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1 Introduction

Quantum fields on noncommutative Moyal spacetime [1, 2] present an UV/IR mixing phe-
nomenon [3] which may prevent the field theory from being renormalizable. The obstruction
to renormalizability is caused by certain interactions between virtual particles with high
and low momenta which originate infinities that cannot be absorbed into a redefinition of
the physical parameters. Still, in some noncommutative theories renormalizability can be
recovered after an appropriate modification of the free-field propagator which takes into ac-
count Langmann-Szabo duality — an interchange between large and small energy scales [4].
In fact, some renormalization properties of these modified noncommutative theories get im-
proved with respect to their commutative counterparts. This mechanism, discovered by
H. Grosse and R. Wulkenhaar, has been applied to A¢? theory in four-dimensional Moyal
spacetime [5], where the perturbative renormalizability and the absence of a Landau pole
were proved [6].



After the success of this procedure for a self-interacting scalar field, the formulation
of a renormalizable noncommutative gauge theory along this line has been studied [7-9].
However, the joint implementation of the appropriately modified free propagator and gauge
invariance in a full renormalizable theory has not been accomplished yet. This open prob-
lem currently draws attention to the study of noncommutative gauge theories.

In the present article we study U, (1) gauge field theory — i.e. the generalization to
Moyal spacetime of U(1) gauge theory — from a worldline perspective, representing the
trace of the gauge-fixed one-loop differential operator in terms of a particle path integral.
The worldline formalism is a very efficient method to compute scattering amplitudes and
other physical quantities in Quantum Field Theory [10]. Recently, the use of worldline
techniques in phase space has proved particularly convenient for dealing with nonlocal
operators, which are distinctive in noncommutative theories [11, 12].

One of the advantages of the worldline formalism to study gauge theories is that it is
based in the background field method, so that gauge invariance is explicitly preserved and
a considerable simplification with respect to the usual diagrammatic technique is obtained.
We apply worldline techniques to derive a master formula for the one-loop effective action,
from which n-point functions can be obtained. As an illustration, we compute the so-called
planar and non-planar contributions to the photon self-energy. Planar terms, which contain
all UV divergences of the theory, provide the S-function of U,(1). Non-planar contributions,
responsible for the UV/IR mixing, are shown to be given by terms containing nonlocal
operators with both left- and right-Moyal multiplication or, equivalently, by Seeley-de Witt
coefficients which cannot be expressed as the Moyal product of the fields [13]. We expect
that the results presented in this article provide a useful tool for the perturbative study of
noncommutative gauge theories, in particular, in the context of Grosse-Wulkenhaar models.

The article is organized as follows. In the remainder of this section we present the
noncommutative Moyal product together with a few useful properties, and establish our
notation. In section 2 we shortly give the fundamentals of U, (1) theory, whereas in section 3
we apply the background field method to compute the relevant (nonlocal) operator of
quantum fluctuations whose heat-trace determines the effective action of the theory. In
section 4 we implement the worldline formalism in phase space to obtain a master formula
for the effective action, which is presented in section 5. In section 6 we explicitly compute
the mean values using worldline techniques and make an analysis of the resulting Bern-
Kosower form factors. After showing in section 7 the vanishing of tadpole contributions,
we study in section 8 the photon self-energy: we compute the S-funcion (section 8.1), and
the finite part of planar contributions (section 8.2) as well as non-planar contributions
(section 8.3). Finally, in section 9 we draw our conclusions. Appendices contain some
material related to other types of worldline boundary conditions (appendix A), divergences
of 3- and 4-point functions (appendix B) and some mathematical identities which are useful
to prove that the photon polarization is transversal (appendix C).

1.1 The Moyal product

Given two fields ¢(x) and (), with z € R* (Euclidean four-dimensional spacetime), we
define the associative but noncommutative Moyal product

(@ x9)(x) = 2% g(x +y) (e +2) | g, (1.1)



where 9 denotes the four-component gradient! and  a real antisymmetric matrix in R**4
with dimensions of length squared, which we assume to be nondegenerate. The elements 60,
of the noncommutativity matrix 6 set a deformation of the usual commutative spacetime:
under this %-product the coordinates now satisfy the commutation relation [z,,x,] :=
Ty * Ty — Ty * Ty = 200,

From definition (1.1) one can formally derive the useful expressions

oxtp = L(¢) ¢ = ¢(x +i60) 1), (1.2)
=R(Y) ¢ =(x —i00) ¢, (1.3)

where L and R denote left- and right-Moyal multiplication, respectively. It is sometimes
convenient to make use of the representation of Moyal multiplication in Fourier space,

F(p1 % pa*x p3x...)(p) :/dﬁldﬁgdﬁg...g(pl +p2t+ps+...—p) X

X ¢1(p1) G2 (p2) d3(p3) ... e i< PifPs (1.4)

Both the symbols F(¢) and ¢ are used for the Fourier transform of a function ¢. The
overlined dp means d*p/(2m)?*; we also use an overline in Dirac delta functions to represent
a factor (27)%, so that 6 = (27)* 5. Note that in Fourier space the effect of noncommutativ-
ity amounts to a phase — known as twisting factor — involving all products of momenta
pifp;. Since the twisting factor is not invariant under any permutation of momenta but
only under cyclic ones, then each interaction vertex involved in a particular process in
the commutative theory gives rise to many different inequivalent processes in the non-
commutative theory. In Feynman diagram language, this means that a given diagram in
commutative spacetime corresponds in Moyal spacetime to different contributions accord-
ing to the non-cyclic interchanges of the fields attached to each vertex of the diagram. In
accordance with all these possible interchanges, diagrams can be planar or non-planar and
thus present very different physical consequences.
Let us finally mention that under the integral sign the following two properties hold:

/Réldmw:/wdww, (1.5)

/dw¢*¢*x—/ dr x*xpx1). (1.6)
R4 R4

The first property is a consequence of the fact that the difference between the Moyal
product and the ordinary commutative product is a total derivative, and it implies that in
noncommutative theories terms in the action that are quadratic in the fields do not need to
involve Moyal product. The second property is an immediate consequence of the first one.

2 U,(1) gauge field theory

There exists a mathematically rigorous formulation of classical noncommutative gauge
theories [14, 15]. In this section we just introduce some basic concepts of pure U,(1),

1To avoid cluttering we will most frequently omit the indices of matrices and four vectors; for instance,
expression 60 represents 6,0, £00 represents 6,,x,0,, etc.



the generalization of U(1) gauge theory to noncommutative Moyal spacetime. As we will
see, even in the absence of matter, the noncommutativity of Moyal spacetime introduces
self-interactions for the photons; the resulting theory is, in many aspects, much like pure
non-abelian Yang-Mills theory.

To begin, let us consider the function

Ulz) = @ = 1 4 ia(z) - % a(z) * a(z) + ... (2.1)

—ia(z)

whose Moyal inverse, U x U™! = U™« U = 1, is given by U™! = e, . Such function

defines a transformation of a gauge field A,(x) as
A(z) 5 Ux Ay« UL +iUx0,U L. (2.2)
Consequently, the covariant derivative
D, =8, —iA, (2.3)
and the field strength
Fu =1[Dy, D)) =0,A, —0,A, —i[A,, A (2.4)

(where, as before, [A,,A,] = A, x A, — A, x A,) transform covariantly under U, (1), i.e.,
D, — U*DH*U*1 and F),, — U*F#V*Ufl. With these ingredients we can now construct
the following invariant action

S[A] = é » dz F,* Fu,, (2.5)
where e? is the bare coupling constant. Since F, contains both linear and quadratic
terms in the gauge field A,, the action S[A] involves cubic and quartic self-interactions
for the photons. There is thus an evident similarity between noncommutative U, (1) and
commutative non-abelian Yang-Mills theories that, as we will see, manifests also in the
quantization of the theory.

In Fourier space, the action reads

S[A] = 2(132/610 Ap(0) Ay(=0) {8, 0> — 0,0} +

1 -
_ €—2 /d51d52d5‘3 ) (0‘1 + 09 + 0‘3) Au(al)Ay(UQ)Ay(J3) X
t /d&1d52d53d&4 § (014 02+ 03+ 04) el i< 7i005 o

X {Au(01)Au(02)Ay(03)As(04) — Ap(o1) Av(02) Ap(o3) Av(oa)} - (2.6)

2¢2

The quadratic term describes a massless field with a transverse propagator. The cubic
self-interaction corresponds to the term 9,4, % [A,, A,] whereas the quartic one to the
difference between the terms A, « A, « A, x A, and A, x A, x A, x A,. Of course, for § =0
all interactions vanish and we are left with the usual free QED.



3 The background field method

In order to study the one-loop effective action of U, (1) we consider a fixed arbitrary back-
ground A, (z) and write the gauge field as A,,(z) 4+ a,(x), so now the quantum fluctuations
of the field are represented by a,(x). If we perform this shift in the action (2.5), the terms
which are quadratic in the quantum field read

1 .

5™ — QeZ/R dz {~a,[Dy.[Dosan]] — Dy [ Dos ) + 2iap[Fra]} . (3.1)
where now the covariant derivative D, and the field strength F},, depend exclusively on
the background field A,. If, in addition, we choose the gauge condition [D,,a,] = 0 and
introduce the corresponding gauge fixing term (proportional to [D,, a,]?) in the Feynman-
't Hooft gauge, then the second term in (3.1) cancels and the quadratic part of the action

takes the simpler form
S2)

gauge ~

=52 [, dx a, 525gauge ay , (3.2)
R

where the nonlocal operator (525gauge is given by
6% Sgange = —0uw[Dp, [Dpy 1] + 20 [Fu, -] - (3.3)

This gauge choice is essential to get a minimal operator. In terms of left- and right-Moyal
multiplications this operator can also be written as

0% Sgange = — O {0 — iL(A) + iR(A)}* + 20 {L(Fj) — R(Fju)}
= — 6, {0 —iA(z 4 00) + iA(z — i00)}? +
+ 2i {F (7 +00) — Fj(z —i00)} (3.4)

acting on four-component functions a,(z) € R* x Ly(R?). As already mentioned, the first
term in (3.4) is diagonal in the p, v-indices, but the second term has an internal structure
that mixes these indices by means of the antisymmetric expression F},,. The term “gauge”
in 525gauge is used to remark that it represents the quantum fluctuations of the gauge field
and that it does not take into account the contributions of the ghost fields. However, for
the chosen gauge, the corresponding ghost operator is simply given by

525ghost = - {8 - ’LL(A) + ZR(A)}Q
= — {0 —iA(z +i00) + iA(z — i09)} (3.5)

acting on one-component Grassmann fields ¢(z), c(x). The ghost operator thus coincides
with the diagonal part of the gauge operator (cfr. eq. (3.4)): this turns out to be quite
helpful in the computation of the effective action below.

The one-loop effective action can then be expressed in terms of the functional deter-
minant of these operators

T'[A] = —log Det ™2 {02Sgauge } — log Det {52 Sgnost } - (3.6)



We finally regularize these determinants by means of the heat-traces of the quantum fluc-
tuation operators

1 o0 dﬂ 2 a2 a2
T[A] = —/ — e h (Tre B 0% Sgange _ 9Ty e=H0 Sghost) : (3.7)
2 Jo-2 B

Note that we have introduced both an IR and an UV regulator m and A which prevent
the integral to diverge at respectively large and small values of the Schwinger proper time
B. Expression (3.7) shows one of the advantages of this formulation, namely that one can
easily take account of the ghost contributions. Indeed, by means of the heat-trace, gauge
contributions to the effective action arise from the exponentiation of the two terms in (3.4).
If we expand this exponential in powers of the fields, there are terms which involve F,,
(from the second term in (3.4)), that are not present in the ghost heat-trace, and terms
which are constructed only from powers of the first term, which do appear also in the ghost
part. In the gauge heat-trace, these latter terms are multiplied by 4 — due to the trace in
the R* part of R* x Ly(R*) — whereas in the ghost part the same terms are just multiplied
by the —2 coefficient of expression (3.7). Hence, we can consider only the gauge part,
multiplying by a factor 2 those terms which do not involve F),,, and leaving unmodified
those terms which contain F},,; once this prescription is followed, the ghost contribution is
automatically incorporated.

4 Worldline determination of the heat-trace

In this section we determine the heat-trace Tr e 39" Sgauge of the nonlocal operator 52Sgauge
using the worldline formalism. In terms of phase space path integrals the trace can be
written as

2
Tr e P9 Seauge — tr/
R

—tr / @ / Da(t)Dp(t) e~ 8 A=+ 5w =@ pe)} (1)
]R4

dzx (x]eiﬁ 8% Sgauge |x)
4

where the trajectories z(t) satisfy x(0) = xz(8) = x. The expression “tr” denotes the
trace over y,v-indices in the R* part of R* x Ly(R*). The function 62Sy (z(t),p(t)) is
obtained by replacing x — z(t) and 0 — ip(t) in the Weyl-ordered expression of the
operator 525gauge. Weyl ordering is required by the midpoint prescription in the time-slicing
definition of the path integral. Nevertheless one can show from a formal Taylor expansion
that for any pair of functions ¢, v the operators ¢(x +1i60), ¥ (x —i600), the mixed product
¢(x +100) - (x —i00) and also the symmetrized expressions 0 - ¢(z + i00) + ¢(x +i60) - O
and 0 - Y(xz — i00) + Y(x — i00) - O are already Weyl-ordered; this means that no extra
terms are needed in order to write them as completely symmetrized expressions of the the
operators z and 9. Hence,

52y (,p) = {p + A(z + 0p) — A(z — Op)}? +
= 2i{Flu(z+0p) — Fu(z —0p)} . (4.2)



Note that the first term contains squares of the gauge field which must be read as con-
ventional Moyal squares (A?)(y), evaluated at the operators y = x + 0p, i.e. (42)(x + Op)
are regular functions of operators x & 0p. Therefore, by expressing them in terms of their
Taylor expansions, one can promptly check that they are written in Weyl-ordered form —
see discussion in [11] for further details.

It is now convenient to rescale the proper time parameter as t — (5t and to redefine the
trajectories as x(t) — z ++/Bz(t) and p(t) — p(t)/+/B in terms of dimensionless functions
of the rescaled proper time ¢ € [0,1]. Note that the projection of the trajectories onto the
configuration space now represents perturbations around the fixed position = so that z(t)
satisfies homogeneous Dirichlet conditions, z(0) = x(1) = 0. After these redefinitions the
heat-trace can be written as

Tr efﬁ 625gaugc —

N (@) [

[ s <e—ﬁf3dt{jgp<t> [A(+)—A(—)]+[A(+)—A(—)]2_2z'[F(+)—F(—)]}>7 (4.3)

where the signs (+) indicate that the field must be evaluated at x + /B x(t) + 0p(t)/\/B,
and F represents the tensor field F},,. The mean value in (4.3) is defined as

/ Da(t)Dp(t) e Jo @t {r*=ini}
()=

: (4.4)
/ Da(t)Dp(t) e~ Jo t{p*=ivt}

where the normalization has been chosen so that (1) = 1. The subsequent normalization
factor N (8) can be determined from the value of the heat-trace in the free case. Indeed,
for A, (x) =0 we obtain

Tr ¢~ # 9 Ssause =N(B) tr/ dzx (1)

R4

1
- T 7ﬁ (76)2 = / 4 . 4
re R4 de (47 3)? (45)

In conclusion, we obtain for the heat-trace

Tr 6_5 625gauge —

-7 15)2 tr / d < oA dt{ Z5 0 [ACH) —ACHAMD) -AC)2-2i [F(+>—F(—>]}> ‘
7 R4

(4.6)

The *-symbol reminds us that, as discussed below eq. (4.2), the squares correspond to
Moyal multiplication.

5 The effective action

We have now all the ingredients to write down an expression for the effective action from
which n-point functions can be computed in terms of worldline mean values. Replacing (4.6)



into (3.7) we obtain, after expanding the exponential,
1 [ dﬁ 6—m2ﬂ o0 1 t1 tn_1
FA:—/ —_ —5"/ dt/ dt.../ dt, X
4] 2 Ja—2 B (4mPB)? nz:l( ) o Jo "

~ n 2 '
X tr /R4 dx < H <\/Bpu(ti) V“A(ti) + VAL ) — 20 V#}Z(ti)>> . (5.1)

i=1
where we have defined the vertex functions

VA®) = Au(+) — Au(-), (5.2)
VAL = (Ap* Ap)(+) + (A x Ap) (=) =2 Au(+) Ap(-) (5.3)
Vi (t) = Fu(+) = Fu (). (5.4)

The signs + between brackets indicate that the field is evaluated at z++/B x(t) +0p(t)/\/5,
respectively. The symbol tr means that for the diagonal terms in the expansion (i.e. for
those that do not contain VJZ) the trace amounts to a simple multiplicative factor of 2:
this automatically takes into account of the ghost part of the heat-trace, as explained at
the end of section 3. Note also that the term n = 0, being field-independent, has been
omitted.

Expression (5.1) allows the successive computation of n-point functions according to
the number of powers of the gauge field, taking into account that the vertex V;‘ is linear in
Ay, VA4 is quadratic, and ij contains both linear and quadratic terms in A,. Whenever
a term in a product of vertices contains fields evaluated either at (+)-type or (—)-type
arguments only, its contribution to the effective action corresponds to a planar Feynman
diagram. On the contrary, products of fields evaluated at different types of arguments give
the contributions of non-planar diagrams.

In the next section we will use the worldline approach to indicate how to compute the
phase space mean value in this master formula.

6 Mean values

The master formula (5.1) requires the calculation of mean values of the form

/11@4 dx < f[ Vi (m +V/Ba(t;) £ 9p(tz)/\/B)> , (6.1)
i=1

where each of the functions Vi, VA, . .., V, represents a field contained either in VA4 or Vlﬁ;
later in this section we will consider mean values which also contain fields from the vertex
V/f‘. Recall that the double sign +; indicates that the field V; comes from the right- or
left-Moyal multiplication, respectively. In terms of Fourier transforms this quantity can be

written as

/R 051 ... d5n 5(30) V1) ... Vi(ow) x

y <€izy_1 («Bx(ti>m+;3p(ti)m)> ’ (6.2)

pi=Fibo;




where the delta function that enforces the conservation of the total momentum is due to
the integral over the “zero-mode” x. The mean value in the presence of arbitrary external
sources j(t), k(t) coupled to the fields x(t), p(t) can be readily computed after the standard
procedure of completing squares and inverting the differential operator of the resulting
quadratic form. The result reads

[ Da(t)Dp(t) e Jo d{p i} i fy dt{hprin)

B [ Da(t)Dp(t) e Jo 4t —iné)

—exp (- [ [ vt { L rOR0) 0005040+ 310 ORO5 )
(6.3)

< i Jo dt{k(Op()+5 (1) ()} >

where h(t,t') and g(t,t") are elements of the Green’s matrix

1

DLt t) = ( o Wﬁ) ,
sh(t',t) 2g(t,1')

[\S]EN

which is the inverse of the phase space kinetic operator with z(t) satisfying homogeneous
Dirichlet boundary conditions, i.e.

1 1
g(t,t) = =gt —#'| —tt' + St + 1),

h(t,t') =20ig(t,t') = —e(t —t') — 2t/ + 1.

However, as shown in the appendix A, expression (6.2), and ultimately the effective action,
can be equivalently computed using the homogeneous translationally-invariant Green’s

function
/ 1 / 1 N2
Gt 1) = =t = 1|+ St = 1), (6.4)
Ht—t):=2Gt—t)=—e(t—t)+2(t—1), (6.5)

where €(-) is the sign function. In turn this thus leads to the phase space worldline
propagators
, 1
<p,u(t>pl/ (t )) = 5,uu 5 ,
(M (t)x” (t)) = " 2G(t — 1),

(pu(t)a”(t)) = &% iG(t —t') .

These propagators are the phase space counterparts of the “string-inspired” configuration
space propagator adopted in [10], and correspond to an alternative way of factoring out the
zero mode of the kinetic operator (see also [16] for a discussion on the factorization of the
worldline zero mode). Basically, in the expression (6.2), terms that involve the difference
between the Dirichlet Green’s function and the string-inspired one are proportional to the
total four-momentum, and hence vanish.



The mean value in expression (6.2) can now be computed by replacing
k(D) = 575 50—t . (6.6)
i=1
i) = 55 38l - t)a, 6.7
i=1
into expression (6.3); the result reads

b

<ei2?:1 (\/Bl(ti)ai+ﬁp(ti)pi) > — e 3251 a5 Pirit+B Gij 0305 +iGyj pmj} (6.8)

where G;; := G(t;—t;) and Gy; := G(t;—t;). Finally, expression (6.1) can now be written as

/R4 & <HVi (a+ VBa(t) = 9p<ti>/ﬂ)> -

i=1
:/ d&l...dﬁng(al—i—...—f—Un)Vl(Jl)...Vn(Un)><
R4xn

e i ﬁ (F:00:)(Fj00;)+B Gij 010+iGyj (:Fi90i)0j} ' (6.9)

Expression (5.1) also requires the calculation of mean values including the functions

Pu(ti) VMA(ti) for some t;,

/ <\f (to )\f HV(m—i— B(t;) +: Op(ts /f)> (6.10)

where tq,t, . .. belong to the set {t1,...,t,}; the corresponding fields are then V, = A, (z+
VB x(te) £4 0p(ts)) and must be Lorentz-contracted with p,(t,). In terms of Fourier
transforms this quantity can be written as

/ d51...don 8(01+ ...+ 00) Vi(01) ... V() X
R4><n

X (—2i) 9 (—2i) — 9 <€i2?—1 <\/B$(tz‘)0i+\/1§p(ti)m>> ’ (6.11)

9pa apb pi=Fibo;

so that expression (6.10) results
/ <f<>f HV(m+ Ba(t;) i Op(t: /f)>
:/ d51...d5’n5(01—1—...—!—0”)‘71(01)...‘7”(0”)><
R4Xn
« (—2i) 2 (con 2 e Duddrenta Gy e tiGy poy )
apa apb pi=Fibo;

(6.12)

~10 -



Note that, though not explicitly indicated, the fields V,(c,), Vi(0p), ... contain Lorentz
indices that must be contracted with the Lorentz indices in the gradients 0,,,0,,,...,
respectively.

Before concluding this section, let us make some comments regarding the Bern-Kosower
form factor

o i { 15 (Fi00:)(F100,)+B Gij 0i0;+iG; (%901')0;‘} : (6.13)

that appears both in expression (6.9) and (6.12). The term

676 22,5 Gijoio (614)

is the resulting form factor for the commutative case, § = 0. After the usual small-3
expansion — equivalent to a large-mass expansion — one obtains successive integer powers
of 0;0;, which represent higher-order derivatives of the fields in the effective action.

Let us next consider the term?

e~1 i Gij (Fi001)0j _ i Ty jl(E)+(E)] [3- ()] 0ifo; , (6.15)

which is independent of 3. Note that terms in the exponent involving indices 4, j for which
+; # %, (i.e., corresponding to vertices Vj, V; that act one by left- the other by right-
multiplication) vanish. In other words, the sum in the exponent of expression (6.15) only
involves pair of momenta of vertices which act both by left- or both by right-Moyal multi-
plication. Moreover, if all indices 7 have the same sign +; (i.e., for a planar contribution),
due to momentum conservation, expression (6.15) reads

eizlzz<] 0'7;00']' , (6.16)

which is the so-called twisting factor that gives the Moyal product of the vertices (see
eq. (1.4)). This means that for planar contributions, the full consequence of the term
linear in 6 in the exponent of expression (6.13) is to provide the x-product of the fields.
If +; = —, i.e. if all fields act by left-multiplication, then the x-product must be written
according to time-ordering; if +;, = +, then the x-product is reversed.

Finally, momentum conservation implies that the term

6_$ Zi,j($i‘90i)($j9‘7j) — 6_$(2?21(¥i)00i)2 (617)

gives no contribution if all indices ¢ have the same sign +;. Otherwise, assume that some

momenta — say oy, ...,0; with 0 < [ < n — correspond to vertices acting with left-Moyal

product; then expression (6.17) reads
ALl

(6.18)

This is then a purely non-planar contribution, which appears as long as both left- and
right-Moyal products are present.

2Recall that, due to time-ordering in the Feynman path integral, t; > t; fori<j.
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In conclusion, for planar contributions one only gets the twisting factors (6.16), which
introduce time-ordered or reversed time-ordered Moyal products of the fields, and the
phase (6.14), which gives the usual series of higher-derivatives of the fields that is also
present in the commutative case. On the contrary, non-planar contributions also contain
terms as (6.18) which decrease faster than any power of 5 as § — oo and thus provide
an UV-regularization of the effective action. However, as seen from expression (6.18), this
regularization has no effect if the sum of momenta o1 + ... 4 o7 vanishes, so the original
UV divergence turns into an IR divergence (UV/IR mixing).

An alternative approach to compute (6.1) is to Taylor expand the vertex functions V;
around the zero-mode z, i.e. Vi(z + 2(t;)) = e*4)%V;(x), so that one gets

/ dx <62i(ﬂx(ti)¢iﬁp(ti))&> Vi(z1) -+ Val(an)
R4

- /4dw ¢Zi{ 35 (F)F) 4G +(FCos o “Vi(a1) - Valen) (619
R

T1='=Tpn==I

T1=+=Tp==

where 0; is the gradient of the i-th vertex. This method might appear advantageous if
one wants to write the final results in configuration space as it avoids a passage to Fourier
space. On the other hand in Fourier space it turns out to be relatively easier to spot
vanishing terms, and nonlocal contributions to the effective action involve functions of the
Fourier momenta rather than functions of the derivatives of fields. It thus appears more

natural in our context to work in Fourier space.

7 One-point function

As a first example, let us compute the one-point function to show that there are no tadpole
contributions. Expression (5.1) indicates that the part of the effective action which is linear
in the gauge field is given by the first and the third terms in the mean value — i.e., linear
in Vf and V/f;,
F,, is traceless, we would only obtain a contribution from the former. However, applying

respectively — in the contribution corresponding to n = 1. In fact, since
expression (6.12) for n = 1, we get
e (Zonanw)) = [ aobo) dyto) (-20) b7
R4 VB R4 Opu p=Tbo
=0. (7.1)
The whole one-point function thus vanishes, and then an expansion around the trivial vac-

uum would be justified. Nevertheless, we will see that this configuration becomes unstable
when non-planar contributions to the self-energy are considered.

8 Two-point function

In this section we study the one-loop two-point function. Let us consider first the planar
contribution to the quadratic effective action I'® arising from the mean value
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<Vlf:,(t1)V£,(t2)> in expression (5.1) for n = 2,

1 d t
/ a8 —mgﬁ/ dtl/ dtQ/ dx (VE () VI (t2)) . (8.1)
87T A—2 R4

Of course, since this term is quadratic in F),, it contains terms which are quadratic in A,
but also cubic and quartic terms in the gauge field. Using eq. (6.9) we compute the planar
part Fg) of this expression, which receives equal contributions from the purely left- and
purely right-Moyal operators,
1 [>*d f
Fg) = B —m26/ dtl/ dtg/dO’ldO'Q 01 + 0'2)

471'2 A2

F (Ul)F ( ) —28G12 0102

0 —m?p 1
:_/do-FW W( o) - dﬂe 5 /0 dtteBta-t)o* (8.2)

We have used momentum conservation and the vanishing of G;; at coincident times. The
integral over the Schwinger time ( yields

2 1 . ! m? +t(1 —t) o?
F%) :_4W2/doFW( )F,W(—a)/0 dttF(O, 2 : (8.3)

The UV-divergent part of such contribution can be obtained by extracting the O(3°) term

in the last exponential in (8.2). Hence

Fg) = _% (0, m2/A2) / de F(z) *x Fu(x)+ ..., (8.4)
8 R4

where the dots represent UV-finite contributions.
On the other hand, the contribution to the quadratic effective action arising from the
mean value (VA4(t)) in expression (5.1), for n = 1, reads

1 s - 2/3/ / Ad
—e ™ dt d .
167‘(‘2/1\ 2 B2 R4 33 V (8:5)

Using again eq. (6.9), we obtain the planar part FE& of this contribution,

1 dp o’ = ~
=g [ e [ dodo) o

= 2F(—1,m2/A2)/ dz A%(z), (8.6)

8 R4

This contribution would introduce a mass term for the gauge field, which diverges as ~ A?
in the UV limit. However, one more contribution remains to be computed which will cancel
the above quadratic divergence. This last contribution to I'® corresponds to the mean
value (pu(tl)py(tg)vlf(tl)VVA(t2)> in (5.1) for n = 2,

1 fe’e) dﬂ B 25 /1 /t1
- — —e M dt dt
1672 /A2 5 ‘ o o 7 *

2 2
X /R dz <\/Bpu(t1)V#A(t1) \/Bpu(tg)v;‘(tg)>. (8.7)
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The planar part I‘f) of this contribution, using now eq. (6.12), is given by

00 1 t1
(2 _ 1 B —m2p / /
Y = — — dt dt
A 4r2 /A2 B ‘ o o 77 .

X /d51d52 5(01 +0’2) AH(O'l)/L,(Ug) X

9 9 e i ﬁﬁiﬂj-i-ﬁGij 0i0;+iGij Pin} +(0— —0) .
Op1y Opay pi=—00;
(8.8)

The last term in this expression represents the contribution of the operators acting by
right-multiplication. However, both contributions coincide and give

1 [ele] 1 tl
Fg) = / % e_mQB/ dtl/ dty X
212 Jy—2 B 0 0

_ _ 1 )
X /d5' Ay (o)A, (—0o) 2P Cr2 o {_25 S — Gy U#OU} . (8.9)

After an appropriate expansion of the exponential e’ 12 7% for small B we compute the
divergent part of this expression,

oo 1 t1
2 1 dﬁ —m? 5 A A
1 =g [ e ) o ) i [ o AAe) x

1 .
X {—2/36,“, (14+28G120” +...) —G%QUuay(l—l—...)}

2

— — o T(—1,m?/A%) [ de A2(x) +
8 R4
1
T T'(0,m?/A?) /R4 dz Ap(z) {0 0* — 0,0, } Au(z) + ..., (8.10)

where the dots represent UV-finite contributions. Note that the first term exactly cancels
the contribution of F5421)4 (see eq. (8.6)) so there are no quadratic divergences, as expected
from gauge invariance.

Collecting all the divergences arising from Fg), Ffi and Ff) we obtain

11
r® = 5 1og (A%/m?) /

dx Ap() {80 0> — 8,0,} Ay(@) + ..., (8.11)
R4

where the dots represent UV-finite terms.

8.1 The B-function

As shown in expression (8.11), there are no quadratic UV divergences in the self-energy,
so quantum fluctuations do not generate a mass term, which would break U, (1) symme-
try; instead, there is a logarithmic divergence which is removed by a charge renormal-
ization [17]. Moreover, expression (8.11) is consistent with the transversality required by
gauge symmetry.
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The UV divergence in the quadratic part of the one-loop effective action can be removed
by a redefinition of the physical coupling constant e% in the classical action (2.5), namely

1 1 11
= — log (A2 /m? 8.12
22 = 22 a8 og (A°/m*), (8.12)

or, equivalently,

11
2 _ 2 2 2/, 2
ep=e¢e (1 + 522 € log (A°/m )) . (8.13)

From this expression the S-function results

B(e) :=Adpe(A) = —% e? (8.14)
This expression, which shows that the theory is asymptotically free [18, 19], coincides
with the S-function of pure Yang-Mills with a quadratic Casimir equal to 2 in the adjoint
representation.

At this point it is worth remarking an advantage of the background field method: as in
ordinary (commutative) Yang-Mills theory, the S-function can be obtained directly from the
divergences of the two-point function. In spite of this, to further illustrate the application
of the master formula (5.1), we will verify in appendix B that the same renormalization of

the coupling constant is obtained either from the 3- or the 4-point functions.

8.2 UV-finite part of the planar contributions to the self-energy

The finite part of the photon self-energy receives contributions which have been omitted in
the previous calculations (see egs. (8.2) and (8.9)) as well as contributions corresponding
to non-planar diagrams, which will be considered in the next section.

Let us first consider the UV-finite contributions from eq. (8.2) to the planar part I‘g),

1 - - * 2
_ 5 _ —Bt(1-t)o? _
2 /daFW(U)FW( 0)/0 dﬂ 3 dtt (e 1)

0
:_4;/d5ﬁuy i 271(1;)2) (Z;)n
:fﬁ o Fyy (o) Fpu( { —/1+ arcsmh\/i} (8.15)

Note that we have removed the UV-cutoff by taking A — oo. If we consider the limit
m? — 0 as well, we obtain

4;2 / 05 Fr () Fp(—07) {1 - % log (02 /m?) + O(m? /02)} . (8.16)
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Let us next consider the UV-finite contributions from eq. (8.9) to the planar contibu-

2)
]. _ ~ o0 d,B meB 1 t
W/dUAM(U)AV(—U)A Fe A dtlA dtQ X

tion F(A ,
1 — (28G120%)" ., = (28 Gra0?)"
X\ Tap 0w Z& Tln+1) 1200 ; T(n+1)

1

:2471'2/d5 AN(U)AV(—O') (8 o2 — 0uoy) X

3
4m? 4 4m?\2 o’
X {02 + 37 <1 + 02) arcsmh\/;} . (8.17)

In the limit m? — 0 this expression gives

24171_2/d0 AH(U)AV(—J) (5/w o’ — O’HO'V) X
« {g _ % log (62 /m?2) + O(m2/02)} . (8.18)

Altogether, expressions (8.16) and (8.18) give for the finite part of the planar contribu-
tions to I'®)
—_ X e 2 1].
do A, (0)Ay(=0) (6 0% — 0,400) { ——

pr log (02 /m?) — A + O(m2/02)} . (8.19)

92
In consequence, there is a planar UV-finite but IR-divergent contribution to the effective
action given by

B 4;2 log (o*/m") /R4 du Ay () {8 0% — 0,0, } Ay (2) . (8.20)

As is the case of ordinary comutative Yang-Mills theories, the dependence on the IR~cutoff

m? can be cancelled by the corresponding term in eq. (8.11).

8.3 Non-planar contributions to the photon self-energy

To conclude our analysis of the photon self-energy, we study the non-planar contributions
from the three types of quadratic terms in eq. (5.1), given by expressions (8.1), (8.5)
and (8.7).

According to eq. (6.9), the non-planar part of expression (8.1) is given by

@np 1 [ dB 2 /1
PN [ O t1
r 12 //\2 5 e ; dtt x

X / d5 Fy(0)Fyy(—0) ¢ 7 007 =011=0 0% (8.21)
Integrating in 8 we obtain
1 _ _ 1
e - L / 05 Fru () Fy (—0) /O dtt Ko(2n/m2 T H1 = D2 [0o]).  (8.22)
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Let us consider next the non-planar contribution from expression (8.5),

—m2,3 1 (40)?
I 8772/ 9B / dt/dUA e
. /daA (o )A (~0) IH K 2mlol) (8.23)

This term would give a quadratic IR divergence with a tensorial structure ¢,,. However,
there is still one more contribution which completely cancels this term. In fact, using
eq. (6.12), the non-planar contribution from expression (8.7) reads

e _ 1 [ dB —m%/l /“ / i
" = 52 /A2 5 e ; dty ; dty [ do Au(0)A,(—0) x

% ¢ B L (00)2+28 G12 02 {_21ﬂ S + 612(90)”(90)” — G%Q o'uo'y} . (8.24)

After integrating in 8 we obtain

1
r@N _ L[5 1 (0) Ay(=0) / dtt x
0

272
24+t(1 —t)o?
X {5;“/ Vm +|9§’ Jo K, (2\/m2 +t(1 —t)o? \90\) +

200000, ("I ) K (2 oL B 0o +

+ o0, (1—20)? Ko (2\/m2 T (1 - t)o? |90|>} . (8.25)

2

Next, we use the identity (C.2) derived in appendix C to write this expression in the
simplified form

% /d&flu(a) Au(~0) {@w W%Kl (2mlfo]) +
_ /1 dtt { (1—2t)? (640 0% — 0,0,) Ko (2\/m2 +t(1 —t)o? ]90’|) +
0

+4(00),(00), (m2 +(te(j); t)"Q) Ky (2\/m2 (1 — 1)o? \90\) }} .
(8.26)

Note that, as already mentioned, the first term in this expression exactly cancels the whole

contribution of I’Ei)qNP, given by (8.23). The remaining terms, together with Fg)NP (cfr.

eq. (8.22)), give all non-planar contributions to the photon self-energy,

1
re) zl/da—flu(a) A,,(—a)/o dtt x

X { (6 0 — 0,04) [1— <;—t>2] (2\/m2+t 1—t)o ]90\) +
~ (00),(60), <m2 %%; ”"2) > (2¢/m? ¥ (1~ 1)0? |6 }
(

8.27)
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Let us make some remarks regarding the content of this expression. Of course, the diver-
gences of the Bessel functions for small values of o are a direct indication of the UV /IR
mixing phenomenon and the consequent non-analyticity in 6. However, the two terms in
braces in expression (8.27) present a quite different IR behaviour.

The term which has the tensorial structure (d,, 0? — 0,0,) shows a logarithmic IR
divergence, even for m? # 0, of the form

_% /d5 AM(U) A, (o) (5W o? — UMO‘Z,) log (m2 (90)2) +.... (8.28)

This result displays the correspondence between logarithmic IR divergences in non-planar
contributions and UV divergences of the corresponding planar part [3, 21]. In addition,
there are other tensorial structures in the non-planar part of the self-energy of the form
(60),(00), which, for small momentum o, give [20]

0o),(00),
0ot

L[ 45 Au(o) Au(~0)

e (8.29)

This quadratic IR divergence is not in correspondence with the UV divergence of the planar
contributions [21, 22]. In any case, all tensor structures in expression (8.27) are transversal,
in accordance with gauge symmetry. Note that this analysis can be carried out even for
m? # 0.

In the limit m? — 0, expression (8.27) can be cast into the form

r@ — /d&flu(a) Ay(—0) x

0o)u(0o)y _
x{@wﬁ—@@nmw%wﬂiﬁg):www}, (3.30)
where
Y(z) = 7{(422 + 1) (cosh z Shiz — sinh z Chi z) +
82 23
+ z (coshz Chiz — sinh z Shiz) — z} : (8.31)
and
1
5(:) =~ {(22 +3) (cosh z Shi z — sinh z Chi 2) +
+ 3z (cosh z Chi z — sinh z Shiz) — z} ; (8.32)
the functions Shi, Chi denote the hyperbolic sine and cosine integrals, respectively. Note that
11
Y (lo]|fa|) = ~ o4z log (|o||0o]) + ..., (8.33)
T
_ 1
E(|ol|lfo]) = —er... , (8.34)
as the external momentum o — 0. The coefficient — 2i}r2 in the logarithmic divergence (8.33)

is related, as already mentioned, with the UV divergence of the planar contributions to
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the self-energy and thus provides the S-function of pure U,(1). On the other hand, the
negative sign in (8.34) leads to the tachyonic instability originally described in [3] and [21].

In conclusion, expression (8.27) for the non-planar contributions to the self-energy
shows that the polarization tensor is transversal, despite including a non-standard tensor
structure (6o),(00),, which is not Lorentz invariant. The photon propagator diverges at
low energies, even when the IR-regulator is mantained, as a consequence of UV /IR mixing.

9 Conclusions

We have applied the worldline formalism to pure noncommutative U(1) gauge theory. The
gauge invariance of the background field method yields a much more efficient computational
tool in relation with the usual calculation of Feynman diagrams. In particular, the -
function — corresponding to the renormalization of the electric charge — can be computed
directly from the (UV or IR) divergences of the photon self-energy. We have checked that
the same charge renormalization is obtained from the 3- and 4-point functions. The result
reproduces U,(1) asymptotic freedom [18, 19].

As an illustration of the efficiency of the method, we studied the two-point func-
tion, introducing both an UV- and an IR-cutoff, and we explicitly computed the photon
self-energy for any value of the external momentum; the well-known behaviour for large
and small momenta is reproduced. The polarization tensor is transversal although a non-
standard tensorial structure, which is not present in Lorentz invariant models, arises due
to non-planar contributions. Logarithmic IR divergences manifest the expected correspon-
dence with UV singularities [3, 21]. However, there are also quadratic IR divergences, which
do not have an UV counterpart and lead to the tachyonic instability described in [3, 21].
All results were obtained without removing the IR-cutoff m?.

Concerning the implementation of the worldline formalism in this nonlocal gauge the-
ory, there are two technical issues that are worth mentioning. The use of phase space path
integrals to determine spectral quantities of nonlocal operators appears promising as long
as one can overcome the difficulties originated in the ordering ambiguities of noncommuting
operators. Of course, this also happens in local theories: the computation of the corre-
sponding counterterms is an unavoidable task in the application of the worldline formalism
to quantum fields on curved spacetimes [23]. We have shown that the nonlocal operators
relevant in noncommutative gauge theories are already Weyl-ordered so, remarkably, no
counterterms have to be introduced if one appropriately expresses all operators in terms
of Moyal products. The second point we would like to address is the independence of the
trace computation on the worldline Green’s function (proved in appendix A); this allowed
us to exploit translation invariance (in the worldline proper time) to notably simplify all
calculations.

The present study of a noncommutative gauge theory from the worldline perspective
has proved very efficient in the computation of the effective action. Our research program
goes on into the study of noncommutative gauge fields in the Grosse-Wulkenhaar context
with worldline techniques.
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Finally, it would also be quite interesting to apply the present worldline approach to
the study of noncommutative extensions of Einstein gravity [24, 25]. In fact the approach
described in the present manuscript was already used to study commutative perturbative
quantum gravity [26].
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A  Worldline Green’s functions

In this section we compare the mean value

[ Da(t)Dp(t) e o dt{r*=ivi} i fy dt{kp+io}
[ Dx(t)Dp(t) e Jo 4t W =ipi}

<ei o dt{k(t)p(t)+5(t)=(t)} > 7 (A.1)

as computed for two types of conditions on the phase space trajectories z(t),p(t). Firstly,
we will study trajectories with homogeneous Dirichlet conditions in configuration space,
x(0) = z(1) = 0. Secondly, we will impose periodic boundary conditions on both z(t)
and p(t); however, since these conditions involve a zero mode, we will integrate over the
subspace of trajectories which are orthogonal to this zero mode.

Let us first write expression (A.1) as

[ DZ(t) e Jo dZOT D) ¢i g de 200
R [ D2(1) o B2 D2

< ¢ Jo k(P +i()2(0)} > , (A.2)

where Z(t) denote trajectories in phase space and J(t) the corresponding external sources,

Z(t) = <Zg> . J) = (fg) . (A.3)

We have also defined the matricial operator

I Ad
_<i8t 0>' A4

Under Dirichlet boundary conditions D is symmetric and invertible. Its inverse is given by

Dol _ i —Le(t—t) —it' + 3 N
Dir i / . i / / / ) ( )
le(t—t) —it+35  —t—t| -2t +t+t
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On the other hand, for string-inspired (periodic) boundary conditions D is also symmetric

Zolt) = <(j> , (A6)

and is therefore not invertible. However, the inverse in the subspace orthogonal to Z(t) is

1 1 / . /

1 2 —5e(t —t') +i(t — ')

Dper o (z / . / / / 2 2, 1] (A7)
ie(t—t)—z(t—t) —t—=t|—2tt' +t*+ ¢ +3

but has a zero mode,

given by

We can now complete squares in expression (A.2) and express the mean value in terms of
the inverse operators D~!. The result reads

<ei I dt{k(t)p(t)+j(t)x(t)}> b Jlara T D)

—exp (— / / dtdt’{i k(O k()+g(t, ) (1) j(t’)+% h(t, £)k(?) j(t’)}) ,

(A.8)
with
1 11
tt) = ——|t —t| —tt' + =t + =t A.
gt 1) = =gt = | =1t + ot + 5t (A.9)
h(t,t') :=20,9(t,t') = —e(t —t') —2t' + 1, (A.10)
for Dirichlet boundary conditions and
1 1 1 1
/ / / 2 2
— Tl — - - — A1l
Gper(t,t') 2]15 t'| —tt NPT ( )
hper(t, 1) := 20 gper(t, 1) = —e(t — ') +2(t — '), (A.12)

for string-inspired boundary conditions. Note that if the mean value (A.8) is used to
compute the heat-trace then both for Dirichlet and for string-inspired boundary conditions
the external current satisfies

/1 dtj(t) = 0. (A.13)
0

In the case of Dirichlet conditions such restriction results from the fact that the heat-
trace involves an integration over the configuration space variable z that enforces (A.13).
For string-inspired boundary conditions the same constraint arises from the integration
over the zero mode. In both cases, in Fourier space, condition (A.13) corresponds to the
conservation of the total four-momentum. It is clear that under condition (A.13), the mean
value (A.8) does not depend on the chosen boundary conditions. On the other hand, if one
computes local quantities the difference between both types of boundary conditions arises
in total derivative terms.
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Finally, since under condition (A.13) terms in g(¢,¢') which depend only on ¢ or on
t' (but not on both), as well as terms in h(t,t') which do not depend on t', are irrelevant
n (A.8), we can instead use the simplified Green’s functions:

Gt —t):= —%|t —t'|+ %(t —1)?, (A.14)
H(t—t):=2G{t—t)=—et—t)+2(t—t), (A.15)

that are homogeneous string-inspired Green’s functions.

B 3- and 4-point functions

In this appendix we compute the remaining UV divergences of the one-loop effective action
which, as shown by expression (5.1), are due exclusively to planar contributions to the 3-
and 4-point functions.

Only three types of cubic terms in expression (5.1) give UV-divergent contributions:
terms of the form (V4)3, of the form VA VA4 and the term (V)2 already computed
n (8.4). The first of these terms gives the following contribution:

1 [e'e] 5 1 t1 to
dge ™ F / dt / dty | dts x
0 0 0

1672 Jy-2
X/R4d$<(\/23pu(t1) (1) == pulta) Vi, (t2)\2fﬁp (t3>VuA(t3))>

2

\/>
i t1 to
— dﬁe—mﬁ / dty / dty / dts / dodGodes x
27T2 A—2

><5(U1+02+03)/~1( )fl( )[1( 3) e —BX; Gijoio; o

y 0 0 0 o i ﬁpiﬂj+iéij PiO'j}
8p1;¢ 3/)21/ 8P3T

As already discussed, the only effect of the Bern-Kosower form factor is to implement the

— (60— —0). (B.1)
pi=—00;

(time-ordered) -product of the fields, apart from the #-independent term, which is O(3°).
The three derivatives give a leading contribution (for small 3) of the form %(5“,,(}300]-7,
together with the corresponding permutations. The divergent contribution then reads

1 _
— ﬁ log (A2/m2)/d61d62d63 5(01 + 09 +03) X
T

x Ayu(o1)Au(02)Ar(03) {ei 2i< 9095 _ g7 Xigy ‘”9"9} X
1 t1 to . . .
X / dtq / dto / dts {(5/“, ngO’jT + 5/“' GQjO'jV + 6,r Gle'ju}
0 0 0
1 _
= — —— log (A2/m2)/d51d5‘2d53 5((71 + 09 + 0‘3) X
2472

X AM(Ul)Ay(Ug)Ay(Ug) o3y {ei 2icj0iboj _ o= 3y ‘71'90]‘} )
(B.2)
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The second type of divergent contribution to the three-point function is given by

1 00 dﬁ —mQB /1 t1
- — — dt dt
1672 /A? B ‘ o o 7 -

« /R do <\/2Bpu(t1) VA(t) VA (L) + (t t2)> . (B.3)

However, the planar part of this expression represents the difference between the mean
values (p, A, A?) for both signs of 6. But, as we have seen, the only effect of  in this planar
mean value is to provide the x-product between A, and A2 which, under the integral sign,
can be removed. Therefore, the difference between the term with 6 and the term with —6
vanishes.

In consequence, the contribution computed in (B.2) together with the cubic part
of (8.4) gives the full UV divergence of the three-point function,

11
2472

]Og(AQ/mz)/dﬁld(_fgd&gg(Gl+02+03) X

X A1) A(02) Ay (05) 0y (& <1 707 — 71 Ry 707 ) - (B4)

This logarithmically divergent contribution can be absorbed in the cubic term of expres-
sion (2.6) by the same infinite redefinition of the coupling constant €% given in (8.13) and
derived from the divergences of the photon self-energy.

We finally check that the same charge renormalization is obtained from the studies of
the divergences of the four-point function. The terms that contribute to these divergences
are of the form (V4)4 (VA)?2VAA (VA2 and (VF)2. The latter was already computed
in (8.4). Let us thus compute the other three contributions. The first one reads

1 e 28 1 t3
_167T2/A2dﬁﬁe /0 iy |ty x
« /R dx<\/23pu(t1)VMA(t1)...\/ZBpH(M) v,j‘(t4>>

1 o0 1 t3
= - d,@ﬁe—m%/ dtl.../ dt4/d5—1...d54><
™ JA-2 0 0

x 8(o1 + ...+ 04) Au(01) AL (02) Ar(03) Aw(04) e B2 Gis oo o

9 9 e 2 ﬁ pipj+iGij Pio'j}

+ (60— —0). B.5
Op1y Opaw ( ) (B5)

pi=—00;

X

After performing the four derivatives, the leading contribution (for small () is of the form
(—%)2 duv 07w, together with the corresponding permutations. Therefore, the divergent
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part of this contribution reads

b

062 log(AQ/mZ)/dol...da46(01+...+a4) X

X A#(Ul)Ay(Ug)AT(O’g)Aw(O}l) (ei 2i<j0ibo; + e_i i<y oiegj) X

X {5;w57'w + 6,LLT5VLU + 5uw5m'}

- 1

4&2mgAwm%/ﬁm“qumn+”.+@)azmm%jx

% (2 Au(01) A (03) Ay (05) Ay (04) + A1) Ay (02) Ap(0r3) Ay () )
(B.6)

The contribution of the term of the form (V4)2V 44 is given by

1 [e%s) 9 1 t1 to
/ dﬁe—mﬁ/ dtl/ dtg/ dt3/ dz x
1672 Jp-2 0 0 0 R4
2

X<;ﬁmﬂ%%ﬁWﬁNﬂWWQWWM+GMMQ+mH@O

1 [e’s) 9 1 t1 to
= — 4—2 dBe ™ 5/ dtl/ dtz/ dts x
T JAa-2 0 0 0

X /d51d5'2d0_'3 5(0‘1 + 02+ 03) AM(Ul)Ay(Gg)Az(O’g) e P2y Gia ooy

X o 9 o i ip Pips+iGis pi"j}
Op1u Opaw

—|—(O‘2(—>0’3)—|—(O‘1(—)0’3) +
pi=—00;

+ (0= —0). (B.7)

After performing the derivatives, the leading contribution is given by —%@W so the diver-
gent part of this contribution reads

1 1 t1 to
— log (A?/m?) / dt, / dty / dts x
82 0 0 0

X /d01d02d03 5(0’1 + o9 + 0’3) AH(Ul)AM(Ug)Az(Ug) X

> (ei 2i<j i00; 4t 2i<j 0i99; + (02 <> 03) + (01 < 0’3))

1 _
=32 log (A2/m2)/d01d02d03 0(o1 + 09 + 03) X
T

x Au(01)Au(o2) Al (03) € i<y 1995 (B.8)
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Finally the contribution of the (VAA)2 term is given by

1/00 ag mzﬁ/ dtl/tldtg/ da ( VAA )VAA(tQ))>
167'['2 R4

1 o d,B 2 1 79 72 _BZ Gii0:0;
—— —e 5/ dtl/ dtg/da'A*(O')A*(—O‘)e i T 9% - (BL9)
0 0

87'(2 A2 6

whose divergent part reads

- 161%2 log (A2/m2)/d0/13(0)/13(—0)- (B.10)

Collecting the results of egs. (B.6), (B.8), (B.10) and (8.4) we obtain for the UV divergence
of the 4-point function

11

T log (A2/m2)/d6’1 ey b(or + ..+ oy) € Xi<i 7090

{401 A(02) A1(03) A0 (04) = Au(01) Au(02) Au(03) Au(01)}
(B.11)

which, as expected, is cancelled by the renormalization of the charge given by expres-
sion (8.13).

C Bessel functions

In this last appendix we prove an identity which we employed to get eq. (8.26) and show
that non-planar contributions to the self-energy are transversal. We begin by noting that

0 {11 = 20v/m? 11 =)0 K (2060 /m? +1(1 = )0?) } =

= — 0| 0 11 — 2t)? Ko (2/60] /m? + €1 — )02 +

F{(1—2t) -2t /m2 + (1 — D)o K, (2yea| JmZ+t(1— t)o'2) . (CY)

Since the first term in braces in the last line of this expression — proportional to (1 — 2t)
—is odd under the interchange ¢ <» 1 —t¢, then its integral in the interval ¢ € [0, 1] vanishes;
the integral of the remaining terms give the mentioned identity,

m ! 1 5 9
_— = - _ 2 _$)o2
2100 K (2mlOo)) /0 dtt{2 o (1—2t)* Ky <2|90| \/m +t(l—t)o ) +

+ \/m2 + t(l — t)o'Q K (2’90_’ \/mg n t(l _ t)0'2>} .

0|
(C.2)
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Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

— 95—


http://creativecommons.org/licenses/by/4.0/

References

1]

2]

[10]

[11]

[12]

[13]

[14]
[15]

[16]

[17]

[18]

[19]

M.R. Douglas and N.A. Nekrasov, Noncommutative field theory, Rev. Mod. Phys. 73 (2001)
977 [hep-th/0106048] [iNSPIRE].

R.J. Szabo, Quantum field theory on noncommutative spaces, Phys. Rept. 378 (2003) 207
[hep-th/0109162] [INSPIRE].

S. Minwalla, M. Van Raamsdonk and N. Seiberg, Noncommutative perturbative dynamics,
JHEP 02 (2000) 020 [hep-th/9912072] [INSPIRE].

E. Langmann and R.J. Szabo, Duality in scalar field theory on noncommutative phase spaces,
Phys. Lett. B 533 (2002) 168 [hep-th/0202039] [INSPIRE].

H. Grosse and R. Wulkenhaar, Renormalization of ¢* theory on noncommutative R* in the
matriz base, Commun. Math. Phys. 256 (2005) 305 [hep-th/0401128] [INSPIRE].

M. Disertori, R. Gurau, J. Magnen and V. Rivasseau, Vanishing of 5-function of Non
Commutative ¢§ Theory to all orders, Phys. Lett. B 649 (2007) 95 [hep-th/0612251]
[INSPIRE].

A. de Goursac, J.-C. Wallet and R. Wulkenhaar, Noncommutative Induced Gauge Theory,
Eur. Phys. J. C 51 (2007) 977 [hep-th/0703075] [INSPIRE].

H. Grosse and M. Wohlgenannt, Induced gauge theory on a moncommutative space, Fur.
Phys. J. C 52 (2007) 435 [hep-th/0703169] [INSPIRE].

D.N. Blaschke, H. Grosse and M. Schweda, Non-commutative U(1) gauge theory on Rg with
oscillator term and BRST symmetry, Europhys. Lett. 79 (2007) 61002 [arXiv:0705.4205]
[INSPIRE].

C. Schubert, Perturbative quantum field theory in the string inspired formalism, Phys. Rept.
355 (2001) 73 [hep-th/0101036] [INSPIRE].

R. Bonezzi, O. Corradini, S.A. Franchino Vinas and P.A.G. Pisani, Worldline approach to
noncommutative field theory, J. Phys. A 45 (2012) 405401 [arXiv:1204.1013] [INSPIRE].

S.F. Vinas and P. Pisani, Worldline approach to the Grosse- Wulkenhaar model, JHEP 11
(2014) 087 [arXiv:1406.7336] [INSPIRE].

D.V. Vassilevich, Heat kernel, effective action and anomalies in noncommutative theories,
JHEP 08 (2005) 085 [hep-th/0507123] [INSPIRE].

A. Connes, Noncommutative geometry, Academic Press, San Diego, U.S.A. (1994).

G. Landi, An Introduction to noncommutative spaces and their geometry, Lect. Notes Phys.
Monographs 51, Springer, Berlin, Germany (1997).

F. Bastianelli, O. Corradini and A. Zirotti, BRST treatment of zero modes for the worldline
formalism in curved space, JHEP 01 (2004) 023 [hep-th/0312064| [INSPIRE].

C.P. Martin and D. Sdnchez-Ruiz, The one loop UV divergent structure of U(1) Yang-Mills
theory on noncommutative R*, Phys. Rev. Lett. 83 (1999) 476 [hep-th/9903077] [INSPIRE].

T. Krajewski and R. Wulkenhaar, Perturbative quantum gauge fields on the noncommutative
torus, Int. J. Mod. Phys. A 15 (2000) 1011 [hep-th/9903187] [INSPIRE].

M.M. Sheikh-Jabbari, Renormalizability of the supersymmetric Yang-Mills theories on the
noncommutative torus, JHEP 06 (1999) 015 [hep-th/9903107] [INSPIRE].

~ 96 —


http://dx.doi.org/10.1103/RevModPhys.73.977
http://dx.doi.org/10.1103/RevModPhys.73.977
http://arxiv.org/abs/hep-th/0106048
http://inspirehep.net/search?p=find+EPRINT+hep-th/0106048
http://dx.doi.org/10.1016/S0370-1573(03)00059-0
http://arxiv.org/abs/hep-th/0109162
http://inspirehep.net/search?p=find+EPRINT+hep-th/0109162
http://dx.doi.org/10.1088/1126-6708/2000/02/020
http://arxiv.org/abs/hep-th/9912072
http://inspirehep.net/search?p=find+EPRINT+hep-th/9912072
http://dx.doi.org/10.1016/S0370-2693(02)01650-7
http://arxiv.org/abs/hep-th/0202039
http://inspirehep.net/search?p=find+EPRINT+hep-th/0202039
http://dx.doi.org/10.1007/s00220-004-1285-2
http://arxiv.org/abs/hep-th/0401128
http://inspirehep.net/search?p=find+EPRINT+hep-th/0401128
http://dx.doi.org/10.1016/j.physletb.2007.04.007
http://arxiv.org/abs/hep-th/0612251
http://inspirehep.net/search?p=find+EPRINT+hep-th/0612251
http://dx.doi.org/10.1140/epjc/s10052-007-0335-2
http://arxiv.org/abs/hep-th/0703075
http://inspirehep.net/search?p=find+EPRINT+hep-th/0703075
http://dx.doi.org/10.1140/epjc/s10052-007-0369-5
http://dx.doi.org/10.1140/epjc/s10052-007-0369-5
http://arxiv.org/abs/hep-th/0703169
http://inspirehep.net/search?p=find+EPRINT+hep-th/0703169
http://dx.doi.org/10.1209/0295-5075/79/61002
http://arxiv.org/abs/0705.4205
http://inspirehep.net/search?p=find+EPRINT+arXiv:0705.4205
http://dx.doi.org/10.1016/S0370-1573(01)00013-8
http://dx.doi.org/10.1016/S0370-1573(01)00013-8
http://arxiv.org/abs/hep-th/0101036
http://inspirehep.net/search?p=find+EPRINT+hep-th/0101036
http://dx.doi.org/10.1088/1751-8113/45/40/405401
http://arxiv.org/abs/1204.1013
http://inspirehep.net/search?p=find+EPRINT+arXiv:1204.1013
http://dx.doi.org/10.1007/JHEP11(2014)087
http://dx.doi.org/10.1007/JHEP11(2014)087
http://arxiv.org/abs/1406.7336
http://inspirehep.net/search?p=find+EPRINT+arXiv:1406.7336
http://dx.doi.org/10.1088/1126-6708/2005/08/085
http://arxiv.org/abs/hep-th/0507123
http://inspirehep.net/search?p=find+EPRINT+hep-th/0507123
http://dx.doi.org/10.1088/1126-6708/2004/01/023
http://arxiv.org/abs/hep-th/0312064
http://inspirehep.net/search?p=find+EPRINT+hep-th/0312064
http://dx.doi.org/10.1103/PhysRevLett.83.476
http://arxiv.org/abs/hep-th/9903077
http://inspirehep.net/search?p=find+EPRINT+hep-th/9903077
http://arxiv.org/abs/hep-th/9903187
http://inspirehep.net/search?p=find+EPRINT+hep-th/9903187
http://dx.doi.org/10.1088/1126-6708/1999/06/015
http://arxiv.org/abs/hep-th/9903107
http://inspirehep.net/search?p=find+EPRINT+hep-th/9903107

[20] M. Hayakawa, Perturbative analysis on infrared and ultraviolet aspects of noncommutative
QED on R*, hep-th/9912167 INSPIRE].

[21] A. Matusis, L. Susskind and N. Toumbas, The IR/UV connection in the noncommutative
gauge theories, JHEP 12 (2000) 002 [hep-th/0002075] [INSPIRE].

[22] F.R. Ruiz, Gauge fizing independence of IR divergences in noncommutative U(1),
perturbative tachyonic instabilities and supersymmetry, Phys. Lett. B 502 (2001) 274
[hep-th/0012171] [INSPIRE].

[23] F. Bastianelli and P. van Nieuwenhuizen, Path integrals and anomalies in curved space,
Cambridge University Press, Cambridge, U.K. (2006).

[24] A.H. Chamseddine, G. Felder and J. Frohlich, Gravity in noncommutative geometry,
Commun. Math. Phys. 155 (1993) 205 [hep-th/9209044] [INSPIRE].

[25] P. Aschieri, C. Blohmann, M. Dimitrijevi¢, F. Meyer, P. Schupp and J. Wess, A Gravity
theory on noncommutative spaces, Class. Quant. Grav. 22 (2005) 3511 [hep-th/0504183]
[INSPIRE].

[26] F. Bastianelli and R. Bonezzi, One-loop quantum gravity from a worldline viewpoint, JHEP
07 (2013) 016 [arXiv:1304.7135] [INSPIRE].

— 97 -


http://arxiv.org/abs/hep-th/9912167
http://inspirehep.net/search?p=find+EPRINT+hep-th/9912167
http://dx.doi.org/10.1088/1126-6708/2000/12/002
http://arxiv.org/abs/hep-th/0002075
http://inspirehep.net/search?p=find+EPRINT+hep-th/0002075
http://dx.doi.org/10.1016/S0370-2693(01)00145-9
http://arxiv.org/abs/hep-th/0012171
http://inspirehep.net/search?p=find+EPRINT+hep-th/0012171
http://dx.doi.org/10.1007/BF02100059
http://arxiv.org/abs/hep-th/9209044
http://inspirehep.net/search?p=find+EPRINT+hep-th/9209044
http://dx.doi.org/10.1088/0264-9381/22/17/011
http://arxiv.org/abs/hep-th/0504183
http://inspirehep.net/search?p=find+EPRINT+hep-th/0504183
http://dx.doi.org/10.1007/JHEP07(2013)016
http://dx.doi.org/10.1007/JHEP07(2013)016
http://arxiv.org/abs/1304.7135
http://inspirehep.net/search?p=find+EPRINT+arXiv:1304.7135

	Introduction
	The Moyal product

	rm U(star)(1) gauge field theory
	The background field method
	Worldline determination of the heat-trace
	The effective action
	Mean values
	One-point function
	Two-point function
	The beta-function
	UV-finite part of the planar contributions to the self-energy
	Non-planar contributions to the photon self-energy

	Conclusions
	Worldline Green's functions
	3- and 4-point functions
	Bessel functions

