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ABSTRACT. This paper deals with the longtime behavior of the Caginalp phase-
field system with coupled dynamic boundary conditions on both state variables.
We prove that the system generates a dissipative semigroup in a suitable phase-
space and possesses the finite-dimensional smooth global attractor and an ex-
ponential attractor.

1. Introduction. The Caginalp system is a well-known model in phase transition,
introduced in [1] to describe, in particular, melting-solidification phenomena in
certain classes of materials: the state variables are the order parameter v and the
relative temperature . If the system undergoing the phase-change is confined in a
container, it is natural to take into account the interactions with the walls: this gives
rise to the so-called dynamic boundary conditions (introduced for the first time in
the context of the Cahn-Hilliard system, see [3, 4, 5]), that is, to evolution equations
on the boundary of the vessel, resulting from suitable free energy /enthalpy balances.
In most papers dealing with the Caginalp model, such boundary conditions only
concern the order parameter (see, e.g., [6, 8]), but, in the abscence of specific physical
justifications (e.g., a thermally isolated system, [6]), it is reasonable to impose the
same type of conditions on the temperature, or, actually, on the enthalpy H(t) =
9(t) + u(t): a derivation can be obtained along the lines of [7].
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More precisely, given a bounded and smooth domain  C R?® with boundary
I' := 909, we will study the following system:

Ou—Au+ f(u) =0 in Q

op — Arp+g() + Opu=¢ on T

(W +u)—AI=0 in Q

W +¢)—Ar(+0,9=0 on T (1.1)
ulp =4, Jr=¢

w(0) =up, Y(0)=9 in Q

¥(0) =10, ¢(0)=¢ on T,

where Ar is the Laplace-Beltrami operator, 9,, is the outward normal derivative
and all physical constants have been set equal to one. Here, the nonlinear functions
f and g represent the derivative of a typically nonconvex configuration potential
and of a boundary potential, respectively.

Such models have been studied in [7, 9], for smooth nonlinearities in [7] and
for both smooth and singular nonlinearities in [9]. Note however that, in [7], one
assumes that there is no diffusion for the temperature on the boundary, i.e., the
Laplace-Beltrami operator does not appear in the (dynamic) boundary condition
for the temperature, whereas, in [9], there is an additional dissipativity term in this
boundary condition, so that the enthalpy is not conserved (see below).

In this paper, we consider smooth nonlinearities f, g of class C2. We are inter-
ested in the existence of strong (i.e., H?) solutions. Our first task is thus to study
the well-posedness, namely, the existence of a unique strong solution and a suitable
Lipschitz continuous dependence on the initial data. Due to the nontrivial coupling
between the interior and the boundary, the existence is proved in several steps,
based on the Leray-Schauder principle. Note that, in [7], the existence of solutions
is proved via a standard (contracting) fixed point theorem. Here, the presence of
the diffusion on both dynamic boundary conditions allow to interpret these as per-
turbations of the classical heat equation on the boundary, which makes the use of
the Leray-Schauder principle natural. This also has an interest on its own, as it
allows to prove additional regularity on the solutions.

It follows from the well-posedness result that the system generates a strongly
continuous semigroup in a suitable phase-space and we can address the existence of
a global attractor with finite dimension. Indeed, such a result, which entails that the
essential asymptotic dynamics can be described by a finite number of parameters,
is obtained as a byproduct of the existence of an exponential attractor whose basin
of attraction can be extended to the whole phase-space, thanks to the transitivity
of the exponential attraction (see [2]).

1.1. Assumptions. We make the following assumptions on the nonlinear functions
f and g. As far as the bulk nonlinearity f is concerned, we impose the standard
dissipativity hypothesis,

f€C*R) with liminf f'(u) > 0, (1.2)

|u|—o00

whereas, for physical reasons (cf. [13]), we assume that the surface nonlinearity ¢
satisfies

g(u) = u+go(w), where go€C*(R) with [gollcz) =co<oo.  (1.3)
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Notice that we do not impose any growth condition on f. In light of (1.2), it follows
that there exist constants ¢y, > 0 and p’ > 0 such that

f'(s) > —cy, and f(s)s>pus>— ', VseR, (1.4)
and, setting F(s) := fos (&) d§, there exists Cy > 0 such that
(F(u) = f(wu, D)o < Crllulll,  Vue L*(Q), (1.5)

where ||-||q and (-, -} denote either the L?(Q) or the [L?(€)]?>-norm /scalar product,
depending on the context. Besides, it is not difficult to prove that

2F(s) > us®* — ', Vs €R. (1.6)
Preliminaries. Having equipped L?(T") and [L?(I")]® with their usual scalar prod-

ucts and norms, both denoted by (-, -)r and | - ||r, we introduce the space L?(Q) :=
L?(Q) x L*(T") endowed with the scalar product

(U7 W) = <uvw>Q =+ <¢7U>1“7 VU = (U7¢)7 W = (w,v) € LQ(Q)v
and the corresponding norm
U1 = llull, + 1[I
For U = (u, %) € L*(Q), we also set

1
m{U) = ———— /udx—i—/wdE and (U) := (m(U),m(U)).
)=, ) (V) = (m(U), m(U))
It is easy to check that the following inequalities hold:
0< [V = (WP =IVI* = (19| + [Thm(V)?,  VV € L*(Q). (1.7)

For further convenience, given two normed function spaces X in 2 and Y on I, we
set, whenever this makes sense,

XY :={ueX: ulreY}
and we endow this space with the norm
lullkgy = llulk + llulr]}-
In particular, we set
H*Q):= H*(Q) @ HYI), k=1,2,3.

Then, introducing the dual space [H*(Q)]* of H*(£2), we denote by (-, ) HE @) 1 (@)
the corresponding duality pairings. This allows to define the spaces

Ve .={Uc H'(Q): m(U)=0}c HYQ)
V' i={pe H'@Q) (g, Dy @ =03 C H'(Q)
and the operator A : V° — V°', defined as
<AU7 W>H1(ﬁ)*7H1(§) = <VU7 vw>(2 + <VF'¢}1 VF”>F)

for any U = (u,v), W = (w,v) € V°, is invertible. Notice that the third and fourth
equation of (1.1) can be rewritten as

A7'9,0+U)+O©—-(0)=0 in V°. (1.8)
Beside, the bilinear form

(U, W) := (Vu, Vw)g + (Vr, Viv)r, YU = (u, ), W = (w,v) € H(Q)
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is a scalar product on V° and we set
U*:=((U,U)), YUeH Q).

We will repeatedly exploit the equivalence between the standard H'(Q)-norm and
another norm appearing naturally in the estimates. More precisely, there exists a
constant v > 1 such that

U < 0P+ IWIE <0 By W0 = (i) €H'@. (1)
Finally, we set
H=[L*(Q))? and H'=[HFQ)? for k=1,2,3,
and, given any M > 0, we introduce the phase space
H2, ={(U,0)cH>: |m(O©+U) <M}

endowed with the H2?—topology. Notice that

Hy, = HA NHP € Ha,.
Enthalpy conservation. Denoting any solution to (1.1) by (U(t),©(t)), where
U(t) = (u(t),¥(t)) and O(t) = (J(t),((t)), the problem is characterized by the

conservation of the enthalpy, defined as H(t) = ©(t) + U(t). Indeed, the third and
fourth equations in (1.1) immediately provide

d
T H(@®) =0, (1.10)
that is,
m(H(t)) =m(0(t) +U(t)) = m(0g + Uy), (1.11)
for all t > 0.

Notation. Throughout the paper, ¢ > 0 stands for a constant allowed to vary
within a same line and only influenced by the structural data of the problem; further
dependencies will be specified on occurrence.

2. Existence and uniqueness. This section is devoted to the proof of existence
and uniqueness of global solutions to problem (1.1).

Definition 2.1. For any fixed M > 0 and T > 0, given an arbitrary initial datum
z0 = (Up, ©p) = (uo,%0,%0,C0) € H3;, a solution to our system is a quadruplet
2(t) = (U(1),0(t)) = (u(t),¥(t),9(t),¢(t) € C([0,T); H3,) satisfying (1.1) in the
sense of distributions.

Our first result is the following:

Theorem 2.2. For any T > 0, system (1.1) admits a unique solution z(t) =
(U(t),0(t)) defined on the whole time interval [0,T) departing from an arbitrary
initial datum in H>.

To prove this theorem, we argue as in [12, Theorem 2.1]. The idea is to interpret
problem (1.1) as a nonlinear compact perturbation of its linearized version (see (2.8)
below) and relies on the application of the Leray-Schauder principle. To accomplish
this program, some LP-regularity estimates are needed.
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LP-regularity estimates. We will use the anisotropic Sobolev spaces WT}’2(QT)
and W) 2(0Qr), where Qp = [0,T] x Q and dQp = [0,T] x 9Q, consisting of
functions which, together with their first time derivative and first and second space
derivatives, belong to LP(Q2r) and LP(0€r), respectively (see, e.g., [10]).

In what follows, we will need the embeddings W,(Qr) € C(Qr) and H?*(Q2) C
sz —2/p (€©). The former compact inclusion follows from the classical Aubin-Simon
theorem, provided that W2(Q2) € C(Q), that is, when 2 — 3/p > 0. The second
embedding is satisfied when 2 < p < 10/3. This leads us to confine p to the interval
[2,10/3].

We first consider the linear nonhomogeneous problem with homogeneous Dirich-
let boundary conditions,

Ou—Au—9=hy in Q
up=0 on T
(0 +u)—AV=hy in Q (2.1)
Jdr=0 on T
u(0) =ug, P0)=9; in Q.
Lemma 2.3. Ifuo,ﬂOEWp -

l
») (Q) and hy,hy € LP(Qr), then there exists C' =
C(T) > 0 and a unique solution (u,

0) € WE2(Qp) x Wp2(Qr) to (2.1) such that

||uHW1’2(QT) + ||’L9HW}}‘2(QT)
< C(Jluoll w2 b g [P0l w2 b g Ih1llzecor) + Ih2llzeq))-
Proof. We first obtain an estimate needed in the subsequent argument. Multiplying

the first equation by d;u and the third one by ¥ in L?(Q), we obtain, on account of
the Poincaré inequality,

1d
S 91+ IV al3] = ~IV9I3 — 9l + (b, Db + (ha, D)
1
< —§IIV19H% - §H<9tUII?z + e[l + lha3),
leading to

d
a[”ﬁﬂé + (IVulld] + VO + 10rulld < c(lhallf + llh2ll3)
and, integrating over [0, T, to
91 Lo 0,7;22(0)) + 19l 20,7581 (02)) (2.2)
< c([[9olle + lluollz1 (o) + lIhillz2(@r) + [1h2llL2r))
< ([0l w2 ) + [[uoll w2 h g + 1hallze@r) + 1Rl e @)

where here and below in this proof, ¢ = ¢(T'). We can now apply the classical
LP-theory to the system

Ou—Au=h;+19 in Q
up=0 on T
uw(0) =up in Q
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to conclude that

[ullwizp) < C(||Uo||W§<1—%>(Q) +1hllze ey + 10llr@r))-

Here, the last term can be controlled by proper interpolation inequalities (see, e.g.,
[10, Chapter II, (3.2)] with ¢ = r = p) and by (2.2), that is,

1—2 2
191 e (0r) < C||19||L°°I(O T;L2 Q))”ﬁ”z2 0,T;H(R))
< c(||v _1 + jlu _1 + ||k 13 + ||k P 5
([[%l| w2 g [[uol| W2 g hllzer) + 1h2llLr@r))

giving the bound
lellwi2 SC(IIUo||Wz<14>( +I9oll w2 )+|Ih1IILP(QT)+Hh2||LP<QT>)- (2.3)

We apply the same theory to the system for 1J, where dyu is read from the above
equation, namely,

3t197A19+19:h27h17Au in Q

JYr=0 on T

H0) =99 in Q,

obtaining, by (2.3),
[9lw12 0 < cllldoll T 1Pl @) + Ih2llzer) + lullwr2,y) (2:4)
< (||| Wb ) + [Juoll w2 ) + [[hallr @z + [1R2llLe0r))
which finishes the proof. O

As a second step, we consider the linear homogeneous problem with nonhomo-
geneous Dirichlet boundary conditions and null initial data,

Ou—Au—9=0 in Q

ulp =% on T

(W +u)—AY=0 in Q (2.5)
dr=¢ on T

u(0)=0, 90)=0 in Q.

1
— 52—

1
Lemma 2.4. If 9,( € Wp1 P(0Qr), then there exists a unique solution
(u,9) € WE2(Qr) x Wp2(Qr) to (2.5) such that

I =ory + 10 0y < CUVI agncy o I aegany ) (26)

PP (0Qr) W, P P(0Qr)

for some positive constant C' depending on T, but independent of ¢ and (. Besides,

/0 (Onmu(5), 0t ()1 + (OnD(5). C(8))r)ds > 0. (2.7)

Proof. Following [12, Corollary 2.1], we consider the linear and continuous extension
operator

Tp : Wpl 21772 (8QT) — Wl 2(QT) deﬁned as (TP’L/})|6QT = ’lp
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Performing the change of variables w = u — T)% and £ = ¥ — T,,(, we obtain by
straightforward computations that (w,&) solves (2.1) with

hy = _[at(pr) - A(Tp"/}> - Tpdv

ha = —[0u(T},¢) — A(TpC) + 0t (Tp1))]
and null initial data. By Lemma 2.3, we have the existence and uniqueness of the
solution, together with estimate (2.6). In order to prove (2.7), it suffices to sum the

first equation times 0;u and the equation for ¥ times ¥J): an integration in space and
time in light of the null initial conditions provides the required inequality. O

We are now ready to study the linearized version of our problem,
Ou—Au—9="h; in Q

Oy —Arp++0pu—(C=he on T

(W +u)—Ad=hg in Q

O(C+v) = Ar(+0pd=hs on T (2.8)
ulp =7, Jr=¢

u(0) =ug, 9(0)=19 in

¥(0) =1, ((0)=¢ on T.

1
Lemma 2.5. If hn,hy € LP(Qr), ha,ha € LP(OQ7), uo, P € Wo' P(Q) and

Yo, Co € W;(lig)(aﬁ), then (2.8) possesses a unique solution (u(t),¥(t),d(t),{(t))
such that

lullyr2o + 19w 2p) T 1¥llwi200.) T 11CTw 2000

< C(||UO||W2<17%)(Q) + |90l 2(17%)(9) + [[%ol|

_1 + 1
p . 15 gy + 101

W w, 7 (oe)

+ 1Pl o) + P2l Lr@0r) + [1B3ll Lo (r) + P4l Lr00r))s
for some constant ¢ > 0 depending on T, but independent of the solution (u, 1,3, ()
and the data (hy, ha, hs, hy).
Proof. The proof is similar to that of [12, Lemma 2.2], but we report it for the
reader’s convenience: the constant c is allowed to depend on T'.

191

Let T : [W, 77 (9Q7)]2 — [W12(Qp)]?, defined as

T(¥,¢) = (T1(¥, ), T2(¥, Q) = (@, 9),
be the solution operator to the following problem:
u—Au—9=0 in Q
alp=v% on T
0(0+u)—AY=0 in Q (2.9)
dr=¢ on T
(0) =0, 9(0)=0 in Q.
Such an operator is well defined thanks to Lemma 2.4. Besides, a suitable trace

theorem, together with interpolation (cf. [12, (67) and (69)]), provides

19n (Ti (0, v @0r) < el 1ot )+||C|| T NP ) (2.10)

27T (9 w, 7P (0Qr)

Svl$llwr2 o0 T 1Clwi2000) T col¥lliz2@arn + 1Kl L200r))
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for i = 1,2. Setting v(t) = u(t) — a(t) and 6(t) = I(t) — J(t), we obtain, in view of
(25),
Ov—Av—0=h; in Q
vpr=0 on T
00 +v)—Ab0=hs in Q (2.11)
flr=0 on T
v(0) =up, 6(0)=9Y9 in Q.

Since Lemma 2.3 applies to (2.11), we have

ol + 101w 00 (2.12)
<cl||lw _1y, 4 ¢
< il e, + 190

P

WP g + Il e ) + sl e 0] -

Next, (v, () solves
0t — Artp + 1 + O (T1(¥,¢)) = =ha —Opv on T
(¢ +v) = ArC+ On(T2(¥,¢)) = ha = Onf on T (2.13)
Ylt=0 = Y0, ((0) = (o,

where, due to (2.12), hy — 9pv, hy — On8 € LP(0Qr). Hence, (2.13) is a compact
perturbation of the heat equation on the boundary and the existence and uniqueness
of solutions can be verified in a standard way. To prove the required LP-estimates,
we first apply the classical LP-theory to the system

{atwArwwﬁzH on T’ (2.14)
¢|t:0 = o,
where
hy = hy — Opv — O (T1 (1, C)),
obtaining
9wy 0nn) < ol sz o+ IClioon +lalean),  @15)
where

||712||Lp(aQT) < c(llhallzr o) + 1000 Lr00r) + 100 (T1(, ()l r00sy)-  (2.16)

We now turn our attention to the (-system, where 0;%0 has been replaced by the
corresponding terms read from (2.14),

{atg—Angrg:iM on T 217)
¢(0) = Co,
with
hy :=hy — n0 — On(T2(1),C)) — Apth + 1 — ho.
Standard LP-estimates give
||<||WI}*2(BQT) < C(||C0HW2—%(8Q)+ ||}~l4||Lp(aQT))

p

< C(HCOHW%%(OQ)JF 1Pl Lo 0020) + 100 Lo 0020) + 10 (T2(3, O))l e (9021

1w 2000+ 191 o) + el e 00r),
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which, by (2.15) and (2.16), leads to

”wHWI}’Q(BQT) + ||C||Wpl*2(aﬂT)

<c _2 + _2 + h P + h P
< (||¢0||W§ ooy HCOHW; ooy 1h2llLe 02r) + [hallr60r)

+ 1Yl ey + < e 0y + 100l Lr007) + 1000 Lr (9022
+ 110 (T (¥, Ol Lr 20y + 100 (T2(2, )l Lr(9021))-

In light of (2.10) and (2.12), fixing v small enough, we have

[¥llwr200.) + 1CTwi 2000 (2.18)

<dlluoll ea-1) Aol oz Aol aa-iy A+ ol oz
A w, " (6%) W, P(@ Wy 7 (99)

+[hallzery + 1hsllr ey + [[h2llLe 00y + [[hallLe s
+ |l e o0r) + ¢l Lr00r) + 1] L2000 + 1<) L2 (000

Since the first two terms in the last line can be handled by the inequality

1—2 2
H : HLP(BQT) < c” : HLoop(o,T;LZ(F))H : HzZ(o,T;Hl(r))a (2'19)

we are left to control the L?(T')-norms of 1 and ¢. To this aim, we multiply the
first equation in (2.13) by 0,

1d

ianwuiﬂ(r) + ||atw||% = <h‘2 - 8”1’Ua atwh“ - <a”l(T1(¢7 C))?atw>l—‘ + <<a at¢>r7

and the second one by (,

1d

5 3 ICIR + IVCIE + (¢, Br = (ha = 08, Or = (On(T2(#, ), -

Summing up, we obtain

1d
5a(||¢|lip(r) HIICIE) + 12 ]1E + IVeClif = (he — Onv, Ost)r

+ <h4 - 81197 C>F - <an(’]r2(d}7€))a C>F - <8n(T1(¢7 <))78t¢>ru
which leads to the differential inequality

1d 1
5 3c 1 lE ) + ICIE) + S 10wl + Kz )

< |Jh2lI2 + [1hallR + 110nv]1E + 1000112 + 21IC]1E
— (On(T2(2),C)), O)r — (On(T1(¥, (), 01,

having added ||¢||3 to both sides.
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An application of the Gronwall’s lemma, taking into account (2.7) and (2.12),
provides

t
||¢(f)H12ql(r)+||C(t)|\%+/0 0eb()11E + 1<) e vy )l
< e ([¢oll3n ey + 1<olI?)
t
+2/0 eI ha ()1 + [[Pa(s)lIE + 100 (s)IE + 0n0(s)[IR)ds

< [0l z iy + 16l + 1h2ll72 000y + 1P4llZ200,)
+ ||anU||i2(aQT) + Han6‘||i2({~)QT)]
< flJuol|Fr oy + %0l 7 ) + 190l @) + <ol
+ ||h1H%2(QT) + Hh3||%2(QT) + ||h2||2L2(aQT) + ||h4||2L2(aQT)]7
that is,

10|l Lo (0,151 (0)) + €] 2o 0,7 2¢0)) + €I 220,752 (1)) + 10c¥ | L2000y (2.20)
< c(llzollz + Iallz2@r) + [1Psll L2 @r) + [1h2ll22000) + [hallL200));
where ¢ depends exponentially on T'. Injecting this relation into (2.18), we have, in
light of (2.19), the required control of the norms ||1/}HW;,2(8QT) and ||C||Wpl’2(HQT)7
which concludes the proof.

Proof of existence. Given zg = (ug, Yo, %9, (o) € H?M, we consider the following
homotopy of problem (1.1):

O —Au—19=—sf(u) in Q

Oy — Arp + ¥ 4+ Opu— ( = —sgo(yp) on T

Y —AY+u=0 in Q

¢ —ArC+ 0,9+ 0p =0 on T

ulp =14, Jr=¢

u(0) =ug, 9(0)=19p in

P(0) =19, ¢(0)=¢ on T.

For any s € [0, 1], this problem is equivalent to the following:

u g —f(u)
771[9’ =M 11/9}3 + M, *9%(‘”)
¢ Co 0

where My : 20 = (uo, %o, Jo, (o) — 2(t) = (u,v, 9, () is the solving operator to (2.8)
with h = 0, and M}, : h — z is the solving operator to (2.8) with null initial data.
We now introduce the space

O = [W12(Qr) x Wh2(0Qr))]?

which is compactly embedded into [C(Q7) x C(8Qr)]?. In light of Lemma 2.5, the
operator (u,¥,9,() — Mh( — f(u), —go(¥), 0, ()) is (continuous and) compact in ®.

As in [12, Theorem 2.1}, it is possible to verify that each solution (us, s, ¥s, (s)
to the s-problem satisfies a priori estimates in the space ® which are uniform with
respect to s € [0,1]. Indeed, this directly follows from an application of Lemma 2.5
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to (2.8) with external forcing (—sf(us), —sgo(ts),0,0) for which we have uniform
L*>-estimates in light of Lemma 3.3 below.

Therefore we can apply the Leray-Schauder principle which ensures that the
homotopy system has a solution for every s € [0, 1]. Letting s = 1, we obtain the
desired existence result for (1.1).

Proof of uniqueness. Uniqueness is an immediate consequence of the following
continuous dependence estimate with respect to the initial data.

Lemma 2.6. For any pair of initial data 21,22 € H3,, there exist two positive
constants ¢ and L, possibly depending on ||z;||xz, such that, denoting by z'(t) a
solution originating from z;, there holds

12(t) = 22(O)l32 + 1021 (8) — 02* ()3 < ce™ 21 — z2fln2, ¢ 20.

Proof. Having denoted by z%(t) = (u®(t), v (t),9*(t),((t)), i = 1,2, the solution
departing from z;, we also set, for further convenience,

mmszmwwu—m%ws
0 (2.21)

() = [ gh(s0H®)+ (1 - )0,
0
noticing that, by the energy estimates in Lemma 3.3 below, we have

[ @) H2@) + 10 (Dl + 12Ol m2r) + 10:l2(B)[[r < ¢, VE=20,  (2.22)

where the constant ¢ depends on the norms of the initial data. Now, we see that
2(t) = 21(t) — 22(t) = (U(t), 0(t)) = (u(t),¥(t),9(t),((t)) satisfies the problem

ou—Au+liu=9 in

Oy — Arp+ ¢ +lop +pu=¢ on T
(P +u)—A¥9=0 in Q
h((+¢)—Ar(+0,9=0 on T
ulp = 9, dr=¢ on T
U)=U,, ©0)=0y in 9,

(2.23)

where zg = 21 — 20 = (Up, O9). B
Multiplying the first equations by o,U in L?(Q) and the third and fourth ones
by © in L%(€), we obtain
1d
57 (UP+21E +101%) + [OF + [:U]* = —(tru, dru)a — (v, dtp)r. (2:24)

We next consider the problem formally obtained by differentiating (2.23) with re-
spect to time,

Opu — Adyu + 010+ (Opl)u =09 in O

040 — Ar0ptp + 0pth + L2040 + (0pl2)Y + OpOsu = 0¢ on T
D0 +u) — A =0 in Q

Out(C+ ) —Ardi( + 0,09 =0 on T,

(2.25)
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and we multiply the first two equations by ;U in L?(Q2) and sum the resulting
equality to the product of the third and fourth equations of (2.23) by 9,0 in L?(Q),

1d
53 (OF + 11T + 1881 + [0.UT* + [|0nlIE (2.26)

= —(l10¢u, Oru)q — (€204, Opp)r — ((0elr)u, Opu)q — ((Orla) ), Opt)r.
Finally, we rewrite the last two equations in (2.25) in the form
OuH + A(0:H) = A(0,U — (0.U))
which we multiply by 0; H to obtain
1d
2dt
Summing (2.24), (2.26) and (2.27), we see that the energy functional

10:H|* + 0. H|> = —((0,H,0:U)). (2.27)

E(t) = UM + [ @I + 10013 @) + 10T @I + [10.H (1))

satisfies

1d
s B+ O +0UN° + 1007 + [0:.U + 0 [[F + |0 H|* =

= —(l10pu, Opu)q — (L2041, )T — (L1, Opu)q — (€21), Oy))T
- <(8t£1)u7 atU>Q - <(8t€2)¢, 8t1/)>1“ - ((atH, atU)>-

We then easily see that
1 2, 1 2
—((0:H,0:U)) < §|6tH| + §|6tU| :

Besides, on account of (2.22) and recalling that, by (1.3) and (1.4), we have —¢; <
cy, whereas ||€2]| (1) < co, the following inequalities hold:

— (L10su, u + Opu)q — (€204, + Oph)r — ((Oelr)u, Oru)a — ((Osl2)Y, Optb)r

< (12l z2() + ) IUNBU + (5 + co)l|B: U
+ (19:lalle + 10:L2 [0 IU | 1o @) 10:U || a ey

1
< (U1 g + 10U12) + 51001 -

where we have also exploited the continuous embedding H'(Q2) ¢ L*(Q). Collecting
the last two estimates, we deduce, in light of (1.9), that

d
—E<c¢E
=

which gives the desired estimate, since

1

m(IIZ(t)IIiz +H0ez(O117) < E@) < 2+ =032 + 1002(0)]5,)-
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3. Dissipative semigroup. As a consequence of our existence result, we can state
the
Theorem 3.1. For any M > 0, the solution operator to (1.1) defined as
S(t)z := 2(t) = (u(t),¥(t), (t),¢(t) = (U(1),0(t),  t=0,
is a strongly continuous semigroup (S(t), H3,).

The main result of this section is that this semigroup is dissipative, namely, there
exists a bounded set which eventually captures all the trajectories S(t)z, uniformly
with respect to the norm of the initial data 2 in H3,.

Theorem 3.2. For any M > 0, there exists a bounded set Byy C H3; such that
S(t)BCBM, t>tp >0
for any B C H3, bounded.

The dissipativity of the semigroup is an immediate consequence of the following
uniform estimate:

Lemma 3.3. Given any initial datum z € H3,, the solution S(t)z = z(t) =

(U(t),0(t)) to (1.1) satisfies
123z + 10e2(®) 13 < QUUI=ll2e2)e "% + ear,  VE >0,

where @Q is an increasing nonnegative function, § > 0 and cpr > 0 is a constant
depending on M and on the structural parameters of the problem. Moreover,

t+1
/ 10e2(s) I3 ds < Q(llzll32), vt > 0. (3.1)
t
Proof. We set Iy = m(©¢ + Up), knowing that |Iy] < M and that m(H(t)) =
m(©(t) + U(t)) = Ip for all times, in light of (1.11).
First, we multiply the first and second equations in (1.1) by U in L?(Q),
d
TP + 21U + 20912 + 2(f (u), o = 2(8,U) = 2{go(¥), ¥)r-
Multiplying then (1.8) by H — (H) gives
d
1 = (H) 50 + 210 = (O)* = —2(U — (U), 0 — (6)).
Here, on account of (1.11), the right-hand side reads
2(U = (U), 0 = (©)) = 2(U,0) = 2(|Q + [I)m(U)m(©)
= 2(U,0) — (1] + [TN[I§ —m(©)* — m(U)?].
Summing the three above equalities, we obtain
d
7 UH = E) e +11T1) (3.2)
+20U17 + 2[[¢ 7 + 01 + 10 = (O)1* + (12| + [T)m(U)* + 2(f (), u)e
= (120 +ITDIF = 2(g0(¥), ¥)r-

We now take the product in L%(Q) of the first and second equations in (1.1) by
8tU7

SO + Il + 207 (w), 1) + 200U = 2(0,00) — 2go(w), dhr. (3.3
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Then, the product of the third and fourth equations in L?(Q2) by © gives
< lo]? + 2l6] = ~2(6,0.),

which, added to (3.3), leads to

%(Il9ll2+\Ul2+ [ IE+2(F(u), 1)a)+ 21017 +2]0U|* = ~2(go(v), de))r.  (3.4)
Finally, we compute the product of the third and fourth equations by 9,0,
%|@|2 +2(|0,0|” = —2(9,0,9,U). (3.5)
We now differentiate the whole system with respect to time,
Opu — Adyu+ f'(u)dyu = 9y in Q
Opt) — Arop) + Opp + gh ()0t + OpOru = ¢ on T
(¥ 4+u)—AGIY =0 in Q
Ou(C+¢) —Ard + 0,09 =0 on T
supplemented with the boundary conditions read from the system,
AU(0) = (Aug — f(uo) + Yo, Artho — Yo — go(¥o) — Inuo + (o)
(04 U)(0) = (A, Arlo — Onto).

We multiply the first and second equations in (3.6) by 9,U in L?(Q),

d
T |OUIP + 20U + 2007 = =2(f'(w)dru, D)o — 2(g0(¥) 0, Dtb)r
+2(0:0, 0,U)
and the third and fourth ones by 0;H,

d
T IOHI? + 200, H[* = 2((0.H, 0,U))
so that, adding the results to (3.5), we have

d
a[ll&tUH2 +|0.H|? + 0% + 2[00 + 210,U* + 2/|8sw |1} + 2/0p H |
= *2<f/(u)atua Opu)o — 2<96(¢)3ﬂ/’, Ob)r +2((0:H, 0,U)).
Introducing the functional
E(t) = 0@ +vI0@) + U071 g + @7 + 1H () — (H(#)) 3o
+ 2(F(u(t), Do + v|0:U 0> + v|0.H )],
the product of the above equation by v € (0,1), added to (3.2) and (3.4), leads to
d

T ETIel”+]e— () +2e (3.7)

+2U* + 2[lIF + 20:U11* + (12| + [T)m(U)* + 2] 2,0

+20[0,U | + 200 |F + 20|10, H|* + 2(f (u), u)a
= h7
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where
h = =2(go(¥), Ou¥)r — 2{go(¥), ¥)r — 2v(f"(u)dpu, dua — 2v(g5 ()0, Ort)r
+2v((0,H,9,U)) + (19| + [T 15
satisfies, in light of (1.3) and (1.4),
h < cl|oge + cl[¢lle + vel0U* + v|oU | + |0 H P + (12] + [T]) 5

After straightforward computations and provided that v is small enough, we
obtain

CEL[O) + 110 — (O)” + 20 + 20U + [l + 2{(u), wha
+ (19 + [Thm(U)? + |8:U > + v]|0:011* + v]9U|? + v 0|1} + vId: HI? < .
By (1.4) and (1.5), choosing 0 < 6 < u/(2t + 2Cy), we can now write
2(f(u),wa = 26(f(u),wa + 2(1 = 6){f(u), u)o
> 20(F (u), 1)a — 26C||ull§g +2(1 — §)ululld, — 2(1 — 8)u'|Q]
> 20(F (u), o + pllullé, — 2(1 = 0)1/|€2],
leading to

d
T E 1817 110 — () + 2101 + 2(U* + [[¢[|F + 20(F (u), Lo + pllullgy

+ (191 + [D)m(U)? + U |? + v| 08| + v|aU[? + wl|oww|E + v|oH* < c.
Here, recovering the lacking norm ||H — (H)||}., by the continuous embedding
L2(Q) c V°" and (1.7),

0 < |[H = (H)[[or < cllH — (H)|I” < c(l0]* + U%), (3.8)
we obtain, thanks also to (1.9),

d
aE+5E+5||atZ||$_[1 <c, (3.9)

for some ¢ > 0. Next, exploiting (1.6), (1.9) and (3.8), we deduce that

v
m[llZ(t)llil HOez()F] =1 < B(t) < elllz()]Fe +[10e2(0) 5] +2(F (u(t)), Do
Now, an application of the Gronwall lemma entails
ﬁ[llzw)lli1 + 103, — 1 < E(t) < e " E(0) + ¢

< [ell2(0) 3 + cll@r2(0)II3, + 2(F (uo), Dale™ +¢,
so that, on account of the initial conditions in (1.1) and (3.6), we finally have
@)1 + 10e2(0)13, < QU= l52)e ™" + ¢, (3.10)

for some nonnegative increasing monotone function ). To prove the integral in-
equality (3.1), it is now sufficient to integrate (3.9) over the interval [t,t + 1].

In order to complete the proof, we are left to control the H2-norm of the solution.
This follows by an application of [12, Appendix, Lemma A.2] to the nonlinear elliptic
problem

—Au+ f(u)=hy =09 —-0wu in Q
—Art + ¢+ Opu=hy :=(— 0 —go(¢)) on T,



16 MONICA CONTI, STEFANIA GATTI AND ALAIN MIRANVILLE

which, together with (3.10), furnishes the bound
U@l ) < e+ [ha(@)lla + [h2(6)r) < QUlI=ll3)e™/? +c.

Notice that this, in turn, yields L*°-estimates for f(u). Hence, interpreting the
nonlinearities as external sources in the elliptic system, we can apply [12, Appendix,
Lemma A.1] to derive

1T 2@y < QUUzllnz)e™ 7 + e
Now, we exploit [12, Appendix, Lemma A.1] again for the elliptic problem

—AY=hg:=—-0;(04+u) in Q
—ArC+C(+ 0¥ =hg:=—-0(C+v¥)+¢ on T,

which provides the same bound for © and concludes the proof of the required energy
estimate. O

4. Global attractors.

Theorem 4.1. For any M > 0, the semigroup (S(t),H32,) possesses the global
attractor Ay C H3,.

Proof. We prove the existence of the global attractor by relying on a standard
technique, consisting of the decomposition of the solution operator as the sum of
a “contracting map” and a “smoothing” map (see, e.g., [14]), namely, we write
2(t) = 2%(t) + 2¢(t), where 2%(t) = (Ua(t), ©a(t)) = (ua(t), Ya(t), Ja(t), Ca(t)) solves
Btud - Aud = ’19d in Q
Oba — Artpg +a + Opug = (4 on T
Op(Vg+uq) —A%;=0 in Q (4.1)
0t(Ca+%a) — Arlg+0n¥g=0 on T
Ud(O) = UO - <U0>, @d(O) = @0 - <®0> in €
and z°(t) = (Uc(t), ©c(t)) = (ue(t), ¥e(t), Ve(t), ((t)) is the solution to

Ot — Aue + f(u) =9, in Q
e — Artoe + the + go(¥) + Onuc = on T’
O+ us) —AJ. =0 in Q (4.2)
Oi(Ce+e) — Arle + 0p¥. =0 on T
Uc(0) = (Up),  ©.(0) = (0p) in Q.
Here and below, the initial datum (Up, ©g) belongs to the absorbing set By, provided
by Theorem 3.2 and ¢ may depend on the size of B);.
Step I. We first prove that, for any ¢ > 0, there holds

124013 + 1002 (1) I3 < ce™* (4.3)
for some v > 0 and

t+1
/ 10:2%(8)|13,1ds < c. (4.4)
¢

We argue exactly as in the proof of Lemma 3.3 in order to get the differential
equality (3.7) for (Ug, ©4) in place of (U, ©). Taking into account that now Hy(t) :=
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©4(t) + Uq(t) satisties m(Hg(t)) = 0 for any ¢ > 0, so that m(Uy(t)) = —m(©4(t)),
which, by (1.7), entails

184 = (©a)II* + (2] + [T)m*(Ua) = |©all* = (12| + [T )m?(©a)
+ (1] + [T))m? (Ua) = [|©all*,

we see that the differential equation (3.7) (with v = 1 and canceling the nonlinear-
ities as in (4.1)) now reads

d
aEd‘F 204>+ 2|vball7+ 2Hed||§11(5)+ 2H8tUd||§{1(ﬁ)+ 2(|0,9all*+ 2[|0¢¢al|

+ 2|0, Hg|? = 2((8,Ha, 0:Uq)) < |0,Uq|* + |0, Hy|?,

where

Eult) = [Ua) 0 + 19020 + 6O + [ Ha(t) B
+ 10 Ua(t) 1> + 10 Ha(t) ]|
Owing to (1.9), it is straightforward to see that E, satisfies
1
2
together with the differential inequality

(=@ 30 + 1022 (O113) < Ea(t) < c(ll= @3 + 1027 (2)113,),

d
aEd +3)|2%3,1 + 6]|0p2%|3,: <0

for some d > 0. Hence, the Gronwall lemma gives the decay
124 ()3 + 18213, < ellzoll3e™

and a subsequent integration over (¢,t + 1) proves (4.4). The final decay estimate
in H? is read from the elliptic problem included in the system, arguing as in the
final part of Lemma 3.3.

We now turn our attention to the smoothing part z¢. We preliminarily observe
that, by Lemma 3.3 and Step I, we have, in particular,

t+1
1215 + 1021113, +/ 102 () 5 ds < c. (4.5)
t

Step II. We are going to prove that
[2°(0) ]l < c.

To this aim, due to (4.5), it is enough to prove uniform estimates for |Au.| and
|A©.|, which will follow by controlling the H!-norm of 9;z°¢.
We differentiate (4.2) with respect to time,

Optue — Adpue + f/(u)Opu = 09, in

Outhe — Ardibe + Optbe + g4 (V)04 + OpOpue = 8¢, on T
Ot (Ve +ue) —AOY. =0 in Q

Ot (Ce + e) — Ar0iCe + OO =0 on T.
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A multiplication of the first two equations by 0;;U,. and the third and fourth ones
by 0;0. + 0:+0. leads to

d
T[0T + 1087 + 10O 7ps )] + 210uTe* + 2110uOc|* + 2|00 |

= —2<f/(u)8tu, attuc>Q - 2(96(¢)6t¢a 6tt¢c>1“ - 2<attU07 6tt®c>
< 2|00 Uel” + 10O 1*) + [1f (w)drullg, + llgo () et |I
< 2([101Ue|1? + 16O 1) + ¢,

thanks to the uniform estimate (3.10) provided by Lemma 3.3. Notice that, by
(4.5), we can complete the norms of (9,U., 9;0.) in order to have

d
BT + 100l + 106y ) + 19630 <

where h(t) := ¢+ |0 U.(¢)]|
there hold
0,Uc(0) = =0,0.(0) = (=f(uo) +m(O0), =m(Us) — go(¥o) + m(S0))
and, abusing the notation,
VoU:(0) = =V9;0.(0) = (—f'(uo) Vo, —gg(1b0) Vrbo).

Hence, [|0;2°(0)]|3,; < ¢, which, together with (1.9) and the uniform Gronwall lemma
(see, e.g., [14]), entails

t+1
?11(5) + [|0;0.(t)||? satisfies /t h(y)dy < c. Besides,

10250 <¢,  t>0.
This concludes the proof. O

5. Exponential attractors. We have the following exponential attractor’s exis-
tence result (see [2]).

Theorem 5.1. For any M > 0, let Bys be the absorbing ball given by Theorem 3.2
and let t* > 0 be such that S(t)By C By, for any t > t*. Assume that the following
conditions hold.

(H1) Setting S(t*) = S, the map S satisfies, for every z1, 22 € By,
Sz — Szg = L(21, 22) + K(21, 22),
where
[L(21; 22) |32 < 6llzn — 22[l32,  and  [[K (21, 22) [0z < Allz1 — 2232,

for some k € (0,1/2) and some A > 0.
(H2) The map
2z S(t)z: By — By
is Lipschitz continuous on Bys, with a Lipschitz constant independent of t €
[t*,2t*]. Besides, the map

(t,z) — S(t)z : [t*,2t*] X By — By

is Holder continuous.
. . ~ —=H3 . ~
Then, there exists an exponential attractor € on By = By; which attracts Bas

exponentially fast.
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Our aim is to prove that, suitably fixing ¢* > 0, the difference of solutions,
departing from any pair of initial data zj, € Bas, can be seen as a sum of a contraction
and a smoothing map. For this purpose, we set

zZ0 = Zé — 23 = (UO7@0)7
and we denote by

2(t) =21 (t) — 22(t) = (U(t),0(1)) = (u(t),¥(t),0(t),((t))
the difference of the corresponding solutions: this can be decomposed as z(t) =
24(t) 4+ 2°(t), where z%(t) solves (4.1) and z°(¢) satisfies (4.2) with f(u) and go (1)
replaced, respectively, by ¢1u and £21), the ¢; being given by (2.21). Arguing as in
Lemma 3.3, we see that
12622 < ce™[|z0]l2-
We thus accomplish our purpose if we show that

125l < cllzollaz, V€ [, 27].

This can be seen as in Step II of Theorem 4.1, by using Lemma 2.6 instead of
Lemma 3.3. Finally, taking t = ¢* large enough, the maps L(z1, z2) = 2%(t*) and
K (21, 22) = z°(t*) satisfy (H1).

Verification of (H2). Notice that, thanks to Lemma 2.6, the Lipschitz continuity
with respect to the initial data at any fixed time in [t*, 2¢t*] (actually, on any bounded
time interval) is known. Thus, we are left to show the Holder continuity with respect
to time in the H?-norm. Indeed, Lemma 3.3 only implies

2t*
[2(t2) = 2(t)[1F, < (t2 — tl)/ [10e2(s)|[Feds < clta — 1),
0
but, by interpolation, we have,
2(t2) = 2(t) e < ll2(t2) = 2(00) |35 12(t2) = (0057, 26 2 80 > 100 > 1%,
Therefore, S(-)z is Holder continuous with exponent 1/3, provided that

sup ||S(t)z]lus <c, vt € [t¥, 2t7],
zE€BM

which will follow by controlling the H!-norm of 9.
This can be proved by multiplying the first two equations in (3.6) by 9;:U and
the last two ones by 9;;© and by summing the resulting equalities,
1d

5 70U + 10017 +10:01%) + [0uU|* + 110n©]*

= <at63 3ttU> - <3tt@, attU> - <f/(u)at7-’4,attu>ﬂ - <96(1/))at7f% 8tt¢>1“-
Multiplying the above equation by ¢, we have

1d
5a[t(\0tUl2 + |0e|1E + 10:012)] + t]|0xU|1* + t]| 00>

= t<at@7 8ttU> - t<8tt@, 8ttU> — t(f'(u)(“)tw 3ttu>g — t<g(/)('¢)atw7 8ttw>F
1
+ §(|3tU|2 + 0|7 + |0:0°)

1
< 0uUIP + t0:01° + 5 (10U + 110l + 10:01%) + ct(| O] + [|0: V1),



20 MONICA CONTI, STEFANIA GATTI AND ALAIN MIRANVILLE

that is,
1d
2 dt
Integrating over (0,t) for any ¢ € [t*, 2¢*], it follows, in view of (1.9) and of Lemma
3.3, that

[t(10:U + 110 |F +10:01*)] < e(1 + 1)[[9r2(s) 3,1

2t* t+1
t*||8tz(t)||%_£1 <c(1+ t*)/ ||8tz(s)||$_[1ds < ct*? sup / ||5'tz(s)||?_£1ds <eg,
0 te[0,2t*] Jt

which concludes the proof.

Remark 1. In particular, B3, can be made positively invariant, closed in H? and
absorbing in H2,, by taking the set

3

—_—H
UtZt* S(t)BM s

which we still call By,. Thus, the transitivity of the exponential attraction [2],
thanks to Lemma 2.6 and the exponential attraction exerted by £y, and Bjy, allows
to extend the basin of attraction of £y to the whole space H2,. Therefore, since
the global attractor is the minimal (for the inclusion) compact attracting set, we
obtain Ap; C £, which ensures the boundedness of the fractal dimension of the
global attractor.
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