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Abstract

The main goal of the paper is to prove central limit theorems for the magnetization rescaled
by VN for the Ising model on random graphs with N vertices. Both random quenched and
averaged quenched measures are considered. We work in the uniqueness regime 5 > [, or
B > 0 and B # 0, where f is the inverse temperature, (. is the critical inverse temperature
and B is the external magnetic field. In the random quenched setting our results apply to
general tree-like random graphs (as introduced by Dembo, Montanari and further studied by
Dommers and the first and third author) and our proof follows that of Ellis in Z¢. For the
averaged quenched setting, we specialize to two particular random graph models, namely the
2-regular configuration model and the configuration model with degrees 1 and 2. In these cases
our proofs are based on explicit computations relying on the solution of the one dimensional
Ising models.

1 Introduction and main results

The study of asymptotic results (law of large numbers, central limit theorem, large deviations) is
a subject of prominent interest in probability theory. Ising models on random graphs are ideal
models of dependent random variables in the presence of two sources of randomness. They posses a
dependence structure between Ising random variables, given by the Boltzmann-Gibbs measure, and
an extra level of (spatial) disorder given by the random graph. This is the source of a distinction
between the random quenched measure, the averaged quenched measure and the annealed measure.
In the first two cases the environment given by the random graph is frozen, in the last case the
random environment and the spin variables are treated on the same foot (see Definition 1.4 for a
precise statement and Section 1.6.3 for further comments on different type of fluctuations).

The goal of this paper is to derive asymptotic results for the sum of the spin variables in the
Ising model on random graphs at the level of the law of large numbers (LLN) and of the central
limit theorem (CLT) with respect to the random quenched and averaged quenched measures. We



will restrict to the situation where the model has only one pure state (for the analysis in the low
temperature phase see comments in Section 1.6.5). The central limit theorems in the annealed
setting for some of the models considered here will be given elsewhere [6].

There is a rising interest for the study of stochastic processes on random graphs, mainly due to
the link of such models with applications in fields as diverse as social systems and combinatorial
optimization problems. In particular, a large class of models for which a fairly detailed picture
emerged is that of random graphs that are locally tree-like, meaning that the local structure around
any vertex of the graph is given by a unimodular random tree. This class of random graphs arises
in various applied contexts [1, 26, 27|. Ising models on tree-like random graphs have been first
studied with the tools of theoretical physics [21, 14, 15] and more recently they have been the
subject of rigorous mathematical studies [10, 7, 11, 24, 9, 8, 12]. In particular, a full control has
been achieved for the quenched free energy and the main thermodynamical observables. We will
leverage on the knowledge about the quenched free energy in the proof of the random quenched
CLT for the (rescaled) total spin. It turns out that such a proof can be performed along the lines
of Ellis’ proof of the CLT in the Z? case [16]. The existence of the limiting cumulant generating
function of the total spin with respect to the random quenched measure will be a direct consequence
of the existence of the thermodynamic limit of the quenched free energy.

On the other hand, the local tree-like assumption does not allow to take into account the
fluctuations due to the spatial structure that become relevant in the study of the averaged quenched
CLT for the (rescaled) total spin. There is therefore a need to expand the formalism to study Ising
model on random graph towards the situation in which the structure of the random graph in a
local neighborhood of a random vertex is allowed to be different from a tree.

At present, there is no general formalism to treat such situations and therefore we analyze
specific models, namely the configuration model with vertex degree 2 and the configuration model
with vertex degrees 1 and 2, which serve as benchmarks. Whereas it is well established that
graph fluctuations do not play any role in the quenched free energy in the general class of tree-like
graphs (indeed averaged quenched and random quenched are the same, see Corollary 1.1), our
analysis will show that fluctuations of the random graph play a crucial role in the study of the
rescaled magnetization in the averaged quenched set-up. In particular, when averaging the random
Boltzmann-Gibbs distribution with respect to the randomness of the graph, the variance of the
Gaussian limiting law of the observables satistying a central limit theorem in the thermodynamic
limit (such as the rescaled magnetization) is in general affected by the graph fluctuations.

The paper is organized as follows. We define the models, state and discuss our main results
in this section, including comments on why this analysis is needed and, so far, not covered in the
existing formalism for statistical mechanics models on random graph. The rest of the paper is
devoted to the proofs of the theorems stated in the present section.

In Section 2, in the general context of locally tree-like random graphs, we prove our results
with respect to the random quenched measure. We establish the rate at which the law of large
numbers for the empirical magnetization is reached, and we prove a central limit theorem for the
(centered) empirical magnetization rescaled by the square root of the volume. As in the case of
the Ising model on the lattice or on the complete graph [16], the variance appearing in the CLT
result is given by the spin susceptibility.

In Sections 3 and 4 we obtain asymptotic results with respect to the averaged quenched mea-
sure. While the law of large numbers can easily be formulated for the entire class of locally tree-like
random graphs, the scaling to a normal random variable turns out to be much more challenging.



Thus, we restrict ourselves to the aforementioned configuration models and consider the two sim-
plest cases. In particular, we will consider the configuration model with all vertices having degree
two, i.e. the 2-regular random graph in Section 3, and the case where a fraction of the vertices
has degrees one and the remaining fraction has degree two, in Section 4. In both cases we obtain
the central limit theorem by an explicit computation. In the first case, we find that the CLT with
respect to the averaged quenched measure is the same as the CLT with respect to the random
quenched measure. In particular the variance of the Gaussian law is given by the susceptibility
of the Ising model in one dimension. In the second case, we prove that the asymptotic variance
of the rescaled empirical magnetization is larger than the susceptibility. This difference originates
from the fluctuations of the connected component sizes of the configuration model with degrees 1
and 2, that also follows a Gaussian law in the limit of very large graphs. We argue this behavior
to be general, i.e., we conjecture the existence of two different CLT theorems whenever the vertex
degrees are not all the same. When all vertex degrees are equal, so that we are considering a ran-
dom regular graph, we conjecture the variances of the random quenched and averaged quenched
cases to be the same.

1.1 Locally tree-like random graphs

The class of models that we consider in this paper is the same as defined in |7, 11]. Namely
we study random graph sequences (Gy )y, Which are assumed to be locally like a homogeneous
random tree, uniformly sparse and whose degree distribution has a strongly finite mean. In order
to formally state these assumptions, we need to introduce some notation.

Let the integer-valued random variable D have distribution P = (pi),~;, i.e. P(D = k) = py,

for k=1,2,... . We define the size-biased law p = (pi);, of D by
(k +1) pria
= 1.1

where the expected value of D is supposed to be finite, and let v be the average value of p, i.e.,

V::;kpk: %, (1.2)

that will play an important role in what follows.

The random rooted tree T (D, p,{) is a branching process with ¢ generations, where the root
offspring has distribution D and the vertices in each next generation have offspring that are
independent and identically distributed (i.i.d.) with distribution p.

The ball B; (r) of radius  around vertex i of a graph G is defined as the graph induced by the
vertices at graph distance at most r from vertex i. For two rooted trees 7; and 75, we write that
T1 = 75, when there exists a bijective map from the vertices of 7; to those of 75 that preserves the
adjacency relations.

Throughout this paper, [N] := {1,..., N} will be used to denote the vertex set of G .

Definition 1.1 (Local convergence to homogeneous trees). Let Py denote the law induced on the
ball B; (t) in Gy centered at a uniformly chosen vertexi € [N] = {1,...,N}. We say that the graph



sequence (Gy) n>1 18 locally tree-like with asymptotic degree distributed as D when, for any rooted
tree T with t generations, a.s.,

i Py (B, (1) = T) = P(T (D.p.t) =T). (1.3)
This property implies, in particular, that the degree of a uniformly chosen vertex in G is asymp-
totically distributed as D.

Definition 1.2 (Uniform sparsity). We say that the graph sequence (Gy )y, is uniformly sparse
when a.s.,
1
lim limsup — 3 dil{g,z¢ =0, (1.4)

{—00 N
N—o0 i€[N]

where d; is the degree of vertex i in Gy and 14 denotes the indicator of the event A.

A consequence of local convergence and uniform sparsity is that the number of edges per vertex
converges a.s. to E[D]/2 as N goes to infinity.

Definition 1.3 (Strongly finite mean degree distribution). We say that the degree distribution P
has strongly finite mean when there exist constants T > 2 and ¢ > 0 such that

Zpi < ck Y, (1.5)
i=k

A specific example of a random graph model belonging to the class defined by these properties will
be considered in detail in this paper: the configuration model under certain regularity conditions
on its degree. We will introduce the configuration model in the next subsection.

1.2 The configuration model

The configuration model is a multigraph, that is, a graph possibly having self-loops and multiple
edges between pairs of vertices, with fixed degrees. Fix an integer N and consider a sequence of
integers d = (di)ie[N]’ The aim is to construct an undirected multigraph with N vertices, where
vertex j has degree d;. We assume that d; > 1 for all j € [N] and we define the total degree

b =Y d;. (1.6)

1€[N]

We assume /¢, to be even in order to be able to construct the graph.

Assuming that initially d; half-edges are attached to each vertex j € [N], one way of obtaining
a multigraph with the given degree sequence is to pair the half-edges belonging to the different
vertices in a uniform way. Two half-edges together form an edge, thus creating the edges in the
graph. To construct the multigraph with degree sequence d, the half-edges are numbered in an
arbitrary order from 1 to f5. Then we start by randomly connecting the first half-edge with
one of the ¢y — 1 remaining half-edges. Once paired, two half-edges form a single edge of the
multigraph. We continue the procedure of randomly choosing and pairing the half-edges until all



half-edges are connected, and call the resulting graph the configuration model with degree sequence
d, abbreviated as CMy(d). Interestingly, CM(d) conditioned on simplicity is a uniform random
graph with degree sequence d (see e.g., [18, Chapter 7]).

We will consider, in particular, the following models:

(1) The 2-regular random graph, denoted by CMy(2), which is the configuration model with
d; =2 for all i € [N].

(2) The configuration model with d; € {1,2} for all i € [N], denoted by CM (1, 2), in which, for
a given p € [0, 1], we have N — |pN | vertices with degree 1 and |pN | vertices with degree 2.

Remark 1.1. The configuration model CMy (1, 2) can be implemented by assigning to each vertex
degree 2 with probability p or degree 1 with probability 1 —p, conditioned to having |pN | vertices of
degree 2. Another configuration model would be obtained by considering the independent Bernoulli
assignment to each vertex. This yields a random graph that only on average has |pN | vertices of
degree 2.

The degree sequence of the configuration model CMy(d) is often assumed to satisfy a regularity
condition, which is expressed as follows. Denoting the degree of an uniformly chosen vertex V, €
[N] by Dy = dy,,, we assume that the following property is satisfied:

Condition 1.1 (Degree regularity). There ezists a random variable D with finite second moment
such that, as N — 00,

(a) Dy 25 D,
(b) E[Dy] = E[D] < oo,
(c) E[D?%] — E[D? < oo,
where 25 denotes convergence in distribution. Further, we assume that P(D > 1) = 1.

Referring to [18], we have that CMy(d) is a uniformly sparse locally tree-like graph when the
properties (a) and (b) of the Condition 1.1 hold. Moreover when the property (c¢) of the Condition
1.1 holds, we have also strongly finite mean.

It it easy to see that the degree sequences of CM,(2) and CM,(1,2) satisfy Condition 1.1. For
example, for CMy(1,2), we have P(Dy =2) =1 —-P(Dy = 1) = |[pN]/N — p, so that P(D =
2)=1-P(D=1)=np.

1.3 Measures and thermodynamic quantities

We continue by introducing the Ising model. Two probability measures are of interest. We define
them on finite graphs with N vertices and then study asymptotic results in the limit N — oo.
We denote by Gy = (Vy, Ey) a random graph with vertex set Vy = [IV] and edge set Ey C Vy xVy
and by Gy the set of all possible graphs with N vertices. For any N € N let )y be a probability
law on Gy.

Definition 1.4 (Measures and expectations). For spin variables o = (01,...,0y) taking values
on the space of spin configurations Qy = {—1,1} we consider the following measures:

5



(i) Random quenched measure. For a given realization Gy € Gy the random quenched mea-
sure coincides with the random Boltzmann—Gibbs distribution

(o) = exp [5 Z(i,j)eEN 00+ B Zie[m Ui] (L.7)
Hay\O) = ZGN (5,3) 5 .

where
Zay (B, B Z exp |8 Z oi0; + B Z o; (1.8)
oceQN (i,5)€EN 1€[N]

is the partition function. Here 8 > 0 is the inverse temperature and B € R is the uniform
external magnetic field.

(ii) Averaged quenched measure. This law is obtained by averaging the random Boltzmann—
Gibbs distribution over all possible random graphs, i.e.,

exp |3 Z(i,j)eEN 0i0; + B ZiE[N} Ui]
ZGN (67 B)

Py(0) = Qx(pay(0)) = Qn (1.9)

An extensive discussion about these two settings can be found in Section 1.6.3.

With a slight abuse of notation, in the following, we use the same symbol to denote both measures
and their corresponding expectations. Moreover, we remark that all the measures defined above
depend sensitively on the two parameters (5, B). However, for the sake of notation, we drop
the dependence of the measures on these parameters from the notation. We denote the partition
function by Z, instead Zg, and sometimes we use Var,(X) to denote the variance of a random
variable X with law p.

Definition 1.5 (Thermodynamics quantities |7, 11]). For a given N € N, we introduce the fol-
lowing thermodynamics quantities at finite volume:

(1) The random quenched pressure:
Yy(B,B) = %logZN (8,B) . (1.10)
(ii) The averaged quenched pressure:
Tu(8.B) = 1-Qullo8 7y (5, B)) (1.11)
(i4i) The random quenched and averaged quenched magnetizations, respectively :

M58) = oy (). T8 = P (7). (112)

where the total spin is defined as
Sv=> 0. (1.13)

1€[N]



(iv) The random quenched susceptibility:

xXn(B, B) = Vary, <5—NN) = %MN(B,B). (1.14)

We also define the variance with respect to the average quenched measure as

Xv(8,B) = Varpy (5—%) (1.15)

We are interested in the thermodynamic limit of these quantities, i.e., their limits as N — oco. In
this limit critical phenomena may appear. When M(3, B) := limy_,o. My (5, B), where M (53, B)
is any of the magnetizations defined in (1.12), criticality manifests itself in the behavior of the
spontaneous magnetization defined as M(5,07) = limg ;o M(B, B). In fact, the critical inverse
temperature is defined as

B, :=inf{8>0: M(B,07) > 0}, (1.16)

and thus, depending on the setting, we can obtain the random quenched and averaged quenched
critical points denoted by 84 and B29, respectively. When, for either of the two, 0 < . < oo, we
say that the system undergoes a phase transition at g = (..

In the next theorem we collect some results taken from |7, 11|, that guarantee the existence of
the thermodynamic limit of the quantities previously defined in the random quenched setting. In
order to state the existence of the limit magnetization, we define the set

U= {(p,B):>0,B#00r 0 << p4 B=0} (1.17)
where 359 is the random quenched critical value which is identified in the next theorem:

Theorem 1.1 (Thermodynamic limits for the random quenched law |7, 11]). Assume that the
random graph sequence (Gy) n>1 48 locally tree-like, uniformly sparse, and with asymptotic degree
distribution D with strongly finite mean, then the following conclusions hold:

(1) For all0 < < 0o and B € R, the quenched pressure exists almost surely in the thermody-
namic limit N — oo and is given by

(B, B) = Nlim Yy (B, B). (1.18)
—00
Moreover, (3, B) is a non-random quantity.

(i1) For all (B, B) € U™, the random quenched magnetization per vertex ezists almost surely in
the limit N — oo and is given by

M(8,B) := lim My(8,B). (1.19)

The limit value M (B, B) equals: M (3, B) = %¢(5, B) for B # 0, whereas M (3, B) = 0 in
the region 0 < B < 319, B=0.



(11i) The critical inverse temperature is given by
pid = atanh (1/v), (1.20)
where v is defined in (1.2).

(iv) For all (5,B) € U™, the thermodynamic limit of susceptibility exists almost surely and is
given by

62
X(8,B) = lim xy(8,B) = 5 =-0(8, B). (121)

Let us remark that, since v < 1 for both CM(2) and CM(1,2), from (1.20) it follows that
B4 = oo, which means that there is no quenched phase transition in these models. On the other
hand, it is interesting to note that CMy(2) is critical as far as the existence of the giant component
is concerned [18], since it has v = 1.

The next corollary states the existence of the limit of the thermodynamic quantities in the
averaged quenched setting, showing also that averaged quenched pressure and magnetization coin-
cide with their random quenched counterparts. As a consequence, the averaged quenched critical
inverse temperature 324 coincides with the random quenched one, i.e., 824 = 3.9, We denote this
unique critical value by 8", and denote the uniqueness set by U9".

Corollary 1.1 (Thermodynamic limits for the averaged quenched law). Under the assumptions

of Theorem 1.1, the following conclusions hold.
(1) The thermodynamic limit of the averaged quenched pressure exists almost surely and is given
by

U(8,B) = lim $,(8,B) = v(5, B) (1.22)

(i1) For all (B, B) € U™, the thermodynamic limit of the averaged quenched magnetization exists
almost surely and is given by

M(8,B) = lim My(8,B) = M(3, B). (1.23)

(i1i) For all (B, B) € U™
liminf X, (8. B) > x(5. B). (1.24)

Proof. Since ¥ (8, B) = Qx (¢¥n(8, B)), by item (i) of Theorem 1.1 and the Bounded Convergence
Theorem we obtain (5, B) = (5, B). Item (ii) can be proved in the same way. The proof of
the statement (7i7) is a straightforward consequence of the law of total variance:

o ($5) -0 (e (35)) e o (5)) o

i.e., using the thermodynamic quantities in Definition 1.5,
T = Qu (xa) + Varg, (VNMy) . (1.26)

In fact, recalling the almost sure convergence of the non negative variables x (5, B) to the non
random quantity x (3, B), see (1.21), and applying Fatou’s lemma, we have lim inf x_,o. Qx (Xn) > X
that, with (1.26), gives the thesis.

O



1.4 LLN and CLT in random quenched setting

We will study the asymptotic behavior of the total spin Sy under different scalings in the random
quenched setting. In [11] it is proved that this sum normalized by N converges almost surely
to a number that is the magnetization of the model (1.19). As a preliminary step we will prove
here a similar result with a different approach based on large deviation theory, which leads to
exponentially fast convergence in probability. Such kind of convergence is defined as follows.

Definition 1.6 (Exponential convergence). We say that a sequence of random variables Xy with
laws py converges in probability exponentially fast to a constant xq w.r.t. py and we write
Xy 2Bz, if for any € > 0 there exists a number L = L(e) > 0 such that

pin (| Xy — 20| > ) < e for all sufficiently large N.
Our first result in the random quenched setting is the Strong Law of Large Number for Sy /N.

Theorem 1.2 (Random quenched SLLN). Let (Gy)ys, be a sequence of random graphs that are
locally tree-like, uniformly sparse, and with asymptotic degree distribution with strongly finite mean.

Then, for all (B, B) € U™

Sy ex
WN M w.r.t. ey, as N — oo,

where M = M (3, B) is defined in (1.19).

To see fluctuations of the total spin, one needs to rescale Sy —N M, by v/N. In this case, restricting
to the set U9 of parameters (3, B) such that there exits a unique Gibbs measure [24], one obtains
a Gaussian random variable in the limit N — co. We deduce the random quenched CLT in the
next theorem:

Theorem 1.3 (Random quenched CLT). Let (Gy)ys, be a sequence of random graphs that are
locally tree-like, uniformly sparse, and with asymptotic degree distribution with strongly finite mean.

Then, for all (8, B) € U™

Sy — NM D
% — N(0,x), w.r.t. fey, as N — 00,

where x = x(B, B) is defined in (1.21) and N (0, x) denotes a centered Gaussian random variable
with variance x.

1.5 LLN and CLT in averaged quenched setting

In the averaged quenched setting, after presenting the Weak Law of Large Numbers, we formulate
a Central Limit Theorem for CM(2) and CMy(1,2) models.

From the CM(1,2) example we see that while averaging with respect to the graph measure @y
does not change 3" nor ¥ (53, B), (cf. Corollary 1.1), it does change the variance of the limiting
Gaussian distribution of the total spin since, when passing from random to averaged quenched
measure, the fluctuations of the graph are taken into account. Thus, Theorem 1.6 shows that
the total spin rescaled by the square root of the volume also has fluctuations with respect to the
random graph measure. Those fluctuations, quantified by ¢ in Theorem 1.6, are in turn forced
by the unequal degrees in CM (1, 2).



Theorem 1.4 (Averaged quenched WLLN). Assume that the law Qx of the random graph is
such that almost all sequences (G y) n>1 are locally tree-like, uniformly sparse, and with asymptotic
degree distribution with strongly finite mean. Then, for all (5, B) € U™

% LN M (5, B) w.r.t. Py, as N — o0

where — denotes convergence in probability, i.e., for all € > 0,

S

Jim_ Py ( WN — M(ﬁ,B)‘ > g> =0. (1.27)

The proof of this theorem follows from the random quenched SLLN. Indeed, by the definition of
the average quenched measure,

pN<5

= —M(B,B)‘ > a) ~ Qx [MGN (
that, combined with Theorem 1.2, i.e. limy_,o piay (‘SWN - M(B, B)‘ > 5) = 0 and the Bounded
Convergence Theorem leads to the result. We can only prove a weak LLN, since exponential
convergence as in Theorem 1.2 does not hold. See Section 1.6.1 for more details.

S

WN — M(B, B)‘ > a)] : (1.28)

Theorem 1.5 (Averaged quenched CLT for CMy(2)). Let (Gn)ys, be sequences of CMy(2)
graphs. Then, for any 8 >0 and B € R -

SN _PN (SN) D
—_— — N O, y w.r.t. PN, as N — o0,
N (0,x)

where x = x(B, B) is the thermodynamic limit of the susceptibility (1.21) specialized to the Ising
model on CMy(2). Moreover, x(8,B) is also equal to the susceptibility of the one-dimensional
Ising model (see Sec 3.1), i.e.,

cosh(B)e 48

x(8,B) = Xd:1(ﬁ>B) - (sinh(B) + e—48)3/2

(1.29)

The identification of the variance (83, B) as x%=1(83, B) also holds for the random quenched setting
in Theorem 1.3, so that we see that, for CMy(2), the averaged quenched and random quenched
variances in the CLT are equal. We next investigate a case where this is not true:

Theorem 1.6 (Averaged quenched CLT for CMy(1,2)). Let (Gy) >, be sequences of CMy(1, 2)
graphs. Then, for any 8 >0 and B € R -

SN — Py (SN)
VN

where azq = x + 02, with x = x(B, B) the thermodynamic limit of the susceptibility of the Ising
model on CMy(1,2) (whose explicit expression is giwen in (4.17) below) and o% = ¢(3,B) a
positive number that is defined in (4.36) below.

2, N(0,02)) w.r.t. Py, as N — oo,

’ Y aq
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1.6 Discussion
1.6.1 On the rate of convergence for the laws of large numbers

In the random quenched setting, we prove that the finite volume total spin S\ normalized by
N converges in probability exponentially fast to the magnetization M, which is a non-random
quantity. For the averaged quenched setting, instead, it is easy to give examples for which the
convergence at exponential rate is lost. For instance one could consider the sequence (Gy)y>,
given by -
Gy = { CMy(7) Wi.th probabi.li.ty 11— e (1.30)

Ky with probability +,

where CMy(7) is the r-regular random graph (r € N), i.e., a configuration model with degree
sequence d; = r for all i € [N] that has limiting magnetization M # 1 for any § < oo, and Ky is
the complete graph for which M = 1.

1.6.2 CLT proof strategy

The primary purpose of this paper is to prove Central Limit Theorems in the two different settings
introduced in Section 1.3. The proofs are different (in fact they require the control of the fluctua-
tions of Sy with respect to different ensembles), but are based on the same main idea [16]. This
idea consists in using the moment generating function of the random variables SN%JSSN), where
E is the average in the chosen measure, and in showing that with respect to the same measure
these moment generating functions converge to those of Gaussian random variables. Whenever
possible, this step requires the computation of the variances of the limiting Gaussian variables.

This is achieved by considering the scaled cumulant generating functions of Sy, given by

en(t) = %log Ley [exp (tSy)] (1.31)

in the random quenched setting and

Cy(t) = %log Py [exp (tSy)] (1.32)

in the averaged quenched setting. By taking the second derivative of (1.31) and (1.32) and eval-
uating it in zero one obtains, respectively, Var, . <5—%> and Varp, <5—%> The crucial argument

in the proof of the theorems is to show the existence of these variances in the limit N — oco. This
in turn is a consequence of the existence of the limit of the sequences (¢ (t))n>1 and (€),(t))n>1
for t =ty = o(1).

While the existence of the limit ¢(t) := limy_,o ¢y (t) can be established for the Ising model on
locally tree-like random graphs as a simple consequence of the existence of the random quenched
pressure, the existence of the limit ¢(¢) := limy_,o Cy(f) is more challenging. In particular, it
requires detailed knowledge not only of the typical local structure of the graph around a random
vertex, but also of the fluctuations around that structure. Moreover, the general argument of
[16] relies on concavity of the first derivatives of the cumulant generating functions. This can be
achieved for cy(t), i.e., in the random quenched setting, thanks to the GHS inequality, which holds
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for the ferromagnetic Boltzmann-Gibbs measures ji, . On the other hand, the GHS inequality is
in general not known for the averaged quenched measure.

Thus in the averaged quenched setting we focus on two specific models, i.e. the CMy(2) and
CMy(1,2) random graphs, which allow for explicit computations of the relevant quantities, even
in the averaged quenched setting. In fact in these cases, since the typical structure in the graphs
are cycles (for CMy(2)) and line and cycles (for CM (1, 2)), the averaged quenched pressure of the
Ising model on these graphs can be expressed in terms of the the Ising model pressure ¥%=1(3, B)
of the one-dimensional nearest-neighbour Ising model. It turns out however that whereas the
averaged quenched pressure of the regular random graph CM(2) exactly equals ¥?=*(3, B), in
the case of CMy(1,2) the pressure is more involved, see (4.16). Indeed, besides ¥?=*(3, B), a
new term appears that depends on a set of random variables (p}"’);>; whose value depends on the
realization of the random graph. More precisely, N pém is the number of lines of length ¢ in the
graph (the cycles give a vanishing contribution in the thermodynamic limit). Then, in order to
prove the CLT for CM (1, 2), it is of pivotal importance to control the fluctuations of the random
variables p}) in the thermodynamic limit. This result is obtained in [28], where it is proven that
the joint limit law of the number of connected components in a graph with vertices of degrees 1

and 2 is Gaussian. Relying on this result, we can complete our proof of the averaged quenched
CLT for CM,(1,2).

1.6.3 Differences between random quenched and averaged quenched setting

We explain here the distinction between the random quenched and the averaged quenched CLTs.

The variance Varp, (3—%), expressing the fluctuations of Sy /v N with respect to the averaged

quenched measure, has two contributions. The first is given by the average over random graphs of
the conditional variance of Sy /v/N with respect to the Boltzmann-Gibbs measure (the conditioning
is given by the graph realization); the second contribution is given by the variance of conditional
mean of Sy /v N (see (1.25)).

If a CLT with respect to the random quenched measure holds, then the thermodynamic limit of
the first term in the right-hand side of (1.25) equals the magnetic susceptibility y, which is a self-
averaging quantity. It is clear from (1.25) that one expects a different variance in the CLT in the
averaged quenched case whenever the thermodynamic limit of the second term on the right-hand
side is different from zero.

The analysis that we perform in Section 3 on the configuration model leads us to conjecture

that when the vertex degrees are not all equal, one has that o2 := limy_,., Varg, <,uG N (5—%)) is

a strictly positive number. On the contrary, we predict that when the degrees are fixed, such as
in the r-regular random graph, the two limiting variances are equals, thus yielding no distinction
between random and averaged quenched central limit theorems. We prove this in the case where
r=2.

Furthermore, when there are non-vanishing fluctuations of the rescaled total spin with respect
to the graph measure, those will be determined by the fluctuations of the degrees distribution
of the graph. Those, in turn, are determined by the explicit graph construction. For instance,
in the case of the CMy(1,2) random graph with a fixed number of vertices with degree 1 the
limiting variance is obtained in (4.71). With reference to the alternative construction of the
CMy(1,2) graph described in Remark 1.1, where the number of vertices of degree 1 (called n,)
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follows a Binomial distribution, a different limiting variance would arise, despite the fact that
asymptotically the two models have the same degrees distribution. For instance, the deterministic
factor 152 in formula (4.71), which arises from n;/2, in the alternative construction would be

replaced by a random quantity with non-vanishing fluctuations.

1.6.4 Violation of CLT at [,

In the case of the random quenched CLT, the variance is given by the susceptibility of the model. If
B =0 and g = " the variance diverges because the susceptibility becomes infinite at the critical
temperature. So, for these parameters, the CLT breaks down and a different scaling of the total
spin Sy is needed to obtain a non-trivial limiting distribution. For example, in [16], it is shown that

S
for the Curie-Weiss model, at B = 0,8 = 3., the quantity NTNM converges in distribution to the

random variable X with density proportional to exp (—x4 / 12). We do not investigate this problem
in this paper. We conjecture a similar behavior for the Ising model on locally tree-like random
graphs with finite fourth moment of the degree distribution. Those graphs have been shown to be
in the same universality class as the Curie-Weiss model, i.e., their critical exponents agree with the
mean-field critical exponents of the Curie-Weiss model [12]. We investigate this problem in detail
for another class of locally tree-like random graphs, namely, generalized random graphs (recall 18,
Chapter 6]) in a forthcoming paper [13]. Interestingly, as in [12], the mean-field behavior breaks
down when the fourth moment of the degrees in the random graph becomes infinite. In the latter
case, another limit theorem holds for the total spin.

1.6.5 Low-temperature region

When the graph sequence (G )y, is such that there exists a finite critical inverse temperature S,
(cf. (1.20)), then Theorems 1.2, 1.3, 1.4 do not apply to the low temperature region corresponding
to B =0, 8 > .. For the Ising model on Z? 25, 22| or on the complete graphs [16], in the low
temperature region the law of large number for the empirical sum of the spin breaks down because,
in the thermodynamic limit, the Boltzmann-Gibbs measure becomes a mixture of two pure states
W= %(/ﬁ + 117). As a consequence, the empirical magnetization is distributed like the sum of two
Dirac deltas at the symmetric values £M*(/5), with M*(3) = limp\o M (8, B), whereas the CLT
with respect to the Boltzmann-Gibbs measure breaks down. However, by using general properties
of ferromagnetic systems (e.g. GKS inequalities) it is possible to prove a CLT with respect to the
measure pt, respectively p~ [25, 22]. For the Ising model on random graphs it is believed that
a similar picture apply. For instance, for the Ising model on regular random graphs it has been
proved in [24] that the low temperature measure is a convex combination of + and — states and
therefore, by appealing to the general results of [25] we conclude that a CLT holds in the pure
phase.

2 Proofs of random quenched results
In order to prove the Strong Law of Large Numbers in the random quenched setting, we present

a preliminary theorem that guarantees exponential convergence, see Definition 1.6, under general
hypotheses.
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2.1 Exponential convergence

Let W = (I/Vn)n21 be a sequence of random vectors which are defined on probability spaces
{(Q, F, Pu)} >, and which take values in R”. We define the cumulant generating functions as

1
calt) = —log B, exp((t, W,))],  n=12,..., teRP, (2.1)

n

where (a,),>1 is a sequence of positive real numbers tending to infinity, F, denotes expectation
with respect to P,, and (—, —) is the Euclidean inner product on R”. We assume that the following
hypotheses hold:

(a) Each function c,(t) is finite for all + € R?;

b) ¢(t) = lim,_ ¢, (1) exists for all t € R and is finite.
(b) c(t)

Theorem 2.1 (Exponential convergence and cumulant generating functions). Assume hypotheses
(a) and (b). Then the following statements are equivalent:

(]) Wn/an ﬂ) 205
(2) c(t) is differentiable at t =0 and Vc(0) = 2.

See [16, Theorem I1.6.3] for a proof based on a large deviation argument.

2.2 Random quenched SLLN: Proof of Theorem 1.2

According to Theorem 2.1, exponential convergence can be obtained by proving the existence of
the limit of the random quenched cumulant generating function cy(t) defined in (1.31), and proving
the differentiability of the limiting function in ¢ = 0. We have

1 exp (5 2 igreen 9105 + (B 1) Yicpy) Ui) 1. Zy(B,B+1)

en(t) = Nlog Z 720 B) = Nlog “Z.B.B) (2.2)

IS N

and recalling the definition (1.10), the function cy(t) can be rewritten as a difference of random
quenched pressures as
en(t) = Yn (B, B +1t) —¢n (8, B). (2.3)

The existence of the limit
e(t) = lim ex(t) = 0(8, B +1) — (8. B) a.s. (2.4)

is then obtained from the existence of the pressure in the thermodynamic limit, as stated in
Theorem 1.1. Moreover, from the differentiability of the infinite-volume random pressure with
respect to B (see Theorem 1.1), we also obtain

0

¢(8) = (8, B 1)~ (5, B = L[5, B +1)],

and hence 5
Thus, by Theorem 2.1, we obtain the exponential convergence in Theorem 1.2, which immediately
implies the SLLN. O]
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2.3 Random quenched CLT: Proof of Theorem 1.3

We give the proof for B > 0 only, the case B < 0 is handled similarly. The strategy of the proof is
to show that w.r.t. the random quenched measure the moment generating function of the random
variable

SN _NMN<5>B>
\/N .

converges to the moment generating function of a Gaussian random variable with variance x(5, B)
given in (1.21), i.e.,

Vv =

(2.5)

1

Nh_r)n Uey (exp (tVy)) = exp (5)((6, B)t2) for all t € [0, ), (2.6)

and some « > 0. This can be done by expressing pq, (exp (tVy)) in terms of the second derivative
of the cumulant generating function cy(t) defined in (1.31).
A simple computation shows that

/ 1 ey (Sx exp (tSy)) Sy
VO = N e (e (t5y)) - Pevenen \ W) 2.7)

where, in order to stress the dependence on the magnetic field, we have used the symbol ¢, (8.B+1) (+)
to denote the ji,-average in the presence of the field B + ¢t. Thus,

1 gy (3 exp (£Sy)) pay (exp (£Sy)) — piy (S exp (ESy))

C// t — 28
ey 1, exp (£55) 2
S
= Varug, 8,8+ (WN) :
In particular, the derivatives in ¢t = 0 of ¢y (t) equal
C;\T(O) - MN(B7 B)J
and .
A(0) = == 1oy (S3) = 1éy (S¥)] = xv (B, B).
By Theorem 1.1,
v (0) = x~(8,B) = x(8,B) as N — oo. (2.9)

Let us take t > 0 and set ty = t/v/N. By using the fact that ¢, (0) = 0 and applying Taylor’s
theorem with Lagrange remainder, we obtain

log piy (exp (tVy)) = log picy (eXp (tSN — H%Nw’ B)))
= log [ty (exp (tnS))] — t\/NMN(B, B)
= Nlealtn) = tny(0)] = N2i(13) = ©ch(th), (2.10)

for some t%, € [0,¢/v/N].
In order to control the limiting behavior of ¢ (t% ), we exploit the following property of ¢y (¢):
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Proposition 2.2 (Convergence of double derivative cumulant generating function). For § > 0,
B >0 and for 0 < f < 3, B =0, there exists some o > 0 such that limy_,, % (ty) = x(5, B)
for all ty € [0, ) with ty — 0 and almost all sequences of graphs (Gy)y;-

Proof of Theorem 1.3. Proposition 2.2 immediately implies that (2.6) holds, which in turn proves
Theorem 1.3. L

The remainder of this section is devoted to the proof of Proposition 2.2. It relies on the concavity
of the functions ¢ (t), as proven in the following lemma:

Lemma 2.1. For B >0, ¢\ (t) is concave on [—B, o).

Proof. For B > 0, the concavity of ¢ (t) on [0,00) can be obtained by observing that this function
is the magnetization per particle w.r.t. ug, in the presence of the magnetic field B + ¢, see (2.7),
and then by applying the GHS inequality. Indeed, for ¢ > —B, the GHS inequality [11, Lemma
2.2] implies that

0* 1 02
@Cw(t) = N 2_ gzt e.s (0:) <0, (2.11)
1€[N]
so that ¢ (t) is concave on [-B,00) for B > 0. O

The proof of Proposition 2.2 further requires the following lemma that is proved in [16, Lemma
V.7.5]:

Lemma 2.2 (Convergence of derivatives of convex functions). Let (f,)n>1 be a sequence of convex
functions on an open interval A of R such that f(t) = lim, o fn(t) exists for every t € A. Let
(tn)n>1 be a sequence in A that converges to a point to € A. If fl(t,) and f'(to) exist, then
lim,, o0 f1(tn) exists and equals f'(ty).

Proof of Proposition 2.2. In the following proof, we use subscripts to denote the dependence on
B and B of the functions cy(t) and ¢(t). We first consider B > 0. By Holder’s inequality,
t — cnpp(t) is a convex function on R and, as noted in (2.3) and (2.4), cngp(t) — csp(t) =
v(B,B+t)—(B,B) as N — oco. For B > 0, the derivative %w(ﬁ,Bo) exists for all By in
some neighborhood of B. Hence, there exists o« > 0 such that ¢/(t) = %w(ﬁ , B+ t) exists for all
—a <t < a. Then, Lemma 2.2 implies that

Iy pp(t) — ¢ p(t) forall —a<t<a, asN — oco. (2.12)

According to Lemma 2.1, each function —cjy 5 5(t) is convex on the interval [~ B, 00), which con-
tains the origin in its interior since B > 0. By (1.21) we know that 88—3221/)@7 B) = x(B, B), hence

& 5(0) = ~e50(8,B) = x(6. B). (213)

This completes the proof of the proposition for B > 0, because Lemma 2.2 implies that, for any
0<ty <awithty —0,

—Cypp (ty) — =3 p(0) = —x(8,B)  as N — <. (2.14)
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The proof of Proposition 2.2 for B > 0 used the fact that all the function —cly 5 5(t) is convex
on an interval that contains the origin in its interior. But for B = 0, —cjy 4 5(t) is convex on
[0,00) and by symmetry is concave on (—oo,0]. Hence the above proof must be modified. We fix
0 < 8 < B2 and notice that x(f,0) is finite.

Since for 0 < 8 < 3, 24)(8, B) exists for all B real, c50(t) = ¢(8,t)—v(8,0) is differentiable
for all ¢ real. We define new functions

_ ) o) for t > 0, 0 for t > 0,
halt) = { —Cp0(0) - for ¢ <0, ht) = —x(5,0) - ¢t for t < 0. (2.15)

Then hy is continuous at 0 since cyy 5,(0) = M(3,0) = 0, and convex on R. By (2.9), ciy 5 5(0) —
X(B, B), and so hy(t) — h(t) for all ¢ real. Since x(f3,0) is finite, h'(0) = —cj5,(0) = —x(5,0).
Lemma 2.2 implies that for any ¢, > 0 with ty, — 0

Wy (ty) = =Cy g (tn) = 1'(0) = —x(8,0) as N — oo. (2.16)

This proves the proposition for B = 0. O]

3 Proofs for CMy(2)

In this section, we prove the CLT with respect to the averaged quenched measure for the 2-regular
random graph CM(2). We start by computing partition function for the one-dimensional Ising
model. We will use them in the proofs of CLT’s because the structures formed in CMy(2) and
CMy(1,2), are lines (indicated with the letter 1) and cycles (or tori, indicated with the letter ¢).

3.1 Partition functions for the one-dimensional Ising model
The partition function of the one-dimensional Ising model is given by
N
zZ0 (5, B Z Z exp (ﬁ Z 0i0i+1(b) + B Z ai> : (3.1)
o1==*1 ON= +1 =1

where for periodic boundary conditions (b = t) we put ony1(t) = o1, whereas we put oy1(l) =0
for free boundary condition (b = 1). We often omit (3, B) from the notation and simply write 2}’
and Zy. Let D be the 2 x 2 matrix defined, for (03, 04,1) € {—1,+1}2, by

B
Doy o100 = €XP |:ﬁ0-i0'i+1 + E(O-i + O'i+1):| .

With this definition we may rewrite (3.1) for periodic boundary conditions in the form

20=3 .Y DoDosoyDogaoes = Trace(D¥) = XY 40V, (32)

o1==+1 on==x1

where A, and A_ are the two eigenvalues of D, given by

A =X (8,B) = [cosh )£ \/smh2 )+ e45] . (3.3)
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Obviously, A (8, B) > A_(5, B). In the case of free boundary conditions, we observe that

B B
o — 501 FON
Zy = E E €2 Doy 0y Doy oy Doy_y on€?2 (3.4)

o1==1 on==%1

B 1 B -
= E E eQ”lDé\i’UlNeﬁN = oI DNy,

o1=tlony=%1

where the vector v is defined by v7 = (eP/2,e=5/2). This can be written as

Z0 =AY+ AN, with AL = (3.5)

where vy denote the two orthonormal eigenvector of the matrix D, and therefore

e 2PetB (N, — eP1B)2eTB £ 27 A (N — FP)
[e72F + (A — ePB)2A,

AL =AL(B,B) =

Let us remark that, since 5 > 0, A1.(5, B) > 0 and A4 (8, B) > 0. From (3.2) and (3.5), it follows
that the pressure of the one-dimensional Ising model is, independently of the boundary conditions,
given by

(B, B) = log A\ (6, B) . (3.6)

3.2 Quenched results: Proof of Theorem 1.5

In this section, we prove Theorem 1.5. We start by analyzing the quenched pressure.

3.2.1 Quenched pressure

Any 2-regular random graph is formed by cycles only. Thus, denoting by K* the random number
of cycle in the graph, we can enumerate them in an arbitrary order from 1 to K% and call Ly(7)
the length (i.e. the number of vertices) of the i-th cycle. The random variable K7, is given by

N
KL= 1, (3.7)
j=1

where I; are independent Bernoulli variables, i.e.,

1
I,=8 —_— . .
f ern (2N—2j+1) (3.8)

Indeed, at every step 7 in the construction of the 2-regular random graph, namely at each pairing of
two half-edges, we have one and only one possibility to close a cycle. This possibility corresponds to
drawing exactly one half-edge out of the remaining 2N — 25 + 1 unpaired half-edges. The indicator
of this event is the Bernoulli the variable I;. Obviously, the variables (I j)?le are independent, but
not identical, and the number of the cycles K7, is distributed as their sum.
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Since the random graph splits into (disjoint) cycles, its partition function factorizes into the
product of the partition functions of each cycle. Therefore,

Kjy
Zy(8,B) = [ [ 20 (8. B), (3.9)
=1

where, by (3.2) the partition function of the i** cycle is

ZP (8. B) = 93, B) + A (5, B). (3.10)
Because 5 > 0, we have 0 < A_(3, B) < A.(53, B), so that, for every i,

N8, B) <z (8, B) < 22178, B). (3.11)

As a result, we can bound the the pressure by
Ky Ky Ky
Ln(i t Ln(i
i=1 i=1 i=1

and, since Zfﬁ{ Ly(i) = N, we finally obtain
MY (B,B) < Zy(8, B) < 2°NAY(8, B). (3.13)

Now we are ready to compute the quenched pressure in the thermodynamic limit, defined as in
(1.18). By the previous inequality,
t

log A+ (8, B) < (8, B) < log2- % +log A, (4, B). (3.14)

where ¥ (8, B) is the random quenched pressure defined in (1.10). Now, by (3.7) and (3.8),

L Qx (KL) 1ZN: ! 8N L0 as N (3.15)
- e p— ~ as Q. .
NEEYNTN 2N - 2041 N
. - . . . Kt
Therefore, by applying Markov’s inequality to the non-negative variable —,
Kt
~ 50, wrt. Q. (3.16)

Hence, taking the limits in (3.14), we obtain the infinite volume random quenched pressure:

U(8,B) = ¢} (8,B) = log Ay (8, B). (3.17)
Moreover, from Corollary 1.1 we also obtain the averaged quenched pressure
(B, B) = ¢(8,B) = v"='(8, B). (3.18)
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3.2.2 Cumulant generating functions

As already said in Section 1.6.2, in order to prove the averaged quenched CLT for CM y(2), we need
to calculate the limit for N — oo of the cumulant generating function in the averaged quenched
random setting. We write this function in the following form:

Zy (8, B +t)}

1 1
on(t) = NlOgPN [exp(tSy)] = NlogQN { 7® (8, B)

(3.19)
where, in the right-hand side of the previous equation, we have expressed the random quenched av-
erage of exp(tSy) as a ratio of partition functions, i.e., ug, [exp(tSy)] = Z¢ (8, B +t) /Z (B, B).
Again using (3.13), we bound the ratio of the partition functions at different fields as

ke (M BB+ _ Zy (B,B+1) C (A (B B\
s (0 < < (e (3:20)
Therefore,
1 x (A (BBAONTY _ 1 (A (B, B+B\"
NlogQN (2 K <W> )SCN(t)SNIOgQN <2K (W) >, (3.21)

and, recalling that A, (3, B) and A (8, B +t) are not random, we obtain

%mg (QN (2*%)) < n(t) —log Ay (8, B+1) +log Ay (8, B) < %log (QN <2Kfv)) . (3.22)

Now we can compute the limit of the averages in the previous equation recalling that K%, is a sum
of independent Bernoulli variables [;, c.f. (3.7). Indeed,

L, o)) = 11 1 o) — 11 1 I S
N0g<QN( >)_NOgHQ”( >_N°gﬂ oN—2i+1 ' aN—2i+1

N

1 1 N—oo
= —Slog (14— )% 3.23
N;Og(+2N—2i+1) ’ (3:23)

where the limit can be obtained using the inequality log(l + z) < x for x > 0, and the same
asymptotic estimate already used in (3.15). In a similar fashion we can also prove that

lim. %log (QN (2*%)) —0. (3.24)

By (3.23) and (3.24) we finally obtain the limit of the cumulant generating function in the averaged
quenched setting:

o(t) = Jlim ey(t) = (8, B +1) — (B, B) = log A\, (8, B +1) — log A (5, B) . (3.25)

On the other hand, since by (2.4), we have also that ¢(t) = ¥(5, B+t)—1(8, B), we conclude that
in the thermodynamic limit the averaged quenched and the random quenched cumulant generating
functions of the total spin are the same:

c(t) =7¢(t) =log A\ (B, B+t) —log Ay (5, B). (3.26)

20



3.2.3 Averaged quenched CLT: proof of Theorem 1.5

According to our general strategy, in order to prove Theorem 1.5, we need to show that

. SN - PN(SN) . 1 2 2
]\}I_IEO Py {exp (t T)] = exp <§an(ﬁ, B)t for all ¢ € R. (3.27)

As in the proof of Theorem 1.3, the limit can be computed by expressing the expectation on the left-
hand side in terms of the proper generating function. Here, this is the averaged quenched cumulant
generating function, i.e., ¢y(¢). Indeed, using the fact that ¢y(0) = 0 and @, (0) = Py(3), see
(3.19), by Taylor’s theorem with Lagrange remainder,

oo (5] - o ()] s

— t —/ o ﬁE”
= Nz, (ﬁ) — tV/NE, (0) = ST (k). (3.28)

for some ¢ty € [0, %] In order to compute the limit of the sequence @), (ty), we consider

N
1 ZY(B, B +1t) Ay (B, B +1t) 1 Sere
_ _ s b+ b+ (A4 (B,B+t)N
D) = 4] v \E 2 TY AV Z T RNt ke
cy(t) — (1) N 0g Qn [ Z}V“(ﬁ, B) ] 08 [ A+ (B, B) ] N 08 7z (8,B)
A+ (B.B)YY
1 s 1+ (TB+ )LN(i)
= —log@Q v, 3.29
N N 21—11 1+ (TB)LN(Z) 529

where we have used (3.2), (3.9), (3.19), (3.25), and, omitting the dependence on [, we have defined

A (B, B)

rs = r(B8,B) = /22 3.30
7 ( ) )‘+(B7 B) ( )
Then, recalling (3.25), we can rewrite
Kt ;
_ 1 Y1 (rpe,) 0
cn(t) =log Ay (B, B+t) —log A\ (8, B) + N log Q H " +<(B+))LN(i) : (3.31)
i=1 s

The second derivative of (3.31) is

2

1 d
o(t) = 55log A (B, B +1) +

(3.32)

10+ 1100+ 50

NDN(t> DN<t)
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where we have introduced

K ) o ) Ky A
_ [ Ly (i) (1) "N O2[(Ly (i) — 1)<T;B+t)2 + rB+trg+t] L+ (rp..) "~
IN(t) - QN _Z 1+ (TB)LN(i) H 1+ (TB)LN(j) ]7 (3.33>
i=1 j;l
JF
t t ) ) Kt
7“B+t)LN(2)+LN(])72(7ﬂjB )2 T 1 + (TB+t)LN<l)
IIu(t) = + ] 3.34
N( ) Qv ; Zl LN(z ) (1 + (T’B)LN(j)) lll 1+ (rB>LN(l) ) ( )
:7];&7, l;‘m]
111 (t) . [Q <KZ§V LN(Z')(TBH)LN(UJT;;H ﬁ 1+ (rB+t)LN(]')>:|2 (3 35)
Y A RO AR |
i
Kt
L+ (rpy)v®
Da(t) =Q [ —} (3.36)
N N ];!: 1+ ( B) (%)

All these terms are of a similar structure. The final step in the proof of the theorem requires
to compute the limit of the second term in the right-hand-side of (3.32). This step is taken in the
following lemma:

Lemma 3.1. Let t > 0 and let (ty)n>1 be a sequence of real numbers such that ty € [O,t/\/ﬁ].
Then,
lim ————— [Iy(t I1,(t —F—=| =0. 3.37
NS5 NDy(tx) wlta) + Hy(t) + Dy (ty) (3:37)
Proof. We first consider the term [Iy(ty). From (3.30), it is clear that 0 < r(8,B) < 1. As a
consequence, the terms Ly(i)(Ly () — 1)(rpye )97 and Ly(2)(1p4,)"¥ ", appearing in the
numerator of Iy(t) are uniformly bounded in N. Moreover, also the sequences (r,,, )y and

Bty

(754, ) being convergent, are bounded. Therefore, there exists a constant C' > 0 such that

‘Lw(i)(Lw(i) = D)) N O (1) L () (1), | < C (3.38)
Therefore, also
KN L () (L () = 1) () O (140 )7+ L) (0 )V O t
Z < C-K,, (3.39)
: 1+ (TB)LN<Z)
=1
and thus )
N 1 _|_ r : L (3)
()] < € Qu [ K T e (3.40)

o 1T (rp)iv®

We now proceed by estimating first each term appearing in the product. Let us fix an arbitrary
length [ € N to be chosen later on. Recalling that 0 < r; < 1 we obtain

L+ (rpy, )9 L4 (Tpyy)' if Ly(5) > 1,
1+ (rp)xW 14 dx(1) if Ly(j) <1,

(3.41)
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where (1) := max

1 + (TB-HN)k
k<l

Nﬁoo
—1 0. Th
1+ (ra)* ] o

L+ (Tpyey )NV
L+ (rp)in®

< 1 ((Ppaey)' V on (D) < eltrBsn)vax®) (3.42)

where a V b = max{a, b}. Finally, using (3.42) and the Cauchy-Schwarz inequality

Iy(ty)] <C-Q (Kt ﬁ 1+ (TBHN)LN(i)) <C-Q (Kt er{_JtY((TBHN)lWN(l))) (3.43)
T T o 1t (rp)tv@ J — U '
<C-Qy (Kltv eK]t\,((rBHN)ZVcSN(l))) <C. |:QN ((K]tv)gﬂ 1/2 |:QN (eQKfv((rB+tN)lV5N(l)))] 1/2'

We next consider Dy(ty). As before,

Lt ()™ f (14 (rs))7 if Ly(j) > 1, (3.44)
1+ (rp)sn@ = | (T4 6x(D) ™ if Ly(5) < 1, ‘
N . rr)k o0
where now 0y (1) := ming< [% — 1] N=zse . Then,
1+ (TBHN)LW) N 1 i S e—((TB)lVSN(l))7 (3.45)
1+ (rp)x0 = 14 ((rB)l V 5N(l)) -
because F > e ® for x > —1. From the previous bound, we obtain
K NG Ky
D(ty) > QN<H8—((7~B> vaNm)) — Qy (G—ZH« B)Van(l )) QN( G ((rp) vaNa)))
i=1
(3.46)
Collecting (3.43) and (3.46) we obtain
1/2 ¢ ! 1/2
) N2 2K, (1Bt y ) VN (1)
i )l O [@n (UR)] @ (0 0)) .
N—oo NDy(ty) = N—oo N. Qw( ((TB)lvéN(l))> . i

The averages in the right-hand side can be bounded using the distribution of K, in (3.7) and (3.8).
Indeed, using that, for fixed [, oy(I) — 0 and that (rp.., )" can be made small by taking [ large,
we can make (r5)" V dy(l) < e for N large enough. Thus,

TBtty) Yv Nl e - 1) _ I (N+ 1e€> ﬁ %es—l
QN( o A ><H<1+ —z)+1)_F(N+ hr E)NN( L (34Y)

where the product is expressed in terms of the Gamma function, and the asymptotic relation

E((%i;:)) = N%°(1 + o(1)), valid when a, b are uniformly bounded, has been used.

In a similar fashion the average in the denominator of (3.47) can be bounded by

On (e_K;V((rB)leN(l))> > N3 =D, (3.49)
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1/2
while [QN ((Kfv)2>} = O(log N). Thus, we conclude that the right-hand side of (3.47) is

bounded by O(log N)N%(es_l)_l = o(1) by taking € > 0 to be sufficiently small. This proves the
bound on Iy(ty) in (3.37). With similar calculations, that we omit for the sake of brevity, we
can also show that the terms involving I1y(ty) and I11y(ty) vanish, thus concluding the proof of
Lemma 3.1. O

Proof of Theorem 1.5. Equations (3.28), (3.32) and Lemma 3.1 complete the proof of the averaged
quenched CLT, since

, Sy — Py(Sy) .t 2 02
A}linoo log Py {exp (t %)] = A}linoo Ec;(,(tN) =5 ﬁlog A (B,B+1) .
£ h(B)e
_t* cos (B)e (3.50)

2 (sinh(B) + e%8)3/2°

Since the thermodynamic limits of the two cumulant generating functions c(t) and ¢(t) are the
same, cf. (3.26), also the variances of the limiting normal distribution in the random quenched
and the averaged quenched are equal. O]

4 Proofs for CMy(1,2)

In this section, we consider the configuration model CM (1, 2), introduced in Section 1.2. In this
graph, the connected components are either tori (¢) connecting vertices of degree 2, or lines (/)
formed joining vertices with degree 2 and ending with two vertices with degree 1. In order to state
some properties of the number of lines and tori, we need to introduce some notation. Recall that
the number of vertices of degree 1 and 2 are given by

ny = #{i€[N]:d; =1} = N — |[pN|, ne = # {i € [N]: d; =2} = |[pN], (4.1)
and the total degree of the graph

(y = Y di =2ny+ny = N+ [pN]. (4.2)

1€[N]

The number of edges is given by ¢, /2, so we assume ny to be even. Let us also denote by K the
number of connected components in the graph and by K¢ and K¢ the number lines and tori.
Obviously,

Ky=K9 1+ KO, (4.3)

Because every line uses up two vertices of degree 1, the number of lines is given by n;/2, i.e.,
Ky = (N — |pN|)/2, almost surely. Regarding the number of cycles, we have that K\ /N has
the same distribution of K% /N, where N is the (random) number of vertices with degree 2 that
do not belong to any line and K% is the number of tori on this set of vertices. Then, since this

subset forms a CMy(2) graph, we can apply (3.16), obtaining that Ky’ /N LN 0, so that also

Ky »p (1—p)
N 2 =

(4.4)
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The partition function can be computed as in the case of CMy(2), and is given by

(z) (t)

Z(5. )IP%)W,)HZ%MBE7 (4.5)

=1 =1

where by (3.5) and (3.2)
0] LY () Ly () ® L(t Ly ()
2 (BB = (AN O L ANO) oz, (8,8 = (W0 AY) @)

and LY (i) and LY (j) are the lengths (i.e., the number of vertices) of the ith line and jth torus
(in any arbitrary labeling).

4.1 Quenched results: Proof of Theorem 1.6
4.1.1 Quenched pressure

Starting from the expression of the partition function (4.5) and with some algebraic manipulations,
we obtain the random quenched pressure at volume N as

Un(B, B) = log A4 (8, +§p@m@ma>+AWwa) (47)
=2
K(t

+ = Zlog<1+ ()>

where the first sum is taken over the possible line lengths and we define

1
(N) . __
A= 2 s (48)

to be the normalized number of lines of length [ in the CM (1, 2) graph. The random variables
(p}m)lzg play a fundamental role in the proofs, therefore we start by investigating their behavior
in the thermodynamic limit:

Lemma 4.1 (Convergence of lines of given lengths). For every | > 2, as N — oo,

P 2\ /1-p\ [1-p
o Fpr = <—) ( ) < ) (4.9)
p+1 p+1 2

Proof. The result can be obtained by applying the Second Moment Method, which states that the
convergence of the averages )y (pEN)) — p; and the vanishing of the variances Varg (pEM) —0
together imply the required convergence in probability. We start by computing the average of pl(N).
From (4.8), we obtain

Qu(Ky (1))
N

(1-p)
2

Qn (pEN)) = Qx (LN(l) = l) = Qx (LN<1) = l) (1 + 0(1))7 (4'10)
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because K /N — (1—p)/2 a.s., and the distribution of lengths LY (i) of the ith line is independent
of the label i. The average on the right hand side of the previous equation can be computed as

3 2ng — 21 ny —1
O (Ll (He —1—2@) (zN—1—2(1—2))‘ (4.11)

Recalling (4.1) we have that ny/N — p and n;/N — 1 —p as N — oo, therefore, by definition

-2
(4.2) of ¢, we obtain that Qy (Ly(1) =1) — <1%) (;ﬁ), concluding the computation of the

limit of Qx(p;™). Also the variance of (4.8) can be computed explicitly. Indeed, exploiting the
fact that K¢ is a.s. constant, we obtain

Vit () = 3 K@ (La(1) = 1) (1= Qu (Lu(1) = 1) (112)
g KO (KQ 1) (Qu (Ln(1) = Ly(2) = 1) = Qu (Lu(1) = 1))
= EUQu (La(1) = 1) (1~ Qu (Ly(1) = 1)
1

+ mKl (KU) 1) @Qn (Ly(1) =) [@n (Ln(2) =] Ly(1) = 1) — Qn (Ln(1) = 1)],

where conditional probability in the previous equation is given by

= ony —2(1—2) — 2 n, —3
Qn(Ln(2) = I Ln( (Hg —2(1—2) —3—2z><£N—2(l—2)—3—2([—2))' (4.13)

Again recalling (4.1) and (4.2), we see that the conditional probability Qy (Ly(2) = 1| Ly(1) =1)

[
converges to (%) (ﬁ) as N — oo, so that Varg (p;™) Rt i) O
With the help of the previous lemma we will be able to control the contribution of the lines to
Yy(6, B) in the thermodynamic limit (second term in the right-hand side of (4.7)). From the next
lemma, we deduce that in (4.7) the contribution of the tori is negligible when N — oo:

Lemma 4.2 (Bounding the contribution due to tori). Conditionally on LY (1),..., LY (KY), the

number of tori K in the CMy(1, 2) graph is stochastically smaller than the number of tori K
in CMy(2) (and we write Ky =< K%,). Therefore,

K(t)
(t) .
Z log ( “)> 0. (4.14)
Proof. Since 0 <715 = A_/A\; <1,
| o K9 log2
t i O
0< Y log (1 + (1) >) < NTg. (4.15)
K! »p
Recalling that K < K?, and WN — 0 by (3.16), we complete the proof of the lemma. O
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By applying Lemma 4.1 and Lemma 4.2, we finally identify the thermodynamic limit of the
random quenched pressure as

108 Z(8.B) T3 0(8.B) = log A (5. B) + Y pilog (A.(8.B) + A_(5.B) (rs)) . (4.16)

1>2

Moreover, recalling that in the thermodynamic limit the averaged quenched pressure is equal to
the random quenched pressure, we also have (8, B) = ¥(f, B).

The quenched susceptibility is then obtained by calculating the second derivative of the quenched
pressure, i.e.,

2
(8. B) = Y pi A tog (A8, B) + A_(8.B) (1)) + e log Ao (8.B). (417)
1>2

This will allow us to compare the variances in the random and averaged quenched settings.

4.1.2 Proof of averaged quenched CLT

Once more, to prove the CLT in the averaged quenched setting we must show that

Sy — Py (Sy)\] _ 2,
A}LH;O Py {exp ( T)} = exp <§an for all t € R, (4.18)

for some a . We start by rewriting the moment generating function as a product of two terms
that will be analyzed separately, i.e.,

t
pofon (S50 g [P OB ) (ot p )
From (4.7), we separate the contribution of lines and tori to the partition function, as
Zy(B, B) = exp [NFg 5 (pV) + NEx (B, B)], (4.20)
where
Fap (0) = log Ay (8, B) + 3 pf* log (A(8,B) + A_(8,B) (1)) (4.21)
K(t [>2

Zlog (14 W WY, (4.22)

and p™ = (p;" )122 is defined in (4.8). The first factor in (4.19) is

Qn

& (5 B+ \/t_ﬁ> _ 0 _eN (F,g,mﬁ(p<N>)7FB,B<p<N>))+N(EN (8.B+25)-En(5.8))
Zx(B, B) )

=Qy —eN(FB,B-Fﬁ(p(N))*Fﬂ,B(MN))) 0. <eN<EN(,8,B+\/%)—EN(ﬁyB)>

-y

(pN)=Fp,5(p™))
o )<1+o<1>>, (4.23)

N( b
— QN e ’B’B+\/ﬁ

27



N(EN (,B,B—l—ﬁ)—EN(,B,B))

because the contribution of e as N — oo is negligible. Indeed, by Taylor

expansion,
K® 1o L @)1
; L) (ra)™> O™ 4 (o) ;
N(Ey (8, B+—=)—-E3 B g t°+< )
(5 (4 75) - m0.2) = 53 L1 (a0 \VF
(t)
gtCKN, (4.24)
VN

since the summands in the previous equation are uniformly bounded in N. Therefore, by (3.23),

tox Y
Qu (o35 5)-8x0) ) < g <f

p<N>> Nogey, (4.25)

and then (4.23) follows.
The next step is to estimate the expectation appearing in (4.23). To this aim, we introduce
the notation

AFyy g (0%) = Fypy o (0°) = Fan®@™),  Si(B) i= log (A (B) + A (B) (ra)!) , (420

where, here and in the rest of the section, the dependence on f is dropped for the sake of notation.
Adding and subtracting Zl>2 o fi <B + \ﬁ> to AFB+ (p< ), yields

t t
AFB—&-\;—N(])(N)) :1Og)\+ (B+\/_N) —10g)\+ Z (N)_pl <B+\/_N>

1>2
Y (B4 ) - e (4.27)
1>2 1>2
Expanding around ¢ = 0, we obtain
A oy, 0 t* 0°
FB-‘rt(p ) :ta_ (log )\+ (B + t)) |t=0 + = 2 atz (log >\+ (B +t ‘t:O (428)
I 0 i) o (B,

1>2
2

L5 Z Ny _ 5752 (fi(B+1))

>2

t=0

FEY 0t 5 (i (B4 )

>2

2 82
S g (B o)

1>2 t=0

t=

Using the above for ¢ replaced with t/v/ N, recalling the expression for the random quenched
susceptibility given in (4.17), taking the exponential of NAFp +%(p‘m) and the average with
N

28



respect to )y, we get

Qv e (4.29)

[N(F B+tr(p( ))— FB,B(p(N)))]
_eTX. QN[eXp [t\/_—log)\+(B+t) +t\/_z Y — i) (fl(B+t)|t:0]

2 0?
Xexp[%;(pgN)_pl)aﬁ(ﬂ(B—i—t |t:0+t\/_2pla (i(B+1)|,_y + (1)]].

Next we consider the factor exp (—\/LNPN (SN)> appearing in (4.19). Since

6?ZN(B+15)| }

Py(Sy) = Qu [&W _

we can write

0 ?
Py(Sy) = Na (log Ay (B+1))|,_, +QN[NZP<N>at
1>2

f(B+1)|,_,+ N%EN(B + t)}tzo] :

Z B+
As we have already done for @y [%], we can show, by bounding the derivative of

Ey(5,B), that the term corresponding to tori gives a vanishing contribution to the limit of

\/LNPN (Sy). Thus, we can write

e VN = e

_t Py(S) —tﬁ%(logAHBﬁf))lt:O —tVNQn [ZzzngN)%(fl(B—&—t))L:O] } (1+ o(1)). (4.30)

Combining (4.29) and (4.30), the moment generating function can be rewritten as

_p M) _ 0o (oY) 2
PN[eXp (tSNTX[(SN)H — X2 O [et\/NZzz2<pl Qn(p )) aat(fz(B+t))‘t0} (1+0(1)). (4.31)
Pn(Sn)

As the previous equation shows, the cumulant generating function of WT is expressed in
terms of that of

X, \/_Z ™ _ Q™) % (i (B+1) ], (4.32)

Since 7i(B) — log( A (B) - A_(B){ra)) — log(Aw (B))+og(1-+as (1)) with @y — A_(B)/A.(B),
and log(A4(B)) is independent of [, so that

3 (0 — Qu(p™)) log(AL(B)) = 0, (4.33)
1=2
we can take

0
m(B) = 5 log(1 4 ap. (rs.,)) ‘t:O' (4.34)

In particular, 4;(B) is exponentially small for large .
Thus, in order to complete the proof of the theorem we need to show that the sequence (Xy)
converges to a normal limit. This result is provided by the next lemma:

N>1
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Lemma 4.3 (CLT for linear combinations of (p;™);s2). As N — oo,

Xy = \/_Z M _Qn (1) u(B) = N (0,02), (4.35)

e ) e () ]

+ 1%]) > (B);(B) [—< QHH._ <1 p U202 a))} o (436)

l+j—2
fynt 1+ a)tt a(l+a)

with

where o« = 2p/(1 — p) and p is defined in (4.1). Also the moment generating function of Xy
converges to that of N (0,02).

Lemma 4.3 implies that for any t € R
. tle( (N)—sz(pl(N)))w(B)] _ t202/2
Jim. QN[ = ¢f*78/2, (4.37)
This completes the proof of the averaged quenched CLT for CM (1, 2), since

Sy — Py (Sy) 2 2
with o2, = x + 0.

The remaining part of this section is devoted to the proof of Lemma 4.3. This proof is based
on the following theorem by de Panafieu and Broutin [28] that states a joint CLT for the number
of connected components in graphs with degrees 1 and 2:

Theorem 4.1 (CLT for connected components in random graphs |28, Theorem 1|). Let the random
vector C, denote the number of connected components of size T in a random graph with ny vertices
of degree 1 and ny vertices of degree 2 and no other degrees allowed. For some T € N and all
2< 7T, let

1 a2 nl)
Cr=—r—|C,— ———— 4.39
=7 (O 39
where o = 2ny/ny is a fived real positive value, and C* " = (C3,...,C%). Then, as N = ni+ny —
0o, and with qb—(N)(SQ’ ..., S7) denoting the joint moment generating function of @(m,
im ¢ (s2,...,87) = SIS/, (4.40)
nip—o0
where 5 = (8q,...,81), 81 is its transposed, and H = H(«) is the (T —1) x (T —1)-sized covariance

matriz given by

ar T4 (r—=2—a)(t—2-—a) Ir=sy a \"
i _ a0 , 4.41
(@) (1+ a)rtt-2 < + > + 1+« (1—1—04) ( )

and the convergence is uniform for s in a neighborhood of 0 = (0,...,0). As a result, ORI
N(0, H(«)), the multivariate normal distribution with covariance matriz H(a), o = 2p/(1 — p).
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Theorem 4.1 cannot be applied directly to our case since it deals with the number of all
the connected components of the random graphs, while we are only interested in the lines of
CMy(1,2). Therefore, some work is needed in order to adapt Theorem 4.1 to our setting. To
deduce this result, let us introduce some notation. Denote by A, the number of lines of length ¢ in
CMy(1,2) (omitting the dependence of Ay on N to lighten the notation) and by A} the centered
variable normalized by y/n;/2 as in (4.39). Then, we have the following Lemma.

Lemma 4.4 (CLT for number of lines of fixed lengths in CMy(1,2)). Let Ay be the number of
lines of length € in a CMy(1,2) graph with ny vertices of degree one and ny of degree two, as in
(4.1). For some T € N and all2 <{<T, let

1

Vni/2

Then, as N — oo, with a = 2ns/ny fized, the moment generating function of the vector A =
(A%, ..., AL) satisfies the following limit

A, =

(A — Qn(Ar)) . (4.42)

o5 A sHsT /2
i Q) = s
where 5 = (sa,...,57), 8¢ is its transposed, and H = H(«) is the (T —1) x (T —1)-sized covariance

matriz given in (4.41). As a result, A" 25 N(0, H(a)).

Proof. Consider the number O, of tori of length ¢ in CM (1, 2) and center and normalize it by
T to obtain ©F and let O = O, ...,0%). Then, Y = A 4 @(N), where O is
2 ¢ 2 T

defined in (4.39). In order to compute the limit of the generating function of A

+( =t
Qu (™) = @y (T e o (4.44)
we follow the same strategy that will be used in the proof of Lemma 4.3. In particular we use
Holder’s inequality to obtain
AN NP =) \P/4 ) —=(v)_\ 1/p 5= \1/4
Qu (7Y jay (¢ )" < Qu(@ ) s @ (7)o (7 ) 0

where p=1+¢cand 1/p+1/¢ =1, so that ¢ = (1 +¢)/e and € > 0. Now, fixed s* > 0, we want
to prove that

~(N)
lim QN( 50 N) - (4.46)
N—oo
for all 5 with max; |s;| = s*. Since ©) = (0, — Qx(Oy) ) ni/ 2 we can write

O <e§.@<w>) — exp ( Ze QSzQN (©) ) (exp (%‘?)) . (4.47)
(t) =

Since the number of tori Ky(t) can be written as K (t) = >, ©, and when max; |s;| = s*, we have

Zhe@ne] oumin (4.49
ny/2 ny/2
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from which, recalling that Qy(Ky(t)) ~ log N (see (3.15)), (1;’))]\7, we conclude that the
first factor in the right-hand side of (4.47) converges to 1 as N — oo. In order to deal with the
second factor, and again with max; |s;| = s*,

QN(exp < g Kzl(%)) < QN(eXP <%§?)) < QN(eXp (3* K;%)) (4.49)

By convexity of z ++ e?, we have that E[eX] > eF[X]  so the lower bound is at least 1 — o(1) by
(4.48).

For the upper bound, we note that Ky(t) is stochastically dominated by K, the number of
tori in a graph of N vertices of degree 2. Thus, recalling that K is the sum of independent
Bernoulli variables, see (3.7) and (3.8),

. il e/ V/m/2 _
\[/(%72» §H<1+2N—2i+1>'

i=1

Qv ( exp (s (4.50)

We apply this to s = s* > 0 and consider

0 <1050 (o (+220) =i (1420 < () S

where we use that log(1 + z) < & for z > 0. Since S

Pl o 2+1 ~ log N and exp( /\/n1/2> — 1~

A /ij_ﬁ> we conclude that right-hand side of the last display converges to 0, as required. O

Proof of Lemma 4.3. We split X into two parts as
k
XPk) = VNY (0" = Q™) u(B),  XP(k) = Xy = XP(k), (4.52)
1=2

where we fix k € {2,..., N — 1}. Then, we use Holder’s inequality to bound

Qu(X¥) = QN(ex§;>(k)exﬁ>(k)) < QN(erI(vU(’“))l/pQN(eqxﬁ)(k))l/q, (4.53)

where p=1+¢ and 1/p+1/q =1, so that ¢ = (1 + €)/e. Further, with the same choices of p, ¢,
we can also bound

QN(GXJS’(W) — 0. (eXN/pe—Xﬁ>(k>/p) < Qu(e¥%)'7Q, (eX§5>(k)<q/p>)1/q, (4.54)
so that o )
Qu (™) > Qu(e™~ /p) /Qx ( (R)a/p) )P/, (4.55)
We aim to prove that, for every b € R and k € N,
bX“)(k) _ broZ(k)/2
J&I_I)IéoQ( N M) = eroah/z (4.56)

32



where limy_ ., 0¢(k)? = 02 (we give the explicit expression of 02(k) and o2 at the end of the

present section) and, for every b € R,

lim sup lim sup Q » (ebXJ(VQ)(k)) = 1. (4.57)
k—ro0 N—o0
Substituting (4.56)—(4.57) into (4.53)—(4.55) and letting ¢ \, O with p = 14+¢, ¢ = (1 +¢)/e
concludes the proof of Lemma 4.3. We continue with the proofs of (4.56) and (4.57).
Proof of (4.56). This is a direct consequence of Lemma 4.4. O

Proof of (4.57). Here we need to show that we can effectively truncate the sum over k. We
start by effectively going to the single variable case. We denote

Vor = Z "W’a qe = ”W‘/’}Sk- (4'58)

>k

Then, we note that, with Y the random variable for which P(Y = ¢) = ¢, and denoting by = bV/'N,
we can rewrite

Qn (ebxﬁ)(k)) = QN(eXp {bN7>kEY [Sign(’YY) (pg;\]) - QN(pgiV))) ] }) (4.59)
< Qy (EY [exp {bN7>kSign(’7Y) (pgﬁv) - QN(p;V))) }] )7

where the inequality follows by Jensen’s inequality and E, denotes the expectation w.r.t. Y (keep-
ing all other randomness fixed). Thus,

o (ebX](\?)(k)) < Z 4O <ebN7>ksign(w) (p§N)—QN(P§N)))> ‘ (4.60)

>k

Thus, it suffices to bound the moment generating function of p{’™ — Q(py") for a single £.
We continue by studying this moment generating function. Denote N, = Np{™, so that

O <ebNW>ksign(w)(p§N)—QN(p§N)))) = Qy <eb7>ksign(w)(NZ—QN(NZ))/\/N>' (4.61)
For 6 € R, we let
M., (8) = Qu (/e ), (4.62)
We prove by induction on n; > 2 that there exists A, e > 0 such that, for all |§| < e and all ny > 0,
4 Anq 62
M,(fl)m(@) < MU, (4.63)

For n; = 0, M“ (f) = 1. This initiates the induction hypothesis. To advance the induction

ni,n2

hypothesis, we note that, with
Pruma(K) = Qn(L(1) = k), (4.64)
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the moment generating function M9 (0) satisfies the recursion

M©,,0) = MY, ki2(0)ny s (k) Mgy + Dpmgye?]ePmama (), (4.65)

k>2

We use the induction hypothesis, which is allowed since the summand in (4.65) is non-negative,
to arrive at

MY (0) < 28N gy g (B) Mgy + Lmgye?] e Prona(®) (4.66)

k>2
— eA(nl 2) |:1 +( l)pn17n2(£):|e—apnl,RQ(f).

Choose ¢ > 0 sufficiently small, so that ¢/ <1+ 6 + 62 for all || < e. Then,

M), (0) < eAm=2° 1 (14 (04 0*)pny iy (O] [1 = 0Py g (£) + 0Py g (£)7] (4.67)
< A= 1 Lag?p, (0)?].

Choosing A > 0 sufficiently large, we can advance the induction hypothesis. We conclude that
(4.63) holds. Applying (4.63) with § = by.,sign(7,)/v'N leads to

Qu (XF ) < 37 guottrePm/N < Al (4.68)
>k

since (q)e>k is a probability measure and n; < N. This completes the proof of (4.57), since 7., is
exponentially small in k. O]

We conclude this section reporting the explicit computation of ¢2(k), the limiting variance of
X’ (k) appearing in equation (4.56) and of 02, the limiting variance of Xy, see (4.36).

The limiting variance 0. We express X’ (k) as a linear combination of Ay = Np}"™ recalling
that the variables A} in Lemma 4.4, are defined as A} = (Ay — Qn(Ay)) /y/%. Substituting in

(4.52), we obtain
X0 = 1520+ o) Y u(BIA (4.69)

and notice that the variance

]-_ * *
Varg, (X{ (k) = =5+ (1+o(1 (Zw oty (A7) 3 e B(B)Covay (A", A¢” ))
0,j=2
(£

(4.70)
has a limit as N — oo. Indeed, using the fact that the functions v,(B) are independent of N, from
Theorem 4.1,

o2(k) = lim Varg, (X{(k)) = %(Zﬁ( oot S (B He,j>> (4.71)

N—o0 /ied
WJ=

2]
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where Hy; are the elements of the covariance matrix explicitly given in (4.41) with a = 2p

. 1=p
Because of the exponentially small factor (1_%&)“3 in Hy;, and the exponential smallness of v,(B)
for large ¢, see (4.34), the sums in (4.71) converge absolutely as k — oo. Thus, we conclude that

the limiting variance o exists and is given by (4.36). O
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