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ABSTRACT

Cable suspended robots may move beyond their static
workspace by keeping all cables under tension, thanks to
end-effector inertia forces. This may be used to extend the
robot capabilities, by choosing suitable dynamical trajecto-
ries. In this paper, we consider 3D elliptical trajectories of a
point-mass end-effector suspended by 3 cables from a base of
generic geometry. Elliptical trajectories are the most general
type of spatial sinusoidal motions. We find a range of admis-
sible frequencies for which said trajectories are feasible; we
also show that there is a special frequency which allows the
robot to have arbitrarily large oscillations. The feasibility
of these trajectories is verified via algebraic conditions that
can be quickly verified, thus being compatible with real-time
applications. By generalizing previous studies, we also study
the possibility to change the frequency of oscillation: this
allows the velocity at which a given ellipse is tracked to be
varied, thus providing more latitude in the trajectory defini-
tion. We finally study transition trajectories to move the robot
from an initial state of rest (within the static workspace) to
the elliptical trajectory (and vice versa) or to connect two
identical ellipses having different centres.

1 Introduction
Cable-suspended parallel robots, or CSPRs, are fully
constrained if n > m, where n is the number of taut cables

*Corresponding author.

TA preliminary and partial version of this paper was presented at the
Third International Conference on Cable-Driven Parallel Robots, August
2-4, 2017, Québec City, Canada [1].

and m the number of degrees-of-freedom (DOFs). The usual
assumption in the study of CSPRs is that they operate in
static or quasi-static conditions, in the so-called Static Equi-
librium Workspace (SEW), which is the volume above the
robot footprint corresponding to the set of positions where
the end-effector can be in static equilibrium [2]. More recent
works investigated the dynamic workspace, which is the set
of all end-effector poses that may be reached with positive
cable tensions in a dynamic state (i. e. with nonzero velocity
or acceleration [3]): this allows CSPRs to move outside the
SEW, thus expanding their potential applications.

The dynamic motion of CSPRs is radically dependent
on whether the robot is under or fully constrained [4-6]. As
far as the former are concerned, one of the first works on this
topic focused on a 2-DOF 1-cable robot moving in a plane [7].
The authors used a pendular motion to pump energy in the
system and progressively increase the oscillation amplitude.
This was an underactuated and thus underconstrained robot,
equipped with a number of actuators smaller than the number
of DOFs. Dynamic point-to-point motions of underactuated
CSPRs were also studied in [8], [9], [10] and [11]. In [12],
the authors present an underactuated 4-cable robot that was
proven to be dynamically flat; the dynamics of a robot with a
similar architecture was first studied in [13]. The dynamical
trajectories of CSPRs with a passive serial support composed
of rigid links were studied in [14-16].

As far as the dynamic motion of fully constrained CSPRs
is concerned, reference [17] focused on a 2-DOF, fully-
actuated planar robot. Here, the authors defined periodic
trajectories whose feasibility can be verified by checking if
the motion frequency falls within an admissible range, with-



out the necessity to integrate the inverse dynamics problem;
furthermore, they found a special motion frequency, which
is always within this range and is similar to the natural fre-
quency of a pendulum. In later works, these results were
applied to periodic trajectories of 3-DOF spatial point-mass
robots [18] and 3-DOF planar robots [19]; later, point-to-
point motions [20], [21] were also considered. Another ex-
ample of dynamic modeling for parallel robots with flexible
elements can be found in [22].

In this paper, we define elliptical dynamic trajectories for
a spatial CSPR with 3 DOFs and a point-mass end-effector
(Section 2). For these trajectories we find a special frequency,
akin to the one found in [18], which allows the end-effector
to achieve arbitrarily large oscillations (Section 3). We also
find with a range of frequencies (Section 4) that guarantee
that cable tensions remain always positive (hereafter, we will
refer to this property as the feasiblity condition). The trajec-
tories presented in [18], [23] and [24] are special cases of the
ellipses studied here. We consider the most general location
of the cable exit points on the base, even at different heights,
while previous works only considered special cases: in [18]
and [21], for example, the exit points are on a horizontal
equilateral triangle, whereas in [23] and [24] the fixed base is
a generic horizontal triangle. In [24], moreover, the authors
consider spatial circular trajectories, finding a range of admis-
sible frequencies that is strictly contained in the ampler range
found in this paper (with the exception of horizontal circular
trajectories, where the two ranges coincide). In Section 4 we
also show the results provided by computer simulations and
compare our trajectories with previous works.

We then study the possibility of changing the oscillation
frequency along a given ellipse (Section 5): this is, to the best
of our knowledge, a novel strategy, which was not explored
in the preliminary version of this paper presented in [1].

We also consider transition motions (Subsection 6.1) to
connect a state of rest to a dynamic trajectory and vice versa.
As an application example, a motion of this kind can be used
to safely recover a robot after a cable failure, by bringing the
damaged CSPR back in the new SEW and then slowing it
down [25]. In the same way, we consider transition motions
that connect two identical ellipses laying on parallel planes,
but having different centres (Subsection 6.2); this type of
transition motion was not considered in [1] and is studied
here for the first time.

2  Dynamic model
A point P moving along a trajectory I" has a position p
with respect to a fixed frame, defined by three sine functions:

X B%) XA Sin(y + ¢y)
p=|y|= |yc|+|yasiny +¢y) (1)
z 2c zasin(y + ;)
B —
Pc Pa

where
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Fig. 1: (Left) Schematic of a 3-DOF spatial CSPR. (Right)
Auxiliary vectors.

Xc, Yo, ze are the coordinates of centre C;

XA, YA, 24 are the amplitudes of oscillation;

¢, ¢y, ¢, are phase angles;

W =y (r) gives the position of P along I';

p, is the displacement of point P from point C.

Equation (1) represents the most general sinusoidal 3D tra-
jectory and can be shown to be an ellipse (or an elliptical arc);
see Appendix A. This trajectory generalizes the periodic tra-
jectories presented in [1], since here angle (7) is a general
function of time. Special cases include circles and line seg-
ments, either horizontal, vertical or oblique (cases dealt with
n [18], [23] and [24]). It should be noted that general ellip-
tical trajectories were first considered in [26]; however, the
authors did not consider phase angles nor provided conditions
for these trajectories to be feasible.

We now consider a spatial CSPR whose end-effector
is modeled as a point-mass P. The positions of P and of
the cable exit points A; are respectively p = [x,y,z]” and
a; = [Xai, Vai» Zail, for i = 1,2,3 (in Fig. 1, without loss of
generality, we set O = A1). For future convenience, we define

Vci = [XCai,yCai,ani]T =a;—-pc (€123) 2)
Vik = [Xajis Yajio Zaji]” =ar—a; (ke 1,23)  (3)
A = [Awis Ayis Azi]" = Ve X Vek 4)

These are the position vectors v¢; from C to A; and v, from
Aj to Ag, while A, is their cross product; in eq. (4), the indices
J and k depend on i as follows:

i=1—>j=3k=2
i=2—>j=1k=3 (5)
i=3>j=2k=1

so for example A; = V3 X vep. We also define lengths p; =
|lp —a;|| and unit vectors e; = (p—a;) /p; fori € {1,2,3}.
The end-effector is subjected to the gravitational force
mg (here, we take a reference frame with the z axis pointing
downwards, so that g = [0,0,¢]7), the cable tensions t;e;
and the inertial force —mp. We assume that the cables are
massless and infinitely stiff. The equilibrium equation is then

M

mg— ) T;€; =mp (6)

i=1
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(as per Newton’s dynamic equations) which we rewrite as
m(g-p) =Mr1. 7. 731" Q)

where M = [ej,e;,e3]. It may be proven that detM < 0, as
long as P moves below the plane /7 that passes through points
A; and the latter are numbered in clockwise order (as seen
from above). Plane /7 has equation

ax+by+cz+d=0 (8)

with coefficients a, b, ¢, d depending on points A; as follows:

I Ya1 Zal Xa1 1 za1
a=\1ya2 22|, b= |xa2 1 za2
I Ya3 Za3 Xa3 1 Za3 )
Xal Yai 1 Xal Yal Zal
¢=|Xa2 Ya2 1|, d=—|Xa2 Ya2 Za2
Xa3 Ya3 1 Xa3 Ya3 Za3

We note here that ¢ is twice the (signed) area of the triangle
Ty defined by points (x4;, yai); having numbered points A;
in clockwise order, this signed area is negative and so ¢ < 0.

If P has to remain below /7, trajectory I” must not inter-
sect /1. To check this condition we substitute eq. (1) into eq.
(8) and obtain

Qo+ Qs sin(y) +Qccos(y) =0 (10)
where Qg, Qs and Q.. are as follows:
Qo =axc+byc+czc+d
Qs =axacosdy +byscosy +czacosd, (11)

Q. = axpsingy +by,sing, +czasing,

Equation (10) can be solved by the tangent half-angle method,
having set #, = tan(¢/2). In this way, we find a quadratic
equation in f,, which must have no solutions when I" does
not intersect /7. Its discriminant must then be negative, so

4Q3+0:-07) <0 (12)

This is a condition for feasibility that can easily be checked.
If detM < 0, 7; > 0 (see [18], egs. (17)-(19)) if and only
if
T,.
wi=[px(ax—a;)+ar xa;|” (p—g) >0 (13)

where again j and k depend on i as per eq. (5).

JMR-17-1326

3 Natural frequency

The authors of Refs. [17] and [18] found that arbi-
trarily large motions may be followed, while keeping pos-
itive tensions, if the robot moves with a special frequency
wn =g/zc, where z¢ is the z coordinate of centre C. We
now show that there is a similar frequency for the trajectories
studied in this paper.

In analogy to [21], we suppose that tensions 7; are kept
proportional to cable lengths p;, which can be done by suit-
ably controlling the actuators. Equation (6) becomes

3
mg- > ki(p-a;) = mp (14)
i=1

where k; is a virtual cable stiffness. We rewrite eq. (1) as

P = P +ccos(wt) +ssin(wt) = pe +py (15)

where wt =y and w being the motion frequency. Substituting
eq. (15) ineq. (14) we find

3
mlg+0’(P-pc)l = ) ki(p—a;) (16)
i=1

We define w,, as the natural frequency of the second order
ODE in eq. (14), namely mwﬁ =ki+ky+kz =K. If we set
w = wy in eq. (16), the terms in p cancel out:

3
mg—Kpc=- ) kiai 17

i=1

If k; > 0 and eq. (17) holds, the cable tensions 7; = k; p; are
positive, since clearly p; > 0. The trajectory may then be
realized with 7; = k; p; if and only if eq. (17) is satisfied: this,
together with the condition k| + k> + k3 = K, gives a linear
system of equations in the unknowns k;, which has solution

[k1 ko k3] = —g [ A A5] (18)

with Qg defined in eq. (11). The natural frequency w,, is then

W, = E — _g(/lzl+/122+/lz3) — ﬁ
" \m Qo Qo

We know that ¢ < 0 (cf. Section 2) and w,, € R.¢, so it must
be Qp < 0. It then follows from eq. (18) that, for the k;’s to
be positive, 1,;; must be positive too: it may be shown that
this implies that the projection of point C on plane x — y must
be within the triangle T, (cf. Section 2). This condition and
the requirement that /" must be below /7 imply that C has to

19)
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be within the SEW (which is the set of all points within the
convex hull of the A; or below this region).

These results expand those presented in [18], [23] and
[24], where the authors assumed points A; to have the same
z coordinate and 7" to be a circle.

4 Generic frequency

It is also possible to have periodic motions along a tra-
jectory I' with frequencies w different from the w,, given in
eq. (19). To study this general case, we substitute eq. (1)
into eq. (13). Each y; can now be written as

ui = Cicos(y) + Dy sin(y) + E; (20)
with
Ci = Cialf + Ci i +Ci e
D; = Dy oy + Dy yi* + D (21)
Ei=Ei ) +E;
having defined the following auxiliary parameters:
¢xy :¢x_¢y ¢yz :¢y_¢z bzx = 7 — bx
N, = [yazasingy,  zaxasing,, XAYASIn@yy |
Pa.c = [XA COS Py YACOS Py, ZACOS ¢z]
Pus = [xasing, yasingy zasing. |
Cia=~bi Pgc Dia =k Py
Ci,v = Di,av Di,v = _Ci,a
Ci,c =g (pd,s X ij), Di.C =8 (pd,c X ka)
E; o =vVij D, Eic=gd;
(22)

Here, j and k depend on i as per eq. (5) and n, is a vector
normal to the plane of the ellipse.

If y = wt, thenyy = w, =0 and C; = C;,w* +Cj ¢, D; =
D; w* +D; o, E; = E; . In this case, coefficients C;, D, E;
are constant, once the trajectory /" has been chosen: C; and
D; are linear functions of w?, while E; only depends on g
and the position of C. Equation (20) is analogous to one
reported in [18] for the special case of circular trajectories
(either horizontal or vertical). The definitions in eq. (22)
generalize the ones that we first provided in [1] for the case
when ¢(t) is a general function of time.

The extreme values of eq. (20) are

Hi1 = +/CP+D?+E;,  pin=—+C?+D+E;

If both the extrema are positive, then y; is guaranteed to be
positive. From eq. (23) it’s clear that, if E; = A;;¢ <0, then
ui2 <0, so u; will be negative at some point for any value
of w. We then require A,; > 0 which is the condition already
found in Section 3.

(23)
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Since ;2 < i1, it is sufficient to check that 1; 2 > 0, so
that E; > ICiz + Dl.z. Both sides of this equation are positive,

s0 we may square them to find E? > C? + D?. After inserting
the definitions of C;, D; and E; in eq. (21), we obtain a fourth
degree inequality:

iz >0 o  qw'+2Bwr+y; <0 (24)
with
a;=Ci,+D;,
Bi=Ci.Civ+D;cD;, (25)

_ 2 2
Yi= Ci,c +Di,c _Ei,c

The authors of [18,23,24] found ranges of feasible values for
w that guarantee the feasibility of a given circular trajectory,
assuming points A; to be at the same height. We can assume
that a similar range may be defined in our broader case, if
there is at least one value of w satisfying eq. (25); w, is
indeed one such value, since in this case the trajectory is
feasible (see Section 3).

To find the aforementioned range, we set w?=w in
eq. (24), thus obtaining a quadratic inequality in w, namely
aw? +2B;w+v; <0. We note that, by the definition in
eq. (25), a; 20, so aw? + 2B;w +7y; = { defines a convex
parabola in the w — ¢ plane for positive «;; the degenerate
case a; = 0 will be considered later.

Depending on the sign of A; = ,81.2 —a;y;, we have 3 cases:

(a) A; > 0: there are two values w;, yin and w; yqx (Which in
general will be different for the three cables) such that, if
w e ]wi,m,-n, Wi max [ then a;w? + 2Biw+7y; <0;

(b) A; =0: the inequality has a single solution, i.e. w = wy;

(c) A; <0: the inequality has no solutions.

We know that inequality (24) has at least one solution, w = w,,,
as long as the trajectory I respects the conditions found in
Section 3 (C must be in the SEW and [ is below /7): under
these conditions, the three A;’s must be positive (case (a)).
When A; > 0, the values w; i, and wy 4y are given by

_ —Bi— VA
Wi min = a B
i

Wimax =

—Bi ;rl\/A_i 26)

Recalling that w = w? > 0, we can have the following cases:

(A) If wi min and w; nqx are < 0, no value of w is feasible;
(B) If wimin <0 and w; max > 0, the range of w satisfying

eq. (24)is ]0, \/wi,max];

(C) If wi min and w; mqy are positive, the condition on w is
w € [\/Wi,mim \/Wi,max]~

We finally define three ranges for w, one for each cable:

these ranges are either like ]O,VWi,max] (case (B)) or like

[VWimin: \Wimax | (case (C)), depending on the sign of
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Wimin- We can now define the extremes of the range for
w that ensure positive cable tensions:

Wimin = \/max {max {W[,min}70}
Wmax = \/W

Under the conditions in Section 3 (namely, C is in the SEW
and trajectory I is below plane I7), the condition for feasibil-
ity iS Wmin < W < Wiay. Note that Wy, and wy,qy are defined
by explicit algebraic formulae and, thus, easy to calculate.

From eq. (27), we see that w,,;, might be zero. For
w sufficiently close to zero, the end effector moves quasi-
statically, so the inertial force is negligible: w,;;, is then zero
if and only if I" is completely within the SEW (we discard the
case w = 0, since in this case the robot does not move).

We note that if w = wyin OF W = Wyax, ONE OF MOre
of the cable tensions has a minimum value equal to zero
along the trajectory. The conditions above are therefore strict,
while those found in [24] are only sufficient (but not strictly
necessary): the range for w that we found is therefore larger
than that given in [24].

An interesting particular case is when z,; = z,(i €
1,2,3), so that cable exit points A; are all at the same height
Zq: in this case eq. (9) gives a =b =0,d = —c-z4, SO
Qo = c(z¢c — 24) and, from eq. (19), wy = Vg/(zc —2a)
[25]. For w = w,, we obtain (after some simplification)
Wi = Az [g + zAW?2 sin(wpt + ¢z)] : this implies y; > 0 as long
as g > zaw? = max{|#|}. This condition means that the
maximum acceleration along z cannot be greater than g, as
expected, and is automatically fulfilled if I is below /7.

Finally, we address the degenerate case for which @; =0
for some i. Since ¢; is a sum of squares, it can be zero only if
both squares are zero, namely C;, = D;,, = 0. This is a linear
homogeneous system of two equations in the three unknowns
XA, YA,ZA: its solutions are of the form

27)

XA /lyi/lzi Sin(¢yz)
ya| = fi |Azidxisin(¢zx) (28)
ZA Axi/lyi Sin(¢xy)

where f; € R, is any positive scalar. Substituting eq. (28)
in eq. (25), we find that §8; = 0, too; then, in order to satisfy
the inequality in (24), the only condition to check is y; < 0,
which no longer depends on w. It can also be proved that
«; = 0 if and only if I" lies on the plane through C, A; and
Ag, with j, k #1i.

Some simulations were also performed to verify the the-
oretical findings presented above.

Figs. 2 and 3 refer to a periodic motion along an elliptical
trajectory. The method described in [24] gives a range of
admissible motion frequencies comprised between w, . =
1.548 and w), ,, = 2.55. By our approach we find that the
actual endpoints of the admissible range, as defined in eq.
(27), are wyin = 1.387 and wyuax = 2.75. As expected, the
first range is smaller and strictly contained in the second.

JMR-17-1326
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Fig. 2: An elliptical trajectory I” with p- = [-1, 1,27 a; =
[2,1,0]7 4> = [-3,-2,0]",a3 = [-1,3,0]” and lying on a
plane normal to n, = [1,2,3]". In this special case, the cable
exit points A; are all at the same height and the trajectory is
a circle with radius R = 1.2. The length units are arbitrary.

Cable 3

Cable 1<Z.

Fig. 3: The cable tensions divided by the mass of the end ef-
fector, given by a simplified model with stiff massless cables.
For each cable, the solid line corresponds to w = w), while

max?’
the dashed line corresponds to w = Wimax > Wiy

Fig. 3 shows a plot of the cable tensions 7; divided by
the end-effector m as a function of time. Here, the continuous
lines correspond to w = w),, .., while the dashed ones are for
W = Wpay; this latter case corresponds to a strict limit on the
value of w, so one cable tension reaches zero at one point
(while remaining positive otherwise). By taking w = w,, .,
instead, the motion period is longer (since w;,,, < Wmax) and
tensions do not reach the zero value, which shows that the

conditions given in [24] are not strict.

5 Variable frequency

To further generalize our previous work in [1], we now
study the possibility of varying the velocity by which the
robot moves along an assigned trajectory: we consider the
case where the angle  in eq. (1) is a general function of
time. In this case, coefficients C;, D; and E; in eq. (20)
are no longer constant. To find the minimum of y;, we must
differentiate eq. (20) with respect to time and set the result to
zero. The exact solution of this problem is however complex
and (seemingly) unsuitable for real-time applications.

A simpler alternative is to find a lower bound for the

Mottola
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Fig. 4: Plane i — ¢ with the three ellipses €;, rectangle
Ry (in gray) and curve I}, (black line). Notice how R, €
QN NQ3 and Flﬁ € Rl/,.

extrema of y; by interval analysis. If the values of C;, D; are
kept fixed for assigned values of y and ¢ while varying ¢ in
eq. (20), we can use the same approach described in Section
4 to find the minimum of ;. It is thus found that

min {y; } :—JC}+D§+EI. (29)
A sufficient condition for having y; > 0
E; > /C?+D? (30)

If we assume E; > 0 (this assumption will be verified later
on), we can square both sides and obtain again three bi-
quadratic inequalities, expressed as a;y* + 28;y% + ¥ <O.
The coeflicients @; and S3; are the same as in eq. (25), while
Y= zl;zyi’l; +yiandy; ;= Cl.z,v + Dzv - Elzu

If we set w = ¢, the parabola defined in the w — ¢ plane
by a;w? +28;w +7v{ = { shifts along the £ axis as / varies,
since the only coefficient that depends on ¥ is the constant
term. The parabolais convex (see Section 4), so the range of w
satisfying a;w? + 28w +y; < 0 is given by [Wimins Wimax |-
with W; yin and w; ,qx given by the points of intersection
of the parabola with the w axis; the centre of this range is
Wi = —fi/@;. Changing J leaves the middle point Wi ¢
unaltered, but the width of the admissible range varies, since
A= B} —aiy] = B} —ai(@?y; 5 +vi) = Ai—a*y, j changes.

It may be proven that, if C is in the SEW (so A; > 0),
then y; ; > 0 (see Appendix B). The figure €; defined by all
points in the y — w plane satisfying a;w? + 28w + /() <0
is then an ellipse, symmetrical with respect to the w axis (y;
only depends on ij?; see Fig. 4). It can also be proved that,
for every point in Q;, E; > 0, as required (see Appendix B).
We now look for a motion law /() that allows us to change
the motion frequency along I" from w; to wr. Here, wy
and wp must be in the admissible range for w defined in
Section 4. We set ¢ = U(t) and ¢ = V(¢) = dU/dt, where
U(¢) is a function of class C' defined for 7 € [0,7] and T is
the transition time from w; to wr. We impose the boundary
conditions U(0) = w;, U(T) = wg and V(0) = V(1) =0 and
we also require V(¢) > 0 for t € [0,T], so that the function
U(r) is monotonically increasing.

JMR-17-1326

The extreme values of y are w; and wp (since U is
monotonic), while the extreme value of |y is §/, = max |V(z)|.
As a consequence, the curve Iy, described in the plane ¢ — w2
during the transition is then entirely contained in a rectangle
Ry defined by w; = w? <w < wr = w% and |¢//| <. (Fig. 4).

We then have only to find the minimum time 7 such that
Ry € Q1 NQyNQ3. Since the ellipses £;’s are convex, we
only have to check that the corners of R, are within all three
Q;’s. Moreover, since the latter are symmetric w.r.t. the w
axis, we may check only the two corners of Ry, with ¢/ > 0,
that is, those with coordinates (¢, w;) and (Je, wr).

The point (7,50, wr) on the boundary 9€; can be found
analytically by solving a;w? + 28wy + ¥/ (¥1,00,) = 0: see
Fig. 4, where such points have been marked by squares.
Equivalent results (with wg in place of wy) can be found for
the points (¥/r, gq,, wr), marked by circles in Fig. 4. Finally,
we define

Umax = min {¥1,60,, 91,60, ¥1,00;

i . . 3D
l!/F,aQ,,#’/F,aQZ,WF,aQ_;}

If o < Ymax, Ry is contained within all Q;’s and the transi-
tion motion is feasible.

The only issue that is left is to pick a suitable motion
law U(#) and find the minimum transition time 7. U(f) has
to be of class C!; moreover, it would be convenient to choose
U(t) such that its second derivative W(r) = d>U /dt* quickly
reaches its maximum value and then remains constant for
most of the motion. In this way, the curve Iy, closely follows
the borders of rectangle Ry, the acceleration is only slightly
under the maximum prescribed values ¢/, and the transition
time is reduced: a linear motion law with parabolic blends
appears to be suitable.

6 Transition trajectories
6.1 Variable amplitudes

The sinusoidal trajectory defined in eq. (1) has velocity
p and acceleration p that are nonzero at all points (if w #
0), so the robot cannot be in a state of rest. For practical
applications, the robot has to reach a dynamic state starting
fromrest and vice versa. For this purpose, we define transition
motions as follows:

p=pPc +U()p, (32)

where p- and p, are defined as in Section 2 (here again
W = wt, with w being a constant frequency). U(¢)is a function
of class C? and depends on the adimensional variable & = /T
(with T being the duration of the transition). Equation (32)
is a generalization of eq. (1); the former degenerates in the
latter when U(€) = 1 (constant amplitudes).

We introduce the derivatives V(¢) = dU/dé and W(§) =
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d*U / dfz and set the boundary conditions:

U©0)=0, U)=1
V(0)=0, V(1)=0
W(0)=0, W(1)=0

(33)

We require U(£¢) to be monotonically increasing, so V(&)
is always positive. With these conditions, the robot starts
moving from position p = pc at # = 0, when it is at rest (p =
P = 0); then the amplitudes of motion along the coordinate
axes grow until at time 7 = T the trajectory can be blended
with the periodic elliptical motion (ellipse I).

With another choice of boundary conditions, eq. (32)
can be similarly used to slow down a robot moving on an
ellipse I" (defined as in eq. (1)) until it stops in the centre C
of the ellipse. Moreover, it can be used to connect two ellipses
Iy and I'y, where Iy is I'y "scaled" by a factor F, so the two
ellipses have the same centre C and the same phase angles,
but different amplitudes (xoy = Fxa, and so on): for this
case, we simply set U(1) = F - U(0). For the sake of brevity,
we will only study the first case, with U(0) = 0, U(1) = 1; the
other cases can be studied in a similar way.

Substituting eq. (32) in eq. (13), we obtain

W Ve UOVE)
Hi = di,w T2 qiv =~ T4V T
+qivU(€)+E; G4
e
HMi0
with
qiw =—hi Py
iv =2k P
qi,v i " Pa (35)
qi,uv =2wE; 4

qi.u = C;cos(wt) + D; sin(wt)

where C;, D; are as in eq. (21) and E; , is defined in eq. (22).

To see whether the so-defined motion is feasible, we
consider 7 — oo, so that (from eq. (34)) w; — pio =
qi,uU(&) +E;.

The minimum value of g;y iS ;,u,min = —/C? + D?,
while the maximum value of U (for & € [0,1]) is Ujux = 1,
since U is monotonically increasing from U(0) =0 to U(1) =
1. A lower bound for the minimum value of y; is then
1i0.LB = 9i,U,minUmax + Ei = =|C? + D? + E; = ; »: this is
the minimum value defined in eq. (23), which is positive if
the target trajectory I is feasible (see Section 4). Therefore,
the transition motion is feasible if we take T to be very large,
since in this case u; = w0 > pio.s > 0.

It would be clearly of practical interest to know the min-
imum value of T that guarantees positive cable tensions. In
order to find it, we could set the time-derivative of eq. (34)
to zero: we would then find the extrema p; min and u; max
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of u;. Then, we should search for the minimum 7 such that
Himin > 0 (fori = 1,2,3). This method however leads to com-
plex equations that must be solved numerically; thus, it does
not appear suitable for real-time problems.

We adopt a simpler alternative, finding a lower bound for
the minimum value of y;. The extreme values of ¢; w and
qi,v, which are functions of time, are (see Appendix C)

qiw.e =max {|g;w|} = (|l

(36)
qi,v,e = max {|g;v|} = 2w||®;||
with
@l = \C}, + D}, (37

We also define V, = max{|V(¢)|}, W, = max{|W(¢)|} and
(UV), = max{|U(£)-V(£)|}. Here, all extrema are those
found in the interval & € [0,1] and depend on the chosen
function U(¢). A lower bound for eq. (34) is then

We Ve Uv),

HiLB = =diW.e o ~diVie o tqiuv —

+ 0,8 (38)

if qgi,uv < 0, and

W, V,
—GiV,e— + Wi0,LB (39)

Mi,LB = —f]i,w,eT—ze T

otherwise. If we set 7" such that y; 1 g > 0, then y; > ;1. >0
and the trajectory is feasible. We can now express y; 15 as a
function of 7"

Mie + it T + pi 72T _ M(T) -

i,Le(T) = 72 2 SHi (40)
with
Hi,c = _qi,W,eWe
_J=qiv.eVetqiuv(UV)e qiuv <0
HiT = (41)
=qi,v.,eVe gi,uv =20

MiT2 = Hi,0,LB

We have already shown that, if the starting trajectory I” (de-
fined by eq. (32) with U(£) = 1) is feasible, then u; 72 =
Hio.LB = Mi2 > 0. From this we find that, if y; 1 5(T) =0
(which implies M;(T) = 0) has solutions T,in, Tynax, then
wi.1.e(T) <O for T in the interval [Ty, Tinax | and p; 15(T) >
0 otherwise. Moreover, u; < 0 (by definition), so y;, 1.5(0) <
0 and thus O € [Tynin, Tnax]- The condition for positive p;
along the trajectory is then

~Hi T+ A1 7 — 4 i

T > Ti,max = le )
i,T

(42)
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Finally, the sufficient (albeit not necessary) condition on 7" to
ensure feasibility is

T > max {Tl,mux’ TZ,maxs T3,max} (43)

The strategy defined above has a drawback in the limit cases
where w = Wyin OF W = Wpax (With Wpin, Wmay defined as
in eq. (27)). In such cases we have respectively w? = Wi min
orw? = Wimax, foronei € {1,2,3}: the corresponding y; has
then minimum value ;> = 0. When this happens, at least
one of the cable tensions 7; reaches zero at some point, while
being still greater than zero along the rest of the trajectory.

However, if p; 0,18 = pi,2 = 0, there are no finite values
of T that make y; 1.p > O (as defined in eq. (40)), since all
terms on the right side are negative, except for y; 0,75, which
is zero. As w gets close to the limits wyin, Wmax Of the
admissible range, at least one of the 7; 4 approaches +co
(see eq. (42), where ;72 = pio0,Lg — 0).

Note that having 7" approaching +oo is a mathematical
consequence of the conditions found in eq. (43), which are
sufficient but not strictly necessary. The actual minimum
value of T that makes a given transition trajectory feasible
has been numerically found in a series of computational ex-
periments and compared with the minimum defined in eq.
(43): we found that T is acceptably close to the actual mini-
mum when w is close to the middle of the admissible range
[Wmin, Wmax]. When instead w is close to the limits of the
range, the minimum value of T to ensure feasibility remains
bounded, while the lower bound defined by eq. (43) goes to
infinity. This limit can be circumvented in practice by using
the frequency changing method introduced in Section 5: we
may choose an w which is roughly in the middle of the ad-
missible range for the corresponding elliptical trajectory I,
move the robot from a rest condition to /" using the transition
trajectory just outlined, and finally change the frequency w to
the desired value, using the method presented in Section 5.

It is worth noting that the special case w,,;, = 0 can only
happen when I is entirely within the SEW (see Section 4).
In such a case, the three w; ;i in €q. (27) are negative, y; 72
from eq. (42) is positive and the three T; ;,,, remain bounded
even if w — wy,i,. This case has little practical interest.

6.2 Variable centre

In this subsection, we study the possibility of moving the
ellipse centre. We define a new transition trajectory, based
on the original one shown in eq. (1), as follows:

p=[pc, +UEP] +Py (44)

with p, as in Section 2 (where i = wt and w is a constant fre-
quency) and U(¢) being a function of class C? in the variable
& =1/T, where T is the duration of the transition.

This is a further generalization of eq. (1) and allows to
smoothly connect two elliptical trajectories /'y and I’y having
the same shape and orientation, but different centres pc ; and

. T
Pc,s» With por =pc r—Pc,s = [xer.yr zsr ]
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In order to do this, we have to set the boundary conditions
seen in eq. (33) and require V(£) to be positive for any value
of £, as we already did for the variable amplitudes transition
motion (Subsection 6.1).

Substituting the trajectory equation (44) in the conditions
(13), we obtain (after some simplification)

W()
Mi = Mis +UE) (i p — pis) + 2 st (45)
Here, we introduce the variables:
Vcis =i —Pc s
;"i,s = [/lxi,sy /lyi,sa /lzi,s]T =V¢j,s XVCk,s (46)

Air = [Axifs Ayigs ﬁzi,f]T =V f XVek,f
di,sf = (pd XV — )"i,s) ‘Psy

Hir and u; ¢ are functions of time and are defined as per egs.
(20)-(22), with yy = w and § = 0; here, however, we replace
Axi» dyi, Az ineq. (22) respectively with Ay; 7, Ay r, Az ¢ and
Axi,sr Ayi,ss Aziys. With these definitions, u; ¢ and y; ¢ corre-
spond to y; for the start and target trajectories /' and I'y.

If we now consider eq. (45) and let T — oo, then
Hi — pis +U(E) (i g — pi5); since we asked U(£) to be mono-
tonically increasing from O to 1, then y; € [ui,s,,u,;f] Vt.
If I's and Iy are both feasible, then p; ¢ > p;2s > 0 and
Hif > pior > 0, again Vr; we can then safely conclude that
M;i > min {,ui,z,s,,u,;zgf} > 0. We can thus say that if the tran-
sition trajectory defined by eq. (44) connects two ellipses that
are feasible, as long as T is large enough.

At this point we want to find a lower bound on 7' such
that the transition is feasible. As in Subsection 6.1, finding
the minimum feasible value T is a complex task that cannot
be analytically solved; however, defining a safe lower bound
is enough for practical purposes.

For this we reconsider eq. (45), specifically the second
term W(&)/T? qi,sf: thisis the term that may become negative
along the trajectory. We introduce the upper and lower ex-
trema of W(&) as Wyyqx and W,y these are known from the
choice of the transition motion U(¢). We note that, in general,
for any function U(¢) of class C? that satisfies the boundary
conditions in eq. (33) it will hold that W,,;;,, < 0, W,,x > 0.
It can then be proved the following:

min {W(&)q;sr} > min {W,nin - max {g; s},

(47)
Winax - min {qt,sf} }

From the definition in eq. (46), g; ;¢ is a trigonometric func-
tion of time (having frequency w) that can be written as

Gi,sf = Ci sp cos(wt) + Dj s sin(wt) + E; sf
Cistf = (Pas X Vjk) Pss

Di st = (Pac XVik) Psy

Eisf=—his Py

(43)
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In this expression, the coeflicients C; ¢, D; ¢ and E; ;5 are
constant; it then follows that the extrema of g; sr are

max {q; ss} = Eisf + 4 /Ci%sf +D§Sf

min{g; s/} = Ei 55 — Ciz,sf JrDiz,sf

(49)
(cf. eq. (23)). Going back to eq. (45), we can now write its

lower bound as

Hie + i T? My(T) -
T2 T2 -

uirp(T) = Hi (50)

with

Hie =min {W(&)gi s} <0

, 51)
Wiz =min {2 pins}>0

which replace eqs. (40) and eq. (41). We can be sure that
u; 72 2 0 if the ellipses I and [y are feasible; the fact that
Hi,e < 0 can be inferred by observing that in eq. (47) at least
one of the two terms is negative, since W,,;,, < 0, Wyax >0
and clearly min {qi,sf} < max {qi,sf}.

The considerations in Subsection 6.1 then apply:
wi.e(T) <0 if and only if T is in the interval [Tyin, Tmax]
(with Tyin, Tinax being the solutions of M;(T) = 0), since the
coefficient y; 72 of the quadratic term in M;(T) is positive;
also, 1, 1.8(0) = pi.c <0, 50 0 € [Thnin, Timax]- The condition
for positive y; along the trajectory is then

Mi,c

T > T[,max =4/
Hi T2

(52)

We may conclude that a sufficient condition to have positive
tensions in the cables along the transition motion is given by
eq. (43), with T; 4 given by eq. (52).

Note that, if the start and target elliptical trajectories have
to be feasible, then it must hold that w € [wmm,s, a)max,s] N
[wmin, > Wmax, f] = [wmin,sf, a)max’sf] , namely, the fre-
quency w along the transition motion must be in the ranges
of admissible frequencies both for I’y and I'y; clearly here we
have to assume that such ranges overlap, otherwise there are
no values of w such that both ellipses are feasible.

As seen in Subsection 6.1, some issues arise when w is
close to the boundaries wWyin,sf OF Wmax,sr Of the admissi-
ble range (given by the intersection of the start and the end
range). For example, w = wy;n, sy means either w? = Wi s.min
or w? = Wi f,min, for some i € {1,2,3} (with w; g uin and
w; r,min being the values given by eq. (26), for the start and
the target ellipse). In such a case, the corresponding u; 72
from eq. (51) is zero, since either u; > r =0 or p; 5 r =0, and
T; max is not defined. Again, this is a consequence of using
a sufficient, but not strictly necessary condition; the actual
minimum value of 7" remains finite even as w — Wpmin,sf-
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Analogous considerations hold for w — w,,ax,sr. The spe-
cial case wyin,sy = 0 can happen only if both I'; and I'; are
within the SEW and has little practical interest.

To conclude this section on transition trajectories, we
remark that, if the frequency w of the transition motion (for
either the case of variable amplitude or the case of variable
centre) can be chosen freely, a reasonable approach is to pick
W~ (Wmin + Wmax) /2, With Wpin, Wmay being the lower and
upper endpoints of the range of admissible frequencies. In
this way, we are farthest from the endpoints and we may
expect the transition time to be close to the actual minimum.

If instead we have to connect two (feasible) elliptical tra-
jectories I'y and I'y, with assigned frequencies wy and wy,
we can combine the transition motions described in this sec-
tion with the method shown in Section 5 to vary the motion
frequency. For example, consider two ellipses Iy and Iy
having the same shape and orientation, but different centres
Pc,s and pcy. Assume that the admissible range of fre-
quencies for I, [wmm, s Wmax, S], overlaps with the admis-
sible range for I, [wmm, > Wna x,f]; Iy has to be followed
with frequency w;s € [a)m,-,,,s, wmax,s] and 'y with frequency
wy € [wm,-n, > Wmax, f] (where in general w, # wy). An ap-
proach to smoothly connect the start and the target trajectory
could be divided in three steps, as follows:

e first, we change the frequency along I, from
ws to Wgf € [wmin,s’ wmux,s] N [wmin,f" wmax,f] =
[wmm, sf> Wmax, Sf]; a good approach would be to take
Wsf X \Wmin,sf + wmax,sf) /2

e then we move along the variable-centre transition motion
defined in Subsection 6.2, with constant frequency wyy;

e finally, we change the frequency again, moving along I'r,
from wgy to wy.

Should the admissible frequency ranges for I'y and I’y
have no overlap, we could find an intermediate ellipse I;
whose admissible range has a nonempty intersection with the
admissible ranges for both the start and the end ellipse and
then repeat the steps defined above to smoothly connect [
with I, and I; with I'y.

By suitably combining the various motion types de-
scribed in the previous sections, a great variety of dynamic
trajectories can be obtained.

7 Experimental results

To validate our theoretical results, we also performed a
series of tests on the CSPR prototype in the Laboratoire de
Robotique at Université Laval. The results of the experiments
can be found in the multimedia attachments, where the robot
performs the dynamic trajectories presented here: as can be
seen in the video, the robot is clearly moving outside the SEW
while keeping positive tensions in the cables. In parts of the
trajectory, however, one or more cables start vibrating: this is
due to the limitations of the prototype, since the end-effector
has finite dimensions and the cable attachment points on it do
not coincide, so that the point-mass model approximation has
limited validity and the end-effector rotates around its centre
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Fig. 5: Cable tensions along a spatial trajectory.

of mass; in any case, we found that the desired trajectories
were followed reasonably well.

The first trajectory shown in the video is a simple ellipse
with constant frequency (see Section 4). The robot starts
moving with growing amplitudes of oscillation, by using the
transition motion described in Subsection 6.1; it then reaches
the target elliptical trajectory which clearly goes outside the
SEW, on which it keeps moving before slowing down and
going back to a rest condition within the SEW (see Fig. 5).
The 3D depiction of the trajectory is shown in Fig. 6.

After that, the robot performs the variable frequency
trajectory described in Section 5. The robot starts moving
with a given frequency w = w4 along a given ellipse, then
accelerates and moves with a higher frequency w = Wy,
so that it is moving at higher velocities (while remaining on
the same ellipse). After that, the frequency is lowered to
w = winyr; finally, the frequency is changed again t0 Wyeq-
Clearly, it must hold wuin < Winf < Wmed < Wsup < Wmax
for the trajectory to be feasible, where w;,in, Wmax are those
given by (27). Itis to be noted that this trajectory, too, moves
outside the SEW, although this is difficult to notice due to the
perspective in the video.

Finally, the third video shows the transition trajectories
defined in Section 6. Again, the robot starts moving with
a variable amplitudes trajectory from a rest position in the
SEW until it reaches a target upper trajectory. After that, the
variable centre transition from Subsection 6.2 is applied, so
the robot moves now on a lower trajectory. Finally, the dy-
namic motion is stopped, again by using a variable amplitude
motion.

The control system of the prototype provides the cable
length at every timestep, by using the motor rotations mea-
sured by the encoders: by comparing the actual lengths to the
desired values set as targets, we found an average error over
the entire motion of about 4.4 x 107> mm and a maximum
value of 1 mm. By solving the direct kinematic problem, we
found that the corresponding average and maximum errors in
3D space are respectively 9.5x 10~! mm and 7.3 mm: given
that the workspace dimensions are in the order of meters,
these errors can be acceptable.
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Fig. 6: Trajectory of the robot during the experiments (first
part in attached video, simple periodic elliptical trajectory).

8 Conclusions

In this paper we defined a general class of periodic ellip-
tical trajectories for a cable-suspended parallel robot (CSPR),
modeled as a point-mass end-effector suspended by three ca-
bles. The robot position can be properly controlled, with
positive tensions in the cables, even as it moves beyond its
static workspace.

Furthermore, we defined transition trajectories to per-
form one of the following:

e change the frequency with which a given ellipse is fol-
lowed (so as to increase or reduce the motion velocity);

e move the robot from a state of rest to one of the afore-
mentioned periodic trajectories, or vice versa;

e smoothly connect two elliptical trajectories having the
same shape, orientation and centre, but different sizes;

e smoothly connect two elliptical trajectories having the
same shape, orientation and size, but different centres.

For all aforementioned trajectories we found conditions
for feasibility: the conditions for the periodic trajectories are
necessary and sufficient, whereas the conditions for the transi-
tion motions are only sufficient. All conditions are algebraic
inequalities that can be verified in a few milliseconds; this
makes the proposed work applicable for real-time problems.

The trajectories shown in this paper expand and gener-
alize previous results [1], [18], [23], [24]. One of the ad-
vantages of the proposed trajectories is that there are many
parameters that can be chosen; therefore, they provide greater
flexibility during the trajectory planning phase.

Future plans include studying how to combine multiple
ellipses or elliptical arcs in piecewise trajectories, in order
to provide more general dynamic point-to-point motions for
CSPRs; this would generalize the works in [20], [21].
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Appendices

A Proof that any ellipse can be written as in Section 2.
Let x’y’ be a coordinate plane with origin O’ in the

centre C of the ellipse and the coordinate axes directed along

the principal axes. The parametric equations of the ellipse in

plane x’y’ are

! Acos(y)

X
p’=|y'|=|Bsin(y) (53)
z 0

with A, B being the semimajor and semiminor axes.

If we now apply the coordinate transformation p =
Rp’ +pc, where R = (r;;) € R¥3 is the rotation matrix from
O0’x'y’'z' to Oxyz and pc = [xc, yc,zc ]! is the position vec-
tor of C in Oxyz, we still obtain an ellipse, since this trans-
formation corresponds to a rigid motion. From eq. (53) the
x coordinate can be expanded as

x =ri1Acos(y) +ripBsin(y) + x¢ (54)

We can now define an amplitude x4 and a phase angle ¢, as

XA = 1/rlzlA2 +r12232
rllA rlzB) (55)

¢, = atanp (
XA XA

and, by dividing eq. (54) by x4, we obtain
A B
ma cos(wt) + 2 sin(wt)
XA XA

X =XA +Xc

= x4 [sin(@y ) cos(wt) + cos(dy ) sin(wt)] + x¢ (56)

= xa sin(wt + ¢y ) + xc

which is equivalent to the expression for x given by eq. (1);
the same proof applies for the y and z coordinates. Note that,
by following the same steps backwards, we can also show that
all trajectories defined by eq. (1) are indeed ellipses.

B Proof of properties in Section 5
First, it is useful to prove that

Ci,vDi,c - Ci,cDi,v = Ei,aEi,c (57

This can be seen by substituting the definitions in eq. (22)
into eq. (57); one finds, after some simplification,

Ci,vDi,c - Ci,cDi,v - Ei,aEi,c
= —gxaya(vij - &) sin(dyy)
= —gxaYalVij - (Voj X Ver)] sin(@yy)

(58)
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where in the last identity we used the definition of A; from eq.
(4). Now, looking at the definitions in eq. (2) and eq. (3),
we see that the three vectors vi; = aj —ay, v¢; = aj —p¢ and
Vck = ag —Ppc are all contained in the same plane, passing
through points C, A; and A: thus, the triple vector product
Vij - (Vej X Vek) is zero, which proves eq. (57).

If we now substitute eq. (25) into A; = ,Biz —a;y; as
defined in Section 4 and simplify, we obtain

Ai=(C},+D; )E;. = (CiyDic - CicDiy)
=mﬁ+D;—E@mi=wa?

i i,c

(39)

where in the last step we used eq. (57). If the centre C of the
elliptical trajectory under consideration is in the SEW, then
A; > 0 (see Section 4) and thus Yig = Cl.%v + Dzv - Efa > 0.
To prove that ; is an ellipse in the yy —w plane, we
consider its boundary, as defined by a;w? +28;w +y/ () =
a;w? +2Bw +*y,; j +v; = 0. This is a quadratic curve in
the ¢ — w plane; to verify that it is an ellipse, we first define

Agi=| 0 o B

0 Bivyi "
o 0 (60)
Qi = 0 i
Ioi=v;j+a

As known from plane geometry, Q; is an ellipse if and only
if Aqg; #0, Jo; >0and Aq;/ln; <0. It is easy to see that
Aqi = yi’lﬁ(aiy,- —ﬂl.z) = —ywAi < 0 since we assumed that
the centre of the trajectory is in the SEW, so that A; > 0 and
consequently y; ; > 0.

Assume first; > 0: inthiscase Jo; = Vi & > 0 and also
Iq,i > 0, so the conditions that define an ellipse are fulfilled.

If instead ; = 0 (remember that a; > 0), then 3; =0, as
stated in Section 4. Also, recall that in this case the trajectory
is contained in the plane through points C, A; and Ay, so
E; o = Vij-n, = 0 since vi; = a; —ay is contained in this
plane while n, is the vector normal to the plane containing
the trajectory. Thus, y, 5 = C;, + D} —E;, =& —E;, =0
and the condition that defines Q; degenerates to y; < 0: if
this condition is satisfied, then Q; coincides with the whole
plane i/ —w.

When ¢/ becomes large enough, the admissible range of
w degenerates into a single point; this happens for

0 =97, = Aif(aryiy) (61)

as can be seen by setting A7 = A; — aid}zyi,lp = 0 and solving
for /%>, The admissible area €; is then contained within the
limits —e <y <ie.

We previously required (in Section 5) that E; > 0; we can
now show that this is in fact the case for every point in €;.
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Indeed, from eq. (21) we get

. y>Uin Eiqa>0
E =E °+E.>0= WY B, (62)
’ ' U<y Eiqa<0
with
. Ji1<0, Eiga>0
Gir=—Fic/Ea {0 ©63)
i1 >0, Eiq<0

where we have used E; . = A;;g > 0 when C is in the SEW
(see Section 3). From this we find that if |/ < |¢};,| then
E; > 0, as desired. However, €; is strictly contained in the
range thus found, since |/; | < |/;;]. This is seen by squaring
both sides of the inequality and using the definitions from eqs.
(61) and (63):

)/l-,lpE.z E?

i,c i,c
2

. 2\ Z (64)
'yi,zﬁ (sz,v + Div) i,a

iy o
Vie <¥i; =

where we have used the equivalent definition of A; from
eq. (59) and the definition of a; from eq. (25). After
simplification, this finally reduces to Cl.z,v +Dl.2,v —El.z,a =Yg >
0, which has already been proved.

C Proof of properties in Subsection 6.1

To find the extreme values of ¢; w and ¢g;y, which de-
pend on ¢, we remember that a sinusoidal function having
frequency w can be seen as the projection along a fixed line
of a phase vector rotating with angular velocity w. Note that
qi,w and g; v from Subsection 6.1 are defined respectively as
sums of sinusoidal and cosinusoidal functions (see eq. (35),
where A; is a constant vector and p,, p,; from eq. (1) are
respectively a sine and a cosine function of time #). Thus,
they can be expressed as the projections of a rotating phase
vector @; along two orthogonal axes (here it’s convenient
to consider ¢; v /(2w) instead of ¢;y for dimensional homo-
geneity), with @; = ®, ; + @y, ; + @, ; (see Fig. 7) and where
such vectors have the following magnitudes and phases:

1@yl = [xadxil, £Px,i = Px +7/2[1 +5gn(Axi)]
”‘I)y,i” = |yA/lyi|’4(Dy,i =gy +r/2[1+ Sgn(/lyi)]
”(Dz,i” = |ZA/lzi|’ (D, = ¢, +m/2[1 +Sgn(/lzi)]

(65)

Then we have ¢; v /(Q2w) = |®;]|cos(£/®; + wt) and g; w =
||®; || sin(£®; + wt), which can be verified by substitution.
From this the extrema in eq. (36) are proved.

The components of ®;, in the g; v /(2w) — g;,w plane, are
respectively || i[| cos(£®, ) + [ @y, cos(2Dy,) + | ...
cos(£@,;) and [|@y[Isin(2®.;) + |, ]| sin(zD,,;) +
|| @, ;| sin(£®, ;); these are respectively C; 4 and D; ,, which
again can be found by substitution. This proves eq. (37).
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Fig. 7: The vectors ®, ;, ®,; and ®_;, with their sum @;,
rotate in the ¢; v /(2w) — g;,w plane at angular velocity w.
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