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Abstract We present various formulae in closed form for the spectral density of multivariate or univariate
ARMA models subject to Markov switching, and describe some new properties of them. Many examples and
numerical applications are proposed to illustrate the behaviour of the spectral density. This turns out to be useful

in order to investigate various concepts of stationarity via spectral analysis.
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1. Markovian representation and spectral density

Since the seminal papers by Hamilton (1989) (1990), multivariate ARMA models subject to Markov switching have
been used actively in econometrics to model various time series. Stationarity, existence of moments and geometric
ergodicity for such processes have been studied by several authors. See, for example, Francq and Zakoian (2001)
and Stelzer (2009). For estimation and consistency of these models we refer to Krishnamurthy and Ryden (1998)
and Xie et al. (2008). A method to derive the spectral density matrix of such models was proposed by Pataracchia
(2008) (2011). A formula in closed form for the spectral density matrix of these processes was given in Cavicchioli
(2013), together with some new properties of it. Basic definitions and standard results on Matrix Analysis can be
found, for example, in Horn and Johnson (1985) (1994). Let us consider a d—state Markov switching K—dimensional
ARMA(p, q) model (in short, MS-VARMA(p, q)):

P q
x =Y ai(€)xei+ e+ Y bi(Een M
i=1 J=1

where x; is a K-dimensional random vector with values in R¥ | (¢;) is an irreducible, aperiodic and ergodic Markov
chain with finite space Z = {1,2,...,d}, stationary transition probabilities denoted by p;; = pr(& = j|&—1 = 19)
and unconditional (or steady state) probabilities m; = pr(&§; = ¢) for i € Z. The a;(&) and b;(&;) are K x K real
random matrices. To allow for the possibility of change in variance, it is assumed that €; = €:(&:) = o(&)n,, where
o(&) is a K x K real random matrix and (n,) is a white noise with E(n,n;) = Q, the covariance matrix € being
nonsingular. In addition, assume that (n,) is independent of (£;). In order to investigate the stationarity properties

of the process (x;), Francq and Zakoian (2001) proposed the following Markovian representation of (1):
Z — @tzt,1 + wy Wi = Etnt n ~ IID(O, Q) (2)

where:
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Si=(0(&) 0 - 0 (&) 0 - 0) eME®P+q),K;R)
ar(&) a2(&) - ap-1(§e)  ap(ée)
I 0o .- 0 0
A= . . . . € M(Kp;R)

0 I 0
bi(&) b2(&) be (&)
0 0 0

B, = : € M(Kp,Kq;R)
0 0 0
0 0 0 0
Ix 0 0 0
J=|0 Ik 0 0] eM(KgR)

0 0 Ix 0

and

B, = (?; ]?> € M(K(p+q);R).

Here M(m, n;R) denotes the vector space formed by all m x n real matrices. In order to avoid degeneracies in (2),
we assume, without loss of generality, p > 1. In the case of a purely autoregressive model (¢ = 0), it is understood
that J and By vanish, z; = (x; --- X;pﬂ)/, S =(0 (&) 0 --- 0) and ®; = A,. Let (), A(i), B(i), and (i)
be the matrices obtained by replacing & by ¢ in ®;, A;, B;, and 3, respectively. Then the following matrices are
defined:

p{®(M) @ @)} pauf®(D)@ (M)} - pa{®(l) @ (1)}
_ | pe2@) ®0((2)} pa{®2)@®e(2)} - pe{®(?2)o2(2)}
p1a{®(d) @ ®(d)}  p2a{®(d) @ ®(d)} -~ paa{®(d) @ B(d)}

which belongs to M(dK?%(p + ¢)*R) and

m{E(1) @ £(1)}

S = W2{2(2):®2(2)} € M(dK?*(p+ ¢q)* K*R).

m{E(d)é %(d)}

Let P* be the [dK (p+ q)] x [dK (p+ q)] matrix obtained by replacing ®(i) ® ®(i) by ®(4) in the definition of P. By
Costa et al. (2005), Proposition 3.6, p.35, we see that p(P) < 1 implies p(P*) < 1, where p(-) denotes the spectral
radius. It can be easily checked that the converse is not true in general. See Remark 3.7, p.35, of the quoted book.
In fact, for p11 = pa2 = 0.5, ®(1) = a(1) = 0.7 and ®(2) = a(2) = 1.25, we get p(P) = 1.02625 and p(P*) = 0.975.
The following theorem gives the necessary and sufficient conditions for the existence of second—order stationary
Markov switching VARMA processes.

Theorem 1 (Francq and Zakoian (2001)). Suppose that
p(P) < 1.

Then, for allt € Z, the series
+oo

Z = Wi + Z PPy Py 1wk
k=1
converges in L? and the process (x;), defined as the first component of (z;), is the unique second-order stationary
solution of (1). A necessary and sufficient condition for the existence of a second-order stationary solution of (1)

is given by
+oo
Z [|[AP*S vec Q|| < 400

k=0
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where A = (I2(piq)2 - Ix2(prq2) € M(K2(p + q)?,dK?*(p+ q)%R) and || - || denotes the matriz norm ||M|| =
> Imijl for any matriz M = (m;;).
From now on, we assume p(P) < 1, hence p(P*) < 1. Once second-order stationarity is ensured, it can be useful

to compute the autocovariance I'x (k) of (x;) for k € Z. For any k € Z, let us consider the matrix

7T1E[th;_k|§t = 1]
7T2E[tht_k|€t = 2]

W(k) = : € M(dK(p+q), K(p+q);R).
WdE[ZtZ;_th = d]
By Francq and Zakoian (2001), p.349, for all £ > 0, we have
I(k) = (g © [ )Wk W(k) = PW(0)
V =veeW(0) = (Iug2(prq2 — P) 'S vecQ
where g = (11 --- 1) e RYand f = (Ix 0 --- 0) € M(K, K(p+ q);R). In particular, the variance-covariance
matrix of (x;) is given by vecTyx(0) = (¢ ® f @ f)V. For k < 0, we have Iy (k) = I, (—k) as Cov(xs,X¢_p) =

Cov(x¢—i,x¢) = Cov(xy,Xs41) for any stationary process. As stated in Pataracchia (2011), p.13, we can compute

the diagonal terms of the spectral density matrix Fy(w) of (x¢) by considering the summation

+oo

Few)= > (g @ f)PFW(0)fe ik (3)

k=—o0

where the frequency w belongs to [—m, 7). This series converges as p(P*) < 1. The following theorem gives a

formula in closed form for the spectral density matrix of the process in (1).

Theorem 2 (Cavicchioli (2013)). Under the above notation, the spectral density matriz Fx(w) of the process (x¢)
in (1) is given by
Fi(w) = (9 @ f') (~Lax prq) + 2ReX (W) W(0)
where
X(@) = (lakprge™ = P*) " €™ € M(dK(p+q);C)

and ReX (w) denotes the real part of X (w). In the univariate case with Q =1, we get the even real-valued function

fm(w) = f/ & [(gl & f/)(*Id(p+q) =+ QRGX(W))]<Id(p+q)2 - P)ils'

If an observed time series X1, ..., x7 can be described by an MS-VARMA(p, ¢) model, one good approach for
estimating the population spectrum is to estimate the parameters of the model and substitute them into the
expression of Fx(w).

2. Explicit matrix computations

(2.1) MS—AR(1). Let us consider a 2-state univariate AR(1) with Markov regime
zy = a(§)Ti-1 + €& (4)

where ¢; ~ N(0,02). By using Theorem 2, we explicitly compute now the spectral generating function f,(w) for
the process in (4). Similar computations were given in Pataracchia (2008) but our formula is much simpler than
the one obtained in the quoted paper. In this case, wehave K =1,d=2,p=1,¢=0,Q=1,% = 02, (1) = a(1)
and ®(2) = a(2). The matrices P and S are given by

_ (pula@)]? pala()]? _2(m
F= <P12[a(2)]2 P22[a(2)]2> e <W2>

where p12 = 1—pi1, pa1 = 1 —poa, m1 = (1 —p22)(2 — p11 —pe2) ~t and mo = (1 —p11)(2 — p11 — p22) . The matrix

. mExf|& = 1]
M= <7T2E[x%5t _ 21)
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is easily computable. From W(0) =V = (I — P)~1S, we get

where
H =T (]. 7])22[&(2)}2) + ﬂgpgl[a(l)]z (5)
K :7T1p12[a(2)]2 + YUwp) (1 — p11[a(1)]2)
Here ¢p( ) denotes the characteristic polynomial of P, hence
vp(l) =det(Iy — P) =1 — tr(P) + det(P).
Since
P — pua(l) paa(l)
P12a(2)  p22a(2)
we have
Q)= (1 1) (-L+2ReX () = (Gt o)
where ' _ ' _
Y(w) = ~lop-(™)]* + 2Re [e™“pp- () (7 + (12 — p22)a(2))] (©)
Z(w) = —|op- () + 2Re [e=“pp- (") (€™ + (p21 — p11)a(1))] .
Here we have
op~(e™) = det(lye™ — P*) = e** — tr(P*)e™ + det(P).
Then the spectral density function for the process in (4) has the following closed form
2
0-6
fz(w) = Qw)W(0) {HY (w) + KZ(w)} (7)

~ op(L) [pp-(e)]2

where H and K (resp. Y (w) and Z(w)) are given by (5) (resp. (6)). It is an even real-valued function, so w can be
taken in [0, 7]. Formula (7) is much simpler than the one obtained by Pataracchia (2008), Formula (12) in Section
3 and Appendix B. Formula (7) shows that the spectral density function of a 2-state MS-AR(1) presents itself as
a sort of weighted average spectra of the underlying models. See also the pictures in the next section. For Model

, local stationarity implies global stationarity. In fact, it |a(z)| < 1 for ¢ = 1, 2, then
4), local i ity impli lobal i ity. In f if |a(i 1fori=1,2, th
p(P) < max {p11[a(1)]* + pr2a(2)]?, p2r[a(1)]* + p22la(2)]*} < 1.

The converse is not true in general, i.e., we can have global stationarity without local stationarity within each
regime. For example, for p;; = 0.2, pos = 0.4, a(1) = 1.2 and a(2) = 0.5, we get p(P) ~ 0.62 (and p(P*) ~ 0.76).
Finally, p(P) < 1 is a necessary and sufficient condition for global stationarity of the process in (4). See Francq
and Zakoian (2001), Example 3, p.351.

(2.2) MS-ARMA(1,1). Let us consider a 2—state univariate ARMA(1, 1) with Markov switching

2y = a(&)ri—1 + € + b(&)er—q (8)

where ¢, ~ N'(0,02). As before, we compute explicitly the spectral generating function f,(w) for the process (z;)

in (8). In this case, WehaveKzl,d:2,p:q:1,Q:1,E:(U€ O) and

and
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where p;; and m;, 4,j = 1,2, are as in Subsection (2.1). The nonzero eigenvalues of the above 8 x 8 matrix
P coincide with those of the 2 x 2 matrix P from Subsection (2.1). So these matrices have the same spectral

radius. Furthermore, the previous discussion on stationarity of MS—AR(1) models maintains his validity also for

MS-ARMA(1,1). Now we can apply the formula in Theorem 2 where f = (1 O) , 9= (1 1) and

pr_ p11®(1) p21®(1)
p12®(2) p2®(2))

Then we get
folw) =0 (1 =p11)(1 = p2o)[a(1)]* + (1 = pa2) (1 = pa2[a(2)]?)
’ ‘ (2—=p1u1 — P22)901_’(1) _ (9)
14 (1= p11)a(2)e™ — paga(2)e™”
< (Freme] e (o) /)
where
ep(1) =det(ls — P) =1 —puifa(1)]* = paafa(2)]* = (1 = p11 — pa2)[a(1)]*[a(2)]
and

op-(e”W) = 2w [e_%“ — (p11a(1) + paza(2)) e™™ — (1 — pn1 —pgz)a(l)a(2)} .

It is interesting to note that the coefficients b(&;) of the MA part in Model (8) do not appear in the expression of
fo(w) given in (9). The knowledge of an explicit formula for the spectral density function of an MS-ARMA(1,1)
model allows us to obtain the spectral representations for Markov Switching Generalized Autoregressive Conditional
Heteroschedastic models (in short, MS-GARCH(1,1)) and for Markov Switching Stochastic Volatility models (in
short, MS-SV). In fact, it is well-known that these last processes admit MS-ARMA(1, 1) reprersentations via

linearization.

(2.3) MS-VARMA(p, q). Let us consider a 2-state VARMA (p, ¢) model with Markov regime as in (1). We
propose two methods of computation for the spectral density matrix Fy(w). First, from Formula (3) we can

evaluate the series
+oo ) +oo )
Z P*\k|e—2wk _ I2K(p+q) +2Re (Z P*ke—zwk> ]
k=—oc0 k=1

For every k > 1, we have by induction

i (1) P _ (B8 pad()R
p12®(2) p2o®(2) p12®(2)Ux,  @(2)7

where
Sk+1 = P15k (1) + p12pa1 Ry P(2) (10)
Ris1 = Sp®(1) + paz Re®(2) (11)
Uir = puUs®(1) + T 0(2) (12)
Ti+1 = p12p21 U ®(1) + p2aTi ®(2) (13)

and 51 = p11lk (ptq)s B1 = Ur = Ik (ptq) and T1 = poali(ptq)-

Setting
+o0 too
x(w) _ Z Rkefiwk y(w) _ Z Skefiwk
k=1 k=1
—+o0 ) oo .
Z(Od) _ ZTke—zwk u(w) _ Z Uke—zwk
k=1 k=1
we get
D)= (d Ik (prq) + 22(1)Relz(w)] 2p21®(1)Rely(w)]
e =le e s ( WEORAW] e + 2<1><2>Re[z<w>]> ot

/

Whereg:(l 1) andf/:(lk 0 ...O)EM(K,K(p—i—q);R).
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From (10) we have

400 400 400
D SppaeT = pi Y Ske T F(1) + prapar Y Rre FR(2)
k=1 k=1 k=1

= p11y(w)®(1) + pr2p212(w)P(2).
Setting h = k + 1, we obtain
400 ) ) 00 ) ) ) o0 )
Z‘Sk—kleiu‘)k — i Z Shefzwh — v (_Sleiw + Z Shezwh>
k=1 h=2 h=1

=W (_PllfK(p-%q)e_m + y(w)) = —Prlk(prq) + ey (w)-

Equating the last two formulae and solving for y(w) yield

y(w) = (Pr11lK (prq) + Pr2p212(w)®(2)) (IK(p-‘rq)eiw - p11@(1))71 . (14)

Here we have _
Igpe™ —pi11A(1) —p11B(1) )

IK(ertI)eiw —pud(l) = < 0 I e™ —pind
q

hence the Woodbury formula gives

(Ixpe™ — p11 A1)~ Q )

iw -1
(IK(p+q)e —p11‘1)(1)) = < 0 (Ircqe™ —p1nJ) ™!
a

where
Q = pu(Igpe™ — pr1A(1)) ' B(1)(Ixqe™ — p1nd) "

Reasoning as above, from (11), (12) and (13) we get respectively

2(w) = Ik (prq) T ¥(@)PW) Uk (piqye’ — p22®(2)) ™ (15)
w(w) = (Ik(prq) + 2(@W)2(2) Uk (prqpe™ —p11®(1)) " (16)
Z(W) = (p22IK(p+q) JFplmeu(W)(I)(l))(IK(p+q)€iLAJ - p22¢(2))71, (17)

From (14) and (15) we obtain
a:(w) = [IK(p+q) -|—p11(IK(p+q)€iw — pllé(l))71©(1)}
W bW — -1
X [T (prq)e™ — p22®(2) — p12p21 ®(2) (Ix (prgye™ — pr11®(1)) ' @(1)] .
Substituting this formula into (14) gives y(w). From (16) and (17) we get
u(w) = [T (prq) + P22k e’ — p2®(2) ' 0(2)]
X I prq)€™ — p11®(1) = prapar (1) (I (pyq)€’ — p22®(2)) ' (2)]

-1

Substituting this formula into (17) gives z(w).
As an alternative method for computing Fy(w), let us consider X (w) = (Iag(ptq €™ — P*)"'e™ from Theorem 2.

1 All A12
I ¢ — P* =
2K (p+q) <A21 AQQ)

Ay = I g€ — p11®(1) Arp = —p21®(1)
Ay = —p12®(2) Az = I (prq)™ — p22®(2).
By Woodbury formula we obtain

Then we have

where

AT+ AT AaQop Any AT —A1_11A12§222>

I eiw _ p* -1 _
Lo+ ) ( *922A21A1_11 Qa9

where
iw Tw — -1
Q22 = [Tk (prg)€"” — P22®(2) — P12p21®(2) Ik (pagye™ — p11®(1)) ' @(1)] .
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Taking Q = Ik, we have
1 ~

V= VeCW(O) = (IQKQ(p-‘rq)Q — P) S

where
g_ (™ vec(XY)
-~ \myvec(2X)
and ’
> = (USIK 0 - 0 0%Ix 0 .- o) e M(K(p+q),K;R).
Here we set
Bi1 B2
I - P=
2K2(p+q)? <321 B22>
where
B = IKQ(p+q)2 —pu(I)(l) X Cb(l) Bis = —pglq)(l) ® Cb(l)
Bo1 = —p12®(2) ® ©(2) Bao = Ix2(pyqp = P222(2) ® B(2).

By Woodbury formula we obtain

—Ag2 By Bﬁl Ao

-1 Bl_ll + BﬂlBlemBmBﬁl —Bl_lleAQQ
(Tascsgaay = P) ' =

where Aoy = (B22 — leBilBlg)_l.
3. Examples and numerical applications

(3.1). We start with some 2-state univariate MS(2)-AR(1) models, considered in Pataracchia (2008), Section 3,
pp-11-13, and report her interesting observations developed there to make the reading self-contained. In Figure
1 the solid line represents the spectral density functions of MS(2)-AR(1) models and the dashed lines denote the
spectra of the two underlying states. The variance of the error term is state invariant and we set 02 = 1. For
p11 = paz = 0.5, a(1) = 0.8 and a(2) = 0.2, we have p(P) = 0.34 and p(P*) = 0.5. The spectra are shown in Figure
1(a). For p1; = 0.3, pe2 = 0.8, a(1) = 0.8 and a(2) = 0.2, we get p(P) ~ 0.21 and p(P*) ~ 0.35. The spectra are
shown in Figure 1(b). Such figures correspond to two MS(2)-AR(1) models with identical coefficients but different
transition probability matrices. They show that the spectral density of a regime switching model presents itself
as a sort of weighted average of the spectra of the underlying models. As the less volatile model becomes more
likely (for instance in Figure 1(b)), the peak of the spectral density function decreases. In Figure 1(c) we show
the spectral density of an MS(2)-AR(1) with p1; = p2a = 0.5, a(1) = —0.8 and a(2) = —0.2. When both a(1)
and a(2) are positive (resp. negative), the spectral shape is similar to a typical spectral representation of a stable
AR(1) with positive (resp. negative) coefficients. When the sign of the coefficients is opposite, the prevailing shape
depends on which model dominates the other, in terms of both the underlying unconditional probabilities and the
absolute values of its coefficients. See Figure 1(d), where p1; = pag = 0.5, a(1) = 0.8 and a(2) = —0.2.

(3.2). Let us consider a 2-state univariate MS(2)-AR(1) model with state invariant standard error o, = 0.5
(=0(1) =0(2)), a(l) = 0.25, a(2) = —1.9, p11 = 0.1 and paz = 0.2 = 1 — pyy. See Francq and Zakoian (2001),
Section 6, pp.357-362. In this case, we have p(P) ~ 0.90 and p(P*) ~ 0.58. The stationary probability m ~ 0.47
and 7y ~ 0.53 are close to 0.5. The spectra are shown in Figure 2. The global stationarity is met but not the
local one. The simulations results, obtained in the quoted paper (see Tables 3 and 4, pp.362-363), are reported in
Table 1 below. The first column contains the true values of the parameters. In the second column there are the
parameter estimates which are obtained without stationarity constraints (wsc). The third (resp. fourth) column

shows estimation under the global (resp. local) stationarity constraints, in short gsc (resp. lsc).

The estimations obtained without imposing any stationarity constraint are slightly better than those obtained
under the global or local stationarity constraints. This is confirmed by the closest position of the spectral density
to the true one.

(3.3). Let us consider the following univariate MS(2)-AR(2) model

ul it &=1
Ty =

axi—o + Mt if & =2
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Figure 1. Solid line: spectral density of an univariate MS(2)-AR(1); Dashed line: spectral densities of the two underlying linear
models. Parameters are set as in §3.1.

Figure 2. Spectral density functions of the univariate MS(2)-AR(2) as in Francq and Zakoian (2001). The lines are spectral densities
evaluated in the true parameters (solid line), in the estimated parameters without stationarity constraints (wsc - dashed line),global
stationarity constraints (gsc - starred line) and local stationarity constraints (Isc - triangle). It refers to Example §3.2.
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Table 1. Parameters values of the univariate MS(2)-AR(2) as in Francq and Zakoian (2001). The true parameter of the model are
in the first column. Estimated parameters obtained in estimation without stationarity constraints (wsc), under global stationarity
constraints (gsc) and local stationarity constraints (lsc) are reported also

true wscC gsc Isc
p11 =0.1 0.190 0.191 0.140
p21 = 0.8 0.738 0.754 0.691

a(1) =0.25 0.208 0.206 0.211

)
a(2) =—1.9 | -1.718 | -1.695 || -0.933
o(1)=0.5 | 0506 | 0.508 | 0.491
o(2)=05 | 0.806 | 0.820 | 1.250

"~ 1 1 1 1 1

0 0.5 1 15 2 25 3

Figure 3. Spectral densities of univariate MS(2)-AR(2) as in Example §3.3. Solid line is the spectral density of the model not satisfying
local stationarity; starred line is the spectra corresponding to the model both local and global stationary.

where n; ~ IID(0,1) and a is a nonzero real constant. See Francq and Zakoian (2001), Example 4, p.352. Then we

B(1) = A(1) = (2 8) B(2) = A(2) = (? g) .

The spectral radii of the matrices P and P* are given by

p(P) = |a|\/p3y + Pr2p21 p(P*) = v/ \a|\/p§2 + pi2pa1.

We know that p(P) < 1 implies p(P*) < 1. The converse is not true in general. For example, if p;; = 0.1, pos = 0.2
and a = 1.2, then p(P) ~ 1.05 and p(P*) ~ 0.95. However, if |a| < 1, then p(P) and p(P*) are both less than one.
Spectra are shown in Figure 3. Both models are global stationarity. However, the former does not satisfy local

have

stationary, while the latter does. Differences between the two spectra appear at the extremes of the cycle.
(3.4). Let us consider the following univariate MS(2)-AR(2) model

xp = a1(§)xi—1 + az(&) w2 + o (§)me

where 1, ~ IID(0,1). For a;(1) = 1, and also for greater values, az(1) = 0.8, a1(2) = —2, a2(2) = 0.5, o(1) =1
and o(2) = 0.25, the underlying processes are non stationary. However, the resulting Markov switching process is
global stationary. See Krishnamurthy and Ryden (1998), Example 5. In fact, we have

a(1) = A1) = (1 05) 2(2) = A(2) = <‘12 0;)

hence p(®(1)) ~ 1.52 and p(®(2)) ~ 2.22. For p11 = paz = 0.01, we get p(P) ~ 0.69 and p(P*) ~ 0.79. If we change
a1 (1) into —0.03, the resulting process is not stationary. In this case, we have p(P) ~ 1.02 and p(P*) ~ 0.98.
Spectra are shown in Figure 4. The former process is global stationary and its spectral density appears to be quite
flat; on the contrary, the latter process which does not satisfy global stationary has a inverted-U shape spectral
density function.

(3.5). For a general Markov switching autoregressive model of order p > 2, local stationarity does not imply global
stationarity. The following univariate MS(2)-AR(2) model was considered by Francq and ZakoTan (2001), Example
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Figure 4. Spectral density of univariate MS(2)-AR(2): the process is global stationary (solid line) and no global stationary (starred
line).
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Figure 5. Spectral density of univariate MS(2)-AR(2) which is explosive (solid line). The dashed lines are the two underlying linear
models. Parameters as in §3.5.

5, p.353:

ar(D)ze—1 + az(1)zi—o + 1 if & =1
a1(2)ai—1 +n it §&=2

Ty =

where n; ~ IID(0,1). Then we have

8(1) = A(1) = (mfl) a251)> 5(2) = A2) = <a1(2) 0>.

For p1; = 0.2, pea = 0.1, a1(1) = 1.8, az(1) = —0.9 and ay(2) = —0.2, both regimes are stationary (in fact,
p(®(1)) ~ 0.95 and p(®(2)) = 0.2) but the resulting process is explosive (the explosion is exponential). See Figure
5 for the spectrum, which shows quite a striking peak. Because the probability of staying in the same regime is
small, the local stationarity does not compensate the explosive nature of the regime changes as remarked in the
quoted paper at p.353. In this case we have p(P) ~ 1.33 and p(P*) ~ 0.96. The spectral density could be then

first step to immediatly evaluate the behavior of such an explosive process.

(3.6). Let us consider the following univariate MS(3)-ARMA(1, 2) model

1.5(Et,1 + Mt + 0.5’]77571 - 1.35’1’”,2 if ét =1
Tt =4909z;1 + 1 — 1.8_2 if €t =2
un + O-gnt—l if Et =3
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Figure 6. Spectral density of a univariate MS(3)-ARMA(1,2) model. Parameters as in §3.6.

Figure 7. Spectral density of a univariate MS(3)-ARMA(2, 1) model.

where 7 ~ I1ID(0,1). See Francq and Zakoian (2001), Example 6, pp.354-355. Then we have

1.5 0.5 —-1.35 09 0 —-18
()= 0 0 0 ®(2)=10 0 0
0 1 0 0 1 0
and
0 09 0
®3)=10 0 0
0 1 0

hence p(®(1)) = 1.5, p(®(2)) = 0.9 and p(®(3)) = 0. For p11 = pa2 = p32 = 0 and p13 # 0, we have p(P) ~ 1.16
and p(P*) ~ 1.16. This model has a second—order stationary solution. Thus p(P) < 1 is only a sufficient second—
order stationarity condition in the general case. If p1o = 0.8, p23 = 0.8 and p3; = 0.8, then p(P) = 0.54 and
p(P*) = 0.4648. In this case, the stationary probabilities are m; = 0.3509, mo = 0.2807 and 73 = 0.3684. The
spectral density for the last model are shown in Figure 6.

Let us compare the above spectrum with a similarly constructed spectrum for an MS(3)-ARMA(2,1) model (see
Figure 7). When the autoregressive prevails as in this case, the spectral density assume the common shape of
autoregressive process. While in Figure 6 the shape was mostly similar to the spectral density of a moving average

process.
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