, k, 
equal to 100 (see Fig. 4a) and 1000 (see Fig. 4.b). We 
highlighted that, the high values of k strongly affect 
the pull-in response of the CNTs, since the initial gap 
between the nanotubes is typically much greater than 
the diameter of tubular electrodes. However, larger 
values of pull-in parameters are obtained neglect-
ing vdW paraemeter, α = 0, and for higher geomet-
ric coefficients k (e.g. black line in Fig. 4b). Moreo-
ver, the results plotted in Fig. 4 reveal that the CNT 
tweezers are initially deflected due to the presence of 
vdW force even when no electric voltage is applied, 
namely for β = 0: this phenomenon is called free-
standing of the nanowires. As observed in Fig. 3, the 
increase of α, and the corresponding increase of the 
parameter k up to 1000, leads to increase the relative 
error between the numerical and analytical estimates: 
which is nearly equal to 7.76% for the dimensionless 

pull-in voltage, β, and of 1.38% for the pull-in deflec-
tion parameter, δ (i.e. red line in Fig. 4b).

Figure  5 shows the variations of dimensionless 
upper and lower pull-in voltage, βU and βL, with 
vdW parameter, α, for different values of the geo-
metric ratio parameter k. In particular, the curves in 
Fig.  5 were obtained by interpolating the analytical 
estimates of lower and upper pull-in voltage. These 
results show that the lower and upper analytical 
bounds are very close each other for every value of 
the coefficients α and geometric ratio k. As depicted 
in Fig.  5, when no electric voltage is applied to the 
system (i.e. β = 0), we can observe the freestand-
ing CNT tweezers phenomenon: specifically, all the 
curves obtained for different geometric coefficient k 
have the same lower and upper critical values of vdW 
force parameter, αL = 1.3942 and αU = 1.4229. Spe-
cifically, Fig. 6 compares the analytical and numeri-
cal results for the critical vdW force coefficient, α, 

Fig. 8   Variation of pull-in parameter β with respect to k 
for an electrostatically actuated CNT system with α = 0 (see 
Sect. 2.2.4). The curve displays the numerical solution, while 
the lower and upper estimates of the pull-in load factor are 
indicated by empty circles

Table 3   Comparison between the experimental and approxi-
mated pull-in voltage, namely VE

PI
 and V∗

PI
 , where the corre-

sponding approximated value of the dimensionless pull-in volt-
age, β*, is obtained by using Eq. 37

a  (Mean ± standard deviation)

Specimen V
E

PI
[V] V

∗
PI

[V] Error [%]

1 1860 ± 67a 1738 6.56
2 1934 ± 20a 1918 0.83
3 2060 ± 47a 1995 3.15
4 2320 ± 91a 2283 1.59
5 2400 ± 87a 2241 6.62
6 1940 ± 75a 1600 13.04

Fig. 9   The experimental and approximated pull-in voltage 
variation for the different cases evaluated in Table 1
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with the corresponding tip deflection parameter, δ, 
for a freestanding CNT tweezers (β = 0), which is 
independent of the value of k. Thus, the maximum 
relative error between the analytical and numerical 
estimates of the vdW parameter, α, and of the pull-in 
deflection coefficient, δ, is lower than 1.5% and 1.3%, 
respectively.

Figure 7 reports the effect of the parameter k on the 
lower and upper bounds for the pull-in voltage coef-
ficient βPI (see Fig.  7.a), and the corresponding tip 
deflection parameter δPI (see Fig. 7b), by neglecting 
the vdW parameter (α = 0). These outcomes confirm 
the behaviour of pull-in parameters (i.e. βPI and δPI), 
for the different value of k, which can be observed in 
Fig. 3 and Fig. 4. In particular, for very small values 
of geometric ratio, namely k < 5, it can be observed 
a brief decreasing phase of pull-in deflection coef-
ficient δPI (see Fig. 7b). However, for high values of 
k, namely for gap much larger than the diameter of 
the tubes, the pull-in deflection is almost unaffected 
by further variation of the parameter k. Addition-
ally, Fig. 7 shows that the lower and upper analytical 
bounds are very close each other, regardless the value 
of the coefficient k: moreover, the larger distance 
observed in Fig. 7.b is due to the scale of the graph, 
thus the accuracy of the provided analytical approach 
is confirmed.

Figure  8 presents the variation of the pull-in 
parameter β with respect to k, for the specific case of 
an electrostatically actuated CNT tweezers, namely 
for the case of α = 0 (see Sect.  2.2.4), where the 
analytical estimates are obtained using Eq.  37. The 
approximated curve, obtained with Mathematica®, 
fits very well the lower and upper estimates of the 
dimensionless pull-in voltage parameter, β, thus 
ensuring the accuracy of Eq. 37.

In particular, the increase of the value of k, 
improved the accuracy of the approximated estimates 
with respect to the analytical ones, especially for 
CNT tweezers, where g >  > r [15].

4.2 � Experimental results of macro‑scale 
configuration

Table  3 compares the critical pull-in voltage for the 
six configurations investigated (see Table  1) where, 
VE
PI

 represents the experimental pull-in voltage and 
V∗
PI

 , the approximated pull-in voltage obtained using 
Eq.  38. In particular, for the experimental values of 

the pull-in voltage, we reported the mean value and 
the corresponding standard deviation for the 5 rep-
lications performed. The experimental results in 
Table 3 exhibit an excellent agreement with the ana-
lytical prediction. In particular, relative difference 
between the experimental measurements and the 
approximated values of the pull-in voltage falls in the 
range between 0.83% and 13.04%.

As shown in Fig.  9, it appears that both the free 
length, l, and the value of the initial gap, g, of the sys-
tem affected the amount of the pull-in voltage. Spe-
cifically, the higher the length of the tweezer, l, the 
lower the value of the pull-in voltage. However, by 
decreasing the value of the gap, g, the pull-in voltage 
decreases, according to Eq. 38.

Moreover, the scatter in the value of the pull-in 
voltage, can be imputed to the following issues. First, 
the combined effect of the inaccuracies in the gap (i.e. 
g) and in the free length (i.e. l) of the experimental 
device. In particular, a 0.05 mm variation in the gap, 
g, can lead a scatter of the pull-in voltage between 
125 and 150  V. Second, additional inaccuracies are 
determined by a not perfect alignment of the two 
electrodes, resulting in a variation of the initial gap, 
g. It is worth noting that for specimens 4 and 5, were 
registered critical pull-in voltages close to the maxi-
mum admissible pull-in voltage of the device, that is 
lower than 2500 V.

Nevertheless, the proposed macro-scale specimen 
is a low-cost solution with the only limitation of high 
actuation voltage to reach the pull-in phenomenon, as 
highlighted in Table 3.

However, the macro-scale prototype implemented 
is able to reproduce the same pull-in phenomenon 
observed in the micro-nano scale, with exception 
of the vdW surface forces. The proposed device is 
adaptable and simple to manufacture.

5 � Conclusions

This work aimed to identify the critical pull-in 
parameters of cantilever bistable electrodes for nano-
electromechanical tweezer applications, exploiting 
the smart properties of carbon nano-tubes (CNTs). 
The work presents a detailed electro-mechanical 
model of electrostatically actuated CNT tweezers 
under the attraction of van der Waals (vdW) forces. 



1780	 Meccanica (2022) 57:1767–1781

1 3
Vol:. (1234567890)

In particular, we implemented an accurate analyti-
cal model of the switching system under electrostatic 
actuation, and used this model to derive a simple 
approximated formula of pull-in voltage. The analyti-
cal lower and upper bounds of critical pull-in volt-
age and tip deflection match very well the numerical 
solutions. Moreover, in order validate the approxi-
mated analytical prediction, we designed and built 
an electrostatically actuated macro-scale tweezer, 
which reproduces the same pull-in instability phe-
nomenon of tweezer configuration. The tests investi-
gated different macro-model configurations by vary-
ing the free length of the wires and the gap between 
the electrodes. The experimental results show a close 
agreement with the analytical predictions of the 
approximated method, where the maximum relative 
difference of the pull-in voltage is lower than 13%.
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