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ON THE GENUS OF S™ x S"

PaoLA CRISTOFORI

ABSTRACT. By using a recursive algorithm, we construct edge-
coloured graphs representing products of spheres and consequently
we give upper bounds for the regular genus of S™ x §", for each
m,n > 0.

1. Introduction

Throughout this paper we shall work in the PL category. In the
following the term “manifold” will denote a closed, connected one and
“graph” a finite connected multigraph (i.e. without loops).

An (n + 1)-coloured graph (without boundary) is a pair (I',~), where
I' = (V(TI'),E(I')) is a graph, regular of degree n + 1, and v : E(I') —
A, = {0,1,...,n} a map such that y(e) # ~(f), for each pair e, f of
adjacent edges of I'. For each B C A,,, the B-residues of (I',v) are
the connected components of the graph I'p = (V(I'),y~(B)). For each
c € Ay, we set ¢ = A, N\ {c} and we shall write I'cy instead of I'y. 4.

An (n+ 1)-coloured graph is called contracted if and only if for every
c € Ay, I'; is connected.

From now on we often drop the edge-colorations, writing I" instead
of (T',7).

Let K be an n-dimensional pseudocomplex, the disjoint star std(s, K)
of a simplex s in K is the disjoint union of the n-simplexes containing
s, with re-identification of the (n — 1)-simplexes containing s and of all
their faces; the disjoint link of s in K is the complex lkd(s, K) = {t €
std(s, K)|[snt=0}.
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A coloured n-complex is a homogeneous pseudocomplex K together
with a “coloration” of its vertices by A,, which is injective on every
simplex.

Given an (n + 1)-coloured graph I', we can construct a coloured n-
complex K (T') in the following way:

- take an n-simplex s(v) for each v € V(I') and label its vertices by
Ay;

- for each ¢ € A, and each pair v,w of c-adjacent vertices in I,
identify the (n — 1)-faces of s(v) and s(w) opposite to the vertices
labelled ¢, so that equally labelled vertices coincide.

The above construction can be easily reversed in order to associate an
(n + 1)-coloured graph I'(K) to each coloured n-complex K. There-
fore these constructions give rise to a correspondence between (n + 1)-
coloured graphs and coloured n-complexes.

It is easy to see that I'(K (")) = I'; conversely K(I'(K)) = K if and
only if the disjoint star of every simplex in K is strongly connected. In
this case |K| is said to be represented by T.

A contracted (n + 1)-coloured graph representing a manifold M is
called a crystallization of M.

By results in [8] and [3], every n-manifold admits crystallizations.

The above definitions, together with a general survey on edge-colour-
ed graphs, can be found in [4].

Given an (n + 1)-coloured graph T', each cyclic permutation ¢ =

(€0,€1,.-.,6n) of A, defines a particular imbedding (called regular) of
I' into a closed surface Fy, whose Euler characteristic is (see [5] and [6]):
1
(*) X(FE) = 'E; g€i€i+l(F) + 5(1 - n)p(r)
1Cln+1

where g¢;;(I') is the number of connected components of I';; and p(I") is
the number of vertices of I

F_ is orientable or non-orientable according to I' being bipartite or
not.

The regular genus p(I') of I is defined as:

p(I') = min{p.(I')|e is a cyclic permutation of A, }

where p.(I") denotes the genus of Fy.
Given an n-manifold M the regular genus of M is the minimum
among the regular genera of the graphs representing M.
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In the following we shall describe a construction, introduced in [7],
which, starting from two coloured graphs representing two polyhedra,
produces a coloured graph representing their product.

If we apply this construction to the product of spheres, we get sev-
eral simplifications which, given m,n > 0, allow us to build, by inductive
steps, a graph representing S™ x S™. Furthermore we obtain some rela-
tions among the numbers of coloured cycles in the resulting graphs, by
which we can find a “minimal” permutation (i.e. a cyclic permutation
defining a regular imbedding of minimal genus) and we can compute the
genera of these graphs in a recursive way. We also give direct formulas
in the particular cases of m = 2, 3.

2. Representing products by edge-coloured graphs

We briefly outline the construction introduced in [7], to obtain “prod-
ucts” of coloured graphs.

Let ¢™ (resp. 7") be an m-dimensional (resp. n-dimensional) sim-
plex, whose vertices are labelled by {vo,...,vm} (resp. by {wo,...,
wp }); then the set of the vertices of the product ball complex o™ x 7"
is {(vp,ws)|r € Ay s € Ay}

Let A(a™,7™) (m,n > 0) be the matrix with (m + n + 1) columns,
whose (m:") rows are sequences of elements of

{vo,...,vm} x {wo,...,wp}

of the following type:

('Um, wn) = (UTmaan)a SR (UToawSO) = (U()v wO)

These elements can be thought as “words” of length (m+n+1) in the
alphabet {vg,...,vn} X {wy,...,w,}, lexicographically ordered, where
each “letter” is obtained by decreasing by one, at each step, the index
of one and only one of the two components v, and w;.

The sequences represent the (m + n + 1) vertices of {vg,...,vm} X
{wo, ..., w,} which span the maximal simplexes of a simplicial triangu-
lation o™ X 7™ of ™ x " (see [2], [9]).
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The matrix A(¢™,7™) can be constructed according to the following
scheme:
(Vm, wn)
B=A(cm1t ")
A(o™, ") =
C=A(c™ 1)
(U, wn)

where A(c™ 1, 7) (resp. A(c™,7" 1)) represents the simplicial com-
plex 0™ 1 X 17 (resp. ¢™ X 77 1), obtained by deleting the vertex vy,
(resp. wy) from o™ (resp. 7") and has (mt?*l) (resp. (mtzfl)) rows.

Let TV (resp. I'”) be an (m + 1)-coloured (resp. (n + 1)-coloured)
graph, an (m-+n+1)-coloured graph I'"XI"” representing | K (I') x K (I'")]
can be obtained in the following way:

- for each pair (o, 3;) of vertices of V(I') x V(I'), consider the
(") vertices 5}(1{:) which are in one-to-one correspondence with
the rows of the matrix A(o7",7"), where 07" (resp. 77') is the m-
simplex (resp. n-simplex) of K (I") (resp. of K(I")) represented
by o' (resp. by (;);

- set V(I'RIT") = {0%(k)|i = 1,..., #V(T'),5 = 1,..., #V ("), k =
1,..., (m:")},

- for each vertex &5(k) € V(I'RT”) (i=1,...,#V("),j=1,...,
#V (I, k=1,..., (m:lr")), let us denote by wy, its corresponding
row of A(o]",7'); then:

a) for each d € A,,4p, delete from wy the unique element (v, wy)

A

such that » + s = d, yielding a sequence wy(d). If there exists

N A

another row wy, of A(o}",71") such that wg(d) = wp(d), then the
way the matrix is constructed guarantees that it is unique; in this
case join 5;(k:) and 5§(h) by a d-coloured edge;

b) if v, (resp. ws) appears exactly once in a pair (v, wg) (resp.
(vpr,ws)) of wy, for some 7 € Ay, (resp. for some s € A,), let of
(resp. ;) be the vertex of I (resp. of I') r-adjacent with o’
(resp. s-adjacent with ;). Join 8%(k) and &%(k) (resp. 6%(k) and
8;(k)) by a d-coloured edge, with d =7+ s’ (resp. d =1" + s).

In the particular case of products of spheres, we can simplify the
above procedure by using the standard (p + 1)-coloured graph I'® rep-
resenting SP and having two vertices joined by p + 1 edges.

Starting from T'™ and '™ we construct T K T(") as follows:

- #V(C R0 = 4™,
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- if wi(d) = wi(d), join 8i(k) and 6%(h) (i,j = 1,2) by a d-coloured
edge;

- if v, (resp. w;s) appears exactly once in a pair (v,,wg) (resp.
(vyr,ws)) of wy, join 01 (k) with §2(k) (resp. with 04 (k)) and 65 (k)
with 63(k) (resp. with 62(k)) by a d-coloured edge, with d = r+ s
(resp. d =1+ s).

It is clear that the structure of this “product” graph depends only on
the structure of the matrix A (¢, 7"); moreover, the inductive construc-
tion of A(o™,7") allows us to describe a method to build '™ K T("),
starting from T("=D KT and I KT without further reference
to A(c™,7"). Construct an (m+mn+1)-coloured graph T'™™ as follows:

- V(@mn)y = v(@rm=H M) g v Iy = {§4(k)]i, j =
L2 k=1,.... ("o {sik)ij=12 k=1, ("""}

- foreach k=1,..., (m+g_1) (resp. k=1,..., (mtz_l)) join 81 (k)
with 62(k) (resp. 6i(k) with 63(k)) and 632(k) with &63(k) (resp.
62(k) with 62(k)) by an (m + n)-coloured edge;

- for each k = (m+7?—2) +1,..., (m+:_2) + (m:fl_Q) join 5_;(16) and

g;(k - (er:_Q)) (4,5 = 1,2) by an (m 4 n — 1)-coloured edge; for
the remaining vertices of (1) re_establish the edges as they are

in M=) K™ and T K01,
ProproOSITION 1. I'(mn) — p(m) g 1(n),

Proof. Note that, for each d # m+mn—1, if two rows of the submatrix
B (resp. C) of A corresponding to A(c™ 1, 7") (resp. A(c™, 7" 1)),
say wy, and wy, lead to equal sequences wy(d) and wy(d) in B (resp. in
C) they also lead to equal sequences in A; furthermore if v, or w, # w,
(resp. wg or vs # v,,) appears once in a row of B (resp. of C), then
it appears once in the same row of A. Thus all d-coloured edges (d #
m+mn — 1) of T™=1) and T'0™"=1 remain unchanged in T'(™m);

Furthermore, following the more detailed scheme below for the matrix
A(o™,7™), it is easy to see that:

(Vm, wn) Evm—lawng B/” = A((amQ1 ™) )
_ mo.n\ __ . VUm—1, Wn B = A(c™ ,Tni
A=A(0" ") = : (my 1) C = Ao, 1)
(Vms wn) (Vs wn—1) C" = A(o™,7"7?)

a) wy, (resp. vy,) appears once in all rows of the submatrix B (resp.
C') corresponding to A(o™~!,7771), but twice in all the corre-
sponding rows of A, i.e. all the (m + n — 1)-coloured edges of
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[(m=11) and T(m7=1) joining the vertices corresponding to B’ and
C’ disappear in A;

b) each row of B’, with the element (v,,—1,w,) deleted, is equal to
a row of C’, with the element (v, w,—1) deleted, therefore the
corresponding vertices are joined by (m + n — 1)-coloured edges;

c) vy (resp. wy) appears once in the first (mt?_l) (resp. in the
last (mtz_l)) rows of A, therefore the corresponding vertices are
joined by (m + n)-coloured edges.

O]

Using the above construction and starting from the (r + 2)-coloured
graphs T'(17) and (1) (r > 1), it is possible to build by successive steps,
the (m + n 4 1)-coloured graph '™ for each m,n > 0.

REMARK 1. Note that all ™" have a double simmetry. In fact, for
each k = 1,. (m:”), each edge between the vertices 61 (k) and 62 (k)

(resp. gl( k) and 63(k)) has a corresponding edge, with the same colour,
between 62(k) and 63 (k) (resp. 05(k) and (52(k))

An easily implemented program allows us to build ("™ for each
m,n > 0.

As an example, figure 1 shows I'®3) . Since its number of vertices is
too big (= 80) to fit the picture, we only drew part of the graph, which,
because of the simmetries, is sufficient to represent the whole of it.

3. The genus of I'(™")

Let us denote by g.q, where ¢,d € Ay,qy (resp. geq where ¢, d €
Apin—1) (resp. geq where ¢,d € Ay4p—1) the number of connected
components of Fg?’n) (resp. Fg?_l’n)) (resp. ngnn 1)). Moreover, let
A (vesp. By,,) (¢ € Apyn—2) denote the number of {c,m + n}-
residues of length two of I'™™) | whose vertices correspond to rows of
the submatrix A(c™, 7" 1) (resp. A(c™ 1, 7)) of A(c™,7") (see the
scheme above).
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LEMMA 2. We have the following equalities:
Jed = Ged + Gea  for each c,d € Apyyp—o

Je m+n = Ge m4n—1 + e men—1 for each ¢ € Ay, yn_2

m-+n—2 m+n—2 m+n—2
9m+n—1 m+n = +2 +2
n—1 n n—2

1

ge min—1= Ge min—-1+ Je min—1— i(afn—l,n + Brmn-1)

for each ¢ € Ayyin—3
_ - m+n—2
Im+n—2 m+n—1 = Im+n—2 m4n—1 T Im+n—2 m+n—1 — < n—1 >

Proof. By the construction of section 2 it is clear that all c-coloured
edges (c € Aypn—2) of (1) are the same as in [(m=17) and Tmn=1)
while the (m+n)-coloured edges in ™™ take the places of the (m+mn—
1)-coloured edges of (m=Ln) gnd Tmn=1): therefore we obtain equalities
1) and 2).

To prove the third equality, recall the scheme for A(¢™,7™) in the
proof of Proposition 1.

Note that, for each row wy of B” (resp. C”), we have two {m +
n — 1,m + n}-residues, whose sets of vertices are {6} (k),d2(k)} and
{83(k), 83(k)} (resp. {51(k), 63(k)} and {33(k), 82(k)}).

Furthermore, for each k = (mt:hZ) +1,..., (mt’:d) + (mefz), we
have only one {m +n — 1, m+n}-residue, whose set of vertices is {61 (k),
67 (k), 65(k), 63(k), 81 (h), 83(h), 63 (h), 67 ()}, where h = k—(""""?) (see
figure 2). Equality 3) follows.

Let us now consider the {¢,m + n — 1}-residues of T("~1™) and
Imn=1) (¢ € A,y 2); note that those having all vertices correspond-
ing to rows of B” or C” don’t change in I'(™™).

For ¢ # m + n — 2, we have the following situations:

(i) for every pair of length two {c,m 4+ n — 1}-residues of T(m~1m)
(resp. T(™n=1) corresponding to a row wy of B’ (resp. C’),
there exists exactly one {c,m + n — 1}-residue of T~ (resp.
I‘(m_l’”)) of length four, whose vertices correspond to the row wy,
of C/, with h =k — ("*"7?) (vesp. of B/ with h =k + ("*"7?))
and conversely;

(ii) for every pair of length four {¢,m + n — 1}-residues of I'(™m~17)
whose sets of vertices are {0} (k), 6} (h)|i = 1,2} and {62(k), 62(h)|i
= 1,2}, corresponding to the rows wy and wy, of B’ there exists
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exactly two {c, m+n—1}-residues of rmn=1) of length four, whose
sets of vertices are {0%(k’),d%(h')|i = 1,2} and {85 (k),05(h)|i =
1,2}, corresponding to the rows wy and wp of C’; with &/ =
k— (m+:_2) and ) = h — (m+:_2) and conversely.

These are the only {c,m 4 n — 1}-residues which change in T(™™), Tt
is easy to see that in case (ii) the number of the residues doesn’t change
and in case (i) the three residues produce two of length four in T(™™).

Finally, let us consider the case ¢ = m +n — 2. The only {m +n —
2, m + n — 1}-residues changing in rmn) are as follows:

(iii) for each k& = ("*"7%) + 1,..., ("T7?) + (™0 (resp. k =

n n n—1

(m:{f;g) +1,..., (m:ff)), there is exactly one {m +n —2,m +
n—1}-residue of length eight in ("= (resp. in I'(™"~ 1), whose
set of vertices is {5§(k),5§(h)|i,j =1,2},h=k— (m;“fl_g) (resp.
{S;(k‘),g;(h)\z,] =1,2hh=k+ (m;fgg)), to which corresponds
a pair of length two {m +n — 2, m +n — 1}-residues of r(m.n=1)
(resp. of I'™m~1n)) whose sets of vertices are {4} (k'), 63(k')} and
{03(K'), 0%(K')}, with &' =k — ("""} (vesp. {0}(K'),0%(K')} and
{03(K'), 63(K")}, with k' =k + ("7"7%)).

Since, as can be directly seen, every three residues which correspond,

yield two of length six in '™ equality 5) easily follows. O
Let us now consider the graphs T':?) (n = 1,2, ...), which are shown
in figure 3.
An easy calculation gives:
go1r =9go2 =" =gon =2n —1
9o n+1 = 2n
91ntl =92 nt1 = " =Ggnnt1 =20 — 1

ged =2(n—1) foreachc=1,...,n—1 and for eachd=1,...,n.

The following result guarantees that similar relations hold among the
number of residues g4 of T™™ (m,n > 0):

PROPOSITION 2. For each m,n > 0, there exist constants 1, n, Sm.n,
tmn, Wm,n such that

9oc = Je m+n =Tmmn foreachc=1,....m+n—1
9o m+n = Sm,n
Jc c+1 =tmp foreachc=1,...,m+n—2

Jed = Um,y foreachc,d=1,....m+n—1 and d#c+1.
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Furthermore, if m > 1 and n > 1
m+n—2 m+n—2 m+n—2
Tmn = + 2 + 2
n—1 n n—2

Tmmn =Tm—1n T Tmn—1

and

Smmn =Sm—1n T Smpn—1
tm,n :tm—l,n + tm,n—l

U =Um—1pn + Umpn—1 (fm>2 orn>2)
With tmn < Ump < Fmp < Smon, for each {m,n} # {1, 2}.

Proof. If ¢,d # m+n—1orc,d € {m+n—2m+mn— 1}, it
follows easily by induction on m and n, and making use of equalities 1)
- 3) and 5). An easy calculation shows that 7, , = Tm—1n + rmn—1.
Furthermore, it is easy to see that, for each ¢ # m + n — 2, we have:

c _.c c c _ Qc c
am—l,n - am—?,n + O‘m—l,n—l and ﬂm,n—l - ﬁm,n—? + ﬁm—l,n—l'
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Therefore, by applying induction to equality 4), we complete the
proof. O

Let us consider now a cyclic permutation € = (g9,€1,...,Em+n) of
Apin. We can always suppose that €,4n = m + n. It is clear, by
formula (*), that for an ¢ corresponding to a surface F. of minimal
genus for T0™") | the sum Ziezm+n Jeiei, Must be maximal.

First note that, by Proposition 2, g; ;41 < g;; foreachi,j # 0,m+n
and i#m+n—1.

Therefore it is sufficient to consider permutations which have all pairs
€i,€i+1 (with g;,6,41 ¢ {0,m + n}) made by non-consecutive numbers
(i.e. €i+1 # €; + 1 and conversely). There are essentially two types of
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such permutations:
1
6( ) = (507517627 cee )Ek—lvoa Ek+1y---3EmM4n—1,M + n)
if 0 is not “near” (m + n)
8(2) — (O’ €1,€E2, ... ’Em_;'_n_Q, €m+n_17 m + n) lf 0 iS “Ileal"” (m + n)

where all pairs €;, €41 are non-consecutive numbers.
If m +n > 4 we can always build such permutations in the following

e if (m 4 n) is even (resp. odd) put all even (resp. odd) numbers
after 0 and all odd (resp. even) before 0;
e®: if (m 4 n) is even (resp. odd) put first all the odd (resp. even)
numbers and then the even (resp. odd) ones, all in increasing
order.
From now on we suppose m—+n > 4. Let us compute ZieZm+n Jeicipn
for e and e :

5(1) : 96051 + -+ gfk725k71 + gsk,10 + gO€k+1 +
T Gemin_1m+n T Gmtneo
= (k= Dumm +Tmn +Tmn + (Mm+n—k —=2)umpn+rmn+rmn

=4rmpn + (M +n—3)Unny

e® 9oer t ge1ea + 0 F Gepinsemin—1 T Jempnimtn T Im4n 0
= Tmmn + (m +n— 2)Um,n + Tmmn + Sm,n
=2+ Sman + (M +1—2)Upp
It is easy to see, by using induction, that 27y, , = Sy n + tmn. Since

tn < Umpn We have 2ry, n < Spn + U .
Comparing the above inequalities with the formulas just found, we

have:
<
Z gsgl)aﬁr)l_ Z gsgz)sgi)l

1€Lm+n 1€ Lm+n
Hence, by applying formula (*) to T(™™ and £, we can state the
following result for the genus of the “product” graphs:

ProposiTION 3. For each m,n >0, m+n > 4, we have:

1 1 m—+n
p(r‘(mvn)) = 1_7'm,n_ §Sm,n_ §(m+n—2)um,n+(m+n_ 1)( n )
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REMARK 2. If m 4+ n = 4, the only interesting case for the genus is
for m = n = 2 (since all (1™ have genus 1 (see [7])). We can’t find
a permutation of type £ for A4, since we always have at least two
consecutive numbers, therefore we must compare the sum of the gcc,. ,
’s for the two permutations: (3,1,0,2,4) and (0,1,3,2,4). The calculation
shows that both permutations are minimal and the genus of I'®2) turns
out to be 4. Actually this is the regular genus of S? x S?, as proved in
[7].

Let us consider some particular cases:
PROPOSITION 4. For each n >3, p(I'®™)=n2 — 1.

Proof.
ron =2n—1+79, 1

Son =2n+ 5251
ton =2(n—1) +tapn—1
Ugp =2(n — 1) + ug p_1.
Moreover tp,, = s2,—1 for each n > 1. In fact too = s91 = 4 (see
figure 3) and supposing that to,—1 = S2,—2, it follows:
tom =2(n—1)+t2n1=2(n—1)+ 82 2=561n 1+ 52n2=52n1
Similar calculations give: ro, =n + s2,—1 and ug, = 2 + 52 1.
Furthermore:

Sop =2n+ Sap—1=2n+2(n—1) + 532
=--=2n4+2n—-1)+2n—-2)+---+4+4
=2n+(n-1)+n-2)+---+24+1)—-2+4=n(n+1)+2

Applying the equalities above, we have:
ron=mn+n(n—1)+2=n?+2
Uy =2+nn—1)+2=n*-n+4

Suppose now n > 2 and compute the genus of r@n) using Proposition

3.

1 1 n+2
pIC™) =1 = 1o = Gsan = gnuzn + (n+ 1>< n )

1 1
= 1—n2—2—§(n(n+1)+2)—§n(n2—n+4)

1
+ §(n+1)2(n+2) =n?—1.
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As a direct consequence of the formula above, we have
COROLLARY 4. For eachn >3, G(S? x S*) <n? — 1.

REMARK 3. If n = 3 the statement of Corollary 4 is actually an
equality, as proved in [1, Corollary I].

Proposition 4 and Corollary 4, together with Remarks 2 and 3, sug-
gest the following:

CONJECTURE. For each n >3, G(S?x §") =n? — 1.

PROPOSITION 5. For eachn > 1, p(TG™) = 2n3+n? — 2n.
Proof.
T3m =7T2n+7T2n—1+"2pn—2+ -+1r22+731
=M +2)+((n—12+2)+-+(4+2)+5
n
1 1 13
2 3 2
= Mm4+2=-n34+n2 4+ —n+2
;Z—I-n—i- 3n—|—2n+6n+
s3n=(nn+1)+2)+((n—-1)n+2)+ - +(6+2)+6
n
= (i +1)+2n+2
i=1
1 4 5 8
== “n42
3n +n +3n+
Uz =(n* —n+4)+(n—1)°—n—1)+4)+ -+ 4—-24+4) +4
n n
SDILED R
i=1 i=1
Ls, 11
=-n’+—n
3 3
The result follows directly from Proposition 3. O

Hence we have the following:
COROLLARY 5. For eachn >3, G(S* x §") < 2n3 +n? — 2n.

REMARK 4. Again by [1, Corollary 1], the statement of Corollary 5
is an equality for n = 2.
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