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ON A NONLOCAL BOUNDARY VALUE PROBLEM FOR
SECOND ORDER NONLINEAR SINGULAR DIFFERENTIAL
EQUATIONS

A. LOMTATIDZE AND L. MALAGUTI

ABSTRACT. Criteria for the existence and uniqueness of a solution of the
boundary value problem

b
W= fltu)s ula) =0, u(v-) = [ uls)ducs)
are established, where f :Ja,b[xR? — R satisfies the local Carathéodory
conditions, and u : [a,b] — R is the function of bounded variation. These

criteria apply to the case where the function f has nonintegrable singularities
in the first argument at the points a and b.

1. STATEMENT OF THE MAIN RESULTS

Below we shall use the following notations:

R is a set of real numbers.

L([a,b]) is the set of functions p :]a, b— R which are Lebesgue integrable on
[a, b].

Lio(Ja, b]) is the set of functions p :]a, b[— R which are Lebesgue integrable
on [a + €,b — €] for arbitrarily small € > 0.

Ko(Ja, b[x R?) is the set of functions g :]a, b[x R?* — R for which the mapping
t — g(t,x1(t), x2(t)) is measurable no matter what the continuous functions
z; :Ja,b[— R, i = 1,2, might be.

0 Lise(Ja,b]) — Lise(Ja, b)) is the operator defined by the equality

t

o)) = exp | [ pte)ds|

a+b
2

If o(p) € L([a,b]), a € [a,b] and 5 €]a, b], then

2000 Mathematics Subject Classification. 34B16.
Key words and phrases. Second order singular equation, nonlocal boundary value problem.

ISSN 1072-947X / $8.00 / © Heldermann Verlag www.heldermann.de



134 A. LOMTATIDZE AND L. MALAGUTI

t 8

o(p)(s)ds- [ o(p)(s) ds.

t

1
a(p)t) ]

oap(p)(t) =

u(s+) and u(s—) are the limits of the function u at the point s from the right
and from the left.

If : Ja,b] — R is a function of bounded variation, then for each t € [a, b] by
p*(t) we denote a total variation of the function p on the segment [a, t].

Under the solution of the equation

u' = f(t,u,u’), (1.1)

where f :]a,b[x R?> — R satisfies the Carathéodory conditions on every com-
pact contained in ]a,b[x R?, we understand the function u :]a,b[— R which is
absolutely continuous together with its first derivative on every segment from
|a, b], satisfying (1.1) a.e.

In the present paper we concern ourselves with the problem of the existence
and uniqueness of a solution of equation (1.1) satisfying the boundary conditions

b

w(at) =0, u(b—)= / u(s) duls), (1.2)

a

where p : [a,b] — R is the function of bounded variation.

The criteria for the unique solvability of the problem in the linear case are
contained in [7, 8]. In the nonlinear case a problem of type (1.1), (1.2) has been
considered in [4-6]. However, in these works u is assumed to be a piecewise
constant function (u(t) =0 for a <t <ty and p(t) =1 for tg <t <b).

The theorems of the existence and uniqueness of a solution of problem (1.1),
(1.2) given in the present paper cover the case where p is, generally speaking,
not piecewise constant, and f is not integrable in the first argument on the
segment [a, b], having singularities at the points t = a and ¢ = b.

Before we pass to formulating the main results let us introduce the following
definitions.

Definition 1.1. We say that a vector-function (py,ps) :]a,b[— R? belongs
to the class U,(]a, b[) if

U<p2)7 Uab(p2)p1 € L([aa b])7 !
and the solution u; of the singular Cauchy problem

" u o ulad) = im u’(t) _ 12
u —pl(t) —|—p2(t) ) <+> 0, t1—>a+ 0(p2)(t) 1 (13)

IThese conditions are fulfilled if, e.g., |p2(t)| < A+ 72 + 2, [p1(t)] < W, where
A>0,0<6<1.
2The unique solvability of this problem has been proved in [2] (see also [3]).
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satisfies the conditions

b
u(t) >0 for a<t<b, wu(b—)> /ul(s) du*(s).

a

Definition 1.2. We say that the vector-function (py, pio,pe2) :la,b[— R3
belongs to the class V,,(]a, b[) if

plZ(t) < pgg(t) for a<t< b, (14)
Di2, P1 € Lloc(]a’7b[) 1= 17 27 (15)
o(pia) € L([a,b]), oaw(pi)p1 € L([a,b]) i=1,2, (1.6)
and (p1,p2) € Uu(Ja, b[) no matter what the measurable function ps :|a,b[— R
satisfying the inequalities
plg(t) < pg(t) < pgg(t) for a<t<d (17)
might be.
Theorem 1.1. On the set Ja,b[x R? let the inequalities
[f(t.2,9) = pr(t)z = palt, x,y)y| sena > —p(t), (1.8)
pi2(t) < pa(t, 2, y) < paa(?) (1.9)
be fulfilled, where py € Ko(]a,b[x R?) and
(p17p12ap22) € VM(]avbD (11())

Furthermore, let o.4(pi2)p € L([a,b]) (i = 1,2), and for some point t; €]a,b| let

|£(t,2,9) = pr(D)z = po(t, 7, 9)y| < p(t)
for ty <t<b, x€R, yeR. (1.11)

Then problem (1.1), (1.2) has at least one solution.

Remark 1.1. Let p be nondecreasing, let conditions (1.4)—(1.6) be fulfilled,
and (p1,pi2,p22) ¢ Viu(Ja,b[). Then there exists a function f satisfying the
conditions of Theorem 1.1 for which problem (1.1), (1.2) has no solution.

Remark 1.2. Condition (1.11) can be replaced by the condition

f(t,,y) = pi(0)z = Balt, 2, 9)y| < p(1)
for t; <t<b, € R, y€ER, (1.12)

where py € Ko(Ja, b[x R?) and p1o(t) < po(t, z,y) < po(t) for (¢, z,y) €)1, b[x R?.
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As an example let us consider problem (1.1), (1.2) when p increases, pu(b) —
p(a) < 1, and
F(t,z,y) = polt) + pr(t)z + pa(t)y + ps(t)a™ yl",
Di S LZOC(]G, b[)a Z - m7
where n and k are positive integers. Assume that A >0, 0 < < 1, py(t) > 0,
ps(t) >0, |p2(t)] §)\+£+% for a <t < b,

b
/(s —a)(b— 8)|pi(s)|ds < 400 i=0,1,

and p3(t) = 0 in a neighborhood of the point b. Taking into account Theorem
1.2 in [8], we obtain from Theorem 1.1 that in this case problem (1.1), (1.2) has
at least one solution. As it is seen from the example, the function f may have
nonintegrable singularities for t = a and t = b.

Corollary 1.1. On the set |a,b[x R? let the inequality

[tz y)sgna > pi(t)|x] — p2(t)[y] — p(t) (1.13)
be fulfilled, where (p1, —p2,p2) € Vi(Ja, b) and
oan((=1)'p2)p € L([a,b]) i=1,2. (1.14)

Furthermore, let for some point t; €]a,b]

F(t2,9) - pi(t)a — pa(B)y] < B0
for ty <t<b, v€R, yeR. (1.15)
Then problem (1.1), (1.2) has at least one solution.

Corollary 1.2. Let there exist numbers \; € [0,1], [; € [0,4o0], v €
[0,4+00[, i = 1,2, ¢ €]a,b] and a function p :|a, b[—]0, +oo[ such that
+oo

N1\ 72 L=
/ ds > (c—a) | / ds > (b—c¢) (1.16)
l1+l28+82 ]_—/\1 K l1+l28+82 ]_—/\2
1

0
Y2

sds

—— < —1In(p"(b) — u* 1.1
/ l1+l25+82< n(/“l’() /"L(a))7 ( 7)

the functiont — (t—a)(b—t)p(t) is summable on [a,b], and on the set |a, b[x R?
inequality (1.13) is fulfilled, where

—L(t—a)™ for a<t<c
= 1.18
pl() {_ll(b_t)2>\2 for c<t<b ’ ( )
L(t—a)™ + M\t —a)™ fora<t<c
o . 1.19
P2l {52(b—t)_/\2+)\2(b—t)_1 Jor ¢ <t <b ( !
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Moreover, let (1.15) be fulfilled for some point t; €la,b]. Then problem (1.1),
(1.2) has at least one solution.

Theorem 1.2. On the set |a,b[x R? let the inequalities

{f(tha y) - f<t7T7 y)} sgn(:t - T) > pl(t)’$ - T’? (1'20)
plQ(t)|y - y| S [f(ta Z, y) - f(t7 1’,@)] Sgn(y - g) § p22(t)|y - y| (121)

be fulfilled, where (p1,p12, p22) € Viu(]a,b]) and

b
/a<pi2)(t>]f(t,o,0)\dt <400, i=1,2.

a

Moreover, let there exist t; €]a,b| and a positive function p € Li,.(]a,b]) such
that oy (pie)p€ L([a,b]), i=1,2, and (1.12) is fulfilled, where ﬁQEKO(]a,b[XRZ)
and pia(t) < Palt,x,y) < paa(t) for (t,x,y) €]t1,b[xR?. Then problem (1.1),
(1.2) has one and only one solution.

Remark 1.3. Let p be nondecreasing, let conditions (1.4)—(1.6) be fulfilled,
and let (p1,pi12, p22) ¢ Vi.(Ja,b]). Then there exists a function f satisfying the
conditions of Theorem 1.2 for which problem (1.1), (1.2) has infinitely many
solutions.

Corollary 1.3. On the set |a,b[x R* let the inequality

[f(ta Z, y) - f(taja y):| sgn(x - f) > pl(t”x - T' - pQ(t)|y - g| (122)
be fulfilled, where (p1, —p2,p2) € Vy(]a,b]) and

/aab((—l)im)(t)\f(t,o,0)\dt <400, i=1,2.

a

Furthermore, let there exist a point t; €]a,b[ and a positive function p €
Lioe(Ja, b]) such that conditions (1.14) and (1.15) are fulfilled. Then problem

(1.1), (1.2) has one and only one solution.

Corollary 1.4. Let there exist numbers \; € [0,1], I; € [0,+c[, v €
0,400, i = 1,2, ¢ €a,b], t; €|a,b] and a function p :|a,b[—]0,+oo[ such
that conditions (1.15)~(1.17) and (1.22) are fulfilled, where p; and ps are the
functions defined by equalities (1.18) and (1.19). Moreover, let

/(t —a)(b—1)|£(£.0,0)|dt < +oc, /(t — a)(b— Dp(t)dt < 4o,

a

Then problem (1.1), (1.2) has one and only one solution.
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Remark 1.4. In the case where p = 0 (see [2]) or f does not depend on the
third argument and is integrable in the first argument in the neighborhood of
the point ¢ = b, then we can neglect condition (1.11) ((1.12)) in Theorems 1.1
and 1.2.

2. SOME AUXILIARY PROPOSITIONS

In this paragraph we shall prove some properties of solutions of the equations

u" = p1(t)u + pa(t)u’ + po(t) (2.1)
and
u” = pi(t)u+ pa(t)u, (2.10)
where p; € Lioe(]a, b]), i = 0,1,2, and
o(p2) € L([a,b]), ouw(p2)p; € L([a,b]), i=0,1. (2.2)

Note that in this case the well-known Green’s theorem is valid (see [8], The-
orem 1.1). More precisely, the following lemma is true.

Lemma 2.1. Let condition (2.2) be fulfilled. Then for problem (2.1), (1.2)
to be uniquely solvable, it is necessary and sufficient that the corresponding
homogeneous problem (2.1y), (1.2) have only the zero solution. If the latter
condition is fulfilled, then there exists the unique Green’s function G of problem

(2.1p), (1.2),

_ () " o
G@T}—mw_%igm@MM$[!C@JMMQ C(b—.7)| +n(r, 1)C(t,7)

for a<t,T<b,

ot z) = {1 for t<zx

0 for t>ua’

uy is the solution of the singular Cauchy problem (1.3), and C' is the Cauchy
function of equation (2.1y). Moreover, the solution u of problem (2.1), (1.2)
admits the representation

where

b
u(t) = /G(t, s)po(s)ds for a <t <b.

Remark 2.1. Taking into account Lemma 2.1 of [5] (see also Lemmas 1.1 and
1.1’ of the monograph [3]), we can easily see that the Green’s function G admits
the estimates

’G(t,T)‘ < c op(p2)(7) /O'(pg)(S)dS for a<t<t<b,

G(t,7)| < couw(p)(r) for a<T<t<b,
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2 m|palr) ) < coutm)(@) for a<tr <

where ¢ > 0 is a constant.
2.1. Properties of the set U,(]a,b[).
Lemma 2.2. Let
(p1,p2) € Up(Ja, b). (2.3)
Then (p1,p2) € U, (]al, b[), no matter what the point a; €|a, b[ might be.

Proof. Let us assume the contrary that the lemma is invalid. Then there exists
a; €)a, b such that the solution ug of the Cauchy problem

v =pr(u+ pa(t)u’; ular) =0, u'(a) =1,

satisfies the inequalities

b
up(t) >0 for ap <t <b, 0<ug(b—)< /uo(s)d/f"(s). (2.4)
Introduce the function
u1 (b—)
t t) — t) fi <t<b
U( ) ul( ) U/(](b—) UO( ) or a; ~tx09,
where wu; is the solution of equation (2.1y) satisfying the initial conditions
L ()
u(a+) =0, lim = 2.5
(a+) A @ (2.5)
Clearly, v is the solution of equation (2.1y) and
v(a;) >0, wv(b—)=0. (2.6)

According to the condition of the lemma and to inequality (2.4) we easily
find that
b

[o)d(s) < [wis)du () = wn(b=) < [wn(s)dpe*(s) = i (b=) < 0.

ai

Consequently, for some point t, €la;,b] we have v(tg) < 0. Taking now into
account (2.6), we obtain that the function v has at least two zeros on |ay, b,
which contradicts the condition of the lemma. [J

Remark 2.2. If condition (2.3) is fulfilled, then for any ¢ €]0,1] we have

(p1,p2) € Ueu(Ja, b))
The following lemma is proved analogously.

Lemma 2.3. Let condition (2.3) be fulfilled. Then there exists g5 €]0, 54|
such that (p1,p2) € Uy(la+¢€,b—¢€[) for any € €]0,¢0].
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Remark 2.3. Let condition (2.3) be fulfilled, and let £y be the number occur-
ring in Lemma 2.3. For any ¢ €]0,¢0[ denote by u. the solution of equation

(2.1p) satisfying the conditions

b—e

w(a+e) =6,(e), ulb—e)= / u(s)dp(s) + 85(e).

a+e

Assume that 0;(¢) — 0 for e — 0, 7 = 1,2. Then we can easily see that

max{|u€(t)| D a+e<t< b—l—g} — 0 for ¢ —0.
Lemma 2.4. Let
0(p2) € L([avb])7 Uab(pQ)pl € L([avb])

and
(p1,p2) & Uo(Ja, b]).
Then for some function g1 € Liy.(]a,b]) satisfying the conditions
g1>p1 for a<t<b, ou(p)g € L([a,b])
the equation
W' = gu(B)u+ paltd
has a solution u such that

u(t) >0 for a<t<b, wula+)=0, wu(b—)=0;

(2.9)

(2.10)

(2.11)

moreover, we may assume that g = py in some neighborhood of the point b.

Proof. Because of (2.8) there exists a; € [a,b] such that equation (2.1y) has the

solution w satisfying the conditions

u(t) >0 for a; <t <b, wla+)=0, ub—)=0.

If a; = a, then we have nothing to prove. Therefore we shall assume that

a; > a.
Let v be the solution of the boundary value problem

V' = |pi(®)|v + pe(t); v(at) =0, v(b—)=1.

Suppose
w(t):@ for a; <t <.
v(t)
Since
w(t) >0 for ay <t <b, w(a)=0, wb—)=0,
we have
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for some point t* €|ay, b, that is,

E(t*) 1% —/ (1%
) =u(t).
) =)
Bearing this in mind, we can easily verify that the function
o
u )v(t) for a<t<tr
u(t) = < v(t*)

u(t) for t*<t<b

satisfies conditions (2.11) and is the solution of equation (2.10), where

{]pl(tﬂ for a<t<t*

t) = .
9:(1) pi(t)  for t"<t<b

Lemma 2.5. Let pu be nondecreasing, conditions (2.7) be fulfilled, and

(P1,p2) ¢ Un(Ja, b)) (2.12)

Then for some function g1 € Li(Ja,b]) satisfying conditions (2.9), equation
(2.10) has a solution u such that

u(t) >0 for a<t<b, wulat+)=0, ulb—)= /u(s)d,u(s); (2.13)

moreover, we may assume that g = p1 in a neighborhood of the point b.
Proof. Owing to (2.12), either (2.8) is fulfilled or (pi,p2) € Uy(la,b[), and
equation (2.1p) has the solution w satisfying the conditions

a(t) >0 for a<t<b, a(at)=0, a(b—)< / a(s)du(s).  (2.14)

a

In the case where (2.8) is fulfilled, by Lemma 2.4 we can assume without
loss of generality that equation (2.1p) has the solution u satisfying conditions
(2.11). Thus we may assume that if (2.12) is fulfilled, then equation (2.1y) has
the solution u satisfying conditions (2.14).

Let us choose ag €]a, b] such that

b

[ o) ()pi(s)lds < ; (2.15)

ao

Then (cf., for example, [3], Lemma 1.5)

(—Ip1l,p2) € Uo(]ao,bD- (2.16)

Hence the boundary value problem

u' = —|p1(t)|u+p2()us ulag) =1, wu(d—)=1
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has the unique solution wg. Moreover, ug(t) > 1 for ay < t < b, since the
up (1)

7 (p2) (D) does not increase.

mapping t —
Suppose
M = max{|u0(t)| cag<t< b} +1,

t

v(t,a):;a(exp [a/to(pg)(s)ds} —exp {—a/a(m)(s)ds}) for a <t <b.

a a

It is easily seen that for some g > 0 the inequalities

b
O'(pg)(bl) (bl,ao < bl,Oé(] /0' (217)
and
2v(a1,o@)t/mdu(s)<< v(br, o) (2.18)

are fulfilled, where b; = 2.2 a; €]ay, b and

QM/du(s) <1 (2.19)

Let u; be the solution of the singular Cauchy problem
u'(t)

u = po(t)u + po(t)u’; u(a+) =0, lim =1, 2.20
pO( ) p2< ) ( ) tat U(pg)(t) ( )
where
alo(py)(t) for a<t<b
po(t) = .
—|p1(t)| for by <t<b
Let us show that
Ul(b—> > ul(bl). (221)
Indeed, since
ur(t) = v(t,ap) for a <t <b, (2.22)
from (2.20) we find that
t
U/(bl,Oéo)
u1(t) = v(by, « +7/0 s)ds
1( ) ( 1 0) U(p2)<bl>b1 (pQ)( )
bt
)d
—/L“ Ssm@mmﬂw for by<t<b,  (2.23)
(7)
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which, by (2.17), implies
b

U,<b1, Oéo)
uy(t) < 2U(p2)(bl)l!0(p2)(s)ds for b <t <b. (2.24)
Because of (2.15) and (2.24) we find from (2.23) that
Ul(bl,Oé()) 5 ;
uy(b—) > v(by, ap) + U(@)(bl)lza(pg)(s)ds [1 — 2l!ab(p2)(s)|p1(s)|ds

> v(by, ap) = uy(by).

Consequently, (2.20) is fulfilled.
Owing to (2.16) and (2.21), we easily get

Ul(t) < Mul(b—) for a; <t <hb. (225)
Taking into account (2.18), (2.19), (2.22) and (2.25), we have

]uﬂ$@d@=§7m®ﬁw®%+iuﬂ@wd@

3mw{7ﬁzﬂm@+MiW@]
Suwh{§+7&$jgwwﬂ

ap, o
= ul(b_) bll az /du

Thus we have shown that the solution w; of problem (2.20) satisfies the con-
ditions

ur(t) >0 for a <t <b, wu(b—)> /ul(s)du(s).

According to the comparison theorem (see [7], Theorem 1) and Remark 1,
the equation

V" = po(t)v + pa ()
where

. p1(t) + |p1 ()| + ado(p2)(t) for a <t <b
p1(t) for by <t<b’

has the solution v satisfying the conditions

v(t) >0 for a<t<b, wviat+)=0, v(b—)> /v(s)d,u(s).
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Assume
u(t) = fro(t) + fou(t) for a < b,
where
b

b= [as)duls) ~u(b-) >0, By =v(b-)~ [ o(s)du(s) >0

a

Clearly, u is the solution of equation (2.10), where

p1(t)] + ago(p2)(t)
pi(t) + B B0(D) +Oﬁgﬂ(t) for a <t < b ;
pi(t) for by <t <b

moreover, u satisfies conditions (2.13). O
2.2. Properties of the set V,(]a,b[).
Lemma 2.6. Let

qi(t) =

(p1, P12, p22) € V(]a, b]). (2.26)

Then there exists a positive number roy such that no matter what the measurable
function py :]a,b[— R satisfying the inequalities

p12(t) < po(t) < paa(t) for a<t<b (2.27)

might be, we have the estimate
b

un(b=) = [wi()du(s)] = ro,

a

where uy s the solution of problem (2.1p), (2.5).

Proof. Let us assume the contrary that the lemma is invalid. Then for any natu-
ral k there exists a measurable function pk :]a, b[— R satisfying the inequalities

p1a(t) < pg(t) < poo(t) for a<t<b

and
b

us(o— ) — [[ws(s, ()| < 7. (2.25)

a

where u;(+, k) is the solution of the singular Cauchy problem

u" = pi(t)u+ ps(t)u’s ulat) =0, A U(Z/g)(t) -

Introduce the functions
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Because the sequence (gi)f25 is uniformly bounded and equicontinuous in

Ja,b[*, we may assume without loss of generality that it converges uniformly in
la,b[. So we can easily see that the function

g(t) = kEngk(t) for a<t<b

is absolutely continuous in ]a,b[, and its derivative py(t) = ¢'(t) satisfies in-
equalities (2.27).

On the other hand, from Lemma 2.1 of [5] (see also [2], the proof of Lemma
2.2) it follows that the sequences (u;(-, k)¢S5 and (u}(-, k)){25 are uniformly
bounded on [a,b] and [a,b — ], respectively, for sufficiently small €. Hence,
without loss of generality we may assume that the sequences (uy(-, k));{2] and
(uy (-, k))2] uniformly converge in [a,b[. Thus, owing to the Krasnosel’sky-
Krein theorem ([1], p. 328-332), Lemma 2.1’ from [5] and estimate (2.28), we
see that

u(t) = lm wy(t, k) for a<t<b

k—+o00
is the solution of problem (2.15), (2.5), and uy(b—) = [’ ui(s)du(s), which
contradicts condition (2.26). [

In the sequel we shall need the following notations:

for a<t<“7+b

for C‘T“’<t<b

2

)
)
) for a<t< %P
) for 4 <t<b’

Holt,7) = {Ub<p*2§T) [Fo(p*)(s)ds for a<t<T<b

Tap(p*)(7) for a <7 <t<b’
Hl(t,T):M for a <t,7<b,
Tab (D) (1)

o) () Jio@)(s)ds  for a<t<T<b
H{t.m) = {aa(p*)(T) Pop)(s)ds for a<r<t<b’

Because of Lemmas 2.1, 2.2 and 2.6, and taking into consideration Lemma
2.1 of [5], we easily see that the lemma below is valid.

Lemma 2.7. Let (2.26) be fulfilled. Then there exists a positive number ry
such that no matter what the measurable function py € Li(]a,b]) satisfying
inequalities (2.27) might be, the Green’s function G of problem (2.1y), (1.2) is
nonpositive, and

‘G(t, 7')’ <riHo(t,7) for a<t,T<b,

li.e., on every segment contained in |a, b[.
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|§;G(t,7) <riH(t,7) for a<tT<b.

Lemma 2.8. Let (2.26) be fulfilled. Then there exists a positive number r
such that no matter what the functions g,9; € Li,(]a,b]), i = 1,2, satisfying
the conditions

ou(P2)g, Tan(piz)gr € L([a,b]), i=1,2, (2.29)
g1(t) 2 pi(t), pia(t) < go(t) < paa(t) for a<t<b (2.30)
maght be, the boundary value problem
u’ = gi(t)u+ ga(t)u' + g(t), (2.31)
b
u(at) =0, u(b—) = / u(s)dpu(s) (2.32)

has the unique solution w, and

|l \<r/Hts g(s)ds for a<t<b, 1=0,1, (2.33)

where g(t) = %(!g( )| —g(t) sgnu(t)) fora <t <b.

Proof. Because of conditions (2.26), (2.29) and (2.30) from Theorem 1 of [7] it
follows that problem (2.31), (2.32) has the unique solution w.
Let v be the solution of the problem

b

V' =pri()v+ g (t)0 — g(t); wv(at) =0, v(b—)= /U(s)d,u*(s).

a

According to Lemma 2.7, v(t) > 0 for a <t < b. Let us show that
lu(t)| <wv(t) for a<t<b. (2.34)

Assume the contrary that (2.34) is invalid. Then there exist ¢; € [a,b] and
ty €]t1, b] such that

w(t) = |u(t)] —v(t) >0 for t; <t <ty
moreover, either
w(ti+) =0, w(ta—) =0, (2.35)
ort; >a (t1 =a), ta =band
w(t) <0 for a<t<ty, w(t)=0,
(2.36)
w(t) >0 for tp <t<b (w(t)>0 for a<t§b).

It is clear that w satisfies the equation

w” = p(t)w + go(t)w' + go(t),
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where
go(t) = (1) semult) + (t) + [ (8) — pO)lu(t)] for a <1< b
moreover,
go(t) >0 for t; <t <ty (2.37)
Let (2.36) be fulfilled. Then

w(v=) = (=) = v-) < [ (ju(s)] = v(s))du(s) < [ w(s)dp’(s).

Hence w satisfies the conditions
b

witit) =0, w(b=) = [w(s)den'(s)),

t1
where ¢ €]0, 1].
According to Lemmas 2.1 and 2.7, Remark 2.2 and condition (2.37), we have
w(t) <0 for ¢ <t<b,

which contradicts condition (2.36). Analogously, we can show that (2.35) does
not hold either. Thus we have shown that estimate (2.34) holds.
According to Lemmas 2.1 and 2.7, from (2.34) we have that

b
lu(t)| < 51/H0(t, s)g(s)ds for a <t <b, (2.38)

where ¢ is a positive number not depending on wu.
Estimate now |u/(¢)|. Let t; €]a,b] be an arbitrary point, where u'(t;) # 0.
For definiteness, we shall assume that w(t;)u'(¢1) > 0. Then either

w(t)u'(t) >0 for ¢ <t <b, (2.39)
or there exists ¢y €]t1, b such that
u(t)u'(t) >0 for t1 <t <to, ul(tg) =0. (240)

First we assume that condition (2.39) is fulfilled. Multiplying both parts of
equality (2.31) by o,_c(g2)(t), where € €]0,b — ¢, and then integrating from ¢,
to b — e, we obtain

b—e
! (1)o(g2) (1) + ulb = ) = u(t)) = [ o4-o(92)(5) g1 (s)uls) + ()] ds,

t1
whence, owing to (2.30), we find

[/ (t1)|ov-c(g2) (1) < |u(b— )| + / 5-=(92) (s)[p1 ()l [uls) ds

t1
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n / on(92)(5)G(s)ds.

As € tends to zero, from the last inequality we get

[/ (t1)]ob(g2) (1) < [u(b—)) +/Ub(gz)(S)lpl(S)Hu(S)\dS

t1
b

+ [ oulga)(s)3(s)ds.

t1

However

a

[ostaeris <  fotoions)  foutmoioa

t1 _

< ([otmieas)  foatrsios

a a

On the other hand, according to (2.38),

b
u(t)] < & / oun(p?)(8)G(s)ds for a <t <b.

a

Therefore from (2.41) we have

W/ (t)low(g2) () < & [ oulp)(s)i(s)ds for a<t<b,

where
b
& =a [ o)) + o) ($)lpi(s)|ds + 1.

Consequently,

W) < & [ Hilt,5)5(s)ds.

(2.41)

(2.42)

Similarly, we can show that estimate (2.42) also holds in the case where (2.40)

is fulfilled.

Because t; is taken to be arbitrary, we have from (2.42) that (2.33) holds,

where r = max{c;,&2}. O

Lemma 2.9. Let (2.26) be fulfilled and let t; €]a,b]. Then there exists a
positive number ry such that no matter what the functions g,g9; € Lis.(]a,b])
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satisfying conditions (2.29), (2.30) and g1 = p1 might be, the solution u of the
boundary value problem (2.31), (2.32) admits the estimate

b b b
M@—/ﬁ@mmﬂswb+/%mﬁwm@w-[/dﬁWMS
b
+/H@®@@Nﬂm@m@1ﬁrmgt§a (2.43)

where §(t) = %(!g(t)\ —g(t) sgnu(t)) fora <t <b.
Proof. Let r be the number occurring in Lemma 2.8 and let u be the solution
of problem (2.31), (2.32),

b

ﬁ:r/mﬁﬁﬂgﬂﬁﬁ.

a

Let v be the solution of the boundary value problem
v =pi(t)o + g2 (0" = [g(t)| = Flpi(D)]; v(tr) = 271, v(b—) =0.

By Lemma 2.7 (in the case where ; = 0) we have that v(t) > 0 for t; <t <b.
Similarly to that done in proving Lemma 2.8, we can show that

b
’u(t) - /u(s)du(s)’ <w(t) for t; <t <b. (2.44)
Obviously,
)= 2 [ (Gt | (Rl (9 +la(9))ds for 1< b (245

la

where G is the Green’s function of the problem
V" =pi(t)v+ g (0)v; v(t) =0, v(b—) =0,
and wy is the solution of the singular Cauchy problem

u'(t) _ 1

u' =pi(t)u+ g (t)u; ulb—) =0, e o(g2)(t)

By Lemma 2.7 from (2.45) we find that

b

wwSr%1+/am@w@m@m4[ja@w@M@

a

'The unique solvability of this problem has been proved in [2].
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b
+ /H(t, s)(|g(s)| + [p1(s)|ds| for ¢ <t <D,

t1

where 7y is a positive number not depending on w. This argument and (2.44)
result in estimate (2.43). O
Finally, let us give one lemma on the solvability of problem (1.1), (1.2).

Lemma 2.10. On the set Ja,b[x R* let the conditions
ft,2,y) = pi()e +pa(t)y + g(t 2,y), gt z,y)] < g7(1),

be fulfilled, where (p1,p2) € Uu(Ja,b]), oap(p2)g* € L([a,b]) and g :]a,b[x R? —
R satisfies the local Carathéodory conditions. Then the boundary value problem
(1.1), (1.2) has at least one solution.

Proof. Denote by C ([a,b]; R2> the set of two-dimensional continuous vector-
functions x = (z1, x9) : [a,b] — R? with the norm ||z|| = max {\xl(t)| +|za(t)] :
a<t<b}.

Let G be the Green’s function of problem (2.1y), (1.2), and let Go(t,7) =
oan(p2)(T) 2 G (L, 7).

Taking into account Remark 2.1, we can easily see that the operator F' =
(F1, Fy) defined by the equality

Ta(5) .
Fi(xy,29)( /G (t,s)g sxl ), ds, 1=1,2,
) o))
maps continuously the space C' ([a, bl; RQ) into its own compact subset. There-

fore, owing to Schauder’s principle, there exists a vector-function (zq,x2) €
C’([a,b]; R2) such that

s(s)

ab(P2)(5)

/Gts s, x1(s),

From this we find that z5(t) = 2 (t)o.w(p2)(t), and the function u(t) = x(t) for
a <t <bis the solution of problem (1.1), (1.2). O

)ds for a<t<b, 1=1,2.

3. PROOF OF THE MAIN RESULTS
Proof of Theorem 1.1. Let r, ro, Hy, H; and H be respectively the numbers
and the functions appearing in Lemmas 2.8 and 2.9. Assume that

b
pi(1) :T/Hi(t, s)p(s)ds for a<t<b, i=0,1,
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X [/ba(p*)(s)ds + /H(t, s)(p(s) + \pl(s)\)dsl for t; <t <b,

t1

1 for |z| < p;i(t)
Xi(t,w) =2 — L for pi(t) < x| < 2p(t)+1, i=0,1,
0 for |z| > 2p;(t) +1

belt o y){xg(t,x)xl(t,y) for t € {a+ %f,b— ZZTQ] (51)

0 forte}a,a#ﬁ;—;[u}b—l@;—;,b[’
k=12 ..

Jilt, 2 y) = itz y)[f (2, y) — pr(t)z — pra(t)y]
for a<t<b, wzyeR, k=12,.... (3.2)

Clearly, fr(-) = sup{|fk(',x,y)| D (zy) € R2} € L([a,b]).

Therefore, by Lemma 2.10, for any natural k& the boundary value problem

u” = pi(t)u+ pr(u' + fi(t,z,y), ula+) =0, u(b-) = /u(S)du(S)

a

has at least one solution u;. On account of (3.2), uy is the solution of the
equation

u" = pi(t)u+ ga ()’ + g(t), (3.3)
where
92(t) =Pz (1) + 0ok (b, ur (1), 14 (1)) [pa(t, ui(£), u (1)) —pra(t)| for a<t<b (3.4)

and

9(t) = (t,un(t), () [ £ (1w (D), (6) — pr (1)
— pa(t, ug(t), uk(t))u;(t)} for a<t<b. (3.5)
Owing to (1.8), (1.9), (1.11), (3.1) and (3.2) the inequalities
p12(t) < go(t) < paa(t) for a <t <b, (3.6)
30) = 5 (190)] ~ 9O semu() <plt) for a<t<b  (37)
lg(t)| < p(t) for t; <t<b (3.8)

are fulfilled.
By Lemmas 2.8 and 2.9 and conditions (1.10), (3.6)—(3.8) we have the esti-
mates

W (8)] < pi(t) for a<t<b, i=0,1, (3.9)
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fur(t) - / wr(s)du(s)| < polt) for t <t <b. (3.10)

a

On account of (3.1), (3.2), (3.4), (3.5) and (3.9), from (3.3) we obtain that
the restriction uy, on [a + 222, b — 22¢] is the solution of equation (1.1).

It is easily seen that the sequences (uy);2] and (u},){25 are uniformly bounded
and equicontinuous in |a, b[. Therefore, without loss of generality we can assume

that they converge uniformly in ]a,b[. Obviously,

klir+n ur(t) =u(t) for a<t<b

is the solution of equation (1.1). On the other hand, since py(a+) = 0 and
p2(b—) = 0, it follows from (3.9) and (3.10) that u satisfies the boundary con-
ditions (1.2). O

On Remark 1.1. Let (1.4)—(1.6) be fulfilled, and let (p1, p12,p22) ¢ Vu(Ja, b]).
Then there exists a measurable function p, :|a,b[— R satisfying inequalities
(1.7), and (p1,p2) ¢ Uu(Ja,b]). Let g1 be the function chosen by Lemma 2.5,
and let ug # 0 be the solution of problem (2.10), (1.2). The function f(t,z,y) =
g1(t)x + pa(t)y + up(t) satisfies conditions (1.8), (1.11). On the other hand,
we can easily see that (cf., for example, [7], Theorem 1) the equation u” =
g1(t)u—+po(t)u' + ue(t) has no solution satisfying the boundary conditions (1.2).

Proof of Corollary 1.1. 1t is easy to see that if (1.13) and (1.15) are fulfilled,
then (1.8) and (1.12) are also fulfilled, where

—p12(t) = paa(t) = pa(t),

po(t,x,y) = {pQ(t) sgn(xy) for x #0

f <t <b,
pa(t) for =0 "

Da(t,z,y) = pao(t) for ty <t<b, x€R, yeER.
Consequently, by Theorem 1.1 and Remark 1.2 problem (1.1), (1.2) has at least
one solution. [

Proof of Theorem 1.2. From (1.20) and (1.21) we have inequalities (1.8) and
(1.9), where

p(t):‘f(t,o,())’ for a <t <b,

f(t705y>_f<t7070) for y#O
pa(t,z,y) = y for a <t <b.
pu(t) for Yy = 0

Therefore, owing to Theorem 1.1 and Remark 1.2, problem (1.1), (1.2) has at
least one solution. It remains for us to show that problem (1.1.), (1.2) has
one solution at most. Assume the contrary that this problem has two different
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solutions u; and wus. Let
wi(t) = ui(t) —ug(t), we(t) =—wi(t) for a <t <b.
It is clear that for some i € {1,2} either

wi(t) >0 for a<t<b, (3.11)
or there exist t; € [a,b], t2 €|t1,b] such that for j # i
U)J(t) >0 for t1 <t <tq, wj(t1+) = O, 'LUj(t2> =0. (312)

Suppose first that (3.11) is fulfilled. Without loss of generality we assume
that ¢ = 1. Then on account of (1.20) and (1.21) we have

w” =p1(H)w + po(H)w’ + h(t) for a <t <b,

where

F(t ug(t), u (8) — Ft,ua(t), uh(t)) / y
pa(t) = () — h(t)) for i (t) # uy(t)

P12(t) for wj(t) = uy(?)

and h(t) = w"(t) — p1(H)w(t) — p2(t)w'(t); moreover, py satisfies inequalities
(1.7), and h is non-negative.

Let gy be the number occurring in Lemma 2.3. For any ¢ €]0, o[ we denote
by u. the solution of equation (2.1) satisfying the boundary conditions

for a<t<b

uela ) = wi(a+e), ulb—e)= /ug(s)du(s)—l—w(b—s)— /w(s)dp(s).

By Lemmas 2.1, 2.3, 2.7 and Remark 2.3 we have

b—e
w(t) = ua(t) + / G.(t, $)h(s)ds < u(t) for ate<t<b—e,
a+e
where G, is the Green’s function of the problem
b—e
u = pi(u+ pa(: ula+e) =0, ulb—e)= / w(s)du(s)
a+e

and
0<w(t) < lin%us(t) =0 for a<t<b.

The contradiction obtained above proves that (3.11) cannot take place. Simi-
larly, we can show that condition (3.12) cannot take place either. Consequently,
problem (1.1), (1.2) one solution at most. [

On Remark 1.3. Let u be non-decreasing, the conditions (1.4)—(1.6) be ful-
filled, and let (p1, p12, p22) ¢ Vi.(la,b]). Then there exists the measurable func-
tion ps :]a, b[— R satisfying inequalities (1.7), and (p1, p2) ¢ U,(Ja, b[). Let g1 be
the function chosen by Lemma 2.5. Clearly, the function g;(¢)z + po(t)y satisfies
conditions (1.20), (1.21) and (1.12), where pa(t,x,y) = pa(t,z,y) = p2(t) and
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p(t) = 0. On the other hand, the equation u” = g1 (t)u + po(t)u’ has infinitely
many solutions satisfying condition (1.2).

Corollaries 1.2 and 1.4 follow respectively from Corollaries 1.1 and 1.3 and
Theorem 4 of [7].
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