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Abstract

We study gravity in codimension-2 brane world scenarios with infinite volume extra dimensions. In particular, we consider
the case where the brane has non-zero tension. The extra space then is a two-dimensional “wedge” with a deficit angle. In sucl
backgrounds we can effectively have the Einstein—Hilbert term on the brane at the classical level if we include higher curvature
(Gauss—Bonnet) terms in the bulk. Alternatively, such a term would be generated at the quantum level if the brane matter is not
conformal. We study (linearized) gravity in the presence of the Einstein—Hilbert term on the brane in such backgrounds. We
find that, just as in the original codimension-2 Dvali-Gabadadze model with a tensionless brane, gravity is almost completely

localized on the brane with ultra-light modes penetrating into the hu001 Published by Elsevier Science B.V.

1. Introduction and summary

In the Brane World scenario the Standard Model

the volume of the extra dimension is finite, massive
graviton modes are still free to propagate in the bulk.
On the other hand, as was originally proposed

gauge and matter fields are assumed to be localizedn [16], in the cases with infinite volume extra di-

on branes (or an intersection thereof), while gravity
lives in a larger dimensional bulk of space-time [1-
17]. There is a big difference between the footings
on which gauge plus matter fields and gravity come
in this picturel Thus, for instance, if gauge and

matter fields are localized on D-branes [3], they
propagate only in the directions along the D-brane
world-volume. Gravity, however, is generically not

confined to the branes—even if we have a graviton
zero mode localized on the brane as in [14], where

E-mail addresses: olindo@insti.physics.sunysb.edu
(O. Corradini), iglesias@insti.physics.sunysh.edu (A. Iglesias),
zurab@insti.physics.sunysb.edu (Z. Kakushadze),
plangfel@insti.physics.sunysb.edu (P. Langfelder).
1 This, at least in some sense, might not be an unwelcome
feature—see, e.g., [4,7,12].

mensions [18-23], we can have almost completely
localized gravity on higher codimensioé-function-
like) branes with the ultra-light modes penetrating into
the bulk? As was explained in [16], this dramatic
modification of gravity in higher codimension mod-
els with infinite volume extra dimensions is due to
the Einstein—Hilbert term on the brane, which, as was
originally pointed out in [15,16], is induced via loops
of non-conformal brane matter.

In the original models of [16] the brane is ten-
sionless, so that théd-dimensional space-time is
Minkowski. The purpose of this Letter is to consider
such models with non-zero tension brane. In this case

2 Arather different mechanism was also proposed in [17], which
leads to a complete localization of gravity on a codimension-1 brane
with no (perturbative) modes propagating in the bulk.
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the bulk is no longer flat (but the brane is). In fact, modelis given by:

at the origin of the extra space (that is, at the loca-

tion of the brane) we have curvature singularities in S = —f/dD_zx\/—_G
these models. In codimension-3 and higher cases these 5

curvature singularities are difficult to deal with. How-

ever, in the codimension-2 case, which we focus on + M}’?’Z/de V-G
in this Letter, the singularity ig-function-like. That ) ) )
is, the space away from the brane is locally flat, and x [R ‘H‘(R —4Rjyy + RMNRS)]‘ 1)

all the curvature is concentrated at the location of the Here Mp is the (reduced)D-dimensional Planck-
brane. In fact, the extra space in this case is a two- mass: ¥ is a s-function-like codimension-2 source
dimensional “wedge” with a deficit angle, which de-  ane whichis a hypersurfagé=0 (x',i = 1, 2, are
pends on the brane tension.

Thus, in this Letter we analyze brane world gravity
in such codimension-2 backgrounéishe Einstein—
Hilbert term on the brane can effectively be present G, =8, 8," Gun| .. (2)
classically if we include higher curvature (Gauss—

Bonnet) terms in the bulk. Alternatively, such a term
on the brane is generated at the quantum level

the brane matter is not conformal [15,16]. We study e . .
gravity in the presence of the Einstein—Hilbert term on Metric is (=, +....,+)); finally, the higher curva-

the brane in such backgrounds. We find that, just as in 'gre terlr;s mtthe l;l_;lkt_actlon ;rteh crg)sen '?3 the ¢
the original codimension-2 Dvali-Gabadadze model auss—bonnet combination, an € Lauss—bonne

with a tensionless brane [16], we still have almost C(_)uplingk is aP”O” a free parameter (Whi(?h' as we
complete localization of gravity on the brane. Thus, will see below, is restricted to be non-negative by uni-

in the case of a non-zero tension 3-brane in infinite tarity conS|d¢rat|ons). . . .
volume 6-dimensional space we have 4-dimensional The equanons of motion following from the action
gravity on the brane with ultra-light modes penetrating (1) are given by:
into the bulk. 1 ) ) )

The remainder of the Letter is organized as follow. Run — EGMN[R + (R — 4Ry + Riyngs)]
In Section 2 we present the model along with the N

. . . + 2A(RR — 2Ry sR

aforementioned background solution. In Section 3 we ( MN MSEN

the two spatial coordinates transverse to the brane); the
tensionf of the brane is assumed to be positive; also,

wherex* are the(D — 2) coordinates along the brane
if (the D-dimensional coordinates are given by =
(x*,x"), and the signature of théd-dimensional

) T s s
study small fluctuations around the solution in the + RurstREST — 2R®S Ryrivs)
presence of brane matter sources. 1v—C _
s 8u"8N" Gy f8P(x) =0, (3)
2/-G ’

wheref = f/MP~2.

2. The model Consider the following ansatz for the mettic

ds® = dx* dx’ + exp2w) 8;; dx' dx’, 4
In this section we discuss a brane world model with Muy P2w) 3ij “)

a codimension-2 brane embedded iPalimensional ~ Wherea is a function ofx’ but is independent of .
bulk space. (For calculational convenience we will With this ansatz we have:

keep the number of space—time dimensifngnspec- -~ 1~ ~
ified, but we are mostly interested in the ca3e= 6, Ry =Ryui =0, Rij=Rij =5 GijR, ()
where the brane is a 3-brane.) The action for this ~ . . 0 i

VG R=fs?(x1), (6)

3 Certain codimension-2 solutions were discussed in [24—26]. 4 A similar solution was recently discussed in [26].
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whereR and E, are, respectively, the 2-dimensional

Ricci scalar and Ricci tensor constructed from the 2-

dimensional metric
(7)

Since this metric is conformally flat, we hav/egﬁ =
—20'0;w (Wh_ere the indices are lowered and raised
with §;; ands’/, respectively), so we have:

Gij = exp2w) §;;.

. 1. ,
300 = —EfS(Z)(x’). (8)
The solution to this equation is given by:

; 1 . x2
o) =g i (%), ©

wherex? = x’x;, anda is an integration constant.
Let us go to the polar coordinaté®p, ¢): x! =
pcoge), x2 = psin(g) (p takes values from 0 to
oo, while ¢ takes values from 0 tos2). In these
coordinates the two dimensional metric is given by

2\ V

d53 = (%) [(@dp)? + p2(d$)?]. (10)
where

1 .
V= Ef' (11)
Let us change the coordinates(tog), where

1 1—

=—qg'p" 12

T (12)

where we are assuming that 1. Then we have

ds3 = (dr)? 4 exp(—28) r2(d¢$)?, (13)
where
exp(—=B)=1—v. (14)

Thus, we see that th®-dimensional space—time in
this solution is the(D — 2)-dimensional Minkowski
space times a 2-dimensional “wedge” with the deficit
angle

I

=3 (15)

0 =2r[1—exp(—p)]

That is, the brane is flat for a continuous range of

values of the brane tensigh Note that for the critical
value £, of the brane tension, where

fe=4nMP™2, (16)
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the deficit angle is 2. Thus, we have a flat solution
for the brane tension & f < f.. Note that the
Gauss—Bonnet coupling does not enter in this solution
due to the fact that the space-time is factorizable,
the curvature comes from the 2-dimensional wedge
(in fact, the origin thereof), and the Gauss—Bonnet
combination is trivial in two dimensions. However,
as we will see in the following, the higher curvature
bulk terms in this model do contribute to fluctuations
around the background, and, in fact, effectively give
rise to the(D — 2)-dimensional Einstein—Hilbert term
on the brane.

3. Braneworld gravity
In this section we study gravity in the brane world

solution discussed in the previous section. Thus, let us
consider small fluctuations around the solution

Gun = GE‘S)N +hun, (17)
WhereGﬁg)N is the background metric
0
GO =™ (18)
0 eXFIZw)5,'j

The (D — 2)-dimensional gravito#d,, = h,,, couples
to the matter localized on the brane via

1
St =7 / dP=2x T, HM, (19)

p))

whereT,,, is the conserved energy—momentum tensor
for the matter localized on the brane:

T, =0.

The equations of motion read

(20)

1
Ryn — EGMN[R +M(R* = 4R%;y + Ryyngs)]

+2).(RRyN — 2RysRS y

+ Rurst RN®ST — 2R®SRygps)

1 =~ - _
T zm(SMM‘SNV[ _GGWf_MJZJ DTW]
x 6@ (x1) =0, (21)

where we should keep terms linear in the fluctuations
hyn, Which are assumed to vanish once we turn off
the brane matter sour@g,, .
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In fact, the linearized equations of motion are 3.1. Linearized equations of motion
quite simple. The reason for this simplification is
that the background is factorizable, and the Gauss— The linearized equations of motion for the fluctua-
Bonnet terms give contributions only on the brane. tionsh,y induced by the brane matter are given by:
Indeed, outside of the brane tiedimensional space—
time locally is Minkowski, and the linearized Gauss— —V*Vihyy +2VEVhny — Vi Vh
Bonne‘F (_:ontnbut_lo_ns vanish for flat bac_kgrognds. +G58)N(VLVLh_VLVKhLK)
Thus, it is not difficult to show that the linearized

equations of motion have the following form: _ Mz P Tuns@(x) (26)
1 VG
Run — 5 GunR . o
2 where the components of the “effective” energy—
+ 1 Sp" S momentum tensofy, y are given by
G Ty = Tyy — M= 09, Hyyy + 20% 9, H
V7G4 (R - 207 e PRI
x F|Guo wo P — u v H + (700 H — 93 Hio)],  (27)
- MI%—DT,W]M (') =0. (2)  Twi=Shis (28)
Tij =0, (29)

Note that these linearized equations are the same as

ol — M —
those following from the actiosS, + Sint, where and we have defined = hy; and H = H,,. These
equations of motion are invariant under certain gauge

S, = A’/i}[))*4/dD—2x1/_6[1’g\_ ,T] tra_nsformgtionscorrespondingto unbroken_diffeomor-
phisms. Since the brane has non-zero tension, some of

> the diffeomorphisms
+MP2 f dPx /=GR, (23)

Shmn = Vmén + VNEm, (30)
while corresponding to theD-dimensional reparametriza-
ME =21, (24)  tions
and A = 1/2. That is, at the linearized level the XM M My (31)

model (1) coincides with the model (23), albeit they
are different beyond the linearized approximation. are actually broken at the origin of the wedge. Thus,
In particular, the backgrounds corresponding to the it is not difficult to show that theij) components
ansatz (4) are the same in both models. of (26) are invariant under the fulD-dimensional
Thus, as far as the linearized level is concerned, diffeomorphisms (30), while the invariance of the/)
the contributions from the Gauss—Bonnet term are and the(uv) components requires that
equivalent to having a tree-level Einstein—Hilbert term 5@ 1k
on the brane. As was pointed out in [15,16], such a ¢ )
term drastically modifies the behavior of gravity at \/E
short vs. long distances. Note that in our case the T 8@k
(D — 2)-dimensional Planck scale on the brane is f V' [Ei — :|
given byA’/ip. Positivity of]\’/i}?“1 then requires that \/E
be positive. Finally, note that for respectively. Note that these conditions are trivial in
the case of a tensionless brane (where the space is
exp—p) =1/N. (25) flat everywhere, including at the origin). However,
where N is a positive integer, the wedge is nothing for a non-zero tension brane these conditions give
but theR2/Z y orbifold with the origin of the wedge  non-trivial restrictions on the gauge parameters at
identified as the orbifold fixed point. the origin of the wedge (away from the origin these

Vig =0,

—0, (32)
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. . .. . 1 o

conditions, once again, are trivial). Thus, we have: ViV H = _Gij)vkka‘ (41)
3i5u|p:o =0, (33) Let us begin discussing this system of equations by
ai[§i5(2) (xk)] —0. (34) studying the last equation fdi .

N _ ~ This equation can be rewritten as follows:
Because of these conditions, some care is needed in

gauge fixing in this model. In particular, there are 0:9;H — d;wd; H — 8jwd; H
subtleties with imposing a gauge such as the harmonic
gauge (iff # 0). At any rate, we will solve the above
equations of motion without appealing to such gauge
fixing.

Since we are looking for solutions to the above
linearized equations of motion such thafy vanish
for vanishing 7,,, it is clear that the graviphoton
componentg,; must be vanishing everywhere:

1
=3 [Ea"akH — akwakH]. (42)

Consider axially symmetric solution& = H (x*, p)
(recall thatp? = x'x;). Then we have:

1
H'+=2v—1)H =0, (43)
P

where prime stands for derivative w.it. The general

hui =0. (35) solution to this equation is given by

. 2\ 1-v
Indeed, the graviphotons do not couple to the con- H(x“,,o) =B(x“) p- —|—C(x“), (44)
served energy—momentum tensgy, on the brane. 2

Moreover, the graviscalar components = £;; only
couple to the trace of},,, that is, T = 7. This im-
plies that we have

where B, C a priori are arbitrary functions of*.
Note, however, that since 9 v < 1, we must have
B(x*) = 0. This implies thatH is only a function

) of x*. We can then always gauge it away using the
Xij = §Gi.i X (36) (D — 2)-dimensional diffeomorphisms with the gauge
parameterg, (x°) independent ok’ (note that such
gauge transformations do not affect the graviphoton
or graviscalar components). Thus, we conclude fhat

where x = (G©)V x;;. The equations of motion for
H,, and x then simplify as follows (note thai =

H + x): can be set to zero everywhere. Note that this is actually
—(3*3A+V"V,-)H,w+23*8(MHU)A—8,LBVH corr(_ect even forv = 0, that is, in the case of a
tensionless brane.
— 300X + v (3A3AH + 3" x + VIViH With H = 0 the equations of motion simplify as
follows:
1_. .
+ EV‘ Vix — 8”8"Hm> — (%8, + V' Vi) Hypy + 203, Hyyp — 3u0vx
1 .
MZ P . + (axa + ZViVix —8"°H. >
_ P~ le(s(Z) (xz)’ (37) Nuv X 2 iX ro
M2—D ~ .
1 =—L_ 7,52, (45)
3i|:3)\HM_aMH_§aMX:| =0, (38) \/E - ( )
1
1 | o* —z =
—ViV;H + GS»)) |:3)”8)LH + 53)”8)\)( 9 [3 Hys ZaMXi| 0, (46)
1
~0M9x —9"9° Hyy =0. (47)

+ VAV H — 8’\8"HM:| =0. (39) 2
Also, note that
From the last equation it follows that - par N
Tuv = Tyuo — Mp ™ [—0"0, Hpuy + 20™0(, Hyy,,

1 1_.
0%, H + Ea*am + EV’ V;H — 3"9° H,;, =0, (40) — 00 8*0° Hyg . (48)
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We, therefore, have
~ D—4
T=T+ TM?"‘BABAX. (49)

On the other hand, taking the trace of (45), we have:

2 ' 2 MJZ;D T2 (i
3N +V'Vi|x=——=—=T9$ ). 50
[ h + l]X D—2 \/g (x ) ( )
Next, note that (46) and (47) imply that
1 1
B)LH;M_EBMX:Ea/‘g’ (51)

whereg = g(x*) is independent ok’, and satisfies
the (D — 2)-dimensional Klein—Gordon equation

3*9,g =0. (52)
It then follows that
—(83%3, + V'Vi) Hpy + 3,808

=2 T o) e
where
Ty =Ty — M}B“[—a*amw + 0,0, (x + 2)

1
_ Enuva)‘akxil. (54)

We are now ready to solve f@{,,, andy.

To do this, let us Fourier transform the coordinates
x* on the brane. Let the corresponding momenta be
pH, and letp? = p* p,.. Then we have

_(Vivi - PZ)H;w — Pubv8
7 [~ 1 @ (i
= Tiw(p) — nuvT(p)i|8 (xl)y
~ D-2
VG (55)
. 2 M2 P
[VIVi — p?|x = Pf T(p)s@(x)), (56)
where
ﬁw([’) = T;w(P) - M1134|:P2Huv — PuPv x+g
2
P
+ ?U;LVX:|- (57)
Note that Eq. (52) now reads
p’g =0, (58)

101
sog = 0 for p? # 0. On the other hand, fqr? = 0 the
equation forH,,, away from the brane reads:
V'ViHyu = —pupug. (59)
This gives (for axially symmetriéi,,,):

1 a®\"
H/,/./v+;H, pupv(p ) 8 (60)

whereg is independent op. For non-vanishing we
would then have
pupvaz :02 1o
22 8

4(1—v)? (61)

v~ —
for largep. This implies that even fop? = 0 we must
setg =0.

Thus, the equations of motion féf,, andy read:

—(V'V; = p?)Hy
I%_D |:~ 1 2 ]
=—L_\T.(p) - an(p)]a (x'),
= D-2
. 5 2 2 D (2)( )
[VIVi — p?]x = T(p)s ., (83)
D-2 \/—
where
iw([’) = T;w([?) - M£_4|:P2H;w — PuPvX
2
+ %nwx]- (64)

To solve these equations, we must distinguish between
the cases wherg? = 0 andp? # 0.

Let us start with thep? # 0 case. Then, due
to the fact that the two-dimensional propagator is
logarithmically divergent at the origin, we have (this
is in complete parallel with the discussion in [16])

H,,=x=0, p #0, (65)
while on the brane we have
H;w (P)U P = 0)
174—D
= 7 |:T;w(17) - m’luvT(P)
p I’v
5 “2 T(p )] (66)
4

x(pi,p=0)= T(p)~ (67)

D—4
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Note that, according to these expression, e 0

O. Corradini et al. / Physics Letters B 521 (2001) 96-104

We then have the following solution for the graviton

modes are completely localized on the brane. We will, H

however, come back to this point after discussing the
p%2 =0 case.
Thus, in thep? = 0 case we have:

_aiain.v :M}2>7D |:T;w(l?) ——=nuw T (p)

D -2

+ 1‘7113_4pupux]5(2) (x). (68)

in o _ 2 2-D @ (i
aa,x_D_zMP T(p)8'9 (x"). (69)
The solution to the equation for is given by:
2 D 02
=0, S — Y 70
X2 =0.0) = 5ot 1 (pyn(2). (70

whereb is an integration constant. Note that unless
T (p) =0, the solution fory is singular at the origin,
so that the equation foH,,, is ill-defined due to the
term proportional top,, p, x as the latter blows up at
the origin.> Here we would like to emphasize that this
term cannot be removed by a gauge transformation.
Since this singularity is a short-distance singularity, it
is expected to be smoothed out by ultra-violet effects
which we are neglecting hef®This smoothing out
can simply be modeled via

2-D

2 2
pSt+e
x(p*=0.p)= mT(m'”(T)’ (72)

wheree is a small parameter with the dimension of
length.” This amounts to smoothing out th€unction
source via

1 €2
%_

8(2)()6 ) - (p +€2)2

(72)

5 Note that this term does not affect the coupling of the graviton
Hy,, to the brane matter g8*7},, (p) = 0 for such matter. However,
this term can be probed by bulk matter;dSTl’j,‘j'k(p) neednot be
zero.

6 For instance, if the brane has small width instead of béing
function-like, this singularity is absent. Note that, as was pointed out
in [16], in this case complete localization of gravity is not expected
to be the case either. Instead, it is expected that gravityDis-
2)-dimensional below some cross-over distance sealéwhich
depends on the brane width), while it becoredimensional at
distances larger that .

7 Atleast in some cases we can expect that1l/A, whereA is
an ultra-violet cut-off in the theory.

Hu(p? =0, p)
LT (p) = =0T (p)
4 " D-2"
2 2
~p_ P +e€
+ M2 41’#1’1})((172:0”0:0)]'”( 2 )

(73)

whereb’ is an integration constant.

In fact, smoothing out of the aforementioned sin-
gularity also smoothes out a singularity in thé= 0
case if the brane has non-zero tension. Indeed, from
(67) it follows that, if T(p) # 0, x is non-vanishing
on the brane (but it vanishes in the bulk). The corre-
sponding graviscalar components are given by:

}5,~ 7 exp2o) X, (74)

2
which are infinite as ex@w) diverges on the brane if
0 < v < 1. However, if we smooth out th&function
via (72), then we have

a? v
,02 + €2 ’
which is now non-singular ap = 0. Note that for
a smoothed out brane the? # 0 modes now also
penetrate into the bulk as can be seen from (62).
However, as was originally pointed out in [16], for
small enougte, only ultra-light modes penetrate into

the bulk efficiently (that is, with a substantial-wave
function in the bulk).

Xij =

exp2w) = ( (75)

3.2. Thetensionless brane case

The conclusions of the previous subsection are ap-
plicable in the case of a tensionless brane. In this case
we can arrive at the same conclusions in a somewhat
simpler way. Thus, consider the codimension-2 Dvali—
Gabadadze model:

5= 10~ / dP-2x G R+ MD-? / d°x VG R.
* (76)

The background in this model is flat}MN =NMN-
The linearized equations of motion for the fluctuations
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hpn are given by:

[—3L3LhMN + 28L8(MhN)L — 0poNh
+nun (97 0Lh — 8505 hpk)]

= M3 PTyuns@ (x'), (77)

where the components of the “effective” energy—

momentum tensofy, y are given by

Tyv = Ty — MB ™4[~ Hyu + 209, Hys

— 30 H + 1y (%0, H — 3%3° Hyo)],  (78)

while 7,,; andT;; are zero.
Note that, since the brane is tensionless, thefull
dimensional diffeomorphisms are intact:

Shmn = 0méN + ONEm. (79)
We can, therefore, use the harmonic gauge:

M 1
Mhyn = Zonh. (80)

2
This gives:

1 o~ )
=0 dhyy + Snun 9 dLh = M3 PTyns@ (x1).

(81)
It then follows that
—3LdLhyn = M [TMN - iTIMNT:I
D-2
x 8@ (x"). (82)

Once again, the graviphoton components vanish (
= 0), while for the graviscalar components we have

1

Xij =§5in- (83)
This together with the harmonic gauge (80) implies
that

1 1
aMHpLV:EaVH—i_EaVX’ (84)
3;H =0. (85)
The latter allows to seld =0, and

1
" Hyy = S (86)

In particular, we have

ﬁw = T;w - M}?_Lll:_a)\aAH;w + 8MauX

1
- Enuvaka)»)(il~ (87)
The equations of motion simplify as follows:
—(8"8; — p?)Hyy
=My D[ Tun(p) = 5= meT(p)] @(x). (88)
; 2 2 DF (@)
9'09; — ——=M5 " T(p)é 89
[0 = P]x = 5= (8@ (x').  (89)
where
Tov(p) = Ton (p) — M}B“[szw — PupvX
2
T

and we have Fourier transformed the coordinatés
Note that these equations are precisely the same as at
the end of the previous subsection for the case where
the transverse space is flat. Note that, just as in the
case of a non-zero tension brane, for fife= 0 modes

the p,, p, x termin T,w is still singular on the brane.
This singularity is removed once we smooth out the
8-function as in (72). On the other hand, for a strictly
8-function-like brane this singularity in tHénearized
theory would lead to inconsistencies somewhat similar
to those discussed in [27], which, in particular, could
be probed by bulk matter (see footnote 5). Note,
however, that the presence of this term indicates that
the linearized theory might be breaking down, which
would imply that a more complete non-perturbative
analysis (which is outside of the scope of this Letter),
say, along the lines suggested in [28] might be required
here® If, however, this inconsistency persists non-
perturbatively in the case of a (both tensionless as well
as non-zero tension) strictl§-function-like brane, it
appears that we would have to appeal to smoothing
out via ultra-violet physics. It would be interesting to
understand this point bettér.

8 This singularity might be analogous to that arising in a

linearized theory of a massive graviton as discussed in [28].
9 Here we note that consistent infinite-volume brane world sce-
narios with non-conformal brane matter were recently discussed in
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