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Abstract

We consider operators of the form L = Y7 | X? + Xj in a bounded domain
of RP where Xy, X1,...,X, are nonsmooth Hormander’s vector fields of step r
such that the highest order commutators are only Hélder continuous. Applying
Levi’s parametrix method we construct a local fundamental solution v for L and
provide growth estimates for v and its first derivatives with respect to the vector
fields. Requiring the existence of one more derivative of the coefficients we prove
that - also possesses second derivatives, and we deduce the local solvability of L,
constructing, by means of v, a solution to Lu = f with Holder continuous f. We

2 . : .
also prove Cy,. estimates on this solution.

2010 Mathematics Subject Classification. Primary 35A08, 35A17, 35H20.
Key words and phrases. Nonsmooth Hormander’s vector fields, fundamental solution, solv-
ability, Holder estimates.
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1. Introduction

Object and main results of the paper In the study of elliptic-parabolic de-
generate partial differential operators, an important class is represented by Hérmander’s
operators

(1.1) L=> X7+Xp

i=1

built on real smooth vector fields
p
(1.2) Xi = bij () O,
j=1

which are defined in some domain 2 C RP. A famous theorem by Hormander
[19] states that if the Lie algebra generated by the X;’s (i = 0,1,2,...,n) coincides
with the whole RP at any point of €2, then L is hypoelliptic in 2, that is any
distributional solution to the equation Lu = f € C* () belongs to C* (€2). Over
the years, a number of deep properties of Hormander’s operators and systems of
Hormander’s vector fields have been established. Some of them are related to
the metric induced by Hormander’s vector fields (connectivity property, doubling
property for metric balls, see [34]), or to the “gradient” associated to Hormander’s
vector fields (Poincaré’s inequality, see [20]); other properties are related to second
order Hormander’s operators (properties of fundamental solutions, see [13], [34],
[37], or a priori estimates on the second order derivatives with respect to the vector
fields, see [14], [13], [36]; sce also the book [I7], where these results, with an
original approach, are presented in a systematic framework).

One can note that, apart from Hormander’s hypoellipticity theorem, which
intrinsically requires C*° regularity of the vector fields, most of the important ex-
isting results in this area are expressed by statements which are meaningful, and
hopefully still hold, under much less regularity of the vector fields. So a natural
question consists in asking how much of the classical theory of Hérmander’s vector
fields and Hérmander’s operators still holds if we consider a family of vector fields
whose coefficients possess just the right number of derivatives which are enough
to check that Hormander’s condition at some step r holds (see section 2 for the
definition). However, this generalization is far from being obvious, since if one tries
to repeat the classical proofs just paying attention to the minimal regularity re-
quired, one finds that some arguments need the existence of a very high number of
derivatives (for instance, the double of the step r), while others simply cannot be
repeated. Experience shows that proving relevant results about nonsmooth vector
fields under reasonably weak assumptions is almost always a hard task. Never-
theless, this is a natural problem if one hopes to settle the basis for applications
to nonlinear equations which involve vector fields depending on the solution itself
(such as Levi-type equations that we will discuss later in this introduction).

This paper is the third step in a larger project started by three of us in [5] and
[6], and devoted to this issue. Our framework is the following. Let Xy, X1, ..., X,
be a system of real vector fields, defined in a bounded domain 2 C RP. We assume
that for some integer r > 2 and some « € (0, 1] the coeflicients of the vector
fields X1, Xo, ..., X,, belong to C"~% (Q), while the coefficients of X, belong to
C™=22(Q). If r = 2, we assume o = 1. Here and in the following, C*“ stands
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for the classical space of functions which are differentiable up to order k, with a-
Hoélder continuous derivatives of order k. Moreover, we assume that Xo, X1, ..., X,
satisfy Hormander’s condition of weighted step r in €: if we assign weight 1 to
X1, X, ..., X, and weight 2 to Xy, then the commutators of the vector fields X;,
up to weight 7, span R? at any point of Q (more precise definitions will be given
later).

An extension to this nonsmooth context of some basic properties of the distance
induced by the vector fields, Chow’s connectivity theorem, the estimate on the
volume of metric balls, the doubling condition, and Poincaré’s inequality has been
given in [5]. These results also imply a Sobolev embedding and the validity of
Moser’s iteration technique to handle operators of the kind

n

> X (a (@) Xju).

ij=1

In [6] the same authors have extended to the nonsmooth context the lifting and
approximation theory developed in the smooth case by Rothschild-Stein [36] and
some related results, such as the comparison between volumes of balls in the lifted
and original space. Starting with the paper [36], this technique has been used, in
the smooth case, to reduce the study of general Hormander’s operators (1.1) to
that of left invariant homogeneous operators on homogeneous groups, for which
Folland’s theory developed in [13] applies, granting the existence of a homogeneous
left invariant fundamental solution, which is a good starting point to prove a-priori
estimates of several types.

Following this idea, in the present paper we use tools and results from [5] and [6]
to study Hormander’s operators built with nonsmooth vector fields or, briefly,
nonsmooth Hormander’s operators. Namely, we are able to adapt to this situation
the classical Levi’s parametrix method, in order to build a fundamental solution
v (z,y) for L (in the small), possessing some good properties. More precisely, under
the above assumptions we prove (see Thm. that for any zo € (2 there exists
a neighborhood U (zg) and a function v (z,y), defined and continuous in the joint
variables for z,y € U (z¢), x # y, satisfying

(13) [r(@) o @) de = - w)
for any w € C§° (U (x0)); moreover, v satisfies the bounds
d(z,y)*
(1.4) [y (z,y)l <c ;
S By
d(z,y) :
1.5 Xiv(z,y)| < c=—F———7———, 1=12,..,n,
) SR Tex en)]

where, here and in the following, X;v (z,y) denotes the X; derivative with respect
to the first variable, z, the distance d is the one induced by the vector fields X;,
and B (z,r) are the corresponding balls.

Under the stronger assumption that the coefficients of the X;’s (i = 1,2,...,n)
belong to C™* () and the coefficients of Xy belong to C"™~%% (Q), we are able
to prove that ~ also possesses second derivatives with respect to the vector fields,
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satisfying the bounds
(&

B (z,d (z,y))|

B (z,d (x,y))|’

and that ~ (-, y) is a classical solution to the equation Ly (z,y) = 0 for = # y (see
Thm. [5.9). Exploiting these results we prove (see Thm. the following local
solvability result for L: for every xy € () there exists a neighborhood U such that for
any >0 and f € C’f( (U) (i.e., p-Holder continuous with respect to the distance
d) there exists a classical solution u to the equation Lu = f in U. Pushing even
forward our analysis, we show that the functions X; X~ satisfy the following local
Hélder estimate: for every x1,x9,y € U such that d(x1,y) = 2d (z1, z2),

(1.6) | X Xy (z,9)] <

d(xl,xg))ag 1
1.7 X Xiv(z1,y) — X; X7 (s, <c

(1) XXy (o) - XX (] < e (GE220)
for any € € (0,a) and 4,j = 1,2,...,n, with ¢. depending on £ (Thm. [5.17). As a
consequence, we eventually show that the local solution w to Lw = f that we have
built for f € C)B( (U), with 8 < «, actually belongs to Cf(’ﬁoc (U) (see Thm. .

Comparison with the existent literature

The study of nonsmooth Hormander’s vector fields has been carried out by sev-
eral authors; we refer to the introduction of [5] for a detailed discussion of the
related bibliography. Here we just point out that the peculiarity of the research
project consisting in the present paper and [5], [6] is that of considering nonsmooth
Hormander’s vector fields of completely general form. Indeed, with the notable ex-
ception of the papers [31], [32], [33] by Montanari-Morbidelli, the paper [38] by
Street (which in turn is based on some ideas of Tao-Wright [39]), and some papers
by Karmanova-Vodopyanov (see [22], [40] and the references therein), all the other
previous results about nonsmooth vector fields either hold only for vector fields
with a particular structure, or assume axiomatically some important properties of
the metric induced by the vector fields themselves. A word of comparison between
our regularity assumptions and the ones made by the aforementioned authors. In
the papers [31], [22], [40], [38] the regularity assumptions on the vector fields are
expressed in a way that reflects the nonisotropic nature of the problem. The explicit
conditions are quite technical, but substantially they imply that the highest order
commutators have coefficients which are Lipschitz continuous or better. Relying
on the results in [5], [6], and as already explained, here we make an isotropic as-
sumption on the regularity of the coefficients which ensures that the highest order
commutators are at least C°®, or C''* for some stronger results. A more detailed
comparison about these assumptions can be found in [38] § 1.2.3].

Another characteristic feature of the present research is to take explicitly into
account the possibility that one of the vector fields Xy (“the drift”) could have
weight two, as in the case of Hormander’s operators . This is relevant for
instance in view of the possible application of the present theory to operators of
Kolmogorov-Fokker-Planck type with nonsmooth drift.

While the literature devoted to the geometry of nonsmooth vector fields is
quite large, the one about Hormander’s operators built on nonsmooth vector fields
is much narrower. Particular classes of operators of this kind have been studied in
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the framework of regularity results for nonlinear equations of Levi type by Citti,
Lanconelli, Montanari, starting with the paper [8] and continuing with [10], [9],
[28] (see also references therein). A somewhat related field of research is that
about the Levi-Monge-Ampere equation, see [29], [30], which also motivates the
study of nonvariational operators modeled on (possibly nonsmooth) Hérmander’s
vector fields. Another application of this circle of ideas to a nonlinear regularization
problem has been given by Citti, Pascucci, Polidoro in [1I]. However, the present
paper seems to be the first one where Hérmander’s operators built with nonsmooth
vector fields of general structure are studied.

Let us come to some remarks about the techniques used. The parametrix
method was originally developed more than a century ago by E. E. Levi to study
uniformly elliptic equations of order 2n (see [25]), and later extended to uniformly
parabolic operators (see e.g. [15]). For more details about this method in the el-
liptic case we refer to [27] § 19], [I8] Part IV, Chap.3] and [21]. In particular, the
last reference contains a rich account of the previous literature on this subject and
a careful discussion of the assumptions made by different authors to implement the
method. The parametrix method was first adapted to hypoelliptic ultraparabolic
operators of Kolmogorov-Fokker-Planck type by Polidoro in [35], exploiting the
knowledge of an explicit expression for the fundamental solution of the “frozen”
operator, which had been constructed in [24]. It was later adapted by Bonfiglioli,
Lanconelli, Uguzzoni in [I] to a general class of operators structured on homoge-
neous left invariant (smooth) vector fields on Carnot groups, for which no explicit
fundamental solution is known in general, and by Bramanti, Brandolini, Lanconelli,
Uguzzoni in [4] to the more general context of arbitrary (smooth) Hoérmander’s
vector fields. Finally, in the nonsmooth context, the parametrix method has been
exploited by Manfredini in [26] to deal with sum of squares of C*“-intrinsic vector
fields of step 2, with a particular structure.

In order to evaluate our assumptions about the regularity of vector fields, one
can draw a comparison with the assumptions made in the elliptic case, as reported
n [21]. Rewriting our operator in the form

p p
L= ap()0l , +Y bp(z)0s +c(x)
j,k=1 k=1

one can see that our stronger assumptions (see Assumptions B in § imply in the
simplest degenerate case r = 2

ajr € C*H(Q),by € CHH(Q),ce CH (Q)
while in the elliptic case [21I], Thm.3] it is essentially required that
ajr € C? () NC" (Q),bj € CH(Q)NC"™(Q),ce C (Q).

Finally, we note that Klainerman and Rodnianski in [23] developed a geomet-
ric Littlewood-Paley theory for the Laplace-Beltrami operator of a 2-dimensional
compact manifold. Since in their setting this operator may have nonsmooth coeffi-
cents, it may be interesting to see if their construction can be adapted to operators
generated using Hormander’s vector fields.

Strategy and plan of the paper
The technique of “lifting and approximation” developed by Rothschild-Stein in [36]
and extended to nonsmooth vector fields in [6], coupled with the results by Folland
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[13] suggests that, in order to study the (nonsmooth) operator (1.1]), natural steps
consist in lifting L, in a neighborhood of a point zg € RP, to a new (nonsmooth)
operator

L= Zf(@z + )Zo
i=1
defined in a neighborhood U of (zg,0) € RPT™ and then approximate L with a
(smooth) left invariant homogeneous operator

£:zn:Yf+Y0

i=1

which possesses a homogeneous left invariant fundamental solution I' (v_l o u), with
respect to a structure of homogeneous group in RP*™_ Then, a natural parametrix
of L can be defined by

Po(&m) =T(6,(¢)),

where the map O, ({) (a nonsmooth version, introduced in [6], of the function
defined by Rothschild-Stein in [36]) is, for any fixed € U, a smooth diffeomorphism
which allows to approximate L with £ near n, and ©, (§) depends on 7 in a Hélder
continuous way. Hence Py (€,7) is smooth in £ but just Holder continuous in 7
(or C1® in 7, if the coefficients of the X;’s are C™® and the coefficients of X, are
Cr—be see Proposition . This rough asymmetry in the properties of Py with
respect to the two variables prevents us from repeating Rothschild-Stein’s technique
to prove LP or C“ estimates for second order derivatives with respect to the vector
fields, for a solution to Lu = f. Instead, one can think to adapt to this case the
classical Levi’s parametrix method, which is compatible with a different degree of
regularity of Py in the two variables. Now, if we applied the parametrix method
directly to the kernel P we would build a local fundamental solution for L. Starting
from this object, however, there is no obvious way to produce a local fundamental
solution for L. Instead, we have to define directly a parametrix for L, shaped on
Py saturating the lifted variables by integration, in the following way:

(18)  P(ay) = /m (/r (O (2. 1)) 9 (1) dh) o (k) dk, for z,y € U,

where ¢ € C§° (R™) is a cutoff function fixed once and for all, equal to one in
a neighborhood of the origin. This P turns out to be a good parametrix for L,
and starting with it we can actually construct a local fundamental solution for L,
satisfying natural growth estimates and regularity properties. However, performing
this construction (see §4) is a hard task, since we are forced to work in a metric
measure space where the measure of balls does not behave like a fixed power of the
radius, in particular there is not a homogeneous dimension. Therefore a good deal
of preliminary work (see §3) has to be done to craft the geometric and real analysis
tools necessary to make the Levi method work. In particular, it turns out that the
right function to measure the size of a kernel & (z,y) is

R FB-1

@0 (z,9) = /cm,y) B
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which for 8 € (0, p), is bounded by (but not equivalent to)

d(z,y)’

(1.9) 1B (@, d(z,y))]

and satisfies a key property which is very useful in iterative computations (see
Theorem , and could not be proved for ([1.9).
The Levi method is then implemented as follows. We look for a fundamental
solution for L of the form
v (2, y) = P(x,y) + J (z,9)

where P is as in (1.8 and

J(x,y)= | P(x,2)®(z,9)dz.

S

In turn, we will find ® as the series

P(zy) =) Zi(zy) for z7#y

WE

1

<.
Il

where the Z;’s are defined inductively by

Z1 (.%',y) =L (P (’y)) (3'})

Zit1 (z,y) = /UZ1 (,2) Zj (z,y)dz  for z # y.

In §4, exploiting the results of §3 and some results proved in [5], [6] and recalled
in §2, we prove the basic properties and upper bounds satisfied by the functions
Zy1,Zj,®, J, and we deduce the existence of a local fundamental solution vy satisfying

The next step, in §5, is then to compute the second derivatives of -, that is
XiXjy (z,y) = XiX;P (x,y) +Xi/ X;P(z,2)®(2,y)dz
U

(all the X; derivatives being taken with respect to the x variable). In order to
do that one has to exploit, in particular, Holder continuity (with respect to d)
of z = ®(z,y), to allow differentiation under the integral sign. Proving Holder
continuity of ® and the existence of X;X;vy forces us to deepen the analysis of
the properties of the map ©, (§) and to strengthen our assumptions on the vector
fields, requiring from now on X; € C™ and Xy € C"~1®. Once the existence of
X;X;v and the upper bound are proved, we can show that for any 8 > 0 and
fe Cf( (U), the function

(1.10) w(x) = —/Uv(w,y)f(y)dy

is a classical solution to the equation Lw = f in U. In particular, we establish an
“explicit” representation formula for X; X;w (see Corollary, containing singu-
lar integrals, fractional integrals, and multiplicative terms. This formula, although
rather involved, is designed in view of the subsequent proof of Holder continuity.
The point is that, for technical reasons related to the starting definition of the
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parametrix P (x,y), which is assigned by an integral with respect to the “lifted
variables”, the singular part of

&Z}&ﬂ%@f@ﬂy

cannot be easily written in a form like

lim XXy (2,y) f(y) dy,

e—0 d(z,y)>e
which should allow to apply directly some abstract theory of singular integrals.
Instead, we have to rewrite properly the integral, to transform the singular part
into something like

(1.11) /k@wmﬂw—f@n@

with k singular near the diagonal.

In §5 we also prove Holder estimates on X;Xj;v, the difficult part of the es-
timate being that on X;X;J. We then pass to prove that the solution (1.10) to
Lu = f possesses locally Holder continuous derivatives X;X;w. This amounts to
proving Holder continuity of each term of the representation formula for X;X;w
previously established. While for the fractional integrals it is fairly enough to ex-
ploit Holder continuity of X;X;J, the singular integral term also requires the proof
of a cancellation property of the kind

/ k(xz,y)dy| < c for any r1 < ro.
ri<d(z,y)<ra

In order to prove C§ continuity of singular and fractional integrals we both apply
some abstract results proved in [7] for locally homogeneous spaces and revise some
techniques used in [3].

Finally, in Appendix we give some examples of nonsmooth Hormander’s oper-
ators satisfying assumption A in §2 or assumption B in §5.

2. Some known results about nonsmooth Hormander’s vector fields

In this section we fix precisely our notation and assumptions, and recall a
number of known facts which will be used throughout the paper. In some cases, we
do not recall the complete definitions given in [5}, [6], but only the properties that
are needed for our current purposes.

Let X, X1,..., X, be a system of real vector fields

p

Xi= Z bij (z) axj»

Jj=1

defined in a bounded, arcwise connected open set {2 C RP. Let us assign to each X;
a weight p;, saying that

po=2andp;=1fori=1,2,...,n.

For any multiindex

I = (i1,d9,... k)
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we define the weight of I as

k
j=1

and we set

X; = Xi, Xi, . X,
and

X = [Xa, [Xig, o [ Xy, Xa ) )]

where [X, Y] is the usual Lie bracket of vector fields. If I = (i1), then

X=X, = X1
As usual, X[ can be seen either as a differential operator or as a vector field. We
will write X[z f to denote the differential operator X[ acting on a function f, and
(X [Il)m to denote the vector field X7 evaluated at the point z.

For a positive integer k and « € (0,1] we define the (classical) Holder space

Ck2(Q) of functions k times differentiable (in classical sense), with derivatives

of order k belonging to the Holder (or Lipschitz) space C*(2), defined by the
finiteness of the norm

||f||ca(Q) =sup|f ()| + |f‘ca(Q) )
€N
it (@) — £ W)l

(03
vyeQaty 1T Yl

Assumptions A. We assume that for some integer r > 2 and some « € (0, 1],
the coefficients of the vector fields X, Xa, ..., X,, belong to C"~1% (Q), while the
coefficients of Xy belong to C"=2% (Q). If r = 2, we assume o = 1. Moreover, we
assume that Xg, X1, ..., X, satisfy Hormander’s condition of step r in (2, i.e. the

vectors
{(X[I])z}mgr

span R? for any = € Q. (For examples of systems of vector fields satisfying the
assumptions, see the Appendix).

We note that under our assumptions, for any 1 < k < r, the differential opera-
tors { X} <, and the vector fields {Xu are well defined, and have CT—%:
coefficients.

We will sometimes need the transpose operator

]}\I|<k

(2.1) L= (X} +X;
i=1
defined by the transpose operators X; of the vector fields, which act on smooth

functions as
P

Xu(a) = =30, (b (2)u (a).
j=1
Note that, in order for L*u to be well defined, at least as an L function, we need
the b;;’s to be at least C! for i = 1,2,...,p, and C%! for i = 0. This is one of the
reasons why we need o = 1 if r = 2. We will also use this in the proof of Theorem
2. 10
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The subelliptic metric, analogous to that introduced by Nagel-Stein-Wainger
n [34], is defined as follows:

DEFINITION 2.1. For any 6 > 0, let C (6) be the class of absolutely continuous
mappings ¢ : [0,1] — Q which satisfy

o (t) = Z ay (t) (X[I])Lp(t) a.e.
<
with ay : [0,1] — R measurable functions,
lag (t)] < o1,
Then define
d(z,y) =inf{0 > 0:3p € C () with ¢ (0) =z,¢ (1) =y}
and denote B(z, p) the associated ball of center x and radius p.
The finiteness of d for any couple of points of €2, as well as the basic properties of

this distance in the nonsmooth context have been established in [5]. In particular,
we will use the following facts:

PROPOSITION 2.2 (Relation with the Euclidean distance). There exist a positive
constant ¢; depending on Q and the X;’s and, for every ' € Q, a positive constant
co depending on Q' and the X;’s, such that

(2.2) cle—yl <d(z,y) <ecalx— |1/T for any x,y € .

In particular, the distance d induces Euclidean topology.

THEOREM 2.3 (Doubling condition). Under the previous assumptions, for any
domain ' € Q, there exist positive constants c, py, depending on Q,Q and the
X;’s, such that

1B (z,2p)| < ¢|B (z, p)|
for any x € ', p < po.

THEOREM 2.4 (Volume of metric balls). For any family T of p multiindices
I Iy Iy with |I] < vy let |Z) = 375 || and Az (x) be the determinant of

the p X p matrix with rows {(X[Ij])x}J o For any ' € Q there exist positive
i€
constants c1, co, po depending on 2, and the X;’s, such that

(2.3) a1y Pz (@) < |B ()| CzZIAI
7

for any p < po, x € ', where the sum is taken over any family T with the above
properties.

DEFINITION 2.5 (Hélder spaces). For any U € € we can introduce Hoélder
spaces C§ (U) with respect to the distance d, letting for oo > 0,

1fllee w) = igg If @) +1fleg w)

with f (@) = £ W)
Hlezon =, S0 “dGyr

Also, we let
2«
Cx(U) =A{f: U= R| [[fllcze@) < oo}
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where

12wy = 1 log @) + D 1K1 llos @) -

I71<2
By the following hold:
feC* (@)= felCx ()
feCy (@)= fec" ().
Note, in particular, that saying “f € C® (') for some 8 > 07 is the same as
“f € C% (Q) for some > 0.

We will also need the following property, which is similar to that proved in [5]
Thm. 5.11]. For convenience of the reader, we recall here its short proof.

PROPOSITION 2.6. Let T € Q and let B (%, R) C Q. For any f € CY(B (7, R)),
one has

i—1B@.R) B(z,R)

|f(z) = f(@)] <d(z (Z sup |X;f|+d(z,T) sup |Xof|>
for any x € B (T, R).
PRrROOF. Let z € B(Z, R), hence by Definition there exists a curve ¢(t),
such that ¢(0) =T, ¢(1) = z, and

n

(1) = D Nilt) (Xi) ey

=0

with [Ao(t)| < d (2,%)? and |A;(t)| < d (z,7) for i = 1,...,n. Moreover, every point
v (t) for t € (0,1) belongs to B (T, R). Then we can erte

Lf( I—‘/ dt |/ Xif) ey t

<A@y sw [Xifl+d(@a) s [Xofl,
i=1B@R) B(@.R)

as desired. O

In [6] an extension to nonsmooth vector fields of some known results by Rothschild-
Stein [36] are proved. The first one is:

THEOREM 2.7 (Lifting theorem). For every xy € ), there exist a neighborhood
U (z0), an integer m and vector fields of the form

m
> 0
2.4 X=X i(x,hi,hayyhj_q) —
( ) k k+;uk] (l‘, 157825 «eey Ity 1) ahJ
(k=0,1,...,n), where the uy;’s are polynomials of degree at most r — 1, such that
the )Z’k ’s are free up to step v and such that {()N(m)( )} span RPT™ = RN
[7I<r
for every (z,h) € U (x¢) x I, where I is a neighborhood of 0 € R™.
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We do not repeat here the exact definition of free vector fields, in our weighted
situations, because we will never use it explicitly.

An easy consequence of the structure of the lifted vector fields is that for
any differentiable function f (z,h) and any smooth cutoff function ¢ (h) we have

(2:5) | Xelf @ Mldh= | Xif (@h)p(h)dh

since the integrals [;,, 5 (...) dh vanish.
J

We will denote by d the distance induced in U (x0) x I by the lifted vector fields
X; (1=0,1,2,...,n), as in Definition and by B(n,r) the corresponding metric
ball of center n and radius r. We will also set

n
=Y %21 %,
i=1
Let us recall that a structure of homogeneous group G on RY consists in a Lie
group operation o (which we think of as translation) such that the origin is the
unit in the group and the Euclidean opposite is the inverse in the group, and a
one-parameter family {D (\)},., of group automorphisms (which we think of as
dilations), acting as follows:

(26) D ()\) (Ul, Uz, ...,UN) = ()\O‘lul, )\az’LLQ, cony )\aNUN) s

for some positive integers aq, as,...,an. The sum of these integers is called the
homogeneous dimension @ of G.

A homogeneous norm on G is any function ||| : G —[0, c0) such that

lu| =0 <= u=0, ||D (N u| = A|u|| for any A > 0,

i 0 s | < e (| + ), [Ju=| < e ] for any wu,u; € G.

Such a homogeneous norm naturally induces a distance Hufl o ugH in G; the
(Lebesgue) measure of the corresponding ball in G is translation invariant, and
multiple of r%. In the following we will use a fixed homogeneous norm on G.

DEFINITION 2.8. (See [6]) We say that a vector field

N
R="c¢;(u)dy,
j=1

on the group G has weight > 3, for some g € R, if

lej (w)] < e lul| 7

for u in a neighborhood of 0.
The second basic result proved in [6] is:

THEOREM 2.9 (Approximation by left invariant Hormander’s opera-
tor). Let xg, U (x0), and I be as in the lifting theorem. There exist a structure of
homogeneous group G on RN, N = p+m, a family of homogeneous left invariant
Hérmander’s vector fields Yy, Y1,Ya2, ..., Y, on G and an open set V. .C U (xg) x I,
such that for any n € V there exists a smooth diffeomorphism ©, from a neighbor-
hood of n containing V' onto a neighborhood of the origin in G such that ©,, (§) and
its first order derivatives with respect to € depend on n in a C* continuous way,
locally uniformly in &, and for any smooth function f: G — R,

(2.7) X, (fo0,) (&) = (Yif +RIf)(©,(€) V&,neV
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(i=0,1,...,n) where R] are C"Pi* vector fields of weight > o — p;. Moreover:
(1) The following equivalences hold:
(2.8) c110y (&) < c2d (1,€) < [0, (9] < ead (n,€) < ea|Oy ()"
for any & n e V. Also,

(2.9) c1p? < ‘15 (é,p)’ < cap? for any £ € V,p < po

where @ 1is the homogeneous dimension of the group G and c;, pg are
suitable positive constants.
(2) The modulus of the Jacobian determinant of & — ©,, (§) has the form

(2.10) d§ = c(n) (14O (|[u])) du,

where
wo((50).0),

is a C% function, bounded and bounged away from zero. (Here B is the
set of multiindices giving the basis { X[1)}1ep involved in the definition of
the map ©,,.) More explicitly, means that

d§ = c(n) [1+w(n,u)]du

with |w (n,u)| < cllu||, w smooth in u and C* with respect to 1, uniformly
m u.

c(n) =

The diffeomorphism ©,, (-) is defined as the inverse of the exponential function

ur— E(u,n) = exp <Z ulSU]m) (n)

IeB
where the vector fields Sy ,, are smooth vector fields depending on 7 in a C* way
(see [6] §3] for the details).
In the next theorem we will show that both E (-,n) and ©,, (-) have derivatives
that depend on 7 in a C“ way. As a consequence we will prove some properties of
the coefficients of the vector fields R.

THEOREM 2.10.

(1) For every multi-index 8 the derivatives aa‘i‘f (u,n) and % (&) depend
onn in a C* way.
(2) If R] = chvzl ciy, (w) Oy, then:
i. the functions c}). (u) (for 0 < i < n) and %2?; (u) (for 1 <i < n)
depend on m in a C* way, locally uniformly with respect to u;
ii. the vector fields fcvzl 882?: (u) Oy, (for 1 < i< n,1<j < N) have

weight > a — 2.

PRrOOF. We start with agi‘f . We know that

E (u,n) =~ (1,u,m)
where 7 solves the Cauchy problem

d
&W(t,u,n) = Z ur (S[I]Jl)y(t,u,n)

IeB
v (0,u,n) =1n.
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For a fixed 7 the solution v (-,-,7) is smooth; moreover v depends on 7 in a C*
way. Therefore

d dy B 95111, 224
@371” (t; u?”) - IGZBU[ 35 (’Y (t,u7'l7)) aiuJ (t,u,n) + (S[J]"n)"/(t,'uﬂ])
O
u, (0,u,m) = 0.
Let now
0
w(tauan) = # (t7u777)a
At =3 ur 2202 (0 (10, )
) ) af ) ) )

Since (S[J]m)g and aségyn (&) are smooth in the ¢ variable and C* in the ) variable,

the functions A (¢,u,n) and By (t,u,n) are smooth in (¢,u) and C® in . With the
above notation,

{ 4w (t,u,n) = A(t,u,n) w(t,u,n)+ By (t,u,n)

w (0,u,n) =0

whence we readily see that w is C® in 7. This shows that % (u,n) = w(1,u,n)

has the same property. An iteration of this argument shows that also agi‘f is C*

with respect to 7.

a\ﬁl@n

5EP (&) we differentiate with respect to &

To prove the analogous result for
the identity

§=E(0,(&),n)
finding the matrix identity

and then
90, OE !
875 (f) = {au (@n (f) 777)] :

Since ‘g—f (&,m) is smooth in £ and C* in 7 and ©,, (§) is C in 7, we get the desired

E
result. An iteration of this argument shows that also 86% (&) is C* in .

To prove 2.i, let f (u) = ux and g, (§) = f (0, (£)) = (0, (£)),- Then, by ,

we have

Xign (€) = (Yiug) (8 (€)) + ¢k (0, (€)) ,
so that

(2.11) el () = X9, (07 (u) — Yiug.
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Since Yuy, is independent of 7 it is enough to consider the term X;g, (©; (u)).
Let us write

‘Xigm (0, () - Xign, (5, (u))‘

Kigns (07! () = Kigy, (67 )] + [Kigny (67} (W) = Kigna (67 ()]

39
Xigy (€ E by (€ ’7
gr[

By Assumption A the coefficients b” are at least Llpschltz Since D€, (&) are smooth

<

and

in £ we have

[Xign, (05 () = Kigay (05 ()| < e[ (w) - 03} ()]

< 2
<clm —772|

Also, since g§ (§) depends on 71 in a C* way, we have
[Kiga, (07, () = Kign (67 ()| < cln —mal”
By (2.11) this shows that n — ¢}, (u) is C*. Let us consider now

o'l 00! (u
‘2;;< 0 = Ve (Tan) (03" ) 25 = 2 i),

( )

Since
We have

depends on n in a C* way it is enough to study V¢ ( Zgn) (@;1 (u))

Abi; 8g
zg’fl Z agz aé-j + Z bz] aglagj (f)

By Assumption A, for i # 0, b” € 0" 1% so that 2 “ € O"=22, Since for r = 2

we have a = 1, bg” is at least Lipschitz therefore yXign (&) is Lipschitz with
respect to £ and C“ with respect to 1. The proof now follows as in the previous
case.

To show 2.ii, we first note that, from the proof of [6] Prop. 3.5], one reads that

(2.12) el (w)] < elu 7M.
On the other hand, we know that ¢}, (-) € C"~%%, hence the Taylor expansion of
¢}y (+) and the bound (2.12)) imply
e,
ek w
This implies 2.ii. (]

r—24« ap—2+a

<clul <clluf

The assertions on the “weight” of the remainders R} in point 2.ii of the previous
theorem in particular mean that, whenever f : G — R is homogeneous of degree
—k (with respect to the dilations D (A)), then near the origin

c .

Moreover, the statements 2.1 and 2.ii in the above theorem immediately imply:
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COROLLARY 2.11. All the differential operators D?j defined by the compositions
Y;R!, R]Y;, R?R;’ (i,j =1,2,...,n)
satisfy the bound

c
(2.14) D3 (W] € s

[l
for w in a neighborhood of the origin, whenever f : G — R is D (\)-homogeneous
of degree —k. Also, the coefficients of DZ']- depend on 1 in a C* way.

Next, we have to point out some properties related to the volume of metric
balls.

REMARK 2.12. In contrast with (2.9), if we apply the estimates (2.3) for z in
the neighborhood U (z¢) where the lifting theorem applies, we find the following
useful inequalities

p Q
™ |B (z,71)] ™
2.15 — <=L -1
(219) “ () B (w.ra)] =\
for any ry, o with pg > 71 > 19 > 0. This follows from the inequalities p < |Z| < Q,
holding for each Z in the sums appearing in ({2.3)).

The following nonsmooth version of a well-known result by Sanchez-Calle [37]
and Nagel, Stein, Wainger [34], has been proved in [5], and allows one to compare
the volume of balls in the lifted and in the original variables.

THEOREM 2.13. Let g, U (xo), and I be as in the lifting theorem. Then, up
to possibly shrinking the set U (xg), there exist positive constants ci,ca, po, and
0 € (0,1) such that for any (x,h) € U (xo) x I, anyy € B(x,dp), 0 < p < po, we
have

B ((2.).0) B((@.h).p)
B () </Rmxﬁ<<w’h>7p>(y’8)d8<c2 Bl

Actually the second inequality holds for every y € U (zg). Also, the projection of

B ((z,h),p) on RP is exactly B (z,p) .

(2.16) ¢

REMARK 2.14. Actually is stated in [5] when X is lacking; however, the
proof given in [5] relies on the analog result which holds for smooth Hérmander’s
vector fields. In turn, the result for smooth Hormander’s vector fields has been
proved in [37] when X is lacking, while just one of the two inequalities in
has been proved in [34] also in presence of Xy; however, as shown in [20], the same
argument used in [34] allows one to prove also the other inequality. Hence
holds in the smooth case also in presence of X, and the same is true for nonsmooth
Hoérmander’s vector fields.

Notation. Throughout the paper we will handle four types of vector fields,
which will be regarded as differential operators acting on different variables. The
vector fields

Y; and R}
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act on the variable u in the group G (that is, they are written in the coordinates
u), and we will often have u = 0, (£); moreover, the coefficients of the R}’s depend
on the variable n as a parameter. The vector fields

Xl' and Xz

act on R?, RV, respectively; they are often applied on a function of two variables,
and in this case, they will always be seen as acting on the first variable, which in
RP is called 2 and in R” is called & = (x, h). For instance,

Xif (zy) =X [f (y)] ()
Xif (&,m) =X [f (m)] ().

These conventions will be applied consistently throughout the paper.

3. Geometric estimates

In this section we establish some estimates which relate the growth of some
kernels defined in the lifted space with that of kernels defined in the original space
RP. The fact that the volume of metric balls in RP does not behave like a fixed
power of the radius makes these estimates delicate to be proved. These results will
be fundamental throughout the following.

Let © C RP be a domain where our assumptions are satisfied, Q' € Q, zy € &,
U (x0) = B (x0,70) €  a neighborhood of 2y where the lifting and approximation
theorem is applicable, R a number small enough so that B (z,2R) € Q for any
x € U (). Let ¢, 9 € C§° (R™) be supported in the neighborhood I of the origin
which appears in Theorem Shrinking if necessary U (z¢) and the supports of
©,1, we can assume that 4rg < R and

d((z,h),(y, k) <R

for z,y € U (zo) and h, k in the supports of ¢, 1), respectively. With this notation,
we have the following:

LEMMA 3.1. For every 5 € R there exists ¢ > 0 such that

Y (h R rA-1
m e ||©y k) (2, h)|| aay) | B (2,

for any x,y € U (xg).

This is just [34, Thm. 5], in our nonsmooth context. It can be proved at the
same way using Theorem [2.13]

It is convenient to give a name to the function which appears in the previous
Lemma, since it will be a central object throughout the following.

DEFINITION 3.2. For z,y € U (zg) ,x # y and 8 € R, let
R A1
(3.) optay) = [ pe—dr
g d(z,y) |B (SC77’)‘

The estimate in the previous lemma is made more readable by the next:
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LEMMA 3.3. For x,y € U (xo),x # y, the following inequalities hold:

d(z,y)"
“Bw.d(x) JorB<»
d(z,y)’
< -
%I By By PP
d(z,y)* _
Bdwa® e

(recall that p is the Euclidean dimension of the space of variables x,y).

PrROOF. By (2.15)) we have:
P
r
B(x,7)| > c|B(x,d(z,y (> ford(z,y) <r < R.
B @) > elB w.d @) ( 77— (z,3)
Hence, for 8 < p,

R B—1 P R B—1
/ 4 dr <c d(z.y) / " ar

d(z,y) |B (I7T)| |B (x,d(x,y))| d(x,y) TP

d(z,y)" [d(x,y)ﬁp —RPP

=c
B (z,d (z,y))| p—~
d(z,y)" - d(z,y)"
e —d(z,y) P=c— .
Bede)" Y T By
The proof in other cases is analogous. O

By a standard computation the previous lemma immediately implies

COROLLARY 3.4. For any B > 0 the following bounds hold:

erf ifB8<p
Vg (z,r) = / ¢p (z,y)dy < crP= if B=1p (anye>0)
d(z,y)<r crP Zfﬂ >p

where in case B < p the constant ¢ is independent of R. In any case, ¥g (z,7) — 0
as r — 0, uniformly in x.

THEOREM 3.5. We have the following:
1) there exists ¢ > 0 such that for every B,y >0 :

1 1
[ oawno, i <c(5+ 1) 6a (o)
U(o) By
for every x,z € U (x9).
2) there exists ¢ > 0 such that for every v > Q
¢r (2,y) < R

for every x,y € U (xg). (Recall that Q is the homogeneous dimension of the group
in the lifted space).
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REMARK 3.6. Comparing point 2) in the statement of the above theorem with
the case § > p in the statement of Lemma one can see why in our context it is
necessary to work with the functions ¢4 instead of the simpler functions

__d@y)’
Vg (w,y) = 1B (z,d (x,y))|

The point is that the functions ¢g are bounded for 3 large enough, so that an
iterative construction involving integrals of the kind

/ bp (x,y) Oy (y,2) dy
U(xo)

ends with a bounded function. On the other hand, if one tries to prove an analog
of the previous theorem for the 1)3’s, the best upper bound one can find is

d(z,y)"
|B (2, d (x,y))|

which is generally unbounded, because |B (z,d (z,y))| = cd (w,y)Q with @ > p.
This “dimensional gap” occurs in our general context since the measure of a ball
does not behave like a fixed power of the radius.

PRrROOF. We start by noting that

o5 (2,y) < cop (Y, @).
Indeed,

R A1 R A1
T,Y) = 7dr<c/ ——dr=c , T
@ (,9) /d@,y) B (] o B =80

since for d (z,y) < r we have B (y,r) C B (x,2r); for x € U (xg) and r < R the
doubling condition is applicable and gives

1B (y,r)| < |B(x,2r)| < ¢|B(z,7)].

Also, since R > 4rg > 2d (z,y) for any z,y € U (x), we have
R B—1 R/2 B—1 R B—1
r T T
—————dr z/ 7d7“+/ ————dr
/;d(z,y) |B (z,7)| Ld(zy) |B(@,7)] ry2 |B(z,7)|
R B—1 R B-1
c T T
<< LA +/ LA
28 /d(a:7y) |B (x,r)| d(z,y) |B (l‘,?")l

R pB-1
(3.2) < c/ ————dr
d(z,y) |B (I,T)‘

where c is independent of 5. Now,

/ b5 (2) by (4, 2) dy
U(xzo)

= (...)dy—l—/ (...)dy+/ N
/d(m,y)<;d(z.,z) d(z,y)<3d(z,2) d(m’y)ig

d(z,y)
=]+11+1I11.

(2.2) (...)dy

d
d(z,z)
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To bound I we note that 1d(y,z) < d(z,z) < 2d(y, z), hence

R 7,,,371 R s'yfl
I= / / T @ / S s dy
d(a:,y)<%d(a:,z) d(z,y) |B (l‘,’f‘)l d(y,z) ‘B (Z7S)|
R y—1 R B—1
S T
< c/ 7ds/ / ———dr | dy
Ld(z,z2) |B (Z,S)| d(z,y)<3d(z,2) ( d(z,y) |B (mﬂn)‘ )

and, applying Fubini’s theorem in the integral in drdy,
1 . 1
d(z,y) < id(x,z)7d(:t,y) <r<R=0<r<R,d(z,y) < min (2d(m,z),r) ,

we have that

R s 1 R p-1
Igc/;d@,z) 5o ), Beo </< < Seren rdy> a
Y ds{ [ ( [ ) .
Ld(z,z) |B(2,5)] 0 |B (z,7) ‘ d(z,y)<r
a5 o)}
ta(a,z) B (@) \ Jay)<id.:)

R S'y—l d(ac z) . 7“’6_1
<c/ ———ds / dr—i—/ ————— |B(z,d (z,2))|dr
1d(z,z2) |B(Za 5)| 0 1d(z,z2) |B (I7T)|

=14+ 1Ip.

In turn,

B rR B4+~v—1
c (1 s v
In=<(=

and, using the notation B(z;z) = B (z,d (z,2)) and applying (3.2)),
B [ S [
<c Tz ———das —ar
d(z,z) |B (Zv S)' d(x,z) |B (LL', T)|

|B( )‘ R s'y—l /S ,rﬂ—l J /R T’ﬂ_l J J
=c|B(x;2 _ ——dr + ———dr | ds
d(z,z) |B (sz)| d(x,z) |B (33,7')| s ‘B (x,r)|

= IBl +IBQ,

where, since in Ip, we have d (z,2) < s < r, then | B (x; )| < |B (z, s)| and therefore

R X R -1
(3.3) Ip, < c/ s / ————dr | ds
d(z,z) s ‘B (l’,?“)|

applying Fubini’s theorem:
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d(z,z) <s<R,s<r<R=d(z,z) <r<Rd(z,z)<s<r

R Tﬁfl T L
=c _ s77 s | dr
»A(m,z) |B ({177’!’)| /d(:n,z)
R 7,,,8—1 T )
<C/ </ 87_ds>dr
d(z,z) |B (Z‘,’I")I 0

c /R rpB+y-1
=— ————dr.
Y Jd(z,z) |B ('T7T)‘

As to Ip,, applying once more Fubini’s theorem,

d(z,2) <s<R,d(z,z) <r<s=d(x,z) <r<R,r<s<R,

R pB-1 R g1
Ip :c|B(x;Z)\/ / ds | dr
' d(w,2) |B (@) \J; B ()]

since d (z, z) < r implies |B (z;2)| < |B (z,r)|,

R R ~y—1
< c/ rA-t / Sids dr
d(z,z) r |B(sz)‘
and this can be handled as Ip, (see (3.3)).
We have therefore proved that I satisfies the desired bound. The term I can

be handled analogously (by symmetry).
Let us come to the bound on III. Since

we have

1 1
d(z,y) = id(%z), d(z,y) > id(gc,z) and d (z,y) <r < R,d(y,z) <s<R
imply
1 1
§d(x,z) <T<R,§d(x,z) <s<R
and

1 1
id(x,z) <d(z,y) <r,§d(w,z) <d(y,z) <s,

applying Fubini’s theorem in the triple integral gives

R rB-1 R g7 1
III:/ 7/ _— / dy | dsdr
L) 1B (@) Jiag ) |B(2,8)] | Jzdlo2)<dey)<r

Ld(z,2)<d(y,z)<s

/R rB-1 /R g1
< —_— ———— |B(z,7) N B(z,5)|ds | dr
$d(z,z) ‘B (va)| Ld(z,z) |B (Z,S)‘

/R 7‘6_1 /7- /R < S’y—l |B ( ) B ( )‘ i > P
= S + _ z,r)N z,s)|ds | ar
1d(w,2) ‘B (I,’/’)| 3d(z,z) T ‘B (Za S)|

=11T5+ I11p.



3. GEOMETRIC ESTIMATES 21

R Tﬂfl r
ITI4 < / — / s7"tds | dr
zd(z,z2) |B (Z‘,T)| L1d(z,z)

2
R rﬁ_l T L
< _— s7T ds) dr
/éd(:c,z) |B({ZZ,7’)| (/0
1 B B+v—1
_1 / KR
Y td(z,z2) |B (‘T7T)|
R B+y—1
& T
< - ———dr
vy /d(a:,z) ‘B (IaT)|
by (3.2). As to I1lg, since

1 1 1
id(x,z) <7’<R,T<5<R:>§d(x,z) <5<R,§d(:17,z) <r<s,

by Fubini’s theorem,

R R S'yfl
HIB</ A1 / ———ds | dr
1d(z,z2) r |B (Z>S)|
R 7—1 s
:/ R / P dr | ds
1d(z,2) ‘B (27 8)| 1d(z,z2)
R 'y—]_ S
é/ S </ T’B_ldr) ds
$d(z,z) ‘B(Z 8)| 0
gB+r—1
——ds
ﬂ /d(m z) |B Z,8 |

gBtr—1
B/mz)|st ds.

This shows that also I11 satisfies the desired bound, and point 1 of the theorem is
proved.
As to point 2, the volume estimate (2.15)) gives, for any r < R,

Now,

Q
B >e(5) |B@R)>a?

since

inf |B(z,R)|>c¢>0
e

as easily follows by the doubling condition. Then, for any v > @,

R '\/71 R 'y—l R
/ 7’7511" < / r ) dr < c/ P~ Qdr = ¢cRVC.
d(z,y) |B (.’L‘/I")| d(z,y) €T 0

d

In order to deal with continuity matters of the next sections, we will need the
following
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PROPOSITION 3.7. Let T C U (xq) be an open set.
(i) Let f(x,y),g(z,y) be two functions defined in T x T satisfying

|f (l',y)l < C¢B (x’y) ;
9 (z,9)] < cpy (z,9) ,

for some 8,7 > 0 and any x,y € T,x # y. Assume that both f and g are continuous
in the joint variables (x,y) for x #y. Then the function

h(x,y>:/Tf<x,z>g<z,y>dz

is jointly continuous in T X T for x # y.
(ii) Let f (x,y) be a function defined in T x T satisfying

_d(@y)
[ (@, 9)l < B (x,d(x,y))]

for some 8 > 0, f(x,y) measurable with respect to y for every x, and continuous
with respect to x© at any x # vy, for a.e. y. Then the function

:/Tf@c,y)dy

PROOF. (i) Let ¢ : [0,00) — [0, 1] be a continuous function such that ¢, (t) =
0 for t <e/2, p. (t) =1 for t > ¢, and define

fe (xy) = (2, 9) pe (d(2,9));
ge (7,9y) = g (2,y) e (d (2, y));

0= [ 1o

is continuous in T'.

For any fixed € > 0 the function

fe (%, 2) ge (2,9)
is measurable with respect to z for every (x,y) and, for any z € T, continuous in

the joint variables (z,y) . Moreover by our assumption on f, g and Lemma (3.3]

! ! <cle).
B (z,e)| [B(y.)] ~

Then, by Lebesgue theorem, h. is continuous in 7" x T', since T has finite measure.

Let us show that he (x,y) — h(z,y) locally uniformly for z # y, which will imply
the continuity of h. To see this, let us write

he (@,y) — h (,y) = /T e @.2) — (2, 2)] ge (2, 9) dz
+ /T F(@,2) (g (2,9) — g (2 9)] dz

Ife (2,2) 9: (2,9)| < c

and

|hs<x,y>—h<x,y>|<c/d( @6 () de

+C/ ép (z,2) ¢y (2,y)dz =1+ I1.
d(z,y)
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Now, for d (z,y) > d > 0 and € < §/2, d(x,z) < € implies d (z,y) > §/2, hence by
Lemma ¢ (2,y) < c(0) and

I<c(d) ¢p(z,2)dz=c(0) Vg (z,e) = 0

d(z,z)<e
as € — 0, uniformly for d (x,y) > 6 > 0 (see Corollary . Analogously
H<e@) [ oy u)de=c) B, (12) 0
d(z,y)<e

as € — 0, uniformly for d(z,y) > 0 > 0. Hence (i) is proved. The proof of (ii) is
similar but easier. O

4. The parametrix method

Let zq, U (), and I be as in the previous sections. To shorten notation, in the
following we will write U instead of U (z(). We will denote by &, 7 lifted variables
ranging in the small domain

V cUxIcRPF™,

as in the approximation theorem. By known results of Folland [13], the operator

P
L=)Y?+Y
i=1
possesses a fundamental solution I' on G, left invariant and homogeneous of degree
2— Q. (Recall that, in order for Folland’s theory to be applicable, the homogeneous
dimension @ of G must be > 3. However, this restriction only rules out uniformly
elliptic operators in two variables).
In particular, this means that for some positive constant ¢ we have

D (0, ()] < n@@)nQ
00) (€ )] [T (0 @) < 15—
(4.1)
(YGYiT) (0, (©)]. Xz-ifj (@ €] < 7o Eg)HQ,
050) (@ O] [ %o [ (0, (0] < 15—

for every 0, € V, n # &, where the X-derivatives act on the & variable. Recall
that, according to the Notation stated at the end of §[2] we will always assume that
differential operators act on the { variable of I' (0, (§)). Also, recall that by
19, ()| is equivalent to d(n, ).

Let us define the following (local) parametriz for the operator L. For z,y € U,
we set

(4.2) P(z,y) = /m </W L (O (z,h)) ¢ (h) dh) v (k) dk,



24 NONSMOOTH HORMANDER’S OPERATORS

where ¢ € C§° (R™) is a cutoff function fixed once and for all, equal to one in
a neighborhood of the origin and supported in I. It is worth telling that the
alternative definition

/m Tr (G(y,o) (ZL‘7 h)) Y2} (h) dh

of the parametrix (as in [34] eq.(20)]) would be fit for the purposes of this section,
but not for those of section Let us also note that, in case our vector fields X;
were free up to step s, the lifting procedure would be unnecessary, we would simply
have X; = X; and:

P(z,y) =T (0 (2)).

As already sketched in the introduction, the strategy is then the following. We
look for a fundamental solution for L of the form

v (z,y) = P(x,y) +J(2,9)
where

J(x,y>:/UP<x,z><b<z,y>dz.

In turn, we will find ® as the series

(4.3) D (z,y) = Z Zj(z,y) for z #y

Jj=1

where the Z;’s are defined inductively by

(4.4) Zy (z,y) = LP (x,y)
Zit1 (z,y) = /UZ1 (x,2)Zj (z,y)dz  for x #y.

More precisely, we will eventually find that the above identities need to be slightly
modified multiplying some of the involved functions by a suitable coefficient ¢q (z);
the necessity of this will be clear in the following.

Before carrying out this plan step by step, let us clarify the way how our
constants will depend on the vector fields:

Dependence of the constants. All the constants in the upper bounds proved
in this section will depend on the vector fields X;’s only through the following
quantities:

(i) the norms C"~1:% () of the coefficients of X; (i = 1,2, ...,n) and the norms
C"=2(Q) of the coefficients of Xo;

(ii) a positive constant ¢y such that the following bound holds:

det ((Xiny),» (X)), + o (Xi1,0),)

inf max
z€Q |I1|,|I2],...,| Ip|<T

2 Co,

where “det” denotes the determinant of the p x p matrix having the vectors (X,))
as TOWS.
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PROPOSITION 4.1 (Properties of P). Under the above assumptions and with
the above notation, we have, for any x,y € U:

(4.5) P(,y) € C*(U\{y});
(4.6) P(z,) € Che (U\ {2});
(4.7) PeC(UxU\A);
(4.8) X,P, X;X;P, XoP € C(UxU\A)

fori,j = 1,2,...,n, where A = {(x,x):x € U} and the exponent o € (0,1] is
the one appearing in the assumptions on the coefficients of the vector fields X;’s.
Moreover:

(49) |P ($7y>‘ < C¢2 (ﬁ,y) ;
(4.10) | XiP (z,y)| < ey (z,y) fori=1,2,...,n;
(411) |X]XZP($7y)‘7|X0P(1‘7y)‘ gCQSo (xay) fO’I” i?jzlvza"'an'

(For the meaning of the symbol X;P (z,y), recall the Notation fixed at the
end of § . Note that, regardless the infinite differentiability of P (-,y), only r
derivatives of P (-,y) with respect to the vector fields X; exist (since the vector
fields themselves are nonsmooth). In particular, recalling that » > 2, we have that
X:X;P (z,y) is well defined for any = # y.

PRrROOF. From we read that for any x # y the integral defining P is
absolutely convergent, and P can be differentiated under the integral sign. Since I'
is smooth outside the origin, by the properties of the map © stated in Theorem [2.9
condition immediately follows. To prove and we will show that for

x # y we have a locally uniform (in z) control on the C. modulus of continuity

in y for P (z,-). Namely, since I" is smooth outside the origin, we can write
T (u1) = T (uz)] < ¢ (0) Jur — ug|
if [u1| > 6 and |u; — ug| < 6/2. Also, we know that, by Theorem [2.9]
5 1/r

and
’@(yhk) (3;‘, h) - e(yz,k) (.23, h)| <c |y1 - y2|a s

hence there exist constants ¢, ¢ such that for any fixed 6 > 0, if d (x,y1) > e 64/
and |y; — y2| < 26/ then

1P (2,31) — P ()] </

<c(0)|yr — 2

(/ T (O (@) =T (O, k) (2, 1))] 0 () dh) v (k) dk

‘ «

m

which means that P (x,-) is C* locally uniformly for x # y.

Lemmawith B = 2 together with (2.8)), (4.1) and (4.2) implies (4.9)).
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Moreover, by (235) and (7).
X,P (z,y) / / I (840 (1) @ ()] dh o (k) dik
/m / (VD) (€ () + (RDT) (O, (1)) | 0 (1)
+ T (O (z,h) X, (h)} dh o (k) dk

= [ [ ) (@ (@) o () dnp ()

2
+/]Rm /m;Ql (v, k5, h) i (h) dhp (k) dk

where ¢; € C5° (R™) and, by (2.13) and (4.1)),
|Ql (yv k; €, h)

c
[CIFSYENO! A

YiT) (O k) (&, ) ‘ :
|(YiD) (O, (x. h))| < TS

so that Lemma |3.1| implies (4.10)).
The proof of (4.11) is an iteration of the previous argument:

X;X:P (2,y) = / o o KX [T (O (@ 1) ¢ ()] dhop(k)dk

:/m - {(Y;YiD) (Oyx) (2, h)) ¢ (h)
+ (YjREy”“)F +RUVYD + R('y’k)R(»y’k)F) (@(y 0 (@, h)) ¢ (h)
+ 00 (€ () + (RPT) (O3 (1) Fu (1)
- [(KF) (O (1)) + (R(y MP) (O (@,h) )} X (h)
+T (O (1)) X; Xigp (h)} dh o(k)dk

:/m /m (Y;YiT) (O (2, 1)) ¢ (h) dhep(k)dk
+/m/mzs:Qs(y’k5 z,h) ps (h) dh ¢ (k) dk

with s € C5° (R™) and, as above, exploiting now also Corollary

1Qu (y, k; z,h)] ¢

I\Gyk 0]

(
c
(VYD) (O (@, 0)| € 75
[©.x) (@ h)|
which by Lemma implies (4.11) for X; X, P (z,y).
XoP (z,y) is similar.
Finally, the explicit expression of the derivatives X;P, X; X; P, XoP allows us
to repeat the argument used to prove (4.7)), showing that also (4.8]) holds. (I

The proof of the bound on
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PROPOSITION 4.2 (Properties of Z1). Let L be as in and, for xz,y € U,
x #£y, let

(4.12) Zy(z,y) = LP(z,y).

Under the above assumptions and with the above motation, we have:
(4.13) 71 (y) € O (U ()

(4.14) Zy (x,-) € Ce U\ A{2});

(4.15) Z1eC(UxU\A).

Moreover:

(416) IZl (x7y)| < Cl(ba (xvy)

PROOF. Let us first prove (4.16). The computation is similar to that of the
previous proof. However we have to write it explicitly because we will need it in

the following. By (2.5) and Theorem we have

Ziw) = [ [ T O ) o ()] dhe(kyak

N /m /Rm {(£D) (O k) (2, h)) ¢ (h) +

+ (Z <YjR§.y’k)F L RYVYT 4 R§y,k)R§y>k)F) + R(()%k)l“) (O (@, 1)) @ (h)
J

+237 (%) (B (e, 1)) + BT (O, (2, ) | Ky (h)

+ T (O (x,h) Lo (h)} dh o(k)dk.
Since (L) (u) = 0 for u # 0, then (LT) (O, (z,h)) = 0 for (z,h) # (y,k), so
that, for x # vy,

3
@z = [ @k w0 dbpiar

where ¢; € C§° (R™) and, by Corollary

|Qi (yaka Z, h) <

| C
1€y ()| 77

It follows that

0,
Ziewl<e | < | o (x,h)HQ_adh> ()

for some ¢ € C§° (R™). By Lemma (4.16]) follows.

As to the regularity of Zp, let us inspect for instance the term
& k
Z/m /m (R§y 'Rl >r) (Oyr) (2, 1)) @ () dh o (k) dk
J

(all the others being more regular). By Corollary
k) .k
urs RVPRYPT (u)
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is a C),_ > function outside the origin. Since & > O, 1) (€) is smooth,
(x,h) = RYPRYPT (0, 1) (2, h))
is at least O for (z,h) # (y, k), and Z1 (-,y) € C. 2 (U \ {y}).

loc

To deal with the regularity of Z; (x,-) note that by Corollary RIRIT (u)
depends on 7 in a C“ continuous way locally uniformly in u # 0. It follows that

yr (RPMREPT) (0, (2,h))

is Cft. (U \ {z}) and the same is true for Z; (z,-), by an argument similar to that
used in the proof of Proposition to deal with P (x,-). Joint continuity of Z;
in (z,y), outside the diagonal, also follows from these facts by a local uniformity
argument. (I

Next, we can prove:

PROPOSITION 4.3 (Properties of ®). Let, for j =1,2,3, ...,

@18 Zuew)= [ 2@ 2 ds forayeUaty.
U

Then the functions Z; (x,y) are well defined for x,y € U, x # y. Moreover, shrinking
U if necessary, the series
(4.19) O (z,y) =Y Zi(zy)
j=1
converges for x,y € U,x # y and the function ® satisfies the bound
(4.20) ® (2,y)| < cda (z,y)
and the integral equation

(4.21) O (z,y) =71 (z,y) + /U Z1(2,2)® (2,y)dz  forx,y € U,z #y.

Finally,
Z;, e C(UxU\A).

PRrROOF. By definition of Z;, the bound (4.16) and Theorem we have, re-
cursively:

2
|ZQ (l‘vy)‘ < C%caqé?a (x,y) 5

2
Zal <t () (5 +57) b <t (2) ua

. 2 Jo—1 o N
Zuel < () o o) < CRImO <OR,
where jg is the least integer such that jo > @/«. Then:
| Zjo+k (z,y)] < CR” (ce1R*)F for any k > 0.

We now choose U small enough in order to get

0 =ccR* < 1.
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Then
|Zj0+k (JJ, y)' < 06k
so that the series
o0

> Zj(x,y)

Jj=Jjo
totally converges and the upper bound (4.20) holds. Moreover, we can write, for
any x,y € U,z # y:

a@w+ﬁaw@¢@wm

:amwféamax%umw

j=1

:aum+zﬁa@@4wwm

=72 (xvy) + Z Zj+1 (xvy)
j=1
=Y 2wy =0 y)

Jj=1

so that (4.21) holds. Let us come to the continuity properties of Z;, ®. By (4.15)
and Lemma the definition (4.18)) recursively implies that

Z; e C(UxU\A) for j=2,3,...
Since, by the above proof, the series in totally converges, this also implies that
e C(UxU\A).
O

PROPOSITION 4.4 (Properties of J). Let U be as in the previous proposition.
Forxz,y e U,x #y, let

(4.22) J(z,y) = /UP (z,2) D (2,y)dz.

Then: J and X;J (i=1,2,....,n) are well defined for any x,y € U,z # y;
(4.23) J, X;JeC(UxU\A);

moreover, the following estimates hold (i =1,2,...,n):

(4.24) I (2, 9)| < cd2ta (z,9);

(4.25) | X:J (z,9)] € ch14a (2,9) .

Proor. By (4.9), (4.20) and Theorem we have

ummkglmm@%mww<mﬂwm.



30 NONSMOOTH HORMANDER’S OPERATORS

Also, X;J is well defined, indeed

X;J (z,y) = X/sz@(zy)d

and, by Propositions [41] [£.3] and Theorem 35

X,T (2, 2)] < /U 61 (7,2) da (2,9) dz < chrea (7,5).

As to the continuity properties: by Proposition [£.1] and Proposition [£.3] we know
that P (x,y),X;P (z,y),® (x,y) are continuous in the joint variables for x # y and
satisfy the bounds

|P(J,‘,y)‘ §C¢2 (xay)7
|XZP(ar,y)\<c¢1 (l’, ) (1:1727 an)a
®(z,y)] < ca (z,y)

Hence Proposition implies (4.23]). O

PROPOSITION 4.5. The following identity and upper bound hold in weak sense:

(4.26) LJ(z,y) = /UZ1 (2,2) P (2,y)dz — ¢ (z) D (x,y),
(4.27) ILJ (z,y)| < cha (2,y)
where

co () = /m c(x, k) @2(k)dk

and c(z, k) is defined in (2.10).
Explicitly, denoting by G (x,y) the right hand side of , we have

(4.28) /UJ(;U,y) L*y (z) d:r:/UG(x,y)z/J x)dx

for any ¢ € C3° (U) and y € U, where L* is the transposed operator of L (see
ED). and
|G (z,9)| < cha (2,) .-

For the proof of the above proposition we need the following lemma.

LEMMA 4.6. Let w be a smooth function on G such that w (u) =0 for |Jul <
and w (u) =1 for |lul]] > 1 and let w, (u) = w (D (¢7') u). Let Ry and Ry be vector
fields on G given by

Zaj ) Oy, Ry = ij(u)a
=1

and assume that, for a couple of s1,82 € R and some constant ¢ > 0, every j, k =
1,2,...,N,

Jaj ()] < efful 75

| <
b7 ()] < e luf|
|0 bj (w)] <

e u o7
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where the a;’s are as in @) Then there exists ¢’ > 0 such that for every e > 0
andu € G

| Rawe (u)] < ¢ fluf™
| R1Rywe (u)] < ¢ fJul|* 772

PrOOF. We have

i ] € 3 Jay ]| 525 )

sita; 1 |Ow _
<Ml u; (D (7))
< cllull™

since on the support of c%; (D (e7*) u) we have |lul| < e. Similarly,

| Ry Rowe (u)| =
N
= ay, (1) O, Z bj (u) Oy, | we (u)
k=1 j=1
N N
e Ml T Y718, bj (w) Buywe (u) + by (u) O, e
k=1 j=1

Sotai—ak
[

N N
s1t+ag
<oy ey (M0

Jj=1

1 Sata;
o (o)1) B
J < €ozk+(x]

N
e Ml ™ full 7 = e fluf
k=1

PRrROOF OF ProPOSITION A5 To prove (4.26) we use a distributional argu-
ment. Let w. be as in the previous Lemma, let I'. = w.I" and define

Rgayy:/m(/MFAG@@@mm)wmym)wwym

and
kmwzﬁg@@¢@ww
We have
s = [ ([ [ 1@ @m) oG pman) o i
and

LJ. (x,y)
:/Rm/m/UE[rg (O (x,h)) @ ()] @ (2,9) ¢ (k) dzdhdk
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- /Rm Rm EFE (©(p) (z,h)) @ (h) @ (2,y) ¢ (k) dzdhdk

m JRm

Q

/ ( YR(Z M+ REPY; + RPV R 4 RS )) e (O (2, h))) X
w(h)®(2,y) ¢ (k) dzdhdk

/221@ (O () (2, h)) Xip (h) ® (2,y) ¢ (k) dzdhdk

m JRm

/ . / N / (2, h)) L&M o (h) @ (2,y) ¢ (k) dzdhdk.

To bound
S (VRED + BEDY, - REDRED 4 REDVT, (u)

we now recall that, by Theorem the vector fields Rgz’k), Y;, R(()Z’k) satisfy the
assumptions of Lemma [£.6) with s; or so equal to o — 1, —1, o — 2, respectively. A
simple computation shows that

C

> (ViREP + REVY; + REVREY 4 BV T (u)| < e
u

g

Hence for suitable ¢; € C§° (R™) and Q. ; satisfying

1Qc; (2. k; 2,h)| < ¢

€ (. m]|*~

we have

Je (z,9) :/m /M/Uﬁfe (O (x, 1)) ¢ (h) ® (2,) ¢ (k) dzdhdk
3
+/m /WL/U;QEJ (z,k; z,h) @; (h) ®(z,y) ¢ (k) dzdhdk.

Let now ¢ € C5° (U) be any test function. Then
/ L. (z,y)¢ (x)de =
RP
- / / / L0, (O 1) (0, 1) ¥ () ¢ (h) o (k) dadhdkd (2, y) d=
U Jrm Jrm JRP

+ /U / ) / ) /R ij:Qs,j (2. k; 2, h) ¥ (2) 5 () o (k) dadhdka (z,y) d=.

Let now change variable in the first integral setting u = O, y) (x, h). Then, by

).

dxdh = c(z,k) (1 4+ O (|lul])) du

and setting
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we have

/ LJe (@, dx*/ /m/ﬁr W) Bary (u) du c(z, k) (k)dk® (2,y) dz
// /ﬁf O (|u]) Bz k) (u) du c(z, k)p(k)dk® (z,y) dz

L] g Qe (2.k: 2.1 o ()4 () darp(k)dhdk® (= y) d.

Since LT'. (u) = 0 for ||u|| > e, letting € — 0 the second integral in the right hand
side vanishes, by Lebesgue’s theorem, and integrating by part in the first integral
we get:

lim LJ (z,y) ¢ (z)dx =

e—0

/ [ 1 £8 e du ez o)ar (2. 5) d:
<[] ] ;Qj (2, ks 2, 1) 05 () (2) p(K)dndhdk® (2, y) d
where @); are as in and
=> Y?-Y,
i=1

is the adjoint operator of L, so that

/G I () £ G oy () du = oy (0) = —p (K) ()

and
timy [ L (@) (o) do
/1/) co ( (z,y)dz+/U/Rle(x,z)@(z,y)w(x)dxdz,
having set
(4.29) co(2) = / mc(z, k) o (k)dk.
On the other hand,
i [ L) v@de =i [ g L@ = [ )o@,

which easily follows by Lebesgue’s dominated convergence theorem and the bound
(4.24)) on J, J.. Therefore

LT (2,y) = —eo (2) ® (2,9) + /U 71 (2,9) ® (2,y) d=,
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which is (4.26]). This also implies, by (4.20)), (4.16) and Theorem |3.5

LLJ(aay)lszc¢a(x,y>+—c/2¢¢a<x,z>¢a<z,y>dz

< C¢a (.T, y) + Cd)Zoz (x,y) < C¢o¢ (xay) )
which is (4.27)). O

In view of the presence of the term ¢ (x) in the identity (4.26]) we now modify
our previous construction as follows:

1
Z{ (xay) = mzl (xay);
Zl/<:+1 (l’,y) = /UZi (LU,Z) lec (Z,y) dz;

' (2,y) =D 7 (2,9);
k=1

V()= [ P2 @ ) de
U
With these definitions, the following hold:

(4.30) ' (x,y) = Z) (x,y) + | Z1(x,2) D (2,y)dz;

/.
(4.31) co () @ (z,y) = Z1 (z,y) + /U 7y (2,2) @' (2,y) dz;

(4.32) LT (z,y) = /UZ1 (,2) ¥ (2,y)dz — co (z) D (z,y) .

REMARK 4.7. Recalling that
0<Cl<CO($)<CQ

for any « € U, and that ¢co € C (U) (since by Theorem [2.9] the function c is Hélder
continuous), it is immediate to check that the functions Z1, Z,,®’, J’ satisfy the
same upper bounds (with different constants) and continuity properties proved in

Propositions [£.2} [£:3] [L.5] for Z1, Z, ®, J, respectively.
We have, at last:

THEOREM 4.8 (Existence of fundamental solution). Let
1
V(@) = ——=[P(z,y) + J (z,9)].
@) = =7 [P (@) + 7 (2.0)

Then v (z,y) and X;y (x,y) (i =1,2,....,n) are well defined and continuous in the
joint variables x,y € U,x # y, and satisfy the following bounds:

(4.33) v (@, y)| < cd2 (z,9);
(434) ‘X{Y (l‘, y)' < C¢1 (.’)37 y) .

Moreover, v (-,y) is a weak solution to Ly (-,y) = —0,, that is:

(4.35) vawqummz—w@
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for any ¢ € C§° (U) ,y € U. Finally, if Xo =0, then there exists € > 0 such that
(4.36) v (z,y) >0 for d(x,y) < e.

REMARK 4.9. When Xy does not vanish the fundamental solution I' of the
homogeneous operator can be proved to be only non-negative, as the example of
the heat operator suggests. As a consequence nothing can be said in this case about
the sign of v near the pole.

Proor. By (4.7), (4.8), (4.23) and Remark the functions v (x,y) and

X;7v (z,y) are continuous in the joint variables z,y € U,z # y.
The bounds (4.33)), (4.34) follow from Proposition and Proposition As
to (4.36),
d(z,y)**

0 )7 (2,) = P (2,9)| = 1T (2,)] < bt (2:9) < s

If X =0, then also Yy = 0 and by [Il, Prop. 5.3.13, p.243] the function I is strictly

positive, hence
c

l—‘(u)>T

[l
and, reasoning like in Lemma [3.I] one can check that
(2.1) / / dhdk
lkl<e JIni<e ||© ¢y 0) (@, b HQ ?

>c/ dr > ¢ d(z,y)’
- d(z,y) |B (,13,7”)| - ‘B(JE,d(l‘,y)”

and (4.36) follows.

To prove (4.35)), we have to show that for any test function

@) = [PeyLvEdet [yl @d =4+ B

As to A, exploiting the same computation performed in the proof of Proposition

8
Azii_r}r(l) P (z,y) L™y (x )dac—hm LP. (z,y)v¢ (z)dx

— W+ [ 2w
RPr
On the other hand, by ,
B= . ¥ (x) {/Zl (2,2) @ (2,y)dz — o (z) @' (z, y)} dx.
y ({.31)),
A+B=—¢(y)co(y)+

+ /Rp () {Zl (z,y) + /Z1 (,2) @ (2,y)dz — co (z) P’ (x,y)} dz
= - (y)co(y)

and we are done. O
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5. Further regularity of the fundamental solution
and local solvability of L

In this section, under a stronger regularity assumption on the coefficients of the
vector fields, we will show that the fundamental solution v (-, y) actually possesses
second order derivatives with respect to the vector fields, satisfying natural growth
bounds, and v (-,y) satisfies the equation Lu = 0 (outside the pole) in classical
sense. As a consequence, we can establish a local solvability result for the operator
L.

Assumptions B. In this section we assume that for some integer r > 2 and some
a € (0,1], the coeflicients of the vector fields X, X, ..., X,, belong to C™* (Q),
while the coefficients of X, belong to C"=% (Q). If r = 2 we assume o = 1.
Moreover, we still assume that X, X1, ..., X, satisfy Hormander’s condition of step

r in ©: the vectors
{(X[I])z}mgr

span RP for any z € €. (For examples of systems of vector fields satisfying the
assumptions, see the Appendix).

Throughout this section we keep using the notation introduced in §4} in par-
ticular, U stands for a fixed neighborhood of a point xy € €2 where all the previous
construction can be performed. Accordingly to Assumptions B, from now on the
constants appearing in our estimates will have the following dependence on the
vector fields:

Dependence of the constants. All the constants appearing in the upper bounds
proved in this section will depend on the vector fields only through the following
quantities:

(i) the norms C™* () of the coefficients of X; (i =1,2,...,n) and the norms
Cm=12(Q) of the coefficients of Xo;

(i) a positive constant ¢g such that the following bound holds:

det (X, (X)), o (Xi1,0),. )| = o

inf max
z€Q |It|,|L2|,..., | Ip <

Before proceeding we need to define precisely our functional framework and the
notion of solution.

DEFINITION 5.1. If u is a function, not necessarily smooth, defined in an open
set D C Q, then:

we say that X;u exists in D if the classical X;-directional derivative of u exists
in D;

we say that u € C% (D) if for i = 1,2, ...,n, the derivatives X;u exist and are
continuous in D;

we say that u € C% (D) if u € C% (D) and for i,j = 1,2,...,n, the derivatives
X;X;ju and Xou exist and are continuous in D.

Let f be a continuous function in D. We say that u is a (classical) solution to

Lu= fin D
if u € C% (D) and Lu (z) = f () for every x € D.
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We say that the operator L is locally solvable in € if for every xy € € there
exists a neighborhood U (z¢) such that for every 8 > 0 and f € C8 (U (z¢)) the
equation Lw = f has at least a C% (U (z0)) solution.

Note that, by Proposition any C% (D) function is necessarily continuous;
if Xo = 0 the same conclusion holds for C% (D) functions.

REMARK 5.2. We recall that, even for the classical Laplacian, under the mere
assumption of continuity of f in D, a C? (D) solution to Aw = f may not exist.
A counterexample is given for instance in [16] exercise 4.9, p.71]. Therefore the
condition f € C? (D) in the definition of solvability is a natural requirement.

The existence of X;u will be sometimes established by the following:

LEMMA 5.3. Let D C RP be an open set and let X be a C' (D) vector field. Let
w be a C (D) function and let w. € C* (D) be such that for x € D, w. () — w ()
as € = 0 and Xw. — g uniformly on D. Then w is differentiable along X and
Xw=g.

PRrROOF. Let x € D and let v (¢) be an integral curve of X such that v (0) =
and let he (t) = we (v (t)). Since hL (t) converges uniformly we have

g(v(t) =lim Xw, (v (t)) = lim AL (¢)

e—0 e—=0
= % (iig% he (t)) — % (113%10 (v (t))) =Xw(v(t)),
so that
g (@) = Xw(z).

5.1. Preliminary results. We now need to sharpen the analysis of the map
O, (&) performed in [6] showing that, under the above (stronger) Assumptions B,
this function possesses reasonable properties also with respect to the “bad” variable
1. Namely, the following holds:
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ProroSITION 5.4. Under Assumptions B:
i) the vector fields R] appearing in are C" TP yector fields of weight
> o — p;, depending on n in a C* way.
ii) the coefficients of the differential operators D] defined by the compositions

Y:RIR|, R/RIR], Y;Y;R], RIY/'R], Y;R]Y}, R!R!Yy, YiRj, RR]
(1=0,1,2,...,n; 4,k = 1,2,...,n) satisfy the bound

c

1D f (u)] < W
for w in a neighborhood of the origin, whenever f : G — R is D (\)-
homogeneous of degree —pu. Also, the coefficients of D] depend on 1 in a
C* way.

iii) the change of variables n — u = ©,,(£) is a CY* diffeomorphism in a
neighborhood of the origin and its inverse n = ©(y(§) ™ (u) is CH* in the
joint variables (§,u). Moreover we have

dn = c(§) (1+x (& u)) du,

where, analogously to Theorem c(+) is a C* function, bounded and
bounded away from zero, x (&,u) is C* in the joint variables (§,u) and for
every v1,7v2 = 0 such that v1 + v2 < « there exists a constant ¢ such that

X (61,u) — x (&2, u)] < el — & Jul™.
In particular
X (& u)l < e flull®.

PROOF. i) This follows with the same proof of [6l, Thm. 3.9], under assumption
B.

ii) This follows as Corollary by point 2.i of Theorem Actually, the
same proof of point 2.i of Theorem [2.10]implies this stronger conclusion, under the
stronger assumption B.

iii) With the notations of [6, section 3.2] let

§=F (Uﬂ?) = eXp (Z UIS[I],n> (77)

IeB

and recall that ©, (§) is defined by E (6, (§),n) = &. Observe that, for every fixed
&, to express 7 as a function of w is equivalent to solve with respect to 1 the equation

(5.1) E (u,n) — & =0.

Revising the proof of [6, Thm. 3.9] under the assumption b;; € C™* (), one can
see that the smooth vector fields S[j),,, depend on 7 in a COY® way. This implies that
¢ = E (u,n) depends in a C1'® way on the joint variables (u,7) (see [6, Prop. 30]).
Since F (0,n) = n we have %—5 (0,m) = I. The implicit function theorem applied
to equation shows that n = 7 (u, ) is at least C! in the joint variables. The
standard argument used to prove the further regularity of the implicit function
allows to prove that this function is indeed C1'* in the joint variables. Also, since
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differentiating with respect to u yields

oF OF on B
Evaluating this identity for u = 0 (that is n = &) gives
OF an _

so that

on _ OF B _ (%

9y (08 =75, 0.8 =~ ((S[I],f)g)IGB = ((X[I])£>IEB~
Since

dn = Je (u) du

, we have

det (@”)J@

Note that xo (&,u) is C in the joint variables (u, £) since 1 (u, €) is Cb.
Assume now |§; — &| < |ul, then for any 1,72 = 0 with v1 + 72 <0,

Ix0 (u,&1) — xo0 (u, &)| < ¢l — &% <& — &M [u]™.
If [& — &o| > |ul, since x0 (0,&1) = x0 (0,&) = 0 we have
Ixo (u, 1) — xo (u,&2)| < |xo (u,81) — x0 (0,81)] + x0 (u,&2) — x0 (0,&2)]

<clul* <celér — & Ju™.

with Je (u) = ‘det 9 (¢ )

(5.2) Je (u) = +x0 (&, u).

Hence in any case

(5.3) X0 (§1,u) — X0 (§2,u)] < & — & [|ul[™*.
Then (5.2)) can be rewritten as

dn=c(§) (1+x (& u))du

¢ (&) = |det ((}Zm)&)

is C* and locally bounded away from zero, while

_ Xo (67”)
x (& u) = O

still satisfies (5.3). Hence point (iii) is proved. O

where

IeB

The following Holder continuity estimate on the function ® will be crucial.
PROPOSITION 5.5. For any ¢ € (0, @) there exists ¢ > 0 such that
@ (21,y) — @ (22, 9)| < ed (21, 22)" " ¢e (21,9)
for any x1,x9,y € U with d (z1,y) > 3d (21, 22).

Note that the same result holds if the number 3 is replaced by another constant
k > 1, with ¢ depending on k.
The following easy variation of the previous result will be also useful:
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COROLLARY 5.6. For any € € (0, «) there exists ¢ > 0 such that

d(xhy)s d(x%y)g
1B (z1,d(21,y))|  |B(22,d(z2,9))]

| (z1,y) — ' (22, )| < ed (z1,22)" " °

for any x1,x2,y € U with y # x1, T2.
PROOF OF COROLLARY 5.6l If d(x1,y) > 3d(x1,22) by Proposition and

Lemma [3.3] we can bound
d(l.lvy)E
|B (71,d (v1,y))]

‘(I)/ ($17y) - q)/ ($2,y)| < cd (xla x2)04*6 ¢E (xla y) < cd (x17x2)a7€

Analogously if d (x9,y) = 3d (x1,x2) we can write
)a—a d (3)27 y)g

|B (x2,d (21,y))]
Hence, let us assume 3d (x1,22) > max (d (z1,y),d (22,y)). Then by Proposition
1.3 and Lemma [3.3}

1 (21, 5) — ¥ (22,9)] < ¢ {ba (21,9) + ba (72,9)}
d(mhy)a d(fﬂzay)a
S C{|B<z1,d<x1,y» * |B<xz,d<x2,y>>|}
d (‘Tla y)€ d (IQa y)E }
B (a0, d (o, 9)] | 1B @ d (@)l
O

| (1, y) = ¥ (w2, y)] < ed (21,72)" " e (w2, y) < ed (21,72

<cd(xy,20)" ¢ {

Proposition [5.5| will be proved in several steps, establishing first an analogous
result for the functions Z] and Zj..

LEMMA 5.7. For every x1,xo,y € U with d(x1,y) = 2d (x1,z2) we have
(5.4) |Z1 (z1,y) — Z1 (z2,y)| < cd (z1,22)" ¢o (21,y) .
PROOF. Since
1
Z! =—7
1((E,y) co (1‘) l(xvy)

with ¢g Holder continuous and bounded away from zero, it suffices to prove (5.4))

with Zi replaced by Z;. Under assumptions B, the explicit expression of Z; given
in the proof of Proposition [.2] shows, by Proposition that

Z1 (y) € Crge (U {y}).
In particular, for fixed y,z;, we have that Z; (,y) € CV (B (21, 3d (z1,y))) and
we can apply Proposition with R = %d (z1,y), writing

n

(55) |21 (w1,9) = Z1 (w2, 9)| < cd (w1,22) [ Y sup | X Zy (2, y)| +
i=1 xEB(ml,%d(wl,y))

+d (x1,22) sup | XoZ1 (x,y)]
zEB(wl,%d(ml,y))
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for d(xz1,y) > 2d(x1,x2). Let us estimate sup |X:Z1 (x,y)]. We

know that:

weB(z1,3d(x1,y))

3
Ziw) =3 [ [ Qitks b g () o () dh,
i=1 /R™ JR™

where the @;’s are defined in the proof of Proposition [£:2] Let us bound X;Z; for
one of the terms @;, for instance

k k
RYHRWHL (0, 1 (x,h))

(since the other terms do not behave worse than this). We have, for i = 1,2, ..., n,

X; / / RYPRYIT (00,4 (,h)) ¢ (h) ¢ (k) dhdk
- / / X {Rg.y’k)Ré.y’k)F (O ) (1)) @ (h)} o (k) dhdk
(5.6) - / RUPRVEIT (O, ) (1)) ()”api) (h) ¢ (k) dhdk
Rm R'IYL
+ /m /m (ViR RPT) (80, (2, h)) ¢ () ¢ (k) dha

& ) o(y.k
+/m / (Rjy )R Rl )r) (O puk) (1)) @ () o (k) dhdk.

Now, by Proposition (ii),

/m /m (K'Rg‘y?k)Rg‘y’k)F) (Ow.k) (1) ¢ (h) ¢ (k) dhdk‘

R a—2
< c/ / v (h)¢ (k(??Jrlfa dhdk < c/ A dr,
m JR™ H@(%k) (.CE, h)” d(z,y) |B (Z‘,’I‘)|

and the other two terms in (5.6) are bounded by the same quantity. Next, we
have to take the supremum of the last quantity for x € B (ml, %d(xl,y)) . Since
d(x1,y) < 2d(z,y), by (3.2)), this sup is bounded by

R ,,,a72
c ————dr,
/d(zl,y) |B (‘7?7 r)'

hence
n _
R ro 2

d(x1,x2) sup | X:Z1 (z,y)] < ed (xl,xg)/ ——dr
;IGB(II,;d(%y)) w1,y 1B (2,7)]

since d (x1,x2) < %d('rhy) <r

R L 7’0‘72

<cd (xl,xz)a/ r T dr
d(z1,y) |B (33,7")|
R 1

=cd (xl,xg)a/ ——dr
d(z1,y) |B (Z‘,T)|

=cd (z1,22)" ¢o (21,Y) -
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An analogous computation gives

R a—3

d(ml,x2)2 sup | X021 (x,y)] < cd (xl,xQ)Q/ ——dr
w€B(1, bd(x1y)) d(ary) | B (,7)]

R Ta_3

=cd (gcl,xg)a/ 2T dr
d(z1,y) |B (IE,T’)|

= cd (z1,22)" do (21,7) .
Then (5.5 implies
Zy (x1,y) — Z1 (22,y)| < cd (21,22)" ¢o (21,Y)

and the lemma is proved. O
Next we need the following;:

LEMMA 5.8. For any B > 0, let

Awrany) = [ 12 (@1.2) = 24 (0.2)| 63 (so0) .
U
For any € > 0 there exists ¢ > 0 such that

A(z1,22,y) < cd(21,22)" ° Ppie (21,9)
for d(z1,y) > 3d (z1, z2).

PROOF. Let us split:

A(.ﬁl,.’llg,y):/ ( d2+/
d(x1,2)>2d(z1,72) d(z1,2)<2d(z1,22)
By Lemma [5.7]

Iéc/ d(ml,mQ)aQSO (331,2)¢ﬁ (Z7y)dz
d(z1,2)>22d(x1,22)

(.)dz=T+11I.

Now, for any € > 0, and d (x1,2) > 2d (x1,z2) , we have
1> I R T‘_l
d(z1,22)" ¢o (21, 2) < cd (21, 22)" “d (21, 2) / —dr
d(z1,2) | B (w1,7)]
R e—1

r

<cd ($17$2)a_8/ dr = cd (x1,22)" " ¢2 (21, 2)
d

hence, by Theorem [3.5]

(21,2) |B (z1,7)]

(5.7) I <cd(xy,m0)* ¢ ¢ (21,2) 95 (2,9) dz

/d(xl,z)>2d(w1,zz)
<cd (1‘1, m2)a—6 d)ﬁ—i-e (331, y) .
Next,

1< / (e (@1, 2) + o (22,2)] 65 (2,9) dz
d(z1,2)<2d(x1,22)

= [I4+IIg.

From d (z1,y) > 3d (z1,22) and d (21, 2) < 2d (z1, 22) , we deduce d (y, z) > d(x1,z2),
hence d (z1,2) < 2d(y, z) and

d(xlay) < d(iCl,Z) + d(Z,y) < 3d (Zay)
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which allows us to write

IT4 < e (21,9) / bo (21,7) dz

d(z1,2)<2d(z1,22)

by Corollary
< cdp (21,y) d (z1,22)" .
By the same reason,

[Ty < cs (a1, y) / bo (22, 2) d

d(x1,2)<2d(x1,22)

< cdp (21,9) / bo (w2, 2) dz

d(x2,2)<3d(z1,22)
< cgp (21,y) d (21, 22)"
as above. We conclude, for d (z1,y) > 3d (z1,22),
IT < cpp (x1,y) d (21, 72)" <
ax—E& € R 7‘571
<cd(aan) T dy) [
d(z1,y) |B ((El,’f‘)|
<ed(x1,22)" " Ppge (21,9)
which together with (5.7 gives the assertion. O

PROOF OF PROPOSITION [B5l Let 21,72,y € U with d(z1,y) > 3d (21, z2).
By the identity (4.30) we can write

¥ (01,0) = (02,0) = 24 (22,0)= 2 (o29)+ | (20 (01,2) = 24 02 2] @' o0 s
which by gives
¥ (@1.) = ¥ (22.0)] < |2} (00.9) = Z @)l e [ 124 (@1.2) = 24 (00.2) 00 (210)
Exploiting Lemmas and for any € > 0 we get

|9 (21, y) — @ (22, )| < ed (1, 22)" do (x1,y) + cd (21,22)" " Pt (21, 9)

< cd (.’L’l, 5[32)@_6 ¢s (zla y)

as desired. O

5.2. Estimates on the second derivatives of the fundamental solution.
We are now going to prove the existence and a sharp bound of Holder type of the
second derivatives of our local fundamental solution.

THEOREM 5.9 (Second derivatives of the fundamental solution). Under As-
sumptions B, fori,j = 1,2,...,n and for x,y € U,x # y, the following assertions
hold true.

(i) There exist the second deriatives X; X;J' (z,y), XoJ' (z,y), XiX;v (z,v),
Xoy (z,y) continuous in the joint variables for x # y; in particular,

v(y) € C% (U\{y}) for anyy e U.
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(i) For every e € (0,a), every U € U there exists ¢ > 0 such that for every
zeU andy e U,

d(z,y)""
5.8 X, X, J (z,9),|X0J (z,y)| € cRF =2 ——
with R as at the beginning of §3, and
1
. X X; X <e———.
(59) | J 17<$,y)|,| O’Y(Cﬁ‘,y>| C|B(x,d(x,y))|

Note the presence, at the right-hand side of , , of the kernels d (z,y)* ° | B (x, d (=, y))|_17
1B (x,d (z,y))|”", instead of ¢pa_c (2,4) , do (z,y), which one could expect.

In order to reduce the length of some computation in the proof of this theorem
and some of the following ones, it is convenient to introduce first the following
abstract definitions, and make a preliminary study of the involved concept.

DEFINITION 5.10. We say that R, (x,y) is a remainder of type £ (= 0,1,2,3)
if for x £y

Re(z,y) =) / / DT (O, 1 (2, h)) as () b (k) dhdk
s=1 " "

where Déys’k) are differential operators given by the composition of at most ¢ vector

fields of the kind Y; or ng’k), of total weight > a — ¢, depending on (y, k) in a C*
way and ag, bs are cutoff functions. Here and in the following, the number « is
fixed, and is the exponent appearing in Assumptions B.

DEFINITION 5.11. We say that k, (x,y) is a kernel of type £ (= 0,1,2,3) if for
T Fy

ke (2, y) = / ) / DT (O (2, 1)) ao (1) b (R) ks + Re ()

where Dy is a left invariant differential operator homogeneous of degree ¢, ag, b
are cutoff functions and Ry (z,y) is a remainder of type ¢. If Ry (z,y) = 0, we say
that k¢ (x,y) is a pure kernel of type (.

THEOREM 5.12. Under Assumptions B, let ky (x,y) be a kernel of type £. Then
for x £y, ke (z,y) is jointly continuous and satisfies the bound:

ke (2, y)| < e (z,y).

Moreover, if £ < 2, then X;ke (z,y) is a kernel of type £ + 1 for i = 1,2,....,n; if
¢ < 1, then Xoke (x,y) is a kernel of type ¢ + 2.

Let Ry (z,y) be a remainder of type £ = 0,1,2,3. Then, for x # vy, Ry (x,y) is
jointly continuous and satisfies the bound:

|R€ (I’7 y)‘ < C¢2+(¥—f (Iv y) .

Also, if £ < 2, then X; Ry (z,y) is a remainder of type £ + 1 for i = 1,2,....,n; if
€< 1, then XoRy (x,y) is a remainder of type £+ 2.
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PROOF. The continuity properties follow as in the proof of Proposition [}
Also, we have
c

[©¢.1) (=, 1)
C

[CISTCAD]

[DeL (O, 1 (2, 1) | <

Q-2+

DEPT (0, (@,1) | <

hence by Lemma [3.1] we have

ke (2, y)]
|y (z,y)|

Let us compute, for x # y,

Xiky (x,y):/m/m X, [Del Oy (2, h)) ao (h)] bo (k) dhdk

+§/m /m X, [DIFT (004 (2. 1)) a (h)] b (k) dhdk

< cpa—i (2,y),
g c¢2 I+ (Iv y) .

_ / YiDAT (O 1) (. 1)) ao (h) bo (k) dhdk
m ]Rm
+ / / RUM DT (8,0 (, 1)) ag (h) by (k) dhdk

+ / / Dyl (O, 1y (2, 1)) Xiao (h) bo (k) dhdk
+Z/ / Y:DEPT (0, 1 (2, 1)) as (h) by (k) dhdk
8:1 m m

+2 / / R DEPT (01, 1 (2, h)) as (k) by (k) dhdk
s=1 " m

m k -
+Z/R . DT (O 1 (x, 1)) Xiag (h) bs (k) dhdk

by Proposition and Definition
= / Dg+1F (@(Zl’k) (SE, h)) ap (h) bo (k) dhdk
m Rm

+Z/ . DYV T (O (1)) d, (h) b, (k) dhdk

which gives the desired result for X;k¢; analogously one can handle Xgk,. O

DEFINITION 5.13. Let ®¢ : {(z,y) € U x U : x # y} — R. We say that @ is a
function of (¢, a)-type if it is continuous (in the joint variables), satisfies

|(I)0 (J}, y)' < c¢o¢ (J},y)

and for every ¢ € (0, a) there exists a constant ¢, such that for every x1,x9,y € U
with d (z1,y) > 3d (21, 22)

‘(I)o (.’I}l,y) - q)o (‘T27y)‘ < Cﬁd (‘/L.l?xz)a_a ¢E (why) .
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LEMMA 5.14. Let ®¢ be a (¢, a)-type function. For everye € (0, ) there exists
ce such that for every x1,xo,y € U we have

d(z1,y)° + d(,y)°
B (x1,d(z1,y))| B (2,d(x2,9))]
The Lemma follows from the above definition as in the proof of Corollary [5.6]
We will also need the following easy

LEMMA 5.15. If B € R and € > 0, then there exists ¢ > 0 such that

¥ (h) o (k)
(5.10) / / X {nllon, (o) <y APk < 655 (2,y).
m m ’@(%k) (:U, h)HQ { H (y,k) (T ” }

ProOOF. To prove (5.10)) it is enough to observe that

Y (h) o (k)
dhdk
Q-8 X{h: Oy 1) (z,h)]| <5
oo e [ (| &7 S0 l<2)

Rm™ @ Q—p+e h:||© v, (z,h)||<d . ,

by Lemma |3.1 (]

|(I)0 (x17y) - (I)O (I27y)‘ < CEd(xth)a_E

THEOREM 5.16. Let k be a kernel of type £ = 0 and let ®g be a function of
(¢, o) -type. If

o) = [ (.2 @0 (210) d
U
then fori=1,2,...,n,

x%wmz/xmma%@ww
U

and

| XiJo (2,9)| < cd14a (%,y) .
Let ws € C*(G) such that ws (u) = 1 for ||ul| > ¢ and ws (u) = 0 for ||lu|| <
8/2, then, fori,j =1,2,...,n, X;X;Jo (x,y) exists and is continuous in the joint
variables for x # y and can be computed as follows

X; X Jo (x,y)

= lim /U /m /m Y (wsD1T) (O, k) (@, h)) ag (h) by (k) dhdk @ (2,y) dz

6—0

U

— [ [ ] 05D (8 (1)) a0 () b (k) bk 0 (2,) — o (1) =
(5.11)U

+C@) 0 (wn) + [ R (@2 By () d:

where Dy is a left invariant homogeneous vector field of degree 1, Rh (x,z) and

Ry (v, 2) are suitable remainders of type 2 and C € C% . (U). Moreover, for any
U’ € U there exists ¢ > 0 such that for everyx € U, y e U, x #y

d(z,y)* ©

(5.12) XX Jo (z,y)] < “Blod@y)
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PROOF. Since X;k = k; is a kernel of type 1 we have

d(z,y)
|B (x,d (x,y))|’

so that we can differentiate under the integral sign. Therefore

Xido (x,y) = /U ki (x,2) @o (2,y)dz

| Xik (2,y)| < e (2,y) <c

with
| Xido (z,y)] < chrta (2,9).
In order to compute X;X;Jy (z,y) we rewrite

ki (2, 2) = / / DiT (8s.s (. 1)) ao (h) bo () dhdk + Ry (x, 2)
where R (z,z) is a remainder of type 1. Then

XiJ() ((E, y) = ‘/U/m /m D1F (@(z,k) ((E, h)) ap (h) bo (k) dhdk q)o (Z, y) dz

—|—/UR1 (z,2) Po (2,y)dz

= By (z,y) + Ba (7,y) .

As to By we can simply write
X,;Bs (z,y) = / X,;Ri(z,2) P (2,y)dz
U

E/ Rs (x,2) Dg (2,y) dz
U

where Ry (z, z) is a remainder of type 2.
To handle By (z,y) we consider

B (z,y) = /U/m /m (wsD1T) (©(z.) (z, h)) ao (h) bo (k) dhdk g (z,y) dz.

Due to the presence of this cutoff function, we can compute the derivative
X; B} (z,y) = / / / X; [(wsDiT) (O k) (., h)) ao (h)] bo (k) dhdk B (2, y) dz
U m m
- / / Y (wsDiT) (O sy (. b)) ao () bo () dhdk By (=, y) d=
m R’nl

J

+ /U / / _(wsDiT) (O (k) (2, h)) Xjao (h) bo (k) dhdk ®q (2,y) dz

= Bil (I7y) +Bis,2 (ZE,y) +Bf,3 (I’7y)

<

+

/ R™ (wsDiT) (6. 1) (w, 1)) ag (k) bo (k) dhdk By (2, ) d=

-

An argument similar to one already used shows that for any fixed § the function
X, B} (x,y) is continuous in the joint variables for any z,y € U, = # y.
First of all we observe that

lim By (z,y) = / / / <R§y’k)D1f) (© ) (., h)) ag (h) bo (k) dhdk g (2,y) dz
—0 U m m
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since

5
(Rg.y”%(;) (w) # 0 for 5 < Juf <6,

hence

/U/m /m ((R;%k)w‘s) DlF) (@(ZJC) (z, h)) ag (h) by (k) dhdk @ (z,y) dz

S / / - oo lao () bo (k) o (2, y)| dk dzdh
zr Jl|ec.n@n|<s [[Oc (@b

dkdz|ag (h)|dh < cd* - 0asd — 0

<L/ :
m J)ocm@ml|<s || (2, h)]|° "

for some constant ¢ depending on d (z,y).
Also

lim By (2,9) = / / / (DiT) (O oy (2, 1)) X0 (k) bo (k) dhdk By (=,y) d=
U m m
so that
lim X; B! (z,y) = lim BY | (z,v) +/ Rs (x,2) ®g (2,y) d=
6—0 0—0 ’ U

where Rj3 (z, z) is still another remainder of type 2.
Let us now consider

B, (z,y) = / / / Y (wsD1T) (O k) (@, h)) ag (h) by (k) dhdk @ (2, y) dz.
U m m
We write

Blataa) = [ [V @sDiD) (O (o)) a0 (1) bo (k) bk (B (z.3) = Bo )] d

+ Qg (z,y) /U /m /m Y (wsD1T) (O (2 k) (z, b)) ag (h) bo (k) dhdk dz

= Bim (z,y) + B?,1,2 (z,9).
‘We have

B4 (z,y) = /U/m /m (Yjws - D1I) (O, 1 (2, h)) ao (k) by (k) dhdk [®0 (2,y) — Po (z,y)] dz
+/U/m /m(wa Y;DiT) (O 1) (. h)) ao (B) bo (k) dhdk [®o (2,y) — ®o (z,y)] dz.

Since Yjws (@(z,k (z, h)) is supported in {g < H@ k) (T, h)|| < 6} and bounded by
0~!, by Lemma , Corollary and Lemma the first term of Bil,l (z,y) is
bounded by

-Q
o[ [ ] Xonelon sy 190s @b~ a0 ) bo () b B z.3) = B )] dz

< C/U 5€¢—s (SC, Z) |(I)0 (z,y) — P (‘T’y)‘ dz

S d@)™E ( dyy @y Y,
s /U|B<x,d<x7z>>| (|B<z,d<z,y>>| * |B<x7d<x,y>>>d |
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Since this last integral converges the first term in Bim (x,y) vanishes uniformly
in = (as long as z stays away from y) as 6 — 0. We will show now that the second
term converges uniformly to

[ L[ DDy (€ () an () o (k) didls (8 (z.9) — o (2.
U m m
as 6 — 0. Again, by Lemma Lemma[5.14] and Lemma [3.3] we have

/ / / (1 = ws) Y;D1T) (O 1) (z, h))| ao (h) bo (k) dhdk |®q (2, y) — R0 (x,y)| dz
U m m
s /U / / X{florn <5} € @ )7 lag (k) bo (k)| dhdk |20 (=,y) — @ (,9)| d=

< o5 /U b (2,2) |90 (5,9) — o (2,)| dz

and from this bound we conclude as above that this term converges to 0 as § — 0,
uniformly as soon as d (z,y) > c.

To handle B} ; , (,y), let us first fix some notation. Let U’ € U, I C R™ and
r > 0 such that I D sprtag U sprt by and:

(x,h) € U' x sprtag and HG)(Z’;C) (z, h)H <r=(zk)eUxI=%.

Then for any x € U’ we have:

Bl s (2,y) = @ (z,9) /m ao (h) (/E Y (wsD1T) (O, k) (z, h)) bo (k) dkdz) dh

— @, (;v,y)/ ao (h) (/ (...)dkdz+/ (...)dkdz) dh
m [CISICADIIESS S [0 @h)][>r

= o (,y) [I} (2) + I3 (x)] -

Next, making the change of variables (z, k) = u = O, y) (2, h) and letting bo (&, u) =

bo (©- () (u).

B = [ c@anm ( [ @D @ x )b ) du) ah
m lul|<r
— [ c©am < /| G DI )X (6 (6 du> ah

[ c@aln ( [, W DD @ e du> dh

=7 () + B3 (2).

By Proposition [5.4| we know that |y (£, u)| < ¢|lul|”, hence for § — 0 (by the same
argument used to compute the limit of Bf)Q)

Bi@) = | cl©ao(h) ( /| ., (D) ()X (& ) B (@u)du) dh = py (x).

Note 5, € C*(U’). Namely, the functions ¢ (-), x (-, u) are Holder continuous by
(iii); since O. (z, h) " (u) is C- also by (-, u) is Holder continuous.
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To handle B3 (r) we integrate by parts; writing Y; = Zszl a; (u) Oy, and
denoting by v = (11, va, ..., vy) the unit outer normal we get

@ = [ c@a) ( /| (@Dl @) (Yibo €:)) () du) dh
+ /m (&) ao (h) </|u||_r (ws D1T) (u) bo (€, u Za]k ) vdo ( )) dh
<= [ e@a ( /| sy DD (Vb €9) (@) du) dh

+/m c(§)ao (h) </|u||—r (D1T) (u) bo (€, u Za]k ) vido ( )) dh

= 62 (SC)
which is again a C* (U’) function by Proposition (iii). Hence for any x € U’,
I () = B1 (2) + Ba (2),

which is a C* (U’) function.
As to I3 (), for any § < r we have (writing 7 = (z,k))

B)=L(z)= [ ao(h Y;D1T') (O, (z, h)) by (k) dn | dh.
(@) =h)= [ 0”</z|@,,<w,h)|>r( ) (@ ))0()77>

Let us show that Iy is Holder continuous. Actually, we will show that
(12 (x1) — 12 (22)] < c|z1 — 22

for small |27 — x3|. Since I is clearly bounded, this is enough to conclude Holder
continuity in U’.

12 (1’1) — .[2 (1'2)

[ awm (] [¥; DiT (6, (21, 1)) — Y; DT (8, (2, )] bo (k) diy | d
m (104 (z1,h)[[>r

+/ ao (h) (/ Y;D1T (O, (z2, h)) bo (k) dn) dh
m 5,104 (z1,h)||>r

—/ ag (h) (/ YD1 (©y (22, h)) bo (k) dn) dh
m E,H@T,(Ig,h)‘|>7"
=A+B-C.

Note that for some small ¢1 (), c2 (r) > 0, if |£1 — 22| < ¢1 and ||©,, (z1, k)| >
then also ||©, (x2, )| > cor. Then

|A] < ¢(r)|z1 — 22| ao (h)/ bo (k) dndh < ¢ (r) |z — z2].
R™ 5,105 (z1,h)||>r

Moreover, letting

A= {n: 10y (z2, h)[ > 7, [0y (z1, h)| < 7 JU{n  [|©y (21, B) || > 7, [|Oy (22, h)[| <7} = AUA,
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we have:

Bl [ a ([ VD@, G h)lb () dn) dn

In A; we have

7 <10y (22, W) || < (O (x1, )| + (O (x2,h) — Oy (1, B ||
<7+ [0y (22, h) = Oy (21, h) || < 7+ clay — o

hence

[ 0@ ( [ DT (O, o )b ) dn) dan

<elr) / a0 (h) ( / bo (1) dn> dh
m r<||©y (z2,h)||<r+c|lz; —z2|

<C/ ao (h) / du | dh
m r<|lul|<r+4clzy —x2]

Sc {(T+C\$1 — o)) —TQ] <c(r) |y — 9.

Since for n € Ay we have ||©,, (2, h)|| > cor (by the above remark), we can still
write

[ a0 ( [ DT (O, (2 )b ) dn) dan

SC/ ao (h) / bo () dn | dh
m r<||©y(z1,h)||<r+clzi—z2|

< clzy — xal.
We can conclude that
Biu (z,y) = C (z) Pg (z,y) as § — 0,

where C(z) is a suitable C'§ . (U) function. This completes the proof of (5.11)).
In particular, for any z € U',y € U,

| X5 X Jo (7, )] < 61/ bo (x,2) |Po (2,y) — Po (z,y)| dz
U

+ caa (2,y) + 5 /U bo (2,2) bu (2 ) d.

Let now
/ 60 (2, 2) | @0 (2, ) — Bo (2, y)| dz
U
<o / b0 (z,2) d° (2, 2) e (2,y) dz
{d(z,y)>=3d(z,2)}

vef 90 (2. 2) (6a (:4) + 6a (2,1)) dz
{d(z,y)<3d(z,z)}
=D+ E.
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Then
D<o (o) [ do (2,2) 4% (2,2) d=
{d(z,y)>3d(z,2)}
<. (o) | b (2, 2) d
{d(z,y)>3d(z,2)}
ae d(z,y)”
<cge (2,y)d(z,y)" " < cmr
|B (2,d(z,y))|
and
c
Egis o (% +O¢x7 EZE',ZdZ
e MONC BN EE PR
c
< € ate (T + ¢a (T, /E:raZdZ:|
e _¢+( Y) + ¢a (2,y) Ud)( )
c
< £ o€ x? + « x’ RE
L _c d(z,y)*"* d(z,y)" R
S d(z,y)” 1Bz, d(@,y)l B (z,d(2,y))l
d(x,y)* "
< cR*
|B (z,d(z,y))]|
It follows that
d(xz,y)*°
X1 X; <cRF——i—~—FH—— o (T, a (T,
| k zJO (Jf,y)l cR |B({E,d($,y))| +02¢ (3" y)+03¢2 (33 y)
RACH )
1B (x,d (x,y))]’
which proves . (I

ProoF oF THEOREM [5.9 It is enough to prove and the continuity of
X:X;J (x,y), XoJ' (x,y) in the joint variables, for x # y, because these facts to-
gether with Proposition[d.1]imply and the continuity properties of X; X7 (z,y),
Xo7v (z,y). The results about X;X;J’ (z,y) immediately follow by Theorem
choosing ®; = ®’. The proof of the analog result for XoJ’ (z,y) is very similar: we
can start from

Jiw) = [ [T (O (o)) o (1) b (1) b’ (2,3)

and compute
X;J} (x,y) = /U / ) / ) X; [(wsD) (O(any (x, 1)) ag (h)] bo (k) dhdk &' (2, y) d=

From this point the computation of XoJ' (z,y) proceeds as above. O

We can now refine the previous analysis of the second derivatives of our local
fundamental solution and prove a sharp bound of Hélder type on X;X;v. This is
both interesting in its own, and will be a basic ingredient to deduce, via the theory
of singular integrals, local Holder estimates for the second derivatives of the local
solution to the equation Lw = f that we will build in the next section.
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THEOREM 5.17. For every € € (0,«) and U’ € U there exists ¢ > 0 such that
for every x1,x0 € U', y € U such that d(x1,y) = 2d (x1,22), 1,7 = 1,2,....,n

d(l’l,xg) ].
5.13) | XX, P (21,y) — X:X; P (29,9)| < ¢ :
( ) | J ( 1 y) J ( 2 y)| d(xl, |B $17 xhy)”
514) | X, X, J (x1,y) — XX, J' (22, y \c< (21,25 ) d(@,y)” "~
( ) ‘ J ( 1 y) J ( 2 )| 3?1, ‘B x1, (xl’y)”

(z1,2
(5.15) | X: X7 (21,9) — Xi X7 (22,9) < ¢ ( - 2)

J}ly xla xlay))"
xlva
5.16 Xov (21, ) — Xov (z2,9)] < '
(5.16) | Xov (z1,9) = Xov (22,9)| < ( d(z1y ) (z1,d xl,y))\

In particular, for every e € (0,a) and y € U,
v () € CR%s U\ {y}).

PROOF. The proof will be achieved in several steps. We know that

(5.17) XXy (x,y) = (X X,P (z,y) + X: X;J (z,9)],

1
Co (Z/)
hence will follow from and - Also will follow from

since XO'y (x,y) -3 Xy (x y) for x # y.
Let us first prove ([5.13]). To do this, let us apply “Lagrange theorem” (Propo-
sition to the function

flz)=X;X;P(x,y) forzeB (3:1, ;d(xl,y)> :

| X;X;P (z1,y) — Xs X, P (x2,y)| < cd (21, 22) Z sup | X X X;P (-, y)| +
k=1B(z1,3d(z1,9))

+d (z1, x2) sup | Xo X5 X;P (- y)]
B(z1,4d(z1,))

Note that since, under our assumptions, the coefficients of the X;’s belong to C™%,

with r > 2, the compositions X X; X, XoX;X; are actually well defined. Reason-
ing like in the proof of Proposition we get, for x € B (z1, 3d (21,9))

[ Xk XiX;P (z,y)] < g1 (z,y) < cp-1 (21,y)
C

S d(z1,y) |B (z1,d(x1,y))]

by Lemma Analogously,
c

d(xlay)Q |B (‘Tlvd(xlay)”

|X0X1XJP (x,y)| < C¢—2 (z,y) <

so that, for 2d (z1,22) < d(z1,y),
d($1,$2) 1

X:X:P(z1,y) — X; X,P(20,y) <c
| P (21,9) iP (22, 9)| d(z1,y) |B(z1,d(z1,y))]
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and (5.13)) is proved. Applying Theorem with &3 = &', we know that for any
zelU,yelU

Xin‘]/ (l‘,y)
:L/;/mWWJN@MMQMMMM%%Mmﬁy@ﬂ%@“%mwz

+C @) (2,y) + /U Ry (2,2) ®' (2,y) dz
=A(z,y)+ B(z,y) +C(z,y).

Let us start from the last two terms, which are easier. By Proposition [5.5] and the
local Holder continuity of C' (z) we have

|B (x2,y) — B (x1,y)| < |C (22) — C (x1)| @ (22,y) + |C (21)] |’ (22,y) — P’ (21,7)]
< cd (z1,22)" ¢o (22,y) + cd (w1, 22)"° ¢e (21, y)

N

d(x1,x2) o d(xl,y)a
> B (

cd (:L‘l,xg)a_s Qf)s ('Tlay) g C < d(xhy) x1,d(l‘1ay))| .

As to C,

C (w2,) — C (1,9) = /U [Ro (22,2) — Ry (1,2)] @' (2,y) dz

:/ ng+/ () dz
U,d(z,x1)>2d(z1,22) U,d(z,x1)<2d(z1,z2)
=0+ Cs.

To bound C; we apply Lagrange theorem:

n

‘RQ (IQaZ)7R2 (1’1,2’)| < Cd(xlva) Z sup |XkR2 (,Z)‘
kle(zl,%d(xl,z))

+d (x1,z2) sup | XoR:2 (-, 2)]
B(ml,%d(xl,z))
< ed (21, 72) p-1+4a (71, 2)
where the bounds on | X, R (-, 2)|, | XoR2 (-, 2)| exploit Proposition (ii). Hence
C1] < cd(ar,aa) [ borta (21,2) 60 (2.9) d

U,d(z,21)>2d(z1,22)

< (551,552)&76 d(xq, Z)liaﬁ b 1va (T1,2) Pa (2,y) dz

/U,d(z,a:1)>2d(w17:v2)

g Cd (Ilﬂ‘TQ)a_s/ ¢8 (Il,Z) ¢O& (Z,ZJ) dZ g Cd (1,171,2)04—5 ¢O¢+E (33179)’
U

while

1G] < / (bo (22, 2) + b (1,2)] fa (2:7) d=.
U,d(z,z1)<2d(z1,22)
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Since d (x1,2) < 2d (x1,x2) and d(x1,y) = 3d (21, x2) implies d (x1,y) < 3d (2,y)

Cal < e / [be (22, 2) + b (21, 2)] d (21, ) do
U,d(z,z1)<2d(z1,22)

<c¢oz (l'lvy) / ¢a ($2,Z)dz+/ ¢a ({,Cl,Z)dZ
U,d(z,x2)<3d(x1,22) U,d(z,z1)<2d(x1,22)

< o (21,y) d (21, 22)"
by Corollary [3.4 Hence
|C (22,y) — C(21,9)| < cd (21,22)" " Parte (¥1,Y) + cda (v1,y) d (21, 22)"
<e (d(l’l,@))a_a d(3317y)2CY +ec (d(9017332)>a d(xl,y)za
d(z1,y) |B (z1,d (21,9))] d(z1,y) ) |B(21,d(z1,y))|

. (d(9017332)>a_6 d(xhy)za
d(‘rlay) |B (‘Tlad(xlay)”
As to A, let

b = [ [ D) (O 1) ao ()b (1)

then
A(x27y) - A(l'hy) = \/['J {k (fEQ,Z) [CI)I (Zay) - (any)] - k(l’l,Z) [(I)I (Zay) - (xl,y)]}dz

U,d(z1,2)>2d(z1,22) U,d(x1,2)<2d(x1,22)

= Ay (z1,22,y) + Az (21, 22,Y) .

Ay (21, 29,y) = / [k (22, 2) — k (z1,2)] [ (2,y) — @' (22,y)] dz
U,d(z1,2)22d(x1,22)

O @19) ~ ¥ () [ k(21,2) 2
U,d(z1,2)22d(z1,22)

= A1 (21,22,y) + A12 (1, 22,Y) .

Since, for d (z1, 2) > 2d (z1,x2) we have
|k (22, 2) — k (21,2)] < d(21,22) p—1 (21, 2)
we obtain
| A1 (21, 22,9)| < cd (Il,zz)/ ¢_1 (x1,2) |®' (2,y) — D (22,y)] dz.
U,d(z1,2)>2d(x1,22)

We now split the domain of integration {z € U : d(z1,2) > 2d (z1,22)} into two
pieces

so that

(~~-)dz+d(x1,a:2)/ () dz

Us

|Avs (@1, 22,9)] < cd (21, 2) /
U,

=A11 (01, 22,y) + A2 (01, 72,9) .
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Note that d(x1,2) and d (x2,2) are equivalent on U; and Us. Also on U; (since
d(z,y) > 3d(z,22)) we have |®'(z,y) — @' (22,9)| < d(z,22)" " ¢ (z,9) and
therefore

|A111 (21, 22,y)| < cd ($1,$2)/ -1 (x1,2)d(2,22)" ¢ (2,y) dz
U,d(z1,2)22d(z1,22)

<cd ($17I2)/ -1 (z1,2)d(z,21)" ° ¢e (2,y) dz

U,d(z1,2)22d(x1,22)

<ecd (xl,xg)a_QE/ ¢_1(x1,2) d(z,ﬂvl)H_‘S be (2,y)dz

U,d(z1,2)>22d(x1,22)

<cd (5517 1'2)06726 A be (3717 Z) O (27 y) dz

d(z1, l’g))a25 d(z1,y)"
d(x1,y) 1B (z1,d (21,9))|

-2
<Cd(xl7w2)a E¢26 (xlay) <C<
We now consider the second term. We have

‘AI,I,Z (1’1,272, y)| < cd (irlva) (]5,1 (‘rlv Z) (¢0¢ (Zvy) + ¢a (x27y)) dz
Uz

i I 1
=Al12t Al 10

Since d (y,z) < 3d(z1,y) implies d (z1,y) < 2d (21, 2),

d(xlvy)

14¢
Ay < o) ST
B d(21,9)'" Juan{dws) <d@n)}

-1 (21,2) ba (2,y) dz

a—e l1—a+te d(z’y)a

R A [ e
{ac }

d xl,l‘g /

XC——F— T3+ e \(L1,%2) Pa (2 dz
d(ml, 1+5 ¢ 1 (b ( y)
cd (1, 29)" ¢

|B (y7d(x17y))| U2r‘|{d(y,z )>1d(zy, y)}

d(x1,x2) cd (z1,22)” /
S C——— - Pate (T1, 1,2
d(xl,y)1+a¢ +e(mL3) + 1B (y,d(z1,y))| 9 (21

d (x4, z)l_a+6 ¢_1(x1,2)d(z,21)" dz

d(z1,y)* " . d($1,$2) R
|B(y,d(z1,9))| B (z1,d(21,9))|

< cd(xy,x2)

(1,9 d(xy,20)" ¢ |B (y,d(z1,9))|  |B(21,d(21,9))]

d 7 a 1> d ; a—¢E
c( :61,332 wl N (z1,y) ) .
1'1,

RE
d(z1,y))| B (z1,d(21,9))]
Since in Uy

c(d ml,xz (d my)* (@) d@y) L d(ay) )

d(x2,y) < d(x2,2) +d(2,y) < cd(z,22) < cd(z,21)
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we have
a—e ¢o¢ (372’29) d(mlaxQ)a_E
Al <d(z, 2 s e (z1,2)dz < ¢
Tl Sk )]
c(d($1,$2)>as d($2ay)a7€
d($27y) |B (x27d($27y)>|
Hence
d(:cl,acz)>aE d(xy,y)" "

A x1,22,y)| < ¢

| 17172( ! 2 y)| ( d(xhy) lB (xhd(xhy))'
and

cl(:vl,m))a_Q8 d(z1,9)" "
A X1, T2, <c .
| 1,1( 1,22 y)| ( d(z1,y) |B (z1,d (z1,9))]

We now consider A; 2. Observe that for d (z1,y) > 3d (x1, z2) we have

A2 (21, 22,y)| < | (21,y) — ' (22,9) b0 (21,2)dz
U,d(z1,2)>2d(z1,22)

< cd (xlqu)aie (bE (33173/)/U Qb() (331,2’) dz

sd(21,2) 22d(z1,72)

< ed (21,29)" % Be (90173/)/ be (21,2) dz
U,d(x1,2)22d(x1,22)

&€

57

o2e d 7 a—2¢ d , a—e

d (:I;la y)
Finally we have to bound As (z1, z2,y). We have

|A2 (1'1,1‘27;1/” < /

U,d(z2,2)<3d(z1,22)

+/ bo (x1,2) |® (2,9) — @ (21,y)|dz.
U,d(z1,2)<2d(x1,x2)

o (22, 2) |27 (2,y) — @ (2, y)| dz

Since the two terms are similar it is enough to bound the second. We have

/ b0 (21,2) |9 (2,y) — ' (21,)| dz
U,d(z1,2)<2d(z1,z2)

= Ap 1 (w1, 22,y) + Az 2 (1, 72,7) .

As to Ay 1 (21, 72,y), we note that, under the assumption d (z1,y) > 3d (z1,22), in

the domain of integration the following equivalences hold:

d(z1,y) ~d(z,y) ~d(x1,2).

Therefore

|(I)I (z,y) - CI)I (:L'la y)| < ¢O¢ (Z, y) + ¢a (xlay) < C¢Oé (Zvy)

/ (- )ds+ /
U,d(z1,2)<2d(21,22),d(y,2)< 3 d(w1,y) U,d(w1,2)<2d(21,32),d(y,2)> 5 d(w1,y)

{ ..}dz
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and

Aoy (21, 22,9) < ¢ / 60 (@1,2) o (2,y) dz

{d(ml,z)<2d(ml,rg),d(y,z)géd(zl,y)}
C

< 704/
d(@1,9)" J{d(r,2)<2d(@1,02).d(y.2)< bd(a1.9)}

d(l‘1,2’)a o (1‘1,2’) o (Z7y) dz

C

<o abatony) [ ba (21, 2) dz
d(zy,y)* " (e, ) <2d(z1,22)}

‘ (M) Palony) <o (i(f;;,?f)a o

On the other hand, since d (z1,2) < 2d(x1,22) < %d(wl,y) < 3d(x1,y), by
Proposition [5.5]

Az o (x1,22,y) <

<ef b0 (21, 2) d (21,2)" " 6. (2,) dz
U,d(acl,z)<2d(9c1,xg),d(y,z)>%d(x1,y)

<ecd (961,1“2)@_25/(] d(z1,2)" ¢o (w1, 2) de (2,y) dz

Jd(@1,2)<2d(@1,22),d(y,2)> 5 d(z1,y)

< cd (x1, $2)(X—2E /U P (21,2) ¢e (2,y) dz

d($1,ﬂv2)>a_2E d(@“l,y)a
d(xlay) ‘B(xl,d(xlay)”

<cd (xl,l‘g)a_25 P2e (x1,Y) < ¢ (

‘We can conclude that

Aoy < o (Lznm )T _dGy
|A(.’I]2,y) A( 1,y)| < (d(l’l,?J)) |B($1,d(xl7y))|

This completes the proof of (5.14)). O

5.3. Local solvability and Holder estimates on the highest derivatives
of the solution. Throughout this section we keep Assumptions B, stated at the
beginning of We can now prove one of the main results in this paper:

THEOREM 5.18 (Local solvability of L). Under Assumptions B, the function
is a solution to the equation

Ly(,y) =0 U\ {y}, for anyy € U.

Moreover, for any B >0, f € Cf( (U), the function

(5.18) w(z) = — /U 7 (2,y) f () dy

is a C% (U) solution to the equation Lw = f in U (in the sense of Definition .
Hence the operator L is locally solvable in €.

Moreover, if Xg =0, choosing U small enough, we have the following positivity
property: if f € C?( (U),f < 0in U, then the equation Lw = f has at least a
C% (U) solution w >0 in U.
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PRrROOF. By Theorem and Theorem we already know that ~(-,y) €
C% (U\{y}). For fixed y € U and r > 0, let w € C§° (U), w vanishing in the ball
B (y,r). Then, by Theorem (4.8 we have

0= [y Le@do= [ Ly(@y)w @) d

with Ly (+,y) continuous in the support of w. Since r and w are arbitrary, we get
Ly (x,y) =0 for every z € U\ {y}, any y € U.

Let now w be as in for some f € CP (U), B> 0; for any v € C5° (U) we
can write, by Theorem

[w@rv@a= [ (- [1@nsoa) e

= —/ (/ v(fv,y)L*w(fv)dx) f(y)dy
U \JUu
(5.19) - [ v s
Hence if we show that Lw actually exists and is continuous in U, we can write
/ w(:c)L*z/)(:E)dx:/ Lw (z) ¢ (z) dz V¢ € C° (U),
U U

which coupled with (5.19) gives Lw = f. Actually, we will prove that w € C% (U).
By the results in §4|it is easy to see that w € C% (U). Namely, by Proposition

(ii), w € C (U) by the estimate while
Xow (@)= = | Xey(e) @)y

is continuous in U by the estimate (4.34)).
Let us write:

X, Xow (2) = — X, X; /U 7 (2,y) f () dy =
1

=-X;X; | —= [Py +J (z,9)]f(y)dy=A(z)+ B(z).
v o (y)
By Theorem [5.9] we can write
(5.20) Ba) =~ [ XX () F)dy
having set
(5.21) F =L

and again by Proposition (ii), and the bound (5.9, B is continuous in U.
Let us now consider

(5.22) A@) = —X; X, /U P (z.y) F (4) dy.

From the computation in the proof of Theorem we read that
7XZP ((E,y) = kl (fE,y)
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with k; (z,y) kernel of type 1 in the sense of Definition [5.11} hence
(5.23) A@) = X, [ b @) Fw)ay

where the function f is Holder continuous in U. To show that A (z) exists and is
continuous we can now proceed as we did in the proof of Theorem for the term
X;B (z,y), getting, analogously to (5.11)) and with the same notation,

Aw) = [ aa) [ VDT ©,©)h () [F ) = F @)
+er@ f @)+ [ Ra@o)f )

where £ = (z,h), n = (2,k), ¥ = U x I, I C R™ such that I D sprtag U sprt bg.
Note that here f plays the role of the function ®q (-,y) in the proof of Theorem
, since f € Cf( (U) for some 8 > 0, it obviously satisfies the properties required

in the definition of ® (-, y). Hence

XX (@) = [ a(h) [ VDT (©,©)h®) [F2) = Fla)] dnan

v (@) Fl@)+ / Ry (2,2) F () dz — /U XX, (2, 2) (=) dz,

U

and this function is continuous in U.
To complete the proof we should prove the existence and continuity of

Xo / P(z,2) f(2)dz
U
However, this is very similar to what we have just done.

Finally, the positivity property of L when X, = 0 and U is small enough
immediately follows from (5.18)) and (4.36)). So we have finished. O

From the proof of the above theorem we read in particular a representation
formula for the second derivatives X; X;w of our solution. In view of the proof of
local Holder continuity of X;X;w, we have to localize our representation formula.

For T € U and B (%, R) C U, pick a cutoff function

(5.24) be Cy° (B (%, R)) such that b=1in B <x, iR) .

For any 5 >0, f € Cf( (U), let w be the solution to Lw = f in U assigned by
(5.18). Then, for any = € B (T, R) we can write:

625) ww)=-[ @) )y | @b -5 6

We also have:
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COROLLARY 5.19. With the notation and assumptions just recalled, for every
r€B (f, g) and i,5 =1,2,....,n, we have:

&&M@ZLXJH@MMM—”ﬂw@+Q@fW
ko (x, 2 F(2)— f(2)|b(2)dz
tf k@A [fe - F@be

+ /B(%R) Ry (z,2)b(2) f(2)dz — /B(x,R) X, X0 (2,2)b(2) f (2) dz

5
= ZTk‘f (.17) )
k=1

where ¢; € C% (B (f, g)), ko and Ry are a pure kernel and a remainder of type 2,
respectively, in the sense of Definition and f is defined in (M}

PROOF. Let us write

mméwmwawmwﬂw@+/vmww@uﬂw@

U
=Kif (z) + Ko f (z).

Note that for € B (Z, R/2) the integral defining Ky f (x) can be freely differenti-
ated since [b(y) — 1] # 0 only if d (z,y) > R/4, so

&&&ﬂ@=AXﬂﬂ@w%M—ﬂﬂww

Arguing as in the proof of Theorems and we have therefore (with n =
(z,k), E=(x,h), L =U x I for I D sprtagU sprtbg)

XX (@) = [ XX @) ) = 1f 0 dy+ e @) @)
+ [ ) [ Dir(©, () [F)b(:) ~ Fa)bia)] o () d

+ / Ry (2,2)b(2) f (2)dz — / X;X;J (x,2)b(2) f (2)d=.
B(Z,R) B(Z,R)
Let us rewrite the third term as

[ o) [ viDir©,) [F ) = F@)] b ()b (2
+F(@) [ ) [ DT (0, () b (:) b (o) b (k) dnd
— [ k@a[fe) - Fw]be

B(zZ,R)
+i@e @

where ko is a kernel of type 2, while

o (z) = /U ks (2,2) [b (2) — b (2)] d
:/ ko (2,2) [b () — 1] dz
U
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is another C'§ (B (E, %)) function. Namely, recalling that b =1 in B (E, %R) , for
any x1,x2 € B (T, R/2), we have

(5.26) lea (x2) — c2 (21)] < / |ka (z2, 2) — k2 (21, 2)| [1 — b(2)] d=.
U
Note that, from

ks (2,y) = / ) /R Dol (O (1)) o () b (k) dn,

by Proposition (ii) we read that

(5.27) k2 (2, y)| < cdo (2,9);
|Xik2 (LI'I, y)' < C(bfl (:C,y) for i = 17 2a ey TS
| Xokz (z,y)| < cp—2 (2,9),
hence by Lagrange theorem (Proposition [2.6)),
(5.28)
d(x1,x2) 1

|ko (22,2) — ko (21,2)] < ¢ for d(x1,2) > 2d (z1,x2) .

d(l'hz) |B(Z‘1,d($172))|
Now, note that the integrand function in (5.26) does not vanish only for d (z1, z) >
R/4, d(x9,2) > R/4. Hence if d (x1,22) < R/8 by (5.28]) we get
|c2 (22) — 2 (1) < ¢ (R)d (21, 22).
On the other hand, if d (x1,z2) > R/8,
|ca (22) = 2 (w1)] < ez (22)| + ez (w1)] < ¢(R) < ¢(R)d (21, 72)
and ¢ € C% (B (T, g)) This completes the proof. O

The rest of this section will be devoted to the proof of the following:

THEOREM 5.20. For any 8 € (0,a) and f € Cf( (U), let w € C% (U) be the
solution to Lw = f in U assigned by . Then w € Cf(’ﬁoc (U). More precisely,
for any U' € U there exists ¢ > 0 (depending on U, U’, 8 and on the vector fields
as specified at the beginning of section@ such that

(5.29) ||w\|c§5(Uf) Sc Hf”cf((U) )

COROLLARY 5.21 (C’i;ﬁ local solvability). Under assumptions B, for every €

(0, ) the operator L is locally C’i’ﬂ solvable in Q in the following senses:

(i) for every T € Q there exists a neighborhood U of T such that for every
fe C)ﬁ( (U) there exists a solution u € C)Q(’ﬁoc (U) toLu= f inU.

(i1) for every T € Q there exists a neighborhood U of T such that for every
fe C}B(’O (U) there exists a solution u € C’?gﬁ (U) to Lu= f in U.

PRrROOF. Point (i) immediately follows by the above theorem and Theorem
As to point (ii), let U be the neighborhood of T given by point (i), and let U’
be another neighborhood of Z such that U’ € U. For any f € C?go (U") we
can regard f also as a function in Cf(,o (U), and solve Lu = f in U getting a
u € 0)2(’506 (U) by point (i); hence in particular v € 0)2(”8 (U"). Then U’ is the
required neighborhood. [
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Since, in order to prove the above theorem, we will apply several abstract
results about singular and fractional integrals, it is time to explain what is the
suitable abstract context for the present situation. Recall that in our neighborhood
U we have the distance d, such that the Lebesgue measure is locally doubling (see
Theorem. However, we cannot assure the validity of a global doubling condition
in U, which should mean:

(5.30) |B (z,2r)NU| < c|B(z,r)NU]| for any € U,r > 0.

Actually, even for the Carnot-Carathéodory distance induced by smooth Hérmander’s
vector fields, condition is known when U is for instance a metric ball and
the drift term X is lacking; in presence of a drift, however, the distance d does not
satisfy the segment property, and the validity of a condition on some reason-
able U seems to be an open problem (fur further details on this issue we refer to
the introduction of [7]). This means that in our situation (U, d,dx) is not a space
of homogeneous type in the sense of Coifman-Weiss. However, (U, d,dx) fits the
assumptions of locally homogeneous spaces as defined in [7]. We will apply some
results proved in [7] which assure the local C'* continuity of singular and fractional
integrals defined by a kernel of the kind

a(z)k(z,y)b(y)

(with a,b smooth cutoff functions) provided that the kernel k satisfies natural as-
sumptions which never involve integration over domains of the kind B (z,r) N U,
but only over balls B (z,r) € U, which makes our local doubling condition usable.
Before starting the proof of the above theorem we need the following

DEFINITION 5.22. We say that the a kernel k (x,y) satisfies the standard esti-
mates of fractional integrals with (positive) exponents v, 8 in B (Z, R) if

d(x,y)"

k@l < Tm T

for every z,y € B (T, R), and

v B
|k (z,y) — k (z0,y)] < d (o, y) (d(xo,x)>

c
|B($C0,d($07y))‘ d(l’o,y)
for every zg,x,y € B (T, R) such that d (zo,y) = Md (x¢,z) for suitable M > 1.
We say that k (x,y) satisfies the standard estimates of singular integrals if the
previous estimates hold with v = 0 and some positive (.

PROOF OF THEOREM [5.20] FIRST PART. Fix U’ € U and choose Ry > 0 such
that for any T € U’ one has B (z, KRy) C U, for some large number K > 1 which
is not important to specify (it comes out from some proofs in [7]). For any R < Ry,
pick a cutoff function b € C§° (B (7, R)) such that b = 1 in B (7, 2R). Then for
any x € B (T, R/2) the representation formula proved in Corollary holds:

5
X Xjw(z) = Zka (x) fori,j=1,2,...,n.
k=1

Our proof will mainly consist in showing that for any 8 € (0,«) and f € C’)ﬁ( ),
|XiXjw (21) = XiXjw (22)] < ed (21, 22)” || fll oo )
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for any z1, 22 € B (T, ). We are going to show how to bound the C* (B (7, §))

2
seminorm of each term in this formula, starting with the easier ones.
Consider the operator

Ty f () = /U XX (2,y) b (w) — 1] f () dy.

Then by our choice of the cutoff function b, we have, for x1,z2 € B (T, R/2),
T f (21) — Th f (22)]

< Hf“CO(U)/ |Xi Xy (21, ) — XiXjy (22, )| dy
Ud(Z,y)>3 R,d(z1,y)> 5 d(z2,y)> 8

~Wlloor | [ iy + | () dy
2d(w1,w2) <d(w1,y),d(w1,y)>% 2d(z1,02) 2d(21,y),d(z1,y)> £ d(z2,y)> &

by (T8 and

a—e dy
<c||f]l d(z1,72) / a=
o) d(arw)>2 d(21,y)" 7 [B(21,d (21,y))]
1 d(x1,y) / d (2, y)
4+ = dy + — Y
R Jad@r wa)za@ ) 1B (@1 d (@)l B Jsae, m0)2d(@a) B (22,d (22, 9))]

a— d(x17x2) a—
< fllewon e (a1, = 4 L — ca1,22) o
so that
||T1f||C)B((B(E7R/2)) <c(B, R) [ fllowy VB < a.
Next we introduce a second cutoff function a € C§° (B (Z, 2R)) such that a = 1 in
B(z,%). For z € B (z, &) we have T), f (z) = Tif (), k = 4,5 with

Tif (@) = a(o) | B @A)
Tsf (z) = —a(z) / X, X0 (2,2)b(2) f (2) d.

B(%,R)
These new operators have the form
f ()

T f(z) = /B @k )

where the kernels k; (x,y) satisfy the standard estimates of fractional integrals.
Indeed, by Definition and Proposition (ii), the kernel k4 satisfies

. d(z,2)"
B (z,d (x,2))]’

b(y) dy for j = 4,5,

|k (z,2)] < cgq (z,2) <

[ Xika (7, 2)] < cha—1 (2, 2);
| Xoks (z,2)] < cPpo—2 (z,2).
If d(x1,2) = 2d (x1,z2), then by Lagrange theorem we can bound
[kt (@1,2) = ka (22, 2)| < ¢ {d (21,2) a1 (@1,2) +d (@1,22)" G2 (21,2) }
(5.31) <ed(x1,22)" " de (21,2) .
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Then k4 satisfies the standard estimates of fractional integrals with exponents v,
for any v < a;

The kernel k5 satisfies, by and (note that the cutoff function a (x)
compensates the local charachter of those bounds), the standard estimates of frac-
tional integrals with exponents v, 3, for any v and 8 both < «, hence by [7, Thm.
5.8], for any S < «

15l ey = || T <cllfllen sy fori=45

C%(B(@,R/2))

with ¢ depending on R and §.
Next, To f(x) = Z;Eg (x), with ¢1, ¢g Holder continuous functions of exponent

a and ¢y bounded away from zero.
We are left to handle the term

@ = [ k) [fe-fw]eee:

with ko pure kernel of order 2, satisfying the standard estimates of singular integrals

(see (5.27), (5.28])). Moreover, the same is true for the kernel

ko (z,y) = a(x) ks (z,y) b (y) .

In order to deduce an Holder estimate for T3 f we still need to establish a suitable
cancellation property for ks. So, let us pause for a moment this proof and pass to
this auxiliary result. O

PROPOSITION 5.23 (Cancellation property). There exists C > 0 such that for
a.e. x € B(ZT,R) and 0 < e < g9 < 00

(5.32) <C.

/ o)k (2,5) b(y) dy
e1<d(z,y)<ea

PRrROOF. By Proposition 5.1 in [7], it is enough to prove the following cancella-
tion property for ko: there exists C' > 0 such that for a.e. z € B (T, Ro) and every
€1,€9 such that 0 < g1 < g9 and B (z,e2) C U,

/ ko (z,y) dy
e1<d(z,y)<ez

According to Definition [5.11] of kernel of type 2 we write

/ ko (z,y) dy =
e1<d(z,y)<es

_ / / / DT (©yp) (. 1)) a0 (k) bo (k) dhdk dy + / Ry (z,y) dy,
e1<d(z,y)<es m m

e1<d(z,y)<e2

(5.33) <C.

where the last integral is uniformly bounded in €1,e5 since the remainder Rs is
locally integrable.
We can assume €5 < 1. Let us recall that

O (@ h)|| = dg (z,h), (y.k) > d(z,y),
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then

/ ( / / DQF(@(%,@(x,h))ao(h)bo(k)dhdk) dy
e1<d(z,y)<es \JRm JRm
/ a (1) ( / DuT (O (m,h))bo(k)dkdy> dh
R™ 51<c||®(y,k)(x,h)||<az

a0 (B) ( / DuT (8.0 (0, 1)) bo (k) dkdy) dh
R™ CHG)W,,C)(z,h)||>£27d(a:7y)<az

- / ag (h) / DoT (@(y,k) (z, h)) bo (k) dkdy | dh
m CH@(.‘U);C)(I,h)||>€1,d(aj,y)<€1

= "% () + D™ (x) — B (x).

+

To handle C1*2 (z) we start rewriting

C®2 () = ag (h Dol (©(y. 1y (x,h)) [bo (k) — by (h)] dkdy | dh
@ =[ ol ></€1<C|®(y’k)(m||<52 (Ot (1) [bo (K) —bo (1) y>

+ [ ao(mbo (b ( / DA (€4, 4 (2, ) dkdy) ah
" e1<e||®¢y i (@.h)||<ea
= 051762 (33) + 051762 (33) .

As to C7V*2 (), since
bo (k) — bo (h)| < c|k —h| < c||©p (z,h)]|,

we have

C
5= (2)] < / jao ()] ( / _1dkdy> dh
" lewm@m]<e: Ok (@ k)|

< cgg/ lao (B)| dh < c.

As to C5"°* (), by the change of variables (y,k) — u = O, y) (x, h) and Proposi-
tion we have, letting & = (x, h),

c5 @) = [ ambme©| DT (u) (1 + x (&, u)) du | dh.
m e1<c|lull<ez
Keeping in mind the vanishing property of DI, that is

/ DT (u) du = 0,
e1<c|lul|<es

we have

cere (x)Z/m ag (h) bo (h) ¢ (€) </<.| - DJ(”)X(&”W“) dh

which is uniformly bounded in €1, g5 since

C
/ ‘DQF(U)X(€7U)|dU</ mduéce% gc,
e1<cllul|<e2 cllull<es ||u||
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Let us come to the terms D2 (x) and E°* (x). Choosing some small § > 0 we can
write, by Corollary

‘DE2 (JL‘)‘ < / ag (h) (/ ||@(y,k) ($7h)||*Q bo (k) dkdy) dh
" €. (@:h)||>e2.d(z,y) <e2
< (/ / 10ty (. 1)~ a () by (k) dkdh) dy
d(z,y)<e2 m

¢
g5 (z,y)dy < — ey =c
Sg /d(:rr,y)\ g =T

and the term E°! (z) can be bounded at the same way. (]

<

CONCLUSION OF THE PROOF OF THEOREM [0.20l We are left to prove the Cf(
continuity of the operator T3. Let us consider first

L@ = [ ke [fo) - Fe)d

We know that the kernel ko (z,y) satisfies the standard estimates of singular in-
tegrals with exponent 8 = 1 (see the end of the first part of this proof) and the
cancellation property . This is enough to repeat verbatim the proof of Theo-
rem 2.7 in [3]: the quantity

Tsf(z) - Tsf (7o)

is exactly the quantity which is called A in that proof, see [3] p.183], and the proof
of the bound
(5.34)

ITof (2) = Tof (20)| = |Tof (2) = Tof (w0)| < cd(2,20)" | flles iz V8 <1

for any z,z¢ € B (T, R/2) only relies on the properties of the kernel that we have
already pointed out. In particular, since the integral defining Tvg f is over B (7, R)
and B (Z,3R) C U, we can safely apply the local doubling condition on the small
balls which are involved in that proof. Combining with the first part of the
proof of this theorem, we can write

| X X w (x1) — X Xjw (x2)] < ed (z1,35)" ||fHC)B( VB <

)

for any 1, x5 € B (T, &), with some constant ¢ also depending on R.
An analogous, but easier, inspection of each term Tj f also shows that

(5.3) sup [XiXpw )] < e flog
IGB(r,%)

By a covering argument this implies

(5.36) sup [X,Xpw ()] < e Flog o

so that for each couple of points z1,x2 € U’ we can write

|Xi Xjw (1) = X Xjw (w2)] < ed (w1,22)" 1f ]l o 0
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if d(xla'rQ) < R0/2a a‘nd7 by ‘ ’
d(x1,z2)

B
X Xjw(zy) — X; Xw (x9)| < 2sup | X; Xw(z)| <c ()
| J (1) J (z2)] zeU/| J ()] Ro ||f||c§(U)

if d(il?1,132) 2 R0/2 Hence
||Xinch§(Uf) sc ||ch§((U) :
The norms || X;wl| s wn: t=1...n, and llwl| s () can be more easily handled
X X
and ([5.29)) follows. d

6. Appendix. Examples of nonsmooth Hormander’s operators
satisfying assumptions A or B

EXAMPLE 6.1 (Nonsmooth sublaplacian of Heisenberg type). In R® 3 (z,y,1),
let
0

0 0 0

0
[X1, Xo] = =2 (1 + [2| + [y]) 5%
L=X}+X3

The vector fields X;, X, are C1! and satisfy Hormander’s condition with r = 2,
hence Assumptions A hold. Replacing |z|, |y| with x|z|,y|y| we find C*! vector
fields, satisfying Assumptions B.

EXAMPLE 6.2 (Nonsmooth operator of Kolmogorov type). In R3 > (x,v,t),
with « € (0, 1], let:

0 w00 ay O
Xi = g Xo =@ (Ut lal®) 5o+ g0 X Xo] = (L (o Dfal®) 5o
L=X?+ Xo.

X1, X satisfy Hérmander’s condition at weighted step r = 3; X; € C*°, X €
C1@, hence Assumptions A hold. Replacing |z|* with x|z|”, Assumptions B hold.

ExaMPLE 6.3 (Nonsmooth operators of Grushin type with high step r). In
R? > (z,y), with a € (0,1], 7 > 2 positive integer, let

) )
X =— Xo=2""1(1 ) =;
1= g Xe =1 (+|$|)ay,
L=X}+X3

X1, X, satisfy Hérmander’s condition at step 7; Xo € C™~1®, hence Assumptions
A hold (if 7 = 2 we need to take o = 1). Replacing |z|* with z|z|, Assumptions
B hold.
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