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Abstract

Abstract We study asymptotic behavior of (all) positive solutions of the
nonoscillatory half-linear differential equation of the form (r(t)|y'|* !sgny’) =
p(t)|y|* L sgny, where a € (1,00) and r, p are positive continuous functions on
[a,00), with the help of the Karamata theory of regularly varying functions
and the de Haan theory. We show that increasing resp. decreasing solutions
belong to the de Haan class I' resp. I'_ under suitable assumptions. Further
we study behavior of slowly varying solutions for which asymptotic formulas
are established. Some of our results are new even in the linear case a = 2.

Keywords: half-linear differential equation; positive solution; asymptotic for-
mula; regular variation; class Gamma; class Pi
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1 Introduction

Consider the half-linear equation

(r(®)2(y))" = p()2(y), (1)

where r, p are positive continuous functions on [a,00) and ®(u) = |u|*"' sgnu with
a > 1. Denote by 3 the conjugate number of «, i.e. 8= 2.

Equation (1) is nonoscillatory and all its nontrivial solution are eventually mono-
tone (see [7]). Our aim is to describe asymptotic behavior of (all) positive increasing
and decreasing solutions to (1) with the help of the Karamata theory of regularly
varying functions and the de Haan theory.
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We establish first conditions guaranteeing that all positive increasing solutions
(which tend to co) resp. positive decreasing solutions (which tend to zero) of (1)
belong to the de Haan class I' resp. I'_ with auxiliary functions expressed in terms of
the coefficients; these classes form proper subsets of rapidly varying functions. The
ideas of the proofs of these statements will be utilized to discuss also regular variation
of solutions to (1).

The second part of the paper is devoted to solutions of (1) in the de Haan class II
which forms a proper subset of slowly varying functions. We will distinguish two cases
with respect to a certain behavior of the coefficients, where in one case, all positive
decreasing solutions are shown to be in II and to satisfy certain asymptotic formulas,
while in the other case such kind of results is established for increasing solutions.

Theory of regular variation has been shown very useful in the study of asymptotic
properties of differential equations, see in particular the monograph [16] which sum-
marizes the research up to 2000. Half-linear differential equations in the framework of
regular variation have been considered in [13, 14, 15, 22, 23], see also [24, Chapter 3]
and [7, Subsection 4.3].

Our results can be understood in various ways. We give complementary infor-
mation to a standard asymptotic classification of nonoscillatory solutions (see e.g.
2,3, 5, 17], [7, Chapter 4]), and to some results on behavior of solutions to (1) made in
the framework of regular variation ([13, 14, 23, 24]). Further, our theory can be seen as
an extension of results for the linear equation y” = p(t)y (see [8, 9, 16, 18, 19, 21, 24]).
We however append several observations and further extensions which are new even
in the linear case.

The paper is organized as follows. In the next section we recall several useful
facts about half-linear differential equations, regularly varying functions, and de Haan
classes. Section 3 consists of three subsections. In the first resp. the second one we
establish conditions which guarantee that increasing resp. decreasing solutions of
(1) are in I" resp. I'_. In both cases we give examples and simplified versions of
sufficient conditions. Subsection 3.3 discusses related results which are either by-
products of the proofs (as a Hartman-Wintner type result) or use modified ideas of
the proofs (sufficient conditions for regular variation of solutions). Section 4 consists
also of three subsections. The first two are logically distinguished with respect to the
behavior of the coefficients. In Subsection 4.1 we examine decreasing slowly varying
solutions (which are in IT) and derive asymptotic formulas. The setting of the second
subsection requires to seek for slowly varying solutions among increasing solutions
and, again, asymptotic formulas for such solutions are established. In both cases we
give examples and additional observations, see Subsection 4.3. The paper is concluded
with a short section which indicates some directions for a future research.

2 Preliminaries

It is well known (see [7, Chapter 4]) that (1) with positive r, p is nonoscillatory, i.e.
all its solutions are eventually of constant sign. Thus, without loss of generality, we
work just with positive solutions, i.e. with the class

M = {y : y(t) is a positive solution of (1) for large ¢}.



Basic classification of nonoscillatory solutions and existence results can be found in
2, 3, 5, 17]. For a survey see [7, Chapter 4]). Because of the sign conditions on
the coefficients, all positive solutions of (1) are eventually monotone, therefore they
belong to one of the following disjoint classes:

Mt = {y € M : y/(t) > 0 for large t},
M~ ={y e M:y(t) <0 for large t}.

It can be shown that both these classes are nonempty (see ([7, Lemma 4.1.2]). The
classes M™, M~ can be further divided into four mutually disjoint subclasses:

Mt = {y € M* : lim; , y(t) = oo},

ME ={y € M" : limy_,. y(t) =1 € R},
My ={y e M~ : limy 0 y(t) =1 > 0},
My ={y € M~ : linmy, y(t) = 0}.

We set

and

T t -1
Ji = 71im r(t) =78 (/ p(s)ds) dt

Jo = lim Tr(t)l—ﬁ (/tTp(s)ds

T—o0 a

The convergence or divergence of the above integrals fully characterize the above
subclasses. In particular, according to [7, Theorem 4.1.4], Mt = MT if and only if
Ji = oo, while Mt = M}, if and only if J; < co. Moreover, M~ = My, if and only if
Ji = oo and Jy < oo, while M™ = M if and only if Jo = co. Finally, if J; < oo and
Jo < 00, then My # 0 # M.

Let y € M and take f € C' with f(t) # 0 for every t. Denoted w = fr@(%), it
satisfies the generalized Riccati equation

/ fl ( ) Tliﬁ
w ——w— fp+(a—1)———
f ®=H(f)
where ®~! stands for the inverse of @, i.e., ®71(u) = |u|’"tsgnu. If f(t) = 1, then
(2) reduces to the usual generalized Riccati equation

wl” =0, (2)

w' = p(t) + (a = )r' P (#)|w|” = 0. (3)
Dividing (2) by fp, we get

/ l 1-
ﬂzf_erl_(a_l)ﬂ_
fo fp f1°p

A solution y of (1) is said to be principal solution if for every solution u of (1) such
that u # Ay, A € R, it holds v/(¢)/y(t) < 2'(t)/z(t) for large t, see [7, Section 4.2].
According to [4, Corollary 1], the set of (eventually positive) principal solutions is
either My if J; = oo and J; < oo or M, otherwise. A solution of the associated
generalized Riccati equation which is generated by a principal solution is called an
eventually minimal solution. According to [7, Theorem 4.2.2.], if P(t) < p(t) for

(4)
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large t, then the eventually minimal solutions w = r®(y'/y) and z = r®(2'/x) of
the generalized Riccati equations respectively associated to (1) and (r(t)®(z')) =
P(t)®(x) satisfy

w(t) < z(t) (5)

for large t.

In the second part of this section we recall some basic informations on the Kara-
mata theory of regularly varying functions and the de Haan theory; for a deeper
study of this topic see the monographs [1, 9]. Given 6 € RU{+00} and a measurable
function f : [a,00) — (0,00) such that

iy =
for every A > 0, we say that
o f is reqularly varying of index 0, we write f € RV (J), if § € R\{0};
o fis slowly varying, we write f € SV, if 6 = 0;

o fis rapidly varying, we write f € RPV(o0) resp. f € RPV(—00), if § = oo
resp. 0 = —00.

Here we use the convention A = 0, A\™>° = oo for A € (0,1), and A* = 00, A =0
for A > 0.

It follows that f € RV/(§) if and only if there exists a function L € SV such that
f(t) = t°L(t) for every t. The slowly varying component of f € RV (§) will be denoted

by Ly, ie., Ly(t) =t f().
The Representation theorem (see e.g. [1]) says that f € RV(J) if and only if

0= et e { [ Uas} ©)

t > a, for some a > 0, where p, 1) are measurable with limy_,, ¢(t) = C' € (0, 00) and
limy o () = 0. A regularly varying function f is said to be normalized regularly
varying, we write f € NRV(d), if ¢(t) = C in (6). If (6) holds with 6 = 0 and
p(t) = C, we say that f is normalized slowly varying, we write f € NSV. Clearly, if
fis a C' function and lim, o & = 6, then f € NRV (6).

The following Karamata theorem (direct-half) will be very useful in the sequel.
As usual, f(t) ~ g(t) (as t — o0) means lim; ., f(t)/g(t) = 1.

Theorem 1. ([1, 9]) If L € SV then

/ S L(s)ds ~ %WIL@) if5 < —1,
t ——

t
1
/a SéL(S)dS ~ mt6+1[4(t) zf5 > —1
as t — oo. Moreover, if [ L(s)/sds converges, then L(t) = [ L(s)/sds is a SV
function; if [ L(s)/sds diverges, then L(t) = fj L(s)/sds is a SV function; in both
cases, L(t)/L(t) = 0 as t — co.



Here are some simple properties of RV functions which we frequently use: If
L € SV and 9 > 0, then t?L(t) — oo and t Y L(t) — 0 as t — oco. Let f; € RV (),
i = 1,2, 91,%5,7 € R. Then f] € RV(y), f1 + fo € RV (max{¥1,9}), fifs €
RV (11 + 1¥5). Several further properties are spread in the text, at the places where
we need them.

We now recall useful subclasses of slowly and rapidly varying functions, which
were introduced by de Haan, see [1, 6, 9]. A nondecreasing function f : R — (0, 00)
is said to belong to the class I if there exists a function v : R — (0, 00) such that for

all A € R \
o L 200)
we write f € I" or f € T'(v). The function v is called an auziliary function for f.
Further, f € I'_(v) if 1/f € I'(v). Sometimes we write I" as I';..
A measurable function f : [a,00) — R is said to belong to the class II if there
exists a function w : (0,00) — (0, 00) such that for A > 0

SO0 ()

s wlD)

= In )

we write f € IT or f € II(w). The function w is called an auxiliary function for f.
It is known that functions in class I" are rapidly varying of index oo (see [6, The-
orem 1.5.1]). From I'(v) € RPV(00), it follows that I'_(v) C RPV(—oc). Moreover,
for a function f in class II, there exists [ = lim;_,, f(t) and, provided f is positive, f
is slowly varying (see [9, Corollary 1.18]).
A measurable function f: R — (0,00) is Beurling slowly varying if

o JEHAS)
SN0

we write f € BSV. If (7) holds locally uniformly in A, then f is called self-neglecting;
we write f € SN. It is known that if f € BSV is continuous, then f is self-neglecting
(see [9, Theorem 1.34]). Moreover, f € SN if and only there exists ¢ integrable such
that lim; o () = 0 and f(t) ~ fcf ¢(s)ds ast — oo (see [9, Theorem 1.35]). Trivially
this implies that f € C' is BSV if and only if f’ is integrable and lim; o, f'(t) = 0.

=1 forall A € R; (7)

3 Solutions in classes [' and ['_

3.1 Increasing solutions in the class I

In this section we deal with solutions of (1) belonging to the de Haan class I" where
an auxiliary function is expressed in terms of the coefficients of the equation.

o

Theorem 2. Suppose that J, = oo and (C) € BSV. If there exists a function
p

f e C! satisfying



then M+ CF({MF).

p

Proof. Take a positive solution y € MT. By definition, ®(y) = y*! and ®(y') =

(y)>~! for ¢ sufficiently large. We now show that % ~ |
Let us first assume that f € C! and that lim,_,. f({)’ég(t) = 0 and define w =

fr(%)a_l. Then w satisfies the generalized Riccati equation (4) and, since f is positive
and 1P f17% = fp, we obtain

1
a ast — oo.

3
L~
o~
N2

i

wo_ P~ Db
I 14w e (a— 1w . 9)

We claim that limy_,., w(t) = (o — 1)_%. Consider first the case when w'(t) > 0 for
t large. Then % is definitely positive, w is increasing and tends to [ € (0, oc] when
t — o0. If I = o0, according to (9) and flep — 0, we would have that lim;_, . % =
—00, which leads to a contradiction. Thus [ < co. If | # (o — 1)7%, again by (9) and

ffT/p — 0, we would get that lim;_, % =1— (a—1)I# # 0, yielding the existence

of two positive constants My, M; such that
w’ () < My (10)

and

i.e., recalling that fp = (il)é,

w(t) > w(ty) + M, /t: (%) ialt

for t > ty with ¢, sufficiently large. By definition,

(a=1)(8-1) -1+3 -1
M ORI DR ON )
Y r Y r Y

hence (10) implies that
p\* o v(©)
() = s

for t > ty. Integrating between ty and ¢ and recalling that J; = oo implies y — oo,
we then would get

p(t) ' w My n y() 00
<7’(t>) dt > (to) + Mgl y(to) — 00,

a contradiction. Reasoning similarly, we obtain a contradiction also in the case when
w'(t) < 0 for t sufficiently large. In fact, in this case w is a positive decreasing
function and tends to [ € [0,00). Finally, suppose the existence of a sequence {t,},

w@zwm+mft

to



with lim,, e t, = 00, lim,, o w(t,) =1 € RU {—00, 00} and w'(t,) = 0 for every n.
Then, according to (9), it follows that

Ft) 0 D)1 —
Fltplty @ Dwli) ] =0

for every n and, passing to the limit, we obtain 1 —( —1)I# = 0, because f2{;§;)(t) — 0

1+ w(t,)

as t — oo. In conclusion, lim; ., w(t) = (o — 1)~ ﬂ, ie. (% ()) ~ (@)ﬁ(a - 1)_%

y(?) r(t)
as t — 0o. Raising by 8 — 1 we then obtain y((t)) Foteasy (tf(oté 5

We return now to the general case. Let f € C' be such that (8) is fulfilled. Take
p = (rf)~Pr. Then p(t) ~ r(t)'~ Bfgt;( ()) # = p, therefore for every e € (0,1) there
exists t. such that (1 — e)p(t) < p(t) < (1 +¢€)p(t) for all t > t.. Since € € (0,1),
according to [7, Lemma 4.1.2], there exist eventually positive increasing solutions v, u,

respectively, of problems

Q\’—‘

r(YP (V")) = (1 — Yot D (v

Lo S o
. (r(t)®(w))" = (1 +€)p(t)P(u)
r +e u

{ u(te) = ug, u'(t:) = uéD (12)

with g, vg, ug, ufy positive and such that (UO)O‘ 1< (y((ts)))a*1 < (Zg)‘kl Define w, =

(% S Wy = T(Z ), and w, = r(% )=l These functions satisfy, respectively, the
generalized Riccati equations

=(1—-¢)p—(a— 1)r! =Py

v

!/

w, =p—(a— 1)r1_ﬁw5,

and
=14+¢e)p—(a— 1)7“1_5105.

By the theory on differential inequalities (see [11, Chapter III, Section 4]), since
wy(t:) < wy(t:) < wy(t.) and (1 —e)p(t) < p(t) < (1 +¢)p(t) for every t > t., it

follows that w,(t) < wy(t) < w,(t), yielding
() () <) () <C@) () o

for every t > t.. Define w, = fr( a1 Then

™[
™|
™|

w/
—=1—-c+w,
Ip

therefore, reasoning as above, we get that limy ., w,(t) = ( :51)% which implies

G EH )6~ o

7




as t — oo, because p(t) ~ p(t). From (13) and (14) we obtain that

(20" () '+ ()’

for every € > 0, i.e. that

s ()" ()< ()

Similarly, from (13) we also get that

1 1
'O\ (pt)\ P 1 \?
lim sup (ﬁ) (]ﬂ) < < ) ;
t—00 y(t) ?"(t) a—1
hence (y(t)) I~ (%)%(ﬁ)%, which implies again % ~ [T(&(j{) 1)]é as t — oo.
Denoted [T @=D13 = @, we have that yy(—(tt)) T hence for every € € (0,1) there
exists t. such that

le o yt) < &5 for t > t.. For every A > 0, integrating by
substitution, we obtain that

QW) — y(®)
t+AQ(t) 1
/t Qls) /0 Qt +E£Q(1))
as t — 0o, because () € BSV continuous implies ¢) € SN. Thus

t+HAQ(t) , t+AQ(t) ,
(I—e)X < liminf/ Y (s)ds < limsup/ Y (S)ds < (1+4e)A
t=oo Jy y(s) t=oo  Jt y(s)

|

g — \

Hence, in view of the arbitrariness of ¢, for every A > 0,

tHAQ(t) , 7
A= lim v(s) ds = lim lnw.
t=oe J, y(s) e y(t)
By definition, y € (|2 - U12) and the theorem is proved. O

Remark 1. (i) The previous result was obtained in [23, Theorem 3] in the special case
when 7(t) = 1 and then extended in the same paper to the case [~ r(t)!~#dt = oo via
a suitable transformation of dependent variable. Using different techniques, we are
able to extend the theorem to the case when the integral can also converge. Moreover,
we do not need to distinguish whether the integral converges or diverges. Note that,
in contrast to the linear case, the transformation of dependent variable (which can
transform a ‘convergent’ case into a ‘divergent’ one) is not at disposal for equation (1).
Recall that the sufficient condition from [23, Theorem 3] reads as [ 7'77(s) ds = oo
and

Q=

( P )_‘I*OR—l e BSY, (1;’)_ e BSY, (15)

ri=-8

where R™! is the inverse of R(t ft r1=8(s)ds. As noted in [23], for p,r € C*, (15)

is guaranteed by
((29)7) o ma (20) 200 (10

8




ast — oo. Thanks to identity (20), condition (16) implies also the condition % —
0 as t — oo, with p,r € C*, cf. (8).

(ii) A comparison with linear results is described in Remark 3, where also solutions
in I'_ are discussed.

The next corollary gives various sufficient conditions which guarantee the state-
ment of Theorem 2.

Corollary 1. Assume that J, = oo, (f) ) € BSV. Any of the following assumptions
p

Q=

_1 _
quarantee MT C F({%] ), f being defined in (8):

1 . .
(i) = is bounded and there exists a function f € C such that f(t) ~ f(t) ast — oo
D

and % e BSV;

Q=

(i1) (t) is bounded and there exists a function f € C* such that f(t) ~ f(t) as
p
t = oo andIn f € BSV;

(111) (é) r is bounded and there exists a function f € C* such that f(t) ~ f(t)

=

Q=

ast — oo and f € BSV,
-

Proof. (i) Since f e C*, then l~ € BSV is equivalent to lim;_ . ) = 0, hence
: IO 1
limy_, oo T = 0 from the boundedness of 5

Similarly, it is possible to prove the cases (ii) and (iii). O

Example 1. Suppose that p € RV(J) and r € RV (o). Then, f € RV(—§ — %)
and (%)é € RV(%). According to [9, Proposition 1.7], if o+ o # 0 and § # o,
then f is asymptotically equivalent to f € C*, with |f'| € RV(—% — 2 — 1), while
(g)i is asymptotically equivalent to h € C' with |[I/| € RV("—’(S — 1). Then ﬂ €
RV("—"S — 1) Thus 0 — § < « implies y L 0 and consequently - f2 — 0. Moreover
since ( T(t) f h'(s)ds, the same condition implies b’ — 0, i.e. (5) € BSV.

Now, 1f § < —1, then fap s)ds — | € R. Hence, J; = oo if and only if
[Zr(t)Pdt = oo (see [7, page 136]). Thus 0 < o — 1, ie. (1 — ) > —1, im-
plies J; = oco. Notice that 0 — § < o implies 0 < a4+ < a — 1.

On the other hand, if § > —1, by Karamata’s theorem we get

o </atp(3)d5>ﬁ_l — et [ SéLp<s>ds>ﬁ_l
B—1

~ $(0+1-0)(B-1) Lp(t)
L (£)(5+1) J



and (0+1—0)(f—1) > —1,1ie 0 — 0 < «, implies again J; = co.

In conclusion, the assumptions of Theorem 2 are satisfied if ¢ — 0 < a and da +
o8 # 0 with § # —1. The result holds also when § = 0 or ¢ = 0, i.e. when p or r are
SV.

3.2 Decreasing solutions in the class I'_

In this section we deal with solutions of (1) belonging to the de Haan class I'_. As
far as we know, the only result related with a solution in this class was obtained
in [19, Corollary 3.2] for the linear equation, i.e. when o = 2, in the special case
when r(t) = 1. Using a quite different approach we extend the statement to a quite
wider class of equations and, moreover, we deal with an entire subclass of decreasing
solutions. In some aspects, the following result is new even in the linear case, see
Remark 3.

@

Theorem 3. Suppose that J; < oo or Jo = oo and (]—9> € BSV. If there exist
r

1
By 51
functions p,7 € C' such that p ~ p,7 ~ r and f = <I—?> — satisfies (8), then
T T

e | (1))

Proof. Take y € M. By definition, ®(y) = y* ! and ®(y') = —(—y)>! for ¢
sufficiently large. The main ideas of the proof of the theorem are similar to the ones
of Theorem 2, but there are substantial differences in some steps. Therefore we give
just a sketch of this proof, pointing out the differences.

We first show the relation (—%) ~ [%]é as t — oo. Assuming that p,r €

C' and that lim;_, % = 0, we define w = —fr(—%)afl. Then w is negative and
satisfies the equation
w/ f/
Y () |~ — (0 - 1wy, (17)
fp f*p
Let us now show that lim, ,, w(t) = —(a — 1)7%. Consider first the case when
w'(t) < 0 for ¢ sufficiently large. Then % is definitely negative, w is decreasing and
tends to [ € [—00,0) when ¢ — oo. Suppose by contradiction that [ = —oo. Then
1 !
|lw| = oo, therefore according to the definition of f, it holds (%)_3[%]“*1 — 00.

Hence, raising by 3, we get (%)*1[(_—5/)](0‘*1)5 = (2)*1[%]0‘ — 00, which implies

T

P {%r 0. (18)

rl(-y

Since p,r € C*, condition (f)’é € BSV is equivalent to [(’f)’é]’ — 0, ie.

(g)il (5)/ 0. (19)

10



Making now computations, we obtain

_1<e>‘é‘1 (2)'1 . (e)‘ér_' 1 1
S MO R U
f*p (E

therefore (19) and 4 — 0 imply
py~a 1
(—) T 0 (21)
r r

thus

oy _(pyEr p\E Yy

1))

roy r r\r/ y

by (18) and (21). The conditions p,r € C! yield y € C? and, from (1),
_T/<_y/)a—1 4 (Oé _ 1)T(—y’)a_2y” — pya—l’

thus, according to (18) and (21),

v'y oyt (=) Ty py” Ty,
) (a=Dr(=y)*  (a=Dr(=y)* (a=Dry

It follows that

/)a—l

! N2 _ " "
(g/) _ ) ' VY,
y (v) (¥)
hence % — oo which implies ¥/ > 0, a contradiction with y € M~. Thus [ > —oo0.

_1 .
If Il # —(aw—1)"7, again by (17) and f’; — 0, we would get that lim; f(t)g()t)

1 — (a —1)(=1)? # 0, yielding the existence of two positive constants My, M; such

that .
pt)\ y'(t)
<%) = _Moy(t) (22)
and
w(t) < wte) =24, [ (25 (23)

for t > t, sufficiently large. From (22) and (23), recalling that y — 0, we then would
get

— —00,

a contradiction. Reasoning similarly, we obtain a contradiction also in the case when
w'(t) < 0 for t sufficiently large or there exists a sequence {t,}, with lim, ,,t, =
00, limy, 00 w(t,) =1 € RU{—00,00} and w'(t,) = 0 for every n. We have so proved

11



1

that limy e w(t) = —(a —1)77, je. (—LD)a~1 « (2D)5(q —1)5. Raising by 8 — 1

@ © 11 y(t) r(t)
LEURN p =
w0 ~ i) ast = oo

In the general case, given p, 7 € C! as in the assumptions, let v and u be solutions
respectively of problems (11) and (12) in class My and consider the solutions w,, w,
and w, of the respectively associated Riccati equations. Since v,y and w are principal
solutions and (1 — €)p(t) < p(t) < (14 €)p(t) for t > t., then w,(t) < wy(t) < wy(t)

for large t by (5). Hence it is possible to reason similarly as in Theorem 2 to prove
1

/ 1 1 . . . =
that (—i(—(f)))o‘_l ~ (fgg)ﬁ(%)ﬁ which implies agam —‘Z(—%) ~ [T(tﬁg) 1)]a.

we then obtain —

Denoted again [T(T]i Q, from — ((t)) Q(t and Q € SN we obtain, for every
A>0,
t+AQ(t)
A= lim G T W 1)) RNV S 1)
t=00 J; y(s) 00 y(t) t=oo y(t + AQ(1))

By definition, % € F([r(ap re1g) e, ye T ([T(apfl)] ) and the theorem is proved. [

The next corollary gives conditions which guarantee the statement of Theorem 3.
The proof is similar to the one of Corollary 1.

Corollary 2. Assume that J; < oo or Jo = oo. If any of the conditions (i) or
(ii) or (iii) of Corollary 1 holds for some p,7 € C' with p ~ p,T ~ r, then My C

(=)

p

Example 2. Suppose that p € RV (J) and r € RV (o). According to [9, Proposition
1.7], if 6,0 # 0,p and r are asymptotically equivalent respectively to p and 7 € C*,
with |p/| € RV(6 — 1) and || € RV (0 — 1). Reasoning as in Example 1, it follows
that ffT/p — 0 and (g)é € BSV. Now, if § < —1, then [ p(s)ds < oo. According to
Karamata’s theorem we have [, p(s)ds ~ ——=t""'L,(t), thus

Hence, if we further assume 0 < a+ 4, ie. (0 +1—0)(8 —1) > —1, we obtain
Jo = co. Note that while we are able to guarantee J, = 0o, we cannot assure J; < oo
when ¢ < —1, since it would yield —0 < 1 — a < —d — «, which is in a contradiction
with o < a + §; the later inequality being required for (g)i € BSV. If § > —1, then
f;p(s)ds — 00, which implies J, = 00

In conclusion, the assumptions of Theorem 2 are satisfied if 9,0 # 0 and 0 —0 < «
with § # —1.

3.3 Related observations and regularly varying solutions

The following corollary gives a precise classification of all solutions of (1) in terms of
de Haan classes. Its proof is a direct consequence of Theorem 2 and Theorem 3.

12



Corollary 3. Assume that J, = Jy = oo and that ( ) € BSV. If there exist
1
T

1
~ B
functions p, 7 such that p ~ p,7 ~r and f := (—) satisfies (8), then

e (150 e e ([22]7)

Remark 2. As a by-product of Corollary 3, we get conditions guaranteeing that
M* =ML C RPV(oco) and M~ =M, C RPV(—o0).

Remark 3. A closer examination of the proofs of Theorem 2 and Theorem 3 shows
that under the conditions of Corollary 3 we have guaranteed the existence of solutions
y; of (1) such that

aawvi(ﬁg%ﬁjﬁ)a%@> (24)

ast — 00,1 =1,2. If @ =2 and r(t) = 1, then (24) reduces to y;(t) ~ £+/p(t)yi(t), v;
being solutions of y” — p(t)y = 0. The same formulas in the hnear case were obtalned
in [12] by Hartman and Wintner under the assumptions [ +/p(s)ds = oo and
P (t)/p?(t) = 0 as t — co. Omey in [18] rediscovered this statement for an increasing
solution y; and showed that y; € F(p’%) under the assumption p’% € BSV, see also
[9, 19, 21]. A decreasing solution which is in I'_ was found by Omey in [19] with
the help of reduction of order formula, having at disposal an increasing solution in
I'. Note that this tool cannot be used in the half-linear case. We emphasize that in
Corollary 3 we work with all (possible) decreasing solutions and with general r, which
makes this statement new also in the linear case.

The ideas of the proofs of Theorems 2, 3 can be used to establish conditions which
guarantee regular variation of solutions to (1).

Theorem 4. Assume that there exist p,7 € C* such that

lim ﬂ =DeR and lim ((ZE) _a> =C € (0,00), (25)

2 (0(1) e

. 1
where f = (B) 7 L, and p(t) ~ p(t),7(t) ~ r(t) ast — oo. Let o1 > 0 > gy denote
the roots of the equation

lo|” — 0— = 0. (26)

a—1 a—1

(i) If J, = oo, thenM+cNRv( 1@1)).
(i) If Jy < 00 or Jy = oo, then My CNRV( )>.

13



Proof. (i) Take y € M. Similarly as in the proof of Theorem 2 we get the relation
, a—1 1
f(t)r(t) (y—(t)> ~ gy as t — oo with f = () 7 L. Since C' > 0, according to the

y(t)
(2Dy=5 ~ [(éﬂ)_é]’ ~ C, hence from the second condition in (25)
0 (ﬁ)é (VY e
N0 y(t)
’ a—1
f(t)r(t) <_y (t)> ~ —py as t — co. We only note that to show that w(t) - —oo

20 g
(28)1 = ot (t;/;g))al
ty'(t) _
y(t)

I’Hospital rule, %
we get gtg 8 ! _ast — oco. Thus,
_ < Ql))
y(t) C
is excluded for a negative solution w of the associated Riccati type equation we can

™[R

as t — oo. This implies lim;_,

Cata
(ii) Take y € M. Similarly as in the proof of Theorem 3 we get the relation

I
use the same arguments as in the proof Theorem 3, since (%) * % is bounded. The
boundedness follows from the identity

ORI (@) - (@) 7 (1)
F2()p(t) =) ( 7(t) ) @)/ () 27
tz;g) — ‘1’_292). n
Remark 4. Jaros, Kusano, and Tanigawa in [14], assuming [~ r'7?(s)ds = oo,

showed that equation (1) (with no sign condition on p) possesses a pair of solutions

yi € NRVR(®71(N)), i = 1,2, if and only if

lim R (1) /toop(s) ds— A c (—é ("‘; 1)a1,oo> | (28)

where R(t) = [ "117B(s) ds and Ay, Ay are the real roots of the equation
NP —A—A=0. (29)

The notation f € NRVz(¥) means f o R™! € NRV(J); we speak about general-
ized regular variation with respect to R. A similar statement is proved for the case
f r=8(s)ds < oo. To make a comparison with our results sunpler let r(t) = 1.
Then the hmlt in condition (28) reduces to limy_,,, t*~ ft p(s)ds and generalized
regular variation becomes usual regular variation, thus y; € N RV(@‘l()\i)), i=1,2.
The second condition in (25) then implies t%p(t) ~ t*p(t) ~ C~* as t — oo and so, by
the L'Hospital rule, limy_, t*~ [~ p(s) ds = @ 7})0(), which yields (o —1)C* = 1/A.
Further, from the identity (27) and the ﬁrst condition in (25), we have D = (a—1)C.
The relation between the corresponding real roots A of (29) and o of (26) reads as
A= o(Ala — 1))% Hence, ®71(\;) = @ 1(g;)/C, i = 1,2, and so, as expected, the
corresponding indices of regular variation in both results are the same. Note that the
integral condition from [14] is more general than our conditions in Theorem 4 and,
moreover, it is shown to be necessary. On the other hand, the fixed point approach
used in [14] guarantees the existence of at least one positive increasing (decreasing)
RV solution, while Theorem 4 says that all positive increasing (decreasing) solutions
are regularly varying.

Q

it

and condition (25). Similarly as in (i), we obtain lim;

14



Remark 5. It is well known that J; < oo implies M™ = M}, C SV. Consequently,
assuming (25), no matter what additional integral condition holds, M™ C RV U SV.
The same conclusion holds for M, recalling that, if J; = oo and Jy < oo, then
M~ =M, C SV.

Remark 6. Note that, with » € C*, having obtained

() ()

as t — oo, where y is a solution of (1) and g is a root of (26) (which cannot be zero),
D being a real number, the statements of the proofs of Theorems 2, 3, and 4 can
be proved in an alternative and unified way; compare with the latter parts of their
proofs. The number C' in (25) is assumed to be in [0, 00). We show that there exists

the limit ,
y"(t)y(t)

tlggo 200 =K e R. (31)
We have . )
vy p y* T Yy

2 (a=Dr gl (a=Dr

Relation (30) implies % |3/?§;\)a ~ ﬁ. From identity (27), in view of 7(t) = r(¢), (30),

and p(t) ~ p(t) as t — oo, we get
D ((@-10-D)

r) y(t) ) () () y
r(t) Yyt () (p(t)> (T(t)) y'(t)
as t — 00. Since p is a root of (26), for K from (31) it holds

1 1 1 1 C
K=——-C —D = — P_Co)=1— ———.
e (a—l S Q) gple ~ o =13

If C =0, then K = 1, which implies y € I's(]y'/y|) depending on whether y is

increasing or decreasing, see [20, Proposition 2.1]. Since for the auxiliary function it
1

holds % ~ (%) “ast— 0o, we get the statements of Theorems 2 and 3. If

C > 0 (as in Theorem 4), then K # 1 and y € NRV(1/(1— K)) = NRV(® *(p)/C)
by [20, Proposition 2.1]. Note that in [20], the statement which we just applied is
formulated for regularly varying functions, but a closer examination of the proof in
that paper shows that regular variation is normalized.

Q-

1
®=1(o)

Corollary 4. Assume that there ewxist p,7 € C' such that

7€ NRV(y),y€R, and lim ((@>_a> =C € (0,00). (32)

e \ (D)

Then the statement of Theorem 4 holds, where D in (26) satisfies D = C(a—1—7).

Proof. The second condition in (32) implies % ~ C** as t — oco. Hence, in view of
the first condition in (32), we have
1
5(t)\ " (¢ #7 (¢
p(t) f()ch()NCV
7 (t) 7(t) r(t)

as — oo. For D from condition (25), in view of (27), we get D = (a — 1)C — C.
The result now follows from Theorem 4. O
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4 Solutions in the class II

4.1 Decreasing solutions in the case § < —1

We start with showing that any positive decreasing solution of (1) is normalized
slowly varying (and in the de Haan class II) and satisfies an asymptotic formula.

Ly(t)
Ly(t)
t — o0, then —y € II(—ty/'(t)) for every y € M~. Moreover, for every y € M™,

oo (2

that

— 0 as

Theorem 5. Let p € RV(J) and r € RV (5 + «) with 6 < —1. If

1
a1
> ds = 00, then there exists e(t) with €(t) — 0 ast — oo such

y(t) = exp {— [a+e) (-75) al“ds} (3)

with y € M, .

1

0 a1

(i1) Zf/ (sp((s))) ds < oo, then there exists (t) with e(t) — 0 as t — oo such
. \r(s

y() = Lexp {/toou +e(s) <—%) “ds} , (34)

where | = limy_,o. y(t) € (0,00), with y € M.

that

Proof. First note that [ p(s)ds < oo thanks to § < —1. Further, r'=% € RV((1 —
B)(d+a)). Since (1 =B)(0+a)=(1-B)0+14+a—-1)=(1-8)0+1)—1, 5 >1,
and 0 < —1, we have (1 — 8)(0 +a) > —1, and so [ r'#(s)ds = co. Take y € M.
We first prove that y € NSV. By definition r®(y') = —r(—y')*! for ¢ sufficiently
large and it is negative increasing . Therefore there exists
lim —r(t)(—y/(£)" = —M € (—o0,0]

If —M < 0, then, according to the monotonicity, —r(t)(—y/(¢))*~! < —M for every t,
thus y/(t) < —MP~1r(t)}=F. Integrating now from a to ¢t we would get y(t) < y(a) —
MP=1 [Tr(s)'=Fds — —o00 as t — 00, a contradiction. Hence M = 0. Integrating now
(1) from ¢ to oo, we get

)~y (1) = / T p(s)y(s)*ds, (35)

thus, dividing by 7(¢) and recalling that y is decreasing,
o 1 oo o Yy t a—1 00
(O = [t as < L9 [T ptsas
r(t) Je t
Therefore, dividing by y(¢)*~! and multiplying by t*~!, we obtain

() e

IN
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for large t. By Karamata’s theorem,

to-t e o1 1 s L,(t) 1
r(t) /t s ~ T o= 1t LO=T% -1

Hence, according to the assumption, & — ft s)ds — 0, and from (36) we get
ty'(t)/y(t) — 0, which implies y € NSV

Now, since p € RV (9), it follows that (—r(—y)*"1) = py*~! € RV (). From (35)
and Karamata’s theorem, we obtain 7(—y')** € RV (6 +1). Since r € RV (§ + ), we
get (=)t € RV(1 —a), i.e. —y € RV(—1). Finally, integrating by substitution,
we get, for every A > 0,

—y(\) +y(t) _ /” —y'(w) /A —y/(st)
—ty'(t) oty (t) 1Y)
as t — oo, i.e. —y € I(—ty(t)), because =L — L uniformly in the interval

'(t)
[min{1, A}, max{1, A}]. ’
Set

4!
ds—)/ —ds =1In A, (37)
LS

h(t) = =t () (—y/ (1) — (6 + 1)/ 57072 (s)(—y/(s))* " tds.
Let us show that h € TI(th'(t)) and h € TI(—(§ + 1)t =02 (t)(—y'(t))*!). Indeed,

W)= —(=0 =1t 2rt)(—y/(t ) Pt )y ()
—(0+ Dt 2r(t) (—y/ (1)
= 7 Ip(t)y()*
hence, recalling that p € RV(d) and y € SV, we have b’ € RV(=d — 1+ 0 +
0) = RV(—1) and, reasoning like in (37), we obtain that h € II(th'(t)). Moreover,
integrating by substitution, we get
h(At) — h(?)
— (6 + D=0 tr(t)(—y'(£))*~
A° —

(t 1
S hr(A )( yQo)Tt () (' (1)
—(0+ Dot (=)ot =0+ D)=y (1)
L) [y ) a5
(5+1)t () (—y' (1)
R T 71 W s e 1 L
—0+Dr)(=y' ()t s+1 Jy =t )=y ()
S Sy g . 7
0+ Dr =yt s+1 S —r(O(=y(6)! '
Since —r(—y")*t € RV(§ + 1), it follows that
ATy A 1
T e (=) T sl 511

and the uniform convergence of =% ()) to L in [min{1, A}, max{1, A}] implies

lim {—/1 uZ T (tu) (—y () ldu] —/Au_‘s_Qu‘s“du:ln)\,

00 —r()(=y'(t)* |
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thus
h(At) — h(t)

% =6+ DOy ()
Le. he TI(—(0+ D)t (t) (= (£)*)) .

Because of the uniqueness of the auxiliary function up to asymptotic equivalence,

—(6+ Dt () (=9 (1) ~ th'(t) = tOp(t)y(t)*~t, which implies [—%]0‘_1 ~

=In A\,

—%, ie. % ~ —[—%]ﬁ. Therefore there exists a function e(t), with
limy o0 £(t) = 0, such that
1
y'(t) tp(t) =
= —(1+e(t) |- 39
i =0 %

Assume now that faoo[—%f))]ﬁds = oo. Integrating (39) from a to ¢, it follows

Iny(t) — Iny(a) = /at ‘Z((;)ds - —/j(lﬂ@))[—%rld&

which yields (33). In fact, it easily follows that there exists £(f) — 0 such that
ny(a) — [Y(1+ e(s))[— 528 a1ds = — ['(1 + &(s))[—z2]aTds. Tt is clear

(0+1)r(s) O+D)r(s)’
that y(t) — 0 as t — oo. On the contrary, assuming faoo[—%(j))]ﬁds < oo and

integrating (39) from t to oo, it follows

lnl—lny(t):/too ‘Z/és))ds:—/f(lm@))[—%rlds,

with [ = limy_, y(¢), which implies (34). It is clear that [ must be positive. O

The next remark reveals that the condition guaranteeing normalized slow varia-
tion of decreasing solutions can be relaxed. Moreover, this condition is shown to be
necessary for the existence of a decreasing slowly varying solution of (1). In addition,
in Remark 8, we prove that slowly varying solutions necessarily decrease.

Remark 7. (i) From the proof of Theorem 5 it can be deduced that M~ C NSV
follows from the weaker conditions

/ p(t)dt < oo, / r(t)Pdt = 0o

and

a—1 0
lim ! / p(s)ds = 0. (40)
¢

e T(0)

We point out that, in this case, it is not necessary to assume the regular variation of
porr.

(ii)) We now show the necessity of (40). More precisely, we prove the following
statement. Assume r € RV (6 + «) with 6 < —1. If there exists y € M~ N NSV,
then (40) holds. Indeed, set w = r®(y'/y) = —r(—y'/y)*~'. Then w satisfies the

, a—1
generalized Riccati equation (3) for large ¢, and 0 < —%w(t) = <_Zlét§t)> — 0 as

18



t — 0o, because y € NSV. Hence, there exists M > 0 such that |w(t)| < Mr(t)t}= €
RV (6 + 1), and so w(t) — 0 as t — 0, because 6 < —1. Further, since y € NSV,
there exists N > 0 such that r'*=8(t)|w(t)|? < Nr(t)/t* € RV(5), which implies

[ rt=5(s)|w(s)|?ds < oo. Integrating (3) from ¢ to oo and multiplying by ¢*~!/r(t)
we obtaln
tafl tafl tafl

- w(t) = Oossoz—z z = OO7“1_63111555.
) = o [ pe a0, 0= T [ e () s, (@)

We claim that z(t) — 0 as ¢ — oo. Without loss of generality we may assume
r € NRV(§ + «)NC. Indeed, if r is not normalized or is not in C*, then we can
take 7 € NRV (5 + o) N C! with 7(t) ~ r(t) when ¢ — oo, and we have

ot o ~ /
()~ e [ PR () ) .

By the L’Hospital rule,

=P g
lim z(t) = lim r ()l
=00 t—o00 r/(t)tl—a + (1 —a)r(t)t—

_ B

N e OO
t=00 —tT( )/r(t) + (a = 1)
/) o,
t—oo —tr/(t) /r(t) + (a—l) ——a+a—-1
Condition (40) then follows from (41).
If, in addition p € RV (9), then the necessary condition may read as L,(t)/L,(t) —

0 as t — 0o. A closer examination of the proofs shows that the condition r € RV (0 +
«) can be relaxed to the existence of r; € RV (0;+«), 1 = 1,2, with ri(t) < r(t) < ro(t)
for large ¢, and 41,9, < —1.

The next remark shows that SV solutions cannot increase. Hence, in Theorem 5
we are dealing with all SV solutions of (1).

Remark 8. Assume p € RV (d),r € RV(§ + «), with § < —1, and take y € M™.
Then ®(y') = (y/)*! and ®(y) = y*~!. Since y is positive, then r(y")*~! is positive
increasing, hence there exists a positive constant M such that r(¢)y/(£)*' > M for t
sufficiently large. Dividing by r(¢) and raising by —, it follows that y/(t) > ( (t))%,

which implies
L[t 7
> M [ ([ —— . 42
oi0) = yta) + 01 [ (r@) ds (42)

—*). From hypothesis, § < —1, thus
> —1. Applying Karamata s theorem, we then get that

Since r € RV (§ + «), it holds (i)a T € RV(=S
—d—«
a—1

/:(%)allds € Rv(_j__f‘ + 1) - Rv(j__ll).

Since § < —1, it follows that % > 0, therefore (42) implies that y is greater than

or equal to a RV(%) function, and therefore cannot be SV. We have so proved
that if 6 < —1, then MIN SV C M™. Observe that regular variation of p actually was
not used.

—d—a>1—aqa,i.e.
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Remark 9. (i) If & = 2 and r(¢) = 1, then Theorem 5 reduces to [8, Theorem 0.1-A].
(ii) Under the conditions of Theorem 5-(i), it does not follow that

y(t) ~ exp {—/at (%)all ds}

as t — oo. This fact was observed already in the linear case (and with r(t) = 1), see
8, Remark 2].

4.2 Increasing solutions in the case § > —1

The next theorem deals with SV solutions in the complementary case 6 > —1. As it
follows from subsequent Remark 11, we must sought for SV solutions among elements
of M. The result is new also in the linear case.

Ly(t)

L,(t)
t — oo, then y € H(ty’(t)) for every y € M™. Moreover, for every y € MT,

i i (5

Theorem 6. Let p € RV(J) and r € RV (5 + «) with 6 > —1. If — 0 as

> ds = oo, then there exists (t) with e(t) — 0 as t — 0o such

that
_ ' sp(s) \
y(t) = exp{/a 1 +8(s))<<5+ 1)r(s)> ds} (43)
with y € M7 .
(ii) zf/ < >a ds < oo, then there exists (t) with £(t) — 0 as t — oo such
that

y(t) = exp {— /too(l +e(s)) (%)Mds} , (44)

where | = lim;_, y(t) € (0,00), with y € M.

Proof. First note that, since 6 > —1, we have f p(s)ds = co. Take y € M. We
first prove that y € NSV. By deﬁmtlon O(y) = (v )a L for t > t, sufficiently large
and hence, integrating (1) from ¢y to ¢ and recalling that y is increasing we get

H(Oy (0 = r(to)y/(t) ‘H+ff >a*1ds

> r(to)y (to)*t + y(te)*™ lft s)ds — o0 (49)

as t — oo. Moreover, it is possible to find a positive constant A such that

t
Oy <A [ plols) s
to
for large ¢t. Now, dividing the last inequality by r(¢) and recalling that y is increasing,
we get
3 Ay(t)afl t
/ a—1
y'(t < / p(s)ds.
(v poa R0
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ta_l

Thus, dividing by y(¢)*~! and multiplying by , we obtain

(S s [ oo

By Karamata’s theorem,

te=t ot Ly(t) 1
m/a Pl ~ 7 511

as t — oo. Hence, from (46) and the hypothesis, we get ty/(t) /y(t) — 0, which implies
ye NSV.

From py®~! € RV () and (45), we obtain ry/*~! € RV (max{0,d+1}) = RV (§+1),
because § > —1. Consequently, (y/)*~! € RV (1—a),i.e. ¥ € RV (—1), and concluding
as in (37) we obtain y € TI(ty').

Since py®~! € RV (§), with 6 > —1, from (45) and Karamata’s theorem we get

r(t)y (1) ~ [ p(s)y(s)*ds ~ [) 'L, (s)Lg™! (s)ds

~ st T Ly (O Ly H(E) = satp)y ()

Thus, dividing by r(t)y(t)*!, we get (?;l((f)))a_1 ~ (dj-pl()tg(t)’ hence, raising by —,

() (tpt) \*
(1) (<6+1>r<t>) '

Therefore there exists a function &(t), with lim;_,, £(t) = 0, such that

— (1+2(1) ((6?;%) o (47)

Assume now that fam((aiﬁ()tg(t))ﬁdt = oo. Integrating (47) from a to ¢, we get

iny(t) - ny(a) = [ 14+ <(s) (ﬁ) s

and (43) follows with y(t) — oo as t — oo. Otherwise, if fam(%)ﬁdt < 00,

then, integrating (47) from ¢ to oo, we obtain

my()—1=- [ (14 s<s>>(®jp—f;3(s))“l“ds7

with [ = limy_, y(¢), which yields (44). Clearly, [ € (0, 00). O

The next remark claims that sufficient conditions guaranteeing M C NSV can
be relaxed. Moreover, the condition (48) which can be understood as a counterpart
to (40) is necessary for the existence of an increasing SV solution.
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Remark 10. The proof of Theorem 6 easily implies M™ C NSV when assuming,
instead of the regular variation of p and r, the weaker conditions

/a )t = oo

and
tozfl t
lim —/ p(s)ds = 0. (48)

t—o00 T(t)
Similarly as in Remark 7, it is possible to prove the following statement. Assume
r € RV(§+ a) with § > —1. If there exists y € M™ N NSV, then (48) holds. Note

that in this case, instead of (41), we work with the Riccati type integral equation of
the form

e o - - e S S—tai1 o — trl_ﬁ s)|w(s)|?ds
r(t) T(t)_r(t)/ap()d r(t)( 1)/(1 (s)|w(s)|”ds.

Here, t*~!/r(t) — 0 and t* w(t)/r(t) — 0 as t — oo.

If, in addition p € RV (J), then a necessary condition reads as L,(t)/L,(t) — 0 as
t — o0o. Moreover, the condition » € RV (§ + «) can be relaxed to the existence of
ri € RV(6; + «), i = 1,2, with r1(t) < r(t) < ro(t) for large ¢, and 6y, 09 > —1.

As we will see next, slowly varying solutions cannot decrease in our current setting.
Thus, in Theorem 6 we are dealing with all SV solutions.

Remark 11. Assume p € RV (6),r € RV(J + «), with 6 > —1, and let y € M.
Then ®(y') = —(—y')* ! and ®(y) = y*~'. Integrating (1) from a to ¢, we get

—r(t)(=y'())*" = —r(a)(—y'(a))*" +/ p(s)y(s)* ds. (49)

From the fact that —r(—y’)*"! is negative increasing, we obtain that there exists
limy oo —7(t)(—y/(¢))*™' = M € (—00,0]. Suppose now that y € SV. Then py*! €
RV (§) thus f;p(s)y(s)o‘*lds — 00, because § > —1, a contradiction. We have so
proved that if 6 > —1, then M N SV C MT. Observe that regular variation of r
actually was not used.

4.3 Related observations and example

We start with justifying the fact that the relation about the indices of regular variation
of the coefficients is quite natural when looking for slowly varying solutions.

Remark 12. Assume that » € RV (v),p € RV(J), and that y € SV is a solution
of equation (1). Then (r®(y')) = py* ' € RV(d). Suppose first § > —1. Then
integrating (1) we have r(t)®(y/'(t)) = r(a)®(y'(a)) + fat p(s)y*~1(s)ds — +oo, thus,
without loss of generality, we may assume 3/(t) > 0 for t > a. Hence, r(t)(y'(t))* =
r(a)(y'(a))*? —l—f;p(s)yo‘_l(s) ds € RV (max{0,5+1}) = RV(6+1) and so (y)* ! €
RV (6+1—7), because r € RV (), which implies ¢/ € RV(%). Now, if &= £ 1,

a—1

similarly as before it is possible to prove that y € RV(TT? + 1), therefore, since

y € SV, we get 52—1_? + 1 =0, a contradiction. Thus ‘52—1__1“1 =—1,ie.y=04+a. It
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turns out that 6 > —1 is equivalent to v > a — 1, so now let v < a — 1. This implies
v(1 — ) > —1, consequently f > 7’1_5 ( )ds = oo Reasoning like in Remark 8 we
obtain that y € M, then r(¢)(—y = [ )*~'ds € RV (6+1), according
to (35) and Karamata’s theorem Slmllarly as before we get v =0 + «.

The results from Theorems 5 and 6 can be unified to obtain the following corollary.

Corollary 5. Assume that p € RV(5) and r € RV (0 + «), with § # —1 and
L,(t)/L.(t) = 0 ast — co. Then, for every y € M there exists £(t) with e(t) — 0 as
t — oo such that

(i) if [°( ol )a- a1ds = 0o, then

(i) if [°( Sp(s a1ds < oo, then

y(t) = lexp {Sgn((S +1) /too(l +£(s)) <%) a_lds} ,

where | = limy_,. y(t) € (0, 00).

Remarks 8 and 11 in combination with Theorems 5 and 6 yield the following
corollary.

Corollary 6. Assume that p € RV (6),r € RV (J + «)

9

(i) Let § < —1. Then

(a) if [7( T) alds—oothenMﬂSV M~ = M ;

(b) if [7°( (=) alds<oothenMﬂSV M~ =M5;.
(i) Let 6 > —1. Then

(a) if [
(b) if [7( LS) a1ds < oo then MN SV = Mt =Mj}.

ids = oo then MO SV = Mt =MZ;

In the next remark we discuss relations between the conditions from Theorems 5
and 6 which involve the integral [ Sf (s) )a 1ds and the integral conditions involving

J1 and J, from the general existence theory (see Preliminaries) under our setting.

Remark 13. Assume that p € RV (§) and r € RV (7).
We recall, first of all, that M* = M}, if and only if J; < oo, while MT = ML,
if and only if J; = oo. Notice that, if § > —1, then [ p(s)ds = oo, and, according

to Karamata’s theorem, (f ud ds)ﬂ ! 15(5“_7)(5_1)(%)6_1 Under our natural

assumption v = 6 + «, we obtaln that J; = oo if and only if f ) aidt =
which precisely corresponds to our conditions in setting (ii) of Corollary 6.
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Recall now that M~ = M}, if and only if J; = oo and Jy < 0o, while M~ = M
if and only if J, = oco. Suppose § < —1. Then f p(s)ds < oo, thus J; = o0 1f
Y <353 — 1, which is fulfilled when v = a+ 9. Moreover, again from Karamata’s
theorem,

<—Loo7ii§)d8>ﬁ_l o g FHL(E-D) (%)M _ % (((HL;{—YL)@) =

recalling that we assume v = § + . Therefore, also in this case, we obtain that the
integral conditions in setting (i) of Corollary 6 are equivalent to the known general
existence conditions involving J; and Js.

Example 3. Consider equation (1) with p(t) = t°L,(t) and r(t) = t°**, where
L,(t) = (Int)"™ + hy(t), L. (t) = (Int)?* + ho(t), with |h;(¢)| = o((Int)"),i = 1,2, for
some 71 < 2. For example, both h;(t) = cost or h;(t) = In(In(¢)) satisty the previous

condition. Trivially, for every A > 0, we have that

In(At ) hi(At
lim (ln /\t)% + hi()\t) ~ lim ( lit))% + (]n(t)’Y)i
t—oo  (Int) + hy(t) oo 1+ (lhzt(;fl
InA) v  hiO) It \v
— ( Int )’Y + (In t)’Yi<Ttt),y —1
o tEg) 1+ h;(¢) o
(Int)7i
ie. Ly, L, € SV. Now,
hl(t)
lim Ly(t) = lim (Int)™ + M(t) = lim L (nt)7
t—o0 Lr(t) t—o0 (lnt)% + h2( ) t—o0 (ln t)w n 4 ha(t)
|4 mO o (50)
— lim (Int)7t _ 07

oo (Int)2=n [l + (lnt()t) ]

because 7, > ;. Finally, according to (50), it follows that

1

tp(t) o L, (t) 1 1+ (llrbllt()t‘31 -t 1 (In?) =72
= = — ~ —(In a—1
r(t) tote L, (t) t | (Int)e—m1 4 12 t

(Int)72

as t — oo Thus, since f (Ins)*s < oo if and only if A < —1, we have that

fa(sﬁ(j) )@ a-1ds < oo if and only if £ := 2= < —1. In this case, according to Corol-

lary 5, every solution has a finite non zero hrnlt [ and

. 1
y(t) = lexp {sgn(5 + 1) (14 o(1))(Int)*" a1 T }

as t — oo. Further, if £ > —1, then increasing solutions are unbounded, while
decreasing solutions have zero limit, and

= exp { sgn 0 anl . L
Jit) = p{g<5+nu+-a»at> s w+1wh}
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as t — oo. Finally, if £ = —1, then

y(t) — (ln t)sgn(&—i—l)(l—i—o(l))\6+1\7ﬁ

as t — 00o.

Remark 14. For related results (sufficient and necessary conditions for the existence
of RV solutions of (1)) see [14] where generalized regular variation and a fixed point
theorem play important roles. Compare also with Remark 4 and the discussion on
conditions (40) and (48).

5 Some open problems

In this last paragraph we indicate some directions for a possible future research related
to the above topics:

To establish a “second order” result associated to Theorems 2 and 3, i.e., to take

1
a closer look at the behavior of y/(t) F <r(tﬁ(c?—1)> “y(t), y being a solutions of (1),

cf. (24), in the sense of [19, Section 3.2] and [21, Section 5.1], where the linear
equation y” = p(t)y is considered.

To give an improvement of Theorems 5 and 6 in the sense of [8, Theorem 0.1-
BJ, where the linear equation y” = p(t)y is considered and the class I1Ry(u,v) is
utilized.

To deal with RV (1) solutions (¢ being a certain positive number) in the situation of
Theorem 5, in particular, to show M C RV () and derive an asymptotic formula.
Similarly for Theorem 6. Note that in contrast to the linear case, the reduction of
order formula or some usual transformation tricks are not at our disposal.

To establish asymptotic formulas for RV () solutions with ¢ different from 0 and
¥ (here we mean the ¢ from the previous item), and possibly under a more general
integral condition, in the sense of [10, Theorem 1.2], where the linear equation

" = p(t)y is considered.
To examine the borderline case for ¢ (in Theorems 5 and 6), namely § = —1.

To extend (some of) the above results to the so-called nearly half-linear equation,
e, (r(t)G(y')) = p(t)F(y), where F,G are regularly varying functions with the
same positive index. Some observations along this line (more precisely, extension
of Theorem 5 to the equation where F'(|-|),G(|-|) are regularly varying at zero of
index 1) can be found in [25].
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