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Efficiency and Stability of
Hypergraph SAT Algorithms

DANIELE PRETOLANI

ABSTRACT. We discuss some topics related to the practical efficiency of
exact methods for satisfiability. We use directed hypergraphs as an al-
gorithmic and modeling tool; in particular, we propose a new relaxation
technique, based on a hypergraph depth first search procedure. We dis-
cuss our computational experience, comparing the suitability of different
approaches for various classes of instances,

1. Introduction

In the last years, a growing interest on efficient methods for solving hard
satisfiability problems led to the design of many different algorithms, as well as
to the implementation of faster and faster codes. There seems to be empirical
evidence [4] that the most efficient SAT solvers are specialized versions of a simple
branch and bound schema, usually referred to as the Davis-Puinam-Loveland
algorithm (DPL). The efficiency of these methods relies on carefully designed
data structures, as well as on simple and effective branching rules. These two
aspects are related, since the data structures representing the formula are often
chosen according to the implementation of the branching rule.

Specialized DPL algorithms proved to be efficient for randomly generated
problems; on the other hand, they show a pathological behaviour on some more
structured instances [10, 20]. It is not clear if these algorithms can be optimal
for a wider range of problems, e.g. those arising from boolean functions analysis
or circuit theory. Many attempts have been made to improve the performance
of DPL algorithms, either by further refining the branching rules, or by adding
other components, such as pruning methods or local search. Even though some
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2 D. PRETOLANI

of these attempts were successful in some cases, they do not increase efficiency
for all classes of instances.

Therefore, we are faced with a stabilily issue. In practice, the efficiency of
an algorithmic method may be unpredictably affected by the characteristics of
the input, resulting in disappointingly poor performances, or unexpected good
ones. The analysis of these phenomena may be relevant for two reasons: it can
shed light on the properties of the algorithms (see [12] for a discussion of the
theoretical relevance of empirical results) and it can provide some guidelines for
the development of further algorithms.

In this paper, we propose some methods to improve the efficiency of SAT
algorithms, and we make a first attempt to investigate their stability. We use
directed hypergraphs [9] as a model for the design and implementation of our
algorithms; in particular, we propose a new pruning method, based on a hyper-
graph depth first search technique. We compare our hypergraph implementations
of DPL to the B-reduction method [10, 20], which exploits some basic properties
of directed hypergraphs, and uses a quite different enumeration strategy.

The plan of the paper is as follows. In section 2, we introduce the basic
terminology, while in section 3 we describe our hypergraph algorithms. Com-
putational results are discussed in section 4, and final remarks are reported in
section 5. We assume that the reader is familiar with the basic definitions re-
lated to propositional formulas in Conjunctive Normal Form (CNF) and to the
satisfiability problem.

2. Satisfiability and Hypergraphs

In this section, we introduce our hypergraph language for satisfiability. We
restrict ourselves to the basic definitions used in the paper; see [20] for a more
detailed survey of the relations between hypergraphs and satisfiability. A wider
introduction to directed hypergraphs can be found in [9).

A directed hypergraph (or simply a hypergraph) is a pair H = (V, £) where
V is the set of nodes, and & is the set of hyperarcs. A hyperarc a € £ is a pair
(T(a), H(a)), where T'(a) and H(a), respectively the tail and the head of a, are
disjoint subsets of V.

We write u € a if node u belongs to the tail or to the head of a. We denote
by BS(v) = {a € £ | v € H(a)} and FS(v) = {a € £ | v € T(a)} respectively
the backward star and the forward star of node v.

Let n and m be the number of nodes and hyperarcs in a hypergraph H. Denote
by |a| = |T(a)| + |H(a)| the size of hyperarc a; if |a| = 2 then a is binary. We
define the size of a hypergraph H as follows:

size(H) = Z |a].
a€f

A hyperarc a is a B-arc if |H(a)| < 1; a B-graph is a hypergraph whose
hyperarcs are B-arcs. Given a hyperarc a, a B-reduction ap of a is a B-arc
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obtained by deleting all the nodes in H(a) except one. A B-reduction Hp of
a hypergraph H is the B-graph obtained by replacing each hyperarc in H by
one of its B-reductions. Observe that the number of B-reductions of H can be
exponential in size(H).

A path P, in a hypergraph H is a sequence of nodes and hyperarcs in H:

P, = (1)1 = 8,€1,V2,€2,...,64,Vg41 =t)

where v; € T(e;) and v;41 € H(e;),i=1,...,q. Wesay that ¢ is connected to s
in M if there exists in H a path P,;. A path where s = ¢ is a cycle; a hypergraph
is acyclic if it does not contain cycles.
Consider a B-graph H = (V,€); a B-path Il,; in H is a minimal acyclic

B-graph Hn = (Vi, €n) such that:

- 5, €V CV;

-&n C&;

-u €V, u#s — uisconnected to s in Hy.
Here, minimality is intended with respect to deletion of hyperarcs and nodes.
We say that ¢ is B-connected to s in H if there exists in H a B-path Il,,.

Hypergraphs provide a natural way of representing CNF formulas., We as-
sociate a node with each variable; for each clause C, we define a hyperarc a¢
whose tail and head respectively contain the nodes corresponding to negated and
non-negated variables in C. As an example, a clause:

C=uVuzVugV uy
is represented by the hyperare:

ac = ({Uz,w}, {Ul,%})-

More formally, given a CNF formula ¢ = (P, M), where P and M are the sets
of variables and clauses respectively, we define the hypergraph H, = (V4,&5)
associaled with o as follows:

Vo = P
Eo {ac: C e M}.

Observe that size(H,) is equal to the length of the formula ¢, that is, the total
number of occurrences of variables. From now on, we will identify variables and
nodes; for example, we will say that a node is assigned a value true or false if
the corresponding variable is.

Denote by H(o) the hypergraph obtained from H, by adding two nodes F’
and T, and replacing each empty head (tail) by the set {F} (respectively {T'}).
Clearly, size(H(o)) is linear in the length of . Observe that H(e) and H, are
B-graphs when o is a Horn formula, in which each clause contains at most one
non-negated variable.



4 D. PRETOLANI

The following proposition relates B-paths in B-graphs and satisfiability of
Horn formulas:

PROPOSITION 1. [9] A Horn formula o is satisfiable if and only if H(o) does
not contain a B-path llpp.

Let us say that a B-reduction of H(o) is feasible if it does not contain a B-path
It F; the next proposition relates B-reductions and satisfiability:

ProproSITION 2. [9] A formula o is satisfieble if and only if there ezisis a
feasible B-reduction of H(o).

In practice, Proposition 2 means that a formula ¢ is satisfiable if and only if
there exists a satisfiable Horn formula obtained from ¢ by deleting some ocur-
rences of non-negated variables.

3. Hypergraph SAT Algorithms

We will derive our hypergraph SAT algorithms from a simplified version of
DPL [18]. In practice, we consider a general enumeration schema, where Unit
Resolution is used to simplify a sub-problem P, and a binary branching technique
is adopted: two sub-problems Pr and Pp are generated from P by setting a
branching variable p to true and false, respectively. Two further steps can be
added to the above schema. First, one may try to prove that P is not satisfiable;
this step usually corresponds to solving a relazalion of P, i.e. a problem P, which
is guaranteed to be satisfiable when P is. In addition, one may try to prove that
P is satisfiable, and this can be done by solving a restriction, i.e. a problem Pgr
which is satisfiable only if P is. A formal description of our enumeration schema
follows:

Algorithm DPL
Input:  a CNF formula o,
Output: “yes” if o is satisfiable; “no” otherwise;
Step 0: set Q = {o};
Step 1: if @ = 0 return “no”; otherwise, remove P from @}
Step 2: simplify P by Unit Resolution; if P becomes empty, return “yes”; if a
contradiction arises, go to step 1;
Step 3: solve a relaxation P, of P; if P, is not satisfiable, go to step 1;
Step 4: solve a restriction Pr of P; if Pg is satisfiable, return “yes”;
Step 5: select a branching variable p; set @ = QU {Pr, Pr}; go to step 1.

We assume that the sub-problems are examined in Last In - First Out order,
i.e. DPL generates a binary enumeration treein a depth first fashion. Therefore,
Q is implemented as a stack; when a contradiction arises, in step 2 or 3, DPL
backiracks to the unsolved sub-problem on top of Q. A branching rule specifies
the criteria used to select the branching variable and the sub-problem Pr or Pp
to be solved first.
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The input formula ¢ and each sub-problem will be represented by means of
hypergraphs; this allows for a quite efficient implementation of the basic steps,
i.e. Unit Resolution and backtracking. A linear time hypergraph implementa-
tion of Unit Resolution was given in [10]. In fact, in our implementation, Unit
Resolution and backtracking have a linear branch complezity, that is, the overall
time they spend in all the problems along a branch in the enumeration tree is
linear in size(H,) [20].

We will discuss branching rules and relaxations in the following; although not
used in our algorithms, restrictions will be briefly described to introduce the
B-reduction method.

3.1. Branching Rules. Many different branching rules for DPL have been
proposed in the literature, see e.g. [4, 7, 16]. However, the relations between
the analytical and the empirical properties of these rules are not yet clear, even
if some attempts in this direction have been made [14]. In the following, we
devise two different branching rules by combining various known techniques.

A measure of the impact on the problem of selecting a variable p for branch-
ing can be obtained as a function of the clauses in which p appears. A quite
simple approach consists in considering only the clauses of minimum length: in-
tuitively, these clauses can be considered as more crucial, in particular if they are
binary (recall that the formula does not contain unit clauses when a branching
is performed).

Let H be the hypergraph associated with the current sub-problem. Denote
by FSi(u) and BSk(u) the sets of hyperarcs of size k in F'S(u) and BS(u),
respectively. For each k > 2 define the node weighting function Wy as follows:

Wi(u) = |FSk(u)| + |BSi(u)| + « min{|F S, ()|, |BSk(u)]}-

Let k& be the minimum size of hyperarcs in H; we select for branching the node
with the larger weight Wy. Here, the parameter & = 1.5 is introduced to give
higher priority to a node u if the difference between |FSy(u)| and |BSi(u)| is
small. This is done in order to obtain two subroblems Pr and Pr with sim-
ilar size, and therefore generate a more balanced enumeration tree. A similar
technique has been used e.g. by B6hm and Speckenmeyer [3].

If £ = 2, we solve first the sub-problem in which more unit clauses appear.
Otherwise, we choose the one in which more clauses are deleted. We summarize
the above criteria in the following branching rule:

Branching Rule 1
(i) k:=min{|a| : a € H}; p:=argmax{Wi(u) : u € H};
(i) k> 2: if |BSk(p)| > |FSk(p)| then solve Pp first, else solve Pr first;
k= 2: if |BSk(p)| > |FSk(p)| then solve Pp first, else solve Pp first.

In practice, Rule 1 requires a small amount of computation, even if in the
worst case it takes O(size(M,)) time for each node in the enumeration tree. It is
worth noting that the sets F.S3(u) and BS2(u) can be maintained for each node
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u with an overall O(size(H,)) branch complexity; thus, computation becomes
much faster as soon as binary hyperarcs appear.

We devise a more sophisticated rule using the following techniques. First, we
introduce two static node weights Sp(u) and Sp(u), which give a measure of the
overall relevance of a node. These weights are computed at the beginning of the
algorithm, considering all the non-binary hyperarcs in the original problem:

SB(U) = E Z 2_|a|; SF(U) = ﬁ Z 2—|a|;

K a€BS(u), |a|>2 a€F5(u), la|>2

where:

1
= - 9-lal,
p=r— > |a

a€Aq, |a|>2

These weights are normalized to an expected value Sp(u) 4+ Sp(u) = 8. The
parameter B has been set to 6 in our computational experience.

In addition, we adapt a method proposed by Dubois et al. [7], based on the
following observation: in order to obtain a better evaluation of the relevance of
a node u, one could take into account all the nodes (if any) that are assigned
a value, by Unit Resolution, as a consequence of setting u. In practice, we
partially exploit this idea, that is, we consider only those nodes appearing in
binary hyperarcs together with u. Therefore, we introduce the following node
weights, for each & > 2:

Fe(w) = f)+ > RO+ ) ba(v)
({u} {v})eFS(u) ({u,v},0)EFS(u)
Bi(w) = be(w)+ . O+ D, ba(v);

(0,{u,v})EBS(u) ({r}{u})eBS(v)

where fi(u) = |FSp(u)| + Sr(u) and bi(u) = |BSi(u)| + Sp(u). Finally, we
define a new weighting function:

Wi(u) = Fx(u) + Bi(u) + o min{Fi(u), Bx(u)}.

Our improved branching rule is as follows:

Branching Rule 2
(i) k:=min{|a| : a € H}; p:=argmax{W(u) : u € H};
(ii) k> 2: if Bg(p) > Fi(p) then solve Pr first, else solve Pp first;
k = 2: if Br(p) > Fx(p) then solve Pp first, else solve Pr first.

Observe that, in each node of the enumeration tree where binary clauses
appear, Rule 2 requires an extra O(m) computation with respect to Rule 1.
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3.2, Relaxations. The idea of solving relaxations to improve DPL algo-
rithms has been exploited in different ways. In general, logical inference methods
are used in order to derive a contradiction or assign a value to some variables.

Some algorithms use powerful inference methods, based e.g. on resolution [2]
or cutting plane generation [13]. In practice, these methods turn out to be too
expensive — even though they lead to a significant reduction in the size of the
enumeration tree.

Other relaxations are based on a simple guess and deduce technique. Unit
Resolution is used to derive the consequences of assigning a value to a certain
variable. If a contradiction arises, clearly the variable must be set to the opposite
value. In principle, this method is simple and fast, but requires to be carefully
implemented, in order to limit the time spent in performing Unit Resolution (see
e.g. [7, 8]).

A more sophisticated technique is based on the solution of a binary relazation,
i.e. a 2-SAT instance o3 given by the binary clauses in the current sub-problem.
It is well known that 2-SAT can be solved in linear time; moreover, all the
logical conclusions implied by a 2-SAT instance (such as assignments of values to
variables, or equivalence of variables) can be found in linear expected time [11].
Binary relaxations have been exploited in several different ways (see e.g. [4, 15]).
In general, these techniques have a main drawback, i.e. the number of binary
clauses appearing in the sub-problems may be too small to provide relevant
information.

A hybrid of the above two approaches has been used in the Eztended 2-SAT
Relazation [20], where o3 is solved using a guess and deduce technique, but
applying Unit Resolution to the whole formula.

Here, we propose a different guess and deduce relaxation, where Unit Res-
olution is replaced by a more sophisticated inference method. This method is
based on depth first search in hypergraph [20], and uses a hyperarc shrinking
technique, previously applied to B-graphs to obtain a linear time algorithm for
the Unique Horn Satisfiability problem [19].

Procedure Deduce(u, ), given below, finds the consequences of assigning the
value [ € {{rue, false} to node u. Boolean values are represented by a node label
L, initially set to null for each node. We say that u is visited when Deduce(u,!)
begins, i.e. L{u) is set to {, and remains active until Deduce(u, ) ends.

Given a hyperarc @ and a node u € a, let tvalue(u,a) = true if u € H(a), and
tvalue(u, a) = false if u € T'(a). For each visited node u, the set AD(u) contains
each hyperarc a such that u € a and tvalue(u,a) = ~L(u). Binary hyperarcs in
the sets AD are used to set node labels. If a conflict arises, i.e. if Deduce tries
to assign a label I to a node v such that L(v) = =, then the procedure ends
returning v. Binary hyperarcs are also used to build (in a depth first fashion) a
tree T, defined by the predecessor function P.

For each non-binary hyperarc a we introduce a counter V(a), initially set
to |a|, which is decreased each time a node u such that @ € AD(u) is visited.
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If V(a) = 0, Deduce ends returning root(a), that is, the common ancestor in 7
of the visited nodes in a. If V(a) = 1, and there is a not yet visited node u € a, a
binary shrunken hyperarc ag is added to AD(w), where w = root(a); ag contains
the nodes w and u, with tvalue(w,as) = ~L(w) and tvalue(u, as) = tvalue(u, a).

In the formal description of Deduce, function lasi(a) returns a not yet vis-
ited node in a, if one exists, and null otherwise; function shrink(a) returns the
shrunken hyperarc ag described above.

procedure Deduce(u, )
L(u) :=1;
if | = true
then AD(u) := F'S(u);
else AD(u) := BS(u);
for_each {a € AD(u) : | a|> 2} do
V(a) :=V(a) -1,
if V(a) = 1 and lasi(a) # null
then w:= root(a); AD(w) := AD(w) U shrink(a);
else if V(a) = 0 then return(root(a));
end_for_each;
for_each {a € AD(u) : | a|= 2} do
select v € a,v # u;
if L(v) = null
then P(v) := u; Deduce(v, tvalue(v, a));
else if L(v) # tvalue(v,a) then return(v);
end_for_each;
end_procedure;

In the following, we point out the basic properties of procedure Deduce.
LEMMA 1. The addition of shrunken hyperarcs is correcl.

PROOF. Let ag = shrink(a) be the first shrunken hyperarc added, containing
nodes w = roof(a) and u = lasi(a). It is easy to see that if w is set to L(w) then
each node v € @, v # u, must be set to L(v) # tvalue(v,a); as a consequence,
node u must be set to tvalue(u,a). Therefore, the clause corresponding to ag
is implied by the current formula. Then, the lemma can be easily proved by
induction. O

LEMMA 2. When a hyperarc as = shrink(a) is selected from AD(w) a label
conflict cannot arise.

PRrRoOOF. Let w # u € ag; the property is obvious if u has not yet been
visited when ag is selected. If u has been visited, then a € AD(u), otherwise it
would be V(a) = 0, and the procedure would have terminated returning rooi(a).
Therefore, L(u) = tvalue(u, ag), and no conflict can arise. O
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THEOREM 1. If Deduce returns a node v then v and its ancestors in T must
be set to the value opposite lo their labels.

ProoF. First, observe that shrunken hyperarcs can be used to generate T;
this is correct, as follows from Lemma 1. Suppose that a conflict arises while
considering a binary hyperarc a € AD(u), containing node v. By Lemma 2,
a cannot be a shrunken hyperarc, thus a € AD(v) and node v must be active
when the hyperarc a is considered. It follows that v is an ancestor of u in the
tree T, therefore, setting v to L(v) leads to a contradiction. Suppose now that
for a non-binary hyperarc a it is V(a) = 0 and v = roo#(a): again, setting v to
L(v) leads to a contradiction. The theorem follows immediately from the above
observations. [

Theorem 1 implies that Deduce is an implementation of Unit Resolution.
In practice, within a guess and deduce approach procedure Deduce should be
preferred, since it might allow to set the value of several nodes after each guess.
Moreover, we can take advantage of the following property, which might allow
to assign values even if Deduce does not return a node:

PROPERTY 1. If a node v is assigned the same label L(v) by Deduce(u, false)
and Deduce(u, true) then v must be set to L(v).

In addition, the following property allows us to skip some guesses, avoiding
unnecessary calls to Deduce:

PRrROPERTY 2. If Deduce(u,l) does not relurn a node then, for each node v in
the tree T, Deduce(v, L(v)) does not return a node.

Our relaxation is formally described by algorithm Relax, which takes as input
the hypergraph representing the current sub-problem, and returns “backtrack”
if a contradiction is found by Unit Resolution, which is applied each time Deduce
returns a node.

Algorithm Relax
Input:  a hypergraph H = (V,£);
Outputl:  “backtrack” if a contradiction is detected;
Step 0 Yu € V set B(u) := {true, false}; S :=V;
Step 1 if S = @) then stop; else, remove a node u from S
Step 2 for each ! € B(u) perform the following step:
if Deduce(u, ) returns a node, set values according to Theorem 1, and
go to step 4; otherwise, set B(v) := B(v) \ L(v) for each visited node v;
Step 3 if Deduce(u,!) was performed for each | € {{rue, false}, set values
according to Property 1, and go to step 4; otherwise, go to step 1;
Step 4 apply Unit Resolution; if a contradiction arises, return “backtrack”;
otherwise, delete from S the nodes set to a value, and go to step 1.
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Using proper data structures to implement function rool, procedure Deduce
takes an overall O(size(H,)) time for each built tree (see [19]); this gives an
O(n size(H,)) complexity for algorithm Relax. In the actual implementation of
Deduce, we use a simpler method, which is faster in practice even though its
worst case bound is O(nm + size(H,)).

3.3. Restrictions. Restrictions have been included in SAT algorithms in
different ways. In branch and cut methods the solution of the linear relaxation
is actually used in a restriction step (see e.g. [13]). A heuristic procedure for
searching a solution is proposed in [16]. A different approach is followed in [15],
where tabu search is used before starting enumeration.

The B-reduction method reduces SAT to the search of a feasible B-reduction,
as suggested by Proposition 2. Its basic restriction step consists in the generation
of a B-reduction Hp of the hypergraph H(s); this step is implemented as a
particular visit procedure, which checks the feasibility of Hp while building it.
If Hp is not feasible, a B-path IIpp is selected among those contained in Hp
(see Proposition 1); the (unique) hyperarc a = ({u1,us,...,ux}, {F}) incident
with F in II7p is used in the branching step. The following multiple branching
technique is adopted: k sub-problems Pj,..., Py are generated, in sub-problem
P; one has u; = false and u; = true, Vj < i.

In our computational experience, we used a version of the B-reduction method
which includes the Extended 2-SAT Relaxation. The resulting algorithm, called
BRR, shows a good efficiency, as well as a rather stable behaviour on many
classes of problems [20]. However, it is slower than specialized DPL versions on
random problems [4].

3.4. Implementation Details. We implemented four hypergraph versions
of our enumeration schema. Algorithms H1 and H2 correspond to basic DPL,
not including any relaxation or restriction step; they use branching rules 1 and
2, respectively. Algorithms H1R and H2R are the versions of H1 and H2 that
include algorithm Relax.

In the actual implementation of the relaxation step we introduced some lim-
itations. Indeed, Relax is applied only at a sufficient depth in the enumeration
tree, and guesses are made only for nodes appearing in sufficiently many binary
hyperarcs. Moreover, only hyperarcs of size 2 or 3 are considered by Deduce.

It is worth noting that the same data structures are used for all the versions.
Hypergraphs are represented by means of backward and forward stars; F.S(u)
and BS(u) are implemented as linked lists, whose items represent occurrences
of node u in tails and heads of hyperarcs. A hyperarc is represented as a set of
the above list items. When comparing the results of our DPL algorithms to the
ones of algorithm BRR, it should be remarked that BRR uses a slightly different
representation of hypergraphs (in fact, a less efficient one).
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4, Computational Results

In this section we discuss the results of our computational experience. We
solved several randomly generated problems, as well as some instances with
a special structure, obtained by encoding combinatorial problems in terms of
satisfiability. For each type of problems, we report the average CPU time and
the average number of enumerated nodes; in some cases (i.e. for reasonably large
sample sets) we also report the estimated standard deviation of the observed
results. Times are given in seconds on a SUN SPARCstation 2.

First we consider k-SAT problems, with k € {3,5}; we chose a ratio m/n
close to the crossover point [6], where satisfiable and unsatisfiable instances are
expected to be sufficiently hard and to occur with similar frequency. In table 1
and 2 we report the results for problems of smaller size; standard deviations are
given within parentheses.

[n=200,m=860] H1I | H2 [ HIR [ H2R | BRR |
(10 Yes) | 942 | 6.55 | 871 | 580 | 44.26
time (7.06) | (6.74) | (8.99) | (6.19) | (45.05)

(10 No) | 2872 | 1654 | 2321 | 13.40 | 132.62
(8.35) | (4.00) | (6.85) | (3.30) | (55.21)

(10 Yes) 10,345 | 5,121 | 1,791 | 1,016 | 6,119
nodes (7,985) | (5,430) | (1,888) | (1,112) | (6,200)
(10 No) 31,297 | 13,054 | 5,129 | 2,544 | 18,452
(10,181) | (3,213) | (1,461) | (604) | (7,453)
TABLE 1. 3-SAT problems (easy).

[n=50,m=1058] H1 [ H2 [ HIR | H2R [ BRR |
(10 Yes) | 1276 | 13.32 | 11.03 | 12.07 | 75.20
time (12.86) | (11.92) | (10.50) [ (10.27) | (71.66)

(10 No) [ 37.84 | 41.20 | 37.53 | 35.78 | 233.08
2.77) | (3.10) | (1.61) | (2.03) | (14.56)

(10 Yes) 13,424 | 13,308 | 6,167 | 6,379 [ 9,349
nodes (14,018) | (12,070) | (6,038) | (5,509) | (8,876)
(10 No) 40,086 | 41,228 | 21,165 | 18,971 | 28,815
(3,106) | (3,134) | (922) | (1,082) | (1,546)
TABLE 2. 5-SAT problems (easy).

As one might expect, both Rule 2 and algorithm Relax are less effective when
the length of the clauses increases. Indeed, for 3-SAT, II1 is outperformed by
all other DPL algorithms, and H2R gives the best results. On the contrary,
for 5-SAT, H2 is worse than H1, and the improvements for H1R and H2R are
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almost negligible. Here, an interesting interaction eflect can be pointed out:
Rule 2 gives poor results in H2, but it is worth applying if combined with the
relaxation. Similar effects are also being observed elsewhere, but we do not know
exactly how to explain this phenomenon. Finally, BRR is much slower than DPL
algorithms, even if it enumerates less nodes than H1.

Note that satisfiable and unsatisfiable instances show a quite different distri-
bution. On average, satisfiable instances are easier to solve, but the observed
results (both time and nodes) are spread in a much wider range; indeed, the
standard deviation is greater than the mean in many cases. It must be remarked
that the above behaviour does not seem to be related to some specific algorithm.
In particular, for each subset of instances, the ratio of the standard deviation to
the mean is roughly the same for all the algorithms. We might conclude that
improvements in efficiency do not come at the expense of stability, at least as
long as 3-SAT and 5-SAT problems are considered.

In tables 3 and 4 we consider problems with larger size. The results substan-
tially confirm our previous observations on the relative efficiency of DPL algo-
rithms. It must be remarked that improvements, in particular those obtained by
H2R, are more impressive for problems of larger size.

[n=300,m=1275] H1 [ H2 | HIR | H2R |

time | (5 Yes) 1,361 525 650 | 403
(5 No) 2,492 | 1,076 | 1,759 | 1789

nodes | (5 Yes) | 1,090,935 [ 289,251 | 77,016 | 41,594
(5 No) [1,940,120 | 582,219 | 220,844 | 86,121

TABLE 3. 3-SAT problems (hard).

[n=70,m=1500] HI | H2 | HIR [ H2R |

time | (4 Yes) [ 243 319 162 234
(6No) | 1,218 | 1,387 [ 1,169 | 1,074

nodes | (4 Yes) [199,346 | 245,575 | 68,104 | 90,156
(6 No) [ 998,115 [ 1,051,175 | 464,839 | 408,093

TABLE 4. 5-SAT problems (hard).

Even though we do not expect Rule 2 and Relax to be effective for k-SAT
problems with large k, better results can be obtained when the length of the
clauses is spread in a wider interval, In particular, we considered the case in
which the clause length varies between 3 and 7 with a discrete uniform distribu-
tion. In table 5 we report the results for a set of 10 (reasonably large) instances.
Observe that algorithm H1 is outperformed by the other versions of DPL; in
particular, Rule 2 seems to be quite effective. Even though the average clause
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length is the same as in 5-SAT problems, the improvements are comparable to
the ones obtained for 3-SAT.

[n=150,m=1900] H1 | H2 | HIR | H2R |
time | (5 Yes) 229 99 229 | 102
(5 No) 746 471 | 568 | 421

nodes (5 Yes) 126,833 | 47,891 | 37,858 | 14,062
(5 No) 396,653 | 211,493 | 87,764 | 57,678
TABLE 5. Discrete Uniform Distribution in [3..7].

We consider next two classes of instances encoding inductive inference prob-
lems, where an unknown boolean function must be (approximately) identified
given its results on a set of input samples.

In the parity learning problems [5] the function to identify is the parity of a
suitable (unknown) subset of the input bits. There exists a standard encoding
of these instances, as well as a compressed one, the latter being a more compact
version of the former (e.g. not containing unit clauses). In table 6 we report the
results for a set of five satisfiable instances, in both formats, corresponding to
boolean functions of 16 bits.

| | HI | H2 [ HIR [ H2R | BRR |
standard time | 92,11 |[114.95( 91.01 | 95.27 | 620
nodes | 52,435 | 52,412 4,105 | 3,966 | 29,484

compressed | time | 225.47 | 82.92 | 1,784 | 44.04 | 401

nodes | 169,237 | 53,359 | 50,283 | 4,223 | 30,968
TABLE 6. Parity learning problems.

The results for the two encodings show a quite remarkable difference. For the
standard format, Rule 2 obtains worse results than Rule 1, and Relax does not
lead to significant improvements, even though it enumerates much less nodes. On
the contrary, for compressed problems, Rule 2 is quite effective, while algorithm
H1R is more than 8 times slower than H1; nevertheless, the best results are
obtained by H2R. Again, we can see here a relevant interaction effect. Observe
that BRR is much slower than the other algorithms, and works better on the
compressed format.

The above results show that the efficiency of algorithms can be deeply affected
by the encoding of the input. Clearly, a better knowledge of the structure of
parity learning problems might give an insight of this behaviour.

We consider next the boolean function synthesis problems introduced in [17].
Here, the function to be identified must correspond to a two-level AND/OR logical
circuit, with a fixed maximum number of AND gates. We consider two sets of
problems, corresponding to functions of 16 and 32 bits respectively. Remark that
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H1R and H2R did not solve all the instances, thus we consider only a subset of
15 out of the 17 32-bits problems. Instead, BRR solved both the 32-bits and
the (quite larger) 16-bits problems. Results are reported in table 7; standard
deviations are written within parenthesis.

| 32-bits | m1 | H2 | HIR | H2R |
time | (15 Yes) | 47.61 25.99 1,520 744

(87.01) | (60.80) | (2,581) | (1,708)
nodes | (15 Yes) | 15,466 | 1,778 9,693 1,613
(45,717) | (3,962) | (26,335) | (3,570)

[ 32-Dits | BRR || 16-bits | BRR
time | (17 Yes) 1.75 time | (10 Yes) | 3.01
(1.73) (1.70)
nodes | (17 Yes) 76 nodes | (10 Yes) | 49
(230) (87.12)

TABLE 7. Inductive Inference problems.

For this class of problems, BRR, finds feasible B-reductions quite easily, and
thus greatly outperforms our DPL algorithms. Observe that Rule 2 is effective,
but not enough to close the gap. On the contrary, the relaxation gives quite
poor results; this behaviour can be explained considering the structure of the
input. These instances contain a large amount of binary clauses, and a smaller
amount of much larger clauses. However, only binary clauses of the following
types appear:

z; Vo ozj, zi,z; € X;

z VvV -y, e X, yey;
where X and Y give a partition of the variables. Therefore, the relaxation exam-
ines a large number of binary clauses in almost all the nodes of the enumeration
trees, but can detect contradictions only if further clauses of length 2 or 3 are
generated, and this happens quite deep in the enumeration tree. Indeed, Deduce
returns nodes in less than 1/1000 of the cases, and almost always only one node
is assigned a value.

In table 8 we consider some 3-SAT problems in the class defined by Urquhart
[21]; these instances encode a particular graph coloring problem with parity
constraints. We solved a set of 5 unsatisfiable instances, obtained from the same
graph of 40 nodes introducing different parity constraints; here, we have n = 60
and m = 160. For these problems, our DPL algorithms show a deterministic
and rather pathological behaviour. In each instance, both H1 and H2 enumerate
exactly 222 — 1 nodes; this number reduces to 22® —1 when the relaxation is used,
but execution times increase. Algorithm BRR shows an opposite behaviour: it is
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faster than DPL algorithms for all instances except one, where it is about twice
slower. Nevertheless, it obtains the best average results.

| | H1 | H2 | HIR | H2R | BRR |
time 264 308 283 308 234

nodes | 4,194,303 | 4,194,303 | 1,048,575 | 1,048,575 | 392,040
TABLE 8. Urquhart’s 3-SAT problems.

In table 9 we considered some examples of AIM problems [1]. Even though
they do not show the same deterministic behaviour as above, our DPL algorithms
are much slower than BRR. Note that Rule 2 is useful, at least for unsatisfiable
instances, while the relaxation gives worse results.

| | HI | H2 | HIR | H2R | BRR |

time | (4 Yes) | 3.57 4.62 4.17 4.88 2.62

(4 No) | 904.77 598.04 | 1,106.85 | 680.54 | 46.45

nodes | (4 Yes) | 38,550 45,628 26,009 | 33,916 | 2,616

(4 No) | 13,433,872 | 6,307,424 | 11,425,563 | 5,169,668 | 51,208
TaBLE 9. AIM problems.

Admittedly, Urquhart’s and AIM problems have a quite artificial structure,
thus the obtained results should be taken with a grain of salt. Nevertheless, a
careful analysis of these problems might give an insight of the actual behaviour
of algorithms, possibly pointing out some of their weaknesses.

Finally, in table 10 we report some statistics describing the behaviour of the
relaxation within algorithm H2R. The first row (rafe) gives the rate of success
of procedure Deduce, that is, the percentage of trees in which some nodes to be
set where found. The second row (size) gives the average number of nodes that
are set to a value in case of success. In table 10, we denote by DUD and U40
the problems in tables 5 and 8, respectively.

3-SAT 5-SAT DUD parity U40 | AIM
easy hard | easy hard unc. comp.

rate | 19.05 | 13.31 ] 69.33 | 58.74 | 23.94 | 2.31 | 9.47 | 22.32 | 59.68
size | 2.46 | 2.63 | 1.67 | 1.81 | 2.20 | 6.7 | 7.13 | 1.00 | 1.36
TaBLE 10. Algorithm Relax.

The results obtained on parity problems are quite impressive, and shed light
on the different behaviour of H2R, for compressed and uncompressed format.
Note also that size was equal to 1 for all Urquhart’s problems, in accordance
with the deterministic behaviour of DPL algorithms for this class. For 5-SAT
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problems, the high value of rate may be due to the fact that Deduce is used quite
seldom, and rather deep in the enumeration tree.

In general, we may argue that a high rate of success not necessarily corre-
sponds to an improvement in the efficiency; the best results are obtained when
both rate and size are sufficiently high.

5. Conclusions and future work

Even though our computational experience is necessarily limited, there seems
to be enough evidence for some general remarks.

A first observation concerns the stability of DPL algorithms. On one side, our
experience confirms the relevance of branching rules, and the necessity of further
investigations on this topic. On the other side, DPL methods with sophisticated
branching rules do not seem to be always optimal; as soon as the structure of the
instances becomes more deterministic, a different enumerative approach can give
better results. This may provide some guidelines for a further development of
algorithms. For example, the results obtained for the boolean function synthesis
problems may suggest a combination of deferministic local search and specialized
enumeration strategies.

We can derive some general guidelines also for our relaxation technique: good
results can be obtained when instances contain a sufficient percentage of small
clauses with a sufficiently random distribution. We may argue that our relax-
ation works fine when also DPL does: it can take advantage of a sophisticated
branching rule, but it does not help when the DPL approach is not suitable. Nev-
ertheless, some of the results are encouraging; we conclude that our relaxation
may become a useful algoritmic tool, at least for some classes of problems.

Clearly, our methods can be extended and improved. For example, procedure
Deduce can be easily modified in order to find sets of variables that must take the
same value (a formal analysis of some related techniques can be found in [20]).
In addition, it is possible to add the shrunken hyperarcs generated by Deduce
to the current hypergraph, thus obtaining a tighter representation. Clearly, the
above extensions require a careful analysis of data structures and implementation
details. In conclusion, hypergraph methods for SAT may represent a challenging
topic for future theoretical and practical developments.
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Second DIMACS Challenge
Satisfiability Benchmark Results

GENERAL INFORMATION
Author: Daniele Pretolani
Title: Efficiency and Stability of Hypergraph SAT Algorithms.

Name of Algorithm: H2ZR
Brief Description of Algorithm:
Complete; DPL method with pruning procedure.

Name of Algorithm: BRR
Brief Description of Algorithm:
Complete; B-Reduction method with pruning procedure.

Type of Machine: SUN SPARCstation 2
Compiler and flags used: cc

MACHINE BENCHMARKS

User time for instances:

r100.5 r200.5 1r300.5 1r400.5 1rbE00.5
0.20 5.53 48.19  297.45 1138.35

ALGORITHM BENCHMARKS

Authors’ Comments:

Algorithm BRR reads input from strings, as described in [4]. The time needed
to translate the input file into a string is not included in the reported times. In
some cases (e.g. for problems ii32zz) translating the file took more time than
solving the instance.
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Results on Benchmark Instances: Algorithm H2R

Time
Name Runs (Fail) | Min Avg (Std. Dev.) Max | Result
aim-100-2_0-no-1 0.06667 NO
aim-100-2_0-no-2 567.717 NO
aim-100-2_0-no-3 1663.63 NO
aim-100-2_0-no-4 513.767 NO
aim-100-2_0-yesi-1 1.78333 YES
aim-100-2_0-yes1-2 491667 YES
aim-100-2.0-yes1-3 12.6833 YES
aim-100-2_0-yesi-4 0.03333 YES
bf0432-007.cnf 43.4167 NO
bf2670-001.cnf 54.4833 NO
dubois20.cnf 375.100 NO
dubois21.cnf 768.133 NO
£400.cnf 5727.32 YES
£800.cnf DNR
£1600.cnf DNR
£3200.cnf DNR
£6400.cnf DNR
g1256.17.cnf DNR
g126.18.cnf DNR
g260.16.cnf DNR
g260.29.cnf DNR
ii32b3.cnf 1064.9 YES
ii32c3.cnt 313.53 YES
ii32d3.cnf DNR
ii32e3.cnf 84.383 YES
parié-2-c.cnf 48.06 YES
parié-4-c.cnf 115.93 YES
par32-2-c.cnf DNR
par32-4-c.cnf DNR
par8-2-c.cnf 0.0833 YES
par8-4-c.cnf 0.0833 YES
pret150_25.cnf DNR
pret160_75.cnf DNR
pret60.25.cnf 310.53 NO
pret60.76.cnf 309.65 NO
$520432-003.cnf 0.833 NO
5s5a2670-141.cnf DNR
ssa7552-038.cnf 3.367 YES
ssa7552-168.cnf 2.283 YES
ssa7552-159.cnf 2.683 YES
ssa7652-160.cnf 2.800 YES
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Results on Benchmark Instances: Algorithm BRR

Time
Name Runs (Fail) | Min Avg (Std. Dev.) Max | Result
aim-100-2_0-no-1 76.45 NO
aim-100-2_0-no-2 7.5 NO
aim-100-2_0-no-3 38.73 NO
aim-100-2_0-no-4 63.18 NO
aim-100-2_0-yesi-1 3.817 YES
aim-100-2_0-yes1-2 5.617 YES
aim-100-2_0-yesi-3 1.033 YES
aim-100-2_0-yesi-4 0.033 YES
bf0432-007.cnf 518.317 NO
bf2670-001.cnf DNR
dubois20,cnt 667.95 NO
dubois21.cnf 1314.7 NO
£400.cnf DNR
£800.cnf DNR
£1600.cnf DNR
£3200.cnf DNR
£6400.cnf DNR
g126.17.cnf DNR
gl126.18.cnf DNR
g260.15.cnf DNR
g250.29.cnf DNR
ii32b3.cnf 1.150 YES
ii32c3.cnf 4.767 YES
ii32d3.cnf 2.983 YES
ii32e3.cnf 0.8 YES
pari6-2-c.cnf 338.233 YES
pari6-4-c.cnf 211.883 YES
par32-2-c.cnf DNR
par32-4-c.cnf DNR
par8-2-c.cnf 0.03 YES
par8-4-c.cnf 0.05 YES
pret160.25.cnf DNR
pret150_75.c¢nf DNR
pret60.25.cnf 159.7 NO
pret60.75.cnf 533.3 NO
ssa0432-003,¢cnf 0.85 NO
$8a26870-141.cnf 19881.6 NO
ssa7552-038.cnf 1.55 YES
ssa7562-158.cnf 0.50 YES
ssa7562-159.cnf 0.50 YES
s§sa7662-160.cnf 0.67 YES
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