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Moser’s estimates for degenerate Kolmogorov equations with
non-negative divergence lower order coefficients

FRANCESCA ANCESCHI * SERGIO PoLIDORO |
MARIA ALESSANDRA RAGUSA ¥

Abstract

We prove LY. estimates for positive solutions to the following degenerate second order
partial differential equation of Kolmogorov type with measurable coefficients of the form

Z On, (aij(z, )0y, u(z,t)) Z bijx;0p,u(z,t) — Opu(z, t)+

1,5=1 i,j=1
mo
+Zb (z,t)0u(x,t) — Za (ai(z, t)u(z,t)) + c(z, t)u(z,t) =0
=1 =1
where (z,t) = (x1,...,2n,t) = z is a point of RN *! and 1 < mg < N. (a;;) is an uniformly

positive symmetric matrix with bounded measurable coefficients, (b;;) is a constant matrix.
We apply the Moser’s iteration method to prove the local boundedness of the solution
under minimal integrability assumption on the coefficients.

1 Introduction

We consider second order partial differential operators of Kolmogorov-Fokker-Planck type of the
form

mo N
Lu(z,t) = Z 0w, (aij(z,1)0p,u(z, 1)) + Z bijz Oy, u(z,t) — Opu(z, t)+
A’jzl =l (1.1)

—I-Zb (x,t)Ou(x,t) — Z@ (ai(z, t)u(x,t)) + c(z, t)u(x,t) =0,

=1 =1
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in some open set Q@ C RV*!. Here z = (x,t) = (1,...,2n,t) denotes a point of RN*! and
1 < mg < N. In the sequel we will use the following notation

Az, t) = (a(x, t))lgingN ,

where a;; is the coefficient appearing in (1.1) for ¢, j = 1,...,mg, while a;; = 0 whenever i > my
or j > my. Eventually,

a(z,t) = (ai(x,t),...,amy(x,1),0,...,0), b(x,t) = (bi(x,t),...,bme(2,1),0,...,0)

N
Y = Z bijxj&vi - 8t. (1.2)

ij=1
Then the operator £ takes the following compact form
Zu=div(ADu) + Yu + (b, Du) — div (au) + cu.

Here and in the sequel
D = (0y,,...,0zy), (-, ), div, (1.3)

denote the gradient, the inner product, and and the divergence in RY, respectively. As the
operator .Z is non degenerate with respect to the first mg components of x, we also introduce
the notation

Diny = (8gy, .., 05 ).

) Imo

We assume the following structural condition on .Z.

(H1) The matrix (ai;(z,t)); ;—; ,,, 15 symmetric with real measurable entries. Moreover,
a;j(z,t) = aji(x,t), 1 <14,j < mg, and there exists a positive constant A such that

mo
ATHER <Y ag(, )88 < AP,
i,j=1

for every (z,t) € RM*1 and ¢ € R™. The matrix B = (b;;) _y is constant.

ij=1,..

Note that the operator .Z is uniformly parabolic when mg = N. In this note, we are mainly
interested in the case mg < IV, that is the strongly degenerate one. It is known that the first
order part of .Z may provide it with strong regularity properties. To be more specific, let’s
consider the operator K defined as follows:

mo N
Ku(z,t) := Zaiu(x,t) + Z bijx;Op,u(x,t) — Opu(x, t). (1.4)
i=1

ij=1

It is known that, if the matrix B satisfies a suitable assumption, then K is hypoelliptic. This
means that, if u is a distributional solution to Ku = f in some open set Q of RV and
feC>®(Q), then u € C*(Q) and it is a classic solution to the equation.
The hypoellipticity of K can be tested via the condition introduced by Hérmander in [11]:
rank Lie(dy,, ..., 0y, ,Y)(z,t) = N + 1, V(z,t) € RVTL

» YTmg



where Lie(0y,, ..., 0s,,,,Y)(z,t) denotes the Lie algebra generated by the first order differential
operators (vector fields) (Ozy,...,0x,,,Y), computed at (x,t). We refer to E. Lanconelli and
one of the authors [14] for a characterization of the hypoellipticity of K in terms of the matrix

B.
(H2) The principal part K of £ is hypoelliptic.

In Section 2, we recall a known structural condition on the matrix B equivalent to (H2).

We remark that if % is an uniformly parabolic operator (i.e. mg = N and B = 0), then
(H2) is clearly satisfied. Indeed, the principal part of % simply is the heat operator, which
is hypoelliptic and homogeneous with respect to the parabolic dilations dy(z,t) = (Az, A%t). In
the degenerate setting, IC plays the same role that the heat operator plays in the family of the
parabolic operators. For this reason, K will be referred to as principal part of Z.
The aim of this work is to prove L{. estimates for weak solutions to Zu = 0, by using the
Moser’s iteration method, under minimal assumptions on the integrability of the lower order
coefficients ay, ..., amg, b1, .., bmy, c. The Moser’s iterative scheme ( [16], [17]) has been applied
to degenerate parabolic operators .Z with no lower order terms by Cinti, Pascucci and one of the
authors in [20] and [6]. These results have been extended to operators with bounded first order
coefficients by Lanconelli, Pascucci and one of the authors in [14] and [13], and to operators
with first order coefficients belonging to some L? space by Wang and Zhang [23].

Our study has been inspired by the article of Nazarov and Uralt’seva [18], who prove Ly
estimates and Harnack inequalities for uniformly elliptic and parabolic operators in divergence
form that are those with my = N according to our notation. The authors consider uniformly
parabolic equations in RVH!

ZLu = div(ADu) + (b, Du) — dyu = 0,

with by,...,by € LY(RN*T1). They prove that the Moser’s iteration can be accomplished pro-
vided that % < q < N + 2 relying on the condition divb > 0 to relax the integrability
assumption on by, ..., by,. Here and in the sequel, the quantity divd will be understood in the
distributional sense

/ o, )divb(w, t)dz dt = — / (b(x, ), Vool £))da dt,
Q Q

for every ¢ € C§°(©2). Of course, also the quantity diva will be understood in the distributional
sense.

When considering degenerate operators, a suitable dilation group (d,),-, in RN+ replaces
the usual parabolic dilation d,(x,t) = (rx,r?t), and the parabolic dimension N + 2 of RN is
replaced by a bigger integer Q + 2, which is called homogeneous dimension of RN+ with respect
to (;),~0- Our main result will be declared in terms of this quantity, that will be introduced
in Section 2.

As far as it concerns degenerate operators, Wang and Zhang obtain in [23] the local bound-
edness and the Hoélder continuity for weak solutions to Zu = 0 by assuming the condition
bi,...,bm, € LY (RN+1), with ¢ = Q + 2. Our assumption on the integrability of the lower order
coefficients a;, b;, with i = 1,...,mg and c is stated as follows:



(H3) a;,b,c € LL (Q), with i = 1,...,my, for some ¢ > 2(Q + 2). Moreover,

loc

diva,divb >0 in €.

In general, solutions to .Zu = 0 will be understood in the following weak sense.

Definition 1.1 Let Q be an open subset of RNt A weak solution to Lu =0 is a function u
such that u, Dpou, Yu € LE (Q) and
/—(ADu,D<p> + oYu+ (b, Duyp + (a, Dp)u + cup =0, Vo € C5°(). (1.5)
Q

In the sequel, we will also consider weak sub-solutions to Lu = 0, namely functions u such that
Uy Dppou, Yu € LE () and

/ —(ADu, Dg) + oY u+ (b, Du)p + (a, Dp)u + cup >0, VYo € C5°(),¢ > 0. (1.6)
Q

A function u is a super-solution of Lu =0 if —u is a sub-solution.

We note that if u is both a sub-solution and a super-solution of Zu = 0 then it is a solution,
i.e. Zu =0 holds. Indeed, for every given ¢ € C3°(€2), we may consider ¢ € C5°(€2) such that
¥ >0 and ¢ — ¢ > 0 in Q. Therefore Zu = 0 follows by applying (1.6) to +u.

A comparison of our result with that of Nazarov and Uralt’seva is in order. It would be
natural to expect that the optimal lower bound for the exponent ¢ is % Indeed, the difficulty
in considering degenerate equations lies in the fact that a Caccioppoli inequality gives an a
priori L? estimate for the derivatives 0., u, ... ; Oz, u of the solution u, that are the derivative
with respect to the non-degeneracy directions of .Z. Moreover, the standard Sobolev inequality
cannot be used to obtain an improvement of the integrability of the solution as in the non-
degenerate case. For this reason we rely on a representation formula for the solution u first used
in [20]. Specifically, we represent a solution u to Zu = 0 in terms of the fundamental solution
of K. Indeed, if u is a solution to Zu = 0 in €2, then we have

u(:c,t):/QI‘(Lt,g,T)/Cu(f,T)dde, (1.7)

where T is the fundamental solution to I (see (2.19) and (2.20) in the sequel), and

Ku=(K—-%)u=div ((Ag — A)Du) — (b, Du) + div (au) — cu, (1.8)

Ay = (Hg)o g) , (1.9)

where I,,,, is the identity matrix in R"°, and O are zero matrices. This representation formula
provides us with a Sobolev type inequality only for weak solutions to the equation Zu = 0.
Specifically, we find that, for every Q; CC Qs CC Q3 CC , there exist a positive constant
C1 (H b ||Lq(Q), Ql, QQ) such that

where we denote

| w | p20 )< e1 (Il a llzag) 110 Loy | € lpa)s 1, Q2) | Dingt I12(0,)
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and, by considering u as a test function, we obtain the following Caccioppoli inequality

| Do || 22((022)< €2 (| @ 1l na)s |0 lzagey, || € [y 22, 23) | w 126,
where Q42
q(Q +
, -1 1.10
Q-2 12Q+2) = (1.10)

As far as it concerns the Moser’s iteration, the above inequalities are applied to a sequence
of functions wuy := uP¥, with p, — +o00, in order to obtain an Lj5 bound for the solution wu.

We note that, the Sobolev inequality is useful to the iteration whenever o > 1, and this is true
if, and only if g > Q+2 Moreover, the condition ¢ > Q+2 is required by Nazarov and Uralt’seva
in the proof of the Cacmoppoh inequality for non- degenerate operators. Since in our work both
Sobolev and Caccioppoli inequalities depend on the LY norm of ay,...,apmg,b1,...,bmy,c, We
require a more restrictive condition on ¢ to improve the integrability of u. Specifically, if we
combine the Sobolev and the Caccioppoli inequalities, we need to have o > (3, and this is true
if, and only if ¢ > %(Q + 2), as we require in Assumption (H3).

We next state our main result. As we shall see in Section 2, the natural geometry underlying
the operator . is determined by a suitable homogeneous Lie group structure on RY¥*1. Our
main result reflect this non-Euclidean background. Let “o” denote the Lie product on RN*!
defined in (2.17) and {0, },~o the family of dilations defined in (2.22). Let us consider the
cylinder:

Qi = {(x,1) eRY xR : |z| <1, |t| < 1}.

For every zy € RV and » > 0, we set
Qr(20) =200 (6:(Q1)) = {z € RN+ 2= 206,(¢),( € Q1 }.

Theorem 1.2 Let u be a non-negative weak solution to Lu =0 in Q. Let zg € Q and r, p,% <

p < r <1, be such that Q,(z0) C Q. Then there exist positive constants C = C(p,\) and
v = (p,q) such that for every p # 0, it holds

2 2 7
< ¢ <1+ | a HLQ(QT(,ZO)) + 1/ HLq(QT.(ZO)) + e HL‘I(Qr(zo))> / P (1.11)
Q0 (20) (r—p)@+2) Qs (20)

where v = 20‘2 , with a and B defined as in (1.10).

Remark 1.3 Estimate (1.11) is meaningful whenever the integral appearing in its right-hand
side is finite. Note that (1.11) is an estimate of the infimum of u when p < 0. More precisely,
we have that

1 x 1
Cv (14 [ alZag, oy + 110 1700, oy + I € lpacarzon ) g
sup u < ( L@ (o)) j(gf;)( ) = 0))> / ul |, Vp >0,
Q,(z0) (r — p)T 9r(20)
(1.12)
> 1
| 7 (14 11 a gy ey + 110 agareoy + 1€ lze(ercon ) Y
inf u > 501D / ] Vp <0,
Qs (20) (r—p) 7 (z0) UP
(1.13)



Corollary 1.4 Let u be a weak solution to Lu =0 in Q). Then for every p > 1 we have

v
(1 1l g, gy + 16 Bagrooy + 1 € zscercon)
sup |ulP < 5012 / lulP.  (1.14)
Qy(z0) (r=p) 0, (20)

Proposition 1.5 Sub and super-solutions also verify estimate (1.11) for suitable values of p.
More precisely, (1.11) holds for

1. p> % or p <0, if u is a non-negative weak sub-solution of (1.1);

2. p €]0, %[, if u is a non-negative weak super-solution of (1.1).

We conclude this introduction with some motivations for the study of operators % in the
form (1.1). Degenerate equations of the form Zu = 0 naturally arise in the theory of stochastic
processes, kinetic theory of gases and mathematical finance. For instance, if (W;),~, denotes a
real Brownian motion, then the simplest non-trivial Kolmogorov operator -

1
58% + v0, + O, t>0, (v,z) € R?

is the infinitesimal generator of the classical Langevin’s stochastic equation that describes the
position X and the velocity V' of a particle in the phase space (cf. [15])

dv;f = tha
dX; = Vidt.

Notice that in this case we have 1 = mg < N = 2.

Linear Fokker-Planck equations (cf. [7] and [22]), non-linear Boltzmann-Landau equations
(cf. [15] and [5]) and non-linear equations for Lagrangian stochastic models commonly used in
the simulation of turbulent flows (cf. [4]) can be written in the form

n n
> 0 (a0, f) + > v0u f+0f =0,  t>0,0 R,z €R" (1.15)
ij=1 j=1

with the coefficients a;; = a;;(t, v, z, f) that may depend on the solution f through some integral
expressions. It is clear that equation (1.15) is a particular case of Zu = 0 withn =my < d =2n

and
Hn ©n
where I,, and Q,, denote the (n x n)—identity matrix and the (n x n)—zero matrix, respectively.
In mathematical finance, equations of the form .Zu = 0 appear in various models for pricing

of path-dependent derivatives such as Asian options (cf., for instance, [3] [19]), stochastic velocity
models (cf. [10] [21]) and in theory of stochastic utility (cf. [1] [2]).

This note is organized as follows. In Section 2 we recall some known facts about operators .
and K, and we give some preliminary results. In Section 3 we prove Theorem 3.1 and Proposition
3.2, which is an intermediate result (Caccioppoli type inequality for weak solutions to Zu = 0)
needed for the bootstrap argument. Finally, in Section 4 we deal with the Moser’s iterative
method.



2 Preliminaries

In this Section we recall notation and results we need in order to deal with the non-Euclidean
geometry underlying the operators .Z and K. We refer to the articles [6] and [14] for a compre-
hensive treatment of this subject. The operator K is invariant with respect to a Lie product on
RN+L More precisely, we let

E(s) = exp(—sB), s € R, (2.16)
and we denote by /¢, ( € RY+1 the left translation l¢(z) = ( o z in the group law
(z,t) 0 (&,7) = (E+ E(T)a,t +7),  (2,1).(6,7) € RVFL, (2.17)

Thus we have
]C (¢} KC = EC (¢] ,C

This means that, if v(z,t) = u((¢,7) o (z,t)) and g(z,t) = f((£,7) o (z,t)), we have
Ku=f <<= Kv=y.

We recall that, by [14] (Propositions 2.1 and 2.2), assumption (H2) is equivalent to assume
that, for some basis on R, the matrix B has the canonical form

By x ... *x %
B=|0 By ... x x (2.18)
O O ... B, =«
where every By, is a my, x mj_1 matrix of rank m;, j =1,2,..., s with

mg>mp > ...>me > 1  and ij:N

and the blocks denoted by “*” are arbitrary. In the sequel we shall assume that B has the
canonical form (2.18).

We denote by I'(+,¢) the fundamental solution of K in (1.4) with pole in ¢ € RV, An
explicit expression of I'(-, ¢) has first been constructed by Kolmogorov [12] for operators in the
form (1.15), then by Hormander in [11] under more general conditions

where N
(4m) 2 _ o1t — ttr(B ift>0
T((z,t), (0,0)) = { Vaerc® e (—3(C7 W)z, 2) —tux(B)),  ift>0, (2.20)
0, ift <0,
and



where E(-) is the matrix defined in (2.16). Note that assumption (H2) implies that C(¢) is
strictly positive for every ¢ > 0 (see [14], Proposition A.1).

Among the operators K where the matrix B is of the form (2.18), the ones for which the
x—blocks are equal to zero play a central role. Indeed, let us consider the principal part operator
K = Ay + Yo, where Yy = (Boz, D) — 0; and

0O O 0O O
By O 0O O
By=|0 B 0 0 (2.21)
O O ... B, O
The operator Ky is invariant with respect to the dilations defined as
6, = diag(rLng, ™oy - o o 725, 72), r> 0. (2.22)

In order to explain the importance of this invariance property we introduce for every positive r
the scaled operator

ICT:rZ(érolCoé%>.

In order to explicitly write I, we note that, if

Boo Boi ... Bokx—1 DBox
By Bii ... Bgia Bgga

B = (D) BQ . 3571,2 BI{,Q , (223)
@) o ... B, Bk

)

where B; ; are the m; x m; blocks denoted by “#” in (2.18), then we can rewrite IC, as follows

K, = div(4gD) + Y, (2.24)
where
Y, := (B, x,D) — 8, (2.25)
and B, :==12D, B D1, i.e.
7’23070 7'4BO,1 e TQKBO’,{_l 7’2'€JrzB()7,.C
By By ... m™7?B._11 r*Bg,
B, = @) By . T2K*4Bn_172 T2K72BH’2
@) O . By 2B

)

Note that
B, =B for everyr > 0

if, and only if Bj;, = O with j < k. In this case, if v(z,t) = u(0,(,t)) and g(z,t) = f(6,(x, 1)),
then
Ku=f << Kv=r?.



Since Ky is the blow-up limit of K,, the dilation group (d,),>0 plays a central role also for
non-dilation invariant operators.

We next introduce a norm which is homogeneous of degree 1 with respect to the dilations
(0r)r>0 and a corresponding quasi-distance which is invariant with respect to the translation
group for the case of *—blocks equal to zero.

Definition 2.1 Let aq,...,an be the positive integers such that
diag (ral, I r2) =6,.
If || 2z |= 0 we set z = 0 while, if z € RNT1\ {0} we define || z ||= r where r is the unique
positive solution to the equation
2 2 2 2

x x T

1 2

. ettt =1
reo1 rea2 reON T

We define the quasi-distance d by
d(zw) = = ow |,  zwe RN

Remark 2.2 The Lebesgue measure is invariant with respect to the translation group associated
to IC, since det E(t) = et "3¢B = 1 where E(t) is the exponential matriz of equation (2.16).
Moreover, since det 6, = 1912, we also have

meas (Q,(20)) = 79 2meas (Q1(20)) Vr >0,z € RV

where
Q=my+3mi+...+ (2/{—}—1)7}1“. (2.26)

The natural number Q + 2 is usually called the homogeneous dimension of RNT1 with respect to

(5r)r>0-
Remark 2.3 The norm || - || is homogeneous of degree 1 with respect to (6;)r>0, that is
I 6p(z,t) I=p |l (z.t) || ¥p>0 and (z,t) € RYT

Actually in RN*Y all the norms, that are 1-homogeneous with respect to (8,)r0, are equivalent.
In particular, the norm introduced in Definition 2.1 is equivalent to the following one

1 1 1
(2, 8) = [z1]*r + ..+ oy ]~ 4 [t]2,

where the homogeneity with respect to (8, )r>0 can easily be showed. We prefer the norm of
Definition 2.1 to || - ||1 because its level sets (spheres) are smooth surfaces.

When Ky is dilation invariant with respect to (d,),>0, also its fundamental solution I'y is a
homogeneous function of degree —(), namely

Lo (6,(2),0) =r 9Ty (2,0), VzeR T\ {0}, r>0.

This property implies an LP estimate for Newtonian potential (c. f. for instance [8]).



Proposition 2.4 Let a €]0,Q + 2[ and let G € C(RN*1\ {0}) be a 6y—homogeneous function
of degree o — Q — 2. If f € LP(RNH1) for some p €]1, +00], then the function

Grle)i= [ G e f e,
RN+1
is defined almost everywhere and there exists a constant ¢ = ¢(Q,p) such that

| Gf lpamn+1< Cllr?llixl (G f @y,

where q is defined by
1 1 «

g p Q+2

It is known that homogeneous operators provide a good approximation of the non-homogeneous
ones. In order to be more specific, let us consider a homogeneous operator of the form

Ko = div(A4¢D) + (Box, D) — 0,

where By is the matrix in (2.21), and denote by I'y the fundamental solution of Ky. If I" denotes
the fundamental solution of K defined in (2.20), then, for every M > 0, there exists a positive
constant ¢ such that

%ro < T(2) < eTo(2) (2.27)

for every z € RN+ such that I'g(z) > M (see [14], Theorem 3.1).
We define the I'—potential of the function f € L*(RN*1) as follows

MG = [ TEOMOK e RN, (2.28)

We also remark that the potential T'(Dy,, f) : RV+¥l — R™0 is well-defined for any f €
LP(RN+1) | at least in the distributional sense, that is

DD P)z) = [

DOIT(z,€) f(£) de, (2.29)
RN+1

where D%())F(:z,t,g,v') is the gradient with respect to &1,...,&n,. Based on (2.27), in [6] are
proved potential estimates for non-dilation invariant operators.

Theorem 2.5 Let f € LP(Q,). There exists a positive constant ¢ = ¢(T, B) such that

| TCf) [0y < el fllzrea,), (2.30)
| T(Dmg f) [lr+ 0,y < el f lzr(a,) (2.31)

1 _1_ 1 1 1 2
where el ore; andp**—p o3

We can use the fundamental solution I' as a test function in the definition of sub and super-
solution. The following result extends Lemma 2.5 in [20] and Lemma 3 in [6].

10



Lemma 2.6 Let v be a non-negative weak sub-solution to Lu =0 in Q. For every ¢ € C§°(12),
© >0, and for almost every z € RN we have

[ ~(4D0, DX e) + Tz ey o
Q

- <a7 D(P(Za )80)>,U - <b7 D(P(Za )90)>,U + CUF(Zv )()0 > 0.
An analogous result holds for weak super-solutions to Lu = 0.

PROOF. We define the cut-off function x,, € C*(R™)

(s) 0 it s>, | < 2 (2.32)
S) = .
Xer 1 if 0<s<p, Xrol =020

with % < p < r < 1. Moreover, for every £ < 0 we define

Ye(@,t) =1 = xe2e(]| (2,2) 1) (2.33)

Because v is a weak sub-solution, then by (1.6) for every € > 0 and z € RV*+! we have
0 [ ~[(ADv, DTG Ypl€)v(2: 1)) + Tle)plOe(z:) Yol dg
+ /Q [<b7 DU) F(Z, ‘)@(C)wa(za ) + <a’ D<F(Z’ ‘)@(C)wa(za ))>1) + ch(z, ‘)SO(C)%(ZU )] dC

= _Il,s(z) + IQ,&(Z) - 13,5(2) + I4,E(Z) +15,5(Z)

where

I5.(2) = /Q cuT (2 )p(C)e (=) dC

Keeping in mind Theorem 2.5, it is clear that the integral which defines I; .(z), i =1,2,3 is a
potential and it is convergent for almost every z € RN*1. Thus, by a similar argument to the
one used in [20] to prove Lemma 2.5 (pg. 403 — 404), we get that for almost every z € RN+

lim I1.(z) = /Q<ADU, D(T(z,)))e(C) d¢

e—0

lim 12.(2) = [ T(:00) (= (D0, Dp(O) + Q)Y ) dC

e—0

lim I3.(z) = 0.

e—0t

11



Let us consider the term Iy .. We integrate by parts and we consider assumption (H3):

aﬁzémwwuwamk< Yod¢ — /"bD 2 Yo (Oxelzs ) ) v de
- [ divaT(ep0x(z wcl/aD 2 YOOz, ) v
Q
giéwau»wo mcl/aD Jo(Oxe(2,)) v dC

We are left with the estimate of a potential and in order to do so we would like to use Theorem
2.5. Because a;,b; € L{ (), with i = 1,...,mp and v € L2 (Q), we have that

loc
lal [0 (z, )| |l [ Dmgvl, [0l D(2, )| [l [Dmgvl € Lie(€)
where « is defined as in (1.10). This yields, for every € > 0

[{a, D (P2, )o(Oxe(2,)) ) vl < [{a, D (T(2,)9(C) ) vl € Lie(9),
(0, D (T(2,)0(C)xe(2,)) ) vl < (6, D (T(2,)9(C)) ) vl € Lige(€)-

Thus, by the Lebesgue convergence theorem, we get for a.e. z € RV*!
i | [ (0D 0000 v — [ (0Dt o] s =
=~ [(.D @) ) v~ [ (0 DT NelO) o de
Q Q

Now, we are left with an estimate of the term I5 ., which is a I'—potential such that

el IP(2, )l o] € Lige(2).

Thus, we have that
leuT (2, )p(Qve(z, )| < JeuT (2, ) ()] € Lige(9)-

Then we can apply the Lebesgue convergence theorem and we get for a. e. z € RV*+1

im, [ el (e, (e 0 = [ (e, () e

e—=0t Jo

3 Sobolev and Caccioppoli Inequalities

In this Section we give proof of a Sobolev inequality and a Caccioppoli inequality for weak
solutions to .Zu = 0. We start considering the Sobolev inequality and we remark that it holds
true for every g > %

12



Theorem 3.1 (Sobolev Type Inequality for sub-solutions) Let (H1)-(H2) hold. Let
A1y .oy Ay D1y oy g, ¢ € L (), for some ¢ > (Q+2)/2, and diva,divb > 0 in Q. Let v be a

loc

non-negative weak sub-solution of Lu =0 in Q1. Then there exists a constant C = C(Q,\) >0
such that v € L?%(Q1), and the following statement holds

loc

1
| v [|p20(,(20) <C - (H allLa(@,(z0) 10 lLa(o,(z0)) +1 + r_p> I Do [[L2(Q, (z0)) +

p+1

+C- <H ¢ lza(ar(z0)) +p(r7

— p)> | vl z2(Q, (20))

for every p,r with % < p<r <1 and for every zy € Q, where a = «(q) is defined in (1.10).

PROOF. Let v be a non-negative weak sub-solution to .Zu = 0. We represent v in terms of the
fundamental solution I'. To this end, we consider the cut-off function x,, defined in (2.32) for
% < p <r < 1. Then we consider the following test function

P, t) = xpr (Il (2, 8) ) (3.34)

and the following estimates hold true

C Is .
p(Tip)v |0,9] < % for j =1,...,mo (3.35)

—-p
where cg, ¢1 are dimensional constants. For every z € Q,, we have
v(z) = vip(2) (3.36)
— [ AoD). DY) ~ L)Y ()] (Ql€)

r

Y| <

= Io(2) + I1(2) + I2(2) + I3(2)

M@Z—/[@DWHANMKMC—/[&DWN%NM@MC+/[wH%WMOM

T T T

Iﬂ@=ié N%DwJﬂKAOWHCMC—(/ Tz oY) (O = T, + 1,

T

Iz(Z)—/ [((Ao = A)Dv, DT(z,-))9] (()d¢ —/ [C(z,-)(ADv, D)] (¢)d¢

T T

e@=/KMMDW«WM@«—/[W«WWM@@+

T s

+/ [{a, D(T(z,-)¢))v] (C)dC+/ [(b, D(I'(z, -)))v] (C)dC — [~ [evD'(2, )¢ (€)dC

T QT‘

Since v is a non-negative weak sub-solution to Zu = 0, it follows from Lemma 2.6 that I3 <0,
then
0<wv(z) <Io(z) + Ii(2) + I2(2) for ae. z € Q,.

To prove our claim is sufficient to estimate v by a sum of I'—potentials.

13



We start by estimating Iy. In order to do so, we recall that

Q+2

{a, Dv), (b, Dv), cv € L*# forbe LY, q> and Dv € L.

Thus by Theorem 2.5 we get
I % (a, Dv),T % (b, Dv),T x (cv) € L*®,

where o = a(q) is defined in (1.10). When ¢ < (Q + 2) we have that o < 2**. Moreover, thanks
to estimate (2.30), we have

1 70(C) Il 2o (o, < meas(Qp)*? || To(€) [l (q,)
= meas(Qp)2/Q | T % ((a, Dimgv)) + T % ({(b, Dppyv)tp) + I * (cvt)) ||L2**(Qp)
<O (lallzsgy + 110 lza@p) I Dmov ez, +C- Il e llzagpll v 2, -

We prove an estimate for the term I;. I{ can be estimated by (2.31) of Theorem 2.5 as follows

C
111 lIr20(0) < C I I Hl2e (0,) < C I vDimg ) [l p2gv+1)< el (L ZICRE

where the last inequality follows from (3.35). To estimate ] we use (2.30)

111 llzeg,) < C I g o, < meas(Qp)*/< L 1Y 2w,

C
<C | vYy HLz(RN+1)§ m | v HL2(QP) .

We can use the same technique to prove that

1
|| I HLQQ(QP)S C <1 + 7?" — p) || Dv ||L2(Qp)a

for some constant C' = C(Q, \).
A similar argument proves the thesis when v is a super-solution to Zu = 0. In this case we
introduce the following auxiliary operator

K = div(Ag D) + Y, Y = —(z, BD) — §,. (3.37)
Then we proceed analogously as in [20], Section 3, proof of Theorem 3.3. O
Finally, we give proof of a Caccioppoli inequality for weak solutions to Zu = 0.

Proposition 3.2 Let (H1)-(H3) hold. Let u be a non-negative weak solution of Lu = 0 in
Q1. Letp e R, p# 0, p # 1/2 and let r,p be such that % < p <r < 1. Then there exists a
constant C such that

1
X\ | Dv H%%Qp) <

Cp 1 C p 2
< ﬁ(r — )7 + p— (1+ | allzao,) + II'b ”LQ(QT)) + 5 Il cllzaco| Il v HL?B(Q,«)’

where = ((q) is defined in (1.10).
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PROOF. We consider the case p < 1, p # 0, p # 1/2. First of all, we consider an uniformly
positive weak solution u to Zu = 0, that is © > wug for some constant uy > 0. For every
Y € C§°(Q,) we consider the function ¢ = u?P~142. Note that ¢, Dy, € L?(Q,), then we can
use ¢ as a test function in (1.5):

0= / (—(ADu,D(qu_le» + u?P %Y u + (a, D(u?P~ ) u + (b, Du)u?P~ % + cu2p1/)2)
Let v = uP. Since u is a weak solution to .Zu = 0 and u > ug, then v, Dy, v, Yv € L*(Q,):

! 1
0=-— / (1 - 2p> (ADv, Dv)y? — /@(ADU,Dw)mp n 4/QT Y (0?42

— o divav?y? — i/Qr<a,D(02)>w2 + i/gr<b,D(02)>¢2 + g/rcv%b?.

Because of assumption (H1) and by definition (3.34) of the cut-off function v, we get the
following inequality

1 (2p—1 )
A( - +z—:> /QP|DU\ < (3.38)
1 C 2 . 2,92 1 2 2
S%Aw/QT lv]"| = /levav YT - 4/T<a,D(v Ny A+
1 P 1
+5 [ DN +|5 [ @ + |2 [ Y)Y
4/r . 2/T L 4o 5

where ¢ is a positive constant coming from the application of the Young’s inequality. In the
following we are going to consider exponents o = «(q) and 8 = 3(q) defined in (1.10). Now we
need to estimate the boxed terms.

Let us consider the term A, by Assumption (H3) and a classic Holder estimate we have that

—/ divav?y? — i/ <aaD(U2)>¢2

T T A

IN

3 1
3 dvautut + 5[ e Dujli?

< C 2
= r=p l'a Lol v ||L2B(QT) :

Let us consider the term B. Thus, by Assumption (H3) and a classic Holder estimate we
have that

IN

i [ 0.6

r B

1 1

1 / 22divh 4 - / (b, DY) |o?
4 /o, 2 /o,

-
r—p

Let us consider the linear term C. We estimate it via a classical Holder estimate:

IN

16 lzagan Il v 13250, -

p 2,2 p 2
5] et <5 el v oo

15



As far as it concerns the term D, we begin considering the following equality:
VY (v?) = Y (4*0?) — 202 Yh.
Since by the divergence theorem D; = 0 (v%? is null on the boundary of Q,.), we get

1 1 V2 C
~ | Y*W?| =Dy + Dy = Yv2¢2+/y¢g v ||? .
4 Jo, ) B ' * o 4 9 . 2 p(r —p) I iz

Thus we have

1 (2p—1 ) c 1 C ,
A( » 5> 100 lz2on = <46A(7“—p)2 " p(?“-ﬂ)) Il +

p
(lalizaeny + 10 llzacen) 1 1z2s,) +5 e llza@nll v I72s(q,) -

_i_i
r—p

By choosing € = ﬁ and considering that 8 > 2 we have that

1

3 1 Dz, < (3.39)
Cp 1 c p 2

< [%(T_p)z i (14 e oy + 1t llzaen) + 5 Hellaon | 1 172s(q,) -

The previous argument can be adapted to the case of a non-negative weak solution to Lu =
0. Indeed, we may consider the estimate (3.39) for the solution u + %, n €N,
1

1 p
- D<u+)
A Q, n
1
Cp 1 C P 1\2\ 7
< [SEotm + r o ol + 1@ + 5l ellean ] ( fo(ei) )

We let n go to infinity. The passage to the limit in the first integral is allowed because
1 p
P (3)
n

For the second integral we rely on the assumptions u? € L?(Q,) and uP € L2q%1(Qr).
Next, we consider the case p > 1. For any n € N, we define the function g, on ]0, +o00[ as

2
<

1\"!
:p<u+> |Du| 7 |DuP|, Vp<1, n— oo.
n

follows
sP, if 0<s<n,
n.p(8) = {np rpP s —n), if s>n,
then we let
Vnp = Gnp(u).
Note that

gnp € CHRY), g, € L®(RY).

16



Thus since u is a weak solution to Zu = 0, we have
Li., D L., Y L}
Un,p € Liocs Un,p € Lioe Un,p € Lioc-
We also note that the function

" p(p —1)sP72, it 0<s<n
Inp(8) = :
0, if s>n,

is the weak derivative of g;W, then Dg;l,p(u) = g;;p(u)D(u) (for the detailed proof of this
assertion, we refer to [9], Theorem 7.8). Hence, by considering

¢ = gnp(u) gnp(uw) V2, ¥ € C(Qy)

as a test function in Definition 1.5, we find

0= / —(ADu, Dp) + pYu — divaup — {a, Du)p + (b, Du)p + cup
Q1

= [~ (sn0®) V*ADu. D) ~ g7 0) grp(w)5* (ADu, Dt ~ 20(AD, D)) g1+
Q1

+ / Inp (1) Gy p(W? Y — divau g p(u) g, p(W)? — (@, Du)yip?gn p(w) gy, , (w)+
Qi

4 / (b, DY g p(11) g (11) + Clignp(u) g ()2,

(o]

Since v = gnp(u) we have that the following equality holds:

1"

0= /_Q;Z)Q ADvn ) Dvn,p> - gn,p(u) gn,p(u)¢2(ADU, D’LL> 4 - 2¢<ADvn,pa D¢>Un,p+

/ Sy +|diva <2 v2 p¢2 U Gnp(u) Q;L,p(uw2> —divd v?l’pr

¥ / £ (@ D)2, — (b, D)2, + cuugnp(u) g ()
Qr
Since g;;,p(u) > 0 we have that the boxed term A is non-negative. Moreover, by Assumption

(H3) the boxed term B is non-positive. Thus, by considering Assumption (H1) and by choosing

= i we have that

/’D n,pl — 2A /’ n7p

Since 0 < vy, < uP and

,D(WP))vp, = (b, D(W2))v , + cugnp(u) gy p(w))”

|Dvp | T |Du”|, asn — 0o,

17



we get from the above inequality

1 Cp 1 1
- p|2 < p|2 - 2 2p 2 2p 2p, 1,2
Qr Qr

and we conclude the proof as in the previous case. O

4 The Moser’s Iteration

In this Section we use the classical Moser’s iteration scheme to prove Theorem 1.2. We begin
with some preliminary remarks. First of all, we recall the following Lemma, whose proof can be
found in [6], Lemma 6.

Lemma 4.1 There exists a positive constant ¢ €]0,1[ such that
z© QEr(r—p) C o, (440)
for every0 <p<r<1andze€Q,.

We are now in position to prove Theorem 1.2.

PROOF OF THEOREM 1.2. It suffices to give proof in the case zo = 0, r €]0,1] and 0 < p < 7.
Combining Theorems 3.1 and 3.2, we obtain the following estimate: if s,0 > 0 verify the
condition

|s —1/2| > 6,

then, for every p,r such that % < p <r <1, there exists a positive constant C such that

1w llpzaco,) < C (5, A Il @ llzays 1B llzacens I ¢ llzacan) Il e llz2sco,) (4.41)

where

~ 1
C (s Ml allzacen, 0 leace,y, I e llzaa,)) = Cs,A) (14 T a llzaco,y + 16 ILaen) e oo,y +

3
eI (+la HL‘?(Qr)j— 15 llzaen)” L _C (14 lzaiany + 116 llzeon)? +
(r—=p)> (r—=p)2
+ L (14 e linay + 18 o 3 D lua, ) + frms
We remark that the previous constant C can be estimated as follows
C(s,\ Nl allnacons 10 pagay: Il € lrao,y) < (4.42)
_ K9 (1@ luay + 1013, + 1 lisien)

= 2
(Pr — pn+1)
Fixed a suitable 6 > 0, we shall specify later on, and p > 0 we iterate inequality (4.41) by
choosing
n P

1
pn:p+2—n(r—p), Dn = 25 n € NU{0}.

18



Then we set v = u?5. If p > 0 is such that
lpa™ — B > 249, vn € NU {0}, (4.43)
by (4.41) and estimate (4.42) we obtain the following inequality for every n € NU {0}

KOp) (14 0 gy + 10 g,y + € oo
(pn — pn+1)2

a™

I 10" 28 (g,,) -

(4.44)

HLza(QﬂnH) <

Since .,
n n n
0% || p2a= ([l v | pran+1)” and | v lp2e= ([ v [| 20 )"

we can rewrite equation (4.44) in the following form for every n € NU {0}

1
an

KOup) (14 1 a ag,y + 18 130y + I € o)

Prt1) (pn - Pn+1)2

o1 f2antt g [0 llp2sam(g,,) -

Iterating this inequality, we obtain

1
n : i
22(]+1) ol
H v ||L2a"+1(Qpn S | | < B :

w7\ (r=p)
4
J

: (K(Avp) (H‘ | a ”%q(gr) + b H%q(g,,) + e ||Lq(QT)>> v llzes(g,),

and letting n go to infinity, we get

supv < ——— || v [[125(0,);
2, (r—p)~ (er)

where p = % and

n £
K =TI (500 (14 10 Bagy + 15 By + 1l ¢ llzaon) )™
§=0
is a finite constant dependent on 4. Thus, we have proved that

- 28

K
supu? < | —— / ub, (4.45)
Q, (r—p)r .

for every p which verifies condition (4.43). Because

(@+2) < 26pn <9(Q+2)
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we get estimate (1.11). We now make a suitable choice of 6 > 0, only dependent on the
homogeneous dimension @, in order to show that (4.43) holds for every positive p. We remark
that, if p is a number of the form

am(a+1)
m =5 Z,
p 25 m e
then (4.43) is satisfied with
g — (Q2+2)|
d=——=+—, Vm € Z.
Q@+27 "

Therefore (4.45) holds for such a choice of p, with K only dependent on Q, A and | a || £9(Q,)>
| 6 llzaco,)s Il € lLe(o,)- On the other hand, if p is an arbitrary positive number, we consider
m € Z such that

Pm <P < Pm+1- (4.46)
Hence, by (4.45) we have

so that, by (4.46), we obtain

~ 2a8

K
supu? < | ———— / u?
Q, (r—p)¥ .

This concludes the proof of (1.11) for p > 0. We next consider p < 0. In this case, assuming
that u > ug for some positive constant ug, estimate (1.11) can be proved as in the case p > 0 or
even more easealy since condition (4.43) is satisfied for every p < 0. On the other hand, if u is
a non-negative solution, it suffices to apply (1.11) to u + %, n € N, and let n go to infinity, by
the monotone convergence theorem. O

As far as we are concerned with the proof of Corollary 1.4, it can be straightforwardly
accomplished proceeding as in [20, Corollary 1.4]. Moreover, Proposition 1.5 can be obtained
by the same argument used in the proof of Theorem 1.2. For this reason, we do not give here
the proof of these two results.

We close this Section recalling that Theorem 1.2 also holds true in the sets

Q;((xo,to)) = Qr((ﬁo,to)) N {t < t()}, (4.47)

in the case of non-negative exponents p. This result is analogous to [16], Theorem 3 (see also

inequality (67) of Lemma 1 in [17]) and states that, in some sense, every point of Q, (z) can be

considered as an interior point of Q; (2p), when p < r, even though it belongs to its topological
boundary.
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Proposition 4.2 Let u be a non-negative weak sub-solution to Lu =0 in Q. Let zg € Q0 and

T, p,% < p <r <1, such that Q,(z0) € Q and p < 0. Then there exist positive constants
C =C(p,\) and v =v(p,q) such that

.,
¢ <1+ lalZago, oy T 110 W20, oo T 1I'€ ”Lq(Qr(Zo))) / uP,  (4.48)
o () '

sup uP <
97 (z0) (r—p)"@+?
where v = 20?‘%5, with o and B defined in (1.10), provided that the integral is convergent.

The proof of the above Proposition can be straightforwardly accomplished proceeding as in
Proposition 5.1 in [20], and therefore is omitted.
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