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Abstract

We use dimensional regularization to evaluate quantum mechanical path integrals in arbitrary curved spaces on an
infinite time interval. We perform 3-loop calculations in Riemann normal coordinates, and 2-loop calculations in general
coordinates. It is shown that one only needs a covariant two-loop counterterm (Vpg = %ZR) to obtain the same results as
obtained earlier in other regularization schemes. It is aso shown that the mass term needed in order to avoid infrared
divergences explicitly breaks general covariance in the final result. © 2000 Elsevier Science B.V. All rights reserved.

1. Introduction

The path integral formulation of quantum me-
chanics [1] is quite subtle when applied to particles
moving in a curved space [2]. It can be used to
evaluate anomalies in quantum field theories, but
only when the corresponding quantum mechanical
models are defined on a finite interval of the world-
line. When viewed as one dimensional QFTs on the
worldline (but with higher-dimensional target
spaces), one is dealing with nonlinear sigma models
with double-derivative interactions. Such theories are
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super-renormalizable: though certain one- and two-
loop Feynman diagrams are superficially divergent
and regularization is necessary. However, there is no
need to renormalize infinities away because the in-
finities of different graphs cancel each other and
guantum mechanics is finite. Different regularization
prescriptions give in general different finite answers
for the same Feynman diagram. This situation is
rather familiar in QFT: it simply means that there are
free parameters entering in the theory (which are
equivalent to the ordering ambiguities of canonical
quantization) that can only be fixed by requiring
further constraints (finite renormalization conditions).
The latter simply parametrize different physical phe-
nomena which can be described by the quantum
mechanical model under consideration.

It is sometimes claimed that one does not need
any ‘artificial’ counterterm at all because the theory

0370-2693,/00/$ - see front matter © 2000 Elsevier Science B.V. All rights reserved.

Pll: S0370-2693(00)00978-3



F. Bastianelli et al. / Physics Letters B 490 (2000) 154—162 155

has no divergences. As the results of this article
show, in al regularization schemes studied so far
one always needs finite local counterterms. In fact,
finite local counterterms are in genera to be ex-
pected because they just amount to finite additive
renormalizations needed to implement the renormal-
ization conditions.

In the recent past, two different regularization
schemes for nonlinear sigma models on a finite time
interval have been discussed carefully: mode regular-
ization [3-5] and time discretization [5-7]. A de-
tailed comparison carried out to three loops shows
that both schemes produce the same physics [8].
However, they both break manifest general coordi-
nate invariance at intermediate stages and require
noncovariant counterterms to restore that symmetry
in the final result. It is important to stress that these
counterterms are unambiguously determined in each
scheme. Nevertheless, lack of manifest covariance is
annoying and constitutes a technical limitation: at
higher loops one must expand the non-covariant
counterterms to get the corresponding vertices but
one cannot employ covariant techniques to simplify
that computation.

Recently, dimensional regularization has been
employed to define a new regulated version of the
path integral for an infinite time interval [9]. By
evaluating the partition function of a particular mas-
sive nonlinear sigma model with a one-dimensional
flat target space, it was found that no noncovariant
counterterms were needed to obtain the correct re-
sult. Since target space in [9] was only one-dimen-
sional, covariant counterterms could not be detected
since these are proportional to the scalar curvature
R. It is the purpose of this letter to extend the
proposal of Ref. [9] to a higher dimensiona target
space and to demonstrate that a covariant countert-
erm is needed. This counterterm turns out to be
Vor = %ZR-

Let us present first a discussion on the limits of
dimensional regularization applied to quantum me-
chanics as used in [9]. The main problem is that it
seems to require an infinite propagation time. In fact,
one obtains a continuum momentum space (the en-
ergy in one dimension) only upon Fourier transform-
ing the infinite time dimension. Integrals in momen-
tum space are regulated dimensionaly afterwards
[10]. Instead, it would be desirable to regulate and

compute the path integral for a finite propagation
time. The latter could be interpreted as a proper time,
thus making it useful for relativistic applications in
the world line approach to QFT [11]. A related
problem is that the infinite propagation time intro-
duces infrared divergences in massless models, and
requires a harmonic term as infrared regulator. In
Ref. [9] only a massive model was considered. The
harmonic term ruins general coordinate invariance: a
potential of the form V ~ w?g;(x)x'x! is not a
scalar since the coordinates x' do not transform as
the components of a vector. Invariance in the final
result could be recovered in the limit w — 0 if the
propagation time would be kept finite, but that limit
is not possible in the dimensional regularization de-
scribed above which requires an infinite propagation
time. Given that general coordinate invariance is
necessarily softly broken, one may use as well a
potential V ~ w?g;;(0)x'x! asinfrared regulator. The
latter is quadratic even far away from the origin of
the chosen coordinate system and will not modify
the interaction vertices. This soft breaking of general
coordinate invariance is not expected to modify the
counterterm V. since such a counterterm is sensi-
tive only to the ambiguities due to ultraviolet diver-
gences.

We now proceed to test the proposal of Ref. [9] in
a class of sufficiently general models and relate it to
the other regularization methods mentioned above.
The calculation in [9] is enough to indicate that
possible counterterms will be covariant, but since it
involves a single coordinate it misses terms propor-
tional to the curvature. Our strategy will be to com-
pute terms in the effective action using both mode
regularization (MR) and dimensional regularization
(DR). Equating the results fixes the counterterm
needed in dimensional regularization to be Vpg
— 1#%R,

First, let us briefly review some known facts.
Quantization of a free particle on a curved space
produces in the quantum Hamiltonian H an undeter-
mined term proportional to the scalar curvature, H =
— 3hA + afi’R. Thisis easily seen using canonical
(operatorial) methods: ordering ambiguities are en-
countered in the construction of the quantum Hamil-
tonian from the classical one and give rise to terms
with at most two derivatives on the metric. Then,
requiring general coordinate invariance leaves only a



156 F. Bastianelli et al. / Physics Letters B 490 (2000) 154-162

term proportiona to the scalar curvature. Using path

integrals this arbitrary coupling will appear as a

correction to the effective action proportional to the
scalar curvature

(Ole"#H/|0)

- fgxefsm/ﬁ —e I/t

1
=exp{—g OBdt[--- +(a+ 5)h*R+ ]}
()

where the first equality reminds us of the equiva-
lence of canonical and path integral quantization (|0)
and (0| are eigenstates of the position operator X
with eigenvalue zero) and in the second equality we
have the definition of the effective action I'. The
term %2R is partialy due to the counterterm and
partially due to two-loop diagrams, see Eq. (36).
Henceforth we set £ = 1.

We are going to compute the corrections to the
effective action I" as function of the various cou-
plings using both mode and dimensional regulariza:
tion. In the former we can be general and alow for a
finite propagation time B. Then we take the limit
B — o0, which is safe in the presence of an infrared
regulator, and compare the result with dimensional
regularization. It is known that the former requires
the counterterm

Vur = sR— %09 9, L0 (2

to produce a general coordinate invariant result with
a =0 [5]. We will see that dimensional regulariza-
tion will match the result when using a counterterm

Vpr = %R (3)

which is manifestly covariant. For comparison we
mention that the counterterm for time-dicing, needed
to obtain the same result as mode regularization, is
different, see Eq. (40).

2. The 3-loop calculation with Riemann normal
coordinates

The model we analyze is given by

S[X']

= [Mdt[3g,(x) KX + 30?0, (0) X'X) + Vi
t.

| @)

where w is a frequency needed as infrared regulator
and V; is the counterterm for the regularization
scheme chosen. Using Riemann normal coordinates,
we will need to compute up to three loops since the
noncovariant part of the counterterm (2), when ex-
panded around the origin of the coordinates, only
gives contributions from 3 loops onwards. We want
to make sure that noncovariant counterterms are not
required when using dimensional regularization, as
noticed in Ref. [9]. In the next section we shall
repeat the calculation below for general coordinates
but with only two-loop graphs. Since in general
coordinates the first derivatives of the metric do not
vanish, we get nonvanishing contributions from the
noncovariant parts of (2) dready at the two-loop
level. This gives an additional nontrivial check on
the covariance of the counterterm of dimensional
regularization on the infinite time interval.

The counterterm is effectively of order %2 since it
first appears at two loops, but for notational conve-
nience we are using units where # = 1. As aready
mentioned, the harmonic potential breaks general
coordinate invariance since it selects those coordi-
nates in which the potentia is quadratic. We have
chosen them to be Riemann normal coordinates as a
definition of our model, so that the metric has the
expansion

gij(x)
=0+ %Rkijl(o) xKx! + %VmRkijl(O) xKx!xm
1 2
+ 20 VoV Riiji (0) + 4_5Rkipl Rmj Pn(0)

X xkx'xMx" + O( x®). (5)
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We find it convenient to use a rescaed time
parameter T with t = Br+t; and B =t; —t;, so that
—1<7<0. An infinite propagation time will be
recovered in the limit 8 — oo, while for finite 8 this
setting allows us to compare easily with the results
for w =0 which were reported in [8] using similar
notations'.

With this rescaling, and introducing the ghost
a,b',c' for a correct treatment of the measure [3,4],
we aim to compute the following path integral with
two different regularization schemes, mode regular-
ization (MR) and dimensional regularization (DR),

[oxzazbace %S (6)
with
S= 9 x,a,b,c]

= fidv(%gij( X)(X'x} + a'al + b'ch)

+3( Bw)?g;;(0) XX + B2Ver( X)) (7)

and with the boundary conditions that all fields
vanish at t=t;t;, (i.e. a 7= —1,0).

For the perturbative evaluation (in the coupling
constants contained in the metric g;;(x)) it is conve-
nient to split the action into a quadratic part S, and
an interacting part S, =S;+S$,+S+S+ -

S = fo df[%aij(kiki +a'al + b'c!)

-1

"‘%Bij(ﬁw)zxixj] (8)
$=0 (9
S, = fo dT[%Rkij,xkx'(k‘ki +a'al +b'ch)

-1

+182VCT] (10)
S = [° dr[ & Ry XX x"(XxI + alal + bic)

-1

+B2x4Ver | (11)

tour conventions follow from [V, IVk=R;* V' R;=
Riy kj. Thus, the scalar curvature R= R;' of a sphere is negative.

1 1
(E ViVaRuiij + ERkipl Rj Pn

0

Sﬁ=f dr
-1

X xkx'xMx"(x'x) + a'al + bich)

2

B: .
+?x'x'c’)i3jVCT . (12)

Note that all structures like R;j,, Vor and derivar
tives thereof are evaluated at the origin of the Rie-
mann coordinate system, but for notational simplicity
we do not indicate so explicitly from now on.

From S, one recognizes the propagators

<Xi(7)xj(0')> = —,BBijA(T,(r)
<ai(7')aj(0')>=B5”Agh('r,0')
(bi(r)cl(a)) = —2B8" Ay(7,0) (13)
where the functions A(r,0), Ay(r,0) ae to be

defined shortly in each regularization scheme. Then,
the transition element, Eq. (1), at three loopsiis given

by

=T
=Aexp{<— %(Sﬁ S+ Ss)>
1 2
fpd) o

where the subscript ‘con’ refers to connected dia-
grams only. The constant A is the normalization of
the exact path integral for S, which describes a
harmonic oscillator in D dimensions [1,2]

D

A=(Ww(ﬂw))7. (15)

For w = 0 this term becomes the familiar Feynman
measure for a free particle (2778) °/2. The pertur-
bative contributions are obtained by computing the
various Wick contractions. We record the results in
terms of A and Ay, through three loops; the symbol
* denotes counterterms. The nonzero contributions
are

(-550=(XD s+ =-n2R-pvn

(16)
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(495 O
—Isﬂ2( VIR+ RZ+ OR,?JM)

B2 o
+1Iy -9 0Ver

an
(51 -0O0+-E
= I1q gﬁ R + Is b zRfmn
(18)

being (S, proportional to at least one classical field
that is zero since x; =X;=

given by

I, = f_o dr(A(®A® + Ay,) — *42), (19)
= f_o dr( 47 (®A® + 4,) — ®A2 A), (20)

|9=f_° dral, (21)

e [ g (o282 5)

—4A|, ®A® ®4A®|,
+2 Al, ®A2 (%A% + A,

+2 A%, A®A® A®| +2 A®| ®AA® 2®|,

—4A%], A ®A(®A® + A, )l,

+(.A. +Agh)|7’ A2 (.A. +Agh)|¢7) (22)

0. The integrals |, are

e [ g o8

+OAZA® 22 A %A 4% *4°). (23)

We have kept the same names and notations for the
integrals |, as in [8] to facilitate comparison for the
limit w — 0 possible in mode regularization when 8
is kept finite. We recall that Al,= A(r,7) and ®A
= L A(t,0) while A® = 2 A(7,0).

Let us first consider mode regularization. Here
one expands al fields in a Fourier sine series and
keeps al modes up to a large mode number M. The
limit M — « is taken after having computed all
integrals. In practice, one manipulates the integrals
by partial integration to put them into a form which
can be computed directly and without ambiguities
in the continuum. One partially integrates such that
al double derivatives of A, namely ®A® and 4,
= ®8,  are removed. If this is not possible, one
casts the expressions in a form such that the inte-
grands vanish at the end-points. In the latter case,
singularities like 6(7) and &(7+ 1) are neutralized.
With this prescription one recognizes that the func-
tion A(7,o) appearing in the propagator is given by

M —2
Almo) = L (rm)2+ ( Bw)’

m=1

X sin(amr)sin(mo) (24)

while as anticipated one can represent Ay(7,0)
=084 (7,0) with

M

Ao(7,0) = Z

m=1

(mm

2sin(wrm-)sin(q-rm(r)}.
(25)

Their continuum limit (M — «) is given by

A(T,0) = [O(T—O')Sinh( BwT)

1
Bosnh( pw)
xsinh( Bw( o+ 1))
+60(o— 7)sinh( Bwo)
xsinh( Bo(7+1))] (26)
Ap(r,0)=8(1—0). (27)
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Table 1

Results in mode regularization at finite 8

I2 |8 |9 I14 IlS
-1 —H(Bw)  i(Bw)  i(Bw)  iI(Bw)

It is easy to check that [af —( ,Bw)z] Alr,0)=8(r
— o) and A(0,0) = A(—1,0) = A(7,0) = A(7,— 1)
=0.

Now, we can compute the various |, and obtain
the results summarized in Table 1, where we have

found it convenient to define the function

1 — acoth( a)

2

I(a) = 3

(29)

As an example how these results are obtained, con-
sider the ‘ clover leaf’ graph in (17) corresponding to
lg. Using that in mode regularization

(®A® + Ay)l-= a.((®A)];) — (Bw)’Al:  (29)
the first term in |, yields

J° dr (—4%4% - (Bw)’£%)|.. (30)
Hence

_ (° _50A2 _ ( Bw) A3
|8_f_1d7( 594U — ( Bw)’A%)],. (31)

Then from Eq. (26) we obtain
Al sinh( Bwt)sinh( Bw(7+ 1))

! Bwsinh( Bw) (32)
sinh( Bw(27+ 1))
(k= =5 go) (33

and substitution into (31) yields the result for 15 as
given in Table 1.

In this regularization scheme the counterterm to
be used is V) as given in Eq. (2). When evauated
a the origin of the Riemann normal coordinates it
produces

VMR=%R (34)
aiaiVMR=%V2R_3_leRijk| RIK, (35)

As an aside, we can check the correctness of the
w— 0 limit. Since 1(Bw)—> — % for w— 0, one
can verify that the results in [8] are reproduced

7 = Aexp{ - [ BER

2( 1 2 1 2 1 2
+B (Eov R+ %R — 7_zoRijk|)

+---]) (36)

This result is expected to be covariant [5,8] and the
use of Riemann norma coordinates shows immedi-
ately which is the covariant form of the effective
action.

On the other hand, for v # 0 and 8 — o one gets
BI(Bw) — — X, and thus

2"=Aexp{—,8[l—12R
1
+;(4_10V2R+ 210 RG — TioRizjkl)

+}} (37)

Now, this result in not expected to be covariant
because of the presence of the mass term w. The
apparent covariance of (37) is just a coordinate
artifact of the Riemann norma coordinates (this
point will be self-evident in the calculations of the
next section). The result (37) is what one should
obtain in dimensional regularization as well.

Thus, let us turn to dimensional regularization.
The propagators are represented as in (13) with

1 dk e—ikB(T—u’)

Ao ==g o vt

(38)

1 dk —ikB(r—o0o)
Ag(,0) = _E/EG . (39)

Note that, strictly speaking, one should use an infi-
nite B, which anyway cancels in (13), and a finite
t=pBr and s= Bo. Now one can use dimensiona
regularization to compute the various integrals (with
momenta contracted as suggested by the kinetic term
continued to D dimensions) and then take the limit
D — 1. Using the formulas given in [9] (and also in
[12] where dimensiona regularization is used in
configuration space), one recognizes that the ghosts
are effectively regulated to give a vanishing contri-
bution (this is due to the fact that §(™(0) is zero in
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Table 2

Results in dimensional regularization at g =«

I2 IS |9 |14 |15
1 1 1 1

~z 8ho ~ % ~ 5w 0

dimensional regularization), while the remaining in-
tegrals give the results summarized in Table 2.

It is immediate to verify that the result (37) is
reproduced once one uses the counterterm Vpg = 3R
(of course, in the limit of infinite 8 this result is
unaffected by the infrared divergence related to the
infinite time integral and remains finite). Thus, we
conclude that Vg = iR is the counterterm needed in
dimensional regularization to have « =0 in Eq. (1).

Of course, we could have compared as well di-
mensional regularization with time slicing regulariza-
tion [6] and obtain the same result. In that case, one
should remember that time dlicing (TS) requires
different rules to compute the integrals in Egs. (19)—
(23) but also a different counterterm [6,13]

VTS=%R+%gijFiLFjIk' (40)

As an extra check, in what follows we also verify the
necessity of the counterterm V, at two loops but
using arbitrarily chosen coordinates.

3. The two-loop calculation with general coordi-
nates

In this section we repeat the calculation for the
amplitude (1) using general coordinates going as far
as two loops. Again we perform the calculation using
mode regularization along with the counterterm (2)
and dimensional regularization with the counterterm
(3) applied to the model (4) where x' are now
general coordinates. Writing (2) explicitly in terms
of the metric tensor

Vur = 5R = 3:9"9" g [TKTG"
2
=sR— %(‘1 gjk) + %(ai gjk)(aj gik) (41)
makes it clear that one will get nonzero contribution

from the noncovariant parts of the counterterms al-
ready at the two-loop level. Indeed the derivatives of

the metric do not vanish at the origin of an arbitrary
system of coordinates contrarily to what happens in
Riemann normal coordinates where they do vanish.
The expansion of the metric g;;(x) around the origin
gives the same quadratic action of the previous
section and thus the propagators are the same as
well. The interacting part is S, =S +S,+ -,
being

S,= [° drio g (XX +aal +bie))  (42)
-1

S, = fo df[%akal g, x'x'(x'x) + a'al + b'c!)
-1

+ BV | (43)

where metric and derivative thereof and V., are
evaluated at the origin of the system of coordinates.
The transition element at two-loop is given by

_‘Z”=Aexp{<— %(834— 84)>

1
+<2323§>wn+ } (49

where (S;) vanishes because it contains an odd
number of quantum fields while

1 B .
<— ES“> = —Z[Alazg+2Azﬁjgj] — BVer
(45)

15 = BB& 24 4B,(d i
i BRRL KU CEL

+2By( 4 gjk)z +4B,(4,95x) 9, 9ix
+4Bng2]. (46)

We have used the shorthand notation: d%g=
gr]gl'(lakal 9ij %9=9"99;;, 9=9"9, g, d'g;=
9'“9'6, 4, g;;- The resuilts obtained from this calcula-
tion are summarized in Table 3, where the column
‘Result’ refers to the computations done using di-
mensional regularization (DR) and mode regulariza-
tion (MR) of the integrals shown in the column
aside. In the same line we also report a pictoria
representation and the ‘ tensor structure’ associated to
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Table 3
2-loop results with dimensional and mode regularization

161

By = 2 2 (A + Agn) - A(D + Agi)ls

Integral Result Diagram Tensor

DR[MR] structure
+ 7

Av= 0 ALCA + A ooy O g

Az = 2 (AL 0[] O@ dg;

By = [0 [ A(A? — A2Z) %[5 @ N (9ig;x)?

By = J2 )2 (A A (*A) 5 0] @ (9:gik) 059

By = % 1%, *Al, () &Y, 0[] O=ONF

Ba = [ [0 (0 + D)l A (A),) 0_[0] L (939)9’

N |99

each diagram. Recalling that the scalar curvature is
given by

R=0d°g— 6jgj - %(akgij)2+ %(ai gjk)ajgik
+3(59)° - (39) 9" + 97 (47)

and using the results from Table 3, the amplitude 2
reads

B B B
2=Aexp{— 1—6829+ galgj + @(al gjk)Z

B B B
- E(ai Oik)d Qi + 5(519)9J - gg,z}
(48)

for both regularization schemes. Therefore, aso in
this case, dimensiona regularization yields the same
transition amplitude as mode regularization only re-
quiring the covariant counterterm $R.

Note that in Riemann normal coordinates d%g
=ZR and d'g;= — 4R at the origin; substituting
these identities, (48) reduces to the two-loop part of
(36). Obviously the result is not covariant as the
covariance of the model in Eq. (4) is explicitly

broken by the mass term and cannot be recovered
even in the limit w — 0 since (48) is w independent.
Therefore dimensional regularization of the path in-
tegral on an infinite time interval does not preserve
target space general covariance, contrarily to what
stated in [9].

4. Conclusions

In this letter we considered quantum mechanical
path integrals in curved space with an infinite propa-
gation time. We computed transition amplitudes both
using dimensional regularization (DR) and other (in
this context more established) regul arization schemes.
We showed that DR does not need noncovariant
counterterms in order to reproduce the correct an-
swer, as already noticed in a simpler model in [9],
but it does need a covariant two-loop counterterm,
namely Vpg = "—;R. We took an infinite propagation
time in order to have a continuous momentum spec-
trum and to be able to use DR in the usual way. This
forced us to add an infrared regulator: a mass term.
The unpleasant feature of this term is that it breaks
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manifest general covariance. Furthermore, for appli-
cations to quantum field theories such as computa-
tions of anomalies, one needs path integrals on a
finite time interval. We are at present working on an
approach to use dimensional regularization at finite
B. The crucial question is whether again only covari-
ant counterterms are needed.

References

[1] R.P. Feynman, Rev. Mod. Phys. 20 (1948) 367; R.P. Feyn-
man, A.R. Hibbs, Quantum Mechanics and Path Integrals,
McGraw-Hill, New York, 1965.

[2] see eg. L.S. Schulman, Techniques and Applications of Path
Integration, Wiley, and Sons, New York, 1981; B. Sakita,
Quantum theory of many-variable systems and fields, World
Scientific, Singapore, 1985; B.S. DeWitt, Supermanifols
(Cambridge University Press, 2nd. edition, 1992); J. Zinn-
Justin, Quantum Field Theory and Critical Phenomena, Ox-
ford University Press, 1996.

[3] F. Basgtiandlli, Nucl. Phys. B 376 (1992) 113, hep-th/
9112035.

[4] F. Bastianelli, P. van Nieuwenhuizen, Nucl. Phys. B 389
(1993) 53, hep-th /9208059.

[5] F. Bastianelli, K. Schalm, P. van Nieuwenhuizen, Phys. Rev.
D 58 (1998) 044002, hep-th /9801105.

[6] J. de Boer, B. Peeters, K. Skenderis, P. Van Nieuwenhuizen,
Nucl. Phys. B 446 (1995) 211, hep-th,/9504097; Nucl. Phys.
B 459 (1996) 631, hep-th/9509158.

[7] K. Schalm, P. van Nieuwenhuizen, Phys. Lett. B 446 (1998)
247, hep-th /9810115.

[8] F. Bastiandlli, O. Corradini, Phys. Rev. D 60 (1999) 044014,
hep-th /9810119.

[9] H. Kleinert, A. Chervyakov, Phys. Lett. B 464 (1999) 257,
hep-th /9906156.

[10] G.’t Hooft, M. Veltman, Nucl. Phys. B 44 (1972) 189.

[11] A.M. Polyakov, Gauge Fields and Strings (Harwood, Chur,
Switzerland, 1987); M.J. Strassler, Nucl. Phys. B 385 (1992)
145, hep-th/9205205; M.G. Schmidt, C. Schubert, Phys.
Lett. B 331 (1994) 69, hep-th /9403158.

[12] H. Kleinert, A. Chervyakov, Phys. Lett. B 477 (2000) 373,
quant-ph/9912056.

[13] JL. Gervais, A. Jevicki, Nucl. Phys. B 110 (1976) 93.



