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ABSTRACT: One-loop quantities in QFT can be computed in an efficient way using the
worldline formalism. The latter rests on the ability of calculating 1D path integrals on
the circle. In this paper we give a systematic discussion for treating zero modes on the
circle of 1D path integrals for both bosonic and supersymmetric nonlinear sigma models,
following an approach originally introduced by Friedan. We use BRST techniques and
place a special emphasis on the issue of reparametrization invariance. Various examples
are extensively analyzed to verify and test the general set-up. In particular, we explicitly
check that the chiral anomaly, which can be obtained by the semiclassical approximation of
a supersymmetric 1D path integral, does not receive higher order worldline contributions,
as implied by supersymmetry.
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1. Introduction

The worldline formalism is an efficient and economical way of calculating Feynman dia-
grams [[[]. It describes the propagation of various relativistic particles by one dimensional
(1D) path integrals. Recently we have shown how to extend this method to the case of
spin 0 and spin 1/2 particles coupled to background gravity [P, B]. Other applications run
from the calculation of the heat kernel to the calculation of chiral and trace anomalies.

In all these cases, the 1D path integrals are calculated on the circle with a finite prop-
agation time, the proper time. In many circumstances this proper time is integrated over,
as it represents the only modulus of the circle. The actions in the path integrals are those
of one dimensional nonlinear sigma models. They describe the propagation of particles
in a curved background, just like 2D nonlinear sigma models describe the propagation of

1 Sigma models are super-renormalizable in 1D, and their UV structure together

strings.
with the necessary renormalization conditions (which produce explicit counterterms) have
been extensively discussed in the literature using various regularization methods [@, B, El

In this paper we plan to address in a more systematic way the infrared issue re-
lated to the treatment of zero modes appearing on the circle and the interplay with the

reparametrization invariance of nonlinear sigma models.

!The requirement of conformal invariance restricts the possible backgrounds on which the string propa-
gates, but no such a requirement is present for the particle case, at least for spin 0 and 1/2.



Different ways of treating such zero modes have been developed in the literature.
For example in [[]] an arbitrary background charge function p(7) was used to interpolate
between various boundary conditions, thus lifting the zero modes in different ways. There
it was shown that for models in flat space the effective lagrangian calculated with different
background charges p differed only by total derivatives, thus producing the same effective
action. While this is not causing any particular problem in flat space (total derivatives
are even beneficial in certain cases, since they allow to cast the effective action in a more
compact form), the naive extension of this method to curved space was seen to introduce
noncovariant total derivatives [}, f], raising questions about the correct use of Riemann
normal coordinates to simplify calculations.

A general method for dealing with these zero modes has been developed by Friedan
in his treatment of 2D bosonic sigma models [ff], and recently employed in the 1D case
by Kleinert and Chervyakov [[(], where the comparison between the so-called SI (string
inspired) propagator and the DBC (Dirichlet boundary conditions) propagator was carried
out to show how the former could produce a covariant result as the latter. The string
inspired propagator [[[1]] is translational invariant on the worldline, while the DBC one is
not.

Here we review and analyze the treatment of the zero modes to clarify it further and
resolve some remaining puzzles. We use BRST methods to factor out the zero modes. The
BRST symmetry is related to the gauge fixing of a shift symmetry. It is the shift symmetry
typical of background field methods [[J]. However, in the present case the “background
field” is integrated over in the path integral (i.e. it is made dynamical), and thus the shift
symmetry must be gauge fixed. An immediate result of this procedure of extracting the
zero modes is that different gauges are guaranteed to produce the same effective action,
implying that effective lagrangians can only differ by total derivatives, even in curved
space. However, the total derivatives will in general be noncovariant. On the other hand,
suitable covariant gauges will naturally produce effective lagrangians differing from each
other by covariant total derivatives. Various examples are extensively analyzed to test
these predictions. In particular, we show how the calculation of the trace of the heat
kernel and the related Seeley—DeWitt coefficients, which identify the effective action for
a scalar particle in the proper time expansion [[L3], is achieved with different background
charges.

We also extend the zero mode treatment to the supersymmetric case. This is relevant
for the worldline description of spin 1/2 fermions coupled to gravity [B]. We use it for an
explicit check that the chiral anomaly does not receive higher order worldline contributions.
In fact, one may recall that the N = 1 supersymmetric nonlinear sigma model was used
in [[[4] to compute the chiral anomaly of a spin 1/2 field. The computation was based on the
fact that the chiral anomaly could be identified as the Witten index of the corresponding
supersymmetric quantum mechanical model [[J]. Supersymmetry implies that higher order
worldline contributions should not modify the value of the Witten index, and we test this
explicitly using 1D path integrals.

The paper is organized as follows. In section P we discuss bosonic nonlinear sigma
models. As a test we calculate perturbatively the trace of the heat kernel and the related



Seeley—DeWitt coefficients with different background charges. In section B| we consider
supersymmetric nonlinear sigma models and use them to study worldline corrections to
the susy quantum mechanical computation of the chiral anomaly. In section [l we present
our conclusions. For completeness and further clarifications we present the simpler case of
a bosonic linear sigma model in appendix A.1. Other appendices include conventions and
integrals needed for the computations described in the text.

2. Bosonic nonlinear sigma models

Let us consider the partition function of the 1D nonlinear sigma model

1
Z(pB) = %Dx e_S[x], Slz] = %/OdT [%guy(x)j:“dc” + ﬁQV(a:) (2.1)

where g,,, and V are a metric and a scalar potential defined on target space, which we
take to be D dimensional. The path integral is computed with periodic boundary condi-
tions (PBC), i.e. on the circle. We use euclidean time, and it is well-known that periodic
boundary conditions then yield the statistical partition function. The circle is just the loop
made by the particle in target space. It can be parametrized by ¢ € [0, 8], with [ the total
length of the circle. We also use a rescaled proper time 7 =t/ and this rescaling explains
the factor % multiplying the action as well as the 52 factor in front of the scalar potential.

The partition function Z(f3) is sometimes called the trace of the heat kernel? [[J]. It is
related to the one-loop effective action of a scalar field with kinetic operator —O0+4 2V +m?
( Ois the covariant scalar laplacian depending on the metric g,, and m is the mass of the
scalar particle) by an integral over the proper time (3

Llg, V] = —%/0 %e%m% Z(B). (2.2)

In a perturbative computation zero modes appear. In fact for g, = d,, and V =0
the action is invariant under the constant translations dz#(7) = e*. Hence the volume of
target space appears as a factor, just like the volume of a gauge group. Background fields
generically break this translation invariance. Nevertheless it is both useful and necessary to
extract from the path integral the “collective coordinates” or “center of mass” of the loops
a#(7), which for simplicity we continue to call zero modes. It is useful, since it allows to
produce the partition function as an integral of a partition function density. It is necessary,
since in perturbative calculations around the free action one needs to invert the free kinetic
term to obtain the perturbative propagator. A general method for treating the zero modes
for nonlinear sigma models has been developed by Friedan [ff], and employed recently in
the 1D case by Kleinert and Chervyakov [[[(]. Useful references are also [[§, [[7].

Let us rederive these results and extend them by using an arbitrary background charge
p(7). To extract the zero modes one can proceed as follows.> The action of the nonlinear

2The operator e PH

is called the heat kernel, and the partition function is given by Z(8) = Tre ™ ?# =
f Dx efs[x], where S[z] is the action corresponding to the model with quantum hamiltonian H.
3In appendix A.1 we describe the simpler case of a linear sigma model using both Faddeev-Popov and

BRST methods.



sigma model S[z(7)] depends on the periodic paths z*(7) which describe loops with the
topology of a circle in target space. One may introduce a redundant variable z{ by setting
z(r) = zf + y*(7) in the action, S[z(7)] = S[zo + y(7)]. Of course this automatically
introduces the shift symmetry

B
dxy = €

oyt (r) = —et (2.3)

as in the background field method [[2]. We only consider constant z! so that the shift
symmetry requires a constant parameter e*. However, contrary to the background field
method, we now consider both z§ and y*(7) as dynamical variables (i.e. to be integrated
over in the path-integral). The shift symmetry is thus promoted to a gauge symmetry and
must be gauge fixed since each physical configuration has to be counted only once. To
gauge fix we use BRST methods and introduce a constant ghost field n* together with the
following BRST transformation rules

dxfy = A
oy (1) = —n"A
ot =0. (2.4)

To fix a gauge one must also introduce constant nonminimal fields 7, m, with the BRST

rules
ony, =im, A, om, =0. (2.5)

Choosing the gauge fixing fermion
1
v =i, [ o) (2.6

which depends on the arbitrary function p(7) normalized to fol dr p(1) = 1 produces the
following gauge fixed action

0
ng[‘ro’y’n’ﬁaﬂ-] = S[.’EO + y] + 5_A\II

1
= Slro +y] + i, /0 dr p(r)h (r) — Tt (2.7)

where §/JA denotes a BRST variation with the anticommuting parameter A removed form
the left. In this gauge the ghosts can be trivially integrated out, while the integration over

the auxiliary variable 7, produces a delta function which constrains the fields y#* to satisfy

/O dr ()" (7) = 0. (2.8)

With this constraint the perturbative kinetic term for the periodic fields y#(7), proportional
to d2/dr?, can be inverted to obtain the propagator. The BRST symmetry implies that the



partition function is independent of the gauge parameter p. The specific case of p(7) = 0(7)
gives the DBC propagator since y*(0) = y#(1) = 0. The case p(7) = 1 gives instead the
SI propagator since now the center of mass is absent from the fluctuations y*, see e.g. the
discussion in [f].

Thus the partition function is independent of p and can be expressed as an integral
over the zero modes

_ D, 9(z0) 50 (g
2= [ a o2 ) (2.9)

where the factor /g(xo)/ (27rﬁ)% has been extracted for convenience from the definition
of 2(P)(z¢, B). Note however that the density z()(zo, 8) may in general depend on p. This
can only happen through total derivatives which must then integrate to zero.

Although this is correct, at least formally, there are some practical problems. The
constraint arising from the gauge fixing does not have simple transformations rules under
change of coordinates (coordinate differences like y# = x# —xz{ do not transform as vectors).
This causes some technical problems when one wants to check the explicit covariance of the
final result. In particular, one explicitly finds in z(®) (x0,3) total derivatives which depend
on the choice of p and are not covariant under change of the coordinates zf B, ). Let us
recall that DBC are related to the calculation of the heat kernel even for non coinciding
points, and they are known to give a covariant result. The other propagators related to
different background charges produce instead noncovariant total derivatives. A calculation
at order 3 using both the DBC and SI propagators was presented in [P] to explicitly identify
the noncovariant total derivative term appearing at that order. For general p the expression
given in [P generalizes to

(a0, 8) =15 (g R+ V) + 5= (Cp + 5 )0u(V30 Tag) + O(F)  (210)

B
29
where the precise value of C, is defined later in eq. (R.29). The appearance of noncovariant
total derivatives may raise doubts about the use of Riemann normal coordinates which are
often used to simplify calculations. In fact, in [] the assumption of a naive use of Riemann
normal coordinates was seen to produce the wrong trace anomaly in 2 and 4 dimensions.
Riemann normal coordinates can nevertheless be used, as showed by Friedan in his
discussion of nonlinear sigma models [P]. Friedan noticed that the simple linear shift
symmetry (B.3) becomes nonlinear when using Riemann normal coordinates £# centered
at zfj. One should use this nonlinear shift symmetry to correctly perform the gauge fixing
in Riemann coordinates. Riemann normal coordinates have the property that they are
manifestly covariant under reparametrization of the point z{). Now the action S|z, &(7)] =

Slzo + y(xo,&(7))] is invariant under the nonlinear shift symmetry
dapy = e
ot (1) = —Q"y(x0,£(7))e” (2.11)

which is a reformulation of (R.3) in these new coordinates. Note that since the origin of
the Riemann normal coordinates is shifted, the nonlinear transformation is defined in such



a way that the new fields £ = £# + §€# are expressed in Riemann normal coordinates
defined around the new origin zf}’ = zff 4+ dzf/. The expression Q*,(z¢,) can be explicitly
calculated and can be found in [[J]. We report it here up to the order needed in subsequent

calculations
7 © 1 © aef 1 © aeBey
Q u(x07§):6y+§R aﬁuf 5 +EV7R aﬂuf § 5 +

1 1
4 <@V7V6R“aﬁu - ERMWR%> e EPOL L O(E).  (212)

Now we can introduce ghosts and auxiliary fields as usual. The BRST symmetry for
the nonlinear shift symmetry is

dxfy = A
6gH(r) = —=Q"y(z0,&(7)) 0" A
ot =0
ony, = im, A
o7, = 0. (2.13)

It is nilpotent since Q*, (zo,&(7)) satisfies certain relations arising from the abelian nature
of the shift symmetry. Using the gauge fermion

1
v =, /0 dr pl(r)E () (2.14)

produces the gauge fixed action

1)
ng[‘ro’é?n?ﬁaﬂ-] = S[ang] + (S_A\I]

1 1
= Slro.€] +im, /0 dr p(r)E(7) — Tl /0 dr p(r)Q", (0, £(r)) 0 . (2.15)

The integration over the auxiliary variable 7, gives again a delta function which constrains
the fields £* to satisfy

1
/0 dr p(T)§* (1) =0 (2.16)

so that their propagator can be obtained. This constraint has a simple tensorial trans-
formation law under the change of coordinates of z}), in fact these coordinates transforms
as vectors under a reparametrization of the origin zfj. The ghosts now give a nontrivial
contribution, i.e. a nontrivial Faddeev—Popov determinant.

The above gauge fixed actions can be used in the path integral. Of course, one also
needs to use a path integral measure that is both reparametrization and BRST invariant.

This is given by

Dr = [ Vo@))da(r) — deodndidn ] o(a(r))dz(r)

0<r<1 0<r<1

= dzgdndndr [] vg(wo +y(7))dy(r), (2.17)

0<r<1



where we have first added to the sigma model measure the measure for the BRST quartet
zh, n*, 7, m, which is formally identical to unity (two commuting fields give a volume which
is compensated by that of the two anticommuting fields), and then performed the change
of variables identified by the “background-quantum” split z* = x5 +y*. We have here used
the linear splitting, but we could equally well use the nonlinear one written in terms of
the Riemann normal coordinates centered at xf. In fact the measure is reparametrization
invariant, i.e. of the same form in any coordinate system

Dx = dxodndidnr H VvV g(xo, &(T))dE(T) . (2.18)
0<r<1

Note that by g(zo,&(7)) we have indicated the determinant of the metric in Riemann
normal coordinates centered at xg. For future reference we list the expansion of the metric

in Riemann coordinates centered at zg up to the order needed in later calculations
1 1
guu($0a£) ::guu(xO)‘+'§}%uaﬁu(m0)€agﬁ‘+ 6‘77}%uaﬁu(m0)€a565y‘+
1 2 o
+ (%vammgmo) t RuaﬁaRayau(ﬂﬁo))g EOE+0E). (219)

It is now useful to introduce additional ghosts to exponentiate the nontrivial part of
the measure. We use commuting ¢” and anticommuting b*, c* ghost fields to reproduce
the correct measure [[[§]

II Voo é(rdér) = 1 dé(T)/ [I da(r)db(r)de(rye=smr (2.20)

0<r<1 0<7<1 0<r<1
1N . .
Smsr[&»‘% b,C] = E dr §guu(m0,€)(aﬂa + b ) . (2'21)
0

The extra vertices arising from the measure will contribute together with similar vertices
from the sigma model action to make the final result finite [[[9].

We are now ready to re-assemble all parts of the path integral with the zero modes
factored out by the nonlinear shift symmetry

Z(B) = /dxo dn dn dm y{ D¢ Da Db De e~ Sof 208w =Smsrlo.£,a.b:c] (2.22)
The auxiliary field 7# can be integrated out to obtain
Z(B) = /dmo dndn%Df Da Db Dcé </01 dTp(T)é“(T)) e S (2.23)
where
Sq = Sgrlzo, &, 0] + Smsr[z0, &5 a, b, ] (2.24)

with the auxiliary field 7, eliminated from S,;. Finally, when perturbation around the
leading terms in (R.12)) and (R.19) is appropriate, one immediately obtains the following
perturbative expansion

29) = [ %y 920) (o p(—56m)) (2.25)

(2m0)2

-7 -



where the expectation value of the interactions are computed with the propagators

((T)€"(0)) = —Bg"" (20)By,) (T, 0)
(a”(r)a” (o)) = Bg™ (x0) Agn(T — 0)
(' ()" (0)) = 289" (x0) Agn(T — o)
(ntn,y = —=ob . (2.26)
The terms in the measure can be traced back as follows: the factor \/g(— is due to the

43

\_/

w|b

a,b, c ghosts which contain the constant “zero modes”, the factor (2r3)~ 2 is the usual

free particle measure which corresponds to the determinant of —% = 22 on the circle with
zero modes excluded. The Green functions appearing in the propagators are as follows.
B, (7,0) is the Green function of the operator % acting on fields constrained by the

equation fol dr p(7)€#(1) = 0. It depends on p and satisfies

d2
PB(P) (r,0) =0(1r —0) — p(7). (2.27)
It is explicitly given by [f]
B(p)(T,J) =A(T—0) = F,(1) = Fy(0)+C, (2.28)
where
1 1 , 1
AT —o) = 2|7'—a — 2(7’—0) 1
1 1
F,(1) = / dx A(T — z)p(z), C,= / dr F(1)p(T) . (2.29)
0 0
Clearly it satisfies
1
/ dr p(T) B(p)(1,0) = 0. (2.30)
0

Note that the auxiliary function A(7 — o) is the unique translational invariant Green
function on the circle (the “string inspired” propagator of [[L]], which corresponds to p(7) =
1). In the following we will simply write B(,) = B as no confusion can arise. The Green
function for the ghosts is given by the delta function

Agp(T —0) =0(T —0) (2.31)

but we continue to call it Ay, as in perturbative calculations it appears in a regulated
form.

We are now ready to test this set up. To summarize, the expectations are that the
partition function Z () will not depend on p, but that the density 2(P) (x0, B) will in general
be p-dependent through total derivatives which integrate to zero. Moreover, using Riemann
normal coordinates and the associated nonlinear shift invariance to extract the integral over
the zero modes z{), one expects z(P) (2o, 3) to be covariant under change of coordinates of
zl}, so that the specific total derivatives which may eventually appear will also be covariant.

In the next subsections we explicitly verify, using Riemann normal coordinates, that
these total derivatives term are non-zero and covariant also in the presence of external

potentials like V.



2.1 Partition function at 3 loops

We present here the explicit perturbative calculation of the partition function density to
order 32 using Riemann normal coordinates (RNC) and dimensional regularization on the
worldline. The nonlinear sigma model in one dimension is super-renormalizable and one
needs to choose a specific regularization scheme to compute unambiguously the perturba-
tive expansion. We use dimensional regularization which requires an explicit counterterm
Vbr = —%R to guarantee that the sigma model in (R.I) will have H = —%D + V as quan-
tum hamiltonian [ff]. In the following we will use the rules for dimensional regularization
explained in [f]. Dimensional regularization has also been discussed for 1D nonlinear sigma
model with infinite proper time in [R(].

The partition function density in eq. (R.9) and (R.25) can be expressed in terms of
connected worldline graphs as

20) (g, B) = (exp(—SI™)) = exp((e=5" ), — 1) (2.32)

where Sy = Sy + Smer is the full quantum action, (---). denotes connected graphs, and
the propagators are given in eq. (R.2().

In order to appreciate the contribution from the FP determinant, we separate the
corresponding action

1
Sep =1, | drplr)Qb(n. §(r) 1" (23

0
from the other contributions, gathered in S = S, — Spp. As usual, we organize the
interaction terms in such a way that Sémt) =8y — Sq2 = Sqa+S¢5+ ..., where S, , =

Sn + Srpn gives rise to vevs of order B%_l (recall that S;3 = 0 in RNC, see egs. (2.12)
and (R.19) ). Hence
7S(int) 1 9 3
(7" e = 1= (= Sua = Sus+55%4) +0(8%). (2.34)
We denote by V, the potential which includes the counterterm arising in dimensional reg-

ularization

1
Vo=V 4+ Vor=V - <R (2:35)

We now list the results for the various terms appearing in (P.34) and report in the
appendix the expressions and values of the relevant connected one- and two-loop worldline
integrals H;, calculated in dimensional regularization

Ié) c, 1

—(S4) = —g(CHi+ H)R =PV, =f { <? - 5) R— 1/(1}

_Byp_ (%, 1
—(Srp4) = 3H33— ﬁ( 3 +36>R

_ 1 1 3 1
—(S6) = ° {%(_m + Hs) OR + E(H‘* — Hj) [wa + gRimﬁ} + 5 uvq}

7 5 1
=% (2¢?-—C,-D,—E,+ —
ﬁ{(cp 150~ Do = gEe T g )



1 1
- 2
X [ 20DR—|— 45RW+ Rwaﬂ] + - > (Cp 12>|:|V}

<S4>c = 52{ (Hg + H7 + 2Hg + 2Hy — 4H1o — 4Hy1 + 2H12) R, +

_l’_
1 5 7
2 2 2
= —C?+ —C,+—=E R2
p {<18 AR TORRST A 12960> v
1, 1 1 13\ ,
- — _E
* < 2% T T gEe T 8640) R“”aﬁ}
) 1 Lo\ po 1 1 )
—(Srpe) = -0 %Hlﬁ aR + EHm + — 18 R, %Hm + EHH Rivos
+

1 10 2 1
10 7 180 7 15 7 4320

1 7 4 7
—C?- _—C,——D R, +
90 7 540 7 45 ° 12960]
1 1 1 1
—C2- —C D,— —E,— ——| R?
60 7 180 er30 P127r 2880} W“ﬁ}
B 2 1 2
H 2 — —~2D,+E,
17 R C + + - 70 R;w

(SrpaSi)e = %(Hus + Hig — 2Hy)R?,,

52 92— Lo ysp, —3p L R, (2.36)
Poo12" P 277 180 '

All tensors appearing here are evaluated at zg.

As a check on these results, note that all contributions from the FP determinant
vanish when using DBC. In fact, setting p(7) = d(7) one obtains for the p dependent
coefficients C, D,, E, the following values Cppc = —%,DDBC = ﬁ,EDBC = _FIO'
This is expected, since for p(7) = d(7) the constraint (R.16) enforces the DBC, i.e. £#(0) =
€#(1) = 0. This in turn implies that the FP determinant in eq. (R.15) becomes trivial, since
Q",(70,0) = &}, as seen form eq. (P.19). Note also that we have defined the p-dependent
coefficients to vanish in the SI case, i.e. when p(7) = 1.

We can now insert the results (P.36) into (P.:34) and (P.32) to obtain the partition
function density valid to the order 32

2P (20, 8) = exp{ - B [iR—i- V;]} +

1 1 1
2 —_——
+ﬂ[< 1440 12 ’”L24E’”L864>DRJr

1 2
+ (Cp— —> <48DR+ DV) 720R’“’ 72ORWQB

+ O(ﬁ3)} . (2.37)

,10,



Expanding the exponent to order 32, one sees that only covariant total derivatives have

p-dependent coefficients

Z(p)(x07ﬁ) =1—-0 [iR""Vq] +

1/1 2
2 2
“(=Rr+V, —R? —R
b [2 (24 * q) 720 pve 720 o ¥

1 1 1 1 1 1
—C,——D,+—FE oR C,— avy
+<72 PTIar Tyt 1728> +2< P 12)

0(6%). (2.38)

_l’_

Let us discuss some consequences of this formula. We can integrate this density over
the zero modes g to obtain the partition function

Wi

Z(B
0= [ a2

(1+a (w0)8 + az(zo)F + -+ ) (2.39)

where a,(7g) are the so-called Seeley-DeWitt coefficients. Inserted into (P.2)) this gives
in turn the effective action of the scalar field with kinetic term —0O+ 2V + m?2. It is
well-known that this proper time expansion of the effective action fails for massless fields.
In fact for vanishing mass the damping factor e~am?8 , which guarantees convergence in
eq. (2:2), becomes unity. Nevertheless the Seeley-DeWitt coefficients are still useful in this
case as well, as they give the counterterms needed to renormalize the one-loop effective
action. Moreover, for conformal fields in D dimensions the coefficient a p gives the local
trace anomaly [[[J]. ’
The main points to stress are:

e For the validity of the perturbative calculation of Z(3) we have to assume that all
external fields describing the interactions should vanish sufficiently fast at infinity.
Thus all total derivatives integrate to zero. Therefore gauge independence is verified.

e The covariant local expansions of z(")(zq, ) in Riemann normal coordinates (RNC)
are different for different p’s. The difference is given by total derivatives with coeffi-
cients depending on p and which are explicitly nonvanishing. From the computation
to order 3 in [[L0] this could not be evinced. In fact at that order there is no covariant
total derivative with the correct dimensions that could possibly contribute. Thus,
at order ( different p’s produce the same local expansion. In principle there could
have existed hidden relations guaranteeing the same local expansion of z(x, 3) for
different p’s at any order in G. We see explicitly that this is not the case and covariant
total derivative may arise.

e One can use these results to compute trace anomalies, which in D dimensions are
given by the Seeley—DeWitt coeflicient a p associated to the corresponding conformal
operator. In D = 2 there cannot be any covariant total derivative contribution to ai,
so the local trace anomaly can be obtained with any p. In D = 4 there is a difference.

— 11 —



However, it only affects the OR term, which is a trivial anomaly (it can be canceled
by a counterterm). Thus also in this case any p is good enough for the computation
of the trace anomaly. To be specific, a D = 4 conformal scalar needs a potential
V= %R, where £ = % = %. Therefore V;, which includes the DR counterterm,
becomes V, = —iR. Inserting Vj into (B-38) produce the following trace anomaly
for a conformal scalar field

1447 12 YR 720" M T o0 HreB

which is the correct value as far as the universal terms are concerned. In fact, only

1 1 1 1 1 1
as = ( C, D,+ —E ) OR — ——R%, + ——R> (2.40)

the total derivative term has a p—dependent coefficient; the well-known value % is
recovered with DBC.

e In [L]] it was argued that one could reach covariant results for the partition func-
tion density also using the “string inspired” propagator in arbitrary coordinates, i.e.
through a noncovariant expansion. However the method proposed in section 7 of [[L0]
does not seem to be correct, as far as we understand it. In particular, if one were to
include an external potential V' in the path integral, there would be no terms in that
method that could covariantize it. In any case, these facts may leave some doubts
about the correct covariantization obtained using RNC in the presence of external
potentials. To make sure that the previously described gauge-fixing in RNC achieves
the correct covariantization even with external potentials, in the next section we
present a four-loop computation in RNC which tests this issue.

2.2 A look at order 33

In the last subsection it was pointed out that RNC, with the correct factorization of the zero
modes, should produce automatically the correct covariant result for the partition function
density z(®) (0, ), also in the presence of terms that are not explicitly constructed from the
metric tensor such as an external scalar potential V. In fact, gauge independence of Z(3)
guarantees that z(P)(zg,3) should always contain a universal (p-independent) covariant
part and a p-dependent total derivative, which vanishes upon space-time integration. The
p-dependent total derivative is in general a noncovariant expression (as seen in eq. (R.10})
if calculated in arbitrary coordinates. It is instead covariant if calculated with RNC.

To make sure that the correct covariantization happens in RNC also in the presence
of an external potential V', we compute the terms linear in V' that arise at order 3. They
belong to the Seeley-DeWitt coefficient as, and are enough to test the correct covarianti-
zation of the result. This test is in the same spirit of [§], which employed RNC to a higher
perturbative order to discover problems in the computation of the trace anomaly with the
SI propagator.

Thus we analyze at order 33 the partition function density

20 (o, 6) = (e=Si™) (2.41)
S(gint)

where, as before, we have included in an arbitrary external scalar potential V, =

V- %R. It is enough to consider the terms linear in V,. As a consequence, we only need

- 12 —



the perturbative expansion of the ghost action (R.33) to order 32. We thus only need to
calculate the correlators

1 1 1 .o
598, [ [ 0| (g Vo Ry (€271 €062 €160 1 a0 (0) +
1
15 Vo R (€7(1)€1676°9(0)) + (o)
1 1 1 .
+§VQV5%/O dT/O do [@RMWQQ <£a£ﬁ(7) ENE(EHEY + ata” + b“c”)(o)> +

+ éRm@“sﬁ(T) 6“15“2(0)>p(0)] -

g

1
« a 0
_IV“I"'V“4‘/‘1/O d7<§ I: > — BV, (2.42)

where ag ) is the Seeley-DeWitt coefficient computed with vanishing potential V,. It can

be read off directly from ()

0
aé ) = R,uua,@

1152 727 12 24 1728

1 1 1 1
720( R’,)+ 1oy (—C ——=D,+—E, - —> DR.  (2.43)

One thus gets for the relevant terms we wish to consider
3° 3°
EV“Vq V“R(Jl —Jo+ Jg) + ERWJ V“V”V}I(J4 +J5 —2Jg + 2J7) +

3
—i—ﬁ—RDVq Jg(Jn — Ji9 + 2JlO) 53

33 1 1 1 1
—D,—-E,+— | +--- 2.44
+5 V,OR 120 +5D0p = 7Byt ogg )+ (2.44)

u AZRE v (RWVVVQ)] Js +

where J; are the integrals reported and calculated in appendix [J] We finally obtain

1
Z(”)(fco,ﬁ)=1+---+ﬁ3<VHQ“—@VHV(JWRJF--.)+--- (2.45)
where
1 1 1 1 1
= . —=C54+-C,+2D v
Q 48<Cp 12>RVV+ (20p+40p+ p— 160)1{ VoV +

1/ 1 1 1 1
| -=C,+=D,—~E,+ — | V, V¥R —
* ( ot 4p+288> Vv

1 ) 2 1
C?——C,—<E vrov, 2.46
< P18 gt 144> e (246)

is the “current” whose divergence gives the total derivative term.
It is then clear that (R.45) yields an unambiguous p-independent partition function
Z(B). For p(t) = 6(7) one has the DBC propagator which yields directly the correct terms
belonging to the local Seeley-DeWitt coefficient as contained in z() (g, 3) BI]. Others
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p’s must then yield the same local result up to a p-dependent covariant total derivative.?

Thus, we tested successfully the use of RNC to obtain the correct covariant results for Z(3)
also in the presence of external potentials.

3. Supersymmetric nonlinear sigma models

The N = 1 supersymmetric nonlinear sigma model is relevant for the worldline description
of a spin 1/2 particle coupled to gravity. We have described this worldline approach
in [B], where the representation of the one-loop effective action was written in terms of a
path integral with periodic boundary conditions (PBC) for the bosonic coordinates x# and
antiperiodic boundary conditions (ABC) for their supersymmetric partners, the worldline
fermions ¢*. The worldline fermions play the role of the gamma matrices of the Dirac
equation and the ABC are necessary to compute the trace in the spinorial space on which
the gamma matrices act. These boundary conditions break worldline supersymmetry. In
particular, the antiperiodic fermions ¥* do not have any zero mode. The zero modes of
the bosons can then be treated as in the previous section.

On the other hand, PBC for both bosons and fermions preserves supersymmetry. The
change of boundary conditions from ABC to PBC for the fermions corresponds to an
insertion of the chiral matrix 7° inside the trace in spinorial space. This gives directly
the regulated expression of the Witten index for the nonlinear sigma model [[[f], which is
identified with the chiral U(1) anomaly corresponding to a massless Dirac fermion coupled
to gravity [@] In the present case, the periodic fermions acquire zero modes as well, and
it is of interest to consider their factorization. In this section we describe this factorization
using directly the action written in components. Superspace methods may also be used,
but they do not seem to bring in drastic simplifications.

The N = 1 supersymmetric nonlinear sigma model is described by the action

Dy¥ )

(3.1)

1
St =4 [ St s+ 28

where DYV /dr = ¥ + i Ty ,(x)y? is the worldline time derivative covariantized with the
target space connection. We consider PBC for both bosons and fermions, z#(0) = z#(1),
H(0) = ¢*(1). The corresponding partition function (Witten index) is then

Iy = jé Dx Dip eS| (3.2)

In the flat limit (g,, = d,,) zero modes appear for both x* and 1*, corresponding to
the invariances dz#(7) = " and dy* (1) = 6* for constant ¢ and 6#. In curved target space
these two invariances are generically broken. Nevertheless we wish to factorize these “would
be” zero modes to be able to carry out a perturbative evaluation and at the same time
present the partition function as an integral over them. Thus we proceed as in section P} and
introduce extra dynamical gauge variables together with suitable gauge fixing conditions.

4The coefficient as is related to the trace anomalies in 6 dimensions @], which have been calculated
also using the quantum mechanical path integral with DBC in |
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The introduction of extra gauge variables can be obtained by considering the following
identities

Sla, ] = Slxo + y,9] = Slzo + y(0,€), ()]
= S[wo + y(wo, &), ¥ (o + x)| = S[wo, %0, &, X (3.3)

where we first introduce the new gauge variable zf/, then change coordinates to RNC
centered at z{/ (this change to new coordinates £# and YH is specified by the functions
yH(xg,€") and Y (¢¥)), and finally introduce a new gauge variable Yh by setting Pt =
b + x*. We end up with the action S[zg, 0, &, x] for the sigma model in RNC

D(yg + X”))

1 . .
S[CL'O,QJZ)O’&?X} = % /0 dr %guu(‘ro,g) <£ﬂ£l/ + (%Z)g + Xﬂ) dr (34)

where the metric g, (zo,§) in RNC is given in (R.19). This action contains the desired
shift gauge symmetries encoded in the following BRST symmetry, suitably extended to
two pairs of nonminimal auxiliary fields

dzg =n'A 8g(T) = —Q"y(w0,&(7)) " A
Sy ="A oxM(r) = —"A

ot =0 ot =0 (3.5)
ony, = im, A omy =0
0y = ipuA op, = 0.

The nonlinear bosonic gauge symmetry acting on (xf, £#) is just as in the previous section,
while the fermionic symmetry acts linearly on the (¢f, x*) fields. We gauge fix by choosing
the gauge fermion

1

v =, /O dr p(r)E (7) + /O dr p(r)x"(7) (3.6)

parametrized by the single function p(7) normalized to fol dr p(1) = 1. This gauge fixing
is covariant under reparametrization of zf, and yields the following gauge fixed action

1)
Sorlwo, 0, & X, m, 1,7, 7,7, p) = Slwo, o, & x] + 52

1
= Slwo, Yo £, x] + i, / dr p(r)h(r) —
) 0
il /0 dr p(T) QP (w0, £

1
in, /0 a7 p(T)X(7) = Tt (3.7)

The ghosts v#,%, can be trivially integrated out, while integration over the lagrange mul-
tipliers 7, and p, produces the constraints

| arsmen =0, [ arpmnri) =o. 33)
0 0
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These constraints permit to invert the kinetic term to find the perturbative propagators
for the fields £&# and x*. Thus we end up with the path integral

fw = [ dsoduydnan § DeDs (/psﬂ) 5 (/mc“) <

x exp (— S[zo, %0, &, x] — Srplro, &, n, 7)) (3.9)

where Spp is the same Faddeev-Popov action of the bosonic model written in (P-33). Note
that since we use fermionic fields with curved indices (¢f), x*) their nontrivial path integral
measure is exactly compensated by the nontrivial measure of their bosonic supersymmetric
partners (zf, £*). Therefore the complete measure is flat and no extra ghosts are needed
in this case, as shown in [fJ].

The path integral can now be computed. Its value should not depend on 3 as con-
sequence of supersymmetry [[§]. Thus a semiclassical calculation produces already the
complete result [[4]. However, we have now set up the path integral in such a way that
higher loop calculations can be unambiguously performed to test the § independence. We

perform this test in the next subsection.

3.1 Order (3 correction to the chiral anomaly

In this section we consider the perturbative expansion for the N = 1 supersymmetric
sigma model with periodic boundary conditions on all fields, as described in the previous
section. We will explicitly verify the 8 and p independence of the path integral for the
chiral anomaly Iyy in D = 2 and D = 4 up to order g3 (i.e. two loops on the worldline),
employing dimensional regularization [B] whenever necessary. Before starting, let us recall
that the chiral anomaly Iy can also be written as

Iy =Tr ((—I)F 6_5Q2> =Tr (75 e3V 2) (3.10)

where @) = ﬁv is the supersymmetry charge (the Dirac operator), H = Q% = —%V2 =
—%D + %R the quantum hamiltonian, and (—1)F = 5 the fermion number operator of the
N = 1 supersymmetric sigma model. Dimensional regularization preserves supersymmetry
without the need of any counterterm [ff]: the quantum hamiltonian H must have a potential
%R, obtained from squaring the supercharge ), and DR produces exactly that potential.
Thus the path integral representation of Iy in (B.9) is good as it stands when using
dimensional regularization. Other regularization schemes may need counterterms to enforce
supersyminetry.

Let us consider the perturbative expansion at fixed zg and 1)9. One obtains the various
propagators from the free action

1 . .
52 = g apelan) [ dr (€74 x57) = (3.11)

with the fields constrained by (B.§). The propagators for £# and the ghosts nt, N, were
already described in (R.26), whereas the one for the fermions x* is given by

()X (o)) = 89" (x0) F(T,0) (3.12)
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where the Green function

1 1
F(r,o) =°A(t —0) — /0 do’ p(o") *A(r — o’) + /0 do’ p(o’) *A(o — o) (3.13)
satisfies
*F(r,0) = (1t —0a) — p(7)
—F*(r,0) = 6(1r — o) — p(o) (3.14)

(dots on the left /right denote derivatives with respect to the first/second variable) and

1
/0 dr p(t) F(r,0) =0. (3.15)

With these propagators the chiral anomaly is given by
dPxqdP (int)
Iy = / Z0d Yo -5y (3.16)
27rz

where S’(gint) = Sy — Sg2, Sq = S + Spp is the total action in (B.9), and (1) = 1 is
the normalization of the (p-dependent) path integral. For the sake of compactness, it
is useful to rescale vy — /By, getting dPvyy — BP/2dPyy and ¥ — VB + x.
Being 1/; of order /3 we can organize the interaction terms in a systematic way, namely
we split Séim) = S¢3 + Sga + ... with the S,, = S, + Spp, contributions of order
O(ﬁgfl). Moreover, in the RNC expansion S3 = Spp3 = 0, as g\ (zo) = 0. Thus, after
some simplifying manipulations that exploit index symmetries, the relevant vertices for our
purposes read®

St = gy [ Lrene? (fs'“é“ + (/B +x“)>’<“> ¥
%RQM [ e (Bt + B 4 (317
$5= Sha+ gy Vaaun | ar € CE /0 +wiﬁ 2+ (3.15)
Se = S6,1 + %(72R)\aﬁonw + RAQWRQ,W —|— R)\agngw“ + V VgROWV)\> X
« [ e /Bt + B+ (319

where all tensors are evaluated at the point x.

5851 and Ss,1 are contributions to S5 and Se that come from the cubic and quartic order in the expansion
of guv(z) in RNC, see () They are not explicitly reported here since they will not enter in the
forthcoming calculations.
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It is clear from the Grassmannian nature of the measure that the only terms that can
give an a priori nonvanishing contribution to (B.16) are those that saturate the measure
itself. Hence, in D dimensions only terms with D fermionic zero modes can contribute; in

particular

/ dPapo - P =gt (3.20)

Before starting our calculation, let us briefly recall how some known results for chiral
anomalies in arbitrary dimensions D can be derived from (B.16). First of all, the chiral
anomaly is trivially zero when D = 2k — 1, £ € N, because an odd number of g is
needed to saturate the measure whereas the fermions always come in pairs. Conversely,
if one considers D = 2k, it is not difficult to convince oneself [[4, P4 that, at the one-
loop level, the only nonvanishing contributions come from the k-th power of the vertex
iRauW\ foldT §aé“¢5w8 ; hence, no fermionic propagators are involved. More specifically,
the independent terms contributing to the anomalies are of the form

Tr [Rk] Li,  Rap = Ragu GEU8 (3.21)

where the integrals L are given by

1 1
Ly = / dry - / dry, *B(71,712)*B(19,73) - - *B(18, T1) - (3.22)
0 0

Integrating by parts and making use of the identity °B® = °A°®, the latter can be reduced
to their string-inspired counterparts

1 1
L = / dry--- / dry *A(11 — 12)°A(19 — 73) - - *A(T8, — T1)
0 0

ﬁ @l k=2

0 k=20+1

leN (3.23)

where ¢ is the Riemann zeta function. Notice that for £ odd, both traces and integrals
vanish: indeed, gravitational contributions to the chiral U(1) anomaly are present only
for spacetime dimensions D = 4n, n € N. The result of this semiclassical approximation
is known to be exact [[4], and it is independent of the boundary conditions chosen for
the quantum fluctuations (see also [24]). Nevertheless, the full path integral (B.9) should
be independent of 5 and p. We have explicitly tested this property by doing a two-loop
calculation for the simplest cases D = 2,4. For D = 2 each worldline graph vanishes, so
the proof is quite trivial. Thus, we directly pass to describe the D = 4 case.
The two-loop truncation of (B.16]) reads

d*zod? 1 1
Iy = — / (2;7/8)3)0 exp |:<—Sq,4 — Sg6+ 5(5374 + 5375) + 54,456 — 55374> ] (3.24)
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where we have omitted those terms that are explicitly zero; the subscript ¢ refers to con-
nected diagrams. To further simplify this expression, let us make few preliminary consid-
erations. Recalling the splitting S, = S + Spp, we compute

1 . .
(Sq) = %Rawﬁ/o (€2 (E1E + (V/BUE +X")XY)) +

1 .
LI / dr (€€ (VB + ) (VB + )
43 0

1
= SR [ dr [0 Bl (B + )|+ g (B Y]
0
p
where we have used some of the formulae in appendix [B This term does not contain
fermionic zero modes. This is true for all the vertices coming from the ghost action Sgp,
as well. We also note that (Sg) is of order 3? and contains at most two zero modes. This
implies that Sg can only enter at two-loops through connected terms. Thus, the (one-loop)

anomaly is given by

4., g4 4., 4
o drzod’tho 1 ) o [dzod™po 2 a v
IW B _/ (2703)2 2 <S4>C B (271')2 92.42 ¢01 o '1%4 Ralawv Raga," Lo

1

= —res3 / d* 20 Ry oy Revgas™ (3.26)

where from eq. (B:23) Ly = —2, as expected.
From these preliminaries one recognizes that the order § correction is given by

dAzodivy [ 1 1 1
1) = [T saishe - 38— (SaSee + g5(SDe +

1 1
+ §(SFP,4>(Sf>c + §<5FP,4 S@c} : (3.27)

We first compute the four terms in the first line, leaving the contributions from the FP
vertices in the second line for the very end.

The first term can be immediately obtained from (B.25) and (B.26)). Using the identities
listed in appendix [B, it can be written as

1 d4$0 d41[)0 2y ﬂ d4$0
3 / @) (S4)(Si)e = “381 ) @22 Cp (2Ko — 8K3) . (3.28)

As for the second term, the only way to pick out four zero modes is to square the connection
part, the one explicitly reported in (B.1§), obtaining

(4po) 1 A A
<SE2>>C V= % vﬁlRa1M1>\1)\2 vﬁzRazuz)\aM %1 te @Z}04 X
1 1 . .
< [an [an(gmehém emenin)
0 0
3 A
= g% W’ [VaR“aA1A2V636”A3A4(212 —I3— 1)

+ VaRooa e (VIR g0, + VORY 30,0 (Is — Ig) | - (3.29)
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Using the identities in appendix B|it becomes

d41'0 d41/10 9 _ B d4.%'0 1
_2/ (2mB)? (55). = _5/ (2m)2 [_ 5 (Ko+4K1) (21 — I3 — Ih) +

+ 18K2 (4[2 — 213 — 214 + 315 — 316)

+ EKS (ls —I5) | - (3.30)
The third term yields

(S156)8 = & Raypcnos Rosoumsosan U515
</ an / iny (P émererienes
— ﬂgRﬁ R . PO g
2 1112 “4p202792820304 V(0 0
X gMe (grorghe  gpaz gz grzghe) (3.31)

where the six-index tensor is the one given in the round parenthesis of equation (B.19).

After a bit of tensor algebra one gets

d*zod* dx 5 1
_/ (22—/@)12/}0 S4SG ﬁ / 0 < Ko+ 9K1 9K2 + §K3> I . (332)

Finally, we are left with the fourth and more involved term

(4300)
<Si>i4w0) = <(54,1 + 54,2)3> i (3.33)

(&
where Sy 1 and Sy 2 can be read off from ( as the first and second term, respectively.
The former may yield only one zero mode and thus it does not give any contribution
to (B.33) by itself. The remaining terms give instead

d4.%'0 d41/10 2 ﬁ d41'0
= 4K Ki) I .34
3' (2B ((81.1)"52), 144 | (2n)2 (452 — K3) Ir (3:34)
dAzo diabo 5 d43€0
Su1(S .
3 / R (S11(S12)°). ﬂ/
X [EKO (3114 + Ig) + (3.35)
1
+ —K1 (=2l + 463 — 2L1p — Lo — I9) +
+ 72K2 (6[11 — 12113 + 6119 — 615 + 31109 + 3[9)
dz0 d'vy (Sin)?), = 2 A0 1 01— 1o — Irn). (3.36)
3, 2B 12)°). = 15 e 15 — I16 — 17 .

,20,



We now explicitly use the integrals listed in appendix {J, so that the four terms com-
puted so far sum up to

d*x 1 1 7 5 1
- Co+—) Ko+ = (-—C,—2E K
ﬂ/ [288<p+12> °+72< 36 3 +720> L

1/ 19 7 7 1 13
—(—=C,+-E,— — | Ky C,+ =E, Ks|. (3.37
+72( 36 T3 144) 2t <36 +3 +720> 3] (3:37)

This is non zero unless one adopts DBC Feynman rules, for which Cpgc = —1/12, Eppc =
1/180, so that [ M) i Zl 1K = 0 by Bianchi identities. However, the Faddeev-Popov
action gives the addltlonal contributions

2/d?267org;w0 [(Srpa) ((Sa.2)*), + (Skpa(S12)*) ] =

= 5/ d'zo [25158 <C + %) (Ko —4K2) + %(K2 - KI)II8] (3.38)

which lead to the complete order-( correction

d41'0 1
_5/ T <360p+ B+ 720) ZKl = 0. (3.39)

This result shows that one may safely adopt p-dependent Feynman rules also in the case of
periodic worldline fermions, provided that one appropriately takes care of the zero modes.
As we showed, this can be done through the appropriate introduction of auxiliary gauge
variables, together with a suitable gauge fixing of the ensuing shift gauge symmetry, which
turns the auxiliary gauge variables into the wanted zero modes. As a consequence of this
procedure, one must include the corresponding FP determinant, which vanishes only in the
DBC case. Indeed, in [R5, where a similar calculation has been carried out in DBC as a
test for the time slicing regularization, no extra vertices were needed to obtain the correct
result.

4. Conclusions

We have discussed in great details the factorization of perturbative zero modes which ap-
pear in the worldline approach to one-loop quantities for spin 0 and spin 1/2 particles. We
have focused particularly on the issue of reparametrization invariance of the correspond-
ing nonlinear sigma models. As well-known, the calculation of one-loop quantities in the
worldline formalism requires to master the path integral for sigma models on the circle. In
perturbative computations around flat target space, perturbative zero modes appear. We
have described their factorization using BRST methods and employed an arbitrary func-
tion p(7), the so-called background charge, to parametrize different gauges. The arbitrary
function p(7) allows to test for gauge independence and includes as particular cases the
two most used methods: i) The method based on Dirichlet boundary conditions (DBC),
which is directly related to the calculation of the heat kernel. It produces covariant results
in arbitrary coordinates also before integrating over zero modes, but it has a propagator
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that is not translational invariant on the worldline. i) The “string inspired” method,
where the constant modes in the Fourier expansion of the quantum fields are factorized. It
yields a translational invariant propagator, but when using arbitrary coordinates produces
noncovariant total derivatives in the partition function density. The string inspired prop-
agator is simpler and faster for computations on the circle, and the technical problem of
the noncovariant total derivatives can be overcome by using Riemann normal coordinates.

The BRST symmetry guarantees the gauge independence of the partition function
Z(f). From this one deduces that the partition function density z)(zg,3) should con-
tain a universal p-independent covariant part and at most a p-dependent total derivative,
which vanishes upon space-time integration. The p-dependent total derivative is in gen-
eral a noncovariant expression when calculated in arbitrary coordinates, as exemplified in
eq. (B.10). However, it is covariant if calculated using Riemann normal coordinates. The
source of this discrepancy is easy to understand: the gauge-fixing constraint is expressed
in terms of coordinate differences z# — i and does not transform covariantly as a vector
under reparametrization of the background point z{), but it does once one chooses Riemann
coordinates centered at z{;. The gauge fixing in Riemann coordinates is rather subtle. It
has originally been studied by Friedan for applications to bosonic 2D nonlinear sigma mod-
els [[l], and recently employed by Kleinert and Chervyakov [[(] in the 1D case. It makes
use of a suitable nonlinear shift symmetry.

In this paper we have first addressed some issues left open in [[(], and performed
extensive tests to check the correctness of the BRST method for extracting the zero modes.
Then we have extended this method to the supersymmetric nonlinear sigma model, which
is relevant to the description of spin 1/2 particles coupled to gravity. All of our tests have
been successful. We can now draw the following conclusions:

e The perturbative calculation of Z(f) is gauge independent if the external fields de-
scribing the interactions have derivatives vanishing sufficiently fast at infinity. This
is a necessary condition for the validity of the perturbative expansions employed in
our tests. If these conditions are met, all total derivatives integrate to zero. When
the external fields have derivatives which do not vanish fast enough, one may still
proceed for example by trying to resum a class of diagrams and make the perturbative
expansion of Z(/3) well-defined. This works in the harmonic oscillator, which has the
potential V(z) = %w2x2. In this case we have explicitly checked gauge independence
of the partition function up to order (Bw)?.

e The covariant local expansions of z(")(zq, 3) in Riemann normal coordinates (RNC)
are different for different p’s. The difference is given by covariant total derivatives
with coefficients depending on p.

e One can use RNC with any p to compute local trace anomalies in D = 4. In particular,
one can use the string inspired propagator. The total derivatives only affect the OR
term, which anyway is a trivial anomaly (it can be canceled by a counterterm).
The reason why the “string inspired” computation tested in [f] failed is because the
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Faddeev-Popov contribution arising form the nonlinear shift symmetry needed for
the implementation of RNC was missing.

e The use of RNC yields local covariant results also in the presence of external fields
like scalar and vector potentials. We have explicitly verified this in the presence of
a scalar potential V. We have performed a higher loop calculation to make sure
that the expected results are indeed obtained. It is not obvious how to use arbitrary
coordinates to check this property. In particular, the method proposed in section 7
of [[I0] to achieve a local covariant results in arbitrary coordinates does not seem to
be correct, as for example it does not yield the correct covariantization of the higher
derivatives of the scalar potential.

e We have used the supersymmetric model with the correct factorization of the zero
modes to test successfully for any p the § independence of the Witten index, i.e. of
the chiral anomaly for a spin 1/2 particle. We have computed the order 3 corrections
the chiral anomaly in D = 2 and D = 4 and found that they vanish.

The results described here make sure that path integrals for nonlinear sigma model
on the circle, with and without supersymmetry, are in good shape both in their UV and
IR structure. They can be employed to produce unambiguous results in the worldline for-
malism with background gravity. The method discussed here could also turn out to be
relevant for the extension to the noncommutative case, recently studied in [R6] for describ-
ing the coupling of D0 branes to gravity, and to the free field analysis of the AdS/CFT
correspondence [27].
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A. Linear sigma model

Let us consider the linear sigma model

IR
S =— / dr | =0,,3"3" + B2V (z) (A1)
B Jo 2
and compute perturbatively in 8 the partition function
Z =Tre PH = ?éDx ¢Sl (A.2)

We first try to understand the factorization of the zero mode with some generality. To
extract the zero modes one can first introduce a shift symmetry, and then gauge fix it
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in a suitable way. Using the Faddeev—Popov method one obtains the following chain of
identities

7 = j{Dwe_S[x]

~ § Dye-st
j{Dy/dDw(/dTp( b (
/dD ]éDyE (/dm( )yH(T)
/ dP o 7{ Dyé ( / dr p(T)y" 7)> e~ Slwocty]

= [aPs0 fDys ([ arptrtin) et = [ (j:;;% Day).  (A3)

Here we have first used the linear split 2#(7) = zff + y*(7) for an arbitrary constant z,

e_S[x()e +ye}

> efS[acoer}

7)
(

and then the translation invariance of the path integral measure Dx = Dy. Then we made
use of the shift invariance (typical of the background field method)

o — o =af + e
Yy =yl =yt = (A.4)

which leaves invariant the field z#(7) since z#(7) = aff + y*(7) = =zl + y¥ (7). Therefore
the action S|x] itself remains invariant. One may then use the Faddeev-Popov trick of
inserting unity represented as follows

= [aes ([ arstonen)
= [ ( [ oo -o)
= [aves ([ ar ot - o) (4.5)

where the background charge is normalized to unity, fol dr p(1) = 1. Finally we used that
dPe = dPzg.. This formally proves that the final result for the partition function Z =
[ dPxg (2776)_%2(”) (o) is gauge invariant, i.e. independent of the choice of the function
p. However, the density z(®) (o) can in general depend on p through total derivative terms
which should vanish upon integration over the zero modes xg.

One can derive the same result using BRST methods. The action S|z + y] can be
considered as a functional of both z§ and y#(7) and is invariant under the shift (A.4). To
fix this gauge invariance one can introduce a constant ghost field n* for this abelian shift
symmetry. The corresponding BRST symmetry transformation rules are

dxfy = A
oyt = —ntA
ot =0. (A.6)
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To gauge fix one must also introduce constant nonminimal fields 7, 7 with the BRST rules

ony, = im, A
omy = 0. (A.7)
Using the gauge fixing fermion
1
v =i, [ dr (o) (A8)

we obtain the gauge fixed action

)

1
= Slro + ) + i, /0 dr p(r ) () — (A.9)

where §/0A denotes a BRST variation with the parameter A removed form the left. The
ghosts can be trivially integrated out while the integration over the auxiliary variable
produces a delta function. Thus, the BRST method reproduces the last line of (A.3),
however it make it easier to implement more general gauges (for example to get massive
propagators), though they will not be considered here.

To test the previous set-up, let us compute perturbatively in the proper time (§ the
partition function in eq. (A.J). From ([A.3) one can write it as

_ d ppesia — [ 4T ),
g %D /(27rﬁ)% ? (o)
2P (zg) = (%) = exp[(e™%n), — 1] (A.10)

D
2

where (273)~

quantum average (e~ nt) is obtained using the free propagators (i.e. from the action with

is the well-known normalization of the path integral measure, and the

V = 0) of the fields constrained by the gauge fixing. These quantum fields are given by
Yy (1) = a(1) — o with zfj = fol drp(T)z*(7) and their propagator reads

(y"(1)y" (o)) = =B By (1,0) (A.11)

where the Green function B(,)(7, ) has already been described in eq. (.28).
We now aim to compute eq. (A.2) to order 8* by expanding the interacting action
around the constant xg

- —l 17'2 z(T
smt—ﬁ/odwu))

L 1 1
= B/ dr | V. + "0,V + =y"y 0,0,V +- - + =V + ... (A.12)
o S5 s s
6 10

where for S19 we used an obvious short-hand notation. Here all vertices are evaluated
at zo (i.e. one sets z#(7) = zf + y*(7) and expand the action around the constant zf).
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The vertices indicated by S, contribute effectively like y™. Considering that Sy gives only
disconnected contributions and that only an even number of y give nonvanishing Wick

contractions we obtain
2P (z0) = (e me)

1
= exp [— (S4+ Se + Ss + S10) + §<S§ + 55 +25957). + 0(8%)|  (A.13)

and thus
Z = 1D/deoeXp><
(2m5) 2
3 e
[ BV + MDV—7<4MQD V + My(0,V) )

1
+ﬁ4<48M oV + M5(8 V) + §M6(8MV)(8H'DV)> +O(,65)} (A.14)
where the Wick contractions obtained using (A1) produce the following integrals
' 1
M, = / drB(r,7)=—-—=+0C,
0 12

1
1
My = / dr B3 (1,7) = — + 02 Cp + 40;

. 144
1
1
_ 3 _ 3__ 2 I "
Mg—/dTB (r,7) = 1728+C C+ C —2C, —8C,
M,y = /dT/ do B(t,0) =C,
Ms = [ dr | doB — +C)+2C
5 / 7'/ o B (t,0) = 720+C +2C,

1 1
1
2
Ms = / dT/ do B(1,0)B(0,0) = C} — ECP +2C;,

where on top of C), given in eq. (R.29) we have defined C, = fol dr FPQ(T) and Cp =
fol dr FS(T). Recall that the DBC propagator is obtained by setting p(7) = §(7) and the
SI one by p(7) = 1. In the SI case all these C,’s vanish, while the particular values of the

integrals for the DBC propagators are as follows
1 1 1 1 1 1
Mi=——, My=—, Ms=——, My=——, Ms=—, Mg=—.
! 27300 P w00 TP 120 P90 T 60

Let us now consider the partition function at order 8* (we rename g by z)

1
Z = D/dD [1—5V+6(V2+MDV)
(2mpB)=2
3
+ 54( 4V — 120 VEV — 3MoEPY — 12M(9,V)) +
+ 1 <ﬂv4 + §M12(DV)2 + ZMlv%jv + §M4V(8MV)2 +
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7 Loy 4 L M5(a 9, V)2 + %Mﬁ(auvxaﬂum) 4

8
0(55)} . (A.15)

From this we deduce that

AZ = Z(arbitrary p) — Z(DBC)
e {5 ()
= dP M V —
ot A (0 5)

63
o

3(M, — %)m V4 12<M1 + )aﬂ(va V)]

a| L 1\ 1\
+ﬁ[48 M+ 75 )0 V+8 M} — 52 )0"(9,VEV) +
1
4

+ <M5 - 9—>0M(a"va A, V) +

4 é <M2 L )au(vaﬂum
+3 <M1 + )8“(1/28 V)] +O(ﬁ5)} (A.16)

is a total derivative. For potentials V' with derivatives vanishing sufficiently fast at infinity
(a condition which is necessary for the validity of the perturbation expansion in (3) the total
derivative can be dropped and all ways of factoring out the zero modes are equivalent.

B. Conventions and identities

We use the following conventions for the curvatures
[va, vﬁ] Vi = Raﬁuuvy
R = Ry . (B.1)

The change of coordinates to Riemann normal coordinates is given by

Y (2o, & Z Voo VoIl oy (20)€° - €0 (B.2)

where the covariant derivatives act on lower indices only.
We have found it convenient to express all the terms in the order-3 correction to the
chiral anomaly (section B.I)) as combinations of the invariants

a-a vpo
KQ = g™ 4 RN e RpO'OqOéQ RMVOéSOézl
_ Lo o v
Ky =e""™R ,uozlpRoagup R azoy

a-a o v
KQ = €& 1 4 R MalpRJpagl/ R“ Q304

_ a1« o v
K3 =™ ‘R ,ualpRoupag RM sy )
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where K1 + Ko + K3 = 0 because of Bianchi identities. By using Bianchi identities and
integration by parts one can easily prove the following identities

1
/ d*z e Y R ot an VAR agan = / diz <—§K0 — 2K, + 4K2>
/d41' g1 DRBUOQOQ Rﬁga3a4 = /d4.%'4 (Kg — KQ)

/ d*r e Ry RO RV, = / d*z2(Ky — Ki)

o o
1
/d4$ g RQIARMVAO!Q ijastu = /d4$ <§KO - 2K2>
/ d*z e R Rypanas B" agas = / dz (2K — 8K>)

which have been used to cast the final results in a more compact form.
We now list few useful identities involving the propagators. Recalling the definition of
A(T — o) in (R.29), we start by defining the quantities

1 1 r 1
Cp = / dTl/ dTgp(Tl)p(Tg)A(Tl —’7'2) Cbrc = —E:|
0 0 L
1 1 1 1
D, = / dTl/ dTQ/ drs p(71)p(12)p(13)A(T1 — T2)A(T) — T3) Dppc = m]
0 0 0 L
1 1 1 [ 1
— 2 _ o - =
E, = /0 dﬁ/o dro p(m1)p(T2) A*(T1 — T2) 0 _EDBC 180]

which all vanish in the string inspired approach (p(7) = 1). For the p-dependent propaga-
tors we need

1 1
B(r,0) = A(t—0) — /0 do’'p(o’) A(T — o) — /0 do'p(c’)A(ec — o)+ C,

1

B|. = B(r,7) =C, — D

1
2/0 do'p(c") A(T — o)
1
B(r,0) = At —0) — / do’'p(a’) AT — o)
01
Bl = °B(r,7) = —/0 do'p(c’) *A(T — o)

—B|; = 25|,
= *A*(1 — o)

1 1
=°*A(r—0)— /0 do’'p(a")*A(t — o) + /0 do’'p(a’) Ao — o)

=1-p(7)

and the identities

/0 dw AT — w) *A(c —w) = =A(T —0)
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L 1., 1
/ dw A(T — w) Ao —w) = _EA (1—0)— =A(t—0)+
0

1

36 4320

These identities have been used to the express all the worldline integrals, listed in the next

appendix, in an economical form, namely as combinations of C,, D,, E, and pure numbers.

C. Integrals

We list here the worldline integrals needed in the main text, evaluated with dimensional

regularization whenever necessary. We use the notations B = B(11,72), Bl = B(7,7), and

similarly for its derivatives.

In section (partition function at 3 loops), we needed the following integrals

1
H, = / a7 B, (B" + Agn)lr = Cp—
0

1
:/dT.B‘z:—
0
1
= drp(t) Bl =-C, — —
| dr ot Bl =0, - 55

1
= [ arBE (B + Al = C2 = 5Co- 3B+ 1

H»

Hj3

Hy

0

1
/dTB|T.B|2 —-C2 + C +D,+ - E
002 2 7 4
dTl d7—28|1 B|2(B A ):—CP—FECP—F

- / dm / dry B® (B* + Agp)l1 = C2 — —C, —
0 0

1 1 1 1
= / dTl/ dTQ.Bh B B.|2 B.:C[%—F—CP—DP—F—EP
0 0 36
1 1 1
= / dﬁ/ dry*Bly *B* Bl B* = C} — 5Co = Dp— 55,
0 0

1 1 1 1 1
— / dr / dry*Bl1 B B (°B* + Ayl = —Cg + ﬂC,, + 5D,, +-E,
0 0

1
12

1

2 1
144

6
1
_E — ——
37 144
1 1 +1
18 377 720

1 1
:/ dﬁ/ dry *B|y *B* B'|25’:c§——cp—Dp
0 0 12

6
1
2

4

1 1
7 1 1
= [ d dr Bl *B% (B + A =-C’+—-C,+D,+~-E,— —
/0 71/0 T B|1 ("B* 4+ Agn)l2 p+36 >+ p—|—6 Y
! ! 2 2 2 2 1 1
:/0 dﬁ/o dro B* (°B —Agh):—C’p—l—ZCp—i-Ep-i-ﬁ
1 1 1
:/ dﬁ/ dry*B? B*? =C2 — 2D, + E, + —
0 0 80
1 1
7 1 11
= [ d dr*B*B* B* B=C2— —C,—D,— —E, — ——
/0 71/0 2 PP T 37T 1440
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1
1
Hig = /O dr p(t) B2 = =3C> + cCo+4D, +

144
1 1
Hi7 = dm dTgp(Tl)p(Tg) 82203—2Dp+Ep+—
0 0 720
! ! 2 (e A 2 1 1 1
g = ; dm A dTgp(Tg)B (B + gh)h:—Cp—ir%Cp—ier—irEEp—i—%
! ! o2 5 b 5 1
H19 = ) d7'1 ) dTgp(Tg) B Bh:cp__CP_DP_EEP_m
! ! 2 e 2 1 3 5
H20 = dTl dep TQ)B B B| _Cp C Dp—|— E
0 0 72 2
In the 4 loop calculation of section P.2 we made use of the following integrals
1 1 , 5 1
J1 :/0 dTl/O dry B B|2 (B +Agh)|2:Cp—%Cp—§Ep
1 1
Jo :/ dn/ dra B (*B*)|2 = —C5 + c + D Ep
0 0 72 12

1 1
J3 = / dTl/ dro p(TQ) B B|2 = —QCg + 2Dp
0 0

! ! 1 1 1
_ 2 (e 2
J4_/ dTl/ dT2B (B +Agh)|2—cp—1—80p—§Ep—|——720
1
*2 — D,+=E,
Js = / dTl/ dm B B’ C —|— C + —|—6 144
— ® o _ 2
JG—/O dﬁ/O dry B B 8’2—_Cp+ﬁcp+§Dp+ZEp
J—/ld /1d ( )BQ——Cz—i-—lC + D —l—lE —i——l
7T = T1 T2 P\ T2 = P 36 P P 5 0 70

) 2 1
2 2 “ -
Jy = /OdTB r=C2 = Co= 3B+ 1 -

! 1

JQZA dTB’T:Cp—E
! 1
Jl():/dTpT BT:—C——
0 () ‘ P 12

1
1
Ji = / drBl. (B* + Ayl = Gy -
0
1
Jip = / dr *B*,; = —-C,.
0

Finally, the integrals needed in the calculation of the order-3 correction to the chiral
anomaly in D = 4 (section B.1)) are given by

i —/ld /ld BBBly = 2C,+ 2B, —
E b A 2736737 144

1 1
I, = / dTl/ dro B‘l.B.B‘Q = —2I;
0 0
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1 1 . . 1 1
I3 :/0 dTl/O dry B‘lgB‘ZZ%Cp"FEEp

1 1
I, = / dTl/ dro 8‘1.8.3’2 =413
0 0

5—07107'2 = =50~ 5B+ 355
1 1
Is = / dT1/ dry BBB® = —21I;
0 0
1 1 1
I; = / dﬁ/ dTQ/ drs (BF*)(12Bas) By = 1
0 0 0
Is = / d7'1/ de/ drs B|1°f(1,2)('BB°)(273) — —§Cp _ ng
0 0 0
1 1 1 . . ) . ) )
Iy = /0 d7'1/0 de/O drs (B*F)(1,2)B2,3) "B,y = _EC’) _ 5Ep + T
I = /0 d7'1/0 de/O drs (B**F)(1,2)B2,3)B(z,1) = —%Cp _ EEP -
1 1 1 o0 | o o N 1 1
Ill = / dTl/ dT2/ d7'3 ( B + .7:)|IB(172)B(2’3) 8(371) = EC’p + g Y
0 0 0
1o = /0 d7'1/0 de/O dr3 Bl1*B(1,2) 8(273) Gy = _EC’) + —
Iz = / d7'1/ de/ drs °B|1B(1,2)°B('273)B('3’1) = ——Cp 6Ep
0 0 0
Ly = / dTl/ dTg/ drs (.BB.)(1,2)('BB')(273) ——Cp P
’ 0 0 677" 144
Ii5 = /0 d7'1/0 dT2/O drs (FB )(1,2)8(273)8(371) = _%C GEP + =
L :/0 dTl/O dTQ/O drs (FB)(1,2)"Bla3B(s1) = —%Cp 3 p_i_ﬁ
Ii7 = /0 dTl/O dTQ/O drs (F*B*), 2)5’(2 3)5’(3 1) = 180” + 38— 75
hLig = /0 dTl/O dTQ/O drs p(1) B 2)Blo,3)B(3,1) = 36Cp + 6Ep + — 0"
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