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Modeling the mechanical response of carbon nanotube (CNT)-reinforced polymer nanocomposites (PNCs)
under large deformations remains an open and complex challenge. Microstructural phenomena such as the
formation of CNT agglomerates and the progressive detachment of CNTs from the polymer matrix significantly
influence the macroscopic mechanical behavior, particularly in the nonlinear regime. These effects are

ilasltgz:::ﬁon further complicated by variability introduced during fabrication, which can significantly affect both internal
Sffgtening morphology and mechanical performance. Despite progress in the field, a comprehensive hyperelastic model

capable of capturing these phenomena and linking them to continuum-level response is still lacking. This
work presents a physically motivated hyperelastic model informed by scanning electron microscopy (SEM)
observations. The growth of agglomerates and the local increase in CNT concentration are incorporated
using functions derived from underlying statistical distributions. The reinforcement contributions of CNTs in
agglomerated and non-agglomerated regions are described by strain energy functions reflecting microstructural
observations. Interfacial detachment is captured within the framework of continuous softening hyperelasticity,
introducing critical strain invariants to define the onset of debonding. All model parameters retain a clear
physical interpretation and can be directly estimated from SEM imaging, making the model fully predictive
without requiring mechanical test data. To demonstrate practical applicability, the model is implemented in a
finite element framework and validated against experimental simple tension and bending tests. Additionally, a
simplified version of the model is proposed for cases where microstructural data are unavailable, following a
more classical phenomenological approach in nonlinear mechanics. This formulation requires only stress—strain
data for calibration and is shown to accurately reproduce experimental results from three independent datasets,
confirming the effectiveness and versatility of the proposed approach.

1. Introduction

Polymeric materials, and particularly elastomers, are capable of
undergoing large reversible deformations. This unique mechanical be-
havior makes them indispensable in a wide range of modern technolo-
gies. From biomedical implants and wearable devices (Guimard et al.,
2007) to soft robotic components (Gorissen et al., 2019; Chen et al.,
2019), stretchable electronics (Stewart and Sitaraman, 2021; Liu et al.,
2021; Zhao et al., 2025), and impact-resistant systems (Du Bois et al.,
2006), polymers play a central role in enabling flexible, lightweight,
and resilient designs. Despite these advantages, their widespread use
is often constrained by their relatively low stiffness and limited load-
bearing capacity compared to other engineering materials, such as
metals or ceramics. Moreover, the intrinsically insulating nature of
most polymers poses challenges for their integration into electronic and
sensing platforms (Corzo et al., 2020). As a result, efforts to overcome
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these drawbacks began in the early decades of the 20th century through
the incorporation of rigid fillers such as carbon black and silica, which
provided a means to enhance mechanical performance and improve
electrical conductivity (Yamaguchi et al., 2003; Lorenz and Kliippel,
2012; Zhang et al., 2023).

The advent of carbon nanotubes (CNTs) has enabled the devel-
opment of a new class of high-performance fillers for polymer-based
materials. When dispersed within a polymer matrix, these nanoscale
inclusions give rise to what are known as polymer nanocomposites
(PNCs). Thanks to their extraordinary mechanical strength, electrical
conductivity, and high surface-to-volume ratio, CNTs can drastically en-
hance the properties of the host polymer even at low loadings (Moniruz-
zaman and Winey, 2006; Kim et al.,, 2010; Fu et al.,, 2019; Matos
et al,, 2018). Qian et al. (2000) observed that the addition of just
1 wt% CNTs to polystyrene improved tensile strength by 25% and
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elastic stiffness by 40%. Cha et al. (2017) reported a 64% increase
in Young’s modulus and a 22% rise in ultimate tensile strength in
epoxy-based PNCs reinforced with 2 wt% CNTs. Enhancements are
not limited to mechanical performance. Functional properties such as
electrical and thermal conductivity also benefit considerably. Winey
et al. (2007) demonstrated an increase in electrical conductivity from
1075 S/cm to 1 S/cm in polystyrene reinforced with 10 wt% single-
walled CNTs. Zhang et al. (2019) produced CNT-based PNCs reaching
an electrical conductivity of 2.1 x 10° S/cm, marking a transition from
insulating to truly conductive behavior. Owing to these multifunc-
tional improvements, PNCs have emerged as promising materials for
advanced technologies, including flexible sensors (Qin et al., 2015),
gas barrier coatings (Cui et al., 2016), self-healing systems (Thakur
and Kessler, 2015), energy storage devices (Wang and Zhu, 2011), and
membranes (Miculescu et al., 2016; Bassyouni et al., 2019).

Incorporating CNTs into polymer matrices presents several chal-
lenges, the most relevant of which are summarized below. First, CNTs
have a strong tendency to form agglomerates, which can significantly
affect the mechanical performance of the composite. Several studies
have shown that agglomeration leads to premature damage onset,
reduced stress transfer efficiency, diminished stiffening contribution
from the CNTs, and lower ultimate strain (Romanov et al., 2015; Zare
et al.,, 2017; Moradi et al., 2025; Matveeva et al., 2019; Abhiram
and Ghosh, 2023). The extent of agglomeration depends on both the
CNT type and the processing method used to fabricate the PNC (Moon
et al., 2014; Moreira et al., 2010). Second, the interaction between
CNTs and the polymer matrix has a major influence on the mechan-
ical behavior of the composite. A sufficiently strong interfacial bond
is important for effective load transfer, as a weak interface greatly
reduces the reinforcing potential of CNTs (Cooper et al., 2002). This
interaction depends on several factors, including surface chemistry,
dispersion state, and polymer chain mobility (Senses and Akcora, 2013;
Shen et al., 2014; Molinari et al., 2018; Rahmat and Hubert, 2011;
Jiang et al., 2006). Finally, the reinforcing effect provided by CNTs
is not constant but evolves with deformation, particularly under large
strains. Although an initial increase in stiffness is always observed, this
effect typically diminishes as strain increases, due to debonding at the
CNT-matrix interface. Frogley et al. (2003) reported that most of the
stiffness enhancement in silicone-based elastomers containing single-
walled CNTs is lost beyond 10%-20% strain. Additionally, interfacial
degradation leads to reduced failure strain, as observed by Dufresne
et al. (2002), Koerner et al. (2005), and Xing et al. (2014). The above
aspects make the modeling of the mechanical response of CNT-based
PNCs particularly challenging, and indeed, it remains an open problem
in the current scientific literature.

The behavior of conventional polymers under large elastic defor-
mations has been widely studied, with extensive research dedicated
to developing hyperelastic models within the framework of nonlinear
elasticity. In the case of PNCs, however, the formulation of hyper-
elastic models capable of capturing their large-deformation behavior
remains a significant challenge. Most hyperelastic models developed
for polymers are phenomenological in nature and rely on parame-
ter fitting to experimental stress—strain data. One of the earliest and
most influential contributions in this context is the generalized Rivlin
model (Rivlin and Saunders, 1951). Building on this foundation, several
other models have been introduced, including the Yeoh and Yeoh—
Fleming models (Yeoh, 1990; Yeoh and Fleming, 1997), the Gent and
Gent-Gent models (Gent, 1996; Pucci and Saccomandi, 2002), and
the Ogden model (Ogden, 1972). While these models are effective for
polymers, they are generally inadequate for PNCs. This is because the
mechanical response of PNCs is highly sensitive to changes in nanofiller
content, geometry, and dispersion state. As a result, the parameters
fitted in a given formulation cannot be generalized across systems
with different filler characteristics, limiting the predictive value of such
models. Therefore, the development of hyperelastic formulations that
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are applicable to PNCs and consistent with experimental observations
remains an open area of research.

Among the limited efforts in the literature aimed at modeling PNCs
within the framework of nonlinear elasticity, Cantournet et al. (2007)
reinforced an elastomer with multi-walled CNTs and proposed a hyper-
elastic model based on the rule of mixtures. The investigated nanocom-
posites exhibited failure at relatively low strains, and thus nonlin-
ear effects associated with large deformations, such as CNT debond-
ing, were not observed. CNT agglomeration was also not considered.
Shin et al. (2019) and Arash et al. (2019, 2021) proposed multi-
scale homogenization-based hyperelastic models for PNCs, calibrated
through molecular dynamics (MD) simulations. Their studies, which
focused on nanoparticle-reinforced epoxy nanocomposites, considered
materials subjected to relatively small deformations, with strains up to
6%-8% in simple tension. Islam et al. (2023) developed a multiscale
continuum model for polymers reinforced with nanofibers, also cali-
brated using MD simulations. Their formulation does not account for
CNT agglomeration and its influence on mechanical response. Other
studies have employed classical hyperelastic models, fitting parameters
directly to experimental data on PNCs, without distinguishing between
the contributions of the matrix and nanofillers (Barghamadi et al.,
2021; He et al., 2022).

Based on the above discussion, several limitations can be identified
in the current modeling approaches for PNCs in nonlinear elasticity.
First, there is a lack of models that establish a direct connection
between the internal morphology of the nanocomposite and its macro-
scopic mechanical response. In particular, current models do not yet
incorporate the effects of CNT agglomeration on nonlinear stress re-
sponse in a clear and systematic way. Second, existing models generally
fall short in representing the progressive detachment of CNTs from
the polymer matrix under large deformations. A physically grounded
approach that accounts for this effect, while remaining practical for
engineering applications, is still lacking. Finally, there remains a strong
need for a versatile model capable of reproducing the experimentally
observed stress—strain behavior of PNCs. As noted earlier, the mechan-
ical response of PNCs is highly sensitive to differences in fabrication
methods, which can lead to substantial variability even when the
same polymer matrix and nanofiller type are employed. Therefore,
it is essential to develop constitutive models that can be calibrated
either from morphological observations (e.g., SEM imaging) or from
mechanical test data of the specific PNC under consideration. The
model parameters should retain a clear physical interpretation, such
as those linked to CNT agglomeration and interfacial detachment.

In the present work, we address the above limitations by proposing
a hyperelastic model for CNT-based PNCs with the following advance-
ments.

» The presence of agglomerates, as well as the locally increased
concentration of CNTs within these regions, is quantified through
SEM investigations. Their progressive formation is incorporated
into the hyperelastic formulation, with a dedicated term that
captures their influence on the macroscopic stress response.

The contribution of CNT-matrix detachment at large strains is an-
alyzed via SEM imaging of stretched specimens and is introduced
into the model through a physically motivated form of the strain
energy function (SEF).

The predictive capability and practical applicability of the pro-
posed model are demonstrated through validation against experi-
mental data from simple tension tests, followed by finite element
(FE) implementation and application to PNC beams subjected to
three-point bending. The numerical results obtained from the FE
analyses demonstrate that the model is versatile and accurately
reproduces the experimental data from bending tests on PNC
beams.
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Fig. 1. Schematic representation of the research framework. (1) PNCs are produced by mixing a polymer matrix with multi-walled CNTs. The samples are
analyzed through SEM imaging to investigate internal morphology and are subjected to simple tension tests to assess the mechanical response. (2) A hyperelastic
model for CNT-based PNCs under large strains is proposed. The model is informed by microscopic observations and establishes a link between microstructure
and macroscopic mechanical response, providing a predictive formulation that does not require calibration against stress—strain data. (3) The model is validated
using experimental data from simple tension tests. (4) It is then applied to PNC beams under three-point bending to demonstrate its effectiveness and broader
applicability. (2.1) Finally, a simplified phenomenological version of the hyperelastic model is proposed. This version does not require SEM analysis and follows
the classical approach of nonlinear elasticity, relying on parameter fitting to stress—strain data.

In addition to the above, we introduce a simplified phenomenological
version of the model that does not require SEM imaging for cali-
bration and relies solely on stress—strain data. The physical meaning
of the model parameters allows for straightforward calibration. The
versatility of this version is demonstrated by applying it to additional
experimental datasets available in the literature.

The structure of the present research is illustrated in Fig. 1. The
manuscript is organized as follows. Section 2 describes the mate-
rials and production of the PNCs analyzed in this study, followed
by SEM investigations and simple tension tests. Section 3 introduces
the continuum mechanical framework for PNCs. In Section 4, the
proposed hyperelastic model is developed by incorporating insights
gained from SEM analysis to establish a link between microscopic
features and continuum-scale mechanical behavior. Section 5 presents
the calibration of model parameters based on SEM observations and
the resulting stress—strain predictions, validated against simple tension
experiments. Section 6 demonstrates the application of the model to
predict the response of PNC beams under three-point bending. The
model is implemented in the FE software COMSOL Multiphysics, where
the hyperelastic PNC is modeled using a user-defined SEF within a
2D plane stress framework. The simulation results are compared with
experimental data from bending tests. Section 7 introduces a simplified
phenomenological version of the model, which can be calibrated using
only stress-strain data. This formulation is then applied to additional
datasets available in the literature. Finally, conclusions are provided in
Section 8.

2. Materials and experimental methods

This section outlines the materials and experimental procedures of
this study. First, the preparation of PNC samples is described, includ-
ing the incorporation of multi-walled CNTs into the polymer matrix.
Subsequently, the microscopy analyses conducted to investigate the
morphology and dispersion of CNTs are presented. Finally, the method-
ology for the simple tension tests performed on the prepared samples
is outlined.

2.1. Sample preparation

Polymer nanocomposites were prepared by mixing a rubber silicone
matrix with multi-walled CNTs. The rubber matrix consisted of liquid
silicone rubber supplied by RESIN PRO. This silicone rubber has a den-
sity p,, = 1.1 g/cm? and is provided in two components A and B, which
were mixed at a 1:1 ratio. The working time of the rubber compound
is approximately 1 h at 20 °C, with complete polymerization achieved
after 24 h. The CNTs used as nanofiller reinforcement were supplied by
Nanografi Nano Technology. According to the manufacturer, they have
a reported purity exceeding 96% and a density p, = 2 g/cm?.

We first weighed the CNTs and components A and B of the silicone
matrix using an analytical balance KERN ADB-200-4 with a readability
of 0.1 mg. The CNTs were then added exclusively to component A
to facilitate proper mixing. This solution was mechanically stirred for
15 min at 600 rpm using a mechanical stirrer AM 20-D ARGOlab to
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Fig. 2. SEM images of bulk multi-walled CNTs prior to dispersion in the polymer matrix. (a) Image at 10000x magnification, showing the tendency of nanotubes to
interact and form agglomerates. Isolated CNTs are highlighted with dotted red lines, and their lengths are measured, yielding an average length of approximately
I =4.2 pm. (b) Image at 60000x magnification, revealing predominantly agglomerated nanotubes, with individual diameters measured and reported. The average
diameter is determined to be d = 35 nm. Based on these measurements, the aspect ratio of the CNTs is calculated as s = //d ~ 120.
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Fig. 3. SEM images of fractured PNC samples showing the internal structure and CNT dispersion within the polymer matrix. The images highlight the formation of
agglomerates, which are regions with a higher concentration of CNTs. Figures (a) and (b) correspond to samples with 1 phr and 2.5 phr CNT content, respectively,

while (c) presents a magnified view of an agglomerated region. From (a) and (b), it is observed that the agglomerate content increases with increasing CNT
concentration in the samples.
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ensure homogeneous dispersion of the CNTs, while avoiding any pre-
mature polymerization that could harden the solution. Subsequently,
component B was added to the mixture and stirred for an additional
5 min.

The final mixture was cast into dog-bone-shaped molds to produce
specimens for simple tension tests, as well as into other containers to
obtain samples for microscopy analysis. The resulting PNCs contained
CNTs at concentrations of 0.5, 1, 1.5, 2, and 2.5 phr, corresponding to
volume fractions of 0.274%, 0.547%, 0.818%, 1.09%, and 1.36% of the
nanocomposite, respectively.!

2.2. SEM investigation

Microscopy observations were conducted using an SEM FEI Nova
NanoSEM 450 at the CIGS laboratories of the University of Modena and
Reggio Emilia. The analysis was performed in two stages. First, the bulk
multi-walled CNTs were examined to characterize their morphology
and assess their initial state. Subsequently, the prepared PNC samples
were analyzed to investigate their internal structure, focusing on the
dispersion of CNTs and their interaction with the polymer matrix. The
microscopy images in Fig. 2 demonstrate that the CNTs have an average
diameter d = 35 nm and an average length / = 4.2 um, corresponding
to an aspect ratio of approximately s = //d ~ 120. In their bulk state,
the CNTs exhibit a strong tendency to form agglomerations due to their
high aspect ratio and weak interactions. Furthermore, the CNTs are not
straight but display a characteristic wavy morphology.

To investigate the dispersion and morphology of CNTs in the PNC
samples, the specimens were first immersed in liquid nitrogen and
subsequently fractured to expose their internal structure. The fractured
surfaces were then examined using SEM to assess the distribution of
CNTs within the polymer matrix. The resulting images are presented in
Fig. 3.

Figs. 3(a) and (b) present SEM images of samples containing 1 and
2.5 phr of CNTs, respectively. We observe the tendency of CNTs to form
agglomerates, namely localized regions with a higher concentration of
nanotubes compared to the overall volume fraction in the material.
In these images, the agglomerates appear as densely packed regions
of CNTs, whereas the surrounding polymer matrix exhibits a lower
nanotube concentration. Furthermore, a comparison between the two
samples reveals that agglomeration is less pronounced at 1 phr, while at
2.5 phr, there is a significant increase in the presence of agglomerates.
This suggests that as the CNT content increases, the likelihood of
agglomeration becomes more prominent. Observations across multiple
regions of the specimens, beyond the images presented here, indicate
that the agglomerates are randomly distributed throughout the ma-
terial. This randomness in distribution is consistent across the entire
specimen.

Fig. 3(c) provides a magnified view of a representative agglom-
erate. The image distinctly highlights the agglomerate boundaries,
showing a high concentration of CNTs within the agglomerate and a
significantly lower density in the surrounding matrix. The zoomed-
in images, outlined in green and blue, correspond to a magnification
of 10000x, revealing the densely packed CNTs inside the agglomer-
ate, while the surrounding polymer matrix exhibits a more dispersed
nanotube distribution.

The high-magnification images in Fig. 3(c) show that the nan-
otubes are randomly oriented and retain their inherent waviness, con-
sistent with observations made in the bulk material. The distribution of
CNTs, both inside and outside the agglomerates, appears homogeneous,
indicating that the sample fabrication and mixing process was effective.

1 The conversion from nanofiller content in phr to volume fraction is given
by ¢ = xpnep/ (100p, + Xpuep,, ), Where x,p, is the nanofiller content expressed
in phr, p,, is the matrix density, and p,, is the nanofiller density.
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Note that the formation of agglomerates has also been reported
by other authors (see, e.g., Ma et al., 2010; Rubel et al., 2019; Pan
and Bian, 2019; Zeinedini and Shokrieh, 2024; Patti et al., 2016).
This behavior is attributed to the high aspect ratio and large specific
surface area of CNTs, which lead to strong inter-tube van der Waals
interactions, making them prone to agglomeration in PNCs. This issue
has been widely discussed in the literature, with various production
methods proposed to reduce the presence of agglomerates. However,
avoiding their formation remains an unresolved challenge.

The final SEM analysis was conducted to investigate the conditions
under which CNTs detach from the polymer matrix. This information
will be fundamental for the subsequent development of the hyperelastic
model for PNCs. To examine this phenomenon, small PNC beams were
precisely cut and subjected to tensile loading using a custom-built
system, as shown in Fig. 4.

The system clamps the ends of two PNC specimens, applying and
maintaining a controlled tensile stretch. The stretched specimens are
then placed in the SEM chamber to be examined in their deformed
state. This analysis was conducted on samples with a CNT content of
2.5 phr to ensure a high concentration of nanotubes, thereby enhancing
the likelihood of observing potential detachment. One specimen was
stretched to a final-to-initial length ratio of 4 = 2, while the other was
stretched to 4 =2.5.

The SEM images presented in Fig. 4 reveal that CNT detachment is
predominantly concentrated within agglomerates, as the higher density
of CNTs creates defects, making these regions more susceptible to
failure and separation from the polymer matrix. Fig. 4(b) shows the
condition of an agglomerate in the specimen stretched to a ratio of 2.
A distinct rupture is observed, forming a cavity where the material has
fractured. Even more extensive detachment is observed in the agglom-
erates of the specimen stretched to 2.5, as shown in Fig. 4(c). Here,
a significant rupture occurs near the boundary of the agglomerate,
leading to its substantial separation from the surrounding matrix. This
indicates that as the applied stretch increases, the agglomerates become
progressively more prone to detachment.

A magnified view of a detached agglomerate is provided in Fig. 4(d).
The image clearly shows individual CNTs at the edges of the rupture,
partially detached and suspended within the void. These observations
provide direct evidence of CNT debonding under mechanical loading,
highlighting the role of agglomeration in weakening the interfacial
adhesion between CNTs and the polymer matrix.

In the specimen stretched to 4 = 2.5, additional high-magnification
SEM analysis was performed in regions outside the agglomerates, as
shown in Fig. 4(e). The image clearly shows that the CNTs have
aligned along the stretching direction, and no significant detachment
is observed at this stage. Only slightly darker regions appear adjacent
to certain CNTs, possibly indicating the very early onset of CNT-matrix
separation. This suggests that, with continued stretching, detachment
would likely develop in this region as well. Nonetheless, this could not
be directly observed, as the specimen fails before reaching the stretch
levels at which significant detachment is expected to occur.

In conclusion, the SEM analysis of CNT detachment led to the
following observations:

» Detachment is predominantly concentrated within agglomerated
regions, becoming evident at a stretch ratio of 4 = 2, and signifi-
cantly more pronounced at A = 2.5, where extensive separation is
observed.

+ In non-agglomerated regions, at A = 2.5, full alignment of CNTs
along the stretching direction is observed, with no apparent signs
of CNT-matrix detachment.
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Fig. 4. SEM images of PNC samples in the stretched configuration, analyzed to investigate the detachment of CNTs from the polymer matrix. (a) Custom-built
system used to stretch two specimens with a CNT content of 2.5 phr, maintained at stretch ratios A of 2 and 2.5. (b) Initial signs of detachment within agglomerates
at a stretch ratio of 2, with clear evidence of rupture. (c) Extensive detachment observed in the specimen stretched to 2.5, where the agglomerate visibly separates
near its boundary with the surrounding matrix. (d) High-magnification view of the detached region, showing a cavity formed within the agglomerate. Further
zoomed-in images reveal individual nanotubes that have separated. (e) Magnified view of a region outside an agglomerate at A = 2.5, where full alignment of
CNTs along the stretching direction is observed, with no apparent signs of CNT-matrix detachment.

2.3. Simple tension tests

The dog-bone specimens used for testing had an effective length of
60 mm, a height of 7 mm, and a thickness of 2.5 mm. For each PNC with
varying CNT contents, three specimens were subjected to tensile testing
until failure. Tests were also performed on specimens made solely of the
silicone matrix.

The experiments were conducted using an Instron 5567 testing ma-
chine equipped with a 100 N load cell. A constant displacement rate of
120 mm/min was applied, corresponding to a strain rate of 0.033 s,
which is commonly classified as quasi-static (see, for example, Meunier
et al., 2008; Tomita et al., 2008; Cheng and Chen, 2003). To capture
the test process, a Panasonic LUMIX DC-GH6 camera was positioned

orthogonally to the specimen to record videos. The captured footage
was later processed using digital image correlation (DIC) with the
Ncorr MATLAB package. Further details on this process can be found
in Pelliciari et al. (2023, 2025).

Using the DIC analysis, we determined the longitudinal and lateral
stretches, 4, and 4,. The nominal stress, o,, was calculated as o, =
F/A, where F represents the applied force measured by the testing
machine, and A is the initial cross-sectional area of the specimen. For
each PNC composition, the results across three specimens exhibited
minimal variation. Therefore, we considered the average stretches and
stresses from the three tests.

The experimental data on lateral vs. longitudinal stretches indicated
that both the pure matrix and the PNCs with varying CNT contents ex-
hibit near-incompressibility, with negligible volumetric deformations.
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This behavior was expected, as the polymer matrix itself is nearly
incompressible, and the addition of small amounts of nanoparticles
does not significantly alter this characteristic.

3. Continuum mechanics framework

In this section, we introduce the fundamental continuum mechanics
framework for CNT-based PNCs, which are modeled within the frame-
work of hyperelasticity. We provide a summary of finite deformation
kinematics, governing equations, and modeling assumptions.

3.1. Kinematics

The PNC is modeled as a continuous body with a stress-free refer-
ence configuration. The deformation of the body is described by the
deformation gradient F = dx/dX, where X represents the position
of a material point in the reference configuration, and x denotes its
position in the deformed configuration. The local volume ratio is given
by J = det F > 0. The right and left Cauchy-Green deformation tensors
are defined as C = F'F and B = FF’, respectively (Ogden, 1997;
Pelliciari and Tarantino, 2022).

We consider the multiplicative decomposition of the deformation
gradient F as follows (Flory, 1961; Ogden, 1978; Sansour, 2008):

F=(J'PI)F, @

where F is decomposed into a volumetric part, J!/°I, and an isochoric
part, F, satisfying the constraint detF = 1. Symbol I denotes the
second-order identity tensor. The modified counterparts of the right
Cauchy-Green tensor C and the left Cauchy-Green tensor B, associated
with F, are denoted as C and B, respectively. Using (1) we write
C=F'F=J¥3C, C=F"F, 5
B=FF =J°B, B=FF". @

The CNTs embedded in the continuum are modeled as fibers with
a mean initial orientation defined by the referential unit vector a,
satisfying |a,| = 1. Under deformation, the fibers are mapped into their
current configuration, where their mean spatial orientation is given by
a =Fa,, and the stretch along the mean direction of fibers is |a|.

3.2. Hyperelasticity for PNCs

We adopt the standard approach of additive decomposition of the
SEF, which is physically justified given the low to moderate volume
fraction of CNTs embedded in the elastomer matrix (Cantournet et al.,
2007). The total SEF, W, is expressed as the sum of contributions
from different phases of the nanocomposite: the pure elastomer matrix,
the non-agglomerated CNT regions, and the agglomerated CNT regions
(Fig. 5).

These phases are treated separately to account for their distinct me-
chanical behaviors. The elastomer matrix is modeled using isotropic hy-
perelasticity, while the contributions from CNTs and their agglomerates
are described within the framework of anisotropic hyperelasticity.

The SEF contributions are defined as follows: W,, for the elastomer
matrix, W, for the CNTs in non-agglomerated regions, and W, for
the CNTs in agglomerated regions. Agglomerates have a higher CNT
concentration and, consequently, different elastic properties compared
to the surrounding material. Using a rule-of-mixtures approach (Shi
et al., 2004), we define the SEFs within the inside and outside regions
of the agglomerates as:

l/Vin =1- d)a)Wm + ¢aWa’
Wout =(1- ¢m)Wm + ¢mWn’
where ¢, is the volume fraction of CNTs inside the agglomerates,
and ¢,, is the volume fraction of CNTs outside the agglomerates. The
parameter ¢,, is calculated as

_ ¢f_§¢a
¢’"_T6’

3

4
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with ¢, denoting the total volume fraction of CNTs, and ¢ being the
proportion of the total volume occupied by the agglomerated regions.?
By summing the contributions from the inside and outside regions, the
total SEF of the nanocomposite is expressed as

W = (1= OWoy + EWin = (L= Wy, + (b — EbIW, + E0 W, (5)

The contribution of the isotropic matrix is generally formulated for
compressible materials and is therefore expressed using an isochoric-
volumetric split as W,, = W,(C) + W,,(J). In contrast, the anisotropic
contributions from nanotubes in non-agglomerated and agglomerated
regions are given as W, = W,(C,ay) and W, = W,(C,a,), respec-
tively.® Note that the isochoric-volumetric split is not applied to the
anisotropic part, as doing so would lead to unphysical stress responses
(see, e.g., Sansour, 2008; Giiltekin et al., 2019; Teichtmeister and
Holzapfel, 2022; Holzapfel and Ogden, 2020a).

The representation theory of scalar-valued tensor functions for
anisotropic materials with a single fiber family establishes that the SEF
depends on five invariants (Spencer, 1984; Zheng, 1994; Cai et al.,
2016; Yavari and Goriely, 2021). Specifically, the isotropic contribution
W,, depends on two isochoric invariants in addition to the volume ratio,
which are given by

I;=uC, I,=tr(cofC), I =det C = J?, 6)

where the cofactor of the tensor C is expressed as cof C = C~7 det C.
On the other hand, the anisotropic contributions W, and W, depend on
two additional mixed invariants (Guo et al., 2006):

I,=C:H, I;=C:H, )

where the generalized structure tensor (GST) H is a symmetric tensor
that was introduced by Gasser et al. (2006) to represent general fiber
orientation dispersions in a continuum framework.

Gasser et al. derived an analytical expression for the structure tensor
corresponding to a general transversely isotropic fiber distribution,
which encompasses as limiting cases an isotropic (random) fiber dis-
tribution and a fully aligned fiber distribution. In this work, we focus
on these two limiting cases, with particular emphasis on the isotropic
distribution, since the nanoscale dimensions of CNTs make preferential
alignment difficult to achieve in practice. Indeed, CNTs are typically
randomly distributed in most technologically manufactured PNCs, al-
though some studies have demonstrated the fabrication of PNCs with
aligned CNTs (Marconnet et al., 2011; Khan et al., 2013). This scenario
is also addressed by the GST formulation discussed above.*

The formulation proposed by Gasser et al. is based on an orienta-
tion density function, which statistically characterizes fiber alignment.
In Gasser et al. (2006), the following compact form of the GST was
derived:

H = I+ (1 - 3x)a, ® aj, ®)

where ® denotes the tensor product and x € [0, 1/3] is the dispersion
parameter, representing fiber distribution in an integral sense. The
limiting cases are as follows:

2 Parameters ¢ and ¢,, representing the volume fraction occupied by
agglomerates and the volume content of CNTs within the agglomerates,
respectively, will be estimated using SEM images. The volume content of
CNTs in the matrix, ¢,, is subsequently computed using (4), ensuring that
all parameters describing the internal morphology are determined.

3 We assume that the mean orientation a, of the CNTs is the same in
both agglomerated and non-agglomerated regions; that is, CNTs retain their
orientation distribution inside as well as outside the agglomerates.

4 For more general orientation distributions that extend beyond the trans-
versely isotropic case and the scope of this paper, the reader is referred
to Cortes and Elliott (2014), Gizzi et al. (2018). Note that such cases require
numerical solutions, as closed-form results are generally not available.
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Increase in agglomerates (&)

Fig. 5. Schematic representation of the internal morphology of the PNC, illustrating the increase in agglomerated regions as the overall CNT volume fraction
¢, increases. The volume fraction of the agglomerates is denoted by ¢. Agglomerated regions contain a higher CNT concentration, represented by ¢,, while
non-agglomerated regions have a lower CNT content, denoted as ¢,,. The model thus considers three distinct phases: the matrix, CNTs in agglomerated regions,

and CNTs in non-agglomerated regions.

+ For perfectly aligned fibers (x = 0), the GST reduces to H =
a) ® a, and the invariant I, simplifies to the squared stretch in
the fiber direction, i.e., I, = 4*(ay).

» For an isotropic fiber distribution (x = 1/3), the GST simplifies to
H = (1/3)], leading to I, = I, /3.

Based on the physical nature of CNTs as high-aspect-ratio fibers, and
following well-established approaches for fiber-reinforced hyperelastic
materials (Holzapfel and Ogden, 2025), we consider only the invariant
I, in describing the CNT contributions. This leads to the simplified
dependencies

W, =W, L, I;), W,=W,,), W,=W,Iy. 9

Compressive fibers are typically assumed not to contribute to the
overall mechanical response. This issue is addressed by nullifying the
anisotropic part of H when the stretch in the main fiber direction is
compressive (Holzapfel and Ogden, 2010; Melnik et al., 2015; Peng
et al., 2005; Pandolfi and Vasta, 2012). In this case, the structure tensor
is defined as:

H= kI+ (1 -3x)ay®a,;, ay®ay: C>1,
- xl, a,®a,: C<1.

(10

An alternative scheme for excluding the contribution of compressed
fibers, referred to as the iGST approach, was proposed by Melnik et al.
(2015), and may be considered as an alternative to the formulation
above.

Remark 1. The dispersion parameter x may formally take values in the
range (1/3,1/2], with k = 1/2 corresponding to the case of complete
alignment in the plane perpendicular to the mean fiber direction a.
However, the original formulation by Gasser et al. was based on a
transversely isotropic and z-periodic von Mises distribution, which
restricts k to the interval [0, 1/3] (see Remark 4.1 and Fig. 3 in Gasser
et al. (2006)). In the case of more general fiber distributions that yield
k > 1/3, the standard GST formulation in (10) may result in unphysical
mechanical responses, such as negative stress under tensile strain. To
address this, Melnik et al. (2015) proposed modified definitions of the
GST that resolve these issues. For the purposes of the present study,
however, the formulation in (10) remains appropriate.

3.3. Incompressibility assumption and stress response

As described in Section 2.3, experimental data on lateral and
longitudinal stretches indicate that the analyzed PNCs exhibit near-
incompressibility. Based on this observation, we assume that the ma-
terial is incompressible from this point forward. For incompressible
materials, the deformation is isochoric, meaning that J = 1. Conse-
quently, the dependency of the isotropic contribution further reduces
to W, = W, ;,I,).5

Given this assumption, the Cauchy stress tensor T is expressed
as (Ogden, 1997):

T=Wgr_
JoF
where p represents the arbitrary hydrostatic pressure associated with
the incompressibility constraint. The contributions from the elastomer
matrix, non-agglomerated regions, and agglomerated regions are sepa-

rated as

L, (11D

oW, ow, ow,
T, = —aF'" F' -p, I, T,= —aF" F' —pI, T,= —aF" F' —p, I, (12)

with p = (1-¢,)p, +(b;—Ed,)p, +Ed,p,- The standard results from the
representation theorem (Truesdell and Noll, 2004), combined with the
application of the chain rule for tensor derivatives, lead to the following
expressions (Schroder et al., 2008):

T, =-p,I+2 BW’"B aW"‘lr1 T, = I+20W"BH
m="Pm o1, a1, At Y e
ow,
T,=-pJl+2 BH. (13)
ol,

The total Cauchy stress of the PNC is obtained additively as

T=(-¢p)T, + (b, — )T, +E¢,T,. as

5 Under the incompressibility assumption, the isochoric strain invariants
I, and 7, reduce to the standard invariants I, = trC and I, = tr(cof C).
Accordingly, the strain energy is hereafter expressed as a function of I, and
L.
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The first Piola—Kirchhoff stress tensor is obtained from the Cauchy
stress via the standard transformation P = TF~T, writing

P=(1-¢)P, + (@, - EP)P, +E,P,, as)

where the individual contributions from the elastomer matrix, non-
agglomerated regions, and agglomerated regions are given by

P,=T,FT, P,=TF7T, P, =TFT. (16)

3.4. Orientation-dependent contribution of CNTs to Young’s modulus

For the following developments, we consider the case of uniaxial
extension with the stretch applied along the preferred mean fiber
direction a,. We introduce a Cartesian coordinate system (x, y, z) and,
without loss of generality, assume that a, is aligned with the x-axis,
ie., ay=e,.

Considering that the material is incompressible, the left and right
Cauchy-Green deformation tensors are given by (Anssari-Benam and
Bucchi, 2021):

B=C=/1)25ex®ex+/1i(l—ex®ex), a7n
X

and the expression of invariant I, becomes I, = 4> —2«x(43 —1)/4,. The

Cauchy stress tensor associated with W, from (13), assumes the form:

ow,

T, =-p,1+2|22(1-2k)e, ® e, + — (I—e, ®e,)| =—2. (18)
1 oI,

The fictitious pressure p, is determined by enforcing the condition
of vanishing normal stress in the directions orthogonal to e, which
yields p, = 2/1;1 x 0W, /dl,. Substituting this into (18) provides the final
expression for the Cauchy stress. The nominal stress—stretch relation is
then obtained via the transformation given in (16),
ow,

2 oI,

It is clear from (19) that the condition of a stress-free reference
configuration for perfectly aligned fibers in the x direction (x = 0)
requires oW, /01| =1 =0 The same condition must also hold for any
other value of «, except in the case of a randomly oriented (isotropic)
distribution. In that case, with x = 1/3, the stress component ¢, , van-
ishes in the reference configuration even if the strain energy function
satisfies oW, /01| =1 70 This is physically due to the fact that, in an
isotropic distribution in the reference configuration, the initial stresses
in the fibers balance each other out. We elaborate further on this in the
following developments.

By differentiating (19) with respect to 4, we obtain the tangent
modulus associated with the uniaxial response:

19)

UX,

n:%[ﬂi(l—zm—;{]

aO‘x,n 4 BZI/V,, 3 2 2 0I/Vn 3 3
o A o7 [@x — DA +«] +E ol [ -2 (22-1)]. (0)

Assuming that the strain energy function satisfies oW, /dl,| =1 =0
and evaluating the expression in the reference configuration, the second
term vanishes. The contribution of CNTs to the Young’s modulus then
simplifies to

90,

2 02W"
E, = — =4(1-3k)

. (21)
Ae=1 17 Ma=t

X

The two limiting cases of fully aligned and randomly oriented CNTs
yield the following results:
W,

E, =4
2
ol

, k=0 (aligned),
L= (22)

x = 1/3 (random isotropic).

E, =0,

This highlights that, for an isotropic (random) distribution of nano-
fibers, the contribution to the elastic modulus of the PNC vanishes
if the strain energy function W, satisfies oW, /aI4|,4:] = 0. In such
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a case, the fibers would not contribute to the initial stiffness of the
material. However, this result is not consistent with experimental ev-
idence. Tests on specimens with isotropically distributed CNTs clearly
demonstrate a measurable increase in the elastic modulus compared to
the neat matrix.® On the other hand, if a SEF is considered such that
aI/V,,/aI4|14=l # 0, then for the case « = 1/3 relation (20) yields

do ow,,
" A |, ol L=t

The above discussion leads to the following conclusion. When using
the GST approach as introduced in Gasser et al. (2006) to account
for the orientation of CNTs, it appears not to be possible to define
a single strain energy function W, that simultaneously satisfies both
of the following conditions: (1) the reference configuration is stress-
free in the case of aligned CNTs, and (2) randomly oriented CNTs
contribute to an increase in the Young’s modulus of the nanocomposite.
In light of this, applying the GST framework across different orientation
states in CNT-reinforced nanocomposites requires particular care. In the
isotropic limit, the energy function should allow for a nonzero initial
stiffness contribution.

In this work, we focus on randomly oriented CNTs and therefore
consider only the case k = 1/3 from this point onward. To capture the
experimentally observed increase in initial stiffness, we adopt a strain
energy function that satisfies the condition oW, /d1,| =1 %0

Note that all of the above results were derived considering the
contribution of CNTs in the non-agglomerated regions (W,). However,
the same expressions apply to the agglomerated regions by replacing
W, with W,. In this case, the corresponding stress and Young’s modulus
are denoted by o, , and E,, respectively.

=2 (23)

4. Proposed hyperelastic formulation for randomly oriented CNT-
based PNCs

This section presents the hyperelastic model developed to describe
randomly oriented (isotropic) CNT-reinforced PNCs. The insights gai-
ned from the SEM analyses, which revealed the internal morphol-
ogy of the material, are used to establish connections between the
microstructural features and the macroscopic mechanical response.
A multi-scale approach is thus employed to bridge the microscopic
characteristics with the continuum-level modeling, in the framework
of hyperelasticity.

4.1. Growth of agglomerated regions

From the SEM investigation, we observed that the agglomerate con-
tent increases as the overall CNT volume fraction in the nanocomposite
increases. This behavior of nanoparticles is commonly captured phe-
nomenologically using sigmoidal growth models (Wang et al., 2014).
We describe the growth of the volume content of agglomerations, &, as
a function of ¢, using the Hill equation” (Gesztelyi et al., 2012):
= —1 24)

1+ (¢ /¢y)

where ¢, is the critical volume fraction at which half of the nanoparti-
cles form agglomerates (¢ = 0.5 when ¢, = ¢.). The parameter ¢, lies
within the range (0, 1) and should be calibrated based on SEM images
or other morphological observations, to ensure that the model reflects

6 This is shown in Section 5 by our experimental data in simple tension
and is also widely reported in the literature on mechanical testing of PNCs;
see, for example, Qian et al. (2000), Fu et al. (2019), Cantournet et al. (2007),
Papageorgiou et al. (2020).

7 The Hill equation is a modified form of the logistic function, widely
used to model systems that exhibit growth toward a saturation limit. It is
commonly applied in fields such as pharmacology and materials science to
describe nonlinear cooperative behavior.



M. Pelliciari et al.

(a)

1 ; ; ;
0.8 e e
’ Pl
d e
7 L
7 rd
0.6 i e 1
w / 4
// / ¢c
0.4+ ’ / 1
’
// //
020 ¢ 4 ¢ = 0.02| ]
/’ '/ - - ¢.=0.05
Nyl ——. = 0.1
0 2 . . .
0 0.05 0.1 0.15 0.2

b

International Journal of Solids and Structures 326 (2026) 113779

M= 0.
0.09 + /L '9\07 ,/' i
A N 5=003 .-
] M \< - =
1 /, \ —
' ’ S
0.06+ 1 7 > 1
3 I ’
< 1 /7
/
Uy
[/
0.03¢+ /! g
1!
I !/
e —M = 0.04, 7 = 0.02
— 95
0 ‘ ‘ ‘
0 0.03 0.06 0.09

oy

Fig. 6. Evolution of the agglomerate volume fraction ¢ and the CNT content within agglomerates ¢, as functions of the total CNT volume fraction ¢,. (a)
Growth of the agglomerate phase &, defined by (24), exhibiting a sigmoidal trend controlled by the critical volume fraction ¢,. (b) Evolution of the CNT content
within agglomerates ¢,, defined by (28) based on a Rayleigh distribution, with parameters M and & governing the peak magnitude and the distribution width,

respectively.

the experimentally observed agglomeration behavior. Fig. 6(a) shows
the function ¢&, highlighting the general trend and the effect of varying
¢C'

This sigmoidal model® describes the stages of the agglomeration
process in nanocomposites:

(1) At low filler contents, the probability of nanoparticles encounter-
ing each other is low, resulting in sparse interactions and slow
agglomerate formation.

(2) As the volume fraction approaches the critical threshold ¢,, in-
teractions between nanoparticles become more frequent, leading
to accelerated agglomeration.

(3) Athigher filler contents, the process reaches a plateau as available
space and bonding sites become exhausted.

4.2. CNT content in agglomerates

The variation in CNT content between agglomerated and non-
agglomerated regions introduces spatial heterogeneity within the com-
posite. This phenomenon is modeled statistically using a Weibull dis-
tribution, a commonly employed approach for capturing variability in
material properties (Mahmoodi and Khamehchi, 2024; Genet et al.,
2014). The probability density function of the Weibull distribution is
given by (Liu et al., 2025):

fx) = % (%)m_l eI x>0,

0, x <0,

(25)

where m > 0 is the shape parameter and 5 > 0 is the scale parameter.

8 Empirical evidence supports the use of sigmoidal functions in modeling
nanoparticle behavior in composites and similar systems where nonlinear
scaling occurs (Rubel et al., 2019; Pan and Bian, 2019). A related framework
is the percolation theory (Azimi and Sharifzadeh, 2025; Starr et al., 2003),
which describes the transition from isolated particles to the formation of a
connected network as a critical volume fraction is exceeded. Both approaches
share the underlying concept of a critical threshold that marks a nonlinear
shift in material behavior.

10

Form=2and n = \/5&, where & is a scale parameter that controls
the width of the distribution, the Weibull distribution simplifies to the
Rayleigh distribution

fo) = e 07 (26)
52
which is used to model nonnegative-valued quantities, making it suit-
able for our application. The Rayleigh distribution reaches its maximum
value 1/(54/e) at x = 5. For convenience and to adapt the Rayleigh
distribution to our specific modeling needs, we introduce a normaliza-
tion factor to ensure that the maximum value of the function equals a
desired value M:
M _
fx) = _\/zx ¥/ (25%),

o

27)

The above normalization allows for the direct specification of the
peak value, which is useful in this context since the maximum of the
distribution holds a well-defined physical significance, as will become
clear later.

The statistical function in (27) is used in this work to describe
the evolution of the content ¢, of CNTs within the agglomerates as
a function of the overall content ¢,. However, there are two physical
constraints that must be considered:

(1) The CNT fraction within the agglomerates must always be greater
than or equal to the overall CNT fraction in the PNC, ensuring that
Go 2 by

(2) The fraction of CNTs within the agglomerates cannot exceed the
total CNT content in the PNC, meaning ¢¢, < ¢,.

To satisfy the first condition, we consider (27) and propose the follow-
ing modified form:
M+/e _y2 /(252
bo= b, [1+f\/_e"’f/(2 )]. 28)
o
This ensures that ¢, > ¢, for all values of ¢,. We can now express the
second condition as follows:
- 42 B
M < —Gd)c e¢§/(262)
Ved]

The minimum of the right-hand side of (29) is found by imposing
stationarity, which occurs at ¢, = \/5 6. Substituting this value back

, forall ¢, € (0,0). (29)



M. Pelliciari et al.

into the inequality yields the following constraint:

2
e Yo (30
26
This constraint ensures that the modified Rayleigh function satisfies
the physical conditions governing the distribution of CNTs within the
agglomerates.

Fig. 6(b) shows the function ¢, and the influence of M and ¢ on
its shape. The calibration of parameters M and & in (28) is performed
using data extracted from SEM images. When sufficient microscopy
data is available, this process is straightforward, as M is connected to
the maximum volume fraction of CNTs within agglomerates, while ¢
defines the width of the statistical distribution.

Remark 2. Since ¢, represents a volume fraction, it is physically
required that ¢, < 1. Although (28) suggests that ¢, could in principle
exceed unity as ¢, — 1, such a scenario is unrealistic for PNCs, where
typical filler contents are small (values as high as ¢, = 0.1-0.2 are
already very large). Furthermore, for the parameter values relevant to
our study, ¢, tends asymptotically to ¢, as ¢, increases, as shown in
Fig. 6(b). We can show this analytically, and thus comment on the fact
that ¢, < 1 even in the extreme and unrealistic case of ¢, approaching
unity. Considering the upper bound M = \/Eqﬁf /(26) from (30), and
expressing 6 = « qbf, (28) becomes:

e—l/(ZaZ)] )

dze
. =¢s [1 + za;¢2 (31)
S

For realistic parameter values and as ¢, approaches unity, « < 1,
making the exponential term negligible so that ¢, — ¢,. Even for finite
a values, such as a = 0.1, the exponential term is of order 10~2; for
a = 0.2, it is of order 10~*. Therefore, we conclude that ¢, remains
bounded by unity throughout the physically meaningful range.

4.3. Strain energy functions for CNTs in non-agglomerated and agglomer-
ated regions

The form of the total SEF, incorporating three additive contribu-
tions, is given in (5). Here, we define the expressions of the strain
energy functions used to model the behavior of isolated CNTs in non-
agglomerated regions as well as those within agglomerates. We adopt
the following forms:

@\ . 3 4/3

m=q>,,<1+®:”o> . with <I>n:§E,,<I4/ —1), (32)
o, \! 1

Wa=d)a<1+¢—;> ., with <I>a=§Ea(14—1), (33)
a

where E, and E, represent the effective elastic moduli of the CNT
contributions’ in non-agglomerated and agglomerated regions, respec-
tively, and I, = I, /3. The coefficients multiplying these moduli ensure
consistency with linearized elasticity in the case of randomly oriented
(isotropic) CNTs, yielding the correct expression for the overall elastic
modulus. In (32) and (33), the functions ®, and &, correspond to
the intact material response, while the introduction of the limiting
energies ®° and @2 incorporates the effect of detachment within
the framework of continuous softening hyperelasticity (Anssari-Benam,
2023). This will be described in detail in the following.

The exponents of I, in (32) and (33) are chosen differently to
reflect the distinct mechanical behaviors of non-agglomerated and
agglomerated CNTs, as shown in Fig. 7.'° For W,, the exponent 4/3 is

9 The elastic modulus of an individual CNT, which may be assumed as
E.; = 900 GPa, does not fully determine the stress response. Despite its
high intrinsic stiffness, the nanotube-matrix interaction governs its actual
contribution, requiring the use of an effective elastic modulus. Its expression

will be formally defined later based on established theoretical models.
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selected as it yields a stress—strain response consistent with the follow-
ing physical interpretation. As shown in Fig. 7(a), the solid black curve
captures the initial mechanical behavior in the small-strain regime,
where CNTs are wavy and the stress response is governed by their
gradual unpacking and reorientation. This is analogous to the response
of elastomers with initially disordered molecular chains. In this regime,
the tangent stiffness slightly decreases with increasing strain. At higher
stretches, once the CNTs become aligned with the loading direction, the
tangent stiffness increases, leading to strain hardening. Since interfacial
detachment between CNTs and the matrix may eventually occur, we
introduce a limiting energy ®%, as previously mentioned. As will be
described in Section 4.3.2, this limiting energy is defined as a function
of a critical strain invariant, I, . Its incorporation leads to a softening
effect, as illustrated by the dashed red and blue curves.

In contrast, within agglomerates the CNTs tend to form clusters
that, at the macroscopic scale, behave more like particle inclusions
than individual fibers. Consequently, the exponent of I, in W, is set
to 1, reducing the strain energy function to a neo-Hookean form,
which better captures the mechanical behavior of elastomers containing
larger inclusions. By analogy, one may consider carbon black-filled
elastomers, where, for moderate strains, the neo-Hookean model can
effectively reproduce the material response when the filler content is
significant, since strain hardening is not pronounced in this regime.
This interpretation motivates the use of a neo-Hookean formulation,
as shown by the black stress-strain curve in Fig. 7(b). It is worth
noting that, as observed in SEM images, interfacial detachment with
increasing strain occurs predominantly in the agglomerated regions.
Hence, we introduce the limiting energy ®%°, defined as a function of
the critical invariant I, .., whose softening effect is illustrated by the
dashed curves. This will be further discussed in Section 4.3.2.

In the following, we present the derivation of the expressions for
the effective elastic moduli, along with the underlying concepts and
governing equations related to detachment, which is modeled within
the framework of continuous softening hyperelasticity.

4.3.1. Effective elastic moduli

To define the effective elastic moduli E, and E,, we consider the
Young’s modulus E, of the nanocomposite, formulated using a rule of
mixtures that accounts for the three phases in the PNC (Wang et al.,
2008):

E,=(1=¢p)E, +(d; — EpIMulioN Eene + (£d4) NuwttoNa Een- (34)

In this expression, E., and E,, represent the Young’s moduli of CNTs
and the polymer matrix, respectively. The term #, is the orientation
factor, which describes CNT alignment within the matrix and takes
values of 1 for fully aligned fibers, 3/8 for randomly oriented CNTs in
two dimensions, and 1/5 for random orientation in three dimensions.
The parameter #,, = 1 — w/! accounts for nanotube waviness (Omidi
et al., 2010; Fisher et al., 2003; Hassanzadeh-Aghdam and Mahmoodi,
2017), where w is the bent amplitude of the nanotubes and / their
length.

The parameters 7, and 7, are length efficiency factors, accounting
for the effect of CNT length on load transfer in non-agglomerated and
agglomerated regions, respectively. These parameters range between 0
and 1, incorporating into the model the effectiveness of load transfer
through the interphase region. In this work, they are estimated using
the well-established shear lag theory. Several refinements and exten-
sions of shear lag theory exist (Gao and Li, 2005; Guo and Zhu, 2015;

10 The uniaxial stress—stretch relations corresponding to the CNT contribu-
tions, o, and o, ,, associated with the non-agglomerated and agglomerated
regions, respectively, are reported in Eq. (A.1). In Fig. 7, the case of a randomly
oriented distribution of CNTs (x = 1/3) is shown.
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Fig. 7. Uniaxial stress o, vs. stretch 4, response of CNT contributions in non-agglomerated regions (s, ) and agglomerated regions (o, ,) under simple tension,

derived from the strain energy functions in (32) and (33), respectively. (a) The solid black curve represents the response without softening (7,

— 00), characterized

.cr

by an initial regime at small stretches where CNTs are wavy and progressively reorient, resulting in a slightly decreasing tangent stiffness. At higher stretches
(approximately A, = 2—2.5), alignment of CNTs leads to a marked increase in stiffness. The dashed red and blue curves illustrate the effect of introducing softening
through finite values of I, ., accounting for the possible detachment of CNTs from the matrix in non-agglomerated regions. (b) The contribution of CNTs within
agglomerates follows a neo-Hookean-like response (solid black curve), reflecting a mechanical behavior similar to that of larger particle-like inclusions. The dashed
curves represent the effect of softening due to the progressive detachment of CNTs within agglomerates, modeled via the critical invariant /.

Weerasinghe et al., 2017). Here, we adopt the widely used classical
formulation (Kashyap et al., 2011; Clyne and Hull, 2019; Nairn, 1997):

tanh (ﬁ,,s) . 2B,

gy =1 s with g, = \/Ecm(l +v,)In(1/¢,)’ (35)
tanh (ﬁas) . 2Ey

la=1-—p = withf, = \/Ecmu o)1 /dy)’ ¢

where s is the aspect ratio of the CNTs, v, is the Poisson’s ratio of the
matrix, and ¢,, and ¢, are expressed in (4) and (28), respectively.

Given these definitions, we can define the expressions for the effec-
tive elastic moduli from (34) as:

En = Mo Ecntv Ea = ’7w'10’1chnt~ (37)

These expressions account for the effects of waviness, orientation, and
nanotube-matrix load transfer efficiency.

4.3.2. Detachment of CNTSs: Softening hyperelasticity

Detachment is introduced as a continuous softening phenomenon by
requiring the strain energy to remain bounded as I, — o, approaching
a finite limiting value (Volokh, 2007). In Pelliciari et al. (2025), we
proposed a softening energy formulation that reproduces the experi-
mentally observed softening in elastomers caused by detachment due
to the inclusion of graphene nanoplatelets. In the present work, we
apply this concept to both CNT contributions, W, and W,, using the
energy forms given in (32) and (33),"' under the assumption that

11 The forms used here represent a special case of the general formulation
proposed in Eq. (9) of Pelliciari et al. (2025), obtained by setting g = 1. This
value captures the gradual softening behavior consistent with the progressive
(rather than abrupt) detachment mechanisms typically observed in PNCs.
Moreover, it yielded a good fit to the experimentally observed softening
reported in Pelliciari et al. (2025), and is therefore held fixed in the present
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detachment may occur in both agglomerated and non-agglomerated
regions. Accordingly, the intact strain energies ®, and ®, diverge
as I, - oo, while the softening energies W, and W, asymptotically
approach their respective limiting values, ®%° and ®.

The critical advancement proposed in this work is the definition

of the limiting energies associated with detachment through the intro-
duction of critical (detachment) strain invariants, denoted by I, .. and
I, for the non-agglomerated and agglomerated regions, respectively.
These critical values identify the onset of detachment and are used to
define the corresponding limiting strain energy expressions:
q);.:o = %En <I:£ - 1) > q):o = %Ea (Ia,cr - 1) .
Fig. 7 shows the stress—stretch response of the material both with and
without softening, as defined by the above formulation. The limiting
cases I,., — oo and I,., — oo recover the behavior of the material
without softening.

The values of the critical strain invariants are estimated as follows.
The stretch levels at which detachment becomes dominant can be
identified through SEM observations of specimens subjected to uniaxial
stretching. We denote these stretch values by 1, , and 1, ,, correspond-
ing to detachment in the non-agglomerated and agglomerated regions,
respectively. From these values, the associated critical strain invariants
can be computed. The detailed derivation is provided in Appendix A,
and the resulting expressions are reported here for clarity (see Box I).

(38)

Remark 3. In this work, the modeling of detachment is restricted to the
framework of hyperelasticity with continuous softening, without incor-
porating damage-induced inelastic effects. While detachment naturally
leads to material degradation, the inclusion of damage mechanisms,

work to simplify the model and reduce the number of parameters requiring
calibration.
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Box I.

and thus the prediction of residual strains and inelastic behavior,
lies beyond the scope of the present study. Such extensions could be
developed using pseudo-elastic approaches'? (Ogden and Roxburgh,
1999; Holzapfel and Ogden, 2020b), such as those proposed by Anssari-
Benam et al. (2023), Anssari-Benam and Hossain (2024), which require
dedicated experimental data from cyclic loading-unloading tests to
characterize the evolution of damage and permanent deformation.
These aspects are left for future extensions of the model.

Remark 4. In this remark, we highlight the differences between the
present approach and that adopted in our previous work (Pelliciari
et al.,, 2025), which focused on modeling PNCs based on graphene
nanoplatelets. (1) That model was not derived from microstructural ob-
servations, but rather from general phenomenological considerations.
As a result, it required an articulated fitting procedure on stress—strain
data, since its parameters lacked direct physical interpretation. (2)
Although the softening function used in the present work is a specific
case of the formulation proposed in that study, here we introduce the
limiting energies ®>° and ®% through the concept of critical strain
invariants (see Egs. (38)-(40)). This provides a clear physical interpreta-
tion and enables calibration directly from microscopy data by observing
detachment. (3) Agglomeration phenomena were not considered in the
earlier work. In the present model, instead, we introduce functions
that link the observed microscopic growth of agglomerates to the
macroscopic continuum response (see Sections 4.1 and 4.2). (4) The
strain energy functions adopted in the present work for W, and W,
unlike the one in Pelliciari et al. (2025), are physically motivated by the
microstructure and its evolution under strain. In addition, the effective
elastic moduli E, and E, are computed from established shear-lag
theory, rather than treated as fitting parameters.

4.4. Constitutive response of the matrix

The silicone matrix displays a typical elastomeric response, char-
acterized by strain stiffening due to the progressive alignment and
extension of polymer chains under deformation. To capture this be-
havior, a variety of hyperelastic models have been proposed in the
literature. Among them, the Yeoh-Fleming model (Yeoh and Fleming,
1997) is a widely adopted formulation. The SEF is given by

-3

=)

12 In our case, a damaged SEF may be formulated by introducing a damage
parameter applied to the contributions of the CNTs, as follows:

W=A

=g (42)

[1-e BN -y (1, -3)In (1 -

W, 1 @) = (1= W, + 2 [(b) — EdIW, + Eb,W,] + p(<2), (41)

where W(I,,1,,£2) denotes the SEF of the damaged material, 2 € (0,1] is
a scalar damage parameter, and p(£2) is a smooth damage energy function
satisfying p(1) = 0. Alternatively, since most of the damage is expected to
occur inside agglomerates, the damage parameter may be applied solely to
the contribution W,, and not to W,.
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where A, B, Cj,, and I,, are material parameters.

This model combines features from both Yeoh’s and Gent’s formula-
tions, enabling an accurate description of the material response across
a broad strain range. The exponential term, governed by A and B,
captures the material behavior at small strains, based on experimental
observations of shear modulus evolution. The logarithmic term, involv-
ing C), and the limiting invariant I,,, dominates at large strains, where
it reflects the finite extensibility of polymer chains as they approach
their maximum stretch.

Note that different hyperelastic models can be used for W, de-
pending on the specific polymer matrix employed in the PNCs. In
our case, the Yeoh-Fleming model was found to be the most suitable
among the various formulations considered, which included the Car-
roll model (Carroll, 2011), the Yeoh model (Yeoh, 1990), the Ogden
model (Ogden, 1972), and the Gent-Gent model (Gent, 1996).

Now that all terms of the proposed hyperelastic model for PNCs
have been defined, we provide a summary of the contributions and
governing equations in Fig. 8 for clarity. This overview concisely
illustrates the structure of the complete formulation.

Remark 5. The hyperelastic model adopted for the elastomer matrix
is, by nature, phenomenological. As such, experimental data on the
mechanical response of the pure polymer matrix are required to cal-
ibrate the fitting parameters A, B, C),, and I,,. It is important to note,
however, that this calibration is a standard step in any nonlinear elastic
modeling of elastomers and is not an additional requirement introduced
by the PNC model. Once determined, these parameters remain fixed
throughout the analysis.

4.5. Tangent moduli tensor and the linear elasticity limit

The fourth-order tangent moduli tensor is expressed by

L=(=¢L,+ by — ED)L, + DLy, (43)

where L, L,, and L, denote the contributions from the matrix, and
from CNTs in the non-agglomerated and agglomerated regions, respec-
tively. These are expressed as (Itskov, 2000; Lopez-Pamies, 2010):

L,= CW, —402W"'F Fi2Wng 44
"T R op ot “v
o W, _4 0*W, (oD, \* . ow,, 3*®, L2 oW, 0D,
" 0F2 9| 902 \ 0l o0, o1 3 0@, dl,
(45)
o PW, _ 4 |PW, (o0, 2 L2 0D, L 20W, 0%,
“ oF2 9| od2 \ 9l 90, 912 3 0@, Jl,
(46)
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Fig. 8. Schematic representation summarizing the proposed hyperelastic modeling framework for PNCs with CNT reinforcement. The SEF consists of three distinct
contributions: the non-agglomerated CNT phase (W,), the agglomerated CNT phase (W), and the polymer matrix (W,,). The total volume fraction of CNTs, ¢/,
is partitioned between non-agglomerated (¢,,) and agglomerated (¢,) regions, with the function ¢ introduced to describe the evolution of agglomeration as ¢,

increases. The SEFs W, and W, each contain two parameters: the effective elastic moduli E, and E,, and the critical strain invariants I,

wer @and I, ., which govern the

onset of softening due to detachment. These parameters are determined from SEM investigations, removing the need for empirical fitting and making the model
predictive without additional experimental calibration. The polymer matrix contribution follows a phenomenological hyperelastic approach, requiring parameter

fitting from the stress—strain response of the pure polymer.

where T represents the fourth-order identity tensor.!® The derivatives
appearing in the above expressions can be readily computed from
the definitions of the strain energy functions W,,, W,, and W,, given
respectively in (42), (32), and (33).

To derive the expression of the Young’s modulus and ensure consis-
tency with the linear elasticity limit, we consider the tangent stiffness in
uniaxial extension for the three contributions: matrix, and CNTs inside
and outside the agglomerated regions. The contributions from the CNTs
are defined in (A.2) and (A.3). For the incompressible matrix, under
simple tension, we have that o, = 20W,,/0I, (43 — 1) /42, from which
we can compute the derivative with respect to 4, to obtain the tangent
uniaxial stiffness. Upon evaluating these expressions in the undeformed
configuration (A, = 1), the corresponding Young’s modulus of the PNC
is given by:

E, =601~ ¢,

ow,
oI, et
=6(1=¢;) (A+Ci) +@bs = ED)E, + E By

The above result ensures that, in the proposed model, the contributions
of CNTs in the small-strain regime are consistent with the rule of
mixtures in linear elasticity, providing effective moduli E, and E,
for the non-agglomerated and agglomerated regions, respectively. The
matrix contribution corresponds to the Young’s modulus associated
with the Yeoh-Fleming model, given by E,, = 6 (A+ Cy).

+2(py —EP )aW” +2¢¢, W
=3 4 o1, eI,

Iy=1

(47)

13 Note that in (44), the chain rule was applied considering W,, = W,,(1,),
since we are employing the Yeoh-Fleming model, which depends exclusively
on the first invariant.

14

5. Model calibration and validation in simple tension

In this section, we calibrate the model parameters based on the
results of the SEM investigation and validate the model by comparing
the predicted stress response with experimental data from uniaxial
tensile tests.

The microscopy analysis of bulk CNTs provided an average aspect
ratio of s = 120 (see Fig. 2). Additionally, to estimate the parameter 7,
used in the computation of the effective elastic moduli, it is necessary
to assume a representative value for nanotube waviness. From the SEM
images of PNC samples shown in Fig. 3, it is evident that the nanotubes
exhibit some degree of waviness, though less pronounced than in their
bulk state. By analyzing multiple SEM images, we estimate that the bent
amplitude of the nanotubes corresponds to approximately 15% of their
total length, leading to an estimated waviness parameter of #,, = 0.85.

Regarding the agglomerate content within the PNC and its increase
with the overall filler volume fraction ¢/, it is necessary to calibrate the
function ¢. Additionally, the function ¢, representing the CNT content
in the agglomerates, where nanotubes are more densely packed, must
be calibrated. To achieve this, we analyzed microscopy images and
processed them using MATLAB, as detailed in Appendix B. This analysis
provided parameter estimations for &, yielding ¢, = 0.037, and for ¢,,
with M =0.02 and 6 = 0.015.

The final parameters related to the CNT contribution are the crit-
ical strain invariants I,. and I,., governing detachment in non-
agglomerated and agglomerated regions, respectively. To estimate
these values, we refer to the SEM investigation of stretched PNC
specimens, as detailed in Section 2.2 (Fig. 4). The analysis revealed that
detachment occurs entirely within agglomerates, becoming particularly
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Summary of parameters for the proposed hyperelastic model for PNCs. All parameters related to the CNT
contributions were determined from microscopy investigations, while those for the polymer matrix were obtained
by fitting the stress—stretch response of the pure matrix. Where applicable, units are given in MPa.

Contribution

Parameter values

Agglomeration growth function, ¢
Content of CNTs in agglomerates, ¢,
Effective moduli, E, and E,
Detachment (softening)

Response of pure matrix, W,,

¢, =0.037
M =002, 5 =0015

Eey = 900X 10°, 1y = 1/5, 1, = 0.85, 5 = 120
T, =25 1,=5-1
A=-0511, B=0.163, C,y = 0.574, I,, = 102 (E, = 0.38

=6.12, I,

> dner

=154

acr

v, =0.5)

> Ym

pronounced in the specimen subjected to a stretch of 2.5. In contrast,
at this stretch level, the non-agglomerated regions showed only slight,
if any, signs of detachment, indicating that softening had not yet begun
in these areas.

Based on these observations, we conclude that softening in ag-
glomerates begins at i,, = 2.5. For non-agglomerated regions, a
clear threshold could not be identified, as visible detachment may
occur at stretch levels beyond the failure point of the polymer matrix.
Consequently, we reasonably assume 1,, = 5 as the stretch at which
softening would become significant in non-agglomerated regions. This
assumption is reasonable, as the exact value is not critical (whether it
is 5 or 6 has minimal impact on the stress-strain response, given that
such high stretch levels are not even reached in our PNC specimens).
Using the assumed values of 1., and 1, , in (39) and (40), respectively,
the corresponding critical strain invariants are obtained as I, ., = 15.4
and I, =6.12.

Finally, the remaining parameters to be determined are those gov-
erning the SEF of the polymer matrix. As recalled, the matrix is modeled
using the Yeoh-Fleming hyperelastic formulation, as given in (42). To
obtain these parameters, we performed a fitting of the simple tension
stress—stretch response to experimental data from uniaxial tensile tests
on the silicone matrix, yielding the values A = —0.511 MPa, B = 0.163,
Cio = 0.574 MPa, and I,, = 102. Such values correspond to a matrix
Young’s modulus E,, =6 (A + Cj) = 0.38 MPa.

All the calibrated parameters used in the hyperelastic model for
PNCs are summarized in Table 1. It is important to note that all pa-
rameters related to the CNT contribution were determined exclusively
from SEM investigations, without the need for mechanical testing.

Next, we compute the stress-stretch mechanical response of the
PNCs under uniaxial tension using the calibrated parameters described
above. The stress—stretch relationship under simple tension is expressed
as

o, =1 =¢)og,+ (@ —EP)oy, +EDe0y 4 (48)
where, for clarity, we recall that
_ 2,3 ow,, _ 2 3 ow,
oon = R gt o= 5 (B -1
X X
2 3 ow,
= — (A2 =1) —.
o= 572 =) g (49)

Fig. 9(a) shows the results for various CNT contents. The figure also
includes experimental data from the simple tension tests described in
Section 2.3, allowing for a direct comparison to validate the model.

First, we observe that the stress—stretch curve of the polymer matrix
(black line) exhibits the typical strain stiffening behavior characteristic
of elastomers. The Yeoh-Fleming model provides an accurate fit to the
experimental stress—stretch response of the pure matrix. As the CNT
content increases, the mechanical response becomes stiffer, as expected,
and the ultimate stretch decreases. This trend is commonly observed in
nanocomposites, where the introduction of CNTs leads to the formation
of agglomerates and defects, which promote earlier detachment and
failure.

An important observation is that, although the response is initially
stiffer with increasing CNT content, the stiffening effect gradually de-
creases at higher stretches due to nanotube detachment. This behavior
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is evident in Fig. 9(b): the strain stiffening observed in the pure matrix
is highly pronounced, whereas in PNCs it progressively weakens as the
CNT detachment mechanism takes effect.

Overall, the model successfully predicts the uniaxial stress-stretch
response of PNCs with varying CNT contents under simple tension. SEM
observations provided insight into the contributions of non-agglom-
erated and agglomerated regions, as well as the onset of detachment.
All parameters were determined accordingly, based on morphological
analysis, and the resulting model accurately reproduced the observed
stress—stretch behavior. In the following section, we apply the model to
a three-point bending test on PNC beams.

6. Application to clamped PNC beams in three-point bending

After validating the model with simple tension experiments, we now
present an application to predict the response of clamped PNC beams
subjected to three-point bending. The proposed SEF was implemented
in COMSOL Multiphysics to perform the simulations, and experimental
measurements are presented for comparison with the numerical results.

The COMSOL model employed a 2D plane stress approximation,
as shown in Fig. 10. The PNC beam had a length of L, = 10.7 cm,
height H = 1.2 cm, and thickness B = 1.15 cm. Due to symmetry
about the vertical midplane, we modeled only half of the beam, as
shown in Fig. 10(b). As discussed later, in the experiments, a slight
longitudinal prestretch was applied to straighten the beam in its initial
configuration. To replicate this, a prestretch of 0.028 was imposed in
COMSOL, resulting in an initial (prestretched) beam length of L =
11 cm. This was achieved by applying a prescribed horizontal (lon-
gitudinal) displacement at the right end of the beam. To effectively
clamp this end, the vertical displacement was constrained to zero.
Conversely, at the left end, vertical sliding was allowed while the
horizontal displacement was fixed to zero. A vertical downward load
was then applied as a boundary load over a width of + = 0.4 cm,
simulating the contact force in the experimental setup.

The material was modeled as incompressible hyperelastic with a
user-defined SEF, following the formulation for PNCs summarized in
Fig. 8 and using the parameter values of Table 1. A stationary study was
performed, incrementally increasing the applied load from an initial
zero value to a final value in 50 steps. The resulting deformed shapes
are shown in Fig. 10(c), along with a contour plot of the longitudinal
stretch 4.

Experimental tests were conducted on PNC beams, which were
glued at both ends to metallic plates. These plates were then fixed
to the supports of an Instron 5567 testing machine, which applied a
vertical downward displacement at the center of the beam, as shown
in Fig. 11(a). The displacement was applied monotonically at a rate
of 20 mm/min to ensure quasi-static conditions, and the tests were
stopped upon reaching a displacement of 40 mm.

The force—displacement results from both experimental tests and FE
simulations are shown in Fig. 11(b). Solid lines represent FE simula-
tions, while dash-dotted lines correspond to experimental data. Com-
pared to the prediction in simple tension, a slightly larger discrepancy
is observed in this case, likely because the stress and strain state in
this application is more complex than in simple tension. The FE model
adopts a plane stress approximation of the actual conditions in the PNC
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Fig. 9. Experimental results and model validation. (a) Uniaxial stress—stretch response obtained from the proposed model, compared with experimental data from
simple tension tests. All model parameters were determined from microscopy investigations and are summarized in Table 1. Solid lines in different colors represent
model predictions for various CNT contents, while dashed-dot lines correspond to experimental data. The CNT contents, expressed in phr, are indicated in the
legend. (b) Evolution of the tangent elastic modulus, do, /dA,, as a function of stretch. The initial elastic modulus increases significantly with higher CNT content.
However, as stretch increases, the characteristic strain stiffening of the elastomer matrix gradually diminishes in PNCs, indicating the effect of detachment.

(2) ()

Meshing geometry Deformed shapes and contour plot of A,
(m)
yA Ty | oor @
&\:U y 1.8
L/2 % 1.6
1.4
(b) 2001} s
Boundary load and constraints |
m A 0.8
g “
e v 0.6
¢ 4 -0.03; _—
\‘l 0 0.02 0.04 0.06 (m)

Fig. 10. FE model of a clamped PNC beam in three-point bending simulated in COMSOL. The beam has dimensions L = 11 cm, H = 1.2 cm, and B = 1.15 cm.
(a) A 2D plane stress model is used, considering only half of the beam by exploiting symmetry along the middle vertical axis. (b) The right end is fixed, while
the left end can slide vertically. A vertical boundary load is applied over a width of = 0.4 cm. The material is modeled as an incompressible hyperelastic PNC
with a user-defined SEF, following the formulation summarized in Fig. 8. (c) Deformed shapes and a contour plot illustrate the longitudinal stretch 4,.

beam tests, along with additional simplifications in the loading and
boundary conditions. Nevertheless, the FE simulations incorporating
our proposed hyperelastic model provide a satisfactory prediction of
the experimental results.

7. Simplified hyperelastic formulation: A phenomenological mo-
del

Developing a predictive model without parameter fitting requires
detailed microstructural characterization, such as SEM imaging, as
conducted in the present study. However, such data are not always
available due to experimental limitations or the lack of access to ad-
vanced equipment. To address this issue, we propose a simplified phe-
nomenological formulation that can be calibrated using only mechan-
ical stress-strain data. While this approach follows a well-established
tradition in solid mechanics, we aim to retain a connection to the
underlying physics by ensuring that the model parameters maintain
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a meaningful interpretation, thereby guiding the calibration process
despite the absence of direct microstructural information.

7.1. The simplified model

Each parameter of the model, as summarized in Fig. 8, has a
clear physical meaning. However, some parameters, in particular M
and &, are meaningful only when directly related to microstructural
observations obtained from microscopy images. Therefore, to enable
a formulation based solely on mechanical test data, we introduce a
simplification. Given that the volume fraction ¢, in CNT-based PNCs
is generally small, we linearize the expression for ¢, from (28). This
yields the following approximation:

¢a=¢f(1+}(\/z)’

where y = M /& is introduced as a fitting parameter. This simplification
enables the calibration of a single parameter, y, which retains a phys-
ical interpretation: it is connected to the rate at which the content of

(50)
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Fig. 11. Experimental tests and FE results for PNC beams under three-point bending. (a) Experimental setup for a PNC beam with a rectangular cross-section
subjected to a monotonically increasing quasi-static vertical displacement. The beam is clamped at both ends by gluing it to metallic plates, which are fixed to
the supports. (b) Force-displacement response, comparing experimental results (dashed and dotted lines) with FE simulations (solid lines). Different colors, as
indicated in the legend, represent beams with varying CNT contents, expressed in phr.

CNTs within agglomerates increases with the total CNT volume fraction
in the nanocomposite. In order to satisfy the two physical constraints
discussed in Section 4.2, y must lie within the following bounds'*:
2
C
pE \/E' (51)
With the above definition, the form of the hyperelastic strain energy
remains

W =0=¢p)W,+(bs =P IW, + D, W,

where ¢ is defined in (24), and requires fitting of the parameter ¢,,
while ¢, is given by (50), which depends on the calibration of y.
The strain energy functions W, and W,, defined in (32) and (33),
respectively, are identical in form and require only the calibration of
the critical invariants I, ., and I,.,, both of which have clear physical
interpretations. This formulation eliminates the need for SEM imaging,
allowing the model to be calibrated using mechanical test data alone,
while retaining physically meaningful parameters.

Other parameters from the shear lag theory used in defining the
elastic moduli in (37) also contribute. However, in practice, the only
one that needs to be calibrated is the aspect ratio s. This will be clarified
in the following, where we outline the calibration procedure. The main
parameters to be fitted from experimental data are therefore s, ¢., x,
In,cr! and Ia,cr'

What follows is a detailed description of the procedure used to
calibrate the parameters of the simplified phenomenological model
based on mechanical test data.

0<y<

(52)

(1) Select an appropriate form for the matrix strain energy function
W,,, and fit its parameters to the stress—strain data of the matrix.
Additionally, estimate the value of E,, by observing its response
in the small-strain regime.

14 We remind that, being a volume fraction, ¢, must satisfy ¢, < 1. In
practice, this is never an issue, as ¢, is small in PNCs and thus there is no
risk of ¢, exceeding unity. Nevertheless, one may wish to explicitly verify this
even for relatively large ¢, to ensure physical consistency. Substituting the
upper bound of y, we obtain ¢, = ¢, (1 +¢2/¢? ), which shows that even for
large ¢ (e.g., in the unrealistic limit ¢, — 1), the second term in parentheses
is small if ¢ < 1. As a numerical example, considering the upper limit of
a plausible physical range for ¢,, say 0.5 to exaggerate, and assuming an
(unrealistically) large value of ¢, = 0.4, we obtain ¢, = 0.82, which remains
well below unity.
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(2) Set the shear lag parameters as follows: E.,; = 900 GPa, 5, = 1/5
to account for randomly oriented CNTs, and #,, = 0.85, which
is a representative value for average waviness. Next, analyze the
stress-strain response of the available PNC data and calibrate the
parameter s by fitting to the stiffness of the curves in the small-
to-moderate strain range (e.g., stretch from 1 to 1.5). We recall
that, from (48), the stress—stretch relation for the PNC in simple
tension is given by

-2

Oy /12
x

2-1la W, 1 w, 1, W,
(2 -1)|C —¢f)ﬁ+§(¢f—5¢a)ﬁ+§f¢am .

(53)

Since s is the aspect ratio of the CNTs, it may also be provided
from other sources, such as available SEM images. Note that
at this stage, softening effects should not influence the model
response. Therefore, the critical strain invariants are set to high
values (for instance, both around 500). We also fix ¢, = 1 and
x =0, excluding agglomeration effects from the response.

Next, calibrate the value of I,.. to reproduce the trend of the
experimental curves at low filler contents ¢, where the response
is dominated by the contribution of dispersed CNTs in the ma-
trix and agglomeration is minimal. This calibration is guided
by adjusting the reduction of strain hardening observed at large
strains.

Introduce the effect of agglomerate formation by setting y = 1
and reducing ¢, and I, ,, calibrating these parameters to fit the
experimental response at higher filler contents, where agglomer-
ates are expected to influence the material behavior.

Finally, adjust the parameter y to refine the fit. If necessary,
make small adjustments to other parameters from their previously
calibrated values, while maintaining the physical consistency that
guided the initial manual calibration.

@3

=

(4

—

5

-

In the following section, we apply the above calibration procedure
to experimental data available in the literature, in order to demon-
strate its applicability to large deformations of PNCs beyond those
investigated in this work. For clarity, Fig. 12 provides a summary
of the equations governing the simplified hyperelastic model and the
associated parameters.

7.2. Calibration to experimental data available in literature

The following experimental data from uniaxial tensile tests were
considered: Dataset A, from Frogley et al. (2003), reports data on
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Simplified phenomenological
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@ Select an appropriate form for the matrix strain energy function W,

Fitting to stress-strain response of pure matric

Fig. 12. Schematic representation of the proposed simplified phenomenological hyperelastic model for PNCs, designed for cases where only stress-strain data
are available. The matrix contribution W,, is selected based on the specific polymer, and its parameters are fitted accordingly. Subsequently, the parameters s,
¢e» 1> 1, o> and 1, are manually calibrated following the procedure described in Section 7.1.
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Fig. 13. Application of the simplified phenomenological model to experimental uniaxial stress—stretch data from the literature. (a) Dataset A by Frogley et al.
(2003), (b) Dataset B by Alam et al. (2023), and (c) Dataset C by Peddini et al. (2015). Circles and solid lines represent the experimental data and model
predictions, respectively. The calibrated matrix parameters are reported in Table C.2, and the parameters for the CNT contributions in Table C.3. Legends indicate

the CNT content, expressed in phr.

composites made of single-walled CNTs mixed into an RTV silicone
rubber matrix; Dataset B, presented by Alam et al. (2023), concerns RTV
silicone reinforced with multi-walled CNTs; Dataset C, from Peddini
et al. (2015), provides data on SBR rubber filled with multi-walled
CNTs. The stress—stretch curves for the three datasets considered were
digitized and are shown with circular markers in Fig. 13.

The datasets relate to PNCs composed of various elastomers, each
exhibiting distinct behaviors that are generally not well-predicted by a
single strain energy function W,, for the matrix contribution. Therefore,
for each dataset, we selected a specific form of W,, that accurately fits
the observed stress-stretch response of the sole matrix. This SEF of the
matrix was then introduced in the total strain energy of the PNC.

In the following, we describe the strain energy functions selected
for the elastomeric matrices of each dataset considered.

» The stress-stretch curve of the RTV silicone in Dataset A, shown
in Fig. 13(a), exhibits mild strain stiffening at moderate stretches,
followed by softening before failure. To capture this behavior, we
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use the Mooney-Rivlin model with softening proposed by Volokh
(2007), expressed as

W, =0, - Q)Ue—[Clo(ll—3)+Cm (L=3)]/@, (54)

where C|, and C,,, are Mooney-Rivlin parameters, and @, denotes
the material failure energy.

For Dataset B in Fig. 13(b), the matrix response can be well
reproduced by the Mooney-Rivlin model (Dal et al., 2021):

W,, =Cyy (I} =3) +Cy (I, -3). (55)

The matrix in Dataset C, shown in Fig. 13(c), exhibits the typical
uniaxial tensile response of elastomers, with strain stiffening be-
coming dominant at large stretches before failure. This behavior
can be effectively captured by several hyperelastic models. Here,
we adopt the Yeoh-Fleming model, as used for our own silicone
matrix, given by (42).
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We calibrated the model parameters of the selected strain energy
functions for the matrices of the three datasets. The fitting of stress
o,m to the matrix stress—stretch data was performed using the FindFit
function in Wolfram Mathematica. The fitted parameters are reported
in Table C.2, and the corresponding stress—stretch curves are shown as
black solid lines in Figs. 13(a), (b), and (c) for Datasets A, B, and C,
respectively.

After this first step, we implemented the PNC stress expression (o)
from (48) in Wolfram Mathematica and followed points (2)—(5) of the
calibration procedure described in Section 7.1, yielding the parameter
values reported in Table C.3. The calibration was performed manually
and the resulting stress-stretch curves are shown as solid lines in
Fig. 13. For all three datasets, the model satisfactorily reproduces the
experimental stress response.

8. Conclusions

The mechanical modeling of PNCs under large deformations re-
mains a complex and partially unresolved challenge. Existing consti-
tutive models within the framework of nonlinear elasticity often fail
to capture critical aspects of material response, as they lack a clear
link between microscale morphology and macroscopic mechanics. The
effects of agglomeration and progressive interfacial detachment during
deformation are not addressed in a comprehensive and physically
consistent manner, limiting both the interpretability and predictive
capability of current approaches. Moreover, the mechanical response
is highly sensitive to variations in fabrication methods. This highlights
the need for versatile models that can be calibrated to the specific
characteristics of the PNC under consideration, for instance using data
from microscopic observations such as SEM imaging.

Motivated by the above limitations, this work developed a mod-
eling framework that links the observed microstructure to the macro-
scopic stress response and captures its evolution under strain. The main
advancements introduced by the model are summarized as follows.

The growth of agglomerates and the locally increased concen-
tration of CNTs within these regions are incorporated into the
hyperelastic model through functions informed by underlying
statistical distributions. These functions translate morphological
features observed through SEM analysis into the corresponding
macroscopic mechanics.

The contributions of CNTs inside and outside the agglomerates
are described by physically motivated forms of the strain energy
function, reflecting the expected behavior of both isolated and
agglomerated CNTs. Furthermore, the model introduces progres-
sive detachment within the framework of continuous softening
hyperelasticity, using critical strain invariants to identify the onset
of interfacial debonding between CNTs and the matrix.

The parameters of the model have a clear physical interpretation
and can be directly estimated from SEM observations. This makes
the model fully predictive, without requiring mechanical test
data.

The model can be readily implemented in FE codes, as demon-
strated by its application to PNC beams subjected to three-point
bending. This confirms its suitability for practical use in engineer-
ing applications.

In continuum mechanics, detailed microstructural characterization
using SEM imaging is not a common approach. Such data may be
unavailable due to limited access to advanced equipment or a lack
of specialized expertise. To address this limitation, we proposed a
simplified formulation in which the model parameters can be cali-
brated from stress-strain data obtained through experimental tests.
The parameters retain a clear physical interpretation, allowing for a
straightforward manual calibration process. A step-by-step procedure
was presented and applied to three stress—strain datasets from the
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literature, demonstrating the effectiveness and validity of the proposed
simplified model.

The hyperelastic formulations presented in this work represent a
significant advancement over previous studies. Nonetheless, some lim-
itations remain. First, while we aimed to extract reliable data on
agglomerate growth and CNT concentration from SEM images, our
analysis relied on basic imaging techniques. This aspect could be im-
proved in future work through the use of more advanced characteriza-
tion methods. Second, model validation was limited to simple tension
and three-point bending tests. Future studies will consider additional
loading conditions, such as biaxial stress states in PNC membranes,
which are relevant for various technological applications.
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Appendix A. Critical (detachment) strain invariants

Detachment in both agglomerated and non-agglomerated regions is
identified as the point where the material response transitions from
stiffening to softening. Accordingly, the critical detachment point is de-
fined as the condition at which the stress response becomes stationary.

To derive the expressions for I, and I,., we first consider the
stress contributions ¢, , and o, ,, associated with the terms W, and W,.
These are evaluated under uniaxial extension with stretch A, applied
along the preferred mean fiber direction a,, assumed to coincide with
the x axis without loss of generality (see Section 3.4). The expressions
are

ow, 2

g ~ oW,
o, T

a

oI,
(A1)

= [43 (1 - 2k) — k]

x,a

Opp = /1—22 [43 (1 -2x) — k]
X

We are considering a randomly oriented distribution of CNTs within the
polymer matrix, and thus the case x = 1/3. The stationarity condition
requires that the first derivative of the stress with respect to the stretch
vanishes. Differentiating (A.1) with respect to A, and setting the result
to zero yields the following equations:

o, 1 oW, >W,

2= — 64,2+ AH)—2 +43 - 1P —| =0, A2
7, "o | AL HAG - P (A.2)
Jdo, , 1 oW, PW,

2= — |6, Q+ 1) —L +43 -1 —2| =0, A.3
Ry R T T @3
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6(42+2)"+4(42-1) —31/3< 7 ) =T (2 -1)
Ther = 5K+ 870 + 14 ’ (A5
X X
Lo =i <1 -6 > +2. (A6)
’ AB+2
Box II.
where This analysis was performed for all PNC specimens produced, cov-
W, % 2 9D, ering CNT contents from 0.5 to 2.5 phr, as well as the.additional
oL, = <m> I specimens with 3 and 6 phr. The results are presented in Fig. B.15(a),
" " 4 where the measured data points are shown as black dots. The figure
ow, ( o7 >2 0D, illustrates how the agglomerate content increases with increasing CNT
oly - D, +O® al,’ volume fraction, ¢ ,. From these data, the parameter ¢, in the function
PW, (q);,.g)Z 2D, 0D, 2 (A.4) & (Eq. (24)) was manu'ally ?djusted to flt the curye, rest{ltlng 1n' ¢, =
> = 3 (@, + %) 5 —2( > ] , 0.037. The corresponding fitted curve is shown in red in the figure.
oL, (@, + D) oIy oy Additionally, an inset with a gray background is included to highlight
P W, (q):o)z D oD\ 2 the trend at higher ¢,, where the increase in agglomerate content
= 3 [(CDH +OF) —~ -2 < 61a> ] , begins to plateau.

ol (@, + %) oIy 4 To estimate the CNT content within the agglomerates, the original

and the expressions of the strain energy functions and the limiting
energies are given in (32), (33), and (38). Computing the required
derivatives of ®, and ®, with respect to I, and solving (A.2) and (A.3),
we obtain the closed-form expressions for I, .. and I, ., reported in Box
IL

,cr

With the above expressions, the critical invariants can be deter-
mined without the need for any fitting parameters. By identifying
the stretch values 1., and 1, corresponding to the full detachment
in the non-agglomerated and agglomerated regions, respectively, and
substituting these values for A, into (A.5) and (A.6), the associated
invariant values are obtained.

Appendix B. MATLAB imaging for agglomerates and CNT content

For this analysis, two additional PNC specimens with CNT contents
of 3 and 6 phr were produced, complementing the previously studied
range of 0.5 to 2.5 phr. The choice to limit mechanical testing to a max-
imum of 2.5 phr, as described in Section 2.3, was based on the fact that
within this range, the material exhibits enhanced mechanical properties
of technological interest. Beyond 2.5 phr, the increasing CNT content
leads to potential inhomogeneities and defects, reducing the practical
benefits for mechanical applications. However, for microscopy analysis,
we extended the study to 3 and 6 phr to explore the microstructural
evolution beyond the mechanically tested range. While not essential
for mechanical characterization, these additional specimens provide
further insight into agglomeration behavior and dispersion at higher
filler concentrations.

To estimate the parameter ¢, of the function & which models the
increase in agglomerate content, an image processing technique based
on color segmentation was employed. In the original image, agglom-
erated CNT regions were identified with red contour (Fig. B.14(a)). A
MATLAB code was developed to extract the red pixels corresponding
to these agglomerate areas. A logical mask was applied to detect the
pixels inside the red contours, isolating the regions of interest from
the rest of the image. The total area occupied by these pixels was then
computed. To quantify the relative coverage of agglomerates, the total
image area was determined, and the percentage of the image occupied
by agglomerates was calculated as the ratio between the identified pixel
area and the total image area. This approach provides an assessment of
the content of CNT agglomerated regions.
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high-magnification SEM images (Fig. B.14(b)) were first converted to
a normalized grayscale format to ensure consistent intensity values. A
thresholding approach was then applied to generate a binary image,
where pixels above a predefined intensity threshold were classified
as CNT-covered regions. The threshold value was selected based on
prior observations to effectively distinguish CNTs from the surrounding
polymer matrix. The binary image was subsequently used to quantify
the area occupied by CNTs. This was achieved by summing the number
of white pixels, while the total area was determined by the total number
of pixels in the image. The percentage of the area covered by CNTs was
then calculated as the ratio of these values.

This analysis was conducted for all PNC specimens, and the results
are presented in Fig. B.15(b), where the measured data points are
shown as black dots. As expected, the CNT content increases with in-
creasing filler concentration. However, beyond a certain point it begins
to plateau, as anticipated in the discussion of Section 4.2. Specifically,
after 2.5 phr (corresponding to ¢, 0.014), the increase becomes
negligible. In fact for the specimen with 6 phr (¢, ~ 0.032), the data
tend toward the dashed black line, which represents the overall average
CNT content, ¢ . Based on these observations, the function ¢, given in
(28) was fitted to the experimental data, yielding the red curve shown
in the figure. The parameters obtained from this fit are M = 0.02 and
¢ =0.015.

~
~

Appendix C. Fitting parameters

Tables C.2 and C.3 report the fitted parameters for the matrix con-
tribution W), and the calibrated parameters for the CNT contributions
W, and W,, respectively, corresponding to Datasets A, B, and C.

The densities of the constituent materials used in the nanocompos-
ites, required to compute the volume fractions for the three referenced
datasets, are reported below. Frogley et al. (2003) reported densities
of 1.215 g/cm?® for RTV silicone and 1.34 g/cm® for CNTs. For the
PNCs investigated by Alam et al. (2023), the reported densities are
1.28 g/cm? for RTV silicone (KE-12, Shin-Etsu) and 1.74 g/cm? for
CNTs. Lastly, for the materials analyzed by Peddini et al. (2015), the
reported densities are 0.94 g/cm? for SBR and 1.85 g/cm? for CNTs. It
is worth noting that for the dataset by Peddini, the aspect ratio of the
CNTs is also available. Based on the morphological analysis presented
in Peddini et al. (2014), the average diameter is 12.6 nm and the
average length is 500 nm, yielding an estimated aspect ratio of s = 40.
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Original image

T

Fig. B.14. Identification of (a) agglomerated CNT regions and (b) the CNT content within agglomerates for a PNC specimen with 2 phr. In (a), the processed
SEM image highlights agglomerates with a red contour, which are then extracted using a color-based segmentation approach in MATLAB. The corresponding
binary image displays the identified agglomerate regions. In (b), a high-magnification SEM image of CNTs within an agglomerate is imported into MATLAB,
where an intensity-based thresholding method is applied to identify the area covered by CNTs. The resulting binary images enable the quantification of both the

agglomerate content and the CNT content within the agglomerates.
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Fig. B.15. Data from SEM images and fitted functions for (a) the agglomerated CNT content, &, as a function of increasing ¢ /s and (b) the CNT content inside
agglomerates, ¢,, as a function of increasing ¢,. The black dots represent the data extracted from SEM images using MATLAB-based image processing. In (a),
the red curve corresponds to the fitted function &, obtained with the parameter ¢, = 0.037. The inset with a gray background provides a view of the function
for a larger range of ¢, values, highlighting how the agglomerate content saturates at higher concentrations. In (b), the red curve represents the fitted function
¢,, using the parameters M = 0.02 and & = 0.015. The CNT content inside agglomerates increases with ¢, but eventually plateaus. At high concentrations, ¢,

asymptotically approaches the overall average content ¢, (black dashed line).

The Young’s modulus E,, of the matrix for the three datasets was
estimated by manually fitting a linear trend to the experimental data
in the small strain regime (approximately in the stretch range 1 to 1.2).
The resulting approximate values are: 0.85 MPa for RTV silicone in
Dataset A, 0.12 MPa for RTV silicone in Dataset 2, and 1.6 MPa for
SBR in Dataset C.
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Data availability

Data will be made available on request.
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Table C.2

Fitted parameters for the matrix contribution W,,, based on stress—stretch
response data from the literature: Dataset A (Frogley et al.,, 2003), Dataset
B (Alam et al., 2023), and Dataset C (Peddini et al., 2015). Where applicable,
values are expressed in MPa.

Dataset Material Model Parameters
Dataset A RTV silicone Mooney-Rivlin with C,y =0.461
softening
Cpy = —0.369
®, =859
E, =085
Dataset B RTV silicone Mooney-Rivlin C,, = 0.0832
Cyy = —0.0676
E, =0.12
Dataset C SBR Yeoh-Fleming A=0.116
B =0.167
C,p=0.178
1,=73
E,=16
Table C.3

Fitted parameters for the CNT contributions W, and W,, based on stress-
stretch curves at varying CNT contents from experimental data reported in
the literature: Dataset A (Frogley et al., 2003), Dataset B (Alam et al., 2023),
and Dataset C (Peddini et al., 2015). Parameters are calibrated according to
the procedure outlined in Section 7.1.

Dataset Parameters
s L 1o o, X
Dataset A 120 7.7 4.2 0.017 1.3
Dataset B 95 4.7 4 0.07 0.8
Dataset C 40 100 28 0.14 0.85
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