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Abstract

We investigate collineation groups of anie projective plane of odd orderfixing an oval and
having two orbits on it, one of which is assumed ®frimitive. The situation in which the group
fixes apoint off the oval is considered. We prove that it occurs in a Desarguesian plane if and only
if (n+ 1)/2 is anodd prime, the group lying in the normalizer of a Singer cyclé’@ L(2, n) in
this case. For an arbitrary plane we show that the group cannot contain Baer involutions and derive
a number of structural and numerical properties in the case where the group has even order. The
existence question for a non-Desarguesian example is addressed but remains unanswered, although
such an example cannot have ordex 23 as computer searches carried out with GAP show.
© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

Let = be a finite projective plane of odd ordarwith an oval 2 and letG be a
collineation group ofr fixing 2. The alditional assumptins inthis situation may concern
the action ofG on {2, for instance primitivity 4] and trangivity [ 5], they may oncern the
action of G on r, mog typically irreducibility [5, 6], or they may concern the algebraic
nature of the groufs, like for example if G is assumed to be simpl8][

Situations in which the given collineation group is neither transitive on the oval nor
irreducible on the planbave been considered and satisfactory classifications have been
achieved, at least partially, from time to time, s&el[2, 13, 15].
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The paper 2] considers the case in whidh fixes a triangle and has two orbits of?,
with a primitive action on at least one of them. While maintaining the latter assumption, in
this paper we treat the “reducible” situation in which the gr@ifixes apoint off the oval
and we prove that it occurs in a Desarguesian plane if and oay-if1) /2 is a prime, the
group lying in the normalizer of a Singer cycle BIG L(2, n) in this case.

For an abitrary plane we show that such a group of even order cannot contain Baer
involutions: this piece of information is sufficient for deriving many of the properties
holding in [B, Proposition 4.3(1)] where the group is assumed to act transitively?on
In particular, the Sylow 2-subgroups are either cyclic or generalized quaternion groups,
with additiond numerical constraints am

It is remarked in 21, p. 60] that a goup fixing an oval in a projective plane of odd
order and acting transitively on its points “may be soluble as well as fixing a non-incident
point—line pair”; despite that, the author feels that “it seems probable” that a transitive oval
“can occur only in the classical case”. We are aware of no example in a non-Desarguesian
plane for the guation which is being considered in this paper.

Unfortunately, no additional information seems to arise from such group-theoretic tools
as the O’Nan—Scott theorem, which have fowudcessful application elsewhere. In the
final Section 5we give a brief report on the computer searches that we carried out with
GAP [16]: a non-Desarguesian plane of order< 23 cannot yield an example for the
Situation under consideration.

2. Preliminaries

We recall that a group action on a given set is said tddithful if the kernel of the
action is trivial. We adopt the exponential niboa for collineations acting on points, lines
and, possibly, other configurations of a projective plane. For a finite ddgupe denote
by O(U) the largest normal subgroup of odd ordetdn acharacteristic subgroup &f.

Let = be a finite projective plane of odd ordarwith an oval 2 and letG be a
collineation group ofr fixing (2. We observe first of all that the action @& on {? is
faithful. Throughout the rest of the paper, the grdbis assumed to satisfy the following
properties:

(a) the ation of G on {2 yields precisky two orbits 21 and {2 with | 21| > 3, |{22] > 3;
(b) G fixes apoint O which is not on the oval;
(c) G has a printive action onf2.

Proposition 1. The fixed point O is internal. Each secant through O contains precisely
one point off?; and precisely one point af,. Theaction of G on(2, is faithful and is
equivalent to the action of G on the set of secants through O and to the action ofX on
In particular we have (21| = || = (n+ 1)/2, thegroupG is primitive on {21 and every
collineation in G induces aaven permutation or..

Proof. If O is an external point an¥, Y denote the points at which the tangents through
O meets?, thenG either fixes or interchanges andY. If one of these pointsis if?; and

the other one is i, thenboth X andY are fixed points ofs and that contradicts the
transitivity of G on (2, since|{2| > 3.
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If both X andY are inf}, wherei = 1 or 2, then{X, Y} is (at least setwise) fixed b$
and that contradicts the transitivity & on (2 since|(}| > 3. We conclude thaD is an
internalpoint.

Take apoint P € (2 and letQ be the further point of itersection of the lineO P
with 2. AssumeQ € (2. Thepairs{P9, Q9}, asg varies inG, form then a system of non-
trivial blocks of imprimitivity for G on (22, a cmntradiction to the primitivity ofG on (2,
unless f2»| = 2 which is exluded. We conclude th& < (2. The trangivity of G on the
two orbits shows that the action & on each orbit is equivalent to the action@fon the
secants through the poif@ and that each secant throuGhmeets(? in points of distinct
orbits.

Assumeg e G fixes (2, pointwise; then sincg fixes O it will also fix each secant
through O and sog will fix (21 pointwise; consequently fixes each point of2 and sog
is the identity on the whole plane. O

It follows from the faithfulness ofG on (2, that a non-trivial normal subgroupN
of G cannot fix {2, pointwise; siwe the orbits ofN on (% form a system of blocks of
imprimitivity for G on (2, the primitivity of G on (2, yields thatN must be tansitive
on (2.

Proposition 2. There cannot exist a Baer involution in G. Consequently G contains
involutory homologies i&nd only if it has even order.

Proof. AssumeG contains a Baer involution. We have = 1mod 4 n this case and
consequentlys21| = |f22] = (n+ 1)/2 isodd. An involution inG must have at least one
fixed point in each orbit. Ify is a Baer involution inG, then its fixed Baer subplane has a
non-empty intersection with the oval; consequently case (II1oPfoposition 2.2] occurs
andg fixes no interal point, a contradiction.

A non-trivial perspectivity fixing an oval in a projective plane of odd order must be an
involutory homology by #, Proposition 2.1]. Since a colleation of order two of a finite
projective plane is either a perspectivityaBaer involution, the assertion follows[]

We know from [4, Proposition 2.1] that for an involutory homology fixin@ either the
center is an external point and the axis is a selia@ or the center is an internal point and
the axis § an extemal line; furthermore, the involutory homology is uniquely determined
by its center or by its axis respectively.

Proposition 3. If h is an involutory homology in G, then the center C of h is different from
O and so the axis is incidentith O; if C is external then n= 1 mod 4 while if C is
internal then n= —1 mod4; the line OC is external.

Proof. AssumeC = O. Each secant throug® is fixed byh and meetd? in points from
distinct orbits {21 and {2,. Consequentlyh fixes {2 pointwise, yielding the contradiction
h =id.

Let ¢ be the axis oh.

If C is external thert is a secant throug® meding {2 at pointsP; € 1 andP> €
which are fixed byh. Each secant through meets(? at two points which are exchanged by
h, herce they lie in the same orbit. We conclude that- 1)/2 = |21\ {P1}| = |f2\{P2}]
is even in this case.
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If C isinternal thert is an external line througld. Each secant througB meets(? at
two points which are exchanged Iy herce they lie in the same orbit. We conclude that
(n+1)/2 = |f4] = |{22] is even in this case.

SinceO is an interl point byProposition 1theline OC cannot be a tangent. ®C
is a secant, theRroposition 1shows thathie two points whichOC shaes with {2 lie in
distinct orbits 2, and {2, but wehave just observed thatexchanges these two points, a
contradiction. We conclude th&C is an external line. O

3. Thesituation in Desarguesian planes

We want toprove that examples for thetuation described in the previous section can
be found in a Desarguesian plane. More precisely, we prove the following.

Proposition 4. If 7 is Desarguesian and G is a collineation groupmoatisfying(a)—(c),
then(n + 1)/2 is an odd prime and G is a subgroup of the normalizer of a Singer cycle
of PGL(2, n) acting on a conic.

Proof. Letq be an odd prime and letbe a positivénteger withn = q" > 3. Every oval of
7 = PG(2, n) is a conic by Segre’s theorer®]]. Let thereforef? be a conic ofP G(2, n)
and letE denote the setwise stabilizer &f in the full collineation group ofP G(2, n).
The groupE acts on2 asPI'L(2, n) in its natural 3-transitive permutation representation
and the linear collineations irE form a subgroupL isomorphic to PGL(2, n),
[19, Theorem 2.37].

Let O be a point ofP G(2, n) which is internal with respect t®@. The stabizer of
O in L is a dhedral subgrou of order 2n + 1), herce D is the normalizer ir_ of a
Singer cycleS [20, Il Sedion 8.27] ThegroupL is thus transitive on internal points and
consequently so i&. If we denote byV the stabilizer of ti intenal pointO in E, then
we havelV| = 2r (n + 1) and it follows fromD = V N L and the fact thak is anormal
subgroup ofE that D is a normal subgroup o¥/. Furthermorgthe rdationn + 1 > 2
shows thasSis the unique cyclic subgroup of order+ 1 in D, consequenths is anormal
subgroup ofV. Singer cycles form a single conjugacy classAG L(2, n), whence also
in PI'L(2, n), and so thenormalizer of a Singer cycle iRI'L(2, n) has order 2(n + 1),
showing thaW is precisely the normalizer &in E.

Let G be an arbitrary subgroup &f satisfying the requestetbnditions (a)—(c), and
let £21 and (2> be the obits of G on 2. We know from Proposition 1that|§21| = || =
(n+1)/2.

SettingM = G N L we have thaM is normal inG, herce by the primitivity ofG, it
is transitive onf2, (resp.f2) and(n + 1)/2 divides the order oM. Therdore it is either
IM|=(M+1)/20r|M|=n+1.

In the latter case the grouy is cyclic or dhedral; if M is cyclic it coincides withS, so
it is transitive onf2, which isfalse. TlereforeM is dihedral of orden+ 1 and ©ntainsw,
the subgroup of ordetn + 1)/2 of S. In patticular, {21 and{2, are precisely the two orbits
of W on {2. The setvise stabilizerl” of 21 in V coincides with the setwise stabilizer 8%
inV and we haveV : I'| = 2.
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A Singer cycle has the property that its normalizePf'L (2, n) coincides with the
normalizer of any one of its non-trivial subgrou0[ Il Sedion 7.3]. In particular, if
[21] = [£22] = |W| = (n + 1)/2 is not a prime, thetW admits at least one non-trivial
proper subgroup. Since such a subgroup is normallence also i3, its orbits will form
a g/stem of non-trivial blocks of imprimitivity foiG on (2. A transtive pernutation group
of prime degreed primitive [20, 1l Sedion 1.3] and so weonclude that" is primitive on
£ ifandonly if (n 4+ 1)/2 is a primelf that is the case, we can take fGrany subgroup
of I" containingW and such that its linear part is dihedral of order 1.

Assume howM| = (n + 1)/2. ThenM is either the subgroup of ordén + 1) /2 of S
or M is dihedral intersecting@ in a aubgroupU of order(n + 1)/4 > 2. In the former case
we haveM = W and we know the situation from the previous discussion. In the latter case
we know thatU is normal inV, [20, Il Sedion 7.3] and sdJ is normal inG as well; in
particular sinc&n + 1) /4 is a poper divisor of(n + 1) /2 in thiscase, it turns out that the
orbits ofU on (2, form a system of non-trivial blocks of imprimitivity for the action Gf
on {2 and so this case is excluded.

We oonclude that(n + 1)/2 is anodd prime, yielding in particulan = 1mod4.
Furthemore the groups is a subgroup ofI” containingW and such that its linear part
is eitherW or is dihedral of orde(n + 1) (if this is the case the linear part &f coincides
with the linear partof”). O

The homologies oP G(2, n) are linear collineations and so the involutory homologies
in I" lie in the dhedral subgrou®. ThegroupD hasn + 2 involutions, all of which are
involutory honologies. One of these lies i and has cente®, while the centers of the
involutory homologies inD\ S are precisely the points of the polar line ©fwith respect
to (2, an extenalline [18, Theorem 8.16]. Half of these centers are external points, these
are namely the centers of the involutory homologieg'i(seeProposition 3.

If G has even order, it contains involutory homologies @e#position 2 and these are
precisely the involutory homologies éf. We cmnclude that the linear part & coincides
with W if and only if G has odd order. On the other ha@dhas even order if and only if
its linear part coincides with that df.

Since[ fixes a line, the previous situation admits an “affine” representation, which can
be entirely gated in terms of finite fields. Sind®F(n?) is a two-dimensional vector space
overG F(n) we may consider its elements as the points of the affine pde®€, n). The
subset? = {z € GF(n?) : "1 = 1} is an ellipse iINAG(2, n).

The group AI'L(2,n) of plane affine collineationgontains the subgroup of all
transfomations

GF(n®) — GF(?), z~af +b

wherea,b € GF(n?),a # 0 and 0< i < 2r. Let¢ be a primitive element o6 F(n?)
and takew to bez 2D or any other element of ordén + 1)/2 in G F(n?). Considerthe
subgroup ofAI'L (2, n) generated by the transformations

f:z2— wz, g:z— 2%

The subgroug f) fixes {2 and yields two orbits of lengttn + 1)/2 on {2, nanely 4, =
Lo, .. o" Y2 and2 = {§ to, ..., é0"D/2) wheret € 2\2. Sinceg is a field
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automorphism oz F(n?), it fixes each multiplicative subgroup @ F(n?)*, in paticular
g fixes 2. Thegroup(f, g) has order - (n + 1), fixes the iternal point given by the
zero element 06 F(n?) and has two orbits of2, narrely 21, 2>: we conclude that f, g)
is precisely the groug” of the previous “projective” description and the group) is
precisely the groupV.

If (n+ 1)/2 is an odd prime then the order of a Sylow 2-subgroupois 2 times the
largest power of 2 dividing; sincethe order of therinsformatiorg is 2r, we can conclude
that if I" is primitive on {2, then a Sylow 2-subgroup df is cyclic (the case = 3 being
theunique exception which is excluded by the assumpitigh > 3).

The stabilizer in” of the field dement 1 is preciselyg); anecessary condition faf to
act 2-transitively on?; and {2, is that(n — 1)/2 = (q" — 1)/2 divides 2, yieldingq = 3
andr = 2: the ation of I" on {2y and {2, is sharply 2-transitive in this case.

4. Thesituation for groupsof even order in arbitrary planes

We shall &sume in this section that the groGphas even order and show that it retains
many of the properties proved if,[Proposition 4.3]: the plane there was assumed of order
n = 1 mod4 andG was asumed to act transitively ofd with four dividing |G|.

Observe theour groupG contains involutory homologies broposition 2 If we
assume thatG contains just one such involutory homolobythen the subgrough) is
normal inG. Sincethe action ofG on (2, is faithful and primitive, the subgrough) is
transitive onf2,, contradicting| 22| > 3. We conclude thab contains at least two distinct
involutory homologies.

In what follows denote by and.A the sets consisting of the centers and axes of the
involutory homologies inG respectively.

Proposition 5. Let hy, hy be distinctinvolutory homologies in G with centers C, and
axes a, ap respetively. We have thy # hohi, C1 ¢ ap, Co ¢ a1. The product hhy has
odd order and acts semiregularly on the set of points not gi Gand distinct from O. The
line C1C; is an external line not through O.

Proof. If hy, ho commute thernihy is an involution, whence an involutory homology by
Proposition 2sinceO lies on the axea, ay it follows from [11, 3.17] thatO is the center
of the involutory homolog¥1h, contradictingProposition 3

The involutory homologyhz‘lhlhz has center(Cy)M2; if C; € ap then we have
(C)M2 = Cy, consequentl;hglhlhz has cente; and must therefore coincide with,
which mean#, h, commute, a contradiction. Similarly, we cannot h&gec a;.

The subgrouphs, hy) is a dihedral goup of order &, whered is the order of the
collineationhzhy. If d is even then(hy, hy) contains a central involution, whence an
involutory homology commuting in particular with, sd,, a mntradiction. Consequently
d is odd.

Lett be a positivanteger witht < d and letP be a fixed point ofh;hy)! off C1Cy
and distinct fromO. Consgder the collineationg = (hihy)thy. As ghy = (hihy)! has
odd order,g is conjugate toh;, whence g and h; are distinct involutory homologies.
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HoweverP9 = ptiha'hi — phi byt thatis only possible ifg andh; have the same
axis or the same center, a contradiction.

We prove thatthe line C1C; is external. Assume the lin€1C; is a tangent to? at,
say, P. Let Ry and R, denote the (distinct) points at which the tangents throdgland
C, other thanC,C, touch? respectively. Ther turns out to be theammon point of the
lines PRy, PRy, which are the axes dfiy andhy respectively, contradicting the fact that
the canmon point of these axes 3.

AssumeC;C; is a secant meeting at, say,R, S. Certanly both R andSlie in {21 or
in {2. Assume the former and observe that the collinedtign acts semiregularly on the
(n+1)/2 — 2 points of 41 \{R, S} as well as on thén + 1)/2 points of (%, yielding that
d should divide gcd(n + 1)/2 — 2, (n + 1)/2) = 1, a contradiction.

Finally, assumeO lies on C1C, and observe thahih, acts semiregularly on the
(n+ 1)(n — 2) 4+ 1 points off 2 U C1C; as well as on thén + 1)/2 points of ;. Herce
d should divide gcd(n + 1)(n — 2) + 1, (n + 1)/2) = 1, a contradiction. [J

Proposition 6. The group G contains an elementary Abelian normal subgroup M of odd
order acting regularly onf2,, as wel as on the set<® and .4, resgectively. In particular,
(n +1)/2 = p® holdsfor an odd prime p and a positive integer e, whence & mod 4

The setA coincides with the set of secants through O and O is the unique fixed point
of G.

The subgroup H generated by the involutory homologies in G has oRgérand itis
the semidirect product of M by a group of order two; H is primitivef@nrespetively, (2
if and only if(n + 1)/2is a prime.

Proof. Let H be the subgroup o6 generated by the involutory homologies. Any two
involutory homologies inG generate a dihedral group of order twice an odd number,
hence they are conjugate in this dihedral group and so they are also conjught@in
Corollary 3 in [L7] thegroupH possesses a subgrobpof odd order which is normal in
G with |H : N| = 2.

Let h be an involutory homology irG. As H = N¢(h), every irvolutory homology
in G is conjugate toh under a collineation ifN. Thegroup N is non-trivial, asG does
not have a normal subgroup of order 2. By the Feit-Thompson thedrrth group N
is sdvable and consequently a minimal normal subgrdipf G contained inN must
be an elementary Abelian group acting regularly@n[20, Il Sedion 3.2]. In particular,
(n+ 1)/2 is a powerp® of an odd primep and consequently the relatiosn= 1 mod 4
holds. Proposition 3shows now that the center of each involutory homology @&is an
external point, and so the axis is a secant line thro@ghn paticular, h fixes apoint in
{2, sayP.

Since M is transitive on{», we haveN = MNp. For everyg € Np the product
hh9 acts semiregularly o2, by Proposition 5 Howeverhh? fixes P ash does. Hence
hh? = id for all g € Np. In other wordsh centralizesNp, whence the conjugates df
underN = M Np coincide with those undevl. As the ldter ones generatd (h), we have
N(h) = H = M(h), whenceN = M and(h) is the stabilizer o in H.

In particular,H is primitive on {2 (which is equivalent to the maximality @h) in H)
if andonly if p€ = M| is a prime.
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For each secant linethroughO we havels N 1] = |s N f%»| = 1 and sice(n+1)/2
is the total number of secants throu@hwe have theegularity of M on 4 andZ.

Finally, assumés fixes anoher pointO’. For an ivolutory homology inG we have that
either the pointO’ is the center or the lin@ O’ is the axis. Sice the numbe( + 1)/2
of involutory homologies irG is at least three, we see that at least two distinct involutory
homologies inG have either the same center or the same axis, which is not the dase.

Proposition 7. The goup G fixes an external linénot through O containing?.

Proof. We have sen thatH contains an elementary Abelian normal subgrdi@cting
regularly onZ andf2%. ConsequentiM acts regularly on the set of external lines through
O as well as on the set of secants through

We observe first of all thaO is the ungue fixed point oM, otherwse the lire joining
O to a furtherfixed point of M would al® be fixed byM, contradicting the previous
observation. The number of external lines(Zp® — 1)(p® — 1) = 1mod p, therdore
M fixes at least one external line and such a line cannot coQiaws we have already
observed. Shoul/ fix another external line, then the common point of these two fixed
externallines would be a kedpoint of M other thanO, a @mntradiction. We conclude that
M fixes precisely one external line.

The collineation groufs leaves invariant the set of external lines; furthermistés
normal inG; consequently the unique external line which is fixedbymust ato be fixed
by G. Such an external line is therefore fixed by each involutory homolody and, being
different from its axis (which is cant), it must contain its center]

A finite group is saido have2-rankk if 2K is the largest ater of an elementary Abelian
2-subgroup. The 2-rank of the given group is clearly an upper bound for the 2-rank of
its 2-subgroups, in particular of its Sylow 2-subgroups. For a finite group of even order
having 2-rank 1 is obviously equivaletd having a unique involution in each Sylow
2-subgroup. A finite 2-group with a unique involution is known to be either a cyclic group
or a generalized quaternion grou p. 132]; see alsol1, 4.2.2].

A remarkable property of a collineation group fixing an oval in a finite projective plane
of odd order is given by4, Proposition 2.4], stating that the 2-rank of such a group is at
most 3. Our situation is even sharper, as the next property shows.

Proposition 8. The goup G ha®-rank1. If (n+ 1)/2is a prime then G is the semidirect
product of QG), the largest normal subgroup of odd order of G, by a cy2hgroup.

Proof. If the 2-rank ofG is strictly greater than 1, the@ passesses a Klein groug; the
three invoutions inK are involutory homologies biyroposition 2Zand so the center of one
of them must beD by [11, 3.17], which is impossible byroposition 3

If (n+1)/2 = p, thenM is cyclic and AutM) is cyclicof orderp — 1. ForX € {2,
we have thaiG : Gx| is odd and soGx contains a Sylow 2-subgroup @, which
must be cyclic becausex < Aut(M), asCg(M) = M. Now G splits overO(G) by
[20, IV Sedion 2.8]. O

It is proved in B, Satz 2] that a &nsitive finite permutation group in which every
involution fixes precisely one point either (i) possesses a transitive normal subgroup of
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odd order and Sylow 2-subgroups which are cyclic or generalized quaternion groups, or
(i) is 2-transitive.

Proposition &ells us that our collineation group, viewed as grimitive permutation
group onf% (resp.f2) is of affinetype in the termmology of the O’Nan—Scott theorem,
see 3], all other classes having namely 2-rank at least 2.

The next proposition adds some numerical constraints in case our collineation@roup
contains 2-elements other than involutions. Let nanielye a non-trivial 2-subgroup of
G and leth be the unique involutory homology ifi; denote by¢ andC the axis ad the
center ofh, respectively. Set? N ¢ = {P1, P>} with Py € 21 and P, € (.

Proposition 9. The goup T acts semiregularly of?1\{P1} and on{2,\{ P>}, respectively.
Wehave n= 1 mod 2T|. If g is a collineation in T of orde®! > 2, then g partitions
the (n — 1)/2 extenal points of¢ into cycles of lengti2!~1. If 2™ is the largest oder of
a cyclic 2-subgroup of G containing g, then g fixes at lea8t'+1 internal points of¢;
mareover, each line through C and one such point is external.

Proof. For each pointQ e (»\{P.} the homologyh does not liein the stabilizerTg.
ConsequentlyTg| = 1 and eachT -orbit on (2\{ P>} has lengthT|. Herce |{2\{P2}| =
(n+1)/2 — 1is amultiple of |T|, yieldingn = 1 mod 3T]|.

If Sis an exteral point of¢, thenSis fixed by(gzt_l) and by no larger subgroup ¢d),
that is a subgroupgz') withi <t — 1. In fact, if Q and R are the points of2\{Py, P}
lying on the tangents throug8, theng? should fix {Q, R} at least setwise, contradicting
the fact that thég)-orbit of Q on 2 has length 2 Each(g)-orbit on the external points of
¢ has thus length'2 1.

Let now Z be a cyclic subgroup db with |Z| = 2™ andg € Z. Let f bea wllineation
in Z of order 2" suchthatg = 2" holds. We have = 1 mod 2™ by whatwe have
seen above. Since the involutory homoldgy= 2™ fixes each point ot, the at¢ion of
f on¢ yields orbits of length at most'2 1. The fixedpoints ofg on ¢ appear ir f )-orbits
of length less than™'+1, If x is the nuner of these points, the remainimg+ 1 — x
points of¢ appear in f )-orbits oflength at least P+, Fori = 1,...,t — 1 letc be the
number of{ f }-orbits oflength 2"+ We oountn+1—x = ¢-2™ 14 .. .4 ¢ _q.2m1
and obtain that2~t+1 dividesn + 1 — x. Asn = 1 mod 2", we mnclude that P—t+1
dividesx — 2. Furthermore, sincB1, P, and O are fixed points ofj on ¢, we havex > 3
and sax is at least 2142 SincePy, P, are the two fixed points @ on {2, we oonclude
that there are at least2'+1 fixed interral points ofg on ¢.

Let | be a fixed (internal) point 0§ on ¢. Theline Cl is external, because €1
intersects(? in, say, X andY, theng fixes {X, Y} at least setwise, contradicting the fact
that eachg)-orbit on 2\{P1, P>} has length2 O

5. Some computational data

Let = be a finite projective plane of odd ordarwith an oval 2 and letG be a
collineation group ofr fixing (2. Is it passible to fnd an example in whicls has even
order and satisfies properties (a)—(cBafction 2while 7 is non-Desarguesian?
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The information gathered in the previous sections does not seem sufficient for
attempting to provide an answer. As a matter of fact, even in the Desarguesian case the
groupG turns out to be fairly small when compared with the full collineation group fixing
the oval.

It sounds likely that the kind of “global” properties which are generally involved in the
proof that a given plane is Desarguesian cannot be derived from the “local” information
arising fromG.

The unique projective plane of order= 5 is Desarguesian; the integer3 (n+ 1)/2
is a prime and so we have an example for our situation in this plane.

There are four planes of order= 9 up to isomorphismZ2]. The Desarguesian plane
does yield an example because-5n+1)/2 is a prime. The @er of the setwise stabilizer
of an oval in the Hall plane, in its dual plane or in the Hughes plane is one of the integers
16, 32 or 48, 10]: such a group contains no subgroup of order 10 and so nhone of these
planes yields an example for our situation accordinBrimposition 6

We cecided to test the next valuesmfor which (n + 1) /2 is a prime powr, using the
GAP library of primitive permutation groups of small degree. Our search was exhaustive
for n = 13, 17. In the former case, since= (n + 1)/2 is a prime, the Desarguesian
plane does furnish an example for the given situation and we verified it is the only one for
n = 13. In the latter case, since=9 (n + 1) /2 isnot a prime, the Desarguesian plane does
not yield an example for the given situation and we verified the non-existence of such an
exampe forn = 17 altogether.

We have chosen the approach of Buekenhout ové@ls These are maely sutable
subsets of involutory permutations a2 and allow an implementation inside Syf),
which is thus suitable for GAP. The idea was to take the primitive groups of even order and
given degre@® = (n + 1)/2 from the GAP libraryPrimitveGroups.

The first step was to check whether such a group fulfilled the structural constraints like,

for instance those on the 2-subgroups. Then the given permutation representation had to
be doubled on twice as many elements, since the acti@® o 21 and (% is the same.
The main part of the computation was the procedure reconstructing the Buekenhout oval
arising from our putativprojectiveoval {2 in the planer; see P] for the teminology. The
reconstruction process stops before completion in all cases under consideration, except for
the dihedral groupf order 14 in its representation of degree 7, and that yields precisely
the case of a conic iR G(2, 13).

GAP source code for the two cases that were considered is available from the authors.
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