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Abstract
Semilinear multivalued equations are considered, in separable Ba-
nach spaces with the Radon-Nikodym property. An effective criterion
for the existence of solutions to the associated Floquet boundary value
problem is showed. Its proof is obtained combining a continuation
principle with a Liapunov-like technique and a Scorza-Dragoni type
theorem. A strictly localized transversality condition is assumed. The
employed method enables to localize the solution values in a not nec-
essarily invariant set; it allows also to introduce nonlinearities with

superlinear growth in the state variable.
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1 Introduction

The paper deals with the Floquet boundary value problem (b.v.p.) associated
to a semilinear multivalued differential equation
() € A(t)x(t) + F(t,x(t)), t € [a,b], x(t) € E (1)
x(b) = Mx(a).

*Supported by the M.U.R.S.T. (Italy) as the PRIN Project “Equazioni differenziali
ordinarie e applicazioni”
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in a separable Banach space F, with norm ||-||, satisfying the Radon-Nikodym
property (in particular in a separable and reflexive Banach space F). We
assume that

(A) A:[a,b] — L(E) is Bochner integrable, where £(E) denotes the space
of linear bounded operators from FE into itself;

(F1) F :[a,b] x E — E is a upper-Carathéodory (u-Carathéodory ) multi-
valued map, i.e.,

(i) F(t,x) is nonempty, compact and convex for any ¢ € [a,b], © € FE;
(ii) the multifunction F(-,x) : [a,b] — E is measurable for all x € E;

(iii) the multimap F'(t,-) : E — E' is upper semicontinuous (u.s.c.) for
a.a. t € [a,b];

(F2) for every bounded ©Q C E, there exists v € L!([a,b],R) such that
lyll < val(t), for a.a. t € [a,b], every x € Q, and y € F(t, x);

(M) M € L(E).

The measurability is intended with respect to the Lebesgue o-algebra in [a, b]
and the Borel o-algebra in . We denote with 7 the Lebesgue measure on
la, b].

We search for strong Carathéodory solutions of problem (1). Namely, by
a solution of (1) we mean an absolutely continuous function z : [a,b] — FE
such that its derivative satisfies (1) for a.a. t € [a,b]. We remark that,
in a Banach space F with the Radon-Nikodym property, each absolutely
continuous function x : [a,b] — FE has the derivative 2/(¢) for a.a. ¢ €
[a,b], ' is Bochner integrable in [a, b] and z satisfies the integral formula.

We obtain a solution of (1) as the limit of a sequence of solutions of
approximating problems, denoted by (P,,), that we construct by means of
a Scorza-Dragoni type result (cfr. Theorem 2.1). We solve each problem
(P,,) with a continuation principle proved in [2] (see also Theorem 2.3) and
relative to the case of condensing solution operators. To this aim we have, in
particular, to show the so called transversality condition (see e.g. condition
(d) in Theorem 2.3), i.e. the lack of solutions on the boundary of a suit-
able set for all the parametrized problems associated to each (P,,). So we
introduce a Frechét differentiable Liapunov-like function V' : E — R and
denote with K its zero sublevel set. Under suitable conditions on V' we are
able to guarantee that all the functions in C([a,b], K) satisfy the required
transversality. This approach originates by Gaines and Mawhin [7] and we
refer to [2] and [4] for an updated list of contributions on this topic. A not
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completely satisfactory condition on V"’ in a neighborhood of the boundary
OK of K, was proposed in [2, Theorem 5.2], for getting the required transver-
sality. Indeed, as a consequence of the proof of [2, Proposition 4.1}, it is not
difficult to see that such a condition implies the positive invariance of K,
which is not necessary for having the transversality. Under additional regu-
larities, i.e. when A is continuous on [a, b] and F is globally u.s.c., a strictly
localized transversality condition on 0K was proved in [2], which does not
imply the invariance of K (see e.g. [2, Example 1]). If |V/(x)| # 0 and z
belongs to an Hilbert space H, a straightforward consequence of the Riesz
representation Theorem is the existence of a bounded and lipschitzian func-
tion ¢ : H — R satisfying V/(¢(x)) = [|[V/||. In [4] such a ¢ is the key
point for the construction of a sequence of approximating problems. This
lead to an existence result for (1) ([4, Theorem 3.4]) in a separable Hilbert
space, when A(t) satisfies (A) and F is a Carathéodory nonlinearity, which
is based on a strictly localized transversality condition. In Theorem 2.2, we
assume that K is open, bounded, convex and 0 € K, and we prove the ex-
istence of a function with similar properties as the mentioned ¢ but in an
arbitrary Banach space. Thanks to it, we are able to solve the b.v.p. (1)
in an arbitrary separable Banach space with the Radon-Nikodym property
and we assume the strictly localized transversality condition (V4); this is the
main result in the paper and it is contained in Theorem 3.1. We remark that
Theorem 3.1 is more general than the quoted result in [2]. Moreover, also
in a Hilbert space, it is an improvement of the quoted one in [4]. In fact, in
Example 3.1 we discuss a b.v.p. in R which can be investigated by means of
Theorem 3.1 but that it is not possible to study with the quoted results in
[2] and [4]. Finally in Example 3.1 we show that condition (V4) does not im-
ply either the positive or the negative invariance of the sublevel set K. The
employed technique enables to localize the solution values in K. Moreover,
due to condition (F2), the nonlinearity F' can also have a superlinear growth
in its variable z.

A spatial dispersal process where the classical diffusion term is replaced
by a non-local type one can be modeled with an equation of the type

w(t, ) = (¢, x)u(t, z) + /Q k(x,y)u(t,y)dy, fora.a.t € la,b (2)

where x € Q@ C R, v : [a,b] X Q@ — R and the function ¥ : @ x Q — R
represents the dispersal kernel. Equation (2) can be viewed as a special case
of the integro-differential inclusion

u(t, z) € y(t, x)u(t,x) + F(t,z,Su(t,-)), fora.a.t e la,b] (3)
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where Sv(z fQ y)dy and F' is a suitable multivalued map. Non-
linear dynarmcs as (3) also appear in the study of viscoelasticity properties,
in transport problems and in the theory of phase transitions (cfr. [3] and the
references there contained). We remark that both (2) and (3) can be refor-
mulated as equations or inclusions in Banach spaces of the type appearing in
problem (1) and studied with the techniques developed in this paper. This
is showed in details in [3].

We denote by U(t, s), (t,s) € A ={(t,s) € [a,b] X [a,b] : a <s<t<b},
the evolution system generated by {A(t) }iejo,y (see [9] for details). It is well

known that \
U, s)|| < ela 14O for all (¢, 5) € A. (4)

Moreover, the map M — U(b,a) is invertible if and only if, for any f €
L'([a,b], E) the b.v.p.

¥ =A(t)x + f(t), fora.a. t€ |a,b],

z(b) = Mx(a)

is uniquely solvable and, in this case, its solution can be written as follows

L t
z(t) =U(t,a)(M —U(b,a)) / U(b,s)f(s) d8+/ U(t,s)f(s)ds (5)

(see e.g. [2, Lemma 5.1], where the result is proved assuming the invertibility
of M, but indeed this condition is not necessary).

We denote by « the Hausdorff measure of non-compactness (m.n.c.) on

E. 1t is well known that, if V : E' — E is a Lipschitz function of constant L
and ) C E, then

V() < Ly (9). (6)

Let {fu}n C L'([a,b], E). If there exist v, ¢ € L'[a, b] such that || f,(¢)|| < v(t)
and Y({f.(t)}n) < ¢(t) for a.a. t € [a,b] and n € N, then

’y({ / ’ fn(t)dt}n> < / ’ c(t)dt. (7)

For any subset 2 of E and ¢ > 0 it follows that (see e.g. [2])

(U 2 =09 (8)

A€[0,6]

In a space of continuous functions, an important example of monotone and
non-singular m.n.c. is the modulus of equicontinuity:

mod¢a(Q2) = (lslm sup max |z(t;) — z(t2)|.

0 zcQ [t1—t2|<d
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It is easy to see that the modulus of equicontinuity of a set is equal to zero if
and only if the set is equicontinuous. We refer to [8] for a wide presentation
of the theory of m.n.c.

If X is a subset of E and A is a space of parameters, a family of compact
valued multimaps G : A x X —o F is called condensing with respect to a
m.n.c. [ (shortly §-condensing) if, for every 2 C X that is not relatively
compact, we have

BGA X Q) <B(Q) .

Given the topological spaces X and Y, the multimap F' : X — Y is said
to be quasi-compact if it maps compact sets of X into relatively compact
sets in Y.

Let B be the open unit ball in E. Given ¢ > 0 and H C E bounded,
define B, = H 4+ ¢B and ||H|| = sup||z||. Finally we denote with || - ||; the
xeH

norm in L'([a, ], R).

2 Preliminaries

The technique that we use in order to prove the existence result in Theorem
3.1, consists into associating to the b.v.p. (1) a sequence of approximating
problems. Each one of them is obtained by means of a Scorza-Dragoni type
result for u-Carathéodory multimaps. It is well known that, for a single-
valued map, the measurability in ¢ for every x and the continuity in x for a.a. ¢
implies the almost continuity. This result was extended to set valued function
under the same assumptions (see [8, Theorem 1.3.2.]), but a straightforward
generalizations to the case of upper-semicontinuity is not possible (see, e.g.,
[8, Example 1.3.1.]). So, we introduce the following notion.

Definition 2.1 An u-Carathéodory map F : [a,b] X E — E is said to have
the Scorza-Dragoni property if there exists a multivalued mapping Fy : [a, b] X
E — EU{0} with compact, convex values having the following properties:

(i) Fo(t,xz) C F(t,x), for all (t,x) € [a,b] X E;

(i1) if u,v : [a,b] — E are measurable functions with v(t) € F(t,u(t)) a.e.
on la,bl], then v(t) € Fy(t,u(t)) a.e. on [a,b];

(111) for everye > 0 there ezists a closed I. C [a,b] such that 7([a,b]\ 1) < ¢,
Fo(t,x) # 0 when (t,z) € I. x E and Fy is u.s.c. on I. X E.
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Trivially, every almost-usc multimap (see [6, Definition 3.3]) has the Scorza-
Dragoni property. Notice that, if E is separable, an u-Carathédory map is
almost-usc if and only if it is globally measurable (see [11, Theorems 1 and 2]).
Moreover, if E is separable, every quasi-compact u-Carathédory multimap
has the Scorza-Dragoni property (see [5, Theorem 1], see also [10, Thoerem
1] and [8, Theorem 1.1.12] ). We remark that (see [5]) an u-Carathédory map
F is quasi-compact if there exists g € L'([a, b],R) such that for any bounded
QC Eandt € [a,b]

lim y(F((t = h,t+h) N [a,b], Q) < g(£)7(). (9)

h—0+t
Hence the following theorem holds.

Theorem 2.1 Let E be a separable Banach space and F : [a,b] x E — E be
an u-Carathéodory map. If F' is globally measurable or quasi-compact, then
F' has the Scorza-Dragoni property.

We prove now the existence of a function with the necessary properties
needed in order to construct a sequence of problems which approximate (1).

Theorem 2.2 Let E be a Banach space and K C E be nonempty, open,
bounded, convexr and such that 0 € K. Assume that V : E — R is Fréchet
differentiable with V' Lipschitzian in B, for some e > 0, and

(Vl) VL@KE O,’
(V2) VIg<0;
(V3) |V >0 forall x € OK, where § > 0 is given.

Then there exists a bounded Lipschitzian function ¢ : B5, — E such that
Vi(o(x)) =1 for every x € By

Proof.  The proof splits into three steps.

STEP 1. V)(y —z) < 0 for every x € 0K,y € K. Given z € 0K, let us
suppose that there exists yo € K such that V/(yo — ) > 0. Then one of the
following three conditions holds:

1) Iye K:V)(y—x) > 0.
2) Vl(y—=x)=0forall y e K.

3) Vi(y—x) <0 for all y € K and there exist y1,y2 € K : V) (y1 —x) =0
and V/(ys —x) < 0.
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Assume 1). The _convexity of K and the linearity of V! imply that z, =
(1 =Nzx+ Ay € K and V/(2y —x) = A\V)(y — z) > 0 for every A € [0,1].
According to Taylor’s formula and (V1) we then have, for every A € (0, 1],

Vi) _Via) Vi) _ Vilas —2) +olllza — )
[[2x = =] lzx =2 [[2x — |
_Vily—a) ol —all)
ly — ] lzx = 2

Therefore ,

i V) V-

a0t oy =l lly — =]
in contradiction with (V2).
Assume 2). Then V/(y) = V/(z) in K. Since K is open and V] is linear, it
follows that V] = 0, in contradiction with (V3).
Finally assume 3). For A € R put wy = (1 — A)y; + Aye. Since K is open
and y; € K, there is r > 0 such that y; + rB C K. Since wy = y;, there
exists A > 0 such that |Jwy — || < r, i.e. wy € K, for |A\| < A. Take now
A € (=A,0). Since V/(y; —x) = 0 and V/(y, — ) < 0, according to the
linearity of V] we have that V/(wy — z) = AV)(y, — x) > 0, in contradiction

with 3).
STEP 2. The function x — V](x) is strictly positive and Lipschitzian in
Bf . Since 0 € K then, for every z € 0K, V)(z) = =V(0 —z) > 0.

Moreover, since K is open, there exists r € (0, mf%’d'x”) such that rB C K.
Let p € (0,36r). Given z € OK, since ||V/|| > 0 > 22, there exists w

such that ||w| = 1 and V;(w) > 2. Consider z = rw. Then ||z|| = r and
VI(z) > p. Hence Xy = ‘\?’—8 > 0. Since V)(Agz —z) =0 and V)(y —z) <0

for every y € K, we have that Aoz ¢ K. Hence ||[\oz|| > inf.cox ||z, i.e.
Ao > M > 2. Therefore, for every x € 0K,

Viz) = MVi(2) > 2p. (10)

Denoted by L the Lipschitz constant of V' in B, and fixed y, € 0K, for
every x,y € Bj, it holds

V(@) = Vel < IV = Vyllllzll + [[Vyllllz = y]
< LIBygellllz = yll + (IVy = Vi Il + [V DIl = o
< [LUIOK| +¢) + Llly — woll + [V ][l — vl
< RL([OK] + ) + [IVy, [z = vll
= Lllz =y

Hence the map x — V;(z) is Lipschitizian in Bjj, of Lipschitz constant
L = 2L(||0K|| +¢) + ||V, || and L = L(e) is increasing in e. According to
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(10), we then have V/(z) > 2p — €L for every = € B,. We can then take ¢
sufficiently small to have V] (z) > p for every x € B§,
STEP 3. Deﬁnition and properties of ¢. Let us define now ¢ : By, — E as

() = Vi) Lhen |lo(x)]| < ”aK||+€ and V) (¢(x)) = 1 for every x. Moreover,
fixed yo € OK, for every x,y € BaK

lp(z) — o)l = va V’ )” V’(x)V’(y HxV’( ) —yVi(2)|
< (|V’ W)ll]l + V@) e = yll)
< % (LIIB; K|| + |V’( ) = Vi (o) + [V, (wo)) |z =yl
< & CLIB |l + 1V, (wo)l) [l =y,

which implies that ¢ is Lipschitzian.

Remark 2.1 Notice that the function x — ¢(x)||V]|| is Lipschitizian and
bounded in Bj, .

The following continuation principle was proved in [2, Theorem 3.1] in the
case when the r.h.s. is sublinear in z. It is not difficult to see that the same
result is true under the more general condition (F2).

Theorem 2.3 Consider an u-Carathéodory map P : [a,b] X E — E satisfy-
ing (F2) (with P instead of F') and a subset S of absolutely continuous func-
tions x : [a,b] — E. Let H : [a,b] Xx E x E x [0,1] — E be an u-Carathéodory
map. Assume that, for every bounded Q C E, there exists vg € L'([a,b],R)
such that ||w| < vq(t), for a.a. t € [a,b], every z,y € Q, A € [0,1] and
w € H(t,x,y,\) and let

H(t,c,c,1) C P(t,c), for all (t,c) € [a,b] x E. (11)
Furthermore, assume that

(a) There exists a closed and convex subset Q@ C C([a,b], E), with COQ # 0,
and a closed subset S of S such that the problem

{x’(t) e H(t,x(t),q(t),\), for a.a.t € [a,b],

.TESl

is solvable with a convex set T(q,\) of solutions, for each (q,\) €

Q % [0,1];

(b) T is quasi-compact and [3-condensing with respect to a monotone and
non-singular m.n.c. 8 defined on C([a,bl], E);

EJQTDE, 2011 No. 47, p. 8



() T(Q x{0}) C Q;

(d) The map T'(-, ) has no fized points on the boundary 0Q of Q for every
Ae0,1).

Then the b.v.p.
¥ € P(t,x), fora.a.t € [a,b,
x €S,

has a solution in Q).

3 Existence Result

In this section we show the solvability of the b.v.p. (1). Our proof involves
a sequence of approximating problems that we obtain combining the Scorza-
Dragoni type result in Theorem 2.1 with the result in Theorem 2.2. The
approximating problems are treated by means of the continuation principle
in the form of Theorem 2.3. A standard limit argument is then applied to
complete the proof. Strict transversality conditions are assumed.

Theorem 3.1 Consider the b.v.p. (1) under assumptions (A), (F1), (F2)
and (M) and suppose that F' has the Scorza-Dragoni property. Let us assume
the following hypotheses:

(i) (M —U(b,a)) is invertible;

(ii) there exists g € L'([a,b],R) such that v(F(t,Q)) < g(t)y(Q) for any
bounded Q C E and a.a. t € [a,b] and

b b
lglly (e 14OT (0L — U, a)) | 4+ 1) 1401 <1, (12)

(i1i) there exist a nonempty, open, bounded, convex set K C E, such that 0 €
K and MOK C 0K, positive constants 6, and a Fréchet differentiable
function V : E — R with V' Lipschitzian in Bg,., satisfying (V1)-
(V2)-(V3) as well as

(V4) VI(A(t)x + Mw) <0 for a.a. t € (a,b] and for every x € OK, X €
(0,1) and w € F(t, z).

Then (1) has at least a solution x with x(t) € K for allt € [a,b].
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Proof The proof splits into three steps
STEP 1. Introduction of a sequence of approximating pr’oblems. According
to Urisohn lemma, there exists a continuous function p : E — [0,1] such

that u =0 on E\ By, and g =1 on B . Theorem 2.2 then implies that
gb : F — R defined by

g?)(l‘) _ { M('r)(b(x)HV:lg” T < ?EK (13)

0 otherwise

is well-defined, continuous and bounded on all E. Since (t,x) — A(t)z is
a Carathéodory map on [a,b] x E, it is also almost continuous. Hence the
multimap (¢, ) — A(t)x + F(t, z) has the Scorza-Dragoni property (cfr. e.g.
Theorem 2.1). We can then find a decreasing sequence {.J,,}, of sets and a
multimap Fy : [a,b] x E — E such that, for each m € N,

o J, Cla,b] and 7(J5,) < =

e [a,b]\ J,, is closed;

o (t,x) — A(t)x + Fo(t,x) — ’%’”/”d’m is u.s.c. on [a,b] \ J,, X E.
Put J = N°_;J,,. We remark that 7(J) = 0, Fy(¢t,z) # ) whenever t & J
and the multimap (¢, z) — A(t)x + Fo(t,x) is u.s.c. on [a,b] \ J x E. Let

p(0) = A (10K 1 + 5 )+ vygelt) +1 (1)

with v .2 € L*([a,b],R) obtained by condition (F2). For each m € N, we
OK

define the nonempty, compact, convex valued multimap

[ Rt - <>[me§>+%]<> (o) € [0, ]\ J x E
Fnlts ) = { 2(0) e () + L] () (o) € J x E

and introduce the b.v.p.

2 (t) € A(t)x(t) + Fn(t, z(t)), for a.a. ¢ € [a, b]
(Pn)
x(b) = Mx(a).

STEP 2. Solvability of problems (P,,). Fix m € N. Since Fj is globally u.s.c.
in ([a,b] \ J)x E, hence F,,(+, z) is measurable, for each x € F, and according
to the continuity of ¢, F,(t,-) is ws.c. for all t € [a,b] \ J. Consequently
F,, satisfies (F1). Take Q@ C E bounded. According to (F2), there exists
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J C [a,b], with 7(J) = 0, such that when ¢ € [a,b]\ (JUJ) and y € F,,(t, ),
since y = yo — p(t) [x ( )+ =] ¢(x) for some yo € Fy(t, ), we have that

Iyl < va(t) + 2p(t) max I6()]l-

Hence F,, satisfies condition (F2). Now we prove that, whenever m is suffi-
ciently large, all the assumptions, from (a) to (d), of Theorem 2.3 are satis-

fied.
Property (a). Introduce the nonempty, compact, convex valued multimap

AFy(t,y) — (t) (D) + 2] 0(y), (9, A) € ([0, 8]\ J) x E x [0,1]
Cmltr9,2) = { —p(t) [X2,. (£) + ] D(y), (t,y,\) € J x Ex[0,1]

which is clearly u-Caratheodory and trivially A(t)x+G,, (¢, y, ) satisfies (11).
Consider the closed set Q = C([a,b], K). Since K is convex and open, with
0 € K, we have that also ) is convex and it has a nonempty interior. Define
the multivalued map 7,,(g, A) which associates to each (¢, ) € @ x [0, 1] the
set of all solutions of the problem

{ :c’(t)_e At)x(t) + Gt q(t), N), for a.a. t € [a, b] (15)

z(b) = Mx(a).
Since (15) is a linear problem, then T, is a well-defined, convex valued mul-
timap on @ x [0, 1], so (a) is satisfied.
Property (b). Given {g,}, C Q and {\,}, C [0,1], let {z,}, be such that
Tn € Ti(qn, \n) for all n. According to condition (i) and (5), there exists
{kn}n C LY([a,b], E), with k,(t) € Fy(t, gn(t)) for a.a. t € [a,b] and every n,
such that

xn(t) = U(t,a) (M — U(b, a))_l/ U(b, s) fn(s) d8+/ Ul(t,s)fn(s)ds (16)

where where fn(t) = )‘nkn(t) - p(t) [XJm (t) + %] QE(Qn(t)) Put
D= (eff 14Ot |10 — U(b, a)] Y| + 1) eJo NAwI e

Condition (F2) implies that,

lzn ()] < D [H%Hl + 2lpll1 max. ||¢§($)||] , forallte€lab],neN,
TEBY
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implying that {x,}, is equibounded. For each t € [a, b], the properties of the
Hausdorff m.n.c. yield

T({falt)}a) < GAk<H)+p®(mAw+i)vGﬂ%@Dh)g
¥ (Unepoa{Men(t) }n) +
p(0) () + 2) 7 ({Blan@DIVy, |+ anl) € Bii}) =

wwwm>mmmw>g)cmawmm:mwdﬂw.
Therefore, according to condition (ii),

YOk <907 {a(0)})
2(8) (0 () + ) 7 ({60an)IVy ol an(t) € B}

for a.a. t € [a,b]. Since the function x — ¢(x)||V/|| is Lipschitzian on Bj,
of some Lipschitz constant L > 0 (see Remark 2.1), (6) finally implies that

vy {fa®}a) < (9() + Lp) (xs,, (8) + 7)) 7 {aa(t) }0) )

o)) sup v ({gn(t)}n)

t€la,b]

IA
s
—
N
b‘
)
=
<
3
—~
N
—+

for a.a. t € [a,b]. According to (F2), (4) and (7) we have that

b
7 ({za(t)}a) < D sup v({qn(t)}n)/ [9(s) + L(xs,.(5) + %)p(S)] ds (18)

tela,b]

If we assume in addition that ¢, — ¢ in C([a,b], K) and A\, — X as n — o0,
we obtain that v ({¢.(t)}») = 0 and (18) implies that v ({z,(t)},) = 0.
Hence {z,(t)}, is relatively compact for each ¢ € [a,b]. Moreover, since
{z}n is an equibounded set of solutions of (15), it is not difficult to show that
{z! }, is equibounded in L'([a,b], F). Consequently, according to a classical
convergence result (see e.g. [1, Lemma 1.30]), there exist x € C([a, b], F) with
2'(t) defined for a.a. t and a subsequence, denoted again as the sequence,
such that x, — z in C([a,b],E) and z/, — 2’ weakly in L'([a,b], F) as
n — 0o0. A classical closure theorem (see e.g. [8, Lemma 5.1.1]) then implies
that = € T,,,(¢, \) hence T, is quasi-compact.

Now we show that T, is also #-condensing with respect to the monotone
and non-singular m.n.c.

mm:nm(wwmmnmm%wmﬂ,

{Qn}ncg te[a b]
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where the ordering is induced by the positive cone in R? (see [8, Example
2.1.4]). Indeed, let Q C @ be such that 5 (7,,(Q x [0,1])) > B(€Q2) and take
Ty € Th(qn, M) satisfying

B({zntn) = B8 (Tn(Q % [0,1])) > B(Q2) > B({gn}n) -

According to (18), we obtain that
sup 7 ({gn(t)}n) < sup v ({2n(t)}n)
tela,b] tela,b]
< D (gl + (el + H1p10)E) sup 7 ({an(0)}).

t€la,b]

Condition (12) and the definition of D then implies the contradictory
conclusion

sup ¥ ({gn(t)}n) < sup v ({gu(t)}n),

te(a,b] tela,b]

whenever m is sufficiently large. Hence T}, is $-condensing.
Property (c). The set T,,(q,0), for each ¢ € @, coincides with the unique
solution x,, of the linear system

/(1) = Az (t) = p(t) (X, (8) + 5)0(t) T € [a,0] (19)
x(b) = Mxz(a)

Condition (i) and (5) then implies that, for all ¢ € [a, b,

b t
T (t) = U(t,a) (M — U(b,a))”" / U(b, )m(s) ds + / U(t,s)pm(s) ds

with ¢, (t) = —p(t) (x,, (1) + %)(}Aﬁ(t) We also have that

4 Pl
lonll < max 6] (Il + 122 )

B

According to condition (4), it implies that

i : ol
I ()] < D max [6()] (leluum) 1 el
z€BY m

for all ¢ € [a,b]. Let r > 0 be such that 7B C K; if we assume a sufficiently
large m, we have that ||x,,(t)|| < r for all ¢ € [a,b], implying that T,,(Q X

{0}) C 52 Hence condition (c) is satisfied.
Property (d).  Since we already showed that T,,(-,0) has no fixed points
on 0Q), it remains to prove this property for T,,(-,\) with A € (0,1). We
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reason by a contradiction and assume the existence of A € (0, 1), ¢ € 0Q) and
to € [a,b] such that ¢ € T,,(¢,A) and ¢(to) € OK. Since, when ¢(a) € 0K,
it follows that ¢(b) = Mq(a) € MOK C 0K, we can assume, with no loss of
generality, that ty € (a,b]. Hence there is h > 0 such that ¢(t) € Bg/[? for all
t € [to — h, to]. Moreover, according to the continuity of t — ||V || in [a, 0]
and (V3), with no loss of generality, we can assume that ||V, | = ¢/2 in
[to — h,to]. Since J,, is open in [a, b], if in addition ¢y € J,,, we can take h in
such a way that [tg — h,ty] C J,,,. Since 7(J) = 0, with no loss of generality,
we can assume the existence of gy € L'([a,b], E) with go(t) € Fo(t,q(t)) for
a.a. t € [a,b] such that ¢'(t) = A(t)q(t) + Ago(t) — p(t) (X (t) + ) e(a(t))
for a.a. t € [a,b]. Consequently, conditions (V1)-(V2) imply that

0 < =Viglto—h) = [;", Vi (@) A

m,ﬂqt(A<><>+A%<> D0 (t) + 5a¢<u»)dt

=hwmmmﬁq<Am<>+ma» p(B)(1+ 1)V l] dt
i (Vi (A®a(0) + Ago(t) - "0 | ay

|

(t

)di
p(

< Sio e Wil (TADUUOKI + 5) + vyere(t) = p(t)) at
OV, lpa()
S [vqf(t (A(t)q(t)+)\go ECIAAED )] dt.

Therefore, denoted

g
Am:/ \V4 At OK| + = + v e0(t) —p(t dt,
Wl (JA@ICOKT + )+ vyat0) - 10)

r- [ vaw(A@ma>+Amxw ()”q@”¢”@”>]cn
[to—h,to)\Im

m
it holds Ty, +A,, > 0. Since ty € J,,, implies [to—h, to]\ J,, = 0 and, according
o (14), A,, < 0, it is clear that ¢y &€ J,,. The assumption ¢(ty) € 0K,
condition (V4) and the positivity of p(t) on all [a, b] then imply that

Vl
Vq(to) (A(to)Q(to) + Awy — ool (tgz)WQ(tO))) <

< -

PV, || 5p(t0)
2m -

<0

for all wg € F(to,q(tp)) and since F' is compact valued and the operator
V! | E — Ris continuous, we can find ¢ > 0 satisfying

Q(t z
p(tO)H‘/q/(to)” <2<t0>) < =20
m ’

Vitto) <A(to)9(to) + Awg —
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for all wy € F(to, q(to)). In [a, b]\ J,, the multimap ¢ — A(t)q(t)+AFo(t, q(t))—
POV, gy l6(a(®))

m

is u.s.c.; therefore
O :fa,b]\ J, —R,
vl
t o {Vyy (AWa(t) + o - PRI € Ryt (1))}

is u.s.c. When h is sufficiently small, we have then ®(¢) C (—o0, —c] implying
Vi (ADa(t) + Ago(t) - M) < 0 on all [to— h, to]\ Jm. Recalling
(14) we then obtain 0 <T', + A,, < 0, a contradiction.

Since every problem (P,,), with m sufficiently large, satisfies all the assump-
tions of Theorem 2.3, it has a solution m,, such that x,,(t) € K for all
t € [a,b].

STEP 3. Conclusions. There exists {fmn}m C L'([a,b], E) with f,(t) €
Fy(t,wm(t)) for a.a. t € [a,b] such that, when putting hn,(t) = fin(t) —
p(t) (X () + =) (2, (t)), we obtain

z (t) = At) 2 (t) + hn (), for a.a. t € [a,b] (20)

m

and
Tm(t) =U(t,a) (M —=U(b f U(b, s)hm(s)ds
N RUCEME )ds
If t € J there is my, depending on t, satisfying ¢ & J,,, for all m > mq and
according to (ii) we have that

T (@) < 9@ {on®hn)
7 ({0 O () + 2)d(@m(®) : m = 1,2, mo} U {0})

< g(t)til[%v {zm ) }m)

(21)

(22
with supye(, 5 Y({Zm(t)}m) < +oo for the boundedness of K. The sequence
{hum }m is integrably bounded; indeed z,,(t) € K for all t € [a,b] and m € N
and this yields

Ihan(®)] < velt) + 20(t) sup_[[$(2)], for aa. ¢ € [a,b].

TE€EBG
Consequently, since 7(J) = 0, from (7) and (21) we have that

Y ({zm()}m) < D sup v ({2 (6)}m) 9]l

tela,b]
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According to (12) and the definition of D, we then obtain that 5y ({2, (£) }m) =
0, implying the relative compactness of {z,,(t)},, and from (22) also of
{hm(t)} for a.a. t € [a,b]. Moreover it follows that condition (20) implies

27 (0] < TADOIE ] + vie(t) + 2p() sup o)

B

and {z! (t)}., is relatively compact for a.a. t € [a,b] and all m € N. Accord-
ing to a classical compactness result (see e.g. [1, Lemma 1.30]) there is = €
C([a,b], E) with 2" defined for a.a. ¢ and a subsequence of {z,, },,, again de-
noted as the sequence, such that x,, — x in C([a,b], F) and !, — 2’ weakly
in L'([a, b], ). Since p(t)(x s, (t) + %)(}Aﬁ(l’m(t)) — 0, as m — oo, for a.a. t,
we have that also 2, + p(t)(xs,(t) + L)¢(v,) — 2’ weakly in L'([a, 0], E)
and since @, (t) + p(t) (X, (1) + 2)p(xm(t)) € At)Tm(t) + Folt, zm(t)) for
a.a. t € [a,b], we can apply a classical closure theorem (see e.g. [8, Lemma
5.1.1]) to have that z is a solution of (1) with z(¢) € K for all t € [a, b] and
the proof is complete.

Remark 3.1 Notice that condition (9) implies the y— regularity of F' required
in assumption (ii) of Theorem 3.1.

The following example deals with an anti-periodic problem in R. Thanks
to its very simple nature we are able to complete all its computations. We
show, in particular, the existence of a unique solution in the interval (—1,1).
This solution can not be detected either by means of any result in [2] or
by [4, Theorem 3.4]. Indeed, the nonlinearity is not globally u.s.c. and the
required transversality fails to be satisfied here. Instead, according to the
very general transversality condition (V4), the solution can be obtained by
means of Theorem 3.1. The example hence motivates our analysis.

Example 3.1 Consider the antiperiodic value problem

{af’ =a()Vle =1, te0.1] (23)

where o € L([0,1]) satisfies a(t) > 0 for a.a. t and ||a|, < 2v/2. Problem
(23) can be rewritten as (1) with E =R, A=0,F(t,z) = a(t)\/|r — 1| and
M = —1. Definey(t) = fota(s)ds. Gwenc € R, we putt. = 1ifc < —1al;,
te equal to the unique solution of the equation 3vy(t)+c=0if —3|afi <c <0
andt. =0 ifc > 0. It is then easy to prove that all strictly increasing solutions
of the equation in (23) belong to the family of functions x. : R — R defined as
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zo(t) = 1—[37(t)+c? if t <t and z.(t) = 1+ [37(t) +c]? if t > t., for some
c € R. Consider the nonempty, open, bounded, convex and symmetric with
respect to the origin subset K = (—1,1) of R. Then K is neither positively nor
negatively invariant for the equation in (23). In fact, for —3||al < ¢ <0,z
satisfies ©.(0) € K and z.(1) ¢ K, while if —3|lafi — V2 < ¢ < —V2,z.
satisfies x.(0) ¢ K and x.(1) € K. It is easy to see that problem (23) has
a unique solution which is the function za(t) = 1 — [3y(t) + ¢J?, with ¢ =

_lolht/ 167 el W, and z:(t) € K for all t. We remark that it is possible to
detect xz by means of Theorem 3.1. In fact, the evolution operator associated
to A is U = I, hence condition (i) holds. Moreover F' is a Carathéodory
single valued map, thus it is almost continuous and satisfies (i1) with g = 0.
Consider the function V(z) = |z|?> — 1. Trivially V' is Lipschitzian in R
and (V1)-(V2)-(V3) hold for § = 1. Finally, according to the positivity of
a almost everywhere, VI(AF(t,z)) < 0 for a.a. t, every x = £1 € 0K and
A € (0,1). On the other hand, it is not possible to apply [2, Theorem 5.2]
to the same aim, since the transversality required there implies the positive
invariance of K, which is not satisfied here. The transversality condition
in [4, Theorem 3.4] is strictly localized on OK, but it is not satisifed here
as well. In order to apply such result, in fact, we would need to show that
VI(AF(t,1)) < 0 for all X € (0,1) and a.a. t € [0,1]. This is not possible
since every C'— function V : R — R satisfies V{(AF(t,1)) = 0 for a.a. t
and X € (0,1).
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