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Non-minimum tensor rank Gabidulin codes

Daniele Bartoli* and Giovanni Zini' and Ferdinando Zullot

Abstract

The tensor rank of some Gabidulin codes of small dimension is investigated. In
particular, we determine the tensor rank of any rank metric code equivalent to an
8-dimensional Fg-linear generalized Gabidulin code in ng‘l. This shows that such a
code is never minimum tensor rank. In this way, we detect the first infinite family of
Gabidulin codes which are not minimum tensor rank.

1 Introduction

Rank metric codes were introduced by Delsarte [9] in 1978 and have been used in several
contexts, such as crisscross error correction [23], cryptography [14], and network coding [25].
Because of their ubiquitous applications, they attracted increasing attention in the last
years; see e.g. [15122]24].

Very recently, rank metric codes have been investigated through their tensor rank; see
[4H6]. Indeed, a rank metric code C in Fy*™ can be seen as the slice space of an associated
generator 3-tensor, similarly to the case of linear codes in the Hamming metric, where a
code can be described as the row space of a generator matrix. Therefore, after Byrne, Neri,
Ravagnani and Sheekey [6], the tensor rank of C is defined as the tensor rank of a generator
tensor of C. Determining the tensor rank of a certain rank metric code is a hard problem in
general and the exact value is known only for specific classes of codes; indeed the problem
of computing the rank of a 3-tensor is NP-complete [16]. Several lower and upper bounds
for the tensor rank of a rank metric code were presented in [6] and [4]. In particular, as
a consequence of Kruskal’s bound [11], the tensor rank of an h-dimensional F,-linear rank
metric code C in F?*™ of minimum distance d is lower bounded by A —d+ 1. The code C is
said to be minimum tensor rank (MTR for short) if its tensor rank is exactly h —d + 1.
The interest for rank metric codes with a low tensor rank is due to the following fact: the
smaller the tensor rank of the generating tensors, the more efficient the encoding. Via the
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correspondence in [§] between full rank codes and semifields, the notion of tensor rank for
rank metric codes extends the same notion for semifields, which was used as an invariant
by Lavrauw in [I7]. Moreover, some criteria by Kruskal [I1, Section 4] use the rank of a
tensor to assure its identifiability, i.e. the uniqueness of the pure tensors appearing in its
decomposition, which is of interest for the numerical applications within statistics; see [7]
and [I, Section 2].

A family of particular interest among rank metric codes is the one of square Gabidulin
codes Gy s in Fy*", as they are mazimum rank distance, and indeed they have been deeply
investigated. However, their tensor rank is not known in general; exact results have been
provided in [6] and [4] when k € {1,n — 1} and in few other cases. Interestingly, when g is
large enough, Gabidulin codes with k € {1,n — 1} turn out to be MTR codes.

In this paper we are interested in determining the tensor rank of those codes which
are equivalent to an Fg-linear 8-dimensional Gabidulin code in Fg“. The strategy that we
apply makes use of [6, Proposition 3.4], which involves rank-one matrices. The framework
of our arguments is the one of linearized polynomials, where rank-one matrices correspond
to trace functions of the shape aTr(8z), where Tr : F 4 — F, and Tr(z) = z+29 a7 a7
Our main result is the following.

Theorem 1.1. Let q be a prime power, and C be a code which is equivalent to an IFy-linear
8-dimensional generalized Gabidulin code in Fg“. Then the tensor rank of C is 11 if ¢ > 3,
and 12 if ¢ = 2. In particular, C is not MTR.

The paper is organized as follows. Section 2l contains preliminary notions on rank metric
codes and on the correspondence with linearized polynomials in the case of square codes.
Section [3] describes basic definitions and known results about tensors and the tensor rank
of square generalized Gabidulin codes. Section Ml is devoted to the proof of Theorem [Tk
Section [£1] shows that C is not MTR, while in Section we determine the tensor rank of
C for ¢ > 5. The remaining small values of ¢, are worked out computationally in Section
Bl as well as other Gabidulin codes in Fy*™ with small values of ¢ and n. Finally, the
Appendix contains two auxiliary results which are needed in Section 1] whose proof are
quite technical.

2 Rank metric codes and linearized polynomials
The set ngm of matrices can be equipped with the rank metric, as
d(A,B) =1k(A—-B), for A,BcF*™.

A rank metric code is a subset C of ngm endowed with the rank metric and its minimum
rank distance is defined as

d:=d(C) = min{d(A, B): A,B €C, A+ B}.



Two Fy-linear rank metric codes C and C’ in F7*™ are linearly equivalent if and only if

there exist X € GL(n,q) and Y € GL(m, q) such that
C'={XCY:Cecy},

or, if m = n,

¢ ={xXC'y:Cec},

where C'T denote the transpose of C. Since in this paper we will only consider linear
equivalence, we will refer to it simply as equivalence.
Delsarte showed in [9] that the parameters of a rank metric code C satisfy a Singleton-like

bound, namely
|C| < qmax{m,n}(min{m,n}qutl)‘

When equality holds, we call C a maximum rank distance (MRD for short) code.

In this paper we are interested only in the square case m = n, and in this case rank
metric codes can be described in terms of linearized polynomials. Indeed, consider the IFy-
linearized (or simply linearized) polynomials of normalized degree over Fyn, i.e. elements
of the form

n—1 )
fl@)=> fix?, fi €Fon.
=0

The set of linearized polynomials is an Fg-algebra £, , with the usual addition, the scalar
multiplication by elements of IF, and the composition modulo x9" —z. Tt is well-known that
the Fy-algebras £, , and Endp, (Fsn) are isomorphic, via the correspondence between the
linearized polynomial f(z) and the F,-endomorphism

n—1

o — Z fiad

=0

of Fgn. Hence, £, 4 is also isomorphic to the Fg-algebra Fy™" of n x n matrices over F,.
In this correspondence, the rank of a matrix in [Fj*™ equals the rank of the corresponding
linearized polynomial in £,, ; as an F,~endomorphism of F;». Therefore, rank metric codes in
IFZX" can be seen as sets of linearized polynomials in £,, 4, so that we can speak of rank metric

codes in Ly 4. Notice that the set of matrices of rank 1 in Fj*™ corresponds to the set of
1

elements of £,, 4 of the shape aTr(8x) for some «, 8 € Fyn, where Tr(2) = 2+ 29+ - 420
see [21, Theorem 2.24]. For a reference on linearized polynomials see [26].

The first class of square MRD codes in the literature was the one of generalized
Gabidulin codes, namely the Fg»-subspaces

s(k—1)

gk,s = <xaxqsa"',xq >]Fqn

of L, 4, where 1 < k < n and ged(s,n) = 1; they are MRD codes with F,-dimension kn
and minimum distance n — k 4+ 1. Gabidulin codes where first introduced by Delsarte in [9]
and later by Gabidulin in [13] in the case s = 1, and by Gabidulin and Kshevetskiy in [12]
in the general case.



3 Tensor rank of generalized Gabidulin codes

The tensors we will investigate in this paper are 3-tensors in FZ @Fy @F . If {ug,. .., un},

n

{vi,...,vn}, and {w1,...,w,} are bases of FZ, Fy,

h . .
of Fy ® Fy @ F" is given by

and F7" respectively, then an Fg-basis

{uy®@vew;: 1<I<h1<i<n1<j<m}

The tensors of the form u ® v ® w, with u € FZ, v € Fy and w € F{?, are called simple (or
pure) tensors. The tensor rank of a tensor X € FZ @ Fy @ Fy' is defined as

R
trk(X) = min{R eNp: X = Zuz Qv @ w;, U; € FZ,’UZ' € F;‘,wi € F;”} .
i=1
Let [i] = {1,...,i}. A 3-tensor X € FZ@FZ@F;” can be represented as a map X : [h] x [n] x
[m] = Fggiven by X = (Xj35: 1 <1< h,1<i<n,1<j<m). Therefore FZ@FQ@FZ’L can
be identified with the space FZX"””, and the tensor X can be written as X = (Xq,...,Xp)
with X; € Fy*™. The first slice space of X, denoted by ss;(X), is the Fy-subspace of
™™ generated by Xi,..., Xp. If dimg, (ss1(X)) = h, we say that X is 1-nondegenerate.
The following result will be a key tool in our investigation.

Proposition 3.1. (see [6, Proposition 3.4] and [3, Proposition 14.45]) Let X € IFZX"X’”
and R be a positive integer. The following are equivalent:

1. trk(X) < R;
2. there exist Ay, ..., Ap € F™™ of rank 1 such that ss1(X) C (A1,..., AR)r,-

In particular, trk(X) = R if and only if R is the minimum integer such that there exist
Aq,...,Ar € ngm of rank 1 satisfying ss1(X) C (A1, ..., AR)F,-

Kruskal in [11] bounded the tensor rank of a 3-tensor, using the following map:
my: IE‘ZXh X IF‘ZX”X”L — IF‘ZX”X”L, (A, Zul QU ® wi> — Z(Aul) ® v; @ w.
i i

Theorem 3.2. (see [11, Corollary 1]) Let X € Fl*"*™ be 1-nondegenerate, then
trk(X) > h + min{trk(m;(u, X)): u € IFZ \{0}} —1.

Tensors are related to rank metric codes as follows. Let C be an Fg-linear code in
[Fg ™™ of dimension h and minimum distance d. A generator tensor for C is a 3-tensor
Xe FZX"X"L such that ss;(X) = C. As proved in [6, Proposition 4.2], two generator tensors
of the same rank metric code C have the same tensor rank. Therefore, we can define the
tensor rank trk(C) of C as the tensor rank of any generator tensor of C.



Proposition 3.3. (see [6, Proposition 4.5]) If C,C' are equivalent codes, then trk(C) =
trk(C’).

By Theorem B.2]
trk(C) > h+d— 1. (1)

If C attains equality in (D), it is called a minimum tensor rank (MTR for short) code.

Although Gabidulin codes form the most studied family of rank metric codes, the com-
plete determination of their tensor rank is still missing. We now describe the known results
on the tensor rank of square Gabidulin codes Gy, s C L, 4. Bound () reads as follows.

Theorem 3.4. For every k < n, we have trk(Gy s) > (k+ 1)n — k.

The tensor rank of G  coincides with the tensor rank of the field Fyn (see [10] and [20]
where semifields were described for the first time in terms of tensors). By [3, Propositions
14.47 and 14.48] and a link with a well-studied tensor pointed out in [6, Lemma 5.13], it
follows that trk(G; s) =2n—1if ¢ > 2n—1, and trk(G; 5) > 2n—1if ¢ < 2n—2. For n = 3,
trk(Gi,s) = 6 if ¢ € {2,3} (see [19, Lemma 15] and also [I8]). For n = 4, trk(G ) = 9 if
q € {2,3} (see [6, Example 6.4] for ¢ = 2 and [19, Theorem 4] for ¢ = 3), while trk(G; ) is
unknown for ¢ € {4,5}. Further bounds and asymptotic results for the tensor rank of Fyn
are known, see e.g. [2].

The following upper bound follows from the tensor rank of G .

Theorem 3.5. (see [6, Proposition 5.15]) Let q > 2n — 2. For every k < n, we have
trk(G1,s) < min{n? k(2n —1)}.

A partial result is known also in the case of Gabidulin codes G, _1 5.
Theorem 3.6. (sce [{, Theorem 5.15]) Let ¢ > n. Then trk(G,_15) =n? —n+ 1.

The tensor rank of Gabidulin codes Gy s with k£ ¢ {1,n — 1} is not known. In this paper
we study the first open case, namely & = 2 and n = 4. In Section Bl we will investigate the
remaining open cases when n < 4.

4 The tensor rank of Gy C L4,

The two 8-dimensional generalized Gabidulin codes Go1 and G 3 in L4, are easily seen to
be equivalent. Therefore, by Proposition [3.3] in order to prove Theorem [[.] it is enough
to prove it for the Gabidulin code G = G 1 = <x,xq>pq4. In Section .1l we show that the
tensor rank of G is not 10 for any ¢. In Section we prove that the tensor rank of G is 11
if ¢ > 5. We complete the proof in Section Bl where we determine the tensor rank of some
Gabidulin codes for some values of q.



4.1 The tensor rank of G is larger than 10

This section is devoted to the proof of the following theorem.
Theorem 4.1. For any prime power q, we have trk(G) > 11. Thus, G is not an MTR code.

By Proposition B.1] and Section 2 trk(G) = 10 if and only if there exist 10 trace func-
tions a;Tr(B;z) such that G C (a1 Tr(B1z),. .., 10Tr(Biox))r,. This is equivalent to say
that there exist o Tr(f12), asTr(B2x) such that there exists an F,-basis of <.%',.%'q>15‘q4 e
(a1 Tr(B1x), aTr(B2x))r, only composed by traces. So, consider ay,asz, 1,82 € Fya such
that H = <$,$q>]}7q4 @ (a1 Tr(B12), aTr(Bax))r, has dimension 10 over F,.

The proof strategy relies on two steps:

Step 1: To find explicit necessary and sufficient conditions on a3, 83 € F, 4 such that
azTr(B3z) € H.
Step 2: To prove the non-existence of ten F,-linearly independent traces in H.

In Steps 1 and 2 we will also need auxiliary results (Theorems [6.1] and [6.2] respectively)

which are in Appendix, due to their technicality.

Proof. Step 1: Suppose that azTr(f3z) is in H. Then there exist 7, € F1, c1,¢0 € Fy
such that

asTr(fsx) = ~vx+0z? + cronTr(B1x) 4+ coanTr(f2x).
This polynomial identity implies that -, §, ¢1, and ¢y satisfy the following system:

v+ croqfr + ceanfy = azfs,

o+ cloqﬁf + 6204253 = 0435:?,
q? q? a2

cranfy + caan 39 =a3fs ,

7 7 a
cra1 ] + caafs = a3f; .

(2)

It cannot happen that f2/61 and as/aq are both in F,. Indeed, if f2 = pf and g = way
for some p,w € F, then

agTr(Box) = pwag Tr(B )

and hence dimg, (H) < 10.

Note that if ¢; = 0, then the last two equations of System (2] yield cocs/az =
(B3/B2)T" = (B3/B2)1" which implies B3/82 € Fy and az/as € Fy. This means that
azTr(fsz) = AaaTr(faz) for some A € Fy. A similar conclusion arises from ¢y = 0. So, in
these cases azTr(f3z) € (a1 Tr(B1z), 2 Tr(Ba2z))F, -

From now on we always assume cjcg # 0. By the last two equations in System (2]) one
gets

2 2 2 2
q~ n9q q° nq c1 97 29 q9° nq
-1 _ coag Bl +ceay By ™M Bi + g By

3 - 2 2 - 2 2
caf Bi+cag fo Lai fi+ag B

=: A(c1/c2). (3)



Note that, since 33 # 0, clo/fﬁ'{ + 0204325‘21 = 0 if and only if cloc'fﬂl + czagQﬁg = 0, that is
B1/B2 and a1 /as both belong to IF:;. Indeed, since ¢; and ¢y are both nonzero,

> pa 4% pq
det [ ¢1 B a3 By
q? q
aq B1 Q5 B2
which implies f1/82 € . Similarly, one can show that oy Jag € ;. However, this is a
contradiction to our assumptions.
An element 33 € F 4 satisfying Equation (3]) exists if and only if A(c1/ 02)1+‘1+q2+q3 =1,
that is,

=0,

2 2 3 2 3 2 3 3
(craf BY + c2ad B3)(cra] B +caaf BT )(cran ] + cacafy )(cr1aip1 + caadfBa) =
2 2 3 3 2 2 3 3
(craf By + coad Bo)(crad Bl + caad B (cra1 T + coanfd )(c1adpT + c2adBd).  (4)
We are interested in bounding the number of non-F,-proportional pairs (ci,c2), with

c1co # 0. The above homogeneous polynomial in ¢; and co is of degree at most three in
both ¢; and co, and its coefficients are as follows:

i) the coefficient of cj is zero;
ii) the coefficient of c;cj is

a+a*+¢® 4% plt+g+¢® a+a®+¢® 0% gl+g+¢? q,1+*+¢ 5 aq+a®+q3
—1 0y /81 52 + ajay 51 /82 + aj 51/82

q 1+*+¢ 543 gl+g+¢? @ 1+q+q3 a+a*+¢3 @ _1+q+¢3 5q pl+¢*+¢°
—QjQy By By —Qq Qy B18, T ag ay B15;

3 2 2 3 3 2 2 3
q° 1+q+q* nq nl+q“+q q° 1+q+q* pq* pl+g+q
—q Qg B 55 +taj o Bi B )

iii) the coefficient of c3c3 is

1+q, ¢*+q% p1+¢® ga+q? 14+q _*+¢% pa®+¢® gl+q 1+¢% _q+¢® pl+42 ga+q®
Qy oy By By —Qp Qg By By " —ayp T ay T By By

1+¢% _q+¢® pa+a® gl+q?
+a as B By -

1+¢® q+4¢? pa+a® gl+q3
1 ay " By By

Qq
143 _q+4¢% ¢ +q3 l+q a+q® _1+¢3 gl+q pq?+¢>

ta; " ay B T By o oy By By
a+a® 143 51443 pg+¢? a+a® _1+q% gl+q% pg+¢®

—ay tay BT By +ai "t ay BT By

a+a® 1+d? patd® pl+a®  a*+d® 1+apliapd®+e® | 6 d® 1+ gata® gltg?
—aq T ag BT By — Qg ay BBy +ajaj oy B By
iv) the coefficient of cjcy is
1+q+q® ¢ pl+q+q3 pq? 1+q+q? ¢ pl4+¢*+43 aq 1+q+q3 _q% pl+q>+¢3 pq
aq oy By By —ag a;y By By + o oy By 165
+q+¢® ¢ pa+a®+¢® 1+¢*+¢® _q pl4q+d® 543 1+¢*+¢* _q pq+*+¢®
- ay By B2 — oy a5 By +ag a5 65

-+ +¢3 1+q+¢* p¢® -+ +¢* 1+q+¢® pq?
+(X1 042,81 ,82 — 0y (1251 52 ;



v) the coefficient of ¢} is zero.

Therefore the number of non-F,-proportional solutions (c1, cz) with ¢jcp # 0 is at most
2, if the polynomial is non-vanishing. Moreover, this polynomial vanishes if and only if

YZ1-YZT + Y129 —YIZ9 Y74 YT 7T 4 YT 7 YT 70 =
yatl zd®+a _ yatl ga®+a® _ y P+l 7+l |y P+l e +a
+YPHlgatl _y Pl gzi?te _ yPtagdt+l 4 yPtagdtd | ydPtagei+l

_y@tagdte _ y P+’ gatl | yP+e® zat 4l —

y@P+atl 7@+ +1 _ y P tatl gt te _ y P+l g tatl |y dtatl ot +ai+g

+Y PHPHL g +at]l _ y @ HaP+l gatatl | y P Ha’tagattatl _ y e’ ta g at+l — )

(5)
where Y = 81/B82 and Z = a1/az. The solutions (Y, Z) € Fu of System (E) are given in
Theorem From now on we will suppose that Y = /31/82 and Z = a;/aqy are solutions
of System ([)). In this case, by Equation (@), the maximum number of non-F,-proportional
possible values of 3 € Fj4 is ¢ — 1 when i—; runs in Fy. By System (2), to each such value
of B3 there corresponds at most one value of ag € Fga .

Define A = c¢1/ca € Fy, so that 83 = B3()\) satisfies

2 2
_ af B +af B3
- 2 2 .
Aad B+ ad By

Now, let N(\) = AZ€°Y9+1 and D(\) = AZ9"Y +1, so that 81 (\) = 87 ' N(\)/D()\)
and, by the third equation of System (2]),

BITHN) (6)

@3fs = c200 DT (N)/BL 1 = coanfy DT FIHL(N) INTH(N), (7)
and asTr(fs3x) reads

— 2_ 3_
asfs(z + B 21 + B L 4 B L)

_ @D [ s N g e N e NTETHLQY
Nq+1()\) 2

D(\) b DatL()\)

DTHa+L()\)  DIHIN) 2o 2 5o 5
— q q q q q q q
= (Oéz,@z N\ x4+ a3 N\ !+ agfg DT (N)z? 4+ aefy NT (N)x .

Step 2: We prove that there exist no eight distinct values Ai,...,As € F such

2 2
that the eight rank-one linear functions Fj(x) = QQ,BQ%WQT + 0@53%1@ +

3

agﬁgQDqQ()\i)x‘f + OQﬂgSNqQ()\i)xq and Fy(z) := aqgTr(f1x), Fio(x) = agTr(fBex) are
[Fg-linearly independent. By Proposition B], this will yield that trk(G) > 11.



Equivalently, we prove the existence of p1,...,u10 € Fq such that g Fi(x) + - +
u10F10(xz) = 0 and not all the p;’s are zero, so that the ten traces F;(x), i = 1,...,10, are
F-linearly dependent. Let fuq, ..., ui10 € Fy be such that

piFi(z) 4+ -+ poFio(z) = 0. (8)

In particular, Equation (8]) can be seen as a polynomial identity; the coefficients of degree
¢® and ¢? yield to

3 2 2
s <Z N () + ,u10> + 1] py = 0= azfy (Z DT () + ,u10> + a1 8] po.

Since N(\;) = A Z€Y 7+ 1 and D()\;) = L Z9Y + 1,

8 8 8 8

Z,U'i + p10 = — (Z ik + M9> Y9 Z and Zui + p1o = — <Z pii + M9> ez,

i=1 i=1 i=1 i=1

Suppose that Y Z = Y9 Z, which is equivalent to Y € F,. Then N(\) = D(\)
and Bs(\)9~! = pI~t = g9 By System (@), this implies asTr(Bsz) = ciaiTr(f1a) +
caaaTr(Bow) € (a1 Tr(fr1z), oTr(Box))r, and hence the Fi’s, i = 1,...,10, are linearly
dependent.

We can then assume that Y4 Z # Yz , so that

8 8
,ug-i-z,uz‘)\i:ZMH-Mlo:O- 9)
i=1 i=1
Also, by looking at the the coefficients of degree 1 and ¢ in Equation (),

D4 2+q+1 )\ D4 2+q b\
@23 Zﬂz NIy ) + p9a1 B1 + poazfe = 0 = asfy Z i (;) ) + oo B + pr10c2 3.

(10)
Equations (I0) and their images under the g-Frobenius map, together with Equations



@), form a homogeneous linear system of ten equations whose matrix is

1 1 cee 0 1
A1 A9 e 1 0
Dq2+q+1(>\ ) Dq2+q+1()\ )
Nq+1()\1)1 Nq+1()\2)2 YZ 1
Dq3+q2+q()\1) Dq3+q2+q(>\2) vize 1
Na®+a(\p) Na?+4(Ag)
Dq3+q2+1()\1) Dq3+q2+1(>\2) Yq2Zq2 1
NP+a% () NP+ (N
M = | p@tatipg)  Drtati(y) y©ze 1 (11)
qu+1()\1) qu+1(>\2)
D4 +11()\ ) D4 +11()\ )
NQ()q)l Nq()\Q)? - Y47 1
Dq3+q2 (\1) Dq3+q2 (\2) YqQ 74 1
N4* (A1) N9*(\z)
Dq3+1(>\1) Dq3+1()\2) o YqSZqQ 1
N‘fl()\l) N‘fl(M)
DIt1(\) DI (X2) . 3
N(\) N(\2) Y z1 1

Since the rows of M form orbits under the g-Frobenius map, the solutions of the associ-
ated system have entries in F,. By Theorem[6.2], the rank of M is smaller than 10. Therefore,
there are non-trivial solutions (u1, ..., p10) € Fi0 of py Fi(z) + - -+ + pioFio(z) = 0. Then
(Fi(z),...,Fio(x))r, has dimension smaller than 10. This shows that trk(G) > 11. Thus,
Theorem [£.1] is proved. O

4.2 The tensor rank of G is 11 for ¢ > 5

In this section we use the notations of Section [L]], and assume that ¢ > 5. By Theorem
41 trk(G) > 11. We prove the following theorem.

Theorem 4.2. For any prime power q > 5, we have trk(G) = 11.

By Proposition B} it is enough to show the existence of 11 Fy-linearly independent
trace functions whose F,-span contains G. Our key tool is Step 1 in Section (4.1l

Proof. Let ap, By € Fy, and AL AL A Ay € Ty with Ay #£ Ay and A} # A for i # 5. Let
a,B,a ' € F?, be such that V" := B/Bo, Z = ajag, Y := /By and Z' := o Jay satisfy
2,7 ¢ Fpp and Y = 1/29°+4, Y = 1/(Z')¢"+4. By Theorem B}, (Y, Z) and (Y, Z') are

solutions of System (). As in the proof of Theorem [.T], by (6l and () for any i € {1,...,4}
there exist ay, 3;, 0, B € F?, such that

o B = BITIN(N)/D(N);
o (B! = BITIN(X)/D'(N));

o a; = ciapfoD(N)T I /N(N)atH,

10



o a} = cagBD (\)THIT /N (X1,

where ¢;, ¢} € Fi, N(\;) = NZCY9+ 1, N'(N) = X(Z)7 (Y')1 + 1, D(\;) = MZTY +1
and D'(X) = M(Z)Y" + 1.

Define the rank-one functions Fy(z) = agTr(Soz), F(x) = aTr(Bz), F'(z) = o/Tr(f'x)
and, for i € {1,...,4}, Fi(z) == ClioziTr(ﬁix), F!(z) :== o/ Tr(Bx). All such functions are
elements of the linear Fa-space V- = G+ (F(z), F'(x), Fy (zm)>]pq , because of Step 1 in Section
A1l We show that, for some suitable choice of the elements \;, A, ag, So, v, 5, ¢/, 3, the 11
elements F'(z), F'(x), Fo(x), Fi(x),..., Fy(x), F{(x),..., Fj(z) are F -linearly independent,
which implies trk(G) = 11.

Let pu, ', po, o1, poy, - - -, pua, ptly € Fy be such that

WE(2) + 0/ F' () + poFo(w) + ju Fy () + - paFa(a) + ph B (2) + -y F () = 0,

which can be seen a polynomial identity and hence implies

2 g+10y. Na2+a+1(y.
paf + i B + pocoBo + oo iy (Mz‘ P (A(f)') + 4 ([()]%If)qfl (A(f)') =0
+a(y, na®+a(y,
paf 4 el (B)9 + poa B 4 o B Z?:l </‘iDNTA(i)) + p;% =0 (12)

o + o (87 + pocoBy + aoBy iy (uiDT(N) + '“;(D/)(f()‘i)) =0
paBe 4 ol (B9 + oo + aoBf Sy (1N () + “;(N/)qQ()\i)) =0

The four equations in (I2I), together with their images under the g¢-Frobenius map, pro-

vide a homogeneous linear system of twelve equations with solutions in Fél, of which
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(o 15 105 po1, (145 - -

, b4, 1) 1s a solution

. The matrix M of such a system is

vz y'z 1 DU )7y DPFIH () (DTN
N0 (V) NG (VT
Dq3+q2+q()\ ) (D/)q +4q +q()\/) Dq3+q2+q()\ ) (D/)q +q +q()\/)
yize (Y2 1 TNemon (VP00 N0 (0
2 2 o2 N D1+q3+q2(>\1) (D/)1+q T\ D1+q3+q2()\4) (D’)1+‘1 T (\)
yeze )rz)T 1 NG (VP NG (P0G
5 g 3N prita’(n) (D)7 o) prita’(ny) (D)7 o)
Yq Zq (Y/)q (Z/)q 1 N1+q3(>\1)1 (N’)1+q3(>\/1)1 N1+‘13()\4;1 (N/)1+q3()\2131
Dq2+q(>\ ) (D')q2+q(>\/) Dq2+q(>\ ) (D/)q2+q()\/)
viz. Ypz 1 Semnt oo RO R
3 2 3 2
2 N / Da”+aq (M) (D')q +q ()J) D9 +a (A1) (D/)q +q ()\')
yv©ze (YHT(zh)e 1 NT () (N,)q2§A,1)l N7 (g (N')qgg(}ilf
3 e 3 (g DA (D)) DU () (D))
Y& 74 (Y/)q (Zl)q 1 Nq3 )\11 - = )\/1 Nq3 )\44 - o )\,4
5 5 DOy DO DGy OOl
YZQq Y’(Z;)q 1 NQ()\l)l MY * N2(>\4)4 MY, :
vz (Ez 1 DRy (DR DERY (D) ()
yeze (YNHT(Z)1 1 DT (A1) (D)7 (A1) DT (A4) (D)7 (X})
Yz o Y(z2)" 1 D(\) D'(\) D(\y) D'(My)
vize Yz 1 Din) (D)) DI (D))
yez o (YNHrzh 1 NT(\) (N (A1) NT () (N)T(X)
yze o Y'(z)r 1 NT(h) (NP NTOg) (V)7
yize —(Y)UZ)T 1 N(M) N'(AY) N(Ag) N'(XY)
Yerze (YHr(zht 1 Ni(\) (NT)9(AY) N1(Ag) (N)T(Ny)

Since |F;| > 4, we can choose A1 # 0, A? # 1 and A} # 1 and then
(] )\2 == )\%, )\3 == )\:{’ and )\4 = )\411;
e )\, = \;_4 forany i € {5,6,7,8}.
We also choose ag, Bo, @, 8, o, B such that Z+! = 1 and Z’ = Z9. By direct computation
with MAGMA,
det(M) = MO\ = D20\ + D) + 0 + 1322 - 1)%75 (29 — 2)4(z97 — 1)*
.(Z3Q+2 _z2atl _ogat2 { za 4 Z3)(Z3q+1 —Z%t2 | gat3 _9gzatl o 1)
.(Z3q 4 Z2%at3 _9z2atl _ zat2 | Z)(Z3q+3 —97%a+2 4 72 _ gatl | Z2)2.
For some Z € Fja \ F 2 satisfying ZP*1 = 1, we have det(M) # 0; for ¢ > 16 this follows
because ¢? + 1 is greater than the sum of the degrees of the polynomials in parenthe-

ses, while for ¢ < 16 this follows by direct checking. Therefore, for a suitable choice of
Xis A ag, Bo, @, B,/ 3/, the matrix M has full rank 11 and hence

(M’/’[/7M07M17/’[/17 AR 7/’647l’l’l4) = (07 AR 70)'

Thus, F(z), F'(z), Fo(z), Fi(z), F{(z), ..., Fi(x), Fj(x) are F -linearly independent and
G has tensor rank 11. O
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5 'Tensor rank of n x n generalized Gabidulin codes for n < 4

We compute the tensor rank of some generalized Gabidulin code C C £,, ; of dimension k
over Fyn for n < 4. Notice that, up to equivalence, C = Gy, ;.

By Section and [4, Table 1], the open cases are exactly for n,k,q as in the table
below. Since the lower bound on the tensor rank of Gi 1 is nk + n — k, we start with
the exhaustive search for t := n — k rank-one functions a;Tr(8;z) € Fyn[z] such that the
rank-one functions in C+ (a1 Tr(817), ..., Tr(Bx))r, generate an Fy-space U of dimension
nk +t. If this succeeds, then we compute explicitly a perfect basis of U (i.e. a basis of pure
tensors). Otherwise, we increase ¢ by 1 and perform the same search again. In this way we
obtain the tensor rank and a perfect basis B = {n'Tr(n/z): (i,j) € I} for Gy 1, where 7 is a
primitive element of Fyn and I C {0,...,¢" — 2}2. The precise value of the tensor rank is
obtained for all but two cases, namely n =4, k =1 and ¢ € {4,5}; in these cases, an upper
bound is provided by means of a random search.

Table 1: Tensor rank of some generalized Gabidulin codes G 1 C £, 4

In]k|q|TR(Gy,1) [MTR| MinPol(¢) | I |
3 2 2 7 yes x3+w+]‘ (270)7(375)7(172)7(074)7(676)7(571)7(473)
842t 1 22.202),(0,1 24
fujafeqrst) |G ++ac§ j—r 1 (7(%0%%))7((1 57)6(; 331@0512(;)&5;679162?)’
15| eqrsy| 2 ot + 422 (16,432),(135,81),(21,405),(10,132),
’ ' +4z +2 (56,593),(24,556),(74,569),(54,268)
A (14,12),(9,14),(4,0),(7,5),(1,13),(5,10),
b i O i IR (6,3),(2,1),12,7),(3,.2),(0,4),(13,6)
4.3 (23,8),(0,13),(28,14),(32,46),(2,1),(19,26),
4213 u no | &% —a -1 (1,18),(6,37),(7,12),(36,28),(21,59)
1124 1 o 8 + 2+ (13,133),(56,175),(20,71),(30,31),(81,124),(0,51),

4+ 41 (3,88),(76,34),(70,215),(29,132),(9,24)
(12,13),(8,6),(4,4),(9,4),(1,5),(3,1),(14,9),
(11,0),(10,2),(0,7),(6,10),(7,8),(5,12)
(31,3),(29,49),(0,56),(25,61),(7,75),(26,18),(22,30),
(20,36),(39,19),(18,2),(13,57),(32,40),(3,47)

41312| 13 yes | 2t +x+1

41313 13 yes |zt —a3—1

Remark 5.1. The fourth, fifth, and sixth rows of the table completes the proof of Theorem
1.

Remark 5.2. Notice that, although only one perfect basis is showed in the table, the compu-
tations provide a much larger number of perfect bases in each case. Therefore, no generator
tensor of such codes is identifiable.
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6 Appendix

Theorem 6.1. Let Y,Z € Fpu. Then (Y,Z) is a solution of System (B) if and only if one
of the following pairwise mutually exclusive conditions holds:

(C1) Y €Fy or Z e Fy;
(C2) Y ¢ Fp2 and Z = pY It for some p € F};
(C3) Z ¢Fp andY = p/ZTH4 for some p € .

Proof. For any i =0, 1, 2,3, write y; = Y4 and z; = Z% . Then System (Bl reads

f1(yo,y1,y2, Y3, 20, 21, 22, 23) = 0
fa(yo, y1, Y2, Y3, 20, 21, 22, 23) = 0 (13)
f3(Y0, Y1, y2, Y3, 20, 21, 22, 23) = 0,

where
F1(Yo,y1, Y2, Y3, 20, 21, 22, 23) = Yozl — YoZ2 + Y122 — Y123 — Y220 + Y223 + Y320 — Y321,
f2(Y0,y1, Y2, Y3, 20, 21, 22, 23) = YoY12122 — YoY12223 — YoY220%2 + YoY22123 + YoY32021

—YoY32122 — Y1Y22023 + Y1Y22223 + Y1Y32022 — Y1Y32123
—Y2Y32021 + Y2Y320%3,

I3(Y0, Y1, Y2, Y3, 20, 21, 22, 23) = YoY1Y2202223 — YoY1Y2212223 — YoY1Y3202122 + YoY1Y3212223
+YoY2Y3202122 — YoY2Y3202123 + Y1Y2Y3202123 — Y1Y2Y3202223.

We denote by Res; (g1, g2) the resultant of two (multivariate) polynomials g; and go with
respect to the indeterminate z. We have

Res:, (Resz,(f3, f1), Resz (f2, f1) = —(22 — 23)°ys(y2 — ys) (y223 — y322) -
(y1 —y2)% (Yo — y3) (Yo — v1)* (022 — y323) -
(yoz2 — y223)2 (Yoy2 — y1y3) (Y1 — ¥3)-

Thus, every solution (Y, Z7) € 1534 of System (Bl) with Y'Z # 0 satisfies one of the following
conditions.

1. y3 =0, that is Y = 0, a contradiction.

2. zp—23 =0, that is Z € Fy. Indeed (Y, Z) is a solution of System (Bl whenever Z € F,.
In the following cases we can then assume Z ¢ F,.

3. y2—y3=0,0r y1 —y2 =0, or yo—y3 = 0, or yo—y1 = 0. This is equivalent to Y € F,
and indeed (Y, Z) is a solution of System (Bl) whenever Y € F,. In the following cases
we can then assume Y ¢ F,.

14



. y1—y3 =0, that is Y € F 2. Then System (&) reads

ZC+aH _ gaPtatl | zid+a®+l _ gid+aite —
7 — 71479 — 79 =

(Y14 Y)(Z29+! — z9°+4) = 0.

The first equation yields Z¢ T4 +1 4 z¢*+a+1 ¢ F,, that is ZCH (70 1 7)1 ¢ [F,, while
the second equation yields Z 47 F,. Therefore Z9+! ¢ Fy, and hence the third
equation is also satisfied. Now, the two conditions Z 4 7€ F, and Z9+ ¢ F, yield
70 = 79 — 79+ Z and Z9¢ = Z9 =1 This implies Z(Z7! — 1)4+! = 0, whence
Z € Fy. In the following cases we can then assume Y ¢ F ..

. Yoz3 — Y322 = 0, that is Y9=! = Z97! and hence Y = pZ for some p € [F. Then
yi = pz for any i = 1,...,3, and System (3] reads

g1 = 2021 — 22022 + 2023 + 2122 — 22123 + 2923 =0
gs 1= 282123 — zgz% + Z(]Z%ZQ — 220212223 + ZOZng — z%z% + zlz%z?, =0.

From Res,, (g1,g2) = 0 it follows that (23 — 23)?(23 — 20)?(22 — 20)? = 0, which is
equivalent to Z € Fo. Then Y = pZ € F 2.

. Yozo — ygz3 = 0, that is Y9~! = 1/7(@+e+1)@=1 and hence Y = p/Z7 T4 for some
p € Fy. Then y; = p/(ziziy12i42) for any i = 0,...,3 (where the indices are modulo
4) and System (I3) reads

h1 := 2021 — 220722 + 2023 + 2129 — 22123 + 2923 =0
hg = zgzlzg — zgz% + ZOZ%ZQ — 220212023 + zOZQZ§ — z%z% + 212%23 = 0.

From Res.;(h1,h2) = 0 it follows that 20 = zp. Then Z € Fp2 and hence Y =
p/(Z?Z7). By System (H), this implies Z € F,.

. Yoz2 — Y223 = 0, that is YZ? — Y779 = 0. This is equivalent to Z97! = YqQ_l, and
hence to Z = pY9*! for some p € [F7. By direct checking, this is indeed a solution of
System (B]) for any Y € Fga. If we require Y ¢ F 2, this also implies Z ¢ F,.

. Yoy2 — y1y3 = 0, that is y3 = yoy2/y1, or equivalently Y = Y1+‘12/Y‘1. Then System
([I3) reads

P1 = YoY121 — YoY122 + YoY220 — YoY221 + Yize — Yizz — Y1y2zo + Y1yezz = 0
D2 = YoY1202122 — YoY1212223 — YoY2202122 + YoY22021%3 — ’y%ZoZ2Z3
+yiz12223 — Y1Y2202123 + Y1Y2202223 = 0
P3 1= Y3y22021 — Ygy22122 + Yoyiz122 — YoYiz223 — Yoys 2021
+Y0Y32023 — Y1y22023 + Yiyaza23 = 0.

From Resy, (p1,p2) = 0 it follows that (20 — 22)(2022 — 2123)(yoz1 — y123) = 0.
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8.1 Suppose zg — 22 = 0, i.e. Z € 2, whence also 23 = 21. Then, by System (I3,
either Y € F, or Z € IFy.

8.2 Suppose zpze — 2123 = 0, so that z3 = z922/21. By System (I[3]),

01 = YFy2z021 — Ygyez122 + YoyiZ122 — YoYiZs — Yoyszoz1
+yoys 2022 — Yiy2z0%2 + Yiyazs =0

lo = Y2021 — YoZ1%2 — Y120%2 + Y12122 — Y22021 + Y22022 = 0

U3 = Yoy121 — YoY122 + YoY220 — YoY221 — Y1Y220 + Y1y222 = 0.

From Resy,(¢1,03) = 0 it follows ypz1 — y122 = 0, so that YI9~! = (1/29)97L,
This implies Y = p/Z? for some p € Fy, whence y; = p/z;;1 for any i =0,...,3
(indices modulo 4). Then, by System (I3)),

mq = Z%Zl — 2021722 — 2202123 + 292223 + 2%23 =0
ma 1= 2522 + 2027 — 2202122 — 202123 + 212223 = 0

ms = zgzl + 2322 + zoz% — 3202122 — 3202123 + 202223 + 2%23 + 212923 = 0.

From Res,(m1,ms) = 0 it follows that Z € F,,.

8.3 Suppose ypz1 — y123 = 0. This implies Y91 = (1/Zq2+q)q_1, whence ¥ =
p/Z7F for some p € Fz. Then y; = p/(zit2zit1) for any i = 0,...,3 (indices
modulo 4), which is indeed a solution of System (I3]) and provide a solution
(Y, Z) of System (). Notice that the condition Y = p/Z9°+4 with Z € FF 4

implies ye = yit+e /Y4. For such a solution, the require Z ¢ F . is equivalent
to Y ¢ Fq. Also, if Y, Z € Fy, are such that ¥ = p/ZTH and Z = p'Y9+! with
p,p € F,, then Y@ttt = /) ¢ Fy, whence Y € F,.
O
Theorem 6.2. Let (Y, Z) € IF24 be a solution of System (B), and M be the matriz in (II).
(R1) IfY € F, or Z € F,, then rank(M) = 2.
(R2) IfY ¢ F 2 and Z = pY 9™ for some p € F};, then rank(M) = 6.

(R3) If Z¢Fp and Y = p/Z9 ¥ for some p € Fy, then rank(M) = 6.

Proof. For any i = 1,...,10, denote respectively by M® and M;) the i-th row and the
i-th column of M. Note that Mgy and M are linearly independent. Note also that, by
construction of M, any possible F,-linear combination of the columns of M needs to be
checked only on the first, second, third, and seventh rows of M.
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2 2
(R1) Suppose Y € F,. Then N(X) = D(\), whence Djv;qj(;\()” = D;ZV:&())‘) = \ZY + 1.

Therefore M;y = A\jMg) + M) for any j =1,...,8, and rank(M) = 2.
Suppose Z € Fy. Similarly, one has N(A) = DY()\) and M) = \;jM gy + M, for any
j=1,...,8, so that rank(M) = 2.

For i = 6,7, denote by S; the i x ¢ submatrix of M given by the first ¢ rows and the last
i columns of M. If for any distinct A4,...,As € F, one has det(Sg) # 0 and det(S7) = 0,
then this is enough to conclude that rank(M) = 6 for any distinct Aq,...,Ag € Fy. In
fact, the use of the column M;), j € {1,2,3}, instead of My, implies the replacement of
A4 with A; in det(S7), and in this way the fourth column becomes any of the remaining
columns. If S7 is obtained from S7 by replacing M (M) with M®, i € {8,9,10}, then the
elementwise ¢*"-power ® maps M to M@, while M and M® are fixed by ®, and
MO MDD MG MO are cyclically permuted by ®. Therefore ® maps the rows of S7 to
the rows of S%, so that det(S7) = 0 if and only if det(S}) = 0.

(R2) Suppose Y ¢ F2 and Z = pY 9t for some p € F;. Then det(Ss) equals

8
POy 4@ +a* +at1) (H )\Z) H (X — )

=5 5<i<y<8
3 1
(H(Y —yaT)? ) (H(Y —yaTy? ) :
=0 =0

and hence det(Sg) # 0 because Y ¢ F 2 and the \;’s are nonzero and distinct. Also,
det(S7) = 0. Therefore, rank(M) = 6.

(R3) Suppose Z ¢ F2 and Y = p/Z7+ for some p € Fy. Then

det(Sg) = p' (HA) IT »i—x)

5<i<j<8
3 1 , »
<H(Z Zq”l) > (H(Zq' _ gdt )3>
i=0 i=0

is nonzero. Also, det(S7) = 0. Therefore, rank(M) = 6.
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