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Abstract

A strong interaction is known to exist between edge-colored graphs (which encode PL pseudo-
manifolds of arbitrary dimension) and random tensor models (as a possible approach to the study
of Quantum Gravity). The key tool is the G-degree of the involved graphs, which drives the 1/N
expansion in the tensor models context. In the present paper - by making use of combinatorial
properties concerning Hamiltonian decompositions of the complete graph - we prove that, in any even
dimension d > 4, the G-degree of all bipartite graphs, as well as of all (bipartite or non-bipartite)
graphs representing singular manifolds, is an integer multiple of (d — 1)!. As a consequence, in
even dimension, the terms of the 1/N expansion corresponding to odd powers of 1/N are null in
the complex context, and do not involve colored graphs representing singular manifolds in the real
context. In particular, in the 4-dimensional case, where the G-degree is shown to depend only on the
regular genera with respect to an arbitrary pair of “associated” cyclic permutations, several results are
obtained, relating the G-degree or the regular genus of 5-colored graphs and the Euler characteristic
of the associated PL 4-manifolds.

Keywords: edge-colored graph; PL-manifold; singular manifold; colored tensor model; regular genus;
Gurau-degree.
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1 Introduction

It is well-known that regular edge-colored graphs may encode PL-pseudomanifolds, giving rise to
a combinatorial representation theory (crystallization theory) for singular PL-manifolds of arbitrary
dimension (see Section [2).

In the last decade, the strong interaction between the topology of edge-colored graphs and random
tensor models has been deeply investigated, bringing insights in both research fields.

The colored tensor models theory arises as a possible approach to the study of Quantum Grav-
ity: in some sense, its aim is to generalize to higher dimension the matrix models theory which, in
dimension two, has shown to be quite useful at providing a framework for Quantum Gravity. The key
generalization is the recovery of the so called 1/N expansion in the tensor models context. In matrix
models, the 1/N expansion is driven by the genera of the surfaces represented by Feynman graphs; in
the higher dimensional setting of tensor models the 1/N expansion is driven by the G-degree of these
graphs (see Definition , that equals the genus of the represented surface in dimension two.



If (CN)®? denotes the d-tensor product of the N-dimensional complex space CV, a (d + 1)-
dimensional colored tensor model is a formal partition function

ZIN, {ap}] :_/f(iT;iT exp(—NIIT . T—|—ZaBB (T, T)),

where T belongs to (CV)®? T to its dual and B(T,T) are trace invariants obtained by contracting the
indices of the components of T and 7. In this framework, colored graphs naturally arise as Feynman
graphs encoding tensor trace invariants

As shown in [4], the free energy L log Z[N, {tg}] is the formal series

1ogZN {tell = S N"TOC R, [{tg}] € CIIN T, {ta}], (1)

wg>0

where the coefficients F,,, [{tp}] are generating functions of connected bipartite (d+1)-colored graphs
with fixed G-degree wg.

The 1/N ezpansion of formula describes the role of colored graphs (and of their G-degree w¢)
within colored tensor models theory and explains the importance of trying to understand which are
the manifolds and pseudomanifolds represented by (d + 1)-colored graphs with a given G-degree.

A more detailed description of these relationships between Quantum Gravity via tensor models
and topology of colored graphs may be found in [4], [16], [15], [7].

A parallel tensor models theory, involving real tensor variables T € (RV)®? has been developed,
taking into account also non-bipartite colored graphs (see [18]): this is why both bipartite and non-
bipartite colored graphs will be considered within the paper.

Section [2] contains a quick review of crystallization theory, including the idea of regular embedding
of edge-colored graphs into surfaces, which is crucial for the definitions of G-degree and regular genus
of graphs (Definition [3).

In Section [3] combinatorial properties concerning Hamiltonian decompositions of the complete
graph allow to prove the main results of the paper.

Theorem 1 For each bipartite (d 4+ 1)-colored graph (T',~), with d even, d > 4,
we()=0 mod (d—1)!

Theorem 2 For each (bipartite or non-bipartite) (d + 1)-colored graph (I',~) representing a singular
d-manifold, with d even, d > 4,
wa(I)=0 mod (d—1)!

Note that the above results turn out to have specific importance in the tensor models framework.
In fact Theorem [I] implies that, in the d-dimensional complex context, with d even and d > 4, the
only non-null terms in the 1/N expansion of formula are the ones corresponding to even (integer)
powers of 1/N.

On the other hand, Theorem [2| ensures that in the real tensor models framework, where also non-
bipartite graphs are involved, the 1/N expansion contains colored graphs representing (orientable or
non-orientable) singular manifolds - and, in particular, closed manifolds - only in the terms corre-
sponding to even (integer) powers of 1/N. Both Theorems extend to arbitrary even dimension a result
proved in [7, Corollary 23] for graphs representing singular 4-manifolds.

Section [4] is devoted to the 4-dimensional case: in this particular situation, the general results
of Section [3| allow to obtain interesting properties relating the G-degree with the topology of the
associated PL 4-manifolds. In fact, the G-degree of a 5-colored graph is shown to depend only on the
regular genera with respect to an arbitrary pair of “associated” cyclic permutations (Proposition .
This fact yields relations between these two genera and the Euler characteristic of the associated PL
4-manifold (Proposition (13| and Proposition ; moreover, two interesting classes of crystallizations
arise in a natural way, whose intersection consists in the known class of semi-simple crystallizations,
introduced in [2] (see Remark [7)).



2 Edge-colored graphs and G-degree

A singular d-manifold is a compact connected d-dimensional polyhedron admitting a simplicial tri-
angulation where the links of vertices are closed connected (d — 1)-manifolds, while the link of any
h-simplex, for each h > 0, is a PL (d — h — 1)-sphere. A vertex whose link is not a PL (d — 1)-sphere
is called singular.

Remark 1 The class of singular d-manifolds includes the class of closed d-manifolds: in fact, a closed
d-manifold is a singular d-manifold without singular vertices. Moreover, if N is a singular d-manifold,
then a compact PL d-manifold N is obtained by deleting small open neighbourhoods of its singular
vertices. Obviously, N = N if and only if N is a closed manifold; otherwise, N has a non-empty
boundary without spherical components. Conversely, given a compact PL d-manifold M, a singular
d-manifold M can be obtained by capping off each component of 9M by a cone over it.

Note that, in virtue of the above correspondence, a bijection is defined between singular d-manifolds
and compact PL d-manifolds with no spherical boundary components.

Definition 1 A (d + 1)-colored graph (d > 2) is a pair (I',v), where I' = (V(I'), E(T')) is a regular
d + 1 valent multigraph (i.e. multiple edges are allowed, while loops are forbidden) and v : E(I") —
Ay =A0,...,d} is a map injective on adjacent edges, called coloration.

For every B C Ay let I'g be the subgraph obtained from (T',~) by deleting all the edges colored
by Ag — B. The connected components of I'g are called B-residues or, if #I = h, h-residues of I'; the
symbol g denotes their number. In the following, if B = {c1,...,cp}, its complementary set Ay — B
will be denoted by ¢; ... ¢p.

Given a (d + 1)-colored graph (T',7), a d-dimensional pseudocomplex K (I') can be associated by the
following rules:

e for each vertex of I, let us consider a d-simplex and label its vertices by the elements of Ay;

e for each pair of c-adjacent vertices of I' (¢ € Ay), let us glue the corresponding d-simplices along
their (d—1)-dimensional faces opposite to the c-labeled vertices, so that equally labeled vertices
are identified.

|K(T")| turns out to be a d—pseudomamfolcﬂ which is orientable if and only if I" is bipartite, and
(T, ) is said to represent it.

Note that, by construction, K(T') is endowed with a vertex-labeling by A, that is injective on
any simplex. Moreover, a bijective correspondence exists between the h-residues of I' colored by any
B C Ay and the (d — h)-simplices of K (I') whose vertices are labeled by Ay — B.

In particular, for any color ¢ € Ay, each connected component of I'z is a d-colored graph repre-
senting a pseudocomplex that is PL-homeomorphic to the link of a c-labeled vertex of K(I') in its first
barycentric subdivision. As a consequence, |K (I")| is a singular d-manifold (resp. a closed d-manifold)
iff for each color ¢ € Ay, all é-residues of I' represent closed (d—1)-manifolds (resp. the (d—1)-sphere).

In virtue of the bijection described in Remark |1} a (d + 1)-colored graph (I",~) is said to represent
a compact PL d-manifold M with no spherical boundary components if and only if it represents the
associated singular manifold M.

Definition 2 A crystallization of a closed PL d-manifold M? is a (d+ 1)-colored graph representing
M, such that each d-residue is connected (i.e. g; =1 Vi€ Ag).

The following theorem extends to singular manifolds a well-known result - due to Pezzana ([17]) -
founding the combinatorial representation theory for closed PL-manifolds of arbitrary dimension via
colored graphs (the so called crystallization theory). See also [11] and [12] for the 3-dimensional case.

Un fact, |K(T)| is a quasi-manifold: see [13].



Theorem 3 ([9, Theorem 1]) Any singular d-manifold - or, equivalently, any compact d-manifold
with no spherical boundary components - admits a (d + 1)-colored graph representing it.
In particular, each closed PL d-manifold admits a crystallization.

It is well known the existence of a particular set of embeddings of a bipartite (resp. non-bipartite)
(d + 1)-colored graph into orientable (resp. non-orientable) surfaces.

Theorem 4 ([14]) Let (T',7) be a bipartite (resp. non-bipartite) (d + 1)-colored graph of order 2p.
Then for each cyclic permutation € = (g, ...,£4) of Ag, up to inverse, there exists a cellular embed-
ding, called regular, of (T',7) into an orientable (resp. mon-orientable) closed surface F.(T') whose
regions are bounded by the images of the {e;j,ej41}-colored cycles, for each j € Zgy1. Moreover, the
genus (resp. half the genus) p<(I") of Fe(T') satisfies

X(F(D) =2-2p-(T) = > gejepr + (1= d)p.

J€ZLG4+1

No regular embeddings of (I',7y) exist into non-orientable (resp. orientable) surfaces.

The Gurau degree (often called degree in the tensor models literature) and the regular genus of a
colored graph are defined in terms of the embeddings of Theorem

Definition 3 Let (I',y) be a (d + 1)-colored graph. If {8(1),5(2),...,8(%!)} is the set of all cyclic
permutations of Ag (up to inverse), p.uy (1=1,..., %) is called the regular genus of " with respect

to the permutation €. Then, the Gurau degree (or G-degree for short) of ', denoted by wa(T), is
defined as

wa) = D paw(T)
=1

and the regular genus of I', denoted by p(I'), is defined as

p(I') = min {pa(i)(F) /i= 1,...,%!}.

Note that, in dimension 2, any bipartite (resp. non-bipartite) 3-colored graph (I",y) represents an
orientable (resp. non-orientable) surface |K(I')| and p(T') = wg(T) is exactly the genus (resp. half
the genus) of |K(T')|. On the other hand, for d > 3, the G-degree of any (d + 1)-colored graph (resp.
the regular genus of any (d + 1)-colored graph representing a closed PL d-manifold) is proved to be
a non-negative integer, both in the bipartite and non-bipartite case: see [7, Proposition 7] (resp. [10}
Proposition A]).

3 Proof of the general results

Within combinatorics, the problem of the existence of m-cycle decompositions of the complete graph
K, or of the complete multigraph AK,, (i.e. the multigraph with n vertices and with A edges joining
each pair of distinct vertices) is long standing: a survey result, for general m, n and A, is given in [,
Theorem 1.1].

Moreover, the following results hold, concerning Hamiltonian cycles (i.e. m = n) in K, both in
the case n odd and in the case n even.

Proposition 5 [5, Theorem 1.3] For all odd n > 3 there exists a partition of all Hamiltonian cycles
of K, into (n — 2)! Hamiltonian cycle decompositions of K,,.

Proposition 6 [19, Theorem 2.2] For all even n > 4 there exists a partition of all Hamiltonian
cycles of K, into (";2)! classes, so that each edge of K, appears in exactly two cycles belonging to

the same class.




Figure 1: The six Hamiltonian cycle decompositions of K

Figure 1 describes - as an example of Proposition [5]- the six Hamiltonian cycle decompositions of
K35, each of them containing a pair of disjoint Hamiltonian cycles (given by the dashed and continuous
edges respectively). Note that, by labelling the vertices of K, with the elements of A,_;, each
Hamiltonian cycle in K, defines a cyclic permutation of A,,_; (together with its inverse), and viceversa.

On the other hand, the following statement regarding the G-degree has been recently proved.
Proposition 7 [7, Proposition 7] If (T',v) is a (d + 1)-colored graph of order 2p (d > 3), then

we) = D 0@ o Y ). ®

r,8€Ag
, . , (d—1)!
As a consequence, the G-degree of any (d+1)-colored graph is a non-negative integer multiple of “——-.

The result of Proposition [7, which was originally stated in the bipartite case (see [4]), suggested
the definition, for d > 3, of the (integer) reduced G-degree

wy(T) = (dfl), we(T),

which is used by many authors within tensor models theory (see for example [15])E|
Actually, we are able to prove that, if d > 4 is even, under rather weak hypotheses, the G-degree
is multiple of (d-1)! (or, equivalently, the reduced G-degree is even).

Proposition 8 If d > 4 is even, and (I',v) is a (d + 1)-colored graph such that each 3-residue is
bipartite and each d-residue is either bipartite or non-bipartite with integer reqular genus with respect
to any permutation, then

we(l) =0 mod (d—1)!

Proof. Let (I',~) be a (d + 1)-colored graph, with d > 4, d even. Since n = d + 1 is odd, Proposition
implies that all %! cyclic permutations (up to inverse) of Ay can be partitioned in (d — 1)! classes,

each containing d/2 cyclic permutations, gV g2 ,5(%) say, so that
/2
S DITTAED S
=1 jeZag 7T rselq

2In fact, the exponents of N~! in the 1/N expansion of formula are all (non-negative) integers wy,.

>



Hence, by Theorem [4

/2 p
7_2 Zpg(l)_ Z Grs TP 1_d) 5
r,s€EAg
and
/2
2- Zpg(l) =d+p- ( Z Grs- (3)
i=1 rsEA,

This proves that the quantity fol ps(i is constant, for each class of the above partition; then,

d/2

we) =d-1! > pa
i=1

immediately follows ]
Now, the hypotheses on the 3-residues and d-residues of I' directly implies, in virtue of Theorem

and of [9, Lemma 2] (originally proved in [10, Lemma 4 2]), that Zd/ 21 p=ai) is an integer, and hence

wa(T) =0 mod (d—1)! (or equivalently, wy(T') =2 - (d (1)), is even).

|

Then, the results stated in Section [1] trivially follow.

Proof of Theorems 1 and 2.
Both in the case of (I',7) bipartite and in the case of (I',7) representing a singular d-manifold, the
residues of ' obviously satisfy the hypotheses of Proposition |8 Hence, if d > 4 is even, wg(I') =0
mod (d — 1)! holds.

O

Another particular situation is covered by Proposition [§] as the following corollary explains.

Corollary 9 Let (I',7) be a (d + 1)-colored graph, with d > 4, d even. If (I',v) is a non-bipartite
(d + 1)-colored graph such that each d-residue is bipartite, then

wa(I)=0 mod (d—1)!

Note that there exist (d 4 1)-colored graphs, with d even, d > 4 and odd reduced G-degree: of
course, in virtue of Theorems 1 and 2, the represented d-pseudomanifold must be non-orientable and
it can’t be a singular d-manifold. As an example, for each d > 4, the (d + 1)-colored graph (I, ~) of
Figure 2 represents the (d — 2)-th suspension ¥ of the real projective plane RP? and we(l)=d-1.1Tt
is easy to check that I' is non-bipartite and ¥ is not a singular manifold, since all d-residues of I, with
the exception of I'g, do not represent a closed (d—1)-manifold. Moreover, its (unique) {0, 1, c}-residue,
for any ¢ € {2,...,d}, is non-bipartite and represents the non-orientable genus one surface RP?.

Remark 2 In the case d > 3 odd, Proposition@implies that all % cyclic permutations (up to inverse)

@ classes, each containing d cyclic permutations, M) @) . gd

J ’J+1:|_2 Z Iris-

1=1  j€Z4+1 rs€ENy

of A4 can be partitioned in
so that

say,

3Tn this way, one can reobtain - for d > 4 even - relation .



Figure 2: A (d + 1)-colored graph representing the (d — 2)-th suspension of RP?

Hence, a reasoning similar to the one used to prove Proposition [§ yields an alternative proof - for
d > 3 odd - of relation : since

d
2:d=2-) py=2 ) gs+p-(1—d)-d
i=1

T,SGAd

and
d d
;pg(i):d+p'(d_1)'2_ Z Grs (4)

hold, then

d
wa () = (d—21)! D Pt = (d—21)! : <d+p'(d—1)'g— > grs>
=1

directly follows.

Remark 3 It is worthwhile to stress that, for d even (resp. odd), formula of Proposition (resp.
formula (4) of Remark [2)) proves that the sum Efﬁ p=) (resp. Z?:l p=) of all regular genera with
respect to the d/2 (resp. d) permutations belonging to the same class is half the reduced G-degree
(resp. is the reduced G-degree)

d
W/G(F) = d—l—p'(d—l)-§— Z rs,

r,s€Ag

i.e. it is a constant which does not depend on the chosen partition class.
Hence, the regular genus p(I") of the graph T is realized by the (not necessarily unique) permutation
¢ which maximizes the difference

pe(I') — pe(T),

where pg(I") denotes the sum of the genera with respect to all other permutations of the same partition
class.

4 The 4-dimensional case

In the 4-dimensional setting, the above combinatorial properties allow to prove further results about
the G-degree.
In fact, it is easy to check that, for each cyclic permutation ¢ = (g9, ¢1,€2,€3,£4) of Ay, we have

{(ejre54+1) / J € Zs} U {(gj,€542) /7 € ZLs} = {(i,7) /1,5 € As,i # j}. (5)

Let us denote by £’ = (gf,, €], €5, €5, €}) the permutation (g9, £2,€4,€1,€3) of Ay, which may be said
to be associated to €.

Note that, when d = 4, the only partition of all 12 cyclic permutations of A4 (up to inverse) is
given by the six classes containing a given permutation e and its associated ¢’: see Figure 1, where each
class of the Hamiltonian cycle decomposition of K5 ensured by Proposition [5] is shown to correspond

7



to a pair (g, ¢}) of associated permutations, for i € Ng. For example, the first class corresponds to the
identical permutation e1 = (0, 1,2,3,4) and its associated permutation & = (0,2,4,1, 3).
Then, the following result holds.

Proposition 10 For each 5-colored graph (T,v), and for each pair (g,€") of associated cyclic permu-
tations of Ay,

we(T) = 6(pe(T) + por (D).

Proof. Equality directly yields

Z Gejej T Z Yelehn = Z Yisj-

J€EZs JEZs 1,JEAs

As a consequence, the sum of all regular genera of I' with respect to the 12 cyclic permutations
(up to inverse) of Ay is six times the sum between the regular genera of I' with respect to any pair €,
¢’ of associated permutations:

wo(T) = 6(p:(T) + pu(I)).

Remark 4 By Proposition for any 5-colored graph the sum between the regular genera of I' with
respect to any pair €, €’ of associated cyclic permutations is constant (see equality and Remark
for d = 4):

1 1
p-(0) +pu(D) = SwGD)=2+3p—5 3 gy
i:jEA5
Hence, the regular genus p(I") of the graph I is realized by the (not necessarily unique) permutation

e so that p/(I') — po(T") is maximal.

Moreover:

Proposition 11 (a) If (T',v) is a 5-colored graph, then for each pair (,€") of associated cyclic
permutations of Ay,

2(pr (1) = eD)) = D Geyir = D Geyeen

JEZLs J€Zs

(b) If (T,7) is a 5-colored graph representing a singular 4-manifold M*, then for each pair (e,')
of associated cyclic permutations of Ay,

pél(r) - pE(F) = Z gaj7£j+1,aj+2 - Z gEj,Ej+2,8j+4
JELs JEZLs
Proof. Statement (a) is an easy consequence of Theorem
2-2p.(I') = Z ejejr — P
J€ELs

and

2 - 2p€’(r) - Z ge;,€;+1 - 3p = Z g&j,6j+2 - Sp
J€EZs J€EZs

On the other hand, relation 2¢,5: = grs + grt + gst — p is known to be true for each order 2p
5-colored graph representing a singular 4-manifold (see [7, Lemma 21]. As a consequence we have:

2 Z Jejejr1.6542 — Z gr,s t Z ejejr — OP

J€EZLs r,S€Ls JEZs

8



and

2 Z ejejt12,E544 — Z 9r,s T Z Jejejrz — 5p.

JEZLs r,8s€7Ls5 JEZs

By making the difference,
2( § :gﬁj:€j+1:€j+2 - E :g€j7€j+27€j+4> = E :gej:eﬂ—l - E :g€j75j+2
JELs J€EZLs JE€ZLs J€EZs

is obtained; so, statement (b) follows, via statement (a).

Proposition [L1] enables to obtain the following improvement of [7, Proposition 29(a)].
Corollary 12 Let (I',y) be a 5-colored graph. Then:
wag) = 12-p(I") =

E Gejeisr = g e ej.0 JOr each cyclic permutation € of Ay.
JEZLs J€Zs

Proof. From [7, Proposition 29 (a)], it is known that

we) = 12:p(0) = > gei = D 0555000
J€EZLs J€EZLs

£ being the cyclic permutation of Ay such that p(I') = pz(T). So, pz(I") — pz(T') = 0 directly follows
via Proposition [L1] (a). Now, since p.(T") 4+ p-/(T') is constant for each pair (e,¢’) of associated cyclic
permutations of Ay (see Remark [d)), then:

|per (T) = pe(T)| < per(T) — p=(T).

Hence, pz (') — pz(I') = 0 implies D iy Gej i1 = D_jezs ejeipe (162 per(I) — pe(I') = 0, in virtue of
Proposition [L1] (a)) for each cyclic permutation e of Ay.
The reversed implication is straightforward, via Proposition (a).

Proposition 13 If (I',v) is an order 2p 5-colored graph representing a singular 4-manifold M4, then,
for each pair (g,€") of associated cyclic permutations of Ay:

(MY = (ps(F) —i—ﬂs’(I‘)) pt > g2
1€Ay

Proof. Tt is sufficient to apply Proposition [10] to the third equality of [7, Proposition 22].
O

Let us now recall two particular types of crystallizations introduced and studied in [2] and [1]E|:
they are proved to be “minimal” with respect to regular genus, among all graphs representing the
same PL 4-manifold.

Definition 4 A crystallization of a PL 4-manifold M* with k(7 (M%)) =m > 0 is called a semi-
simple crystallization if gjr; =1+m V j,k,l € Ay

A crystallization of a PL 4-manifold M* with rk(m(M*)) = m is called a weak semi-simple
crystallization if g; ;4142 =1+m Vi€ Ay (where the additions in subscripts are intended in Zs).

4Both semi-simple and weak semi-simple crystallizations generalize the notion of simple crystallizations for simply-
connected PL 4-manifolds: see [3] and [§].



According to [2], for each order 2p crystallization (I',7) of a closed PL 4-manifold M*, with
rk(m (M*)) = m0, let us set

ikl = 1+m+ tj,k,lu with tj,k,l Vj, k.l e Ay.

Semi-simple (resp. weak semi-simple) crystallizations turn out to be characterized by t;5; = 0
Vi k,l € Ay (resp. ti,i+1,i+2 =0 Vie Z5)

In [2], the relation

p=3x(M")+52m—1)+ > i (6)
7.klEA,

is proved to hold; hence, p = p+ ¢ follows, where ¢ = Zj,k,l€A4 tiks > 0and p=3x(M*)+5(2m—1)
is the minimum possible half order of a crystallization of M*, which is attained if and only if M4
admits semi-simple crystallizations.

With the above notations, the following results can be obtained.

Proposition 14 Let (T',v) be an order 2p crystallization of a closed PL J-manifold M*, with rk(mi(M*)) =
m. Then, for each pair (g,€') of associated cyclic permutations of Ay, with p-(T') < por(T):

por@) = pe(M) =q =2 teciners < @ (7)
1E€ZLs5
Moreover, The following statements are equivalent:
(a) a cyclic permutation € of Ay exists, such that po(I') — p(T') = g;
(b) T is a weak semi-simple crystallization;

(¢) p(T) = 2x(M*) + 5m — 4]

Proof. In virtue of Proposition (b), an easy computation proves relation :

per (L) = pe(l) = Z (m—+1+ t5i75i+175i+2) - Z (m+1+ t5i75i+2:5i+4) =
1€ZLs 1€ZLs

= E :t5i75i+175i+2 - E :tfi,5i+275i+4 =

i€Zs i€Zs

= Z ikl — 2 Z teicivaciva =

gk €A, €L

= q—2 Z lejeivociza = 4
1€Z5

Now, if I' is a weak semi-simple crystallization, by definition itself a cyclic permutation € of Ay
existsﬂ so that, for each i € Zs, ge, e, 0,eins = m+1, 1€ te, o neiny = 0. 80, por(I') = pe(I') = q easily
follows from relation .

On the other hand, if a cyclic permutation € of Ay exists, so that p.(I') — p-(I') = ¢, relation
vields t; c; 06,00 = 0, 1€ Geyei49,e004 = M + 1, which is exactly - up to color permutation - the
definition of weak semi-simple crystallization. Hence, (a) and (b) are proved to be equivalent.

Then, by comparing Proposition (with the assumption g; = 1 Vi € A4) and relation @, we

obtain:
per(D) + p=(T) = 2(2x(M*) + 5m — 4) + q. (8)
By making use of relation ([7)),
p8<F) = 2X(M4> +5m —4+ Z t5i75i+215i+4 (9)
€L

®Note that, in this case, the permutation & such that p(I') = p(T") coincides with the permutation ¢ of point (a); moreover,
p(I‘) Q(M4) holds, in virtue of the inequality G(M*) > 2x(M4) + 5m — 4, proved in [2].
6¢ turns out to be the permutation of A, associated to ¢’ = (0, 1,2,3,4).
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easily follows, as well as

per(T) = 2x(M*) + 5m — 4 + Z teiciincira- (10)
€L

Relation (9)) directly yields the co-implication between statements (b) and (c).

We conclude the paper with a list of remarks, which arise from the previous results.
Remark 5 With the above notations, formulae @ and immediately give

p<(I')  5m ¢ 4
oM 4 Mt < 9
2 5~y S XM <247 2 4

pe (L) 5m g

2+

for each crystallization of a closed PL 4-manifold AM*. Another double inequality concerning the Euler
characteristic of a closed PL 4-manifold M* and the regular genera of any order 2p crystallization of
M* with respect to a pair of associated permutations may be easily obtained from Proposition by
making use of the assumptions ) 3, x, g; = 5 and p.(T') < po(T') :

20:(0) =p+3 < x(M*) < 2p(T) —p+3.

Note that such double inequalities assume a specific relevance in case of “low” difference between
pe (') and po(T") (in particular if p./(T") = pe(T") occurs, possibly with p(T') < p(T")).
On the other hand, Proposition (13| and formula (resp. formula (8)) give

X(M4) = 2p5(r) —p+ 3+ (q -2 Z t5i75i+275i+4)

iE€ELs
4 pe(I) 5m 1
(resp. X(M7) = 2+ 9 T 9 T 9 ezz: teicivacita )
i€Zs

Hence, the following double inequalities arise, too, both involving the regular genus with respect to
only one cyclic permutation:

4 p(I')  5m
24 Ty T S M) = 2 e
Remark 6 Note that relation exactly corresponds, via Proposition to [7, Proposition 27].
Moreover, relation directly implies the inequality p.(T") > 2x(M*) + 5m — 4 (which is one of the
upper bounds obtained in [2]) and ensures that, for each crystallization (T',y) of a PL 4-manifold, the
regular genus p(I') is realized by the (not necessarily unique) permutation e so that >, 7 tc, cii0ei4
(or, equivalently, > . e, e, 0,6,,.4) is minimal. Finally, the equivalence between items (b) and (c) in
the above Proposition [14] gives a direct proof of [I, Theorem 2].

Remark 7 Semi-simple crystallizations turn out to be the intersection (characterized by ¢ = 0)

between the two classes of weak semi-simple crystallizations and of crystallizations satisfying wg(I') =

12 p(T') (and hence p.(I') = 2x(M*) + 5m — 4 + 3¢, for each cyclic permutation € of Ay).
Moreover, it is easy to check that

g<2 = T isa weak semi-simple crystallization.

In fact, if ¢ = Ej,k,lem tiks < 2, at most two triads (j,k,[) of distinct elements in Ay exist, so
that gjr; = 1 +m +1tj,; > 1+ m. This ensures the existence of a cyclic permutation ¢ of Ay so
that, for each ¢ € Zs, ¢, = m + 1, which is exactly the requirement for a weak semi-simple
crystallization.

Ei+1,Ei+2

7Actually, relation @[) corrects a trivial error in the proof (and statement) of [I, Lemma 7], not affecting the implications
in order to prove the main result of that paper.
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Remark 8 The formula obtained in [16, Lemma 4.2] for bipartite (d+1)-colored graphs and extended
to the general case in [7, Lemma 13] gives, if d = 4,

we(T) =3(p+4- 3 g;) + > wally),

1€EAY 1€,

where, for each i € Ay, we(I';) denotes the sum of the G-degrees of the connected components of I';.
Hence, ) ;cn, wa(T;) is always a multiple of 3 (recall Proposition [10| and Theorem .
Moreover, if (T, y) represents a singular 4-manifold M*, Proposition [10|and Proposition [13|imply:

> wa(ly) = 3(2x(M4)+p— 3 g;).

1€A, i€EA,

Note that, if (T, ) is a crystallization of a closed PL 4-manifold M* with rk(m(M*)) = m, relation

@ gives:
3 wall;) = 3[5 (X(M4) +2m — 2) + q}.
€A,
In particular, if (T',7) is semi-simple (i.e. ¢ = 0), > ;cp, wa(l;) = 15<X(M4) +2m — 2) follows, as

[2, Proposition 8] trivially implies.
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