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KOLMOGOROV-FOKKER-PLANCK EQUATIONS: COMPARISON

PRINCIPLES NEAR LIPSCHITZ TYPE BOUNDARIES

K. NYSTROM, S. POLIDORO

ABSTRACT. We prove several new results concerning the boundary behavior
of non-negative solutions to the equation Ku = 0 where

K:=> 0na; + Y 20y, — 0.
=1 i=1

Our results are established near the non-characteristic part of the boundary of
certain local Lipg-domains where the latter is a class of local Lipschitz type
domains adapted to the geometry of K. Generalizations to more general op-
erators of Kolmogorov-Fokker-Planck type are also discussed.

RESUME. Nous prouvons plusieurs nouveaux résultats sur le comportement
au bord des solutions non-négatives de ’équation Ku = 0, ou

m m
K=Y 0u0, +»_ iy, — 0.
i=1 =1

Nos résultats sont établis dans un voisinage de la partie non-caractéristique du
bord de certains domains locaux Lipj, qui sont des domains localement Lips-
chitziens adaptés a la géométrie de K.Nous discutons aussi des généralisations
a d’autres opérateurs plus généraux de type Kolmogorov-Fokker-Planck.
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Keywords and phrases: Kolmogorov equation, Kolmogorov-Fokker-Planck equa-
tion, ultraparabolic, hypoelliptic, boundary estimate, Lipschitz domain, Har-
nack inequality, Holder continuity, doubling measure, parabolic measure, Kol-
MOgoTrov measure.

1. INTRODUCTION

Let N = 2m, where m > 1 is an integer, and let @ C R¥*! be a bounded
domain, i.e., a bounded, open and connected set. In this paper we establish a
number of results concerning the boundary behavior of non-negative solutions to
the equation u = 0 in € where

(1.1)

K := Z@xm + Zxﬁ% — O, (z,y,t) € R x R™ x R.
i=1 i=1

The operator IC, referred to as the Kolmogorov or Kolmogorov-Fokker-Planck oper-
ator, was introduced and studied by Kolmogorov in 1934, see [K], as an example of
a degenerate parabolic operator having strong regularity properties. Kolmogorov
proved that K has a fundamental solution I' = I'(z, y, ¢, &, 7, ) which is smooth in
the set {(z,y,t) # (&,7,1)}. As a consequence,

(1.2)

Ku:=feC®Q) = wuelC™Q),

for every distributional solution of Ku = f. Property (1.2) can also be stated as

(1.3)

K is hypoelliptic,

see (1.13) below.
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The operator I appears naturally in the context of stochastic processes and in
several applications. The fundamental solution T'(-, -, -, Z, ¢, t) is the density of the
stochastic process (Xy,Y;), which solves the Langevin equation

(1.4) { dX; = V2dW;, X;=1i,

Y, = X,dt,  Yi=7,

where W is a m-dimensional Wiener process. The system in (1.4) describes the
density of a system with 2m degrees of freedom. Given z = (z,y) € R*™, z =
(z1,...,xm) and y = (y1,..,Ym) are, respectively, the velocity and the position
of the system. (1.4) and (1.1) are of fundamental importance in kinetic theory,
they form the basis for Langevin type models for particle dispersion and appear
in applications in many different areas including finance [BPV], [Pa], and vision
[CS1], [CS2].

In [CNP1], [CNP2] and [CNP3], we developed a number of important prelimi-
nary estimates concerning the boundary behavior of non-negative solutions to equa-
tions of Kolmogorov-Fokker-Planck type in Lipschitz type domains. These papers
were the results of our ambition to understand to the extent, and in what sense,
scale and translation invariant boundary comparison principles, boundary Harnack
inequalities and doubling properties of associated parabolic measures, previously
established for uniformly parabolic equations with bounded measurable coefficients
in Lipschitz type domains, see [FS], [FSY], [SY], [FGS], [N], [Sa], can be established
for non-negative solutions to the equation Ku = 0 and for more general equations
of Kolmogorov-Fokker-Planck type. In this paper we take this program a large
step forward by establishing Theorems 1.1, 1.2 and 1.3 stated below. These results
are completely new and represent the starting point for far reaching developments
concerning operators of Kolmogorov type. Already in the case of uniformly elliptic
and parabolic operators this kind of scale and translation invariant estimates are
important in the analysis of free boundary problems, see [C1], [C2] and [ACS] for
instance, and in the harmonic analysis approach to partial differential equations in
Lipschitz type domains, see [Ke|, [HL].

1.1. Scalings and translations. The prototype for uniformly parabolic operators
in R™*! is the heat operator

(1.5) Hi= Opz, — O

Considering non-smooth domains, here roughly defined as Lipschitz type domains,
the ambition to develop estimates for solutions to Hu = 0 which respect the stan-
dard parabolic scalings, and the standard group of translations on R™*!, naturally
leads one to develop estimates for solutions to Hu = 0 in the time-dependent setting
of Lip(1,1/2)-domains. A notion of (local) Lip(1,1/2)-domains with constants M
and ¢ is formulated in the natural way using appropriate local coordinate systems
and assuming that in each local chart of size ry, the boundary can be represented
by a Lip(1,1/2)-function f with Lip(1,1/2)-constant M, see [N] for example. Recall
that a function f: R™™! x R — R is called Lip(1,1/2) with constant M if

(1.6) @@’ t) = f@ 8] < M(je' = &' + [t —1]'/?),

whenever (2/,t), (¥/,7) € R™~ x R.

Compared to the heat operator, the scalings underlying the operator K is dif-
ferent, and the change of variables preserving the equation is more involved. As a
consequence the appropriate geometric setting for the equation Ku = 0 becomes
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more of an issue. In the case of K, the natural family of dilations (d,),~¢ on R?™+1
is defined by

(1.7) Or(@,y,t) = (re, vy, r%t),

for every (z,y,t) € R?™*! and every positive r. Due to the presence of non constant
coefficients in the drift term of I, the usual Euclidean change of variable does not
preserve the Kolmogorov equation. Nevertheless, a Galilean change of variable
does. Consider a smooth function u : @ — R, choose any point (Z,7,t) € R?m+!
and set w(z,y,t) = u(Z 4+ z,9+y —tZ,t +t). Then
Ku(z,y,t) = f(z,y,t) <= Kw(z,y,t) = f(&+2,§+y—t3,t+1),

for every (z,y,t) € Q.

The change of variables used above defines a Lie group in RV ! with group law

(1.8) (2,8) 0 (2,t) = (Z,7,1) o (x,y,t) = (Z 4+ x,§ +y — t&,t + 1),
(2,1), (2,) € RNFL Note that

(1.9) (2,0)7 = (2,9,6) " = (~, —y — tx, 1),

and hence

(110) (25 5)71 © (Zat) = (i‘vgv{)il o (I, y7t) = (13 - jvy - g + (t - E)[‘Eat - E)a
when (z,t), (2,t) € RN+ Using this notation the operator K is §,-homogeneous
of degree two, i.e., Kod, = 72(6,0K), for all » > 0. The operator K can be expressed
as

K=> X7+YV,
i=1
where
(1.11) Xi=0y, i=1,..,m, Y=Y z0, -,
=1

and the vector fields X;,..., X,, and Y are left-invariant with respect to the group
law (1.8) in the sense that

X; (u((z,t)o ) = (Xiw)((z,8)o-), i=1,....,m,
(1.12) Y(u((z o) = Yu(Eho-),
for every (z,1) € RV, Consequently, K (u((Z,£) o -)) = (Ku) ((%,1) o -). Taking
commutators we see that [X;,Y] = 9,, and that the vector fields {X;,..., X, Y}

generate the Lie algebra associated to the Lie group (o,RV*1). In particular, (1.3)
is equivalent to the Hormander condition,

(1.13) rank Lie (Xq,..., X, Y) (z,y,t) = N +1, Y (z,y,t) € RNTL,

see [H]. Furthermore, while X; represents a differential operator of order one, 9y,
acts as a third order operator. This fact is also reflected in the dilations group
(6r)r>0 defined above.

Based on the scalings and group of translations discussed above, writing (z,y,t) =
(1,2, y1, 95 t), (&,9,1) = (21,7, 91,7 ,1) € RxR™ I xR x R™™! x R, and as-
suming that z; is the dependent variable, it is natural to formulate geometry by
using local coordinate charts and expressing the first coordinate x; as a function
f:R™ ! x R™ x R — R satisfying

|f($l,y17y/7t) - f(j/aghglﬂ?”
(1.14) < M0, =%, 51 — g1 + (t — )T,y —§ + (t — )7, t — t)||k,
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for some M, where &, = f(%',71,7',t). Here

(1.15) @y Bl = I v+ 12, Iyl = o] + o],

whenever (z,y,t) € R™ x R™ x R = RN+l see [CNP2], [CNP3]. Note that
6:-(z,y, )|l x = 7|[(x,y,t)||x for every r > 0 and (z,y,t) € RVT!. Furthermore,
as long as f is allowed to depend on the variable y;, and z; is assumed to be the
dependent variable, then the term y; — §j; + (t — )& has to appear on the right hand
side in (1.14) to achieve translation invariance. In line with [CNP2], [CNP3], we call
a function f satisfying (1.14) a Lipg-function, with Lipg-constant M. From the
perspective of scalings and group of translations, Lip,-functions, and associated
(local) domains, are the natural replacement in the context of the operator K of
the Lip(1,1/2)-functions and Lip(1,1/2)-domains considered in the context of H.

1.2. Geometric aspects: Harnack chains. While the outline above gives at
hand that Lipg-functions, and associated local Lip-domains, may serve as good
candidates for geometries in which one may attempt to establish more refined
boundary comparison principles for solutions to Ku = 0, further considerations
are needed. In the corresponding theory for uniformly parabolic operators, the
Harnack inequality and a method to connect points and to compare values for non-
negative solutions, through Harnack chains in the geometry introduced, are usually
very important tools needed to make progress. In this context the progress often
builds on the validity of the strong maximum principle, the fact that the spatial
variables (z1, ..., z) are decoupled from the time variable ¢, something which nat-
urally also is reflected in the underlying group of translations, and a flexibility in
the very formulation of the Harnack inequality. In contrast, this is where things
starts to get complicated for the operator /.

The tool used to build Harnack chains is that of KC-admissible paths. A path
v :[0,T) — RN*1 is called K-admissible if it is absolutely continuous and satisfies

(1.16) %7(7) = ij (NX;(y(1)) + A(1)Y (y(7)), for ae. 7€ (0,77,

where w; € L?([0,71), for j = 1,...,m, and X are non-negative measurable func-
tions. We say that v connects (z,t) = (z,y,t) € RVNT! to (3,%) = (,7,t) € RV+L,
t < t, if 4(0) = (z,t) and v(T) = (%,). When considering Kolmogorov operators
in the domain RY x (Tp, T}), it is well known that (1.13) implies the existence of a
K-admissible path ~ for any points (z,t), (Z,1) € RNt with Ty <t <t < T}.

Given a domain Q C R¥*1 and a point (2,t) € Q, we let Ay = A ()
denote the set

{(2,%) € Q| 3 a K-admissible v : [0, T] — € connecting (z,t) to (z,1)},

and we define A(. ) = A4)(Q) = A;,)(Q2). Here and in the sequel, A, () is
referred to as the propagation set of the point (z,t) with respect to Q. The presence
of the drift term in /C considerably changes the geometric structure of A, ;) (€2) and
A(z,5)(£2) compared to the case of uniformly parabolic equations. Indeed, simply
consider (z,t) = (v,y,t) € R? in which case

(1.17) Ku= X?*u+Yu=0, X =0, and Y =0, — 0.

Consider the domain

(1.18) Q=(-R,R) x (—1,1) x (—1,1],

where R is a given positive constant. In this case

(1.19) A0 (@) = {(@..1) € Q: |y| < ~tR)}.
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and one can prove, see [CNP1], that there exists a non-negative solution wu to
Ku =0 in Q such that v =0 in Ag,,0)(2) and such that v > 0 in Q\ Ag,0,0)(2)-
In particular, it is impossible to find a positive constant ¢ such that u(z,y,t) <
cu(0,0,0) whenever (x,y,t) € Q\ Aq,0,0)(€2). Hence, in this sense the Harnack
inequality cannot hold in a set greater than A ,0)(f2) and as a consequence the
Harnack inequality we have at our disposal, see Theorem 2.1 stated in the bulk of
the paper, is less flexible compared to the corresponding one for uniformly parabolic
operators. Naturally this is also related to the Bony maximum principle, see [Bo].

In this context it is fair to mention that the first proof of the scale invariant
Harnack inequality which constitutes one of the building blocks of our paper, can
be found in [GL]. Furthermore, the introduction of that paper, see p. 776-777 in
[GL], also contains a discussion of an example showing why a uniform Harnack
inequality cannot be expected to hold outside of the propagation set A, ;. In
[GL] the Harnack inequality is expressed in terms of level sets of the fundamental
solution, hence depending implicitly on the underlying Lie group structure. This
fact was used in [LP], where the group law (1.8) was used explicitly and the Harnack
inequality, in the form we use it, was proved for the first time.

In general, using (1.16) we see that if we want to construct a K-admissible path
connecting (z,t), (2,£) € RNt then we have flexibility to define and control the
path in the = and ¢ variables by choosing w; for j = 1,...,m, and A. However,
by choosing {w;} and A, the path in the y variables becomes determined by these
choices. In this sense, any such construction renders a certain lack of control of the
path in the y variables and it becomes a difficult task (impossible in some cases) to
connect arbitrary points (z,t) = (z,y,t) and (Z,t) = (#,7,1), in a controlled man-
ner, by K-admissible paths and Harnack chains while taking geometric restrictions
into account.

An important contribution of this paper is that we are able to overcome this
concrete difficulty by imposing one additional restriction on our Lip -domains: we
consider local Lip -domains defined by functions f as in (1.14) with the assumption
that f does not depend on the variable y;. This formulation of the geometry induces
an additional degree of freedom which we are able to explore to make progress.

1.3. Admissible local Lip-domains. Given (z,y) € RY, we write

(1.20) (z,y) = (z1,2,y1,9') where 2’ = (22, ..., %m), ¥ = (42, .-, Ym),
and we let, with a slight abuse of notation,

1/3 1
(1.21) Iy, )l = 11(0,2), (0,4), )| s = || + |9/ "+ [¢]2,

in R* ! x R*"~! x R. Given positive numbers 71,75, we introduce the open cube
(1.22) Op, o, = {(@,9, 1) € RV2XR | |2] <71, Jgil <, [t <73},

where i € {2,...,m}. Given any open set O,, ,, C RN"1x R, we say that a
function f, f: O, ,, — R, is a Lipg-function, with respect to e; = (1,0,...,0),
independent of y; and with constant M > 0, if 1 = f(2/,y’,t) and

(123)  [f@' v )~ F@ 70| < M@~ 7y —§ + (- DTt 1)

whenever (z',y',t), (¥,7',t) € Oy, ,. In addition, given positive numbers r1, ra, 3,
we let

(124) Q7'177'277'3 = {(%1,$/,y/,t) € RN | (Qfl,y/,t) € DT17T'27 ‘.131| < T3}'

For positive M and r, we let Qs = QT’ o AMr Finally, given f as above with
£(0,0,0) =0 and M,r > 0, we define

Qf,T = {<$1,$/ay17y'7t) | (mlax/7y/’t) € QMJ‘? Ty > f(xlvylvt)7 |y1‘ < 7“3},
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Af;T = {<331,$/ay17y'7t) | (mlax/7y/’t) € QMJ‘? Tl = f(xlvylvt)7 |y1‘ < TS}'

Definition 1. Let f be a Lipg-function, with respect to e; = (1,0,...,0), inde-
pendent of y; and with constant M > 0. Let ¢, and Ay, be defined as above.
Given M, 7o, we say that Q¢ 9., is an admissible local Lipg-domain, with Lip -
constants M, ro. Similar we refer to Ay, as an admissible local Lipy-surface
with Lipg-constants M, rg.

Remark 1.1. Our results, see Theorems 1.1, 1.2 and 1.3 below, are established
near an admissible local Lipg-surface Ay o,,. The surface Ay oy, is contained in
the non-characteristic part of the boundary of €2f9,,. Recall that a vector v €
RN*1 is an outer normal to Q2. at (z0,t0) € Ajay, if there exists a positive
r such that B((zo,t0) + rv,7) N Qfor, = 0. Here B((z0,t0) + rv,r) denotes the
(standard) Euclidean ball in RN*! with center at (zo,%p) + 7v and radius 7. Now
(X,(z0,t0),v) # 0, for some j = 1,...,m, whenever (29,%) € Ay a,,. Hence, by
definition all points (29,t9) € Af 9, are non-characteristic points for the operator
K. For a more thorough discussion of this, regular points for the Dirichlet problem,
and Fichera’s classification, we refer to subsection 2.4, see (2.15) in particular.

Remark 1.2. We emphasize that an admissible local Lip g-surface A o, is defined
through a function f which is independent of the y; variable. This formulation of
the geometry induces an additional degree of freedom which we are able to explore
to make progress. In particular, as discussed, due to the lack of flexibility when con-
structing IC-admissible paths and Harnack chains, it is difficult to connect arbitrary
points (z,t) = (z,y,t) and (2,%) = (Z,7,1), in a controlled manner, while taking
geometric restrictions into account. However, using that Ay, is independent y1,
and as our equation is invariant under translations in the y; variable, we are able
to explore this independence in the proof of our main results in a manner similar
to how ¢ independence is explored in [FGS]. We refer to subsection 1.5 below for a
more thorough discussion, see also Remark 1.5 below.

1.4. Statement of the main results. Let Q;2,, be an admissible local Lipg-
domain in the sense of Definition 1, with Lipg-constants M, ry. The topological
boundary is denoted by 0€¢ 2,,. As discussed in the bulk of the paper, all points on
Ay oy, are regular for the Dirichlet problem for the operator K in Q2 9,,. For every
(z,t) € Q¢ 27, there exists a unique probability measure wi (z,t,-) on 0Q¢ 9y, such
that the Perron-Wiener-Brelot solution to Ku = 0 in Q2 5,,, with boundary data ¢
on 08¢ 9r,, equals

(1.25) (e t) = / o2 ) dwr (2,1, 5, 1).
09 20,

We refer to wi (2, t,-) as the Kolmogorov measure relative to (z,t) and Qy 2,,. To
formulate our results we also have to introduce certain reference points.

Definition 2. Given p > 0 and A > 0 we let

AZ’F’A - (AQ’()’ _%AQSvQ QQ) ERxR™ ! xRxR™ ! xR,
Apn = (A,0,0,0,0) ERxR™ P xR xR™ ! xR,
(126) A;A = (AQ,O, %AQS,O, 792) cR x Rm71 « R x Rm71 < R.

Furthermore, given (29,t) € R¥*! and o > 0, we let Qar.,(20,t0) = (20,%0) ©
Qo and A, A(20,t0) = (20,t0) © Ap a. In Theorem 1.2 below we use the notation

dK((th)a (235)) = ”(275)71 o (Zat)”K'

Theorem 1.1. Let Q¢ o, be an admissible local Lip i -domain, with Lip j -constants
M, ro. Then there exist A = A(N, M), 1 < A < oo, and cg = cog(N, M), 1 < ¢y <
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00, such that the following is true. Assume that u is a non-negative solution to
Ku = 0 in Qy oy, and that u vanishes continuously on Ajop,. Let oo = ro/co,
introduce

_ + - _ -

(1.27) mt = u(Ay )y m— =u(A, A),
and assume that m~ > 0. Then there exist constants ¢; = ¢1 (N, M), 1 < ¢; < o0,
co =co(N,M,m"/m™), 1 < ¢y < 00, such that if we let 01 = 0o/c1, then

u(z,t) < cau(Ag,a (2o, t0)),
whenever (z,t) € Qg 0ry NQ a1 p/c, (20, t0), for some 0 < o < o1 and (20,t0) € Aj -
Theorem 1.2. Let Q¢ 2, be an admissible local Lip i -domain, with Lip g -constants
M, ro. Then there exist A = A(N, M), 1 <A < o0, and ¢cg = co(N, M), 1 < ¢y <
00, such that the following is true. Assume that u and v are non-negative solutions

to Ku =0 1in Qf 9p, and that v and u vanish continuously on A op,. Let oo = 1o/ co,
introduce

mi = w4 ), my =v(4, ),
(1.28) my = ulAf L), my = u(A, L),

and assume that m7y > 0, my > 0. Then there exist constants ¢; = c1(N, M),
co = co(N, M, m7 /m{,m3/m3), o =ca(N,M,m{/m_,m5/m5), 1<ci,co < o0,
o € (0,1), such that if we let o1 = 0o/c1, then

v(z,t)  v(Z 1) ‘ < CQ(dK((Z’t)’ (2,5)))6112?97,\%20,1;037
0 U{Agp,A %0500

u(z,t)  w(z,1)
whenever (z,t), (2,1) € Qf.27, N QM,o/c, (20, t0), for some 0 < o < 01 and (20,t0) €
A]07.91 :

Theorem 1.3. Let Q¢ 2, be an admissible local Lip i -domain, with Lip j -constants
M, ro. Then there exist A = AN, M), 1 <A< o0, c; =c1(N,M), 1< ¢ < o0,
such that the following is true. Let oy = ro/c1, and consider o, 0 < p < 1.
Let (z0,t0) € Ag,, and let wK(Az;A(zO,tO), -) be the Kolmogorov measure relative
to A;A(zo,to) and Qyop,. Then there exist co = co(N,M), 1 < ¢z < 00, and
cs =c3(N, M), 1 < ¢35 < oo, such that

WK(AZJF,A(ZOa t0), At 2r, N Qur,26(Z0,t0))
< cqwic (A] 5 (20, t0), A g.2r, N Qur,5(Z0, ),
whenever (20,{0) S Af’QTO and QM,Z)(EU?EO) C QM7Q/C3 (tho).

Remark 1.3. Theorem 1.1 and Theorem 1.2 give scale and translation invariant
quantitative estimates concerning the behavior, at the boundary, for non-negative
solutions vanishing on Ay 9,,. The constants in the estimates depend only on N, M
and certain reference quotients for (of) the solution(s) at well-defined interior points
of reference. Theorem 1.3 gives a scale and translation invariant doubling property
of the Kolmogorov measure.

Remark 1.4. Theorems 1.1, 1.2 and 1.3 are completely new and we believe that
these theorems represent the starting point for far reaching developments concern-
ing operators of Kolmogorov type. Using this notion of local Lip;-domains we in
[CNP2], [CNP3], in greater generality, developed a number of important prelimi-
nary results concerning the boundary behavior of non-negative solutions like, for
example, the Carleson estimate. This paper can be seen as a rather far reaching
continuation of these papers.
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Remark 1.5. In Theorem 1.1, Theorem 1.2 and Theorem 1.3, as well as in the
generalizations stated in Theorem 7.1 and Theorem 7.2 below, the underlying func-
tion f defining the local domain is assumed to be independent of a set of properly
chosen variables. It is fair to pose the question if this is really necessary for the va-
lidity of this type of results. Though our argument relies heavily on independence,
we believe that the answer to this question likely is no. We believe that the results
established in this paper can serve as a starting point for the development of the
corresponding results under weaker assumptions. We here leave this problem for
future research.

1.5. Brief discussion of the proof and organization of the paper. Section
2 is of preliminary nature and we here state facts about the fundamental solution
associated to IC, we state the Harnack inequality, we discuss the Dirichlet problem
and we introduce the Kolmogorov measure and the Green function. In Section 3
we elaborate on the Harnack inequality, K-admissible paths and Harnack chains
under geometric restrictions. Some of the material in this section builds on results
established in [CNP2], [CNP3]. In Section 4 we establish an important relation
between the Kolmogorov measure and the Green function. In Section 5 we first
prove Lemma 5.1 which gives a weak comparison principle at the boundary. Using
Lemma 5.1 we in Section 5 then prove an important lemma: Lemma 5.3. In fact, it
is Lemma 5.3 which enables us to, in the end, complete the proofs of Theorems 1.1,
1.2 and 1.3. In the context of admissible local Lipg-domains, Lemma 5.3 states
that there exist constants ¢; = ¢;(N, M), 1 < ¢; < o0, @ € {0,1,2,3}, such that if
u is a non-negative solution to Ku = 0 in ¢ 9., , vanishing continuously on Af o,
00 = r0/co, 01 = 0o/c1, then

+ +
71u(AQU,A) < u(m17x/707yl7t) <C2U(AQO7A)

2 U(AQ_O’A) a u('rlvx/7y1ay/’t) o ,LL(AL;)’A)7

(1.29)

whenever (z1,2",y1,9',t) € Qf 4, /e, Le., for (z1,2',9,t) fixed and up to the
boundary, all values of the function

Y1 — u(xlaxlvyla y/’ t)

are comparable to u(zy,2’,0,y',t), uniformly in (z1,2',y’,t), but with constants
depending on the (acceptable) quotient “(AJO,A)/“(AQO,A)- Using this result we
have a crucial additional degree of freedom at our disposal when building Harnack
chains to connect points: we can freely connect points in the z; variable, taking
geometric restriction into account, accepting that the path in the y; variable will
most probably not end up in ‘the right spot’. In the proof of Lemma 5.3 we
use the fact that by the very definition of an admissible local Lipg-domain, the
surface Ay o, is independent of y;, hence we are able to translate with respect to
this variable. Section 6 is devoted to the proof of Theorem 1.1, Theorem 1.2 and
Theorem 1.3. Section 7 is devoted to a discussion of to what extent Theorems 1.1,
1.2 and 1.3 can be extended to more general operators of Kolmogorov type.

2. PRELIMINARIES

In general we will establish our estimates in an admissible local Lip;-domain
Qfor, C RN+ with Lipg-constants M, ro. Therefore, throughout the paper ¢
will in general denote a positive constant ¢ > 1, not necessarily the same at each
occurrence, depending at most on N and M. Naturally ¢ = ¢(aq,...,q;) denotes
a positive constant ¢ > 1 which may depend only on ai,...,a; and which is not
necessarily the same at each occurrence. Two quantities A and B are said to be
comparable, or A~ B, if c=* < A/B < ¢ for some ¢ = ¢(N, M), ¢ > 1.
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2.1. Notation. Recall the definition of |(z,y)|x, (z,y) € RY, in (1.15) and that
6. (z,y,t)|lx = 7||(x,y,t)||x for every » > 0 and (z,y,t) € R¥*L. We recall the
following pseudo-triangular inequality: there exists a positive constant ¢ such that

Iy, ) i < ell(z,y. 0k,

(2'1) \|(x,y,t)0(5:,g,f)||K < C(H(J?,y,t)”[(-f— H('i’g7t~)”K)v
whenever (x,y,t), (Z,7,t) € R¥V*1. We define the quasi-distance dx by setting
(2.2) dic((2,1), (2,1)) = (1) " o (2, 0)[|x,

and we introduce the ball

(23)  Br((z,y,1),7) = {(&,5,1) € RN | di (7, 5.9), (x,9,1) <7}
Note that from (2.1) it follows directly that

(2'4) dK((x,yvt)’ (‘%7:&’ N)) < c(dK((x,y,t), (jja Q,f)) + dK((‘@vg’tA)? ('%7?77{)))’

whenever (z,v,t), (2,9,1),(%,7,t) € RNTL. For any (z,y,t) € R¥*! and H C
RN+ we define

(2.5) di ((z,y,t), H) == inf{dx ((2,y,1), (2,5,1)) | (2,9,1) € H}.

Using this notation we say that a function f : O — R is Holder continuous of order
a € (0,1], in short f € C’%’a(O), if there exists a positive constant ¢ such that

(2.6) [f(@,y:t) = f(2,9,8)] < cdr((z,y,1), (Z,9,8),
for every (x,y,t),(Z,7,1) € O. We let
|U("E,y7t) — u(‘%vgvgﬂ
(2.7 ||w]| m0.0 ry = sUp |u| + sup — = .
k(@) o (z,y,1),(2,5,5) €0 ||(m7y,t)*1 o (xvyvt)”(‘[l{
(z,y,0)#(2,3,t)

Note that, if O is any bounded subset of RN*1, then every u € C%*(0) is Holder
continuous in the usual sense as

. N
1@, .57 o (2,5, )k < col(z,y,t) = (%,5, D).

2.2. Fundamental solution. Following [K] and [LP] it is well known that an
explicit fundamental solution, I'; associated to K can be written down. Let

B (g {;") | B(s) = exp(—sB"),

for s € R, where I,,, 0, represent the identity matrix and the zero matrix in R™,
respectively. * denotes the transpose. Furthermore, let

¢ In 0\ .. th, —LI,
Cit) = /OE(S)(O O)E(s)dSZ ey e )

2 3
whenever ¢ € R. Note that det C(t) = t4™ /12 and that

t—! t—?
Using this notation we have that
(2.8) [(2,t,2,t) =T(2— E(t —1)%,t — ,0,0)
where I'(2,t,0,0) =0if ¢t <0, z # 0, and

) N/2
(2.9) I(2,t,0,0) = (4ditc(t)exp <_i<c(t)1z,z>> if £ > 0.
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Here (-, -) denotes the standard inner product on RY. We also note that

- c
(2.10) T(z,t,%%) < ——

I(Z,6)~ o (2, D)%
where q = 4m and ¢ = ¢(N). Often q + 2 is referred to as the homogeneous
dimension of RN*+! with respect to the dilations group (6, ),>0.

for all (z,t), (2,1) e RY x (0,7), t > £,

2.3. The Harnack inequality. To formulate the Harnack inequality we first need
to introduce some additional notation. We let, for r > 0 and (29,t9) € RV,

Q7 = <B(;€1,1)OB(—;61,1)> X [—1,0],
(211) Q;(Zo,to) = (Zo,to) o 6r (Qi) s

where e; is the unit vector pointing in the direction of z; and B(%el,l) and

B(f%el, 1) are standard Euclidean balls of radius 1, centered at %61 and 7%61,
respectively. Similarly, we let
1 1
Q = (3(261,1)HB(_2€1,1)> X [_1,1],
(2.12) Qr(20,t0) = (20,%0) 6, (Q).

Given a, 8,7,0 € R such that 0 < oo < B < v < 02, we set
Q) (20,t0) = {(z,t) € Qg (20, t0) | to — ar? <t < to},
Q; (20, t0) = {(2,t) € Qp. (20, t0) | to — 12 <t < to— pr}.

In the following we formulate two versions of the Harnack inequality. Recall, given
a domain @ C RV*! and a point (z,t) € Q, the sets A, () and A, (Q) =

Az () defined in the introduction.

Theorem 2.1. There exist constants ¢ > 1 and «,5,7,0 € (0,1), with 0 < a <
B < v < 62, such that the following is true. Assume u is a non-negative solution
to Ku =0 in Q. (20,t0) for some r >0, (z0,t9) € RNFL. Then,

sup u<c inf w.
Q7 (z0,t0) @7 (20:t0)

Theorem 2.2. Let Q C RN*L be domain and let (z9,t9) € Q. Let K be a compact
set contained in the interior of A(., +,)(2). Then there exists a positive constant
ck, depending only on  and K, such that

supu < ¢k u(zo,to),
K

green for every non-negative solution u of Ku =0 in Q.

Remark 2.1. We emphasize, and this is different compared to the case of uniform
parabolic equations, that the constants «, 3,+,6 in Theorem 2.1 cannot be arbi-
trarily chosen. In particular, according to Theorem 2.2, the cylinder @; (z0,t0) has
to be contained in the interior of the propagation set A(., +,)(Q; (20, t0))-

2.4. The Dirichlet problem. Let O C RY*! be a bounded domain with topo-
logical boundary 99). Given ¢ € C(99) we consider here the well posedness of the

boundary value problem
-0 inQ
(2.13) {lCu 0 in Q,

u=¢@ on 0.

The existence of a solution to this problem can be established by using the Perron-
Wiener-Brelot method and, in the sequel, u, will denote this solution to (2.13). In
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the following we first introduce what we refer to as the Kolmogorov boundary of
Q, denoted 0. The notion of the Kolmogorov boundary replaces the notion of
the parabolic boundary used in the context of uniformly parabolic equations.

Definition 3. The Kolmogorov boundary of §2, denoted 0k {2, is defined as

k= |J (Aey(©)noQ).
(z,t)eQ

By Definition 3, 0 C 99 is the set of all points on the topological boundary
of 2 which is contained in the closure of the propagation of at least one interior
point in 2. The importance of the Kolmogorov boundary of € is highlighted by
the following lemma.

Lemma 2.1. Consider the Dirichlet problem in (2.13) with boundary data ¢ €
C(09) and let u = u, be the corresponding Perron- Wiener-Brelot solution. Then

sup u] < sup ).
Q O

In particular, if o =0 on 02, then u =0 in Q.
Proof. The lemma is a consequence of the Bony maximum principle, see [Bo]. O

0k is the largest subset of the topological boundary of € on which we can
attempt to impose boundary data if we want to construct non trivial solutions.
Hence, also the notion of regular points for the Dirichlet problem only makes sense
for points on the Kolmogorov boundary and we let 9r{2 be the set of all (zg,t) €
0k ) such that
(2.14) lim  wu,(z,t) = ¢(20,t0) for any ¢ € C(0x).

(z,6)—=(=0,t0)
We refer to Og{2 as the regular boundary of Q with respect to the operator . By
definition 0g$2 C Ok 2.

Given a bounded domain  C R¥*1 in [M, Proposition 6.1] Manfredini gives
sufficient conditions for regularity of boundary points. Recall that a vector v €
RN+ is an outer normal to Q at (zg, o) € OS2 if there exists a positive r such that
B((z0,t0) +rv,7)NQ = 0. Here B((29,t0) +7v, ) denotes the (standard) Euclidean
ball in RV*! with center at (z9, o) +rv and radius r. In consistency with Fichera’s
classification, sufficient conditions for the regularity can be expressed in geometric
terms as follows. If (29,t0) € 9Q and v = (v4, ..., vny41) is an outer normal to Q at
(20,t0), then the following holds:

(a) if (v1,...,vm) # 0, then (20,t9) € Or1,

(2.15) (b) if (v1,...,vm) =0 and (Y (z0,t9),v) > 0, then (zo,%) € g2,

(C) if (1/17 ey Vm) =0 and <Y(Zo,t0), V> < 0, then (Zo,to) ¢ OgrS,
where Y is the vector field defined in (1.11). Condition (a) can be equivalently
expressed in terms of the vector fields X;’s as follows: (X;(zo,%o), V) # 0 for some
j=1,...,m. If this condition holds, then in the literature (2o, o) is often referred
to as a non-characteristic point for the operator .

A more refined sufficient condition for the regularity of the boundary points of
00 is given in [M, Theorem 6.3] in terms of an exterior cone condition.

Lemma 2.2. Let Qj o, be an admissible local Lip i -domain, with Lip g -constants
M, ro. Then

OrSf.2r, = Ok 2,

i.e., all points on the Kolmogorov boundary are regular for the operator K.
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Proof. First, using Lemma 3.6 below and the sufficient condition for the regularity
of the boundary points in terms of the existence of exterior cones referred to above,
see [M, Theorem 6.3], we have that

Af’QTO C 8Rﬂf72m .
Furthermore, that

Ox 200 \ Af2r, C ORSY,2r,
follows, as discussed above, also by using the results in [M]. (]

Remark 2.2. The operator adjoint to & is

(2.16) K = zm: Oz, — i 2.0y, + 0.
1=1 1=1

In the case of the adjoint operator * we denote the associated Kolmogorov bound-
ary of Qyor, by 058 2r,. The above discussion and lemmas then apply to K*
subject to natural modifications.

Lemma 2.3. Let Q = Qyq9,,. Then there exists, for any ¢ € C(0xQ), ¢* €
C(05Q), unique solutions u = uy,, u € C°(Q), u* = uy-, u* € C®(Q), to the
Dirichlet problem in (2.13) and to the corresponding Dirichlet problem for K*, re-
spectively. Furthermore, u is continuous up to the boundary at all boundary points
contained in O and u* is continuous up to the boundary at all boundary points
contained in 0%, Moreover, there exist, for every (z,t) € §, unique probability
measures wi (x,t,-) and wi (z,t,-) on OxQ and 0% ), respectively, such that

u(ert) = /8 (a5,

—~

(2.17) u*(z,t) = / ©*(Z,t)dwic (z,t, 2, 1).
030

Proof. The lemma is an immediate consequence of Lemma 2.1 and Lemma 2.2. [J

Definition 4. Let (z,t) € Q = Qyo,. Then wg(z,t,-) is referred to as the
Kolmogorov measure relative to (z,t) and Q = Q; 9., and wj (2, t, ) is referred to
as the adjoint Kolmogorov measure relative to (z,t) and Q = Qf o, .

We define the Green function for Qy o,,, with pole at (2, t) € Qfory, as
G(z,t,2,1) = T(zt,3,1)

(2.18) f/ ['(2,t,2,0)dwk (2,1, 2, 1),
Ok ¢ 2r

where T' is the fundamental solution to the operator K introduced in (2.8). If we
instead consider (z,t) € Qy o, as fixed, then, for (3,1) € Qf 20,

G(z,t,2,1) = T(zt,21)
(2.19) —/ T(z,t, 2,t)dwi (2,1, 2,1),
8f<Qf:2To

where now 0%y 2y, is the Kolmogorov boundary for the equation adjoint to K
and Wi (2,,-) is the associated adjoint Kolmogorov measure relative to (Z,) and
Qfor,. Given 6 € C§°(RNT1), we have the representation formulas

0(z,t) = /agz G(Z,f)dwK(z,t,é,f)+/G(z,t,2,f)l€9(2,f)d2df,
Ksef,2rg

(2.20)0(3,1) = / e(z,f)dw;(z,f,z,f)+/G(z,t,é,f)/c*e(m)dzdt,
05 Q5 2r
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whenever (z,t), (,1) € Qf 2r,. In particular,
/G(z,t,é,f)lC@(é,f)dédf _ —/e(z,f) dwrc (.1, 5,1,

(2.21) / Gt 2, DK 0z )dzdt = — / 0(3, ) duw (3,4, 2, ),
whenever § € C°(RV+1\ {(2,1)}) and 6 € C°(RN+1\ {(2,1)}), respectively.

3. HARNACK CHAINS UNDER GEOMETRIC RESTRICTIONS

In this section we discuss the construction of Harnack chains in domains 2 C
RN+1 and we derive some important lemmas. The following lemma gives the general
connection between appropriate K-admissible paths and the possibility to compare
values of non-negative solutions to Ku = 0 in (.

Lemma 3.1. Let Q ¢ RY*L be domain and let
(3.1) Qe :={(2,t) € Q| dr((2,t),00) > €}.

for some € € (0,1) small enough to ensure that Q. # 0. Consider (z,t), (Z,1) € Q,
t < t. Then the following is true for every non-negative solution u of Ku = 0 in
Q. Consider a K-admissible path (y(7),T — 7) : [0,T] — RN defined by non-
negative measurable functions w; € L*([0,T)), for j = 1,...,m, and \. Assume
that (y(7),T — 1) € Q¢ for all 7 € [0,T], inf o) A(T) > 0, and that (z,t) = v(0),
(2,t) = y(T). Then there exists a positive constant c, depending only on N, such
that if we define c(v, €) through

1n(c(7,e))zc<1+t_t~+/T w2(8) + -+ + w2, (s) ds),
0

€2 A(s)
then

u(Z,0) < ey, Julz, ).

Remark 3.1. The problem when attempting to apply Lemma 3.1 is that, in gen-
eral, we have no method at our disposal based on which we, in concrete situa-
tions, can construct a K-admissible path (y(7),T — 7) : [0,7] — RY¥*1, connecting
(2,t),(%,t) € Q, while at the same time ensuring that (y(7),T — 7) € Q. for all
T€0,T7.
Definition 5. Let Q ¢ RVt be domain. Let (2,t), (3,1) € Q, t < t, be given.
Let {rj};?:l be a finite sequence of real numbers such that 0 < r; < rg, for any
j=1,...,k, and let {(z;,t;) ?:1 be a sequence of points such that (z1,t1) = (z,1).
Then :{{(zj,tj)};?zl, {rj}¥_,} is said to be a Harnack chain in Q connecting (z,t)
o (2,t) if

(1) Qr_j(zj,tj) cQ, forevery j =1,...,k,

(ZZ) (Zj+1,tj+1) € é; (Zj,tj), for every ] = 1, ceey k — 1,
(3.2) (ii5)  (5,1) € Q. (zk, t1).

Let Q ¢ RY*! be domain. Let (z,t), (3,£) € Q, t < t, be given. Let u be a
non-negative solution to Ku = 0 in Q. Assume that {{(zj,tj)}le, {r; ;‘?:1} is a

Harnack chain in Q connecting (Z,t) to (z,t) and let ¢ be the constant appearing
in Theorem 2.1. Then, using Theorem 2.1, we see that

(3.3) w(zjg1,tj41) < cu(zj,tj), forevery j=1,...,k—1,
and hence,
(3.4) u(2,1) < culzg, ty) < cFu(z,t).
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Next we recall the following lemmas, Lemma 3.2 and Lemma 3.3. Lemma 3.2 is
Lemma 2.2 in [BP].

Lemma 3.2. Let (y(7),T —7) : [0,T] — RY*! be a K-admissible path and let a,b
be constants such that 0 < a < b <T. Then there exist positive constants h and 3,
depending only on N, such that

b—a

B

Lemma 3.3. Let Q C RNt be domain. Let (z,t), (2,1) € Q, t < t, be given.
Consider the path (y(7),t —7) : [0,t — ] — RN*! where

(3.6) ¥(7) = B(=7) (z 4+ C(r)C (¢t — (Bt — )z — 2)).

Then v(0) = z, y(t —t) = Z and (y(7),t —7) is a K-admissible path. Moreover, the
path satisfies (1.16) with

(3.7 W(T) = (Wi () ey (7)) = E(1)*CHt — ) (E(t — )2 — 2).

Let h and 3 be as in Lemma 3.2 and define {7;} as follows. Let 7o =0, and define
75, for § > 1, recursively as follows:

(Z) f/t t%d >1th6’ﬂ,7']+1 lnf{gg(,rj’tit] /U |W(h)| dr >1}7

Tj

b
(3.5) / lw(s)|?ds <h = ~(b) € Q. (v(a),T —a) where r =

t—%
(i1) if / lw(n)l® d <1 then Tj41 =t —1.
Let k be smallest index such that 7,1 =t — t. Define, based on {7} ;“ é,
(3.8) PR (= Sk R TR
5
and let (zj,t;) = (y(15),t — ;) for j =1,... k. Assume that
(3.9) (y(r),t —7): [0,t — 1] = Q, and Q. (ZJ, ;) C Q,
for every j = 1,...,k. Then there exists a constant ¢ = ¢(N), 1 < ¢ < 00, such

that if u is a mon-negative solution to Ku =0 in 0, then
(310) u(g){) < C(l—&-%(C*l(t—f)(z—E(t—f)E),z—E(t—f)i))u(z7t).

Proof. This lemma is essentially proved in [BP]. In particular, that (y(7),t —7) :
[0,¢ — ] — R¥*! is a K-admissible path, and that (3.7) holds, follow by a direct
computation. Similarly,

t—t
(3.11) / lw(T)2dr = (7t — 1) (2 — E(t —1)2),2 — B(t — )2).

0
We now apply Lemma 3.2 to the path in (3.6). Let {{(z;,t;)}i_;,{r;}i_,} be
constructed as in the statement of Lemma 3.3. Then, using Lemma 3.2, and the
assumption in (3.9), it follows that

{{(Zjvtj) j= 1ﬂ{TJ}] 1}

is a Harnack chain in RV*! connecting (Z,%) to (z,t). Furthermore, the length of
the chain, k, can be estimated and

(3.12) E<1+ %(C*l(t —1)(z— E(t—1)2),z — B(t —1)z).

This completes the proof of the lemma. O
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Remark 3.2. The crucial assumption to be verified when applying Lemma 3.3 is
(3.9), i.e., we have to ensure that (y(7),t—7) : [0,t—%] — Q and that Qr,(zj,t;) C Q,
for every j = 1,...,k. This condition is trivially satisfied when Q = RY x (Ty, Ty)
for some Ty < 7 —r2 < t < Ty. In this case, the path constructed in Lemma 3.3 is
the solution of an optimal control problem giving the K-admissible path connecting
(2,1), (2,1), t < t, which minimizes the energy

(3.13) /O  w(r)2dr.

This path is constructed without reference to any geometric restrictions and it is
not a straight line. Clearly, this introduces new difficulties when we impose some
geometric restrictions on the domain 2 as it is, in Lemma 3.3, the path which
imposes restrictions on 2. In reality we want the opposite: we want to construct
a path subject to the geometric restrictions imposed by €. Finally, following [BP]
we can also conclude that Lemma 3.3 holds for much more general operators of
Kolmogorov type.

Remark 3.3. Consider Lemma 3.3 and let § =t — ¢. Then
(3.14) v(1) = E(-7) (z +C(T)C ) (E(6)z — z)) .
By a straightforward computation we see that

52

5 I

0731,

L  —TIn) [
cre i) = 12 THm Zom 3
oo - u( T ) (4

( R (7'5_1)2)Im (376~ 2—1( N
12 <( 1,251 4 (735_2))Im ( % 262 4 ( )3) m>

(3 15) — AU(T/(S) m 07 1A12(T/§)Im

. TAn (/8 Aga(T/8) )
where A;; are bounded functions defined on the interval [0, 1] and A;;(0) = 0. Note
also that

Aqi (1) A12(1)) (1 O>
3.16 _ .
(3.16) <A21(1) Aga(1) 0 1
Furthermore, simply using the short notation z = (z,y), Z = (z,9), Ai; = Ai;(1/9),
we get, after some computations, that

) = E(=7)(z+C(r)CT (8)(E()Z — 2))
(617 — ( In 0 ) (x + A (@ —2) + 6 Al -y §5;)) _ (MT)) |

7Ly I Y+ 7A20 (T —x) + A (g —y — 0T) Yy (T)
where
V(1) = x— An(r/6)E + A (r/8)(& — x) + 6 Aa(7/8)(§ — ),
Y(T) = 7T(x+ A (7/0)(Z — x) + A21(7/0)(Z — x))

(3.18) +y + Ara(7/6)(§ — y — 0F) + Ana(7/0)(§ — y — 0%),
for some new function 12112 with the same properties as Aqs.

Remark 3.4. Consider Lemma 3.3 and let § = t—¢. Consider the path (y(7),t—7) :
[0,t — ] — RN+ Using Remark 3.3 we see that

(z) to(y(r),t—=7) = (—x,—y—tx,~t)o(y(r),t—7)
= (5$(T),5y(7)a 7’)7

(0 Po(y(r)t—7) = (=% —§—t& —t)o(y(r),t —7)
(62(7), 6y(7),6 — 7),
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where
0o(1) = —Aua(7/0)T + Ani(7/0)(& — x) + 67  Ara(7/8) (5 — y),
oy(r) = 7(An(7/0)(Z — ) + An(7/6)(Z — z))
(3.19) +A15(7/8)(§ — y — 6F) + Aga(7/0)(§ — y — 67),
and
0.(1) = @ —&— Aa(7/0)F + An(r/6) (& — x) + 67" Ara(1/6) (5 — v),
Sy(T) = 71(x—T+ A11(7/0)(@& —x) + A21(7/)(Z — x))
(3.20) Ty = §) + 67 + Aua(r/8)(F — y — 67) + Aaa(7/8) (G — y — 7).

Remark 3.5. Consider Lemma 3.3 and let § = ¢t — £. Then, by similarly consider-
ations as in Remark 3.3 we see that
(C7H0)(z— E(0)2), 2 — E(6)2) = 46 Yo — 2> +1207 3|y — 3 + 6%)?
+1267%(y — § + 6%, 2 — &)

(3.21) 100(6 o — 22+ 63|y — g + 07[%).

IN

Remark 3.6. Inequality (3.10) in Lemma 3.3 gives the sharp bound for a non-
negative solution in RY. The exponent appearing in (3.10) is found by solving an
optimal control problem as briefly discussed in Remark 3.2. However, in the context
of the equation KCu = 0 it is also possible to give a more intuitive construction of
Harnack chains, a construction that gives a non sharp, but equivalent, exponent.
In the following we show how to construct such a K-admissible path connecting
(z,y,t) € RN x Rt to (O 0,0). Consider 7 : [0,¢] — R¥*! such that

ij )X, + Y (y(1)),

for some piecewise constant vector w = (wi,...,wm) € R™. Writing 7(7_) _
(x(7),y(7),t — 7) we have that

d d

%x(r) =w(7), Ey(T) = z(7).
We now let, for suitable vectors w,w € R™ to be chosen, w(r) = @ for 7 € [0, %),
w(r) = for 7 € [5’ Zt) w(r) = —w for 7 € [%t,t]- Specifically, we choose @ so

that x (%) = 0. A direct computation shows that
z (i) =2+ Lw, y(L)=y+ x+%
and if we choose w = —73: then z ( ) =0and y ( ) =y+ ZI. In particular,
()= (L —|r=3t|) &, y(t):y+zx+%53

for 7 € [£,t] and (x(t), (y(t)) = (0,0) if we choose @ = —12 (y + £x). Based on
this construction we now use Lemma 3.2 to give an estlrnate for the constant k in
(3.4). Indeed, let ko be the positive integer which satisfies

t/2
koh < 2|z = L[w|® = / |w(s)[2ds < (ko + 1)h.
0

By Lemma 3.2, the points z; = v (ﬁ), 1 < j < kg, form a Harnack chain of
length k. Analogously, we let k1 be the positive integer which satisfies

3t/4
kih < By + a2 = L5 = / lw(s)ds < (ks + 1),
/2
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and we form a Harnack chain of length k;. The construction made in the interval
[%, %t) gives a Harnack chain also for [%t, t] . We eventually obtain a Harnack chain
of length k = ko + 2k; + 3. Put together, the above two inequalities imply that
u(0,0,0) < c*u(z,y,t) with k satisfying

a2 | ly+ Laf?
3.22 k<elPl pHTaml )
( ) —C( t + t3

for some positive constant ¢ depending only on N. This argument was introduced
in [P].

Lemma 3.4. Let A be a positive constant. Define
(3.23) za = (A,0,-2A,0) ERxR™ ' x R x R™ 1,
Then, the path [0,1] 5 7 — v(7) = 01—+ (2a, 1) is K-admissible.
Proof. Note that by definition

Y(r) = ((1 =7)A,0,—2(1 = 7)°A,0,(1 = 7)?) , 7 € [0,1].
Hence, by a direct computation

%7(7) = (=A,0,2(1 —7)%A, —2(1 — 7)), 7 €[0,1].

In particular,

(3.24) ng 7)) + AMT)Y (v(7)), T € [0, 1],

where w; = —A, w; =0 for j € {2,..,m} and A\(7) =2(1 — 7). O

3.1. The Harnack inequality in cones in local Lip ;-domains. Given (2o, %) €
RN+ z € RN, t € R, consider an open neighborhood U C R¥ of z, and let

Z;EU(zo,to) = {(zo,to) 0ds(z,t) |z €U, 0<s< 1},

Z-

(3.25)
ztU(Z()vtO) = {(Z07t0) 068(3"’ _E) | T e Ua 0<s < 1}

Then Z:'t v (20,t0) and Z7; (20, t0) are cones with vertex at (zo,%9). Note that
this notation was introduced in [CNP3|. Given ¢ > 0 and A > 0, recall the points
A:;A, Ao ns A;/v introduced in (1.26). In addition we here introduce

- 2
A—;A = (7A9507§AQ3707 92)7
- 2
(326) AQ7A = (7AQ,O,*§A93,O,*Q2)-

Furthermore, giz/en (20,t0) € RN we 1~et A;EA(ZO, to) = (20, to)oAiA, Ap a(z0,t0) =
(20, t0) 0 Ap A, A;A(zo,to) = (20, t0) OA?)[,A' Consider the cones Z,jf’,(zo,to) defined
n (3.25). Given n, 0 < n < 1, A, and p > 0, we let

MA(ZO’“’) - Z+ VB (F 5 OO { ()R 1520} (0: O
Conalanto) = ZA;A,BK«z;A,o>mg>m{<z,t>em<N+1:t:0}(ZO’tO)’
nal080) = T bt 0o aer oy (0 )

B8:20)  Conalanto) = ZA;NBK«E;A,O)nam{(z,t)ewﬂzt:m(ZO’to)’
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where the points zz)f INEZVN ZZ A Z, 5 are defined ~thlrough the relations AZ A=
(z:;mgQ), A;A = (z;A,—QQ), A;A = (2:;A7Q2), A;A = (2;1\,—92). The balls
BK((Z;%A, 0),n0o), BK((Z;,A,O),UQ), are defined as in (2.3). Note that

(3.28) Cx, a(z0.t0), Cxp (20,t0),

represent, for n small, cones ‘centered’ around appropriate (K-admissible) paths
passing through (zp,%o) as well as the reference points AiA(zo, to), A;A(zo, to)-
Lemma 3.5. Let Qj 5., be an admissible local Lip i -domain, with Lip g -constants
M, ro. Then there exist A = A(N,M), 1 < A < o0, and cg = co(N, M), 1 <
co < 00, such that the following is true. Let oo = ro/co, consider (29,t0) € Ay g,
0 < o< gy, and let AiA(zo,tO), AiA(zo,to), be defined as above. Then

(3.29) AT\ (20,t0), AZ 5 (20,t0) € Qfry,
and there exists a constant ¢ = ¢(N, M), 1 < ¢ < 0o, such that
(1) ¢ o < di(Pya(20,t0), (20, t0)) < co,
(3.30) (i) o <dr(Pya(z0,t0), Afar),
whenever P, x(zo,t0) € {A;t’A(zo,to)7 fl:gt’A(zo,to)}. Furthermore, the paths

(3.31) 77 (1) = AZ,T)Q,A(Zo,to)a V(1) = Ay (20,t0), 7 € [0, 1],
are K-admissible paths.

Proof. (3.29) and (3.30) are consequences of Lemma 4.4 in [CNP3]. That the paths
in (3.31) are K-admissible follows from Lemma 3.4. O

Lemma 3.6. Let Q. be an admissible local Lip i -domain, with Lip y -constants
M, ro. Then there exist A = A(N, M), 1 < A < oo, and cg = cog(N, M), 1 < ¢y <
00, such that the following is true. Let oo = ro/co, consider (zg,to) € Ay, and
0 <o < oo. Then there exists n =n(N,M), 0 <n <1, such that if we introduce
C’;QmA(zo,to), 0;27771\(20,150), as in (3.27), then

(4) 0252”71\(20,750) C Qo
(3.32) (i) Coopalz0,to) CRNFIN Q.
Proof. This is a consequence of Lemma 4.4 in [CNP3]. O

Lemma 3.7. Let Qfo,, be an admissible local Lip i -domain, with Lip x -constants
M, rg. Let A = A(N,M), 1 < A < o0, be as in Lemma 3.6. Then there exists
co = co(N,M), 1 < ¢y < o0, such that the following holds. Let oo = r¢/co,
01 = 0o/co, assume (z,t) € Qy,, 0 < 0 < o1, and let d = dx((2,t), Afor,). Then
there exist (25,t%) € Ay oy, and oF such that

(z,t) = A§i7A(z()i,t(j)E) and ¢~ 'd < oF < cd,
for some c =c¢(N,M), 1 < ¢ < 0.
Proof. This result is Lemma 4.6 in [CNP3], but we here give a simplified proof. Let
in the following ¢y be a degree of freedom as stated in the lemma, let oo = ro/co,
01 = go/co, and consider (z,t) = (z1,2',y1,y',t) € Qy, for some 0 < g < p1. Let
d = dx((2,t), Afar,). In the following we prove that (z,t) = A;r+ Azt for
some (2§ ,td), oF, as stated in the lemma. Consider the path

’Y(T) = ('rhxlvylay/at) O(SdT(AIA)_l

1
= ($17$/7y17y17f) OédT(_A7O7_§A70u_1>
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(3.33) = (1 — Adr,2’,y1 — %A(dT)3 — (d7)2x1,y — (dr)*2’,t — (d1)?)

for 7 > 0. Then v(0) = (z1,2',y1,v',t). Let 79 > 0 be the first value of 7
for which v(7) € Ayga,. Now, using that Qfo,, is an admissible local Lipg-
domain, with Lipg-constant M, we first note that d ~ |x; — f(a/,y,t)], with
constants of comparison depending only on N and M, and then that there exists
c=c¢(N,M), 1 < c < oo, such that ¢™! < 75 < ¢. Let (24,tJ) = (), then
(z,1) = A;rm A(za,td) and the conclusions of the lemma follows immediately. O

Remark 3.7. Given an admissible local Lip --domain Q¢ o, with Lip g-constants
M, ro, we let, from now on, A = A(N, M), 1 < A < o0, cog=co(N,M), 1< ¢y < o0,
and n = n(N,M), 0 < n < 1, be such that Lemma 3.5 and Lemma 3.6 hold
whenever (zo,tg) € Ay o, and 0 < g < o, and such that Lemma 3.7 holds whenever
(2,t) € Qyp, 0 < 0 < 01.

Lemma 3.8. Let Q. be an admissible local Lip i -domain, with Lip j -constants
M, ro. Let A, cg, 1, 00, 01, be in accordance with Remark 3.7. Let 6, 0 < § < 1,
be a degree of freedom. Then there exists ¢ = ¢(N,M,0), 1 < ¢ < oo, such that
following holds. Assume that u is a non-negative solution to Ku = 0 in Qf 9,,, that
(20,t0) € Ay, and consider ¢ such that 0 < o < p1. Then

(1) sup u<e inf u,
Bic (A}, x(20.t0),0/c) B (AL A (205t0),0/¢)
(3.34) (i) inf u>c ! sup u,
B (Ag, a(z0t0),0/c) B (A7 A (20,t0),0/c)

and

(i")  Af, A(20,t0) € B (A7, A(20,t0), 0/¢),
(335) (ZZI) Ag&A(éo?fo) € BK(A(;&A(Z(%tO)u Q/C),
whenever (29,%0) € Ay o/c(20, to).

Proof. We first note that there exists, given §, 0 < § < 1, ¢ depending only on
N, M and §, such that

(336) BK(Agtg,A(Zo,to), Q/E) C C;fQThA(ZO,tO) C Qfﬂ“o

where the second inclusion follows from Lemma 3.6 (7). Furthermore, to prove the
lemma we note that we can, without loss of generality, assume that ¢ = 1 and that
(20,t0) = (0,0). We then want to prove, given 4, 0 < § < 1, that there exist ¢i, ca,
c3, depending only on N, M and ¢, such that

(i) sup u < CQu(AiA(O, 0)),
B (A ,(0,0),1/¢1)
(3.37) (1) inf u > ¢y 'u(A7 4 (0,0)),

Bk (A5 4(0,0),1/c1)
and

(i")  Af\(Z0,f0) € Bi(A],(0,0),1/c1),
(3.38) (ii")  Aj (%0, f0) € Br(A;,(0,0),1/cy),

whenever (2,%) € Af1/¢,(0,0). Note that the statements in (3.37) depend only
on the geometry of Qo,, through A. To prove (3.37) we now first note, using
(3.36), the construction, Lemma 3.9 and its proof, that

AFA0,0) € AAT,A(OD)(O;”,A(O, 0)).
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In particular, A;{A(O,O) is an interior point of the propagation set of AiA(O,O)
in C;n’A(QO) (AATA(O 0)(C;n,A(O’ 0)). Using this we immediately see that there
exists ¢ = ¢(N, M, 5), 1 < ¢ < o0, such that

(3.39) B (A7,(0,0),1/¢) C A AF,(00) (C5,.4(0,0)).

By essentially the same argument we have that

(340) A1_7A(070) € A(z7t)(02_7777A(070))7

whenever (z,t) € Bk (A;,(0,0),1/¢). Letting ¢; = max{¢,¢} and appealing to
Theorem 2.2 we see that (3.37) follows. To prove (i') and (ii’) we first note that
A;A(O, 0) € BK(A(%A(O, 0),1/c1). Hence, the statements in (3.38) simply follow by
continuity of the maps

(%0, t0) = (%0, %0) 0 A5 2 (0,0) = Aj (%0, o).
This completes the proof of the lemma. (I

Lemma 3.9. Let Qg o, be an admissible local Lip i -domain, with Lip g -constants
M, ro. Let A, co, m, 00, 01, be in accordance with Remark 3.7. Then there exist
c=c¢(N,M),1<c<o0, andy=~(N,M), 0 <y < o0, such that following holds.
Assume that u is a non-negative solution to Ku =0 in Qy 9o, , that (20,t0) € A o,
and consider o, 0, 0 < 0 < p < p1. Then

u(Ag 5 (20,t0)) < c(0/0) u(A] A (20,t0)),
(3.41) u(Ag A(20,t0)) = ¢ (8/0)Tu(Ay 5 (20, t0))-

Proof. The lemma follows from the construction of Harnack chain along the paths
in (3.31) and Lemma 3.8. For the details we refer to Lemma 4.3 in [CNP3|. O

3.2. Additional estimates based on the Harnack inequality. Let Q¢ 2., be
an admissible local Lipz-domain, with Lip g -constants M, rg. Recall that given f
with f(0,0,0) =0 and M,r > 0, we defined

Qf,T = {(xlam/aylvylvt) | (mlax/’y/’t) € QMJ‘? Ty > f(xlvylvt)7 |y1‘ < TS}’
Af,T = {(xhx/aylvylat) | ({I,‘l,(E/,yl,t) € QMJ‘? T = f(xlvylvt)a |y1‘ < 7“3},
where Q- = Q,. /5, 407 Was introduced below (1.24). Let A, co, 7, 00, 01, be
in accordance with Remark 3.7 and consider (zo,tp) € Ay, , 0 < 0 < p1. Let
Qum,r(20,t0) = (20,t0) © Qu,» and consider the sets Qf2r, N Qarry/2(20,t0) and

Q270 N Qur,0(20,to). Then, by a change of variables,
Qf,QTO n QM,T0/2(z07tO) = Qfﬂ“o/‘l’ Qf,Zro N QM,Q(ZOatO) = Qf,ga

(3.42) Agorg NQuro/2(20,t0) = Af 0 14s Apzrg N Qare(20,t0) = Af
for a new function f, f(O, 0,0) = 0, having the same properties as f. Keeping this
in mind we will in the following, with a slight abuse of notation, simply use the
following notation:

Q.20 (20,t0) = Q.20 N Qur,0(20, %0),
(343) Af727“0 (ZO’tO) = Af@'fo N QM&(ZO?tO)'
Lemma 3.10. Let Qf 5., be an admissible local Lip i -domain, with Lip i -constants
M, rq. Let A, co, m, 00, 01, be in accordance with Remark 3.7. Then there exist
c=¢(N,M),1<c< o0, and vy =~v(N,M), 0 < v < oo, such that the following

holds. Assume that u is a non-negative solution to Ku = 0 in Qf o, and that
(Zo,to) S Af,gl' Then

u(z,t) < e(o/d) u(Af \ (20, 10)),
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(3.44) u(z,t) > c_l(d/g)Wu(A;A(zo,to)),
whenever (z,t) € Qf.95/c(20,t0), 0 < 0 < 01, and where d = dg ((2,1), Afor,)-

Proof. We just give the proof in case (zg,t9) = (0,0) as our estimates will only
depend on N and the Lipg-constant of f, and as we may, by construction and
as by discussed above, after a redefinition f — f, also reduce the general case
(20,t0) € Ay, to this situation (zo,%p) = (0,0). By Lemma 3.7 we see that there
exist, given (2,t) € Qf, and 0 < ¢ < g1, points (2F,tF) € Ay .., and o* such that

(Z7t) = A;tj: A(Z(:)tvta:) and Cild S Q:t S Cd,

for some ¢ = ¢(N,M), 1 < ¢ < co. Hence, it suffices to prove the lemma with
(z,t) replaced with A:Qti A(zoi,tg) as above. In the following we let §, 0 < § < 1,

5,0< < 1,6 <4, be fixed degrees of freedom to be chosen. Based on 4, 5 we
impose the restriction that (z,t) € Q; 5, and we let o = Jp. Then, using Lemma
3.9 we see that

w(zt) = u(AE (5 10)) < clafot ) u(AL G 1)),
(3.45) w(et) = u(As 4 (2515)) = (0 /0 (A 4 (551 5):
Keeping 6 fixed we choose 6 = & (N, M, §) such that, in the above construction, we
have

(3.46) (2 18) € Af,/2(0,0)

where ¢ is the constant appearing in Lemma 3.8. Then, using Lemma 3.8 we can
conclude that

u(Ag A (2, 15)) < cu(A] 5(0,0)),
(3.47) W(Ag 5 (55 13)) > ¢ u(Ag, (0,0)),
for some constant ¢ = ¢(N, M, ), 1 < ¢ < co. Combining (3.45), (3.47), and the

above, the lemma follows. O

Lemma 3.11. Let Qf o, be an admissible local Lip i -domain, with Lip i -constants
M, ro. Let A, co, 1, 00, 01, be in accordance with Remark 3.7. Let e € (0,1) be
given. Then there exists ¢ = ¢(N,M,e), 1 < ¢ < oo, such that following holds.
Assume (zo,to) € Afo, 0 < o < p1, and that u is a non-negative solution to
Ku =0 in Qs 2,(20,t0), vanishing continuously on Ay a,(20,%0). Then

(3.48) wp u<s s
Qy,0/c(20,t0) Qf 0(z0,t0)

Proof. This lemma can be proved by a straightforward barrier argument. We refer
to Lemma 3.1 in [CNP2] and Lemma 4.5 in [CNP3] for the details. O

Lemma 3.12. Let Qj 2, be an admissible local Lip i -domain, with Lip j -constants
M, ro. Let A, co, 1, 00, 01, be in accordance with Remark 3.7. Then there exists
c=c¢(N,M), 1 < ¢ < oo, such that following holds. Assume that u is a non-
negative solution to Ku = 0 in Qf9,,, vanishing continuously in Ay .., and that
(20,t0) € Ay o, . Then

u(z,t) < cu(A‘Q’:A(zo,to))
whenever (z,t) € Qg ,/c(20,t0), 0 < 0 < 01.
Proof. This is essentially Theorem 1.1 in [CNP3]. O
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Remark 3.8. Let Q »,, be an admissible local Lip ;--domain, with Lip ;-constants
M, ro. Based on the above lemmas, from now on we will let A, cg, 1, 09, 01, be
in accordance with Remark 3.7 and we recall that o1 < gp. In this work we then
prove estimates related to a scale p satisfying 0 < o < p;.

4. KOLMOGOROV MEASURE AND THE GREEN FUNCTION: RELATIONS

Let Qf 2,, be an admissible local Lip -domain, with Lip g-constants M, ro. Let
(2,t) € Qf 9, and recall the notion of the Kolmogorov measure relative to (z,t)
and Qo , Wi (2,t,-), introduced in Definition 4 and Lemma 2.3. The purpose of
this section is to prove the following lemma.

Lemma 4.1. Let Qy ., be an admissible local Lip g -domain, with Lip x -constants
M, rq. Let A, co, 1, 00, 01, be in accordance with Remark 3.7. Let wi (z,t,-) be the
Kolmogorov measure relative to (z,t) € Qfor, and Qrop, and let G(z,t,-) be the
adjoint Green function for Qj or, with pole at (z,t). Then there exists ¢ = ¢(N, M),
1 < ¢ < oo, such that

(2) c_lqu(z,t,A:;A) <wi(2z,t,Af,),
(i) Wi (2,8, Af p/c) < CQqG(Z,t,A;A)7
whenever (z,t) € Qg 245y, t > 802, 0< 0< p1.

Proof. Let in the following (z,t) € Qy2,,. We first prove statement (i). By defini-
tion 2.18 we have

G(zt, ALy = T(zt,A7,)
(4.1) f/ U(z,1, Af \)dwi (2,1, 2,1).
Ok f,2r ’
Obviously, we have that
(4.2) G(z,t, AL \) <T(z,t, AL ),

whenever (z,t) € Qfop,. Let §, 0 < § < 1, be a degree of freedom such that
Q(;E,(AZZA) C Qy2y, where Q(;Q(AIA) is defined in (2.12). Recalling that the t-

coordinate of the point Az; A is p? we introduce the sets

S, = {(Z,t) S Qf,Zro = Q2} \ QJ@/Q(AZA)v
(4.3) Sy = {(z,1) € Qpary 0 t> 0*} N0(Qsg/2(AF 4))-
Using (2.10) and (4.2) we see that
(4.4) G(z,t,AzA) < ¢(N,8)o” 2 whenever (z,t) € So.

Next, using a simple argument based on Lemma 3.11 we see that there exists
c=¢(N,M), 1< c¢< oo, such that

(45) wK(Az_/c,A7Ava) > C_l.

Indeed, let v(z,t) = wi(z,t,Af,) for (z,t) € Qf9r,. Then Kv =0 1in Qf 9, 0 <
v(z,t) <1in Qy 9., and v(z,t) =1 in Ay ,. Hence the function u(z,t) = 1—wv(z,t)
satisfies the assumptions of Lemma 3.11 and (4.5) follows. Next, we note that if
we choose 0 sufficiently small, then Sy C B K(Az; A» 0/¢) where the constant c is the
one appearing in (3.34) of Lemma 3.8. In partiéular, we can conclude that we can
choose § = 0(N, M), 0 < § < 1, use (4.5) and apply inequality (i) of (3.34) to the
function v(z,t) = wk (z,t, Af,), to conclude that

(4.6) wi(z,t,Afp) > ¢! whenever (z,t) € Sy,
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for some ¢ = &(N, M), 1 < é < co. Note that G(z,t,A;A) =0if (z,t) € S;. Hence,
from (4.4), (4.6), and from the maximum principle, it follows that

(4.7) qu(z,t,A‘g"’A) < cwg (2,6, A7),

whenever (z,t) € Qf20, N{(2,t) : t > 8p?}. This completes the proof of (i).

We next prove statement (ii). Let (2,t) € Qyor, N {(2,t) : t > 80?} and let 4,
0 < § < 1, be a degree of freedom to be chosen. Recall that

Qf:@ = {($179€',y1,y/7t) | (xl,x’,y’,t) € QM7Q’ Ty > f('rlvylvt)a |y1‘ < 93}7
Af,g = {(xlvxlaylvylyt) | (l.laxlay/at) S QM,Q? T = f(x,vylvt)a |y1‘ < Q3}'
Based on this we in the following let
(48) Qg - {(1'17x/3y1>y/,t) | (xlaxlvylat) S QM,Q) |y1‘ < 93}

Using this notation, and given &, we let §# € C°(RN*!) be such that & = 1 on
the set Q59/2 and # = 0 on the complement of Q35Q/4. Such a function 6 can
be constructed so that [K6(z,t)| < ¢(60)~2, whenever (z,t) € RNF1. Using 0 we
immediately see that

(4.9) Wi (2,1, Af 5072) < / 0(z,t)dwk (z,t, Z,1).

Ok S¢,2r
By the representation formula in (2.20) we have that

0= 1) — / 0(z, )dwic (2,1, 5, 1)
0K 2f 2r
(4.10) +/ G(z,t,2,0)K0(2,1)dzdt.
Qf,2r

By construction 6(z,t) = 0 whenever (z,t) € Q¢ 2., N {(z,t) : t > 80} and hence
we deduce that

(4.11) wi (2, t, Mg 5070) < c(60)72 | G(z,t,2,t)dzdL.

Qso
Next, using the adjoint version of Lemma 3.12 and (4.11) we see that we can choose
§=0(N,M),0<d <1, so that

(412) wK(Z7t7Af,EQ/2) S CQqG(zath;A)a
for some constant ¢ = ¢(N, M), 1 < ¢ < oco. This completes the proof of (i7). O

Lemma 4.2. Let Q. be an admissible local Lip g -domain, with Lip x -constants

M, rg. Let A, co, m, 00, 01, be in accordance with Remark 3.7. Let wK(AZo,A’ -) be
+

00,/A? )

be the adjoint Green function for Q.. with pole at AZO,A' Then there exists

c=c¢(N,M), 1< c¢< o0, such that
(Z) C_lqu(A;]’A, A:;A) é WK (AZU,Aa Af,g)a

(“) WK (A;07A, Af,g/c) < CQqG(AZ_O,Av A;A>’

the Kolmogorov measure relative to AZO.A € Qyory and Qg o, and let G(A

whenever 0 < o < 1.

Proof. The lemma is an immediate consequence of Lemma 4.1. O

Remark 4.1. Following the arguments used in the proof of Lemma 4.1 we can
prove the

(4.13) wK(A;—,Av Af2ry NQw25(%0,t0)) < CéqG(A;:A’Az_cg,A(Z()’{O))

provided (Zo,%0) € Ay ar, and Qur5(Z0,t0) C Qarp/c,- This inequality will be
useful in the sequel.
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Remark 4.2. Adjoint versions of Lemma 4.1 and Lemma 4.2 also hold. Indeed,
an adjoint version of Lemma 4.2 can be stated as follows. Let €2f 9., be an admis-
sible local Lipg-domain, with Lipg-constants M, ro. Let A, co, 1, 00, 01, be in
accordance with Remark 3.7. Let wj (4, ,,-) be the adjoint Kolmogorov measure

relative to Ag—o,A € Qf.9p, and Qf 9., and let G('7A;o,A) be the Green function for

Qfor, with pole at A, . Then there exists ¢ = ¢(N, M), 1 < ¢ < oo, such that
() CiquG(Ag_,AvA,:;O,A) < W;((Ago,w Af);

(1) wic(Ay nrDyere) < c@G(A] L Ay A,

whenever 0 < o < p1.

5. A WEAK COMPARISON PRINCIPLE AND ITS CONSEQUENCES

The main purpose of this section is to prove Lemma 5.1 and Lemma 5.3 stated
below.

Lemma 5.1. Let Qg o, be an admissible local Lip i -domain, with Lip g -constants
M, ro. Let A, co, 1, 00, 01, be in accordance with Remark 3.7. Then there exists
c=c(N,M), 1< c< oo, such that the following is true. Assume that u, v, are
non-negative solutions to Ku = 0 in Q¢ 9., and that v and v vanish continuously
on Ay oy,. Then

)

A
A

(5.1) v(A ) _ v(z,1) v(Aé

u(A;A) ~ u(z,t) u(A
whenever (z,t) € Qg ,/c and 0 < o < 9.

Proof. Let in the following ¢ = (N, M), 0 < € < 1, be a degree of freedom to be
chosen. Consider the set Afgep \ Afaco. We claim that there exist § = 6(NV, M),
0 < < 1, and a set of points {(z;, %)}, such that (2;,%) € Afeeo \ At aco

(5.2) {Af s5e0(zi, ti)}iL:1 is a covering of Af g \ Af aco,
and such that
(53) Aﬁgag/k(zi,ti) N Aﬁéeg/k(zjatj) = (D whenever ¢ 7é j,

for some k only depending on the diameter of the cylinder (57,1 and on the constant
c appearing in the triangular inequality (2.4). Furthermore, the construction can
be made so that

L
(5.4) ZwK(z,t,Aﬁ(;gg(zi,ti)) >c
i=1

for some ¢ = ¢(N, M,§(N,M)) = ¢(N, M), 1 < ¢ < 0o, whenever
(55) (Z,t) S 61(9]07559 N {(Z,t) S Qf,2ro | dK(Z,t,AﬁQTO) < (SQEQ}.

The claim is a direct consequence of a Vitali covering argument and the method
used in the proof of (4.5). Using the claim we introduce the auxiliary function

L
(5.6) \I/(Z, t) S ZWK (Z7 t, Af,ésg(zivti)) + (EQ)qG(Z7t7 Al;a,g)’
=1

where k > 1 is a large degree of freedom to be chosen below, and we let
Fl = 8KQf7559 N {(Z,t) S Qﬁgm | dK(Z,t,Af,QTU) S 52€Q},
(57) Iy = 6KQf,5EQ n {(Z,t) € Qf727«0 | dK(Z,t, Af,?ro) > 525Q}.
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Using Lemma 3.12 we see that there exist k = (N, M) and c = ¢(N, M), 1 < ¢ <
o0, such that

(5.8) v(z,t) < C’U(A;E&A),
whenever (z,t) € Qf 6co. By construction, see (5.4),
(5.9) U(z,t) > ¢! whenever (z,t) € Ty,

and for some ¢ = ¢(N, M), 1 < ¢ < co. Considering (z,t) € I's we see, using
Lemma 3.10, that there exist k = k(N, M) and ¢ = ¢(N, M), 1 < ¢ < oo, such that

(5.10) (5Q)qG(z, t, A,;EQ’A) > C_1<E,Q)qG(A];EQ/k’A, A,;EQ’A),

whenever (z,t) € I'y. Furthermore, we claim that, if k is big enough, then

(5.11) (sg)qG(Alzeg/k’A, A,;E&A) >t

by elementary estimates and the Harnack inequality. To give a more detailed proof
of this claim, recall the notation introduced in (3.27) and (4.8). Let Q = Apepn ©

Quc o and let G denote the Green function for the set Q. Using the dilation invariance
of the fundamental solution I', and of the cone C

2.4(0;0), we see that we can use

P
(2.18) to prove that

(5'12) (EQ)qG(A(ikfn)ag,A’AIZEQ,A) = 0—17
for some n =n(N, M), 0 < n < 1. Using this, we see that
(5.13) (Eg)qG(A(fkin)gg’A,Age&A) >c 7t

by the comparison principle. (5.11) now follows from (5.13) and as, by the Harnack
inequality,

(5.14) G(A;, Aion) 2 ¢1G(A

keo/k,A> (k—n)eo, A’ A

];EQ,A) 2 C_l '

To proceed with the proof of Lemma 5.1 we next note, combining (5.8)-(5.11), and
using the maximum principle, we can conclude that there exist k = k(N, M) and
c=c¢(N,M), 1< c¢< oo, such that

(5.15) v(z,t) < CU(A;:E&A)\I’(Z,Z&),

whenever (z,t) € Qf 5.,. To continue, having estimated v from above we next want
to estimate v from below. To start the estimate we introduce the sets

Sio= {(=0) € Qpary t 1= —(ke0)*}\ Qsp/2(Apy ),
(5.16) Sy = {(2t) € Qpary : t> —(ke0)*} N O(Qsg/2(Apeyn))-
and, by arguing as in Lemma 4.1, we see that
(5.17) (5g)qG(z,t,AEEQ’A) <e¢,

holds whenever (z,t) € Qf5.,. Then, by using the continuity of u, choosing &
sufficiently small and also using the maximum principle, we find that there exist
k=k(N,M) and c=c¢(N,M), 1 < ¢ < oo, such that

(5.18) u(z,t) > ¢ (e0)9G (2, t, A,;EQVA)u(AIZEQ’A),

whenever (z,t) € Qf5.,. We now claim that there exists ¢ = ¢(N, M), 1 < ¢ < oo
such that

(5.19) c(sg)qG(z,t,A;EgvA) > U(z,t),
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whenever (z,t) € Og§y,,. Assuming (5.19) it follows from (5.18), (5.19), and the
maximum principle, that that exist &k = k(N, M) and ¢ = ¢(N,M), 1 < ¢ < o0,
such that

(5.20) u(z,t) > c_lu(AgsgyA)\I!(z,t),

whenever (z,t) € Qy ., and hence the proof of the lemma is complete once we define
e through the relation ke = 1. Finally, to prove (5.19) it follows, by construction,
that we only have to prove that

(5.21) wK(z,t,AﬁgEQ(zi,ti)) < (eg)qG(z,t,AI_(EQ7A),

whenever (z,t) € Ox{ye, and ¢ = 1,..., L. However, arguing as in the proof of
statement (¢7) in Lemma 4.1 we see that (5.21) holds. This completes the proof of
Lemma 5.1. ]

Lemma 5.2. Let Qg o, be an admissible local Lip i -domain, with Lip y -constants
M, ro. Let A, cg, 1, 00, 01, be in accordance with Remark 3.7. Then there exists
c=c(N,M), 1 <c < oo, such that following holds. Let (29,t0) € Ay, , consider
0 < o < g1, assume that u, v are non-negative solutions to Ku = 0 in Qy2,(20,%0)
and that w and v vanish continuously on Aygo,(20,%0). Then

Lu(A,a)  wu(zt) CU(A;,A)
u(ATy) = uzt) = Cudg )

(5.22)

whenever (z,t) € Qf ,/.(20,t0).

Proof. Note that Lemma 5.2 is a localized version of Lemma 5.1. In fact, analyzing
the proof of Lemma 5.1, using appropriate localized versions of Lemma 3.8, Lemma
3.9, Lemma 3.10 and Lemma 3.12, localized in the sense that u does not have to
be a solution in all of Qf 9., or Q¢ 2,,, we see that the conclusion of Lemma 5.2 is
true. We omit further details. O

5.1. Implications of the weak comparison principle.

Lemma 5.3. Let Qf o, be an admissible local Lip i -domain, with Lip x -constants
M, rog. Let A, ¢, 1, 00, 01, be in accordance with Remark 3.7. Then there exists
c=c(N,M), 1 <c< oo, such that the following is true. Assume that u is a non-
negative solution to Ku = 0 in Q2. and thalt u vanishes continuously on Ay oy, .
Then

ulAy A) oz, 2,0,y t) u(Ay, )

> <c - ,
U(A;ro,[\> u(zy, 2, y1,9',t) u(A, )

(5.23)

whenever (x1, ', y1,y',t) € Qs 5, /c-

Proof. Consider v = u(z,y,t) = u(xy,2’,y1,y’,t) as in the statement of the lemma
and let v = v(z,y,t) = v(zy, 2, y1,9,t) = u(z,2',y1 £ d,9',t) for some § > 0
small. Let 7y = (19 — 0)/4. Then Kv = 0 in Qf 27, and v vanishes continuously
on Ay o, since we are assuming that the function defining Ay, is independent
of the y;-coordinate. We can now apply Lemma 5.1 to the functions v and u, with
70, 00, 01 Teplaced by 7o, 09, 01, and conclude that

v(Agn) _ oleyt) _ v(Agn)
U(AgO,A) ~ u(z,y,t) — u(Ago,A)7

whenever (z,y,t) € Qf,/. and 0 < gg < 91. We now fix go, 1 as above, and we
claim that there exists ¢ = ¢(N, M), 1 < ¢ < 00, such that

(5.25) u(A;_{,A) < cu(AaA), u(AghA) > cilu(AL;O’A).

(5.24) e
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and

(5.26) U(A;’A) < EU(AEL,A)’ v(AZ \) > éilu(Ajo,A)v

01, 4
whenever (z1,2',y1,%',t) € Qy¢,;,/s. To prove this we first make the trivial obser-
vations that, for any degree of freedom e = e(N, M), 0 < e < 1,

Al +(0,0,0,£6,0) € Bx (AL ,,201),

(5.27) Az +(0,0,0,46,0) € Bic (A5 4, e1),

provided § < (£0;1). Hence,

(5.28) v(AT ) < sup u, v(AZ ) > inf u.
et B (A, re61) orh B (A, re61)

Next, based on the quotient 91/89 = 1/co we choose € = &(1/co, N, M) so that we
can apply Lemma 3.8. In particular, based on (5.28) the inequalities in (5.25) and
(5.26) now follow from Lemma 3.8. This completes the proof of the lemma. O

Lemma 5.4. Let Q. be an admissible local Lip g -domain, with Lip x -constants
M, ro. Let A, co, n, 00, 01, be in accordance with Remark 3.7. Assume that u is
a non-negative solution to Ku = 0 in Q.  and that u vanishes continuously on
Af,2r0' Let

m* = u(A;ro,A)’ mo = U(AA:O»A)7
and assume that m~ > 0. Then there exist constants ¢; = ¢c1(N, M), 1 < ¢; < oo,
ca =co(N,M,m"/m™), 1 < ¢y < 00, such that
u(A, 5 (20, t0)) < cou(Aga(20,10)) < Gu(AF (20, t0)),
whenever 0 < o < o1/c1 and (20,t0) € Ay,p, -
Proof. Assuming that m~ > 0 we see that Lemma 3.10 implies that m™ > 0. By
Lemma 5.3 we have

— ’ ’ +
(5.29) 1M ML 0y mT

)

mt = wu(zy, 2y Y t) T m
whenever (z1,2',y1,y',t) € Qf4,/c. Let (20,t0) € Ay,,,, and recall that
Ay a(z0,t0) = (20,t0) o (Ap,0,0,0,0),
Ao, t0) = (2o, 10) 0 (A0, 0, 546", 0,~¢?),
We now consider the path
(1) = (20,0) © (A0, 0,7A0,0,~7), 7€ 0,07,
which is a K-admissible such that
7(0) = A, a(20,t0), ¥(0%) = (20,t0) © (Ag,0,A0%, 0, —0?).

By construction, the definition of the points A;A(zo, to), A a(20,t0), and the fact
that the function defining Ay o, is independent of the y;-coordinate, the path ~ is
contained in Q7 o,,. Thus we can construct a Harnack chain connecting A, A (2o, to)
and 7(0?), based on which we can conclude that

(5.30) u(y(e?)) < cu(Aga (20, o)),

for some ¢ = ¢(NN, M), 1 < ¢ < co. Note that the coordinates A, , (20, t0) and v(0%)
only differ in the y;-coordinate. In particular, using (5.29) we have

(5.31) o2 (m) < U@ (mf) :

m* ) T u(A, x(20,t0)) T \m
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whenever 0 < ¢ < g1/c. Combining (5.30) and (5.31) we see that

) = (22 () = & (22 ) utdpa)

m m

whenever 0 < g < g1/c. The other inequality is proved analogously. O

6. PROOF OF THE MAIN RESULTS

In this section we prove Theorem 1.1, Theorem 1.2 and Theorem 1.3. The proofs
rely heavily on Lemma 5.3. We prove the theorems based on the set up concluded
in Remark 3.8. Using a by now familiar argument it suffices to prove Theorem 1.1,
Theorem 1.2 and Theorem 1.3 in the case (zo,tp) = (0,0) only. Thus, throughout
this section we will assume (zg,tp) = (0,0). Furthermore, we again note that
Lemma 3.10 implies, assuming m~ > 0 in Theorem 1.1 and m; > 0, my > 0 in
Theorem 1.2, that m* > 0 and m{ > 0, m3 > 0.

6.1. Proof of Theorem 1.1. Assume that u is a non-negative solution to Ku =0
in Q¢ 9, and that u vanishes continuously on Ay .. In the sequel, the constants
A, co, 1, 00, 01 Will be chosen in accordance with Remark 3.8. Hence, to prove The-
orem 1.1 we have to show that there exist constants ¢; = ¢1(N, M), 1 < ¢ < o0,
ca = co(N,M,m"/m™), 1 < cy < 0, such that

u(z,t) < cou(Apa),

whenever (z,t) € Q¢ ,/., and 0 < ¢ < g1. Based on this we from now on consider
0o and g, 0 < p < g1, as fixed. To start the proof we introduce

(6.1) ho) = 07 u(AZ L), 0< 9 < go,

where + is the constant appearing in Lemma 3.9. Furthermore, we let
(6.2) o0=max{g: 0 <0< 00, hd) > h(o)}

By the definition of g in (6.2) we see that

(6.3) u(Aj ) < (0/0)u(Ag )

Furthermore, using Lemma 3.9 we see that

(6.4) u(Az z) < c(0/0) u(A, 5)-

In the following we prove that there exists a constant ¢ = ¢(N, M,m™/m™), 1 <
€ < o0, such that

(6.5) u(Aj 5) < cu(Ag,),
for this particular choice of g. In fact, assuming (6.5) we first see, combining Lemma
3.12, (6.3), (6.4) and (6.5), that

sup u(z,t) < cu(A,,) < c(o/8) u(A] )

Qfo/c ' ’
(6.6) ce(o/8) u(Az ) < Feu(A, ),
where ¢, 1 < ¢ < oo, depends only on N, M. An application of Lemma 5.4 then
completes the proof of Theorem 1.1.

IN

To prove (6.5) we let K > 1 be an other degree of freedom based on which we
divide the proof into two cases.

The case gy/(8K) < §. In this case we immediately obtain from Lemma 3.9 that

U(AgA) 2 U(A+ A) m*
— B < 29y 3)P ——22AL — 2 (g /)P —,
wdz) =TT g,y m
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and the conclusion follows immediately.

The case ¢ < gp/(8K). In this case we first note, by the definition of g, that
0 < 0 < 0o and that h(2K9) < h(9), i.e.,
U(Ag,/\) > (2K)7WU(A;_K§,A)'
Using Lemma 3.12 we see that the above inequality implies that
(6.7) u(AgA) >c 12K)™Y sup w,
' QroKxs/c

for some ¢ = ¢(N,M), 1 < ¢ < co. In the following we can, without loss of

generality, assume that ¢ = 1. Based on this we let K=K /c and we introduce

(6.8) TCoi = Qi N{(z,t) e RV —d <t < 1},
where T'C stands for Thin Cylinder. Using this notation, (6.7) implies that
(6.9) u(AT’A) > & Y2K)™Y sup u,

f.2K

again for some ¢ = &N, M), 1 < & < co. We emphasize that K is a degree of
freedom which remains to be chosen. Furthermore, we can, by a redefinition of w,
and without loss of generality, assume that

(6.10) sup u=1.

TCf,2f(

Hence (6.9) becomes

(6.11) w(Af,) > & H(2K) 7.
We now let

Tip = Ox(TCi,y)N{(z,t) e RNt = —4},
(6.12) Ff(,IL = (aK(TCf,Qf() \Ff(,B) \ Af,Qf(‘
Then I'; 5 represents the Bottom (in time) of the domain T'C'; , and I'g ; is
the lateral part of Ox(TC} , ) which is contained in Qy o, the Interior Lateral
part of the boundary of T'C 5. Since u = 0 on A;, % we note that u(AfA) is

determined by the values of w on I' ;. ; and I'; ;. Specifically, if we let wK(AfA, 3
be the Kolmogorov measure relative to A;r p and T'C 5, then

U(AIA) = /
F}"(,B
(613) == I1+12.

We now use the following lemma, the proof of which we postpone to the next
subsection.

Lemma 6.1. Let é and~ be as in (6.11). Then there exists K = K(N, M), K > 1,
such that

u(z,t)dwK(AfA,z,t) +/ u(z,t)dwK(AiA,z,t)

Ff(,IL

1 -
I, < 55*1(217()*7.

Using Lemma 6.1 and (6.11) we see that

1 ~ 1
(6.14) uw(Af,) < L+ 55—1(2K)—V <L+ §u(AlfA).
We can therefore conclude that
(6.15) w(AT\) <2 sup  w(zt).
’ (2T %
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In particular, using Lemma 3.12 we see that there exists €, 0 < ¢ < 1, depending
on N and M, such that

sup u(z,t) < CU(AZ_E,A(Zl’tl))
(2, )€L g N .e(21,t1)

for every (z1,t1) € 'z 5NAy¢ 2r,. In the above inequality c is the constant appearing
in Lemma 3.12. Then, using also Lemma 3.5, we can conclude that

(6.16) u(A7 ) < 2cu(z, 1),
for some (2,%) € f?( 5+ Where

I%p = TChpN{(zt) e RV 4 <t < —4 4 (ce)?}
(6.17) N{(z,t) € RN 1 dg((2,t), Agory) > €/c}

To complete the proof we now use the following lemma, the proof of which we also
postpone to the next subsection.

Lemma 6.2. Let (2,1) be any point of f?{B. Then there exists a constant ¢,
depending at most on N, M, €, and m™/m™, such that

u(z,t) < cu(Ag ,).

Using Lemma 6.2 and (6.16) we can conclude that (6.5) also holds in this case.
This completes the proof of Theorem 1.1 modulo the proofs of Lemma 6.1 and
Lemma 6.2 given below. O

6.2. Proof of Lemma 6.1 and Lemma 6.2. We here prove Lemma 6.1 and
Lemma 6.2. We we note that Lemma 6.2, together with Lemma 5.3, represent the
the main (novel) technical components of the paper.

Proof of Lemma 6.1. Using the normalization in (6.10) we see that
(618) 12 SwK(AT,A,Ff(’IL).

Recall the sets Q. introduced in (4.8), and let A\, 1 < A\ < K, be an additional
degree of freedom. Let 6 be a smooth function defined on {(z,t) € RN*! | ¢t = —4},
satisfying 0 < (z,t) <1, and

0(z,t) =1  on Qg \Qr_\) N{(zt) e RN*! |t = -4},

0(z,t) =0 on Qi N{(zt) e RNFT |t = —4},
(6.19)  0(z,t)=0  on (RV\ Qz .\ q)N{(z,t) e RNF |t = —4}.
Then 6 is a (smooth) approximation of the characteristic function for the set
(Qiir \ Qi_x) N{(z,t) € RN | t = —4}. Given 0 we let w satisfy Kw = 0
in {(z,t) e RN*L | ¢ > —4} with Cauchy data on {(z,t) € RN+ | ¢ = —4} defined
by the function 6. Given K > 1 we claim that there exist A > 1 and a constant c,
both just depending on IV, and hence independent of K, such that

(6.20) w(z,t) > ¢~ whenever (z,t) € L'z

Indeed,

(6.21) w(zt) = / (1,5, —4)0(3)d,
RN

where the fundamental solution associated to K, I', is defined in (2.8). Using (6.21)
we see that the bound from below in (6.20) follows from elementary estimates.
Next, using (6.18), (6.20), and the maximum principle, we see that

(6.22) I, < cw(AIA).
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Note that
(6.23) w(AT,) = /NF(Afmz, —4)0(2)dz,
and that, by (2.8) and (2.9), we }Dfave
[(Af ), 2,-4) = T(Af,, 3,5, —4)
(6.24) < cexp(—(|7]* +13%)) < ¢ exp(—ck?),

whenever (%) # 0 and for some harmless constant ¢, 1 < ¢ < oo. In particular,
combining the above we see that

(6.25) I, < cexp(—cK?) K92

and hence Lemma 6.1 follows for K large enough. a

Proof of Lemma 6.2. Consider an arbitrary point (2,%) € 1:“}1( 5 Where f‘% 5 is the

set defined in (6.17). We want to prove that there exists a constant ¢, depending

at most on N, M, and ¢, such that

(6.26) u(z,t) < cu(Ay ).

To do this we will construct a K-admissible path (y(7), =1—7) : [0, =1 —#] — RN+L,
’7(7—) = (’71,1(7)7’7/1(7)7'71,1/(7—)777;(7))’

such that (v(0),—1) = A}, = (A0, %A,O,jl) = (a:l,a:’,yl,y’i—l) =: (z,t), and

an associated Harnack chain, targeting (2,t) = (21,%,71,79’,t). Note that 3 >

—1—1% > 3 — ¢ and hence (z,t) and (Z,f) are well separated in time. In the

following we let § := —1—%. As the first step in the construction we construct a path

Y'(7) == (v, (1), 7, (7)) in RN=2 connecting 2" := (0,0) to Z’ := (&, 7). Indeed we

simply let 4/(7) be the path in (3.6), i.e., we consider (y'(7), —1—7) : [0,4] — RV 2

where

(6.27) v(1) = E(—-7) (2 + C(r)C"(6)(E(6)Z' — 7)) .

We now first note, using Remark 3.4 and the fact that (2,t) € f?{ B that

(7 (1), =1 = 7),(0,0,=1)) < e(F(r/d)K¥2 +7172),
(628)  di((7/ (), —1— T —7),(#,7,8) < o(F(r/6)K*?+712),
whenever 7 € [0,6] and where d} denotes the natural and corresponding quasi-
distance function in RV~2 x R. Furthermore, F is a non-negative function such
that F(0) = 0 and F(7/6) < ct/7 for some ¢ = ¢(N), 1 < ¢ < oo. In particular,
given 0 < ¢’ small we see that we can find ¢’ = §'(N, K,e') = §'(N,M,¢e’), such
that

dx((y'(1), =1 =17),(0,0,-1))
(6.29) e (4/(7), =1 = = 7), (&, . 7))
whenever 7 € [0,d’]. To proceed, we let
d:A_f(0707t) and J:jl_f(jlvglvg)a

and we note that there exists, by construction of the set f‘%]y ¢ = ¢(N,M),
1 < ¢ < o0, such that 7
(6.30) min{d,d} > ¢ ! min{e, 1/100}.
Furthermore, using (6.29), and the Lip ;-character of f, we can conclude that there

exists &' = §'(N, K,e) = §' (N, M,¢), 0 < §' < §, such that
(6.31) z1 — f(¥/ (1), =1 —=7)>d/2, &1 — f(y/ (1), -1 —T—7) >d/2,

<
<
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whenever 7 € [0,¢]. Next, using the analysis in Remark 3.3, see (3.14), and the
construction, we also see that there exists ¢ = ¢(N, A, K) = ¢(N, M, K), 1 < ¢ < o0,
such that

(6.32) /(' (1), =1 = 7)||x < ¢ whenever T € [0, 4].

In particular, using that (0,0,0) € Af oy, (6.32), and the Lipg-character of f, we
can conclude that there exists a constant ¢ = é(N, M, K) such that

(6.33) |f(+ (1), =1 —7)| < & whenever T € [0, 4].

We will now use (6.31), (6.33), to construct a path 1 4(7) connecting x; to Z;.
Indeed, for &, ¢, as above we let

(Z) ’Yl,x(o) = 1,
d

(i1) E’}/LI(T) =2(4¢ —d) /&' for 7 € [0,0'/2],
@0 %71,30 =0 for 7 € (6'/2,6 — 08'/2),
(6.34) (iv) difw’w@-) = 2(d — 4¢) /&' for T € [§ — &' /2, 9).

Note that to construct v, we start at x; and we then travel very fast into the
domain. We then stay in the interior for a substantial amount of time before travel
back towards the boundary ending up at v; ,(d) = ;. Given the path v, ,(7), the
path in y;-variable becomes

@) 7x(0) =y,
(6.35) (i%) d%'%’y(T) =1 4(7) for T € [0, 4].

In particular, further control of the path in y;-variable is impossible but we note
that

(6.36) [71,4(T)| < c=¢(N,M,K) = ¢(N, M) whenever 7 € [0, 4],

and for some (potentially large) constant c. Put together, (6.27), (6.34), and (6.35)
complete the construction of a K-admissible path

(’Y(T)a -1- T) = (7171(7—)775/1)(7_)7717y(7—)’,‘y;(7—)’ -1- 7_)7
such that (y(0),—1) = Ay = (A, 0, %A,O7 —1) = (x1,2',y1,y’, —1) and such that
(71,”6(5)77;(6)77;(5)7 -1- 5) = (fla‘%lagla -1- 5)

Note that we can not ensure that v, ,(d) = ¢:. However, using (6.30), (6.31),
(6.33), and the construction in (6.34), we can conclude that

(6.37) dr((y(7), =1 =7),A}2,,) > ¢ ' min{e, 1/100},

whenever 7 € [0, 6] and for some ¢ = ¢(N, M), 1 < ¢ < oo, where we of course also
have used that the function f defining Ay o, is independent of y;.

Using the K-admissible path (y(7),—1 —7) : [0,7] — R¥*1 and in particular
(6.37), we now build a Harnack chain connecting (v(0), —1) = (z,t) to (y(d), —1—9)
using Lemma 3.5 and Lemma 3.6. Indeed, we see that

(6.38) %7(7) = ij(T)Xj('Y(T)) +Y((r)), for 7€[0,9],
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where we have explicit expressions for w = (wy,w’) = (w1, ..., wn,) through (6.34)
(w1) and Lemma 3.6 (w’). Using Lemma 3.5 we know that

b—a

6 b
whenever 0 < a < b < 4. Using (6.39) we will construct a finite sequence of real
numbers {r;}¥_,, and a sequence of points {(z;,2;)}¥_,, such that (z1,t1) = (z,1)

j=1
and such that

(4) Q, (zj,t5) C Qfop,, for every j=1,... K,

J

b
(6.39) / lw(T)Pdr <h = ~() € Q; (v(a),~1 — a) where r =

(i) (zj11,t541) € Qp, (2),t;), for every j=1,.... k1,
(6.40)  (iii)  Y(0) € Qr, 2k, th)-

To start the construction we note, see (6.37), that we can in the following use that
there exists € = (N, M,¢), 0 < £ < 1, such that

(6.41) Q2:(v(1),—1 — ) C Qy 2, Wwhenever 7 € [0, 4],

and we will build a Harnack chain with r; = & for all j. We construct {(z;, tj)}§:1
inductively as follows. Let (21,t1) = (2,t) and assume that (2;,t;) = (v(7;), —1—7;)
has been constructed for some j > 1. If 7; = §, then the construction is stopped
and we let k = j. If 7; < ¢ then we construct (z;41,tj41) = (Y(7j+1), =1 — Tj+1)

by arguing as follows. There are two options, either
(6.42) (i) 7, + &8 < § or (i) 1 + 2B > 4,
where 3 is the constant appearing in Lemma 2.1 and hence in the definition of

the sets {@;}c(zk,tk)}. We consider (i) first and we note that there are now two
additional options: either

Ti+&2B 2
(i") / ()l dr <1or

h

J

Ti+E°8 2
(6.43) (i) / @ dr> 1.

5
If (i') is true, then we set 711 = 7; + &28, zj41 = Y(7j41). If (ii’) is true, then we
set

o 2
(6.44) Tj41 = sup{o € (15,75 +&8) | / |w(}:)| dr < 1},
Tj

Zj41 = Y(7j41). In either case we can conclude, using (2.1), (6.39), and (6.41), that
there exists ¢ = ¢(IN, M), 1 < ¢ < oo, such that

w(zjr,tjer) = w(Y(T41), =1 = Tj41)
(6.45) < au(y(ry), -1 = 75) = culz, t;)).

We next consider (i7). In this case 7; > 6 — £283. Assume first that, in addition,

(6.46) (i') /6 M}:)F dr < 1.

In this case we set 741 =0, 241 = ¥(7j41), and we can again conclude that (6.45)
holds. If, on the contrary, (6.46) does not hold, then we set

o 2
(6.47) o =su{a e (.0 [0 ar <1},

zj41 = Y(7j+1), and we again see that (6.45) holds. We note that by this construc-
tion there will be a first j such that 7; = J and we then set £ = j. The next step is

J
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to estimate k and we note that 0 < 7541 —7; < €24 for all j. Let Z; denote the set
of all index j for which either (¢)+ (#i’) or (i7), and the scenario leading up to (6.47),
occur. Let Zy denote the set of all index j for which either (¢) + (i') or (i) + (¢'),
occur. Note the union of the sets Z; and Z, is the set of all indices occurring in the
construction. Now, by continuity of w(7) = (w1 (7),w (7)) = (w1 (7), ...,wm (7)) We
first see that

Tj+1 2
(6.48) / M;” dr =1, for all j € 7.
In particular,
s 2
. < [ OF .
(6.49) |Z1 | |
0 h
Furthermore, we easily see that
1)
6.50 Il < —.
( ) | 2| — 526
In particular,
6 ? Jw(r)?
.51 <|Z L < — —— dT.
(6.51) E<ILI+ IRl < g+ [ P ar

Hence, using (6.51), Lemma 3.3, Remark 3.5, the fact that 3 > 6 > 3 — ¢, and
the explicit construction in (6.34), we can conclude that there exists ¢ = ¢(N, M),
1 < ¢ < o0, such that

(6.52) u(4(6),~1 - §) < cu(A] ).
By construction (v(8), —1 — §) = (1,7 ,71,4(8), 7, %) and (y(5), —1 — &) only dif-

fer from (2,t) = (Z1,%,71,%,t) in the y;-coordinate. However, using (6.36) and
Lemma 5.3 we see that there exists ¢ = ¢(N, M,m*/m™), 1 < ¢ < oo, such that

(6.53) u(2,t) < cu(y(8), —1 — 6).
In particular, combining (6.52) and (6.53) we see that the proof of Lemma 6.2 is
complete. O

6.3. Proof of Theorem 1.2. Assume that w and v are non-negative solutions
to Ku = 0 in Qy 9., and that v and w vanish continuously on Ay s.,. Relying
on the set up concluded in Remark 3.8 we introduce mi, my, as in (1.28). As
previously noted, the assumption min{m;,m5} > 0 implies min{m;,m3} > 0.
We intend to prove that there exist constants ¢; = ¢;(N, M), 1 < ¢; < 00, ¢a =
co(N, M,mf /my,m3/m3), 1 < ¢ca < 00, 0 = o(N,M,m{ /m_,m3$/m3), o €
(0,1), such that

v(z,t) o

u(z, 1) ué:g‘ < CQ(dK((Z,t),(g,t)))g’l}(Ang)

o u(Ag,n) ’

whenever (z,t), (Z,t) € Qf /., and 0 < ¢ < p1. The proof is based on interior
Holder continuity estimates, Lemma 5.1, Lemma 5.2, Theorem 1.1 and its proof,
see (6.5) in particular. To start the proof, let

(6.54) Oy u(z,t,0) = sup L inf Y

)
Qﬂz,.oﬁQ}u,é(Z,t) u QfYZ’V'()mQM»é(th) u

whenever (z,t) and g are such that Qas 5(z,t) is contained in the closure of the set

Q7 01/(100¢,), Where ¢1 are as in the statement of Theorem 1.1. Using Lemma 5.1,

and the assumptions on mli7 in7 we first see that O, (0,0, 01/¢1) < co. Let now

o0 be fixed and let g = §p for some degree of freedom 6 = 6(N, M), 0 < § < 1, to be
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chosen. Consider 0 < ¢ < g, pick (z,t) € Q¢ and let d = dg(2z,t,A¢2,,). Given
0, (2,t), d, we consider two cases: ¢ < d (interior case) and ¢ > d (boundary case).
We first consider the case o < d. Let
~ 1 ~ ~
v(Z,t) := (Opulz,t,0 v(Z,t) — inf v/u | u(z,t) ),
(.8 = oot )™ (seD = (it o) ulzd)

and note that

S
—

IS3

<1, whenever (Z,t) € Q¢ 2y, N Qur (2, 1),

)

i

i 0<
RRTEE)
(6.55)  (i1)  Ogpulz,t,0) =1

Let v, 0 < v < 1 be a degree of freedom and assume first, in addition, that
’[}((Z7t)o (Oa _752)) 1
u((z,t) o (0,—72%)) ~ 2
Note that Lo = 0 in Qj9,, and that ¢ is non-negative in Qy o,y N Qur,5(2,1).
Therefore, using the Harnack inequality in Theorem 2.1 we see that there exists
¥ =4%(N,v), 0 <4 < 1, such that

(6.57)  9((2,t) 0 (0, —v4%)) < ci(Z,t) whenever (2,1) € Qur55(2, 1),

(6.56) >

and

(6.58)  u(2,1) < cu((2,t) 0 (0,76%)) whenever (2,1) € Qur55(2,1).

Moreover, using standard arguments based on Theorem 1.1 we see that

(6.59) ul(2,) 0 (0,78%) < cul(z,t) 0 (0,~78%)),

with the admissible dependency on ¢. Combining (6.55)-(6.59), we deduces that

(1) (0,98) _ il
u((z,1) 0 (0,=70%) ~ u(z,

whenever (Z,t) € Qur55(2,t). Hence

(6.61) Oiu(z,t,70) <0,

where § =1 —1/(2¢) € (0,1). Recalling the definition of 9, and rearranging (6.61)
we can conclude that

(6.62) Oy u(z,t,70) <00, .4(2,t,0).

(6.60) <

1
2

Assume now, on the contrary, that (6.56) does not hold and that instead

0((z,t) o (0, —y5? 1
663 (000,98 _ 1

u((z,t) 0 (0,—va%) 2
In this case let © = uw — ©. Then (6.55) and (6.56) hold with ¢ replaced by v. We
can then first conclude that Oz, (2,t,70) < 6 and subsequently again that (6.62)

holds. Next, iterating the estimate in (6.62) we deduce that

o1
(6.64) Ozt 8) < (9) Oy u(zt.d),
yd
for some o1 = 01(0) = o1 (N, M, m*/m™) € (0,1).
We next consider the case § > d. Let (20,t9) € Ay 2y, be such that

d= dK((Z7t)a (207t0))'
Then Qar,5(2,t) C Qar,225(20,t0) for some ¢ = (N, M), 1 < & < oo, and hence
Ov,u(zata @) S Ov,u(207t07265)-
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Let in the following K := ¢ where c is the constant appearing in Lemma 5.2. We

first assume that 4K¢g < 0/2. Let now ¥ be defined by

0(z,1) = ((’)vvu(zo,to,SKéé))fl (U(E,f) - ( inf v/u> u(Z,f)) .
Q200 NQ M 8K 25 (20,5t0)

As in the interior case,

o(z,t s

(~ 7 <1, whenever (Z,t) S Qf,2r0 M QM’gK(-;@(Zoﬂfo),

u(z,

(665) (m) O{,7u(20, to, SKEQ) =1.

Now first assume that

'

(i) 0<

!

v (AZKE@A (20, tO))
u (AZKEQ,A (20, tO))
As 9 and u are solutions to Ku = 0 on €y o, , non-negative in Q¢ 2, NQ a1,8x25(%0, to),
and 0 and u vanish continuously on Ay o, it follows from Lemma 5.2 that

(6.66)

1
> —.
-2

Uianto) _ o150
U(A4KE§,A (20, to)) u(Z,1)
whenever (Z,t) € Q¢ 2,y N Qar.2e5(20,t0). Again using Theorem 1.1, see (6.5) in
particular, it follows that

(6.67)

”(AZKég,A(ZOv tO)) @(AZKég,A(Zm to))

(6.68)

“(AZKag,A(ZOvtO)) B U(AIKE@,A(ZOJO)) .

Hence, using (6.67), (6.68) and (6.66), we see that

1 o(z,t

2 = uEéZ tN; < ek,
whenever (2,1) € Qf2r, N Qur,265(20, o). Therefore
(6.69) Os.u(20, to, 260) < 6,
where § =1 —1/(2¢K) € (0,1). Rewriting this expression we see that
(6.70) Opulz,t,0) < Oy (20, to, 2¢0) < 00, (20, to, 8K D).

Assume now, on the contrary, that (6.66) does not hold and instead that

0(Agxegn (20 t0)) 1
u(Aggepa(z0:to)) 2
In this case, let & =« — ©. Then (6.65) and (6.66) hold with ¢ replaced by v. One

can then first conclude that Oz (20, to, 2¢0) < 6 and subsequently again that (6.70)
holds. Iterating (6.70) we have

Ov,u('zu ta @) < eov,u(ZOa tOu 8K6@)

(672) < (8IZCQ> Ov,u(z’bvt()ag)v

for some oy = o92(M, N,m*/m~) € (0,1). One easily sees that this also holds if
4Kcp > p/2.
From (6.64) and (6.72) it follows that if ¢ < d < p, then

_ o\
< —_
Ouulertd) < () Ouuttd

6\ (8Ked\”?
(6.73) < (fd) ( ) Ou,u(20, %0, 0)-

4

(6.71)
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With o = min{o1, 02}, (6.73) implies that

(6.74) Opa(2:1,0) < c(§> Oru(201t0,0),

for all (2,t) € Q5 0 < @, 0 = 6o. Now, finally, consider (Z,%) € Q;; and let
0 = di((2,1),(2,1)). Tt then follows from (6.74) and Lemma 5.1, in conjunction
with Theorem 1.1, that if § = (N, M), 0 < 6 < 1 is chosen small enough, then

v(z,t)  v(31) ‘

< Opu(z,t,0)
~ g A « v A
C<Q> Ov,u(0707 0) < C(Q> M_
0 o) u(Aga)
This completes the proof of Theorem 1.2. o

u(z,t)  u(z,t)

(6.75)

IN

6.4. Proof of Theorem 1.3. As emphasized, it suffices to prove Theorem 1.3 in
the case (zo,t9) = (0,0). We let A, co, n, 00, 01, be as stated in Remark 3.8.
Based on this we consider g, 0 < o < p1, and we need to prove that there exist
g =ca(N, M), 1< ¢y <o0,and cg =c3(N,M), 1 <3 < oo, such that

wic (A, 5 A 2rg N Qu24(%0, 10))
(676) < CQWK(A;:A,AJC’QTO QQM’Q(E()J%)),
whenever (Zo,t0) € Ay ar, and Qur,5(Z0,%0) C Qur,p/e,- In the following ¢z is a
degree of freedom to be chosen. To start the proof of (6.76), we recall (4.13) in
Remark 4.1 which states that

wic (AL s Arary N Qur25(70, 10)) < cdIG(A] \, A5 (20, 0)),

provided (20,{0) € Af,Qro and QM,Q(EO’{O) C QM,Q/C3- Let

(6.77) m* = G(A] ,, AT ), m~ =G(Af,, A

02/1000,A 9/1000,/\)'

Recall that G(A:;A, -) is the adjoint Green function for Qy,, with pole at A;A.
By elementary estimates and the Harnack inequality we see that
(6.78) et <eimt<e  fmT <g

for some ¢ = (N, M), 1 < & < oo. We need to establish the corresponding lower
bound on ¢¥m~. Using the adjoint version of Lemma 3.12 we see that there exists
c=c¢(N,M), 1< c¢< oo, such that

(6.79) sup G(A;'A, (z,1)) <cem™.
(2,)€Q5,5/¢(20,t0) '
However,
(6.80) sup G(AzA7 (z,1)) > ¢ tm™.
(2,t)€Qf,5/c(20,t0) ’

In particular, (6.78)-(6.80) imply that ¢=! < m*/m~ < ¢, for some ¢ = ¢(N, M),
1 < ¢ < o0. Using this, the adjoint version of Theorem 1.1, and the scale invariance
of Theorem 1.1, we can, using by now familiar arguments, conclude that there exist
¢=¢(N,M),1<¢< oo, and c3 as stated above, such that
(6.81) G (A ps Agega(Zos to)) < CG(A] 5, Agepa (%0, 10)),
provided (Zo,%0) € Ay 2y, and Qar,5(Z0,%0) C Qur,p/cs- Finally, using the Harnack
inequality and Lemma 4.2 we see that

0UG (A 5, A5 50 (20,00)) < CéqG(AZAvA;{A(ZOa{O))

(6.82) < CQWK(A;A, Af,g,«o n QM,Q(EO, Eo)),
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for some ¢ = ¢(N,M), 1 < ¢ < oo. Put together we can conclude the validity of
(6.76). This completes the proof of Theorem 1.3. O

7. FURTHER RESULTS: GENERALIZATIONS AND EXTENSIONS

In this section we briefly discuss, without giving the complete proofs, to the
extent one can generalize Theorems 1.1, 1.2 and 1.3 to the context of a subset of
the more general operators of Kolmogorov type considered in [CNP1], [CNP2] and
[CNP3]. In [CNP1], [CNP2] and [CNP3] we considered Kolmogorov operators of
the form

m m N
(71) L= Z aiyj(z,t)ﬁzizj + Zai(z,t)azj + Z bi,jz,;azj - at,
7,j=1 =1 1,j=1

where (z,t) € RY xR, 1 < m < N. The coefficients a;; and a; are bounded
continuous functions and B = (b; ;)i j=1,.. .~ is a matrix of real constants. Fol-
lowing [CNP1], [CNP2] and [CNP3] we here impose the structural assumptions
[H.1]-[H.4] stated below.

_____ m 18 symmetric and uniformly posi-
tive definite in R™: there exists a positive constant A such that

ATHEP <) a2 068 < MEP, VEER™, (z,t) e RVTL

ij=1

The matrix B = (bi’j)i,jzl,wN has real constant entries.

[H.2] For any (z9,t9) € RV*! fixed, the constant coefficient operator

m N

(72) K= Z ai,j(z()vto)azizj + Z bi,jziaz]’ - 8t

i,j=1 i,7=1

is hypoelliptic.

[H.3] The coefficients a; ;(z,t) and a;(z,t) are bounded functions belonging to the

Holder space C%’a (RN+1) « € (0, 1], defined with respect to the appropriate met-
ric associated to L.

Note that by a change of variables we can choose Ay in [H.2] as the m-dimensional
identity matrix. We also note that the operator IC can be written as

K=> X7+YV,
i=1
where

(7.3) X;=> a;;0., i=1,...,m, Y =(z,BV)-0,
j=1

and where @; ;’s are the entries of the unique matrix Ay such that 4g = fl%. Again
the hypothesis [H.2] is equivalent to the Hérmander condition

(7.4) rank Lie (X1,..., X, Y) (2,t) = N+1,  V(z,t) € RV

The relevant Lie group related to the operator K in (7.2) is defined using the group
law

(7.5)  (3,1) o (2,t) = (z +exp(—tB*)z, 1 + 1), (2,1), (z,t) € RNFL,
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In particular, the vector fields Xi,...,X,, and Y are left-invariant, with respect
to the group law (7.5). Furthermore, see [LP], [H.2] is equivalent to the following
structural assumption on B: there exists a basis for RV*! such that the matrix B
has the form

« By 0 - 0
x DBy -+ 0
(7.6) : :
* % x - By
where B; is a mj_1 x m; matrix of rank m; for j € {1,...,k}, 1 <m, < ... <

mp <mg=m and m+m1 + ...+ m, = N, while x represents arbitrary matrices
with constant entries. Based on (7.6), we introduce the family of dilations (d,)r>0
on RN+ defined by

(7.7) 6y = (Dy,7?) = diag(rlp, 7> Ln,, ..., 7" L, 1?),

where Iy, k € N, is the k-dimensional unit matrix. In the sequel we will write the
dilation (7.7) on the form

(7.8) 8, = diag(r®r, ... roN r?),

where weset a1 = ... = ap =1, and Qpmymy 4o dm; 1 41= - -+ = Qg 4oodm;+1 =
2j + 1 for j =1,...,k. According to (7.7), we split the coordinate z € RV as

(79) z= (2(0)72(1),...72(“)), Z0erm, DeR™, je{l,... k},

and we define
K
N 1
ol =D 2D, Iz )k = J2lic+ [t
=0

Note that [|0,(2,t)||x = 7||(2,t)||x for every r > 0 and (z,t) € R¥*L. In line with
[CNP1], [CNP2] and [CNP3] we also assume:

[H.4] The operator K in (7.2) is §,-homogeneous of degree two, i.e.
Koé, =r*60K), Yr > 0.

Following [LP] we have that [H.4] is satisfied if (and only if) all the blocks
denoted by * in (7.6) are null. Building on £ we next construct a new operator £
of Kolmogorov type by adding variables. Let m = k, where x > 1 is an integer,
and let N = N +m + 1. We now add the variables z = (1, ..., Zn+1) and form the
operator

(710) E - 82121 + Z ziaf,;+1 + ﬁ
i=1

which we consider in R™*! x RY x R = RY x R. We emphasize that the operator
L is independent of the variables (21, ..., Zn+1). Furthermore, both £ and L are
operators of Kolmogorov type in the sense outlined above satisfying the structural
assumptions [H.1]-[H.4].

We claim that appropriate versions of Theorems 1.1, 1.2 and 1.3 can be estab-
lished for non-negative solutions to Lu = 0 in Lipschitz type domains of the form
zZ1 > f(z,t), i.e., in Lipschitz type domains defined by a function f which is inde-
pendent of (Za, ..., Zm+1). To be more precise, let 2 = (21, 2') := (21, Z2, ., Zmt1)-
Given positive numbers 71,79, we now let

(7.11) 0,y 1y = {(2,8) ERY X R | |25] < r&% for i € {1,...,N}, |t| <r3}.
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Given O, ,, C RVxR, we say that a function f, f : O, ., — R, is a Lip -function,
with respect to coordinate direction Z, independent of Z’ and with constant M > 0,
if z; = f(z,t) and

(7.12) |f(z,t) = f(Z,D)] < M ||(z — exp((f — ) B*),t — 1)||

whenever (z,t), (2,t) € O, ,,. In addition, given positive numbers 71,72, 13, we let

Qﬁ,mﬂ"s = {(glvzvt) € RN+2 | (Z7t) € Uy ry, |21| < T3}’
for i € {2,..,m + 1}. Furthermore, for any positive M and r, and we let Qs =
Q,./3ranr- Finally, given f as above, with f(0,0) =0 and M,r > 0, we define
Qrr = {(z1,7,2,8) | (Z1,2,1) € Quiry, 71 > f(2,1), |7 <171},
Af,T’ = {(2172/7271;) | (21727t> S QM,T7 21 = f(27t)7 |EZ| < 721_1}7

where in these definitions i = 2,...,m + 1.

Definition 6. Given M, r(, we say that Q f,2ro 18 an admissible local Lip j-domain,
with Lipg-constants M, ro. Similar we refer to Ay o, as an admissible local Lip -
surface with Lip g-constants M, 7.

Next, given ¢ > 0 and A > 0 we define the points Zé}**, z0= e R™*1 as follows.
We let

A A 2 4 .
Z17’0+ = QA) ZZ’;)J'_ = —Q2 % T ].Zif—f,g’ 1 = 27 o, m + 1’
2
- A— 2 A,— . B
(713) 2179 - :QAa Zi,g =0 mzi_LEﬂ Z—2,...,m+1_

Using this notation we introduce the following reference points.

Definition 7. Given ¢ > 0 and A > 0 we let

ALy = (77,0,0%) e R™! xRV xR,
A,n = (Ag,0,0,0) € R x R™ x RY x R,
(7.14) A;A — (gé\f, 0, _92) c R™ « RY x R.

When we in the following state that a constant ¢ depends on £, ¢ = ¢(L£), then ¢
depends on £ through £ and hence ¢ depends on ), B, and the constants describing
the Holder continuity of the coefficients a; ; and a;. We claim that the following
theorems are true. Let Qar.-(20,t0) = (20,t0) © Qarr, Ap.a(20,t0) = (20,t0) © Ap -
In Theorem 7.2, dg is now defined relative the structure of L.

Theorem 7.1. Let Qg 2., be an admissible local Lip i -domain, with Lip ; -constants
M, ro. Then there exist A = A(N,M,L), 1 < A < oo, and ¢y = co(N, M, L),
1 < ¢p < o0, such that the following is true. Assume that u is a non-negative
solution to Ku = 0 in Qya,, and that u vanishes continuously on Ajo.,. Let
00 = 10/ co, introduce

(7.15) m* =u(Ay ), mT =u(A, ),

00,A

and assume thaf m~ > 0. Then there exist constants ¢y = ¢1(N, M, /j), 1<e; < o0,
ca =ca(N, M, L,m*/m™), 1 < ca < o0, such that if we let o1 = go/c1, then

u(z,t) < cou(Ap a(zo,to)),

whenever (z,t) € Qﬁgro NQw,o/c, (20,t0), for some 0 < o < o1 and (20,t0) € Af,gl,
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Theorem 7.2. Let Qy 2., be an admissible local Lip i -domain, with Lip ; -constants
M, ro. Then there exist A = A(N,M,L), 1 < A < oo, and ¢y = co(N, M, L),
1 < ¢y < o0, such that the following is true. Assume that u and v are non-negative
solutions to Ku =0 in Q2. and that v and u vanish continuously on Ay . Let
00 = 10/ co, introduce

mi’_ = v(‘;l;_o,/\)’ ml—:U(A;o,A)’
(7.16) mg = u(Ag 2), my =u(Ay A),

and assume thc}t my > 0,my5 > 0. Then there exist constants ¢ = c1(N, M, L),
co = co(N, M, L,mf /m7,m3 /m3), 0 =a(N,M,L,m]/mi,ms/m3),1<eci,ca<
00, o € (0,1), such that if we let o1 = po/c1, then

U(Za t) _ U(27 E) < Co (dK((Z7 t)a (Zv .E)) ) 7 U(%Q,A(zm tO))

u(z,t)  u(z,t)] ~ 0 u(Ay A (20,t0))

whenever (z,t), (Z,1) € Qﬂgro N Qnr,p/c, (20, t0), for some 0 < o < o1 and (zo,t0) €
Aﬁ@l'

Remark 7.1. Note that the operator £ is an operator in non-divergence form
and as the coefficients a; ; and a; are only assumed to be Hélder continuous, the
definition of the Green function may be somewhat problematic. Hence the proofs
of Theorem 7.1 and Theorem 7.2 should be done without introducing the Green
function. By the same reasons we here do not formulate a version of Theorem 1.3

for the operator £. In the end, the proofs of Theorem 7.1 and Theorem 7.2 will
appear elsewhere.
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