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Routing classical and quantum information is a fundamental task for most quantum information
technologies and processes. Here, we consider information encoded in the position of a quantum
walker on a graph, and design an optimal structure to achieve perfect quantum routing exploiting
chirality and weighting of the edges. The topology, termed the Lily Graph, enables perfect (i.e.,
with fidelity one) and robust routing of classical (localized) or quantum (superposition) states of
the walker to n different, orthogonal, spatial regions of the graph, corresponding to the n possible
outputs of the device. The routing time is independent of the input signal and the number of
outputs, making our scheme a robust and scalable solution for quantum networks.

Introduction – Routing of information is a fundamental
procedure, crucial for any classical or quantum informa-
tion protocol [1–8]. Networks that exchange information
across different devices have to be equipped with a mech-
anism for selecting paths through the network itself [9–
13]. Since quantum mechanics relies on probability am-
plitudes and interference patterns, the main challenge of
this approach is to create a universal scheme that takes
an initial state |ψ0⟩ and evolves it in different possible
orthogonal states |ψf ⟩, according to some tunable pa-
rameters of the system, with unit probability at a time
t∗. The orthogonality condition guarantees the perfect
discriminability of the different |ψf ⟩. This condition can
be implemented associating to |ψ0⟩ different states |ψf ⟩
belonging to separated spatial regions. In the following,
we will refer to |ψ0⟩ as the input state and to |ψf ⟩ as an
output state.

In this work, we consider information encoded in the
position of a quantum walker on a graph [14, 15]. Rout-
ing this information means to drive the walker from a
given input state to n possible output states by tuning a
system parameter. Classical information corresponds to
preparing the walker in a localized state, while quantum
information may be encoded using superpositions of at
least two localized states. We look for an optimal graph
topology that ensures the routing of both classical and
quantum information with unit fidelity in the shortest
possible time. Indeed, by exploiting edge weighting and
chirality, we have designed an optimal structure ensuring
perfect routing. More specifically, using chirality alone,
we achieve nearly optimal routing, while the combined
use of chirality and edge weighting enables us to create a
perfect router. This router achieves perfect (fidelity one)
and robust routing in a time independent of the input
signal and the number of outputs.

Ideal Quantum Router – An ideal quantum router is
a system in which the time evolution, setting ℏ = 1, is

governed by

e−iH t∗ |ψ0⟩ = |ψf ⟩ , (1)

i.e. the time evolution operator acts as a projector
|ψf ⟩ ⟨ψ0| + |ψ0⟩ ⟨ψf |. An ideal quantum router should
be able to carry not only classical information (for |ψ0⟩
and |ψf ⟩ being localized states) but quantum informa-
tion as well (requiring |ψ0⟩ and |ψf ⟩ to be superposi-
tions of localized states). Assuming that the system con-
sists of a quantum walker on a graph, the time evolu-
tion of the system takes place in a position Hilbert space
H = span{|x⟩}. The states |x⟩ are the sites of a N di-
mensional discrete space (i.e. a graph G (V, E) of vertices
V and edges E). The discrete topology itself defines the
adjacency matrix of the graph A, whose element Ajk are
defined by the edges as

Ajk =

{
−1 if j ̸= k and (j, k) ∈ E ,
0 otherwise.

(2)

which is a valid generator for the dynamics of a CTQW.
Nonetheless, the quantumness of the system allows us to
consider also chiral adjacency matrices [16–18]

Cjk =

{
e−iϕjk if j ̸= k and (j, k) ∈ E ,
0 otherwise,

(3)

defining a set of Hamiltonians generators H = C = C†

for quantum dynamics. Weighting the edges of the topol-
ogy is also possible and corresponds to tuning the mod-
uli of the elements of the Hamiltonian, e.g. setting
|Hjk| = β ∈ R+.

Dimensionality reduction – In a quantum router, the
quantities of interest are the probability amplitudes at
particular vertices of the graph. Exploiting symmetries of
the discrete structure, a dimensionality reduction method
provides a tool to define an effective topology for the
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time evolution of the system [19]. Considering a Taylor
expansion of the quantum time evolution operator [20],
the probability amplitude at a vertex |ζ⟩ can be expressed
as

⟨ζ| e−iHt |ψ0⟩ =
∞∑
k=0

(−it)k

k!
⟨ζ|Hk |ψ0⟩

= ⟨ζ| e−iH̃t
∣∣∣ψ̃0

〉
, (4)

where PHP = H̃ is a reduced Hamiltonian,
∣∣∣ψ̃0

〉
=

P |ψ0⟩ is a reduced state, and P is the projector onto
the Krylov subspace, which itself is defined as

K(H, |ζ⟩) = span({Hk |ζ⟩ | k ∈ N0}) , (5)

ensuring that
∣∣∣ζ̃〉 = P |ζ⟩ = |ζ⟩. Clearly, dimK(H, |ζ⟩) ≤

dimH = N , as K(H, |ζ⟩) ⊆ H . The orthonormal basis
for the subspace K(H, |ζ⟩) (i.e. {|e1⟩ , . . . , |em⟩}) is built
iteratively according to a Gram-Schmidt like orthonor-
malization procedure.

|uk⟩ = |wk⟩ −
k−1∑
j=1

⟨ej |wk⟩ |ej⟩ −→ |ek⟩ =
|uk⟩√
|uk|2

, (6)

with |e1⟩ = |ζ⟩ and H |ek−1⟩ = |wk⟩. The original prob-
lem is then mapped onto an equivalent one governed
by a tight-binding Hamiltonian with m sites. The sub-
space obtained by means of the dimensionality reduction
method provides a subspace which is relevant for the chi-
ral quantum routing.
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Figure 1. Lily Graph topology – The input nodes (|1⟩ and
|2⟩) are green and magenta labeled, the chiral layer (|k⟩),
composed of d nodes, is blue labeled, the routing layer (|l⟩ and
|r⟩) composed of n vertices (yellow labeled) and accordingly
the n outputs (|f⟩ and |o⟩) are orange labeled.

The Lily graph – By engineering the topology and chi-
rality of the graph it is possible to achieve ideal quan-
tum rouring. To this aim we put forward the structure,

termed the Lily graph, depicted in Fig.1. The network is
defined by an input layer I of two nodes |1⟩ and |2⟩ (la-
beled in green and magenta, respectively), a chiral layer
C of d vertices |k⟩ (blue labeled), a routing layer R, com-
posed of n vertices |l⟩ and |r⟩ (yellow labeled) and, finally,
and output layer O of n outputs |o⟩ and |f⟩ (orange la-
beled). The two integers d and n denote independent
degrees of freedom of the topology, and may assume any
value [21]. The associated Hamiltonian depends on both
d and n and also on the vector of the different phases

ϕ⃗ = {ϕ1, ϕ2, . . . }, i.e. H
(
n, d, ϕ⃗

)
, and is the sum of the

adjacency matrices of the different layers and nodes of
the discrete structure, i.e.,

H
(
n, d, ϕ⃗

)
= AI + CC

(
d, ϕ⃗

)
+ CR

(
d, ϕ⃗, n

)
+AO(n),

(7)

where AI refers to the input adjacency matrix, i.e.

AI = |1⟩ ⟨2|+ |2⟩ ⟨1| , (8)

and is associated to the input state |ψ0⟩. The chiral ad-
jacency reads

CC

(
d, ϕ⃗

)
=

∑
k∈C

e−iϕk |2⟩ ⟨k|+ eiϕk |k⟩ ⟨2| , (9)

where the phases ϕk are the d roots of the unity
d
√
1,

i.e. ϕk = 2kπ/d. The routing adjacency CR(n, d, ϕ⃗) is
defined as

CR

(
n, d, ϕ⃗

)
=
∑
k∈C

∑
l∈R
l ̸=r

|k⟩ ⟨l|+ |l⟩ ⟨k|

+
∑
k∈C

e−iϕk |r⟩ ⟨k|+ eiϕk |k⟩ ⟨r| . (10)

(11)

Finally, the output adjacency Aout(n) is given by

AI (n) =
∑
l∈R

∑
o∈O

|o⟩ ⟨l|+ |l⟩ ⟨o| , (12)

Nearly perfect routing using only phases – The routing
phenomena we want to implement are those involving an
input state (sites |1⟩, |2⟩, or one of their superpositions)
driven to separated spatial regions (sites |r⟩, |f⟩ or their
superpositions, respectively), where |r⟩ can be any site of
the routing layer R and |f⟩ is its associated output node.
Applying the Krylov reduction method to the Hamilto-

nian H
(
n, d, ϕ⃗

)
, starting from the vertex |f⟩, we obtain

the following orthonormal basis {|ek⟩}

|e1⟩ = |f⟩ , |e2⟩ = |r⟩

|e3⟩ =
1√
d

∑
k∈C

eiϕk |k⟩

|e4⟩ = |2⟩ , |e5⟩ = |1⟩ (13)
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which is analogous to a basis that can be obtained group-
ing together identically evolving vertices [22], and thus
providing a valid basis for the dynamics of the system.
Moreover, thanks to the design of the chiral and routing
layers, the effective topology, and the dimension of its
Krylov representation, is independent of the number of
outputs n.
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Figure 2. (Upper panel): Effective topology for the dynamics
of an input state. The input nodes (|1⟩ and |2⟩) are green
and magenta labeled, the chiral layer (|k⟩), composed of d
nodes, is blue labeled, the routing vertex (|r⟩) is yellow labeled
and the output |f⟩ is orange labeled. (Lower panel): Krylov
representation of the effective topology. Following the same
color palette the Krylov input vectors |e5⟩ and |e4⟩ are green
and magenta labeled, the Krylov chiral vector |e3⟩ is blue
labeled, the Krylov routing vector |e2⟩ is yellow labeled and
the Krylov output vector |e1⟩ is orange labeled

The reduced Hamiltonian in the Krylov basis is always
five-dimensional, and depends on the chiral layer only
through the dimension d, see Fig.2. Upon evaluating the
elements ⟨ej | H̃ |ek⟩ we have the matrix representation

H̃ =


0 1 0 0 0

1 0
√
d 0 0

0
√
d 0

√
d 0

0 0
√
d 0 1

0 0 0 1 0

 . (14)

This means that the time evolution does not depend
on the overall dimensionality of the graph, and thus the
routing procedure is associated to a universal time t∗

valid for every number of output spatial regions n and
then, for every |ψf ⟩. This is obtained because we choose
the phases of the chiral layer as the roots of the unity
d
√
1, such that the property

d∑
k=1

eiϕk =

d∑
k=1

e
i2πk

d = 0 ∀d > 1 (15)

leads by its own to destructive interference in all the ver-
tices |l⟩ of the routing layer. We can then decide where
to send the signal, e.g. to the vertex |r⟩, by removing
the phases through its links to the chiral layer. Looking
at Fig. 1, this means that the 2 7→ k links have oppo-
site phases compared to the k 7→ r ones, whereas all the
other links k 7→ l are not chiral, mantaining the destruc-
tive effect of the chiral layer. The reduced Krylov basis
guarantees that the time evolution of the system involves
only the desired output state(s), since it depends only on
a single site of the output (chiral) layer, and not on the
others[23]. This means that for every time t the dynam-
ics of the system does not involve the unwanted spatial
regions, preventing the system from an undesired routing
(see the effective graph in the upper panel of Fig. 2). No-
tice that in order to route the state to a different output
|r′⟩, it is sufficient to change the d phases of the k 7→ r′

links.

50 100 150 200
d

0.95

1.00

1.05

t*

0 50 100 150 200
d

0.001

0.010

0.100

1
P1f

Figure 3. (Upper panel): optimal time t∗ (in unit of π)
maximizing the routing probability P1f (t) as a function of
the chiral layer dimension d. (Lower panel): logplot of
the maximized routing probability P1f (t

∗) as a function of
the chiral layer dimension d. We also show the difference
|P1f (t

∗) − P2r(t
∗)| (the curve is below 10−2 as far as d is

larger than 15).

The two probabilities P1f (t) =
∣∣∣⟨e1|e−itH̃ |e5⟩

∣∣∣2 and

P2r(t) =
∣∣∣⟨e2|e−itH̃ |e4⟩

∣∣∣2 govern the routing perfomance

for localized states. Nonetheless, the condition P1f (t
∗) =

P2r(t
∗) = 1 is a sufficient condition to obtain perfect

routing also of any superposition of the states |e5⟩ and
|e4⟩. Using Eq. (14), we have

P1f (t) =
1

4

[
2d− (2d+ 1) cos t+ cos

(
t
√
1 + 2d

)]2
(1 + 2d)2

P2r(t) =
1

4

[
cos t− cos

(
t
√
1 + 2d

)]2
. (16)
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Upon setting t∗ ≃ π, we have P1f (t
∗) ≃ P2r(t

∗), with

P1f (t
∗) = 1−

1− cos
(
π
√
2d+ 1

)
2d

+O

(
1

d2

)
,

which is approaching 1 for increasing d (see Fig. 3). We
conclude that the chiral Lily graph provides nearly per-
fect routing, especially for large d, in a time independent
of the number of outputs and only slightly dependent on
the dimension of the routing layer.

Perfect routing using chirality and edge weighting –
Perfect quantum routing may be obtained by slightly
modifying the Hamiltonian in Eq.(7), tuning the weights
of the edges in the chiral and routing layers of the Lily
graph as follows

H
(
n, d, ϕ⃗

)
= AI + β CC

(
d, ϕ⃗

)
+ β CR

(
d, ϕ⃗, n

)
+AO(n) ,

(17)

The Krylov basis is the same of Eq.(13), and the reduced
Hamiltonian reads

H̃(β) =


0 1 0 0 0

1 0 β
√
d 0 0

0 β
√
d 0 β

√
d 0

0 0 β
√
d 0 1

0 0 0 1 0

 , (18)

The routing probabilities become

P1f (β, t) =
1

4

[
2dβ2 − (2d+ β2) cos t+ cos

(
t
√
β2 + 2d

)]2
(β2 + 2d)2

P2r(β, t) =
1

4

[
cos t− cos

(
t
√
β2 + 2d

)]2
. (19)

By choosing β
√
d =

√
3/2 [24], we achieve perfect rout-

ing for any quantum state, i.e. P (t∗)1f = P (t∗)2r = 1,
for t∗β = π. The simplest realization of the Lily graph
is obtained by setting d = 2, which requires only two
phases ϕ = 0, π and setting β =

√
3/2. However, the

routing time is universal, i.e. independent on n and d.
Upon expanding the probabilities for times around t∗, we
have

P1f (t) = 1− (t− t∗β)
2 +O(t− t∗β)

3

P2r(t) = 1− 5

2
(t− t∗β)

2 +O(t− t∗β)
3 ,

∀n, d, i.e., the routing is robust against fluctuations, and
the robustness is universal too.

Associated to perfect routing, the system also shows a
temporal periodicity of 2π, assuring that for every time
t∗β = (2q + 1)π the projector condition is fulfilled, i.e.,

e−iH̃(2q+1)π =

4∑
s=0

|e1+s⟩ ⟨e5−s| , q ∈ N .

Notice that the coherence (in the site basis) of the evolv-

ing states e−itH̃ |e4⟩ and e−itH̃ |e5⟩ is instead charaterized
by a period of π. If β

√
d ̸=

√
3/2 this periodicity is lost.

Conclusions – In this work, we have focused on de-
signing a device capable of routing quantum information,
initially encoded on two input nodes of a network, to
n possible pairs of output nodes, which are orthogonal
and mutually exclusive. Upon exploiting the formalism
of continuous-time quantum walks, we have designed an
optimal five-layer structure, named the Lily graph, com-
prising two input nodes, a chiral layer, a routing layer,
and an output layer. The system’s Hamiltonian has been
engineered by leveraging both the chiral properties avail-
able for a quantum walker and the modulation of the
graph’s edge weights. The overall evolution ensures a
perfect routing protocol, achieving unit fidelity, for both
classical information (initially localized at a graph site)
and quantum information (initially encoded in a superpo-
sition of sites). The selection of output nodes is achieved
by modifying the phases of certain links in the routing
layer. The time required for information transfer is uni-
versal, i.e., it does not depend on the number of outputs
or the size of the chiral layer, and the overall protocol
is robust, with the output fidelity being relatively unaf-
fected by fluctuations in the interaction time.

Our results demonstrate that it is possible to achieve
perfect routing of quantum information on a network
characterized by a relative simplicity, and pave the way
for future developments, including the routing of entan-
glement. The Lily graph structure provides a robust and
scalable method for quantum information routing, pos-
sibly enhancing the prospects for integrating quantum
technologies into existing communication and computa-
tion infrastructures.
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