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Abstract

Given a projective variety X < P we can define its h—secant variety Sec,(X) = PV, i.e.
the Zariski closure of all points p € PV lying on a P*»~! which is h—secant to X. The variety
X is said to be h—identifiable if the general point p € Secy,(X) can be expressed uniquely as
a linear combination p = A\yp1+-- -+ A\ppp with p1, ..., pp points of X. Thanks to Terracini’s
lemma it is possible to rephrase the problem of secant dimensions and identifiability in the
birational setting. This turns out in the study of the dimension and the singularities of
linear systems of the form |Ox(1) ®Lp 2 |, i.e. hyperplane divisors of X singular at h
general points.

In the area of tensor analysis these notions are related to the properties of tensor de-
composition. For applications ranging from biology to Blind Signal Separation, data com-
pression algorithms and analysis of mixture models, uniqueness of decompositions allows
to solve the problem once a solution is determined.

The thesis studies the relation between defectiveness and identifiability. It is shown how
to link the geometry of the tangential contact locus to the secant defect, proving that under
mild numerical conditions the non h—secant defectiveness imply the (h — 1)—identifiability,
where h is less than the generic rank. With our techinques it is possible to give new bounds
for the identifiability in the case of many important tensor varieties such as Veronese, Segre
and Grassmannians.

In the case of generic identifiability it is studied the nested singularities of tangential
linear system. With this, together with the classical Noether-Fano inequalities, it is proved
a new statement on generic identifiability of many partially symmetric tensors.

Next it is studied the defectiveness for Flag varieties, i.e. special tensor varieties
parametrizing chains of vector spaces 0 c V; < --- < Vi, < PY. We improve the oscu-
lating projection techinque from Araujo, Massarenti and Rischter, giving completely new
bounds on secant defectiveness and identifiability.

The new notion of (h,s)—tangential weak defectiveness is introduced and studied for
the case of Segre-Veronese varieties.

The study of Secant varieties of Veronese embedding allowed also to check Comon’s
conjecture under improved numerical bounds.

Keywords: secant defectiveness, weakly defectiveness, tangential weak defectiveness,
identifiability, tensor varieties
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Sintesi

Data una varieta proiettiva X < PV possiamo definire la varieta h—secante Secy,(X) <
PN come la chiusura nella topologia di Zariski di tutti i punti p € PV contenuti in uno
spazio lineare P"~1 h—secante rispetto a X. La varieta X si dice essere h—identificabile se
il punto generale p € Sec, (X)) puo essere espresso in modo univoco come una combinazione
lineare p = A\ip1 + -+ - + Appn con pi1,...,pp punti di X. Grazie al lemma di Terracini e
possibile riformulare il problema delle dimensioni secanti e dell’identificabilita nel contesto
della geometria birazionale. Cio si traduce nello studio della dimensione e delle singolarita
dei sistemi lineari della forma |Ox (1) ®Lp2 2 |, ovvero sistemi lineari di sezioni iperpiane
di X singolari in h punti generali.

Nell’area dell’analisi tensoriale queste nozioni sono legate alle proprieta della decompo-
sizione tensoriale. Per le applicazioni che vanno dalla biologia al Blind Signal Separation,
algoritmi di compressione dei dati e analisi di mixture models I'unicita delle decomposizioni
tensoriali consente di risolvere il problema una volta determinata la soluzione.

In questa tesi si studia la relazione tra difettivita e identificabilita. Viene mostrato come
collegare la geometria del luogo di contatto tangenziale al difetto secante, dimostrando che
sotto opportune condizioni numeriche la non h—difettivita implica la (h—1)—identificabilita,
dove h & strettamente minore del rango generico. Grazie a queste tecniche & possibile
migliorare i risultati di identificabilita nel caso di molte importanti varieta tensoriali quali
Veronese, Segre e Grassmanniane.

Nel caso dell’identificabilita generica invece, vengono studiate le singolarita del sistema
lineare tangenziale. Da questo, insieme alle classiche disuguaglianze di Noether-Fano, si
ottiene un nuovo risultato sull’identificabilita generica di molti tensori parzialmente sim-
metrici.

Successivamente viene studiata la difettivita per le varieta Flag, ovvero speciali varieta
tensoriali che parametrizzano particolari configurazioni di spazi vettoriali

OcVic---c VPV

Grazie ad un adattamento della tecnica di proiezione osculante dovuta ad Araujo, Massar-
enti e Rischter, si dimostrano nuovi risultati sulla difettivita secante e sull’identificabilita
di queste varieta.

Viene in seguito introdotta e studiata la nuova nozione di (h, s)—difettivita tangenziale
debole e applicata nel caso delle varieta di Segre-Veronese.

Infine lo studio delle varieta secanti nel caso delle varieta di Veronese ha permesso anche
di verificare la congettura di Comon in alcuni casi non noti precedentemente.

Parole Chiave: Difettivita secante, difettivita debole, difettivita tangenzialmente de-
bole, identificabilita, geometria tensoriale.
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Introduction

In the last twenty years Algebraic Geometry has played a crucial role in many applications
to the most revelant fields of sciences. Biology, Blind Signal Separation, data compression
algorithms, analysis of mixture models psycho-metrics, chemometrics, signal processing, nu-
merical linear algebra, computer vision, numerical analysis, neuroscience and graph analy-
sis, see for instance [DDL13a], [DDL13b], [DL15], [KADL11], [SB00], [KB09a], [CGLMO0S],
[LO15], [MR13]. The mathematical background that links all of these fields together is
Tensor Analysis.

In particular if X < PV is a projective variety parametrizing special type of tensors
(tensor varieties), where PV = P(I') for some submodule I' € V} ® --- ® Vi, a crucial
problem is to determine the dimension of the locus of tensors 7' € PV such that T can be
expressed as a limit of linear combinations of "simpler" tensors, i.e. the ones belonging to
the variety X.

More generally we can consider the h—secant variety Sec,(X) < PV attached to a
projective variety X < PV, i.e. the Zariski closure of the points z € PV lying in the linear
span of h points of X:

Sech(X) = {z € PN|z € (x1,...,ap) s.t. x1,..., 05 € X} PV

By a straightforward dimensional count the expected dimension of Sec, (X)) is
expdim(Secy, (X)) = min{h dim(X) + h — 1, N}

The actual dimension of Secy,(X) however can be smaller than the expected one, i.e.
dim(Secp, (X)) < expdim(Secy(X)): in this case we say that X is h—defective.

The classification of h—defective tensor varieties is far from being complete. The only
class completely classified is that of Veronese varieties, see [AH95]. For other types of tensor
varieties bounds on h such that X is not h—defective are given, see for instance [AB09],
[AB12], [AB13], [AOPQ9], [BBCI12], [BCC11], [BDDGO7], [LP13], [MR17],[AMR19] and
many others.

Thanks to [CC02l, Proposition 5.4] it is possible to control the h— secant defect studying
the h— tangential projection

T X —-» PM

where 7y, is the rational map associated to the linear system |O X(1)®Ix%,‘.ﬁ}2} |. In particular

if 7, is generically finite then X is not (h + 1)—defective. This result will be improved with
the technique of osculating projection, introduced in [MR17],|AMR19], see Chapter



10 CONTENTS

If X c P(Vi®---®V5) is a tensor variety another important question to ask is whenever
a given tensor T' € Secy(X) can be written uniquely as

T=MT1+---+NTp

where T7,...,T, are tensors in X. This leads to the notion of identifiability for a tensor
variety, and more generally for every variety X < PV. An element p of a projective space PV
is h-identifiable via a variety X if there is a unique way to write p as linear combination of
h elements of X. In the classical setting this very often translates into rationality problems
and it is linked to the existence of birational parameterizations.

An important notion is that of weak defectiveness, introduced by Chiantini and Ciliberto

in [CC02]: given a projective variety X < PV and z1,...,2;, general points of X we
can consider I',(H) as the union of irreducible components of Sing(H) passing through
x1,...,Tp, where H € |Ox(1) ®I$fw-@i| is a general hyperplane section singular at the

prescribed points. The variety X is said to be h—weakly defective if dim(I'y(H)) > 0, see
Section for a specific treatment.

Weak defectiveness has been connected to the study of identifiability problems, see for
instance [Mel06].

If a variety X is not h—weakly defective then it is h—identifiable. In general, however,
controlling the h—weak defectiveness property is quite hard, for this reason in [CO12]
the authors introduced the related notion of h—tangential weak defectiveness. Given a
projective variety X < PV and z1,..., ) general points of X we denote by I'j, the union
of the irreducible components of the singular locus of the scheme (T, X,...,T;, X) n X
passing through the points z1,...,z,. The variety X is said to be h—tangential weakly
defective is dim(I'y,) > 0, and I'j, is called the h—tangential contact locus, see Section[I.4] If
X is not h-tangential weakly defective then it is identifiable [CO12, Proposition 2.4]. Even
though the converse does not hold in general, the h-tangential contact locus of X gives the
right information on the number of decompositions of the general element of Secy,(X), in
fact the h-secant degree of X is equal to the h-secant degree of the h-tangential contact
locus of X [CC10].

A common problem in tensor analysis is to compute the rank of a tensor whenever it is
known a decomposition of it lying in a suitable tensor subvariety. In particular if 7' € (Y")
and h is the minimum such that

T=MT1+--4+ NI}
with Y © X a tensor subvariety and T; € Y, it could exist tensors T7,...,T: in X such that
T=BT] 4+ AT}

and s < h.

Comon’s conjecture [CGLMOS| states that A = s in the case where Y is a Veronese
variety and X is a Segre variety.

More precisely, Comon’s conjecture predicts that the rank of a homogeneous polynomial
F € k[zo,...,2n]q with respect to the Veronese variety V' is equal to its rank with respect
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to the Segre variety SV* = (P")? into which V" is diagonally embedded, that is
rankyr (F') = rankgyn (F)

Now, let Y, Z be tensor subvarieties of an irreducible projective tensor variety X <
P(Vi1 ® --- ® V4), spanning two linear subspaces PVY := (V) ,PN2 .= (Z) < PN, Fix
two tensors Ty € PV, T, € PV2, and consider a tensor T € (Ty,Tz). There exist h =
ranky (Ty) tensors T1,...,T), and s = ranky(7T) tensors T7, ..., T. such that

Ty =T+ -+ Ty,

and
Tz = aqTy + -+ +asT,

The line (Ty, Tyz) is indeed contained in the linear span {11, ..., Ty, T],...,T.) and so
rank x (T') < ranky (Ty') + rankz(7) (0.0.1)

Strassen’s conjecture predicts that the previous inequality is in fact an equality. Strassen’s
conjecture was originally stated for triple tensors and then generalized to a number of differ-
ent context. For instance, for homogeneous polynomials it says that if F' € k[xo,...,2,]q, G €
E[yo, - - .,Ym]q are homogeneous polynomials in distinct sets of variables then

rankvdn+m (' + G) = rankyn (F) + rankym (G)

In 2017 Shitov has exhibited examples of tensors T for which both Comon’s and
Strassen’s conjecture do not hold, see [Shil8] and [Shil7]. However in the given coun-
terexamples the rank of T is fairly bigger than its border rank. Comon’s and Strassen’s
conjecture for general tensors, i.e. tensors 1" for which rank(7") = rank(T), are still open.
Here with rank(T") we mean the border rank of T, i.e. the minimum A such that T' can be
written as a limit of tensors of rank h. See Chapter [I] for the discussion.

This thesis is organized as follows. In Chapter [I] we recall all the basic results we need
in the next chapters. We start introducing the main tensor varieties, i.e. Segre, Veronese,
Grassmannians and Segre-Veronese, with its related notion of flattenings. Next we move to
the construction of secant varieties, together with the notions of secant defectiveness, weak
defectiveness, tangential weak defectiveness and identifiability. Finally we recall the strat-
egy introduced in [MR17] which tackle the problem of secant defectiveness using osculating
spaces and projections. This technique was successfully applied to study the problem of
secant defectiveness for Grassmannians [MR17] and Segre-Veronese varieties [AMR19].

In Chapter [2, while surveying the state of the art on Comon’s and Strassen’s conjec-
tures, we push a bit forward standard techniques, based on catalecticant matrices and more
generally on flattenings, to extend some results on these conjectures, known in the setting
of Veronese and Segre varieties, for Segre-Veronese and Segre-Grassmannian varieties that
is to the context of mixed tensors.
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Next we introduce a method to improve a classical result on Comon’s conjecture. By
standard arguments involving catalecticant matrices it is not hard to prove that Comon’s
conjecture holds for the general polynomial in k[zo, ..., z,]q of symmetric rank h as soon as

h < ("Jrnlgj), see Proposition [2.2.2 We manage to improve this bound looking for equations
for the (h — 1)-secant variety Secy,_1(V}"), not coming from catalecticant matrices, that are
restrictions to the space of symmetric tensors of equations of the (h — 1)-secant variety
Secy,—1(SV"). We will do so by embedding the space of degree d polynomials into the
space of degree d + 1 polynomials by mapping F' to xzgF and then considering suitable
catalecticant matrices of xgF rather than those of F itself.

Implementing this method in Macaulay2 we are able to prove for instance that Comon’s
conjecture holds for the general cubic polynomial in n + 1 variables of rank h = n + 1 as
long as n < 30. Note that for cubics the usual flattenings work for h < n.

The main result of this Chapter is the following:

Theorem. Assume n > 2 and set h = (nJrnl%J)_ Then Comon’s conjecture holds for the
general degree d homogeneous polynomial in n + 1 variables of rank A in the following cases:

-d=3and 2 <n < 30
-d=5and 3 <n<S§;
-d=Tandn =4.

In Chapter [3] we develop an entirely new approach to study generic identifiability. Start-
ing from the seminal paper [CCI10], where the geometry of contact loci has been carefully
studied, and the improvement presented in [BBCT18|, we derive identifiability statements
for non secant defective varieties. Even if new this is not really surprising since weak de-
fectiveness and tangential weak defectiveness, thanks to the Terracini Lemma [1.2.5] have
secant defectiveness as a common ancestor. With this new approach we are able to trans-
late all the literature on defective varieties into identifiability statements, providing in many
cases sharp classification of h-identifiability.

The main result of this Chapter is the following theorem:

Theorem. Let X c PN be an irreducible, reduced, and non degenerate variety of dimension
n. Assume that:

a) X is k-twd,

b) X is not (k — 1)-twd

c) k>nand N >2(k+1)(n+1)—1.
Then 77,?&1 is of fiber type.

Thanks to this theorem we are able to classify completely the subgeneric identifiability
for Segre varieties that are product of P!’s:

Theorem. The Segre embedding of n copies of P!, with n > 5 is h-identifiable for any

271
h S n+lJ - L
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Recall that the generic rank of the Segre embedding of (P')" is [f—:l], therefore our
result shows generic identifiability of all sub-generic binary tensors, gbits in the quantum
computing dictionary, in the perfect case, that is when f—:l is an integer, and all but the
last one in general, as predicted by the conjecture posed in [BC13].

Finally we give many more applications of our results to several classes of tensor vari-
eties.

In Chapter [4] we move to the study of generic identifiability. In [Mel06] generic identifi-
ability of symmetric tensors has shown its close connection to modern birational projective
geometry and especially to the maximal singularities methods. In a series of papers, [Mel06]
[Mel09], [GM19], the generic identifiability problem for symmetric tensors has been com-
pletely solved.

In this chapter we extend this theory to arbitrary tensors. As for the symmetric case it
is expected that identifiability is very rare and our result support this convincement.

The main tool in [Mel06] was the use, after [CC02], of non weakly defective varieties to
study identifiability. Unfortunately it is very hard to determine the weak defectiveness of
general tensors. Thanks to the main result in [CM19| (see Chapter |3) for the generic iden-
tifiability we may assume without loss of generality the non tangential weakly defectiveness
under mild numerical assumptions.

Tangential weak defectiveness does not behave as weak defectiveness with respect to
the maximal singularities method. Therefore we have to develop tools to plug in maximal
singularities methods for non tangentially weakly defective varieties.

Let us denote with #(h) the linear system |Ox(1) ®Ix§,...,xi|v where x1,...,x), are
general points of X.

The main technical result of this Chapter is the following:

Theorem. Let X € PV be a projective irreducible,reduced and non-degenerate variety of
general rank g. Let {x1,...,24_1} be general points on X and H = H(g — 1). Assume that:

- X is perfect and non defective
- X isnot (g — 1)-twd

Then there is a variety Y and a birational map v : Y — X with the following property: for
any € > 0 there is a Q-divisor D, with D = v, 'H such that for any point y € Y’

multy, D <1 +e.

Thanks to the implementation of the so called Noether-Fano inequalities [Cor95] we
were able to prove the non generic identifiability for many partially symmetric tensors:

Theorem. Fix two multiindexes n = (n1,...,n,) and d = (di,...,d;). Let X = SV} the
corresponding Segre-Veronese variety. Assume that d; >n; + 1, fori=1,...,r, and

110
[W] > 2(2 n;).

Then X is not generically identifiable.
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In Chapter 5| we investigate secant defectiveness of flag varieties applying the machinery
introduced in [MR17]. We would like to stress that its application to flag varieties involves
much more difficult computations compared with the case of the Grassmannians, this is
particularly reflected in Section where we introduce submersions of flag varieties into
product of Grassmannians in order to study the relation among their higher osculating
spaces.

Furthermore, our results on secant defectiveness, combined with a recent result in
[CM19] (content of Chapter [3), allow us to produce a bound for identifiability of flag
varieties. Our main result can be summarized as follows:

Theorem. Consider a flag variety F(kq,. .., ky;n). Assume that n > 2k;+1 for some index
j and let I be the maximum among these j. Then, for

)

1 oga(S kD)
h <
(kﬁl + 1)

F(k1,...,kr;n) is not (h + 1)-defective. Furthermore, if for such h we have
h > 2dim(F(kq,...,k;n)
then the general point of the h-secant variety of F(ky,...,k.;n) is h-identifiable.

Finally in Chapter [6] we approach the problem of weak defectiveness using degener-
ations of tangent linear spaces to osculating linear spaces, and we apply this method to
Segre-Veronese varieties. Furthermore, we introduce the concept of (h, s)-tangential weak
defectiveness, where h, s are positive integers. A variety X c PV is (h, s)-tangential weakly
defective if a general linear subspace of dimension s, which is tangent to X at h general
points pi1,...,pn € X, is tangent to X along a positive dimensional subvariety of X con-
taining at least one of the p;. In particular, when s = dim(7},, X, ..., T}, X) we recover the
notion of h-tangential weak defectiveness while for s = N — 1 we get the notion of h-weak
defectiveness. We also classify the 1-weakly defective Segre-Veronese varieties. Our main
result in this direction is the following;:

Theorem. If h < (nl—i—l)llof-’?2(d)J then the Segre-Veronese variety SV ;' PY is not h-weakly
defective. Furthermore, SV is 1-weakly defective if and only if d, = 1 and n, > 2:11 ;.
Moreover, if n = (1,n) and d = (c, 1) then SV is not (1, s)-tangential weakly defective
if and only if s < ¢(n + 1).
Lastly, if n, > Z;:ll n; and s < [[i_, ("id’) - N, Z:;l ni, then SV is not (1,s)-
tangential weakly defective.
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Chapter 1

Preliminaries

In this chapter we introduce all the tools we need in the rest of the thesis. We start with
the construction of tensor spaces together with the notion of flattening in section Next
we review the notion of secant variety in section [1.2] weak defectiveness in section [1.3
tangentially weak defectiveness and identifiability in section In the last section we
introduce the technique of osculating projections, which will be central for Chapter [5] and
Chapter [6] Finally we give some examples for our constructions, in order to make clearer
for the reader the computations we will see in the next chapters.
Throughout the thesis we will always work over the field of complex numbers C.

1.1 Tensor Spaces

Tensor product of vector spaces is a central construction in both abstract and applied
algebraic geometry. Our attention will be focused on some special variety natural embedded
in tensor spaces, parametrizing special type of tensors. For a complete treatment we invite
the reader to look at [Lanl2].

Let V1,..., Vs be complex vector spaces with dim(V;) = a; + 1. We denote with

Viel®: - ®Vs

the tensor product of Vi,...,V,. Let {e?}jzlw,@iH be a choice of a basis for every vector
space V;. Then every vector T € V1 ® - - - ® V; can be expressed uniquely as

_ . ool L. s
T = Z Qjy,..js €5 @ - @€

If s = 2 let us fix {e;}i—1,..s and {f;};=1,. s bases of Vi and V5 respectively. Then an
element T' € V3 ® V5 with
T= EGi,jei ® f;

can be viewed in three ways:

1) As a linear map T : V* — Vj given by

T(elt) = ak,lfl +-o 4+ ak,sgfsz



16 CHAPTER 1. PRELIMINARIES

2) As a linear map T : V5" — V; given by
T(fy) = a1ker + - + as, kes,
3) As a bilinear map 7' : V* ® V¥ — C given by
T(ef ® fi) = any

Under the identification of T" with a s; x s9 array of numbers the three maps as above
corresponds to the three possible slices of the array. More generally for every susbet A ¢
{1,...,s} we can view the tensor

— ) ol e s
T= Zajlz---v]sejl ® ® ejs

as a linear map
T: VX i VAC

with Vi =V, ® ---®V;, where A = {iy,... i} < {1,...,s}.

Definition 1.1.1. The linear map T : Vi — Vye associated to the tensor T is called an
(A, A%)—flattening of T

A tensor T € V1 ®---® V5 is said to be a rank-1 tensor if there exist v1 € V4, ..., v, € Vg
vectors such that T' = v ® - - - & vs.

Definition 1.1.2. The rank of the tensor T is the minimal r = rank(7") = R(T) such that
there exists an expression

T
T=Zajvi®---®vg

j=1
with {vg}jzlw,r c V; and q; € C.

Definition 1.1.3. The border rank of the tensor 7" is the minimal r = rank(7) = R(T)
such that T can be written as a limit of tensors of rank » but not as a limit of tensors of
rank s with s < r.

1.1.3 Segre Varieties

Let P* = IP(V;) be the projective space of lines in V; and consider the variety
X =P" x ... x P%

If we denote with
m  PM ox .. x P — P%

the natural projection on the i—th factor we have that the linear system

|Opar sxepas (1)] 1= |75 (Opar (1) @ - - - ® 7% (Opas (1))
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is very ample and Opai ... xpas (1)pe; = Opai (1). The associated map
Plox ) B x P — pre+ht

is called the Segre embedding. We will use the notation y((fll)as) = Yoy (1) and we call

the image

SV = B < B C B(A @ @ V)

a Segre variety. It is straightforward to see that

loxvil, - [vs]) = [v1 @ -+ @ ]

and so the Segre variety parametrizes rank—1 tensors up to scalar equivalence.
The rank and the border rank can be different for a particular tensor. Let us show an
example of a tensor 1" for which R(T) > R(T).

Example 1.1.4. Let Vi = Vo = C? and V3 = C3, with (a1, as), (b1, b2), (c1, c2, c3) basis of
V1, Vo and V3 respectively. Consider the Segre variety X = P! x P! x P2 ¢ P!2 parametrizing
rank 1 tensors in C2 ® C2 ® C3. Consider the tensor

T=010901®@c1+a1 Q1 @ca+a1Qba®@c1 +a2@b1 @cy

It can be proved that R(T") = 3 but R(T") = 2. In fact T can be seen as a limit of tensors
of rank 2. Indeed let

T(e) =(e—1)a1 ®b1 ®c1 + (a1 + €az) ® (b1 + €b2) ® (c1 + €c2)

and note that

T = lim T
e—0 €
1.1.4 Veronese Varieties
Let us now consider the case where V =V} = ... =V, with dim(V) = n + 1, and denote

with
V=V ® RV
—

d—times

Let S =S4 be the symmetric group on d elements. Consider the map:
TSym : y®d _, y&d

given on rank 1 tensors as

1
Toym(V1 @ - ®vg) = a Z Vg (1) @+ @ Vg (q)

o€eS

Definition 1.1.5. A tensor
T e Sym?(V) := {X € V®ngym(X) = X}

is called a symmetric tensor.
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Let
P(V)cP(V) x--- x P(V)

be the natural diagonal inclusion given by associating to a point [v] € P(V') the point
([o],...., [o]) € B(V) x - x B(V)
If we restrict the Segre embedding

V((i’.'.'.;’g) : ]ED(V) X oeee X IP’(VZ — P(V®d)

~
d—times

to P(V') we have an embedding
va = vy : P(V) = P(Sym*(V))
called the d—th Veronese embedding of P(V'). The variety
Vit = va(B(V)) < P(Sym?(V))
is called a Veronese variety.

Remark 1.1.6. Note that elements F' € Sym?(V*) can be identified with homogeneous
polynomials on V. Under this identification the Veronese embedding

vy : P(V*) — P(Sym?(V*))

is the map that associates to every linear form [L] its d—th power [L9]. In particular vy =
P05y (d)] and V parametrizes homogeneous form F € C[zq, ..., 2] such that F = L%

Given a symmetric tensor F' € Sym?(V) for any k¥ < d we can restrict the (k,d —
k)—flattening
B (vt S ek

to the subspace Sym*(V)* < (V*)®* to obtain a symmetric flattening
F : Sym*(V)* - Sym® *(V)

Definition 1.1.7. The matrix Agf’d_k) = Cat%ﬁ’d_k) representing the (k,d — k) symmetric
flattening F is called the (k,d — k)—catalecticant matrix of F.

It is straightforward to see that the colums of Agf’dfk) are the coefficients of the partial

derivatives of order k of F.

Definition 1.1.8. The symmetric rank of a symmetric tensor F' € Sym?(V) is the minimum
r = stk(F') = sR(F) such that there exists an expression

F = ZT:L?
j=1

with L? symmetric rank 1 tensors. The definition of symmetric border rank sR(F') = srk(F')
is analogous to the previous case for general tensors.
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1.1.8 Grassmannian Varieties

Consider as before the case where V. =V; = --- =V, with dim(V) = n + 1.
Consider the map:
A ek, Yok

given on rank 1 tensors as
1
AL ® - Qug) = Tl Z 591(0) V(1) @+ + * @ Vg(r)
’ €S}

Definition 1.1.9. A tensor

k
Te \(V) = {XeV®rp(X) = X}
is called an alternate (or antisymmetric, skew symmetric) tensor.

Let G(k,n) be the Grassmannian parametrizing k—linear spaces of P". Any point
[T1] € G(k,n) represents a unique linear space P* < P".

Given a point [II] € G(k,n) we can choose a basis {v; ...,v;11} of IT and construct the
(n+1) x (k + 1) matrix Ay where

A =
Vk+1

Since dim(IT) = &k we have that not all the determinants of the (k + 1) —minors of Ay vanish
simultaneously. Finally note that the determinants of the (k + 1)—minors are exactly the

coordinates of the vector
k+1

’Ul/\"'/\’Uk.ﬁ,.lE/\(V)

A different choice of a basis {wy, ..., w1} for IT yields
Wy A AWy = det(M)(vp Ao A Vgt1)

with M € GL(k + 1) the matrix of change of basis. Thus we have a well defined map

k+1
i Gk,n) > B(/\(V))
pr{vt, . vp}) = [vr Ao A vga]

It can be proved that p} is in fact an embedding, called the Pliicker embedding of G(k,n).

The variety G(k,n) < P(A*' V) naturally parametrizes skew symmetric tensors T €
A1V such that
T=v1 ZANMAREVANN V) PN |

with v; e V.
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Definition 1.1.10. The skew symmetric rank r = skrk(7") of a skew symmetric tensor T
is the minimum integer r such that there exists an expression

.
_ Jo.o. J
T—Zvl/\ AV

j=1

with vzj € V. The definition of the skew symmetric border rank skrk(7") is analogous to the
case of general tensors.

As for the case of symmetric tensor given T'e A" (V) we can consider the (i,k + 1 —
i)—skew flattening given by

1.1.10 Mixed Tensors

We can mix the construction of Segre embedding with the Veronese embedding and the
Pliicker embedding in order to have a more general notion of Segre-Veronese embedding
and Segre-Pliicker embedding.

Given a multiindex n = (n1,...,ns) consider the vector spaces Vi,..., Vs such that
dim(V;) = n; + 1. Consider moreover the degree multiindex d = (dy, ..., ds).

The Segre-Veronese embedding of P(V;) x --- x P(Vy) with degree (dy,...,ds) is the
map:

v = v B(VE) x o x B(Va) - B(Sym® (Vi) @ - @ Sym (VL))
vi(([ils - [os]) = '] © - © [vd]
Note that the Segre-Veronese embedding is the map associated with the linear system
Or(vi)x-ex(v) (1 -y ds)| = |71 (Oper (d1)) @ - - - @ 5 (Opas (ds) )|

We can generalize the notion of flattening for the case of Segre-Veronese varieties. Given
a tensor T' € Sym? (V1) ® --- ® Sym? (V) we can consider the (A, B)—mixed symmetric
flattening

T: Sym™ (V*) ©--- @ Sym™ (V) — Sym" (V1) ® - - - ® Sym" (V)

with A = {a;,...,as} and B = {by,...,bs}, such that d; = a; + b;, induced by the natural
inclusion

Sym®(V;) ® Symbi(Vi) c Y®d

Similarly given vector spaces Vi,..., Vs with dim(V;) = n; + 1 and multiindices k =
(ki,...,ks) n = (n1,...,ns) such that k; + 1 < n; + 1 we can consider the Segre-Pliicker
embedding:

k;1+1 ks+1
pp : G(k1,ny) x - XG(]CS,TLS)—)]P)(/\ Vi® ® /\ V,)
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PZ({U}}jskﬁlv S {U}S'}jsksﬂ) = ([U% At A Ulilﬂ]a s [Ui AT Ulfzsﬂ])

where {v{,...,v} .} is a choice of a basis for the k —linear space [II;] € G(k;, n;).
Finally for a tensor T € A" ™ (V1) ®---@ A" "1 (V,) we can consider the (4, B)—mixed
skew flattening

/\V1® ®/\ /\V1® ®/\

with A = {a1,...,as} and B = {by, ..., bs} such that a; + b; = k; + 1 induced by the natural

inclusion
Ame Aw e ve

1.1.10 Flattenings and Border rank

Flattenings are a useful tool to find equations for tensors of a given border rank. Let
us start recalling the following theorem:

Theorem 1.1.11. Let T € V1®---®Vs. Then R(T) equals the number of rank one matrices
needed to span a space containing T'(Vax) < Vye for every (A, A®)—flattening of T

Proof. See [Lanl2, Theorem 3.1.1.1]. O
The same result holds if we take
« T e Sym?(V) with its corresponding (k,d — k)—flattening.
e Te A"V with its corresponding (i, k + 1 — i)—flattening.

e TeSym“ (V) ®---®Sym®(V,) with its corresponding (A, B)—mixed symmetric flat-
tening.

e Te A" Vi®---@ A"V, with its corresponding (A, B)—mixed skew flattening.

Theorem shows that whenever a tensor T' € V1 ®- - -®V; has rank R(T') = r then
the rank of every (A, A°)—flattening T as a linear map is less or equal to r. Since the locus
of linear maps between two vector spaces with rank less or equal to a given rank r is closed,
we see that whenever the border rank R(T) is equal to r then every flattening 7" has rank
less or equal to r.

Let T € V;®- - -@Vj be a tensor, with V; = Sym% (V) or V; = /\]‘“Jrl V at the occurence.

Definition 1.1.12. The variety

Grvig-av. ={TeEVI® - QVR(T)=r}cVi®---QVs

is called the r—border rank variety.
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When there is no ambiguity we will write &, for 6;.v,g..@v,. As we will see in the next
section the variety &, is an algebraic variety. We can thus test the membership T" € &, using
polynomials. More precisely, if a polynomial vanishes on all tensors 1" of rank r then it will
also vanish on a tensor that is a limit of tensors of rank r, i.e. a tensor of border rank r.

Let us now consider the sub-space variety

Suby, . 5. (V1@ ®@Vs) = {T eV ®-- ®Vs|dim(T(V;*)) < b;, V1 <i < s}
Thanks to theorem [I.1.11] we have that
or C SubT(Vl X Vs) = SUbr,...,r(vl ®-® Vs)

and so polynomials in the ideal of Sub,(V1 ® - - - ® V5) furnish tests for membership in 4.
Since )
T:Vi->Vi®@ Ve -V
is a linear map, imposing the condition dim(7'(V;*)) < r is equivalent to impose rank(A(T)) <
r where A(T) is the matrix representing the flattening 7" in a fixed basis. The entries
A(T);jeSym'(Vi®@-- Q@ Vy)*
are linear polynomials in the coordinates of T' and so the (r + 1) x (r 4+ 1)—minors of A(T)
give for every 1 < ¢ < s a vector space of polynomials
r+1 r+1 r+1 r+1
AV A\NVi®. Vi@V V) = Avre AV
vanishing in &, for every 1 < i < s. In particular these are equations for &, with homoge-
neous degree (r + 1) in Sym4(V; ® --- ® V,)*.
This construction can easily be generalized to arbitrary (A, A°)—flattening:

the module
r+1 r+1

AVIi® AVicsm™ (Vi®- V)’
furnish equations for 6,. These equations are called equations of flattenings.
Example 1.1.13. Let V; = C? and V5 = C*, with 09,3 c4 the variety parametrizing tensors
T € C3® C* with border rank 2. There is only one possible non trivial partition ({1}, {2})
of {1,2}. Consider the ({1}, {2})—flattening
T:(C3H* - C?
If
T= > ae®f

1<i<3,1<j<4
then the matrix representing T is
ai1 a2 41,3 414
A(T) = laz1 az2 23 G24
az1 a32 G33 434

Considering the determinant of the 3 x 3 minors of A(T) gives 4 equations F, Fy, F3, Fy of
degree 3 for &9 c3c-
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Remark. Note that equations of flattenings, as we will see in the next section, in general
do not generate the ideal of 6,. Moreover if r > max{dim(V4)|A < {1,...,s}} then there
are no equations for 6, coming from flattenings.

The same construction work for symmetric tensors, skew tensors and mixed tensors.
For the reader convenience we briefly explain the construction in the symmetric case.
For every symmetric tensor F € Sym?(V) and for every unordered partition (k,d — k)
of d consider the symmetric flattening
F: Sym*(V)* - Sym?*(V)
Viewing F as a tensor in Sym*(V) ® Sym?=*(V) we have that if
d d
F=ax{+ -+
with x; € V then
F = :L‘]f ®$§l7k ®--- ®xf ®mf_k
Now by Theorem [1.1.11] we have that the module
r+1 r+1

AGym*(V)*® A(Sym? #(V)*) < Sym"(Sym?(v))*

gives equations for &, Symd(V)-
Such equations are called symmetric flattenings and corresponds to minors of catalecti-
cant matrices.

1.2 Secant varieties

The notion of Secant variety is quite classical in algebraic geometry. Here we review
the definition and the main properties that are useful for the results stated in the thesis.
For a more complete treatment see for instance [Rusl6, Chapter 1].

Let X < PV be an irreducible, reduced non degenerate projective variety of dimension
dim(X) = n. Let k > 1 be a positive integer and let

(seck(X))? := {((z1, ..., x1), 2)|z € (o1, ..., xp), dim((xy, . .., 2p)) = k—1} € (X x---x X)xPN
Definition 1.2.1. The abstract k—secant variety of X is the Zariski closure
seci(X) = (secr(X))0 < (X x -+ x X) x PN

The closed set secy(X) has a natural structure of P*~!—bundle over the open dense
subset (X x --- x X)\Ax of X*. Thus secy(X) is irreducible of dimension dim(secy(X)) =
k(dim(X) + 1) — 1. Consider the two canonical projections of secy(X) over the factors X*
and PV,

secp(X) 2PN

|

Xk
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Definition 1.2.2. The k—secant variety Seci(X) is the scheme-theoretic image of secy(X)
in PV, i.e. Secy(X) = ma(seck(X)).

It is straightforward from the definition to see that

Secp(X) = U (x1,...,xp) < PN
z;€X,dim({z1,...,xr))=k—1

is the Zariski closure of the union of all k—secant linear space to X in PV. It is an irreducible
projective variety of dimension dim(Secy(X)) < min{N,k(dim(X) + 1) — 1}. The value
min{N, k(dim(X) + 1) — 1} is called the expected dimension and it is often denoted with
expdim (Secy(X)).

Definition 1.2.3. X is said to be k—secant defective if dim(Secy (X)) < expdim(Secy(X)).
The k—defect of X is §;(X) with 0x(X) = expdim(Sec (X)) — dim(Seci(X)).

If Seci (X) € PV then X is not k—defective if the projection map m = 7% : sec(X) —
PV is generically finite.

We now review the construction of the secant varieties from another perspective, which
nevertheless produces an equivalent definition of Secy(X). This alternative point of view
will be useful in Chapter

Let G(k — 1, N) be the Grassmannian parametrizing (k — 1)—linear spaces in PV. Let

I'v(X) < X* x G(k—1,N)
be the closure of the rational map
a:XF -5 G(k—1,N)
a((z1,...,zr)) = [z1, ..., 28]
Let Si(X) be the projection of I'y(X) into G(k — 1, N) and let
T = {(z,[]))|]z € T} < PV x G(k — 1, N)

Observe that since Zj with the canonical projection 9y, : Z, = G(k — 1, N) has a structure
of P¥~!—bundle over G(k — 1, N), it is irreducible.

Definition 1.2.4. The k—secant variety Seci(X) is the scheme theoretic image Secy(X) =
76 ((Yr) H(SK(X))), where 71 : T, — PV is the canonical projection.

In general computing explicitely dim(Seci (X)) is a hard task. The idea is that Secy(X)
is strictly related to the embedding of X in PV, so we expect that we can relate the extrinsic
geometry of X to the study of Seci(X). The first and the main result in this direction is
the celebrated Terracini’s Lemma:

Theorem 1.2.5 (Terracini’s Lemma). Let X < PV be an irreducible, smooth and reduced
projective variety. Then:
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- For every x1,...,xp € X and for every z € {x1,...,Tk),

(Ty, X, ..., Ty, X) < T,Seci(X)

- There exists an open subset U < X* such that
Ty, X,..., Ty, X) = T.Secr(X)
for every (x1,...,xr) € U and general z € {x1,...,Tk).

Let us briefly recall the notion of linear projection. Let L < PV be a linear space with
dim(L) = [ and let M < PV another linear space with dim(M) = N — 1 — 1 such that
Ln M= and (L, M) =PN. The linear projection

s X --» PN==1 = g

is the rational map defined in the open set X\(L n X) by nr(z) =< L,z > nM.

The first application of Terracini’s Lemma that we use is the so called Trisecant Lemma
(see [Rusl6l Proposition 1.3.3] for the proof).

Proposition 1.2.6 (Trisecant Lemma). Let X < PN be a non degenerate, irreducible
projective variety with codim(X) > k. Then a general (k+1)—secant L = P¥ = (xq, ..., x1)
is not (k + 2)—secant, i.e. L n X = {xo,...,zr} scheme theoretically.

Taking L = (T,,,..., Ty, ) we can consider the projection 75, : X --» PVt where
Ni =N —dim((T,,,..., Ty, )) —1

By Theorem for a general choice of z1,...,x we have N = dim(Secg(X)). The
rational map 7 is called a general k—tangential projection.

It turns out that 7, encodes many informations about the dimension of Secy(X). We
have the following:

Proposition 1.2.7. [CC0O2, Proposition 3.5] Let X < PN be an irreducible, non degenerate
projective variety. Assume that s = dim((Ty,,..., Ty, )) < N —n —1 where n = dim(X).
If Xp = (X)) < PN=571 then dim(Xy) = n — S (X).

We give an example of an application of the previous proposition for the case of defec-
tiveness of quadratic Veronese varieties:

Example 1.2.8. Let v} : P* — PNn be the 2-Veronese embedding of P", with N, =
3(n+2)(n+1)—1, and V3 = v (P") the corresponding Veronese variety. Fix py,...,ps € V3!
general points with A < n — 1. Then, the linear system of hyperplanes in PN» containing
(Tp, V3, ..., Ty, V3" corresponds to the linear system of quadrics in P whose vertex contains
A =8 (), ..., 87 (pr)). Therefore, we have the following commutative diagram
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n
Vo

P" Vot © PNn
! !
! \
! \
TA | ‘TX,h
| I
\i n—h \
pr—h 2 VQH*h — PNn-n

where, 7, is the projection of P" from A. Since dim(7;'(p)) = h — 1 for a general point
p € P"~" we conclude that Tx,n, has positive relative dimension, then by Proposition
V3t is h-defective for h < n.

This result enable us to control the defectiveness of X looking carefully at its general
tangential projection. Indeed we have the following:

Corollary 1.2.9. The general tangential projection 1y is generically finite if and only if X
is not (k + 1)—defective.

1.2.9 Secant varieties for tensor spaces

Let X = Sv(ga.l.i”ﬂ%) =P x...xP*» c P(V1®---®Vs) be the Segre variety parametriz-

ing rank one tensors, i.e. tensors of the form
N - Qus eV QVs

By definition a tensor T with R(T) = r is such that T € {x1,..., 2,y with z1,...,z, € X.
It is now straightforward from [1.1.10] that the following characterization holds

Secr(X) = &T’,V1®"~®Vs

Similarly if we consider X = V' < P(Symd V') the d—th Veronese embedding of V' we
have that
Secy (X) = 6, gymd v

Question. What is the expected dimension for Sec,(X) where X is either the Segre,
Veronese, Grassmannian or a Segre-Veronese variety?

A tensor T' € X with R(T) = r is expected to depends on
rdim(X)+r—1
parameters, i.e.:
o If X =P x ... x P% then expdim(Sec,(X)) = 7(Q1<jcs @) + 17— 1.

o If X = V7 with dim(V) = n + 1 then expdim(Sec, (X)) = r(n + 1) — 1.
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o If X = G(k,n) then expdim(Sec, (X)) =r((n —k)(k+1) + 1) — 1.
o If X = SV;ﬁ?’;’dﬁlS) then expdim(Sec, (X)) = r(Q i< i) +7 — L.

Furthermore for a tensor variety we can give a definition of typical rank (general rank):

Definition 1.2.10. Given a tensor variety X < P(V; ®---® V;) we say that X has typical
rank r if the set of tensors 7' € (X) ¢ P(V1 ® --- ® V5) with rankx(7) = r (rank with
respect to the variety X) has positive measure.

The main drawback with flattenings is that they give equations for Sec,(X) only up to
a certain value of r, which in general is less than the typical rank.

Example 1.2.11. Let X = P! x P2 x P2 x P2 c P be the Segre variety with 4 factors.
We have that expdim(Secg(X)) = 47 < 54 and so we expect many equations vanishing
on Secy(X). However for any choice of a (A, A°)—flattening of T' € P5* we have that the
induced linear map

T : (CA)* — CcA°

has rank at most 6 and so there are no equations for Secs(X) coming from minors of
flattenings.

The problem of finding the dimension of the secant varieties for tensor spaces is far from
being solved, even if many results in these directions are proved, see for instance [AB09),
[AB12], [AB13], [AOPQ9], [BBCI12], [BCC11], [BDDGO7], [LP13], [MR17],[AMR19] and
many others..

The only complete classification is given for Veronese varieties V'

n+d
Theorem 1.2.12. [AH9)] Let V' = v} (P") c ]P( e the Veronese variety of degree d
and dimension n. Then Sec,(V]') has the expected dimension for all triples (d,n, k) except

for:

e d=22<h<n

) d:4,n=4,h=14

As we will see in the next chapter we must consider a slightly different realizations of
flattenings in order to ensure new equations for the secant varieties.
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1.3 Weak defectiveness

In this section we introduce the notion of weakly defective varieties and we study their
main properties. For a complete treatment see [CC02].

Given X < PV a irreducible, reduced projective variety by Theorem for a general
choice of x1,...,zr € X and z € (x1,...,x ) we have

dim(Secy (X)) = dim((Ty,, . .., Tay))

Let H € |Opn(1) ®I<Trc1w~7ka>| be a hyperplane in PV containing T.Secy(X). Then the
subscheme H n X < X is singular at x1, ..., 2. Conversely if x1,...,x; are general points
on X, with X linearly normal, then a hyperplane divisor H € |Ox(1) ®Ix§,...,xi| is the

restriction of an hyperplane H c PV such that H o (Tgy, ..., Ty, ). With this identification
in mind given H € |Ox(1) ®Iw§,--.,xi| as above we set

Fk(H) = le,...,zk (H)

the union of the irreducible components of Sing(H ) passing through the points x1, ..., xk.
The subvariety I'y(H) is called the contact locus of H. By monodromy if I'y(H);  T'x(H)
is an irreducible component containing the point z; then dim(I'y(H);) is constant for every
1 <@ < k. So it makes sense to define vi(X) := dim(I'y(H)) for a general H.

Definition 1.3.1. The variety X is called k—weakly defective if for general points z1, ...,z
and general H € |OX(1)®Iz§,.~.,wi| the contact locus is positive dimensional, i.e. vix(X) > 0.

Finally we set
h(Cx(H)) = N — dim(|Opn (1) ® T, (1))

i.e. h(I'x(H)) is the number of conditions that I'y(H) imposes to a general hyperplane in
order to be contained in it. We have the following theorem due to Terracini:

Theorem 1.3.2. [CC0OZ, Theorem 1.1] Let X < PN be an irreducible, reduced non degen-
erate projective variety. If x1,...,x € X are general and if H € |Opn (1) ®I<Tm1,m,ka>| is
a general hyperplane section singular in x1,. ..,z with contact locus T'(H) then

In particular if X is k—defective then it is also k—weakly defective.

In general the converse of Theorem is false: there are varieties which are k—weakly
defective but not k—defective.

Example 1.3.3. The Segre varieties X = P! x P" < P2»*D~1 embedded with Ox (1) are
1—weakly defective but not 1—defective for n > 2. Let [xo : 1] and [yo : -+ - : yn] be the
homogeneous coordinates of P! and P" respectively. Let Z;j = x;y; be the homogeneous
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coordinates of P2"+* 1)1 where 0 < i < 1 and 0 < j < n. In the open affine U ¢ P! x P"
defined by xg # 0,yo # 0 the Segre embedding is

o Cn+1 N CQ(n—&-l)—l

Sp(xlaylv e 7yn) = (y17 <oy Yn, L1, T1Y1, - - .,.fClyn)

Evaluating the Jacobian matrix of ¢ at the origin yields that Tpy.0),[1:0..-:0] (P! x P") is the

projective completion of the vector subspace of C2n+D)-1 ghanned by e1,...,ept1. Thus a
general hyperplane H containing T[y.0 [1:0...:0] (P! x P") is of the form

a1Ziyi 4t anZia, =0
Now the hyperplane section H n (P! x P") is the locus of points (z1,y1,...,¥n) such that
Q1YL + 0+ apiyn =0

Since z; is a common factor we see that in U the divisor H n (P! x P") is the union of two
hyperplanes passing through the origin. This proves that I'(H) is a codimension 2 linear
subspace.

In general I'y(H) < Sing(H), i.e. for a general H € |Ox (1) ®Ix§,...7a:i| we could have
an irreducible component A(H) < Sing(H) such that z1,...,xp ¢ A(H).
However if dim(I'y(H)) = 0 then A(H) = . In fact we have the following:

Theorem 1.3.4. [CC02, Theorem 1.4] Let X < PN be an drreducible, reduced non-
degenerate projective variety. Then the following properties hold:

- If X is k—weakly defective then the gemeral point of every irreducible component of
T'w(H) is a double point for a general H.

- If X is not k—weakly defective and H 1is general then I'y(H) = {z1,...,xr} scheme
theoretically. Moreover A(H) = & and x4, ...,z are ordinary double points.

Let now X < PV be a smooth projective variety together with a family of Cartier divisors
{Hy}yey parametrized by the reduced, irreducible variety Y. We have the following:

Theorem 1.3.5 (Infinitesimal Bertini’s Theorem). Let y € Y be a general point and S =
Sy = Sing(Hy). Let v € T,)Y be a tangent vector with the corresponding section s €
H(H, Nuix) given by the first order deformation o determined by v. Then S < Z(s) with
Z(s) the zero subscheme of the section s.

Proof. See [CC02, Theorem 2.2]. O

Theorem enable us to describe explicitly the infinitesimal deformations of singular
divisors H, < X whenever Y is contained in a suitable linear system.

Corollary 1.3.6. If Y < |H| is contained in a linear system then T,Y < |H ®Zs,| for a
general ye Y.
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1.4 Tangential weak defectiveness and Identifiability

In this section we introduce the notions of tangentially weakly defective varieties and
identifiability. In general verifying when a variety is k—weakly defective is quite hard. To
overcome this problem in [CO12] the authors introduce the notion of tangentially weakly
defective variety. Let X PV be an irreducible, reduced non-degenerate projective variety.
For a subset of general points A = {z1,...,x} we set

My = (Tp, X,..., Ty X)

The k—tangential contact locus I'y(A) is the closure in X of the union of all the irre-
ducible components which contain at least one point of A, of the locus of point in X where
M4 is tangent to X. Sometimes, where the set A is assumed, we will write simply Ty, for

Tx(A).

Definition 1.4.1. The variety X is said to be k—tangentially weakly defective if for a
general A = {z1,...,z;} we have v, (X) := dim(I'x(A4)) > 0.

As for the case of weakly defectiveness it makes sense to define ~;(X) because by
monodromy the dimension of the irreducible component fo I'y(A) passing through x; is
independent of the point.

Miming what we did for the case of tensors we give a more general notion of identifiability
and we relate it to weakly defectiveness and tangential weak defectiveness. Let us introduce
first the notion of rank of a point p € PN with respect to a variety X. First let X(*) be the
k—symmetric product of X with U, ,5( c X®) the locus parametrizing distinct points.

Definition 1.4.2. Let X < PV be a non-degenerate subvariety. We say that a point p € PV
has rank h with respect to X if p € () for some z € U;X and p ¢ (z') for every 2’ € U;} with
h' < h.

Remark 1.4.3. Note that in the case where X < PN = P(Vi®---®Vs) is a tensor variety
the definition agree with the previous notion of tensor rank.

Definition 1.4.4. A point p € PV is h—identifiable with respect to X if ranky (p) = h and
(7%)~1(p) is a single point. The variety is said to be h—identifiable if the map

i s secp(X) — Secy (X)
is birational.

In the next proposition we resume the relations between the four properties we intro-
duced, namely secant defectiveness, weakly defectiveness, tangential weak defectiveness and
identifiability.

Proposition 1.4.5. Let X < PV be an irreducible, reduced non-degenerate projective va-
riety.
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1) If X is h—defective then it is h—weakly defective.

2) If X is h—defective then it is h—tangentially weakly defective.

3) If X is h—tangentially weakly defective then it is h—weakly defective.
4) If X is not h—tangentially weakly defective then it is h—identifiable.
Proof. 1) Is straightforward from Theorem [1.3.4]

2) If X is h—defective by Proposition the general tangential projection
Th = TM, X ——* PNe

is not generically finite. By [CC10, Remark 3.6] the general fiber of 7, is contained in
I'n(A) yielding v4(X) > 0.

3) If Y € M4 n X is an irreducible component of I';,(A) passing through x; then for every
H e |0x(1) ®Ix§,...,xi| we have Y < I'y (H);.

4) Let z € {x1,...,x) be a general point in Secy(X). By [CO12, Proposition 3.9] we
have that T'y,(A) = x1,...,x, scheme theoretically. If X is not h—identifiable then
z€{y1,...,yxy with say y; # x; for any i. Then by Terracini’s Lemma

Ty X © Ty, X, ..., Ty, XD

and so y1 € I'y(A), contradiction.
O

Note that all the implications of the previous proposition are sharp. In the previous
section we saw an example of a variety that is weakly defective but not defective, namely
the Segre variety P! x P" ¢ P2(»+1)=1 et us analyze other examples in which the converse
of Proposition does not hold.

Example 1.4.6 (A variety which is h—tangentially weakly defective but not
h—defective). Let us consider the Segre variety X = P? x P2 x P> < P and let A =
{x1,...,25} © X be general points. Then by [AOP(09, Theorem 4.12] Sec5(X) has the
expected dimension. On the other hand by [BBCT18|] we have that T's(A) =Tt .- U T®
where each I'" >~ P* is a linear space.

Example 1.4.7 (A variety which is h— weakly defective but not h—tangentially
weakly defective). In the example of the Segre variety X = P! x P* < P21 e
proved that X is 1—weakly defective. Since X is smooth it can not be 1—tangentially
weakly defective.

Example 1.4.8. [A variety which is h—identifiable but is h—tangentially weakly
defective] By [BV18] we have that the Grassmannian G(2,7) is 3—tangentially weakly
defective. Let A = {x1, 29,23} < X be general points. By explicit computation it is showed
that I's(A) = T'uI'2UT where each T =~ P3 is a linear space passing through z;. Moreover
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the linear span II = (T'3(A)) is also tangent to X along a linear space W = P® such that
z; ¢ Wand L; = W AT = P! for every i. One again compute that (L;, L;, W) < II. As
we will see by [BBCT18, Corollary 4.3] the 3—secant degree of X is equal to the 3—secant
degree of I'3(A) and so we have that G(2,7) is 3—identifiable.

1.5 Osculating Projections

In this section we introduce a new method to study the defectiveness of a variety, following
[MR17] and [AMR19]. From the idea of Proposition we see that if we can control the
dimension of the fiber of a general k—tangential projection then we are able to control the
dimension of the k—th Secant variety Secy(X). In general describe explicitly the map given
by the tangential projection, when k is big, is quite hard. To overcome this problem we
degenerate several tangent spaces Ty, X, ..., Tz, X to a single osculating space Ty X where
a > 2and xy,...,x; degenerate to y. In many cases, as we will see in Chapter[5land Chapter
[6, we can bound explicitely the dimension of the general fiber of a osculating projection.
This finally allows us to conclude the non secant defectiveness for many interesting tensor
varieties [AMRI19] [MR17] [FCM20].

Let X < PN be an integral projective variety of dimension n, p € X a smooth point,
and

o: UcC" —> cN
(t1,. . tn) > d(t1,...,tn)

with ¢(0) = p, be a local parametrization of X in a neighborhood of p € X.

For any s > 0 let O, X be the affine subspace of CV passing through p € X, and whose
direction is given by the subspace generated by the vectors ¢;(0), where I = (i1,...,i,) is
a multi-index such that |I| < s and

oMl
¢r = 1 A
oty ... oty
Definition 1.5.1. The s-osculating space T, X of X at p is the projective closure in PN of
the affine subspace Oy X < CcN.

For instance, T?,X = {p}, and ’]I‘Zl,X is the usual tangent space of X at p. When no
confusion arises we will write T} instead of T, X.

Note that while the dimension of the tangent space at a smooth point is always equal
to the dimension of the variety, higher order osculating spaces can be strictly smaller than
expected even at a general point.

In general, we have

n

dim(T,X) = min { (n * S) —1—0sp, N}

where J ), is the number of linear relations satisfied by partial derivatives of ¢ of order < s
at the point p e X.
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For pi,...,p € X < PN be general points and ki, . .., k; non-negative integers we will
call the linear projection

with center <T’;}X, ... ,T£§X>, a general (ki,..., k;)-osculating projection of X.
In order to count the number of tangent spaces we can degenerate into a higher order

osculating space we will need the following notion.

Definition 1.5.2. Let X < PY be a projective variety. We say that X has m-osculating
regularity if the following property holds: given general points p1,...,p, € X and an integer
s 2 0, there exists a smooth curve C' and morphisms v; : €' — X, j = 2,...,m, such that
v;(to) = p1, 7j(tw) = pj, and the flat limit Ty in the Grassmannian of the family of linear
spaces

Tt = <T;1,T,S}12(t), e ’Ti’m(t)>’ te C\{to}

is contained in 'H‘%‘f“. We say that s, ..., vm realize the m-osculating regularity of X for
P1,---sPm-

We say that X has strong 2-osculating regularity if the following property holds: given
general points p, ¢ € X and integers s, so = 0, there exists a smooth curve v : C' — X such
that v(to) = p, Y(tw) = ¢ and the flat limit Ty in the Grassmannian of the family of linear
spaces

T, = (T3, T2, ), t€ C\{to}
is contained in ']I‘;1+52+1.

The notions of m-osculating regularity and strong 2-osculating regularity were intro-
duced in [MRI17, Section 5] and [AMR19, Section 4].

Now if X € PV is a variety having m-osculating regularity, one is able to degenerate
the join of m tangent spaces <’]I‘1171 e ']I‘})m> into the single osculating space ']I‘gX . Then one
further degenerates a general span <’]I‘§;1 . T2m> into ’IF;X and so on. Thus inductively we
degenerate a general h-tangential projection into a linear projection with center contained
in a suitable linear span of osculating spaces, and then check whether this projection is
generically finite. Building on an argument based on semi continuity we are able to control
the secant dimension of X. In fact:

Theorem 1.5.3. Let X € PV be a projective variety having m-osculating reqularity. Let
ki,...,k; positive integers such that the general osculating projection HTkl ,,,,, K, 18 generically
P1

finite. Then X is not (h + 1)-defective for

B 3 mllosslk D1

7j=1
Proof. See [MRI17, Theorem 5.3]. O
Furthermore, if X in addition has strong 2-osculating regularity, this method can be

made more effective. We start introducing an important numerical function, which will be
useful in order to control the arithmetic of the degeneration technique.
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Definition 1.5.4. Given an integer m = 0 we define a function
P i Nzg — Nxg
as follows: hp,(0) = 0, and for any k£ > 0 write
k+1=2% 4282 4. 42N 4 ¢
where A\; > Ag > --- > X\, > 1 and € € {0, 1}, then
him(k) = mM el Nt

Theorem 1.5.5. [MR17, Theorem 5.3 Let X < PN be a projective variety having m-
osculating reqularity and strong 2-osculating regularity. Let sq,...,s; = 1 integers such
that the general osculating projection II31-7l is generically finite. Then X is not (h+1)-
defective for

l
h< D hun(sy).
j=1

The power of this new approach was shown in [MR17] and in [AMRI19], where the
authors obtained new results on secant defectiveness of Grassmannians and Segre-Veronese
varieties respectively. The main results are:

Theorem 1.5.6. [MR1, Theorem 5.4] Let G(r,n) be the Grassmaniann parametrizing all
(r + 1)-linear subspaces of C"*1. Assume that r > 2 and n = 2r 4+ 1. Set,

{n—i—lJ

o=

r+1

and write 1 = 2M 4 .-« 4 2% 4 e with Ay > Ag > --+ = \s and e € {0,1}. If either
-h< (=@M 4ot oM+ 1 or

-nz2r?+3r+land h<aM +---+ak + 1.

Then, G(r,n) is not h-defective. Asymptotically, G(r,n) is not h-defective for

n+1 [logo (7))
<
h< (7’—|—1)

Theorem 1.5.7. [AMRI19, Theorem 4.8] Let n = (n1,...,n,) and d = (dy,...,d,) be two
r-uples of positive integers with, ny < --- < n, and d = dy + -+ +d, = 3. Let SV,¢ be the
product P™ x --. x P embedded by the complete linear system |Opnix...xpnr(d1, ..., d;)]|.
Write

d—1=2M4... 42 ¢
with Ay > Ao > --+ = \s and e € {0,1}. Then SV,? is not h-defective for
h<ni((ng+ DM ooi(ng + D)2 41
Asymptotically, SV,¢ is not h-defective for

h < nyOgQ (d-1)]
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1.5.7 Osculating spaces of linear sections

Here we review the notion of osculating well-behaved subvariety Y with respect to a variety
X c PV, where Y can be thought as a linear section Y = P¥ n X. We follow the treatment
of [FMR20].

In the case of a tensor variety Y ¢ P(V; ® - - - ® V5) we have seen that in general {Y') is
not equal to the whole P(V; ® --- ® V). In particular, as for the case of the Veronese V'

and the Segre S V((lnf)l), the variety Y can be equal to the intersection of a bigger variety

X with a linear space, i.e. Y =1II n X. In fact, for example, we have

V= S‘/'((lnf;) A Sym?(V)

Thus we are naturally interested to obtain a bound for the non-secant defectiveness of
Y knowing a bound for the non-secant defectiveness of X.

In particular we want to relate the osculating spaces of a projective variety to those of
its linear sections. It is well-known that the tangent space T),Y of Y = II n X at a smooth
point p € Y is equal to T, X n II. This is not always the case for higher order osculating
spaces.

Definition 1.5.8. Let X < PV be an irreducible variety and Y = P¥ n X be a linear
section of X. We say that Y is osculating well-behaved if for each smooth point p € Y we

have
_ mk
T;Y =P~ TZX

for every s = 0.

Example 1.5.9 (A variety not osculating well-behaved). In the projective space P**2
consider two complementary subspaces P!, P¥, and let C' — P* be a degree k rational normal
curve. Fixed an isomorphism 1 : P! — C' we consider the rational normal scroll

Sam = | @ ¢@) c P
pePl

where (p, 9 (p)) is the line through p and ¢ (p). Then S ;) can be locally parametrized by
the map

¢ : Al x P! — [Pk+2

(u,[ag : a1]) +—  [aou:ag:aiuf:aqubt - aqutaq).

Now, consider the Segre embedding

o Pl x Pk — p2k+1
([w:v],Jao: - rag]) — [aou:--:apu:aov:---: ol

and let X1 py be its image. Note that Xy 1) is locally parametrized by

0 Al x Pk — P2+l
([u:1],Jag: - ag]) +— Jaou:---:apu:ap:---:ag].
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and that deg(X; 1)) = deg(Sq1 1)) = k + 1. Now, take a; = aju~! fori=2,...,k Then

o(u,[apg:aq i---: alukfl]) =[aou:aru:---: a1 ag o ...alukfl]

and the coordinate functions of this last map are exactly the ones appearing in the ex-
pression of ¢. Therefore, if [Zy : -+ : Zogy41] are the homogeneous coordinates on P2¢+1
and

H" 2 ={Z; - Z}j1jra=0,j=1,.... k— 1} > PF*2

then we have
S(l,k’) _ Z(Lk) A Hk+2 c ]P;2k+1

By [AMR19, Example 4.12] we have that if p € S(1,k) is a general point and k > 2 then
dim(T2S(; y) = 4. On the other hand, [AMRI9, Corollary 2.6] yields T2X(; 5 = p2k+1,
We conclude that

ToSak & TpSam 0 H? = H

forall k >3

In order to keep our program working we have to study how osculating regularity behaves
under linear sections.

Lemma 1.5.10. Let H < P” be a linear subspace, Hy a family of linear subspaces parametrized
by P\{0}, and Hy its flat limit. Then

}ir%{Hth}EHomH

Proof. We may assume that H = V(xg,...,z,) € P", where 0 <7 < n — 1. Write
th{Ea}(t)mZ-:--- 0}
i=0 i=

Hthz{xoz---zxrle af(t)z; = = Zn: of(t)z; = 0}

Therefore,

and

. " 041 L al.c
%L%{HmH}={xo=---=xr= 2 pr@ai== 3 SOz =0

i=r41 1=r+1
where s; is the biggest power of ¢ that divides simultaneously ozf; TR ,ad. On the other
hand
: (3 1
%%{Ht}m]—]: To = =qp = Z tTl(O)xi == 2 Tk(o)ggi =
i=r+1 i=r+1
where u; is the biggest power of ¢ that divides simultaneously ag, ...,ad . Note that uj < 8

for j =1,...,k, and thus we conclude that limy ,o{H; N H} € limy,o{H} n H. O
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As a consequence of Lemma [1.5.10] and Definition we have the following.

Proposition 1.5.11. Let X < PV be an irreducible projective variety and Y = P¥ A X
a linear section of X that is osculating well-behaved. Assume that given general points
Pl,.--,Pm € Y one can find smooth curves v; : C — X,j = 2,...,m, realizing the m-
osculating regularity of X for pi,...,pm such that v;(C) < Y. Then Y has m-osculating
regularity as well. Furthermore, the analogous statement for strong 2-osculating regularity
holds as well.

Proof. By hypothesis given general points pi,...,pm € Y and an integer s = 0 there exist
smooth curves v; : C — X with v;(tp) = p1 and ~;(c0) = p; for j = 2,...,m such that
7;(C) Y. Consider the family of linear spaces

Tt = <T§1 Y, ’]Ti/g(t)Y7 . e ’Tim(t)y>
parametrized by C\{to}. Since Y is osculating well-behaved we can write T; as follows

T = T3V, T5,Y, T (Y0 =T X AP TS X AP TS X AP
S (Tp, X, TS,y Xy, TS, (yX) N P?
Therefore

lim{T;} € im{(T,, X, T3, ) X, .., TS (n )} 0 P* = T2 Y

where the last inclusion comes from Lemma [1.5.10} This argument, with the obvious
changes, proves that strong 2-osculating regularity passes from X to Y as well. O

As a consequence of Proposition we have the following:

Corollary 1.5.12. Let X < PN be an irreducible projective variety and Y = PF ~ X
a linear section of X that is osculating well-behaved. Assume that given general points
Pl,.--,Pm € Y one can find smooth curves v; : C — X,j = 2,...,m, realizing the m-
osculating regqularity of X for p1,...,pm such that v;(C) € Y. Let s1,...,s; = 1 integers
such that the general osculating projection HTZI ,,,,, s of X restricted to'Y is generically finite.

Treens Py
Then'Y is not (h + 1)-defective for

,,,,,,,,,,,,,
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Chapter 2

Comon’s and Strassen’s
Conjectures

Tensor decomposition problems come out naturally in many areas of mathematics and
applied sciences. For instance, in signal processing, numerical linear algebra, computer vi-
sion, numerical analysis, neuroscience, graph analysis, control theory and electrical networks
[KB09a], [CM96], [CGLMO0S], [LO15], [MR13], [MR14], [BFEX17]. In pure mathematics
tensor decomposition issues arise while studying the additive decompositions of a general
tensor [Dol04], [DK93|, [MM13], [Mas16], [RS00], [TZ11], [MMS18].

Comon’s conjecture [CGLMOS8|, which states the equality of the rank and symmetric
rank of a symmetric tensor, and Strassen’s conjecture on the additivity of the rank of
tensors [Str73|] are two of the most important and guiding problems in the area of tensor
decomposition.

More precisely, Comon’s conjecture predicts that the rank of a homogeneous polynomial
F € k[zo, ..., xn]q with respect to the Veronese variety V' is equal to its rank with respect to
the Segre variety SV/* = (P")¢ into which V' is diagonally embedded, that is rankyx» (F)=
rank gy (F).

Strassen’s conjecture was originally stated for triple tensors and then generalized to a
number of different contexts. For instance, for homogeneous polynomials it says that if
F € k[zo,...,zn]q and G € k[yo, - .., Ym]a are homogeneous polynomials in distinct sets of
variables then rankvdn+m (F' + G) = rankyn (F) + rankym (G).

In Sections 2.2 and while surveying the state of the art on Comon’s and Strassen’s
conjectures, we push a bit forward some standard techniques, based on catalecticant matri-
ces and more generally on flattenings, to extend some results on these conjectures, known
in the setting of Veronese and Segre varieties, for Segre-Veronese and Segre-Grassmann
varieties that is to the context of mixed tensors.

In Section we introduce a method to improve a classical result on Comon’s conjec-
ture. By standard arguments involving catalecticant matrices it is not hard to prove that
Comon’s conjecture holds for the general polynomial in [z, ..., x,]q of symmetric rank h

d
as soon as h < ("J“nlij), see Proposition . We manage to improve this bound looking for
equations for the (h—1)-secant variety Sec,—1(V'), not coming from catalecticant matrices,
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that are restrictions to the space of symmetric tensors of equations of the (h — 1)-secant
variety Secp_1(SV{"). We will do so by embedding the space of degree d polynomials into
the space of degree d + 1 polynomials by mapping F' to xoF and then considering suitable
catalecticant matrices of xoF' rather than those of F' itself.

Implementing this method in Macaulay2 we are able to prove for instance that Comon’s
conjecture holds for the general cubic polynomial in n + 1 variables of rank h = n + 1 as
long as n < 30. Note that for cubics the usual flattenings work for h < n. Note that
a similar problem was considered by Friedman in [ETril6]. In his work he focused on a
sufficient condition ensuring the equality of the symmetric and ordinary tensor rank. In
Section We use a different technique to prove Friedman’s result for F € Sym?(C") in the
case (d,n) = {(3,2),(4,2),(3,3)}.

2.1 Notation

Let us briefly recall the main notations we will use throughout this chapter. Let n =
(n1,...,np) and d = (di, ..., dp) be two p-uples of positive integers. Set

P
i +d;

d=dy+-+dy, n=n1+-+ny, andN(n,d):H<n:L- )
i=1 ‘

Let V1,...,V, be vector spaces of dimensions n1 +1 < mng +1 < --- < n, + 1, and
consider the product

P™ = P(V}) x --- x P(V}").

The line bundle
O[Pn (dl, ey dp) = WTOP(Vl*)(dl) ® e ®7T;OP(V1*)(dp)
where 7; : P™ — P(V;*) is the natural projection induces an embedding

vy PVF) x - x }P’(V;)*) — }P’(Symdl VE®- - ® Sym V) = PN (n.d)-1

([vl],...,[vp]) — [Uih@...@vpp]
where v; € V;. We call the image
SVR = vg(P") c (-

a Segre-Veronese variety.

When p = 1, SV} is a Veronese variety. In this case we write V' for SV, and v} for
the Veronese embedding. When dy = --- = d;, =1, SV/" | is a Segre variety. In this case
we write SV|" for S‘/(Tll,...,l)’ and ¢" = V&Ml) for the Segre embedding. Note that

/ n
ovy =o" o(ygll x---xudzf),

where n' = (N(n1,d1) —1,...,N(ny,dp) — 1).
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Similarly, given a p-uple of positive integers k = (k1 +1, ..., k, + 1) we may consider the
Segre-Pliicker embedding

opf s Glki,ni) x -+ x Glkp,np) — P(A"T' V1@ @ AT Y,) = PNk

(LHLLs - [Hpl) — [pk) (H) @ - @ p! (Hp)]
where N(n,k) = [[7_; (ZZE) and py’ is the standard Pliicker embedding. We call the

image

SG% = op(Glky,my) x -+ x G(kp,np)) < PNEI7L

a Segre-Grassmann variety.
For every A c {1,...,p} and B = A° we may interpret a tensor

TeVi®..QV,=ViQVz

as a linear map T: Vi — Vae. In Section u we have seen that if the rank of T" is at most
r then the rank of 7' is at most r as well. The matrix associated to the linear map T is
called an (A, B)-flattening of T

In the case of mixed tensors, as we saw in Section we can consider the embedding

Symdl VMN®..® Symd" Vp = Va®Vp

where V4 = Sym™ V1 ®...® Sym» V,, Vg = Sym” V; ®...® Sym® Vp, with d; = a; + b; for
any i = 1,...,p. In particular, if n = 1 we may interpret a tensor ' € Sym® V; as a degree
d; homogeneous polynomial on P(V}*). In this case the matrix associated to the linear map
F: Vi — Vp is nothing but the ai-th catalecticant matriz of F', that is the matrix whose
rows are the coefficient of the partial derivatives of order a; of F'.

Similarly, by considering the inclusion

ki+1 kp+1

AVie.e AV,—VaeVs

where V4 = A" V1 ®..Q N\ V,, Vg = /\b1 %] ®...®/\bp Vp, with k; + 1 = a; + b; for any
i=1,...,p, we get the so called skew-flattenings.

Remark 2.1.2. The partial derivatives of an homogeneous polynomials are particular
flattenings. The partial derivatives of a polynomial F' € k[xo, ..., T, ]q are ("ZS) homogeneous
polynomials of degree d — s spanning a linear space Hpsp S P(k|[z0o, ..., Tn]d—s)-

If F € k[xo, ..., Tn]q admits a decomposition
F=ML¢+ - 4 N LY

then F' € Secp(Vy'), and conversely a general F' € Secy (V') can be written as a linear
combination of L{,.. .,Lz with L; suitable linear forms. If ' = \L¢ + ... + )\hLz is a
decomposition then the partial derivatives of order s of F' can be decomposed as linear
combinations of L‘li_s, ey L;il_s as well. In fact we have

0 0

0
F=X\=— d
aZEi 15:131'

) D Yy
1 ha$1 h
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and if L;l = (ao,jxo 4+ 4 amj:):n)d then

0 rd
Lc
5.171' J

— dgq. . 741
= daij

By induction on the order of differentiation we see that the partial derivatives of order s of
F can be decomposed as linear combinations of Lcll*s, - L;lfs.

Therefore, the linear space <L‘1i_$, . ,LZ_S> contains Hpsp.

Let us briefly recall the notions of rank and border rank for general varieties.

Let X < PN be an irreducible and reduced non-degenerate variety. We define the rank
rankx (p) with respect to X of a point p € PV as the minimal integer h such that there
exist h points 1, ...,z € X with p € (x1,...,xp). Clearly, if Y € X we have that

rank x (p) < ranky (p) (2.1.4)

The border rank rank y (p) of p € PV with respect to X is the smallest integer 7 > 0 such
that p is in the Zariski closure of the set of points ¢ € PV such that rankx(q¢) = r. In
particular rank y (p) < rankx(p).

Recall that given an irreducible and reduced non-degenerate variety X < PV, and a
positive integer h < N the h-secant variety Sec,(X) of X is the subvariety of PV obtained
as the Zariski closure of the union of all (h — 1)-planes spanned by h general points of X.

In other words rank y(p) is computed by the smallest secant variety Secy,(X) containing
pe PV,

Now, let Y, Z be subvarieties of an irreducible projective variety X < PV, spanning two
linear subspaces PM := (V) ,PN2 := (Z) < PN. Fix two points py € PV, py; € PNz,
and consider a point p € (py,pz). There exist a = ranky (py) points yi,...,y, and b =
rank(pz) points 21, ..., 2, such that

pY:)\ly1+"'+)\aya

and
Pz = Q121+ -+ ap2p

The line {py, pz) is indeed contained in the linear span (yi,...,Yq, 21, ..., 2p) and so

rank y (p) < ranky (py) + rankz(pz) (2.1.5)

2.2 Comon’s conjecture

It is natural to ask under which assumptions (2.1.4]) is indeed an equality. Consider the
Segre-Veronese embedding

ovg :P(V*) x - x P(V))) — P(Sym? Vi ® - - - @ Sym® V) = pN(nd)-1

with Vi =~ --- = V,, @ V k-vector spaces of dimension n + 1. Its composition with the
diagonal embedding

i P(V*) = P(V¥) % - x P(V¥)
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is the Veronese embedding of v} of degree d = dy + --- +d,. Let V' € SV} be the
corresponding Veronese variety. We will denote by II,, 4 the linear span of V' in pN(md)—1,

In the notations of Section set X = SV and Y = V. For any symmetric tensor
T € 11, 4 we may consider its symmetric rank srk(7) := ranky»(T') and its rank rank(T’) :=
rankgyn (T') as a mixed tensor. Comon’s conjecture predicts that in this particular setting
the inequality is indeed an equality [CGLMOS].

Conjecture 1 (Comon’s). Let T' be a symmetric tensor. Then rank(T) = srk(T).

Conjecture [1| has been generalized in a number of directions for complex border rank,
real rank and real border rank, see [Lanl2), Section 5.7.2] for a full overview.

Note that when d = 2 and p = 2 Comon’s conjecture is true. Indeed, Secy,(SV/"*) is cut
out by the size (h 4+ 1) x (h + 1) minors of a general square matrix and Secy, (V3") is cut out
by the size (h + 1) x (h + 1) minors of a general symmetric matrix, that is

Secp, (V5') = Secy (SV") n 11, 2

Conjecture[I] has been proved in several special cases. For instance, when the symmetric
rank is at most two [CGLMOS|, when the rank is less than or equal to the order [ZHQ16],
for tensors belonging to tangential varieties to Veronese varieties [BB13|, for tensors in
C?2®C"®C" [BL13|, when the rank is at most the flattening rank plus one [Fril6], for the
so called Coppersmith-Winograd tensors [LM17], for symmetric tensors in C* ® C* ® C*
and also for symmetric tensors of symmetric rank at most seven in C" ® C" ® C" [Seil§].

On the other hand, a counter-example to Comon’s conjecture has recently been found
by Y. Shitov [Shil8]. The counter-example consists of a symmetric tensor T in C8%° x
C890 x C8 which can be written as a sum of 903 rank one tensors but not as a sum of
903 symmetric rank one tensors. It is important to stress that for this tensor 7" rank and
border rank are quite different. Comon’s conjecture for border ranks is still completely
open [Shil8 Problem 25].

Even though it has been recently proven false in full generality, we believe that Comon’s
conjecture is true for a general symmetric tensor, perhaps it is even true for those tensor
for which rankT" = rank T'.

In what follows we use simple arguments based on flattenings to give sufficient conditions
for Comon’s conjecture, recovering a known result, and its skew-symmetric analogue.

Lemma 2.2.1. The tensors T € Secy,(SV]") such that dim(f(Vj)) < h—1 for a given

flattening T associated to the partition (A, A%) form a proper closed subset of Secy,(SV]).
Furthermore, the same result holds if we replace the Segre-Veronese variety SV with the
Segre-Grassmann variety SGJ..

Proof. Let T € Secy(SV]') be a general point, with
T = M) @ ® @]+ + M) ® @ ()]

Assume that dim(7 (VX)) < h—1. This condition forces the (A, B)-flattening matrix to
have rank at most A — 1 and gives a module of equations

h h
AV ®© A(Ve)* € Sym"(Sym™ (Vi) ® - - ® Sym™ (V)
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On the other hand, by [SU0Q, Proposition 4.1] these minors do not vanish on Sec;,(SV}'),
and therefore define a proper closed subset of Sec,(SV ). In the Segre-Grassmann setting
we argue in the same way by using skew-flattenings. O

Proposition 2.2.2. [IK99] For any integer h < ("J”HL%J) there exists an open subset Uy, =
Sec(V,4) such that for any T € Uy, the rank and the symmetric rank of T coincide, that is

rank(7T") = srk(7T)

Proof. First of all, note that we always have rank(T) < srk(T"). Furthermore for any (A, B)-
flattening 7' : Vi — Vp the inequality rank(7) > dim(7'(V{)) holds. Since T is symmetric
and its catalecticant matrices are particular flattenings we get that

rank(7T") = dim(Hps7)

for any s = 0.

Now, for a general T' € Sec (V") we have srk(T') = h, and if h < (”:;g), where 5 = | 2],

then Lemma yields dim(Hys) = h. Therefore, under these conditions we have the
following chain of inequalities

dim(H ysp) < rank(T) < stk(T') = dim(H jsp)
and hence rank(T") = srk(7'). O

Now fix a vector space v of dimensione n + 1 and consider the Pliicker embedding

k+1
i G(k,n) — ]P(/\ V)

For any skew-symmetric tensor T' € II,, , = P( /\kJrl V) c V® we may consider its skew
rank skrk(7) that is its rank with respect to the Grassmannian G(k,n) < II, ;, and its
rank rank(7') as a mixed tensor. Playing the same game as in Proposition we have
the following.

Proposition 2.2.3. For any integer h < ([ZJ) there exists an open subset Uy, < Secp,(G(k,n))
2
such that for any T € Uy, the rank and the skew rank of T coincide, that is

rank(T") = skrk(T")

Proof. As before for any tensor 7' we have rank(7") < skrk(7'). For any (A, B)-skew-

'~

flattening T : Vi — Vi we have skrk(T) > dim(f(Vj)). Furthermore, since 7' is in
particular a flattening also the inequality rank(T") > dim(T(Vj)) holds.

Now, for a general T' € Sec,(G(k, n)) we have skrk(T') = h, and if h < (%), where s = [%J,
Lemma m yields skrk(T") = dim(fg(Vj)), where T is the skew-flattening corresponding
to the partition (3,d —3) of d. Therefore, we deduce that

dim(T5(V})) < rank(T) < skrk(T) = dim(T5(V3))

and hence rank(7) = skrk(T). O
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2.3 Strassen’s conjecture

Another natural problem consists in giving hypotheses under which in (2.1.5)) equality holds.
Consider the triple Segre embedding

o™ P(VE) x P(V) x P(VF) = P x B x B PV} @ Vg @ V) — PN(ma)-1

and let SV™ be the corresponding Segre variety. Now, take complementary subspaces
P, Po2 < P, P01 PP2 < PP, Pt P2 < P, and let S(a1b1.e1) Gazb2.c2) 1o the Segre varieties
associated respectively to P® x PPt x P and P® x PP? x Pe2,

In the notations of Section set X = SV, Y = Slavbied) and 7z = Slanbue),
Strassen’s conjecture states that the additivity of the rank holds for triple tensors, or in
onther words that in this setting the inequality is indeed an equality [Str73].

Conjecture 2 (Strassen’s). In the above notation let T} € <S(a1’b1’cl)>,Tg € <S(“2’b2762)>
be two tensors. Then rank(T; @ Ty) = rank(7Ty) + rank(75).

Even though Conjecture [2] was originally stated in the context of triple tensors that
is bilinear forms, with particular attention to the complexity of matrix multiplication, a
number of generalizations are immediate. For instance, we could ask the same question
for higher order tensors, symmetric tensors, mixed tensors and skew-symmetric tensors.
It is also natural to ask for the analogue of Conjecture [2] for border rank. This has been
answered negatively [Sch81].

In a more general setting, given X < P and Y, Z — X subvarieties such that

Y)nlZ)=g

and
Yy +(Z)y =P

then:

Conjecture 3 (Strassen’s General). In the above notation let y € (Y') and z € {Z). Then
rank(y @ z) = rank(y) + rank(z).

Conjecture 2] and its analogues have been proven when either 77 or T, has dimension at
most two, when rank(77) can be determined by the so called substitution method [LM17],
when dim(V;) = 2 both for the rank and the border rank [BGL13], when T}, T are symmet-
ric that is homogeneous polynomials in disjoint sets of variables, either 17,75 is a power,
or both T} and T, have two variables, or either T} or T, has small rank [CCCI5], and also
for other classes of homogeneous polynomials [CCO17], [Teil5].

As for Comon’s conjecture a counterexample to Strassen’s conjecture has recentely been
given by Y. Shitov [Shil7]. In this case Y. Shitov proved that over any infinite field there
exist tensors T1, T such that the inequality in Conjecture [2]is strict.

In what follows we give sufficient conditions for Strassen’s conjecture, recovering a known
result, and for its mixed and skew-symmetric analogues.
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Proposition 2.3.1. [IK99] Let V1, Vs, be k-vector spaces of dimensions n+ 1,m + 1, and
consider V.=V, ®Va. Let F € Sym¥(V1) c Sym®¥(V) and G € Sym® (V) < Sym®(V') be two
homogeneous polynomials. If there exists an integer s > 0 such that

dim(Hpsp) = stk(F), dim(Hpsq) = srk(G)
then stk(F + G) = stk(F) + stk(G).

Proof. Clearly, stk(F + G) < stk(F') + srk(G) holds in general. On the other hand, our
hypothesis yields

stk(F) + stk(G) = dim(Hpsp) + dim(Hpsp) = dim(Hpsprg) < stk(F + G)
where the last inequality follows from Remark O

Remark 2.3.2. The argument used in the proof of Proposition works for F e PN(d)

n+ d
general only if for the generic rank we have [%J < ("+nl§J). For instance, when n =
3,d = 6 the generic rank is 21 while the maximal dimension of the spaces spanned by partial
derivatives is 20.

Proposition 2.3.3. Let Vi,...,V, and Wy,..., W, be k-vector spaces of dimension ny +
1,...,np+1and mi+1,...,my+1 respectively. Consider U; = V;®@W; for every 1 < i < p.
Let

TieSym® Vi ® -+ ®Sym® V, ¢ Sym® U} ® - - ® Sym® U,

and

T5 € Symd1 Wi® & Symd?’ W, c Symd1 U ®--® Symdp Up
be two mized tensors.
_ If for any i € {1,..,p} there exists a pair (a;,b;) with a; +b; = d; and (A, B)-flattenings
T, : Vi — Vg, T : Vi — Vi such that
dim (T (V) = rank(T1), dim(15(V})) = rank(T3)
then rank(Ty + T3) = rank(77) + rank(75).

Proof. Clearly, rank(T; + T5) < rank(T}) + rank(73). On the other hand, our hypothesis
yields

rank(T) + rank(Ty) = dim(71 (V) + dim(T5(V)) = dim (T} + Tx(VF)) < rank(T} + T>)
where T7 + T3 denotes the (A, B)-flattening of the mixed tensor 77 + T5. O

Arguing as in the proof of Proposition with skew-symmetric flattenings we have
an analogous statement in the Segre-Grassmann setting.
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Proposition 2.3.4. Let Vi,...,V, and W1,..., W, be k-vector spaces of dimension ni +
1,...,np+1and mi+1,...,my+1 respectively. Consider U; = V;®OW; for every 1 < i < p,
and let

k141 kp+1 k1+1 kp+1
e Avie--® AVoe Ao AU
and
ki+1 kp+1 ki1+1 kp+1

e Ao AW,c Atie-e AU,

be two skew-symmetric tensors with k; + 1 < min{n; + 1, m; + 1}.
If for any i€ {1,...,p} there exists a pair (a;,b;) with a; +b; = k; +1 and (A, B)-skew-
flattenings Ty : Vi — Vg, Ty : Vi — VB such that

dim(71(V})) = rank(T1), dim(T5(V3)) = rank(Ty)

then rank(Ty + To) = rank(T}) + rank (7).

2.4 On the rank of zyF: an application to Comon’s conjec-
ture

Propositions suggest that whenever we are able to write determinantal equations
for secant varieties we are able to verify Comon’s conjecture. This suggests a possible way
to improve the range where the general Comon’s conjecture holds giving a conjectural way
to produce determinantal equations for some secant varieties.

Remark 2.4.1. Set n = (n,...,n), (d+1)-times, n; = (n,...,n), d-times, and consider the
corresponding Segre varieties X := SV, X; := SV/"" and Veronese varieties Y = V!,
Y; := V}'. Fix the polynomial xgﬂ € Y and let II be the linear space spanned by the
polynomials of the form zgF', where F' is a polynomial of degree d. This allows us to see
Y] € II. Note that polynomials of the form 2¢L{ lie in the tangent space of Y at L‘l”l, and
therefore rank, (xqL®?) = 2.

Hence for a polynomial F' of degree d we have ranky (zoF) < 2ranky, (F). Our aim is
to understand when the equality holds.

We may mimic the same construction for the Segre varieties X and X, and use de-
terminantal equations for the secant varieties of X; to give determinantal equations of the
secant varieties of X and henceforth conclude Comon’s conjecture. In particular, as soon as
d is odd and d < n, this produces new determinantal equations for Secy,(X;) and Secy(Y7)

d+1
with 2h < (ntﬁ) Therefore, this would give new cases in which the general Comon’s
conjecture holds. Unfortunately, we are only able to successfully implement this procedure
in very special cases.

Let us briefly recall, for the reader convenience, that for a smooth point z € X, the a-
osculating space T$X of X at z is roughly the smaller linear subspace locally approximating
X up to order a at x, i.e. the linear subspace spanned by all derivatives of order < a of a
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parametrization of X centered in x. The a-osculating variety T*X of X is defined as the
closure of the union of all the osculating spaces

T°X = | Tex
reX

For the Veronese variety V' we have the parametrization:
vy P" — ]P’(Symd(V))
vi(L) = [L9]

with V' = k[, ..., z,]1 a vector space of dimension n + 1. A curve passing through [Ld]
can be given locally as the image v} (L + tM) with M € k[zo,...,2,]1 a linear form. For
every 1 < a <d—1 we have

%(L +tM)_g = d(d—1)---(d—s+1)M*(L+tM)"*

Since k[xg, . .., Tn]s is spanned by s—th powers of linear forms the osculating space T‘[lLd]Vd"

of order a at the point [L9] € V; can be written as
¢ Vi = <Ld_“F | F e klzo, ..., xn]a> c PV

Equivalently, ’]I“[‘Ld] V' is the space of homogeneous polynomials whose derivatives of order
less than or equal to a in the direction given by the linear form L vanish. Note that
dim(T‘[’Ld]Vd”) = (”:a) — 1 and ']I‘Z[’Ld]Vd” c T‘[’Ld]Vd” for any b < a. Moreover, for any
1 <a<dand [L%] € V} we can embed a copy of V" into the osculating space ']I‘([lLd]Vdn by
considering

Van _ {LdfaMa | M e k[xo, L ,$n]1} - Tde]Vdn

In particular we can embed
Vit = {woL? | L€ Klzo, ... wal1} Tl Vit
and Remark yields that
Secy, (Vi) < Secan (V1) N T?LdH]Vdﬂl (2.4.2)

This embedding extends to an embedding at the level of Segre varieties, and, in the notation
of Remark we have that Secy, (SV™) S Secorn (SV").

Assume that for a polynomial F' € Secy(Vy') we have F € Secy,_1(SV{"'). Then
zoF € Secyp_2(SV)"). Now, if we find a determinantal equation of Secy—2(Vy, ;) com-
ing as the restriction to II, the space of symmetric tensors, of a determinantal equa-
tion of Secgp_2(SV]"), and not vanishing at zoF then zoF ¢ Secon_2(SV]") and hence
F ¢ Secp—1(SV]"") proving Comon’s conjecture for F.

This will be the leading idea to keep in mind in what follows. The determinantal
equations involved will always come from minors of suitable catalecticant matrices, that
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can be therefore seen as the restriction to II of determinantal equations for the secants of
the Segre coming from non symmetric flattenings.

It is easy to give examples where the inequality is strict. When n = 1 the
generic rank is gg = [%1 Then for d odd we have g4 = gq—1 while for d even we have
gd = gi—1 + 1. Hence ranky, 2oF < 2ranky, , Fif 2ranky, | F > % where V; := V}is
the rational normal curve. It is natural to ask if the inequality is indeed an equality as long
as the rank is subgeneric. In the case n = 1 we have the following result.

Proposition 2.4.3. Let V; := le be the degree d rational normal curve. If 2h < gqy1 then
there are no ky > 0 such that Sec,(Vy) < Secap—p, (Vas1) N ']I‘?de]VdH.

Proof. Clearly, it is enough to prove the statement for kj, = 1. Let p € Secy, (V) be a general
point. Then p € {[zoL{], ..., [zoL{]) with L; general linear forms. In particular

pE H := <T[L(11+1]Vd+1, e ’T[LZ+1]Vd+1>

Note that dim(H) = 2h — 1. Now, assume that p is contained also in Seco, 1(Vz11). Then
there exists a linear subspace H' < P4*! of dimension 2h — 2 passing through p intersecting
Vay1 at 2h — 1 points qi, ..., g counted with multiplicity. Let g;,,...,q;. be the points
among the ¢; coinciding with some of the [Lf“] and such that the intersection multiplicity
of H and Vg, at ¢i; is one, and ¢y, ..., q;, be the points among the ¢; coinciding with
some of the [L?H] and such that the intersection multiplicity of H' and Vj at g;, is greater
that or equal to two.
Set II := (H, H'), then

dim(IT) = 2h — 1 + 2k — 2 — i, — 2,

and II intersects Vg1 at 2h + (2h — 1 — i, — 2j,) points counted with multiplicity. Consider
general points by, ..., bs € Vg1 with s = 4, + 2j,., and the linear space II' = {I1, by, . . ., bs ).
Therefore, dim (II') = 4h—3 and IT’ intersects V1 at 4h—1 points counted with multiplicity.
Since 2h < % adding enough general points to I’ we may construct a hyperplane in P4+!
intersecting V41 at d 4+ 2 points counted with multiplicity, a contradiction. O

2.4.3 Applications to Hankel Matrices

Proposition [2.4.3] can be applied to get results on the rank of a special class of matrices
called Hankel matrices.

Definition 2.4.4. A matrix A = (A4;;) € M(a,b) such that A; ; = Aj  whenever i 4 j =
h + k is called a Hankel matrix.

Let

F (g) Zoxg +...+ (dii) Zimg_imzi +...+ (g) de‘li
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be a binary form and consider [Zy,...,Z4] as homogeneous coordinates on P(k[zg, x1]q).
Furthermore, for a given positive integer n, consider the matrices

Z A/ Z
ZO Zl e Zn,1 ZTL Z(l] 1 n—1 Z nl
Zv e e e Zpn L e I
Mon = : . - . : Mapy1 = 7 Z:
Zn—l . e . Zd*l g—l Zd72
Z% Zﬁ+1 . 2@_1 Zd n NP e . d—1
ZTL+1 Zn+2 e del Zd

It is well known that the ideal of Secy,(V;) is cut out by the minors of My of size (h + 1) x
(h+ 1) [LO15].

Now, consider a polynomial F' € k[zg, z1]q with homogeneous coordinates [Zy, ..., Z4].
Then F' := 20F € k[zg, 21]a4+1 has homogeneous coordinates [Zy, ..., Z}, ] with
d+1—1
’ d+1

In order to determine the rank of F’ we have to relate the rank of the matrices

d d+1l—-n
Zo d+1Zl - d+1 “n
Lzl d=n 1
d+1 d+1
Abn = : . . :
d—n+2 1
g+1+1Zn_1 1 mZd
—n
d d—n
dZO le e p W% n
—n—
£17+1Z1 e . d+1 ZTL+1
Nopt1 = : :
d—n+2 1
—n

with the rank of Mj.

In particular all the matrices of the form M; and N, considered above are Hankel
matrices.

Let M (a,b) be the vector space of a x b matrices with coefficients in the base field k.
For any h < min{a,b} let Rank,(M(a,b)) < M(a,b) be the subvariety consisting of all
matrices of rank at most h.

Now, consider the map

8:N— NxN

given by
B2n) =(n+1,n+1)

B2n+1)=(n+2,n+1)
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For any d > 1 we can view the subspace Hy € M(f(d)) formed by matrices of the form My
as the subspace of Hankel matrices. Now, given any linear morphism f : M(a,b) — M({c,d)
we can ask if for some s < min{c, d} we have f(Ranky(M/(a,b))) € Ranks(M(c,d)).

Corollary 2.4.5. Consider the linear morphism

ag: M(B(d) —  M(B(d+1))

(Aij) (%Am)

Then ag(Hy) € Hgvq and in particular
aa(Ranky, (M(B(d)) n My)) € Rankap(M(8(d +1))) 0 Mgt

Proof. Since aq(A; ;) = aq(Apk) when ¢ + j = h + k we have that aq(Hg) S Hgy1. By
Proposition
Rankh(M(ﬁ(d)) M Hd = Sech(Vd)
and by construction «gy(My) is the linear change of coordinates mapping a binary form
F e k‘[l‘o,.%l]d to F' = SL‘()F € k[$0,x1]d+1.
Since
Sech(Vd) - SQCQh(Vd_H) N T?xd+1]Vd+1

if an h x h minor of a general matrix B in M (3(d)) does not vanish, under the assumption
that all the (h 4+ 1) x (h + 1) minors of B vanish, then there is a 2h x 2h minor of oy(B)
that does not vanish. O

When n > 2 we are able to determine, via Macaulay2 [Mac92] aided methods, the rank
of zoF' in some special cases.

e (n,d) =(2,2)
By Theorem [1.2.12] the variety Secs(Vi) has the expected dimension, i.e. Secs(V{) <
PY is a hypersurface. Since the only possible flattening for a symmetric tensor F €
Sym3(C?) is given by a linear map
Fo(@ -0

there are no equations coming from F. In order to find equations for Secs (V) first

embed
2
Sym®(C*) - (C* @ A\ C*) @ (C*® (C*)")

in the natural way. Now a polynomial F € Sym3(C?) gives rise to a linear map F :
(C* — C°. In bases if

3 a b, .c
F= 2 (a,b,c) Za:b,c$0xlx2

a+b+c=3
then
B 0 H(al‘g) —H(é’xl)
F = —H(&xg) 0 H(axo)

H(éa1) —H(dxo) 0
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where H(dx;) denotes the Hessian of the polynomial a%iF . Finally we have that

Sec3(V2) is the zero locus of the principal Pfaffian of size 8 of the matrix F, called
the Aronhold invariant. (see [LO15) Section 1.1] for more details).

With a Macaulay2 computation we prove that if I € Secy(Vy) is general then the
Aronhold invariant does not vanish at xgF', hence rank zoF' = 2rank F'.

e (n,d) =(2,3)

The varieties Secs(V,2) and Sec3(V#) are both hypersurfaces, given respectively by the
determinant of the catalecticant matrix of second partial derivatives and the Aronhold
invariant [LO15, Section 1.1]. With Macaulay2 we prove that the determinant of the
second catalecticant matrix does not vanish at xoF for F' € Sec3(V{) general, hence
rank zoF = 2rank F'.

e (n,d) =(3,3)

The secant variety Seco(V;}) is the hypersurface cut out by the second catalecticant
matrix [LOT5, Section 1.1] while Secs(V3)) is the entire osculating space. A Macaulay2
computation shows that ’]I‘f’w4]‘/;13 C Secg(V?). This proves that rank zoF < 2rank F,
for F' general. ’

e (n,d) =(4,3)

In this case Secg(V3') = ’]I‘z[)’m4]V44 and Seci4(V}) is given by the determinant of the
0
second catalecticant matrix [LO15, Section 1.1]. Again using Macaulay2 we show that
T:["w4]‘/214 < Sec14(V}}). This proves that rank zoF < 2rank F, for F general.
0
Corollary 2.4.6. For the osculating varieties T3V and T3V} we have
T3V < Sec(Vy), T3VE < Secis (V)

Proof. The action of PGL(n+1) on P" extends naturally to an action on PV(™% stabilizing
V' and more generally the secant varieties Secy,(V;"). Since this action is transitive on V!
we have ']T‘[lzg] V' < Secp (V) if and only if Tde] Vi < Sec, VI for any point [L%] € V' that
is T*V}* < Secp, V' Finally, we conclude by applying the previous results for (n,d) = (3, 3)
and (n,d) = (4, 3). O

2.5 Macaulay2 implementation

In the Macaulay?2 file Comon-1.0.m2 we provide a function called Comon which operates as
follows:

- Comon takes in input three natural numbers n, d, h;

d
-ifh < ("tll?J) then the function returns that Comon’s conjecture holds for the general
degree d polynomial in n + 1 variables of rank h by the usual flattenings method in
Proposition If not, and d is even then it returns that the method does not apply;
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- if d is odd and (”+k) < 2(”+k_1), where k = |%F], then again it returns that the

n n

method does not apply;

- if d is odd, (n:k) > 2(”%71) and 2h — 1 > ("Zk) then it returns that the method does
not apply since 2h — 2 must be smaller than the number of order k partial derivatives;

- if d is odd, (”:k) > 2("+Sfl) and 2h — 1 < (”Zk) then Comon produces a polynomial of
the form

h
F = Z(ai7ol‘o + -+ am:z:n)d
i=1

then substitutes random rational values to the a; ;, computes the polynomial G = zoF,
the catalecticant matrix D of order k partial derivatives of GG, extracts the most up left
2h — 1 x 2h — 1 minor P of D, and compute the determinant det(P) of P;

- if det(P) = 0 then Comon returns that the method does not apply, otherwise it returns
that Comon’s conjecture holds for the general degree d polynomial in n + 1 variables of
rank h.

Note that since the function random is involved Comon may return that the method does
not apply even though it does. Clearly, this event is extremely unlikely. Thanks to this
function we are able to prove that Comon’s conjecture holds in some new cases that are
not covered by Proposition Since the case n = 1 is covered by Proposition in
the following we assume that n > 2.

Theorem 2.5.1. Assume n = 2 and set h = (n%%]). Then Comon’s conjecture holds for
the general degree d homogeneous polynomial in n + 1 variables of rank h in the following
cases:

-d=3and 2 <n < 30;
-d=5and3<n<8y;
-d=T7andn = 4.

Proof. The proof is based on Macaulay2 computations using the function Comon exactly as
shown in Example below. O

Example 2.5.2. We apply the function Comon in a few interesting cases:

Macaulay2, version 1.12
with packages: ConwayPolynomials, Elimination, IntegralClosure, InverseSystems,
LLLBases, PrimaryDecomposition, ReesAlgebra, TangentCone

il : loadPackage "Comon-1.0.m2";

i2 : Comon(5,3,4)

Lowest rank for which the usual flattenings method does not work = 6

02 = Comon’s conjecture holds for the general degree 3 homogeneous polynomial
in 6 variables of rank 4 by the usual flattenings method
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i3 : Comon(5,3,6)

Lowest rank for which the usual flattenings method does not work =

03 = Comon’s conjecture holds for the general degree 3 homogeneous
in 6 variables of rank 6

i4 : Comon(5,3,7)

Lowest rank for which the usual flattenings method does not work

04 = The method does not apply --- The determinant vanishes

i5 : Comon(5,5,21)

Lowest rank for which the usual flattenings method does not work

05 = Comon’s conjecture holds for the general degree 5 homogeneous
in 6 variables of rank 21

i6 : Comon(4,7,35)

Lowest rank for which the usual flattenings method does not work =

06 = Comon’s conjecture holds for the general degree 7 homogeneous
in 5 variables of rank 35

6
polynomial

21
polynomial

35
polynomial
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Here we present the Macaulay2 (pseudo)code that has been used for the previous com-
putations:

Comon = method(TypicalValue => String);

Comon (ZZ,ZZ,7ZZ) := (n,d,h) -> (

k = floor((d+1)/2);

<< "Lowest rank for which the usual flattenings method does not work = "

<< binomial (n+floor(d/2),n) << "";

if (h < binomial(n+floor(d/2),n)) then return

("Comon’s conjecture holds for the general degree "|toString(d)|" homogeneous polynomial
in "|toString(n+1)|" variables of rank "|toString(h)|" by the usual flattenings method");
if (odd(d) == false) then return ("The method does not apply");

if (binomial(n+k,n) < 2*binomial (n+k-1,n)) then return ("The method does not apply");

if (2*¥h-1 > binomial(n+k,n)) then return

("The method does not apply, 2h-1 must be smaller

than or equal to the number of order "|toString(k)|" partial derivatives

-—- For degree "|toString(d)|" homogeneous polynomial in

"|toString(n+1) |" variables usual flattenings work for

h strictly less than "|toString(binomial (n+k-1,n))|"

so the interesting cases are for h varying

between "|toString(binomial(n+k-1,n))|" and

"|toString(floor ((1/2)*(binomial (n+k,n)+1)))|"");

R = QQ[x_0..x_n];

v = basis(k,R);

S = Rl[a_{0,1}..a_{n,h}];

for i from 1 to h do L_i = sum(0..n,j->a_{j,i}l*x_j);

F = sum(1..h,i->L_i~d);

for i from O to n do for j from 1 to h do F=sub(F,a_{i,j}=>random(QQ));
G = x_OxF;

D = diff (v **x transpose v,G);

P = submatrix(D,{0..2*h-2},{0..2%¥h-2});

A = det P;
if A==0 then return
("The method does not apply --- The determinant vanishes ---

For degree "|toString(d)|" homogeneous polynomial

in "|toString(n+1)|" variables usual flattenings

work for h strictly less than "|toString(binomial(n+k-1,n))|"

so the interesting cases are for h varying between

"|toString(binomial (n+k-1,n)) |" and "|toString(floor((1/2)*(binomial (n+k,n)+1)))["");
return ("Comon’s conjecture holds for the general degree "|toString(d)|"
homogeneous polynomial in "|toString(n+1)|"

variables of rank "|toString(h)|"

—-—- For degree "|toString(d)|" homogeneous polynomial

in "|toString(n+1)|" variables usual flattenings work

for h strictly less than "|toString(binomial(n+k-1,n))|"

so the interesting cases are for

h varying between "|toString(binomial(n+k-1,n))|"

and "|toString(floor((1/2)*(binomial (n+k,n)+1)))["");
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Chapter 3

Defectiveness and identifiability:
subgeneric rank

Over a decade ago the notion of h-weakly defective varieties has been connected to identifia-
bility of polynomials, [Mel06]. This provided the first systematic study of identifiability for
Veronese varieties. More recently with the work of Luca Chiantini and Giorgio Ottaviani,
[CO12], weakly defective varieties have been substituted by h-tangentially weakly defective
varieties to study identifiability problems. In both approaches to provide identifiability one
has to check the behavior of special linear systems and quite often this is done by an ad
hoc degeneration argument. As a consequence identifiability has been proved in very few
cases and quite often the results obtained are not expected to be sharp, [CO12] [BDDGOT]
[BC13] [BCO14] [Kru77].

In this chapter we want to develop an entirely new approach to study generic identi-
fiability. Starting from the seminal paper [CC10], where the geometry of contact loci has
been carefully studied, and the improvement presented in [BBC™18|, we derive identifiabil-
ity statements for non secant defective varieties. Even if new this is not really surprising
since weakly defectiveness and tangentially weakly defectiveness, thanks to the Terracini
Lemma[1.2.5] have secant defectiveness as a common ancestor. With this new approach we
are able to translate all the literature on defective varieties into identifiability statements,
providing in many cases sharp classification of h-identifiability.

3.1 Relation between twd and defectiveness

Let us briefly recall the main notations that we will use in this chapter. For a more detailed
explanation see Chapter

A projective variety X < P¥ is non degenerate if it is not contained in any hyperplane,
ie. if |Ox(1) ®I<X>| = @

Let X < PV be an irreducible and reduced non degenerate variety.

For a subset A = {x1,..., 2} © X of general points we set

My = <U To, X).
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By Terracini Lemma the space My is the tangent space to Sec,(X) at a general point in
(A).

The tangential h-contact locus I'y, :=: I'(A) is the closure in X of the union of all the
irreducible components which contain at least one point of A, of the locus of points of
X where My, is tangent to X. We will write 7, := dimI'(A). We say that X is h-twd
(tangentially weakly defective) if 7, > 0.

The h-tangential projection (from A) of X is

o X - PM

the linear projection from Mj,4. That is, by Terracini Lemma, the projection from the
tangent space of a general point z € (A) of Secp(X) restricted to X.

We start collecting properties of the tangential contact loci that will be useful for our
purpose.

Theorem 3.1.1. Let X < PV be an irreducible, reduced, and non degenerate variety. Let

A = {x1,...,zp} < X be a set of h general points and I' the associated contact locus.
Assume that Sec,_1(X) & PN, Then we have:

a) T is equidimensional and it is either irreducible (type I) or reduced (type II) with exactly
h irreducible component, each of them containing a single point of A [CC10, Proposition
3.9/,

b) (I') = Secy(T') and Sec;(T") # (') for i < h [CC10, Proposition 3.9],

¢c) for z € (T')y general miX ((m3X)~1(2)) < (T, [CCI0, Proposition 3.9],

d) if we are in type I vy, > yh_1, [BBCT 18, Lemma 3.5]

e) if yn = Yny1 and Secp41(X) is not defective and does not fill up PN we are in type II,
the irreducible components of both contact loci are linearly independent linear spaces,

[BBC™ 18, Lemma 3.5],

f) if we are in type I and Secp41(X) is not defective and does not fill up PN then T'yyq is
of type L.

Proof. a) Let x1, ...,z be general points with I'(x1, ..., z;) the tangential contact locus.
Since for general yi,...,yp € I'(z1,...,x) one has

T, X c TySecp(X) =Ty, X, ..., Ty, X)

it implies that
Ty, X, ... Ty, X) =Ty, X, ..., Ty, X)

Now by monodromy on the general points x1,...,x;, we prove point (a).
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b) We have
Secp(T(21, .-y 2k) {21, -+, ) € Tgee, (x)(2)
with z € (z1,...,7,) a general point. Let y € I's.., (x)(2) general, hence y € (y1,...,yn)
for suitable y;. Since by Terracini’s Lemma T,Secy,(X) = T,Sec,(X) we have y1,...,yp €

[(zy,...,2zp), thus y € Sec (T'). If Sec;(T') = {x1,...,xp) for some i < h then we would
have Sec;(X) = Sec,(X) contradicting the hypothesis.

¢) Without loss of generality we can assume that I' is irreducible. Let z € {z1,...,xp) be
general and y € (y1,...,y;) general with y; € I' and i < h. By generality assumptions
we have that y1,...,y; are general points in X and thus y is general in Sec;(X). By the
choice of y; we have

T,Sec;(X) = (Ty, X, ..., Ty, X) < T,Secy(X)

[dim(7¥ ((77) ~1(2)))]—dimensional family of i—secant to X passing through y. Let
{p1,...,piy be a general element of the family, then

(T, X,..., Ty, X) = T,Sec;(X) = T.Secp(X)
which shows that py,...,p; €.
d) See [BBCT18][Lemma 3.5]
e) See [BBCT18][Lemma 3.5]

f) Let A= {x1,...,2p} and B = A U {z,+1} be general sets in X. Assume that I'(B) is
of type II. By definition I'(A) < I'(B), on the other hand by point a) the irreducible
component of I'(B) through x; does not contain zy and therefore it cannot contain
I'(A). This contradiction proves the claim.

O

From the point of view of identifiability the notions of weakly defectiveness and twd
behave the same. The following proposition is well known to the experts in the field but
we were not able to found a written version of it.

Proposition 3.1.2. [CO12, Proposition 2.4] Let X = PV be an irreducible, reduced, and
non degenerate variety. Assume that X is not h-twd, then X is h-identifiable.

Proof. Assume that X is not h-identifiable and let z € Secy(X) be a general point. Let
z € {x1,...xp), for x; general in X. The existence of a different decomposition yields a
new set {y1,...yn} < X such that z € {y1,...,yn). Moving the point z in the linear space
{x1,...,zp) yields a positive dimensional contact locus. O

Remark 3.1.3. We want to stress that h-identifiability is not equivalent to non A-twd. In
[COV1T7] and [BV18] are described examples of Segre and Grassmannian varieties that are
h-identifiable but h-twd (see for instance Example in Chapter [1)).
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We aim to study the relation between twd and defectiveness. The next lemma is a first
step in this direction.

Lemma 3.1.4. Let X < PV be an irreducible, reduced, and non degenerate variety of

dimension n,
T : secp(X) — PN

the k-secant map, 7% ; : X --» PM the (k—1)-tangential projection, and T := T'(21, ..., )
the k-contact locus associated to the genral points z1,..., k.

i) The map ;< is of fiber type if and only if 7%, is of fiber type.

ii) Let {x1,..., 2k, y1,y2} be general points. Then the irreducible component of

L(z1,...,z01) nT(z1, ..., 2, 92)

passing through the point x; is positive dimensional only if either X is k-twd or 7r,§+2
has positive dimensional fibers.

iii) The map (7 i T' ==+ P is either of fiber type or dominant.

Proof. i) By Terracini Lemma F]i( is of fiber type if and only if

T.Secy—1(X) n Ty X # &

for y € X general. This condition is clearly equivalent to have 7',5(_ , of fiber type.
ii) Assume that X is not k-twd and dim(I'(z1,...,2g,y1) N D(21,..., 2%, y2)) > 0 in a
neighborhood of x;. Set
My, =Ty X, ..., Ty, X, Ty, X),

the variety X is not k-twd therefore
Ma, " My, 2Ty, X,..., T, X).
In particular we have
(]WA1 N MA2) N Tin # 5,

and hence
Ty, X, ..., Ty, X, Ty, X) n Ty, X # .

This shows, by the generality of the points and point i) that 7r,§+2 is of fiber type.

iii) Assume that (r7* V|r is not of fiber type. Then by point b) of Theorem we
have dim(I") = k(v + 1) — 1. Hence (7°,);r = 74_; and both maps are dominant onto
P See also [CCO6). O

Next we prove a general statement for type II contact loci.

Lemma 3.1.5. Let X < PV be an irreducible, reduced, and non degenerate variety. As-
sume that:
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a) X is k-twd,

b) X is not (k — 1)-twd

c¢) the k-contact locus is of type II.
Then wgﬁrl is of fiber type.

Proof. By point i) in Lemma it is enough to prove that 7‘15( is of fiber type. Then
by projection it is enough to prove the latter for k = 2. Let {x;,z2,y} X be a set of
general points and I" = I'(z1, z2,y) the contact locus associated to {1, x2,y}. To conclude
the proof it is enough to prove that (T;,,Ts,» " T, X # &F, for x € I a general point.

For a general point p € I' we set

I, < T(zi,p)

the irreducible component of the contact locus I'(z;,p) through p. The contact locus is
of type II, therefore I‘; $ x1,x2. Note that for a general point x € I‘[l, we have T, X
(T4 X, TpX). Then by semicontinuity for any point w € F}) there is a linear space of
dimension n, say A, < T, X, contained in the span.

Set

T(Fyl;) = <U Aw>wel‘;17-

We may assume that X is not 2-defective, otherwise there is nothing to prove, that is
Ty, X nTy, X =, (3.1.5)
and, since y is general,
codimyp1y (T(Ty) N Ty, X) = 7 + 1. (3.1.5)

The variety X is not 1-twd, then there are points z € I’; with A, n T, X # .
Let z € F; be a point with
A, nTy, X # , (3.1.5)

The contact locus is of type II, therefore z # 1. We want to stress that this is the only
point in the proof where we use the assumption that I' is of type II.

If A, n Ty, X # &, by Equations (3.1.5) and (3.1.5) we have

COdimT(F;)(T(F;) N <T:c17TJJ2>) sn

and we conclude Ty X N (Ty,, Ty, # &, that is 75° is of fiber type.

Assume that A, nT,,X = J. Then we consider the span (4., T,,>. By semicontinuity
to this linear space is associated a contact locus and we set I'? its irreducible component
passing through z. As before we have

codimqr(pz)(']r(l“g) NTy)=n+1,
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and by Equations (3.1.5) and (3.1.5) we conclude that
codimpr2) (T(I2) A (Ty,, Tay)) < .
This yields
Ay N (Tyy, Ty # &, (3.1.5)

for any point w € I'2. We have z # z1, then the general choice of the points z;, and the
assumption that X is not 2-defective ensure that

Ap " Ty X = & (3.1.5)

for general w € I'2.

We set 'L the irreducible component through w of the contact locus associated to
(A, Ty, X). Again z # x1 and the general choice of the x; ensure that z ¢ I'L. In
particular

T, #I2

52 .= U 2.

vel'} general

Set

Then I'? is in the closure of S? and, for p € F:}/ general, I’; is in the closure of

J T

wel'2 general

Hence Fé is in the closure of

St.= U rL.

wel'2 general

In particular the general point of S! is a general point of X. By construction we have
codimpr1 y(T(Ty,) N Ty, X) <+ 1.

Equations and then give
codimpry ) (T(Fy,) N {Tay, Tap)) < 1
and this concludes the proof. O
We are ready to prove our main result that connects twd and defectiveness.

Theorem 3.1.6. Let X < PV be an irreducible, reduced, and non degenerate variety of
dimension n. Assume that:

a) X is k-twd,

b) X is not (k—1)-twd
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¢) k>nand N =2 (k+1)(n+1)-1.
Then 7722_1 s of fiber type.

Proof. Thanks to Lemma [3.1.5] we may assume that the contact locus is of type I. By
hypothesis the variety X is k-twd. Let A = {z1,...,zx} < X be a set of general points
and I' := I'(A) the associated contact locus of dimension v > 0. Let z € (A) be a general
point, 7 = Tlg( : X --» PM the k-tangential projection associated to A, and y € X a
general point. For a general set Y := {y1,...,yx—1} < I' let T(Y U {y}) be the contact locus
associated to {y1,...,Yk—1,Yy}

Assume that 7r,§+1 is not of fiber type. then, by i) in Lemma Tk is not of fiber type
and by point iii) in Lemma T(D(Y U {y}) is a linear space of dimension  through
z := 71(y). This gives a map

X : Hilbg 1(I)peq ——» G(y —1, M — 1)

Y = {y17 .. '7yk71} B Tk(r(yla cee 7yk717y>)

The point z is smooth hence all the linear spaces 74,(I'(Y v {y}) sit in T, 7 (X) = P".
In other words we have a map

X Hilbg 1(D)req -+ Gy —=1,n—1) c G(y—1,M —1).

Note that dim G(y — 1,n — 1) = v(n — ) and dim Hilby_1(I") = (k — 1)y. By hypothesis
k > n and v > 0 hence we have

(k =1y >~(n—7).
Then the map y is of fiber type and fibers have, at least, dimension y(k —n +~v —1).

Set [Y1],[Y2] € x "' (JA]) general points, for [A] € x(Hilbg_1(T)req) € G(y —1,n —1) a
general point. The variety X is not (k — 1)-twd and we are assuming that 7r;§+1 is not of
fiber type therefore, by ii) in Lemma

dim(I' nT'(Y; U {y})) =0,
in a neighborhood of y;. Since the fiber of y is positive dimensional we have
(Vi o () B Ya. (3.1.6)
The contact loci are irreducible then, by Equation (3.1.6), we conclude that

L1 v {y}) # L(Ya v {y}).

Therefore, by point iii) in Lemma the positive dimensional fiber of y induces a positive
dimensional fiber of 75, and we derive, by point i) Lemma the contradiction that that
Trg(_Irl is of fiber type. O
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Remark 3.1.7. Both assumption b) and c¢) alone are reasonable and not over-demanding.
Unfortunately the combination of them is quite restrictive and narrows the range of appli-
cation we are aiming at.

We believe the statement is not optimal with respect to assumption c¢). But we are not
sure it is true, in full generality, without any assumption of this kind. On the other hand
we strongly believe that for many interesting varieties, like Segre, Grassmannian, Veronese
and their combinations, twd can occur only one step before the secant map becomes of fiber
type. This is not the case for weakly defectiveness as is shown in [BV1S]. In [BVIS8] Theorem
1.1 a)] it is proven that G(2,7) is 2 and 3 weakly defective without being 3-defective. Note
that this variety is 3-twd and it is not 2-twd.

The next result generalizes the main result in [BBC™ 18| and it allows to avoid the bot-
tleneck introduced by conditions b) and ¢) of Theorem in many interesting situations.

Lemma 3.1.8. Let X < PV be an irreducible, reduced, and non degenerate variety. As-
sume that X is not 1-twd and ﬂiil is generically finite, in particular X is not (k + 1)-
defective. If X is k-twd then v < Yi+1.

Proof. The variety X is not 1-twd, then we may assume, without loss of generality, that

Ye—1 < Vk = Vk+1-

Then 411 < n and Secy11(X) € PV, hence by e) in Theorem the contact loci are
of type II and linearly independent linear spaces. Fix {z1,...,2k,y} € X a set of general
points and let

F([El,... ,.Z‘k,y) = U’fPl ) Py

the contact locus. Moreover the assumption 7, = 7,41 and point a) in Theorem force
F(.ﬁ(}l, oo ,.’L'kfl,y) = U]f_lpi u Py,
with the same P;’s. Then

((Ta, X, ... Tay , X, TyX) 5 (T X )oep,io1,. k1
yeX

We are assuming that v;_1 < 7% therefore

Pi ¢ F(xla s awk‘*l)v
and we have a proper inclusion

(T.X).ep,iz1,.. -1 2 {Te; X, ..., Ty X).

Th—1
Set
My, = (To, X, ..., Ty, , X, T, X,

» Hxp_q

for general points y1,y2 € X. Then we have

Ma, "M, 2T X)zep,i=1,.. =1 2 (T, X, ..., Ty X,

Tr—1
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and we conclude that
(.7\4,41 N MAQ) N Tyi # .

This shows that
(T, X,...,T X, Ty, X) Ty, X # .

Y Tp_1

hence the k-tangential projection TkX is of fiber type and by Lemma we derive the
contradiction that ﬂ,i(ﬂ is of fiber type. O

Remark 3.1.9. Let us recall that 1-twd varieties are classified in [GH79] and are essentially
generalized developable varieties. In particular they are ruled by linear spaces and, with
the unique exception of linear spaces, they are singular.

We are ready to apply the above results to get not tangentially weakly defectiveness
and hence identifiability statements.

Corollary 3.1.10. Let X — PV be an irreducible, reduced, and non degenerate variety
that is not 1-twd, for instance a smooth variety or a variety that is not covered by linear
spaces. Assume that w,i( is generically finite and k£ > dim X.

Then X is not (k —dim X)-twd and it is not (k—dim X + 1)-twd if 7 is not dominant.
If moreover either £k > 2dim X or ﬂ,i( is not dominant and £ > 2dim X then X is not
(k — 1)-twd.

In all the above cases X is h-identifiable.

Proof. By hypothesis 7, is generically finite for any h < k. Then by Theorem if it is
J-twd
Vi < Vi1

The contact locus is a subvariety of X, hence v;_qim x = 0. This proves the first statement.
If ﬂ,i( is not dominant then the contact locus is a proper subvariety and we have
Vk—dimx+1 = 0.
Assume that £ = 2dim X then by the first part X is not j-twd for some j > dim X.
Then we apply Theorem recursively to conclude. We derive identifiability by Propo-
sition 3.1.2 O

Remark 3.1.11. The first part of Corollary [3.1.10|extends the bounds in [BBC™18| to non
1-twd varieties. The main novelty is the second part that allows to derive identifiability
from non defectiveness for large enough secant varieties.

3.2 Application to tensor and structured tensor spaces

As we already mentioned identifiability is particularly interesting for tensor spaces. In this
section we use our main result to explicitly state identifiability of a variety of tensor spaces.
For this we will consider Segre, Segre-Veronese and Grassmannian varieties and their h-twd
properties.

Let us recall some notation
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Notation 3.2.1. Let n = (ny,...,n,) and d = (dy, ..., d,) two multiindices. The variety
SV is the Segre-Veronese embedding
ni;+d;
vy P oo x P —>IPH( ni )71
via the complete linear system |Opni(d1) ® - - - ® Opn. (d;)].
When all d;’s are one we have the Segre embedding and we let SV™ := SV(? 1) and

n,r .__ (M)
SV = SV

~ (P™)". The expected generic rank is

e

|
Using the notations in [AOP09] we define
i+d;
[1("5") |
(Z TLZ) +1
For simplicity in the case ny = ... =n, =nand d; = ... =d, = 1 we set
sy o= s(SV™")

The variety G(k,n) is the Grassmannian parameterizing k—planes in P embedded in
P(A*"! V) via the Pliicker embedding. The expected generic rank is

G

(n—k)(k+1)+1

s(SV7) = |

gr(G(k,n)) = [

Remark 3.2.2. Note that we always have

s(SV3) = gr(SVy) —1

n;+d;
and equality occurs only when l(_lz(nl")l +1) is not an integer. In particular for any h < s(X)

we have Secy,(X) < PV.

The defectiveness of Segre and Segre-Veronese varieties is in general very far from being
completely understood, [AOP09] [AB09] [AMRI19], but it is in better shape than their
identifiability. For the latter the best asymptotic bounds we are aware of is in [BBC™18].

Before applying Theorem to many examples of tensors spaces, let us recall the
table of identifiability of tensors of bounded dimension given in [COV14, Theorem 1.1].

Theorem 3.2.3. A generic tensor T € X = C" ®---QC" of subgeneric rank r < gr(X)
is r—identifiable if | [, <;<qmi < 15000 except (n1,...,nq) in the following list:

(n1,...,nq) r
(4,4,3) 5
(4,4,4) 6
(6,6,3) 8

(n,n,2,2) 2n —1

(2,2,2,2,2) 5

unbalanced case 1 = [[io9mi — Dlmo(ni — 1)
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Theorem 3.2.4. Let X = SVLE =~ (PY*. Then X is not h-twd and hence h-identifiable
in the following range:

- (kah) = (2a 1)7(3a2)a (4’ 2)a (574)a (639)z
-k=T7andh < s(X)

Proof. For k < 5 this is well known, and can be easily checked also via a direct computation
with commutative algebra software [Mac92]. For k = 6 this has been checked in [BC13] by
a computer aided computation. Let us fix &k > 7. By [CGGI1I, Theorem 4.1] X is never
defective. In particular the morphism 77,{( is generically finite for h < s§. When k > 7 we

have
k

2
2dim X =2k < —— — 1 < s,
k+1
then we can apply Corollary [3.1.10 O

Remark 3.2.5. The Theorem answers positively Conjecture 1.2 in [BC13] when the generic
rank is an integer, that is kg—fl € N. For k < 6 the one listed are the only identifiable cases.

For 3-factors Segre we plug |[CO12] directly in Theorem to get the following.
Theorem 3.2.6. Let X = SV™3. Then X is h-identifiable for h < s(X).

Proof. For n < 7 the statement is proved in [CO12, Theorem 1.2]. For n > 7, by [Lic85],
the variety X is not h-defective for h < s2 and by the results in [CO12] X is not h-twd
for h = 3n, confront the table in [CO12, Theorem 1.2] . Then we are in the condition to
apply Theorem recursively to prove that X is not A-twd, and hence identifiable, for
h < s3. O

For general diagonal Segre we have a similar statement using [AOP09].

Theorem 3.2.7. Let X = SV™* withn >2 and k > 4. Let

n = 0(X) = s* mod(n +1)

n

Then X is not h-twd and hence h—identifiable for h < s(X) — 6(X). In particular when
0(X) =0 X is h-identifiable for all h < s(X).

Proof. Using the notations in [CO12, Theorem 6.7] let o be the greatest integer such that
n+ 1 = 2% First we prove the statement for all but finitely many cases.

Claim 1. If
(hony ¢ | (60 with k<6, (lc5) with k <5,
’ (k,4) with & <5, (k,3) with k < 4

then X is h—identifiable for h < s(X) — 6(X)
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Proof. By [AOPQ9, Theorem 5.2] we know that X is not h-defective as long as h < s(X) —
§(X). The variety SV™F is not h—twd for

h < Q(k—l)a—(k—l) — 2(k—1)(a—1)
by [CO12, Theorem 6.7]. Let us assume that n # 2. A short hand computation shows that
o(k=1)(0=1) 5 @im(X) = kn

is satisfied for every (k,n) in the list. Then, using recursively Theorem we conclude.
O

For the case n = 2 it is easy to check that the inequality

3k
2k +1

sk = | = 6(SVHF) > 4k = 2dim(SV>*)

is satisfied for every k > 5 and so we can conclude using Corollary [3.1.10l When (k,n) =
(6,6), (5,6) we have the inequalities

s8—6(SV®5) > 2.36 = 2dim SV&6

and
sg — 0(SV%) > 2.30 = 2dim SV>°

Then we conclude by Corollary [3.1.10
For all the remaining cases we have that (n 4+ 1)¥ < 15000 and we conclude by Table

B3.2.3 O
The next class of Segre varieties we treat in details is given by
SV[k,n] := Pk x (P7)F*1,
For these varieties we have

(k +1)(n + 1)+
(k+Dn+k+1

gr(SV[k,n]) = = (n+ 1)

In particular gr(SV[k,n]) = s(SV[k,n]) is always an integer, that is SV[k,n] is always
perfect. Thanks to this special condition we have the following.

Theorem 3.2.8. Let X = SV|k,n]| with n odd and k > 1. Then X is h—identifiable for
h < gr(X).

Proof. The proof is entirely similar to that of Theorem Indeed by [AOP09, Theorem
5.11] we know that all these Segre are non defective. If

(k,n) # (4,1),(3,1),(2,1),(2,3),(2,5)
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the inequality

(n+ 1% > 2(k + kn + n) = 2dim(X)
is satisfied and we conclude using Corollary [3.1.10] For all the exceptional cases we have

(k +1)(n + 1D)F! < 15000
hence we may use Table O

Remark 3.2.9. Defective Segre are expected to be quite rare, beside the unbalanced ones,
see the conjecture in [AOPQ9]. This conjecture has been checked via a computer in many
cases, [VVMI5] [COV14]. For all these special values our argument gives identifiability
confirming the numerical computation in [COV14].

Next we apply the same strategy to Segre—Veronese varieties. For this class of varieties
the defectiveness results are much weaker and so are our bounds. Again the special case of
binary forms is in better shape. We start recalling the notation of [LP13].

Definition 3.2.10. We say that (dy, ..., d,;n) is special if
(di, ...y drin) = (2,2a;2a +1),(1,1,2a;2a + 1), (2,2,2;7),(1,1,1,1; 3)
for a > 1. Otherwise (dy, ..., d,;n) is called not special.

Theorem 3.2.11. Let X = SVd(l’”"l) with r = dim(X). Assume that (di, ...,d,;n) is not
special and r = 6. Then X is h—identifiable for h < s(X).

Proof. We are assuming that (dy,...,d,;n) is not special. Then, by [LP13, Theorem 2.1],
the variety X is not h-defective for h < gr(X). Thanks to Theorem we may assume,
without loss of generality that d; > 1 and we have

diy+1)---(d+1), _3.2r71

s(x) = |1

| = - 1.

r+1 r+1

In particular
3. 27"—1
—1>2r =2dim(X)
r+1
holds for every r = 6.
The variety X is not 1-twd and so we conclude by Corollary [3.1.10 O

For general Segre-Veronese we have the following.

Theorem 3.2.12. Let X := SV} be the Segre-Veronese variety. Assume r = 2,
n%logQ(d_l)J =>2(n1+ ... +np),

and set d =dy + ...+ d,. Then X is h—identifiable for h < n%logQ(d*l)J -1
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Proof. By [AMRI19], Theorem 1.1] X is not h-defective for
h<nllor@=Dl b ) 11
In our numerical assumptions Secy,(X) & PV and we may assume
h = 2dim X.
Then we conclude by Corollary O

Remark 3.2.13. For the Veronese variety of P", that is .S Vdril it is easy, via Corollary|3.1.10
and [AH95|, to reprove the identifiability results in [Mel06] and [COV1T7].

As in the Segre case, for special classes of Segre—Veronese there are better non defective-
ness results. Here we recall the notation in [AB09]. Let X := S V™™ be the Segre-Veronese

(1,2)
variety P™ x P embedded by O(1,2) in PV where

N=m+1)("3%) -1

Let
m3 — 2m if m even and n odd
) = A e
and

(m+1)("3?) |
m+n+1
the meaningful numbers of X. With this in mind we have the following.

s(X) =1

Corollary 3.2.14. Let X = SV((JZ’)”). If n > r(m,n) and

[(m + 1)(";2)J
m+n+1
then X is not h—twd and hence h—identifiable for h < s(X).

> 2(m +n)

Proof. In our range X is not h-defective by [AB09, Theorem 1.1] and Sec,(X) & PV.

Moreover

wj > 2(m+n) =2dim X

X =
S( ) l m+n+1
and we may apply Corollary [3.1.10] to conclude. O

Let us consider now the case of P x P embedded with O(1,d) for d > 3.

Corollary 3.2.15. Let X = SV((lnji’)n) with d = 3 and m,n > 1. Let

s(X) = max {3 € N|s is a multiple of (m + 1) and s < [(m)(d)J}
m+n+1

If s(X) > 2(m + n) then X is not h-twd and hence h-identifiable for h < s(X).
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Proof. By [BCC11l, Theorem 2.3] X is not h-defective for h < s(X) and Secy(X) <
P(m-ﬁ-l)(n;d)—l'

X is smooth, in particular it is not 1-twd. Since
s(X) > 2(m+n) = 2dim(X)
we can apply Corollary [3.1.10| to conclude. 0

Remark 3.2.16. Similar statements about subgeneric identifiability of P* x P! embedded
with O(a, b) can be derived applying Corollary |3.1.10| using the non defectiveness results in
[BBC12].

Finally we consider Grassmannian varieties. For this class of tensor spaces very few
is known about identifiability. To the best of our knowledge the following is the first non
computer aided result for them.

Theorem 3.2.17. Let X = G(k,n) such that 2k +1 < n. Assume that

4 1y Lo
[(kii) 1= 200 — k)(k + 1)

Then X is h—identifiable for

n 4 1\ losz(®)]
< _
hs <k+1> 1

Proof. By [MR17, Theorem 5.4] in our numerical range X is not h—defective and Sec, (X) &
PY. Then we conclude by Corollary [3.1.10 O

The technique we developed can be applied to many other classes of varieties, once it is
known their defectiveness behavior. As a sample we conclude with the following example.

Example 3.2.18. C. Améndola, J.-C. Faugere, K. Ranestad and B. Sturmfels in [AFS16]
and [ARS18] studied the Gaussian moment variety

G140 C P?

whose points are the vectors of all moments of degree < d of a 1—dimensional Gaussian
distribution. They proved that G; 4 is a surface for every d and Secy(G1,4) has always the
expected dimension. In [BBCT18, Example 5.8] it is shown that G 4 is not uniruled by
lines, in particular it is not 1-twd. As usual let

d+1
$(G1a) = 1551 2 97(Gra) — 1

Then by Corollary [3.1.10|G; 4 is h-identifiable, for h < s(Gy 4) when d > 14.

In Section [5| we will see another application of our technique to particular tensor spaces,
called Flag varieties.
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Chapter 4

Defectiveness and identifiability:
generic rank

Why generic identifiability?

For statistical inference, it is meaningful to know if a probability distribution, arising
from a model, uniquely determines the parameters that produced it. When this happens,
the parameters are called identifiable. There are no useful models where all distributions are
identifiable. Then the notion of generic identifiability for parametric models has been con-
sidered for instance in JAMRT09] and in [RS12]. Conditions which guarantee the uniqueness
of decomposition, for generic tensors in the model, are quite important in the applications.
When generic identifiability holds, the set of non-identifiable parameters has measure zero,
thus parameter inference is still meaningful. Notice that many decomposition algorithms
converge to one decomposition, hence a uniqueness result guarantees that the decompo-
sition found is the chased one. We refer to [KB09b] and its huge reference list, for more
details.

From a purely theoretical point of view, the study of unique decompositions, or canonical
forms in the early XX century dictionary, has connection with both invariant theory,
[Hil8g|, and projective geometry, [Pal03]. It is already over a decade, [Mel06], that generic
identifiability of symmetric tensors has shown its close connection to modern birational
projective geometry and especially to the maximal singularities methods. In a series of
papers, [Mel06] [Mel09] [GM19], the generic identifiability problem for symmetric tensors
has been completely solved.

This chapter is devoted to extend this theory to arbitrary tensors and can be considered
as a first step, similar to [Mel06], in this direction. As for the symmetric case it is expected
that identifiability is very rare and our result support this convincement.

The main tool in [Mel06] was the use, after [CC02], of non weakly defective varieties to
study identifiability.

In recent years the notion of tangential weakly defectiveness, introduced in [CO12], has
gradually substituted the weak defectiveness and proved valid to study generic identifiability
of subgeneric tensors, [CO12] [BDDGO07] [BC13] [BCO14] [Kru77] [CMI9]. In particular
thanks to the main result in [CMI19] (see Chapter [3) for the generic identifiability we
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may assume without loss of generality the non tangential weakly defectiveness under mild
numerical assumptions.

Tangential weak defectiveness does not behave as weak defectiveness with respect to
the maximal singularities method. Therefore in this chapter we develop tools to plug in
maximal singularities methods for non tangentially weakly defective varieties. In this way
we are able to prove the non generic identifiability of many partially symmetric tensors.

4.1 Properties of contact locus for non twd varieties

Let us recall the main notation that we will use throughout this chapter. As always let
X < PV be an irreducible and reduced non-degenerate variety with

T = Tsecn(X) * S€Ch(X) — PN
the h-secant map of X.
We call g :=: g(X) the rank of a general point and we say that X < P is perfect if

N+1
dmx 1N

Remark 4.1.1. Note that 7[‘;( is generically finite if and only if X is perfect and not
defective. These are therefore necessary condition for identifiability.

Definition 4.1.2. Let X < PV be a non-degenerate variety and {z1,...,z,} < X general
points. The variety X is said h-weakly defective if the general hyperplane singular along
h general points is singular along a positive dimensional subvariety passing through the
points. Let H € H(h) := |Z(1)$§Ii| be a general section, we call I'y(H) its locus of
tangency passing through z1,..., zp.

Definition 4.1.3. For a linear system H we set

T(H) := () Sing(H)

the common singular locus.

Remark 4.1.4. We want to stress that, by [CC02], if I';,(H) is zero dimensional in a
neighborhood of {z1,...,z} then I'y(H) = {z1,...,z1},

For a subset A = {x1,...,2,} € X of general points we set
My =T, X).
i

and we denote with I',(A) its h-tangential contact locus.

Remark 4.1.5. Note that in general it is difficult to predict the behavior of I'(H(h)) for
non h-twd varieties. By definition I'(#H(h)) is zero dimensional in a neighborhood of the
assigned singular points but not much is known about singular components away from these.
Our Proposition is a first attempt to study this problem, under strong hypothesis.
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Remark 4.1.6. By definition 74 is the rational map associated to the linear system H(h) =
1 Zs2.. 02 (D]

1%

In this section we study properties of the contact loci I'y_1(H) (for a general H € H(g—
1)) of projective varieties that are non defective and not (g—1)-twd. In particular in view of
applications to Noether—Fano inequalities we are interested in studying the infinitesimally
near singularities of H.

We start recalling [CC02, Proposition 3.6] and its generalization to twd. This Proposi-
tion will be useful to reduce the study of I'y—1 () to the special case of g = 2.

Proposition 4.1.7. Let X c PV be an irreducible and reduced non degenerate variety.
Assume that X is not h-defective and h(dim X +1) —1 < N. Let X5 = 75(X) be a general
tangential projection.

i) X is h—weakly defective if and only if X is (h — s)—weakly defective.
ii) X is h—twd if and only if X, is (h — s)—twd.

Proof. Point i) is [CC0O2, Proposition 3.6].
Point ii) is a simple adaptation of point i) substituting weakly defectiveness with twd.
O

For future reference we observe the following fact.

Lemma 4.1.8. Let Z < P" be a reduced projective variety of dimension dim(Z) = a.
Then codim|Zz(1)| = a + 1 and equality is fulfilled only by linear spaces.

Proof. If Z is a linear space there is nothing to prove. Assume that Z is not a linear space,
then dim(Z) > dim Z. We have

codim |Zz(1)| = codim |Z(5y(1)| = dim(Z) + 1 > dim Z + 1.
O

Definition 4.1.9. Let X < PY be an irreducible and reduced non-degenerate and non
h-defective variety. Let {x1,...,2r} € X be a set of general point and H(h) = |Ix§zi(1)|
the linear system of hyperplane sections singular in {z1,...,z}. Set

Wi 1= {(H, 2)|H € H(h),x € Tp(H)} € H x X

and 7! : Wy, — H(h), m% : W, — X the two canonical projections. We denote with
Wy, := W) < H(h).

It is clear that W, < |Ix§,...,x2 (1)| for any h < s. Then we may identify W as a
subvariety of Wy, for any h < s. 6111" next aim is to prove, in some cases, a more precise
result.
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Proposition 4.1.10. Assume that X is perfect and not defective with general rank g. Set
H:=MH(g—2)=|L2 ,2 (1) and assume

g—2
dim(Ty-1(H)) = a,
for H € H(g —1). Then we have codimyy_oy(Wy-1) = a + 1.

Proof. The variety X is not defective, then dim(#H(g —2)) = 2n+ 1. By a parameter count
we have dim W, 1 = 2n.
By definition for a general [H] e W,_; we have

dim(m, (H)) = dimf{z € X|z € T, (H)}) = dimT,_, (H)
therefore we conclude that
dim(W,_1) = dim(W,_1) — dim(z; ' (H)) = 2n — a
yielding codimy(y_oy(Wy-1) = a + 1. O

The following result is already implicitly used in [CC02] but we state it as a Proposition
for the reader convenience.

Proposition 4.1.11. Let X < P24 X+1 e an irreducible, reduced non-degenerate variety.
Assume that X is not defective and not 1—twd. Then for a general tangent hyperplane
H € H(1), the singular locus I'1(H) is a linear space. In particular, under the hypothesis,
also T'(H(1)) is a linear space.

Proof. If X is not 1-weakly defective, by Remark I'1(H) is a point. Assume that X
is 1-weakly defective and dimI'1(H) = a. Let z € X be a general point and H € H(1) a
general tangent section in z. Let us consider the variety

Wi 01)] = H

parametrizing singular hyperplane sections. Proposition 4.1.10| yields codimy (W1) = a+ 1
and so codim(T[g)W1) = a + 1. On the other hand, by the infinitesimal Bertini’s theorem
[CC0O2, Thm 2.2], we have

T[H]Wl c H(—SZRQ(H))

and so codimy (H(-T'1(H))) <a+ 1.
Hence we conclude by Propositio that I'; (H) is a linear space. O

Lemma 4.1.12. Let X c PV be an irreducible, reduced non-degenerate projective variety.
Assume that X is 1—weakly defective with dim(I';(H)) = a, for H € H(1) a general tangent
hyperplane. Then a general hyperplane section X’ of X satisfies dim(I';(H')) = a — 1, for
H' a general tangent hyperplane to X’.
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Proof. Let x € X be a general point, H € |Z,2(1)| a general hyperplane section singular at
x and L € |Z,(1)| a general hyperplane section passing through x. The divisor L is smooth
in a neighborhood of x and Bs|Z,(1)| = {z}. Hence, by Bertini’s theorem,

dim(Sing(H) n L)) =dimT1(H) —1=a—-1

To conclude observe that H)y, is a general tangent section of L at z. O

Let (21, ..., 2,) be a system of local coordinates at the point (z € X) =~ ((0,...,0) € C™).
Every divisor H € |Z,2(1)| can be expressed locally as

H = (QH(Zlv"'azn)+ZFd(Zh'"?Zn) :O)
d=3

where Qg (z1,...,2n) € C[z1,...,2,]2 is a Quadric and Fy are homogeneous polynomials
of degree at least 3. The rank of the double point x € H is by definition the rank of the
Quadric Qg. The singular locus A = Sing(Qg) is a linear space A < C™ of dimension

dim(A) = dim(X) — rank(Qp)

It is called the asymptotic space of H at the point x. Let v : X’ — X be the blow up of X
at z with exceptional divisor £. Under the identification

E =P(T,X)*) = P!

we have that
v, (H) n E =P(Qn)

*®

and
Sing(v,*(H)) n E < P(A)

Note further that to every point y € F we can associate uniquely a line [, € T, X corre-
sponding to the tangent direction represented by y.
With this notation in mind we are going to improve Proposition

Proposition 4.1.13. Let X < P2dmX+1 he an irreducible, reduced non-degenerate pro-
jective variety. If X is not defective P(Sing(Qy)) = vy {(T1(H)) N E.

Proof. Let H € H(1) be a generic hyperplane section singular at x. If dim(I'1(H)) = 0,
by [CC02, Theorem 1.4], x is an ordinary double point of H. Thus Qp is a Quadric of
maximal rank.

Assume dim(I'1(H)) = a > 0. By Proposition it is enough to prove that
rank(Qg) = dimX —a + 1. Let v : X’ — X be the blow up of X at the general point
x € X, with exceptional divisor F, and H' = v;}(H) the strict transform of H. We have

v 1 (T (H)) n E € Sing(H")
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We already observed that Sing(H') n E < P(Sing(Qp)) hence
v, (T (H)) n E € P(Sing(Qr)).

This leads to
rank(Qpg) < dim(X) —a + 1.

Let Hy,...,H, € H(1) be general sections. Then Lemma [4.1.12] yields that X¢ := H; n
...n Hg is not 1—weakly defective. Hence, by the first part of the proof, we conclude

rank(Qpg) > dim(X) —a +1
and finish the proof. O

We take the opportunity to stress a property of I'(H(g — 1)) for non twd varieties, recall
Remark [4.1.5]

Proposition 4.1.14. Let X < PV be a non defective, perfect, irreducible, reduced and
non-degenerate variety with general rank g. Assume that X is not (¢ — 1)-twd. Then
(Tz, X, ..., Ty, , X) is tangent only along a zero dimensional scheme.

Proof. Let
W Ty X,...,Tyy ; X)n X

be an irreducible component of the locus where (T, X, ..., T, _, X) is tangent to X. By
Proposition we have that X, o := 7, 2(X) is not 1-twd and not defective, where 7, o
is the linear projection from (T, X, ..., Ty, , X).

Claim 2. 7,_o(W) = 14_a(x1)

Proof. Let y = 7y_2(x1) and H € |Z,2(1)| a general tangent hyperplane section. By Propo-
sition Xy—2 is not 1-twd and by Proposition 4.1.11{I"; (H) is a linear space, therefore

I'(H) nTyXy—2 =y.
On the other hand, by construction, we have
Tg—2(W) < I'1(H),
and this proves the claim. ]

The variety X is not defective and y = 74_a(x1) is a general point of X,_5. Therefore

T;f2(y) is a finite scheme and we conclude by the Claim that W is 0-dimensional. O

Remark. It would be very interesting to understand if the result in Proposition [{.1.1] is
true for smaller values of the rank. Unfortunately our proof is based on Proposition[{.1.1]]
and cannot be extended in this direction.

The following is the main result of this section.
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Theorem 4.1.15. Let X < PV be a projective irreducible,reduced and non-degenerate
variety of general rank g. Let {x1,...,x4_1} be general points on X and H = H(g — 1).
Assume that:

- X is perfect and non defective
- X is not (g — 1)-twd

Then there is a variety Y and a birational map v : Y — X with the following property: for
any € > 0 there is a Q-divisor D, with D = v 'H such that for any point y €'Y

multy, D < 1+e.

Proof. The variety X is non defective and not (g—1)-twd Therefore, by [CM19 Theorem 18]
the tangential projection 74_o, from {2, ..., 241} is birational. Let X;_9 = 7,_2(X) be the
image of the tangential projection and define H' := (74—2)«H. Then, by Proposition m
Xgo€ P2dim X+1 g 116t defective and not 1-twd.

Let 0 : Z — X4_5 be the blow up of the point 74_s(z1), with exceptional divisor E and
Hy = 0';17‘[/.

Claim 3. I'(Hz) is empty.

Proof of the Claim. By Proposition [4.1.11] the singular locus T'y (H) is a linear space. The
variety X, o is not 1-twd therefore I'(H’) = 74_2(x1). This is enough to show that I'(H ) <
E.

Assume that there is a point z € T'(Hz) N E and denote by I, < P2dmX+1 the corre-
sponding line in the projective space. By Proposition |4.1.13| this forces [, ¢ I'1(H) and the
contradiction 1, € T'(H'). O

Let Y be the completion of the Cartesian square

y---1__.7
X==m =Xy

and Hy = vy '(H) = n,'(Hz) the strict transform linear system. By construction and
Claim |3| the set I'(Hy) is contained in the locus where 1 is not an isomorphism. On the
other hand, by monodromy, the same should be true for a different choice of (g —2) points
in {x1,...,24-1}. Thanks to the general choice of the points {z1,...,24 1} this is enough
to show that I'(Hy) is empty. In particular for any y € Y there are divisors H € Hy with
mult, H < 1. To conclude we construct the divisor

1 M
Dzjjgﬁm

for H; € Hy general. The locus I'(Hy) is empty therefore we may assume that for any
y € Y there are at most dim #Hy divisors in {H;};—1 s singular in y. This is enough to
conclude. O
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4.2 Noether—Fano inequalities and generic identifiability

In this section we apply the previous results on the singular locus of linear system H(g — 1)
to produce non generic identifiability statements. We start recalling two results in this area.

Theorem 4.2.1 ([Mel06]). Let X < PV be a projective, irreducible non-degenerate vari-
ety. Suppose that X is generically identifiable. Then the (g(X) — 1)-tangential projection

Tg(X)-1: X —=» PAImCX) s birational.

Theorem 4.2.2 (Noether-Fano Inequalities [Cor95]). Let 7 : X — X' and p: Y — Y’ be
two Mori fiber spaces and ¢ : X --+Y a birational, not bireqular, map

X-Z-y
Pl
X' Y

Choose a very ample linear system Hy in'Y and let Hx = o3 (Hy). Let a € Q such
that Hx = —aKx + n*(A) for some divisor A € Pic(S).
Then either (X, %HX) has not canonical singularities or Kx + éHX is not NEF.

We are ready to connect the contact loci properties and the Noether—Fano inequalities
to produce a tool for non identifiability statements.

Theorem 4.2.3. Let X" < PV be a projective smooth non-degenerate variety and Tg—1:
X --s PIX pe o general tangential projection, associated to the linear system H :=
H(g —1). Assume that

-m: X — S is a structure of a Mori fiber space such that
H=r —aKx + 7" (A)
with a > 1 a rational number and A € Pic(S)
- The Q-divisor Kx + %7—[ is NEF
- X is not (g — 1)—twd
Then 741 is not birational, in particular X is not generically identifiable.

Proof. If 71'5( : secy(X) — PV is of fiber type then 7,_; is of fiber type, see for instance
[CM19, Lemmal6 (i)], and we conclude, by Theorem that X is not identifiable.

Then we may assume that X is perfect and not defective. In particular 7, 1 is a not
biregular map onto PdmX

By Theorem there is a variety Y and a birational map v : Y — X with the
following property: for any e > 0 there is a Q-divisor D, with D = v;H(g — 1) such that
for any point y € Y

mult, D < 1+e.
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In particular (Y, 1v (H(g 1))) and henceforth (X, 2#(g—1)) have canonical singularities.

) q

Then, by Theorem 2| applied to the diagram

X - — o1 >I[J)dirnX ,
S SpecC

the map 741 cannot be birational and therefore X is not generically identifiable by Theo-

rem 4.2.1] O

We are ready to prove the non identifiability statement announced in the introduction.
Let n = (ny,...,n,) and d = (dy,...,d,) be two r—uples of positive integers and
consider the Segre-Veronese variety SV, i.e. the embedding

n;+d;
VZZ:IP’”IX---X]P”THIP’H( )1

via the complete linear system |7} Opni (d1) ® ... @ m¥Opnr (d;)].

Theorem 4.2.4. Fiz two multiindezes n = (n1,...,n,) andd = (dy,...,d,). Let X = SV}
the corresponding Segre- Veronese variety. Assume that d; > n; + 1, fori=1,...,r, and

H(nﬂrd )
2() n
ST dni+1 1> Z i

Then X is not generically identifiable.

Proof. If X is defective or non perfect the statement is clear, recall Remark Assume
that X is not defective and perfect. Then 7,_1 : X --» P4m¥X ig generically finite. The
numerical assumption reads

H(nz-i-d )
dni+1

and, by |[CM19, Corollary 22], the variety X is not (¢ — 1)—twd.
After reordering the indexes we may assume that

9(X) = [-5—"21> 200 ny) = 2dim(X)

1  + 1
A > i , for any i. (4.2.4)
d d;

Let p: X — Y be the canonical projection onto the Segre-Veronese ¥ = SV((dediLs)

and a = > 1. Then p is a Mori fiber Space and

n+1

1
Kx + EH(Q - 1)=,0.
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Further note that the cone of effective divisor of X is spanned by the lines in the factors
P™ and, by Equation (4.2.4)), we have

1 +1
Kx+-H(g—1)-li=—(ni+1)+ 2"=d; >0,
a dy
This shows that Kx + é?—[(g — 1) is NEF and, by Theorem we prove that X is not
generically identifiable. O

Remark. In recent years the Secant varieties of Segre- Veronese varieties have been studied
intensively, see for instance [AB09],[AMR19],[BBC12],|[BCC11|]. However, to the best of
our knowledge, this is the first result regarding non generic identifiability for infinite classes
of Segre-Veronese varieties with r = 2.

4.3 The example of P! x PV embedded with O(d, 1)

In this section we study a special class of Segre-Veronese varieties. For this class we are
able to explicitly compute the geometry of the tangential contact locus and confirm the
validity of Theorem We start recalling the notion of distance for Segre-Veronese
varieties given in [AMR19, 2.4].

Let n and d be positive integers, and set

An’dZ{IZ(’L'l,...,id),0<7;1<"'<’id<n}.

For I,J € A, 4, we define their distance d(/,J) as the number of different coordinates.
More precisely, write I = (i1,...,iq) and J = (j1,...,jq). There are r > 0, distinct indexes
Ay A < {1,...,d}, and distinct indexes 71,...,7. < {1,...,d} such that iy, = j, for
every 1 < k <7, and

{fix | XM, {jrl7#71,...,v} =T
Then d(I,J) = d — r. Note that A, 4 has diameter d and size (":d) = N(n,d) + 1.

Let n = (ny,...,n,) and d = (dy,...,d,) be two r-uples of positive integers, and set
A=Apag=MApa, X x Ay a,
For I = (I',...,I"),J = (J',...,J") € A, we define their distance as
d(I,J) =d(I', JY + -+ d(I", J")
Note that A has diameter d and size [[;_, (”’nt di) = N(n,d) + 1. We will denote the

homogeneous coordinates (respectively coordinates points) of PV (nd) by X5 (respectively
e J), JeA.

Proposition 4.3.1. Let X = P! x P* ¢ P@+D®+1)-1 16 the Segre Veronese variety
embedded with Ox(1,d). Let 1, ..., Zj(+1)—1 be general points on X and let

X" = Bl,... X5 X

Tk(n+1)—1

Assume that:
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- (d+1)=k(n+2)
- X is not [k(n + 1) — 1]-twd

Then

where H' = o, Y (H(k(n + 1) — 1)).

Proof. We know that X is [k(n+ 1) — 1]-weakly defective and its contact locus at a general
point z is a hyperplane contained in a fiber of the canonical projection 71 : X — P! (see
[FCM20] and Chapter [6)). Moreover X is not k(n + 1) defective, i.e. X is a perfect variety
(see [MR17]). Up to a linear change of coordinates under the action of PGL(2) x PGL(n+1)
we can assume that x; = €40,...,0},{0} and zo = €{1,...,1},{1}-
We have that
H(kz(n + 1) — 1) = |Ox(d, 1) ®L 2

ryu.. .U

2
k(n+1)—1
is a sublinear system of

H(2) = |OX(d7 1) ®szux§|

with dim(H(k(n + 1) — 1) = dim(X).
We have that a divisor
H=>a;Z;=0)

is in H(2) if and only if both

d((I',1%), ({0,..., 0}, {0})) = 2
and

d((I', %), ({L,..., 1}, {1})) = 2

are satisfied.
Let
I ={1,...,1,0,...,0}, {1}

g
#1=1,#0=d1

I’ =1{1,...,1,0,...,0},{0}

o
#1=1,#0=d—1

If we denote
A={I},... I} 5, 19,... 19}

we have that the set of hyperplane divisor defined by Hy = (Z; = 0)ep is a basis of the
linear system #(2).

By monodromy we can restrict ourselves to an affine neighborhood U,, of the point z;.
A basis of H(k(n+1)—1) is thus given by choosing (n+1)—tuples of numbers (o );=1, _n+1

for every I € A.
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In particular we have that

Hk(n+1)—-1) =< Z oz{ZI,...,Z ol 7>
IeA IeA

For simplicity let us denote D; = Y,;cy ol Zy fori=1,...,n+ 1.
Locally in U, we set zo = yp = 1 and so every D; is of the form
Di = (-ﬁUl(l’l + E(yla cee 7yn) + Gi(xlaylv cee 7yn)) = 0)

with F;(y1,...,yn) linear forms and G;(x1,y1,...,yn) polynomials such that deg(G;) > 2
and degy,; (G;) = 1 for every j=1,...,n.
Let us denote

D; = (I]_ + E(ylv o )yn) + Gi(‘rlvyla o ayn) = 0)
Since every D; is a reducible divisor we have that

Sing(D;) = (z1 = 0) n (Dj = 0)

and so
Slng(D])‘(;m:O) = (E(yla s )yn) = 0)

Since by assumptions we have that X is not [k(n + 1) — 1]-twd we have that

(N (B p) =0) =(0,...,0) (4.3.1)
1<i<n+1
Let
o: X' = lel,...:vk(nﬂ),lX — X
be the blow up with E1,. .., Ey,41)-1 the exceptional divisors.

We have that
Sing(oy " (Dy)) g, = Sing(TCy, D;)

with T'Cy, D; the tangent cone of D; at the point z;.
Now TC,, D; is the quadric Q; given by Q; = 22 + 21 F;(y1, ..., Yn)-
If F; = vyly1 + ... + ¥y, then Q; can be represented by the symmetric matrix

14 o

v; O 0
M(Q;) = :

o0 0

Now Sing(Q;) = Ker(M(Q;)) = {1 =0, F;(y1,...,yn) = 0}.
It follows from Equation (4.3.1) that (<<, 4 Sing(o,'(Ds))g, = &, proving the

result.
O
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Chapter 5

Defectiveness and identifiability of
Flag Varieties

In the most general context, a flag variety is a projective variety homogeneous under a
complex linear algebraic group. Flag varieties play a central role in algebraic geometry,
combinatorics, and representation theory.

Fix a vector space V 2 C"*!, over an algebraically closed field K of characteristic zero,
and integers k1 < ... < k.. Let G(k;,n) = PVi, where N; = (,?;11) —1, be the Grassmannian
of k;-dimensional linear subspaces of P(V) in its Pliicker embedding. We have an embedding
of the product of these Grassmannians

G(k1,n) x « -+ x G(kp,n) € PM x ... x PN PV

+1 +1
where N = (,?1“) (I?TH) —1.
The flag variety F(k1, ..., kr;n) is the set of flags, that is nested subspaces, Vj, < --- C
Vi, & V. This is a subvariety of the product of Grassmannians [ [_; G(k;,n). Hence, via a

product of Pliicker embeddings followed by a Segre embedding we can embed F(k1, ..., ky;n)
F(ky,... ksn) = PNV xoox PN o PN,

Consider natural numbers ay, ..., a, such that ag, 41 = -+ = ag,+1 = 1 and a; = 0 for
all i ¢ {k1 +1,...,k. + 1}. Then, F(ky,...,k.;n) generates the subspace

k1+1 kot 1
P(Fal,...,an) cP (/\ VR - ® /\ V> c [P’N

where Iy, 4, is the irreducible representation of sl,.1C with highest weight (a; + --- +
ap)Ly+---+apLy,, and Ly +---+ Ly, is the highest weight of the irreducible representation
/\k V. We will denote I', .. 4, simply by I';. By the Weyl character formula we have that

1—[ (ai—i----—l—aj,l)—i—j—i

dimP(T',) = —
Jj—i

-1

1<i<j<n+1
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Furthermore
,
dimF(ky, ... ki) = (k1 + 1)(n— k1) + Y (n — k) (k; — kj_1)
j=2
and F(ky, ..., k;n) = P(Ty) n [Ti_; G(ki,n) < PV, see [Ful97].

The geometry of these varieties has been investigated mostly from the point of view of
Schubert calculus [Bri05] and dual defectiveness [Tev05]. Secant varieties of low dimensional
flag varieties have been studied in [BD10] by taking advantage of the tropical approach to
secant dimensions introduced by J. Draisma in [Dra0g].

We investigate secant defectiveness of flag varieties following the machinery introduced
in [MR17].

5.1 Osculating Spaces for products of Grassmannians

Consider the product G(ky,n) x---xG(k,,n) < PM x...xPNr < PN, Given a non-negative
integer k define
A, ={Ic{0,....,n}||I| =k +1}.

For any I = {ig,...,ix} € A let e € G(k,n) be the point corresponding to e;, A --- A e;, €
0 k
AP et We will denote by Z; the Pliicker coordinates on P(AFT! ¢ty
From [MR17] we have a notion of distance in Ay given by

i, J)=1|I|— I nJ| (5.1.1)
for all I, J € Aj. More generally, we define
A=A x- x Ag,.

Given I = {I',...,I"} € Alet es € [;_, G(k;,n) be the point corresponding to ey1 @ -+ @
er € PN, and by Z; the corresponding homogeneous coordinates of PV. Furthermore, for
all I,Je A with I ={I',...,I"} and J = {J!,...,J"}, we define their distance as

d(I,J) = 2 d(It,J%
i=1

where d(I?, J%) is the distance defined in .

From now on we will assume that n > 2k, + 1. Under this assumption A has diameter
r+ >4 ki with respect to this distance.

In the following, we give an explicit description of the osculating spaces of | [/_; G(ki, n)
at coordinate points.

Proposition 5.1.2. For each s > 0
T:, (HG(@,@) ={ley; dI,J)<s)={Z;=0;d(I,J) > s} c PV,
=1

In particular, TS (TTi_y G(ki,n)) = PN for s = v+ > ki
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Proof. Set I = {I',... I"} € A. We may assume that I = {0,... k;} foreach 1 <i <r
and consider the following parametrization of | [[_; G(k;,n) in a neighborhood of e;:

. 5.1.3
o (Tt deb () e (5.1.3)

| Tsr (@) |

i=1,...r

where M is the submatrix obtained from |:Iki+1, (ac;m) 0<i<k; ] by considering the
) ki+1<m<n
columns indexed by J*.

For each J € A, we will denote [];_, det(M ) simply by det(M;y). Note that each
variable appears in degree at most one in the coordinates of . Therefore, deriving two
times with respect to the same variable always gives zero. Furthermore, as det(M;) has
degree at most 7+ ;_, k; all partial derivatives of order greater than or equal to r+>,._; k;
are zero. Thus, it is enough to prove the claim for s <r + >/, k;.

Given J = {J',...,J"} € A, let i,k, k' be integers such that 1 <i <7, ke {0... &}
and k' € {k; + 1,...,n}. Then

8det(MJ) { i...det(MJi—l)det(MJikk/)det(MJiJrl)... k' e JZ
- — sfvy , .
0xy, 1 0 kK'¢ J
where M iy, ;s is the submatrix obtained from Mj: by deleting the column indexed by &’
and the row indexed by k.
More generally, let mq,..., m, be non-negative integers such that their sum is bigger
than one. For each ¢ = 1,...,r consider

Ki={ki,....,kl, } = {0,....k} and K]={k{,... kli}c{k+1,...,n}
with |K;| = |K]| = m;. Now, set m =mj + -+ +m, and

K={K,.. . K} K ={K,. . K}

1

Therefore, denoting dxy -+ 0z}, 4 simply by 0K, K " we have
171 my ) Vmy

0 otherwise

0" det(My) { +11_,4 det(Myi gk, 1) if K'cJ and m < d(I,J) = deg(det(My))
omK,K'

for any J € A, where K’ < J means that {k{',... kL } < JY . (k... kL } < J7, and
M i g, i is the submatrix obtained from M : deleting the columns indexed by K] and the

rows indexed by K;. Thus,

o™ det(My) (0) = +1  if J' = K!u ({I\K;}) for each i = 1,...,7
0K, K’ B 0  otherwise .

Finally, let us denote by J = K’ u {I\K} the element in A for which J* = K! u ({I'\K;})
for each ¢ = 1,...,r. Then, we have that

oM
g, o \0) = Fewognuy-
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Note that d(I, K" v {I\K}) = m, and any J € A with d(I,J) = m may be written as
K’ U {I\K}. Thus, we get that

which proves the claim. ]

Now, it is immediate to compute the dimension of the osculating spaces of [ [;_; G(k;, n).

Corollary 5.1.4. For any point p € [ [i_; G(k;,n) we have

dim T5([T/_; G(ki,n)) = ). <n ;kl) <klsf 1) (n ;kr) <ks+ 1)

i=1,...,r
0<s;<k;+1,
S1+-+8r<s

Jor any 0 <'s <r+ >y ki while T5 ([ Ti_; G(ki,n)) = PN for any s = r+>)_, k.

Proof. Since the general linear group GL(n + 1) acts transitively on [[;_; G(k;,n) the
statement follows from Proposition O

5.2 Osculating Projections

For a general point p € [[;_; G(ki,n), we will denote Tj (] [;_; G(ki,n)) simply by T5.
Now, take 0 < s < r+ >, k; and I € A. By Proposition the linear projection of
[ ;=1 G(ki,n) from T, is given by
Org, : [liey Gki) > PN
(Zi)sen v (Z1)jen|d.n)>s
Moreover, given I' < {0,...,n} with |I'| = m we have the linear projection
ap 2 P*o—-» PP
(i) — (Td)ieqo,...n\1"
which in turns induces the linear projection
Iy : G(k,n) --+ G(k,n—m)
14 — (V)
(Z))geny = (Z1)jen, | 1nr=g

whenever k < n —m.

Finally, let us fix I = {I',...,I"} € A and take my, ..., m, integers such that m; < k;+1
for each i = 1,...,7. Then, given I''t < I',... I'"" < I", with |I'!| = m;, we have a
projection

1—[;«:1 H]/i : H::l G(kﬁl, n) i d H;:l G(kl, n— ml)
le...x‘/r —> Hl,l(‘/i)x---XHI/r(W).

Note that a general fiber of [];_; I;: is isomorphic to []._; G(ki, ki + m;). Indeed, let
z=1_ O ((Vi)i_y) € [ [i—; G(ki,n — my) be a general point. Then, we have
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(ITiz, Hm)*l (z) = {(Wl)’;:l €1y G(ki,n) | W; < (V;, €jises 6J'fni>’ 1=1,... ,r}.

Lemma 5.2.1. Let us fix I = {I',...,I"} e A. If0<s<r—2+>._k and " c I
with |I'"| = m; for each i = 1,...,r, then the rational map I,  factors through T My

whenever ».;_; m; = s+ 1.

Proof. Since the diameter of A is 7+ > k; we have {J € A|d(I,J) < s} & A and then IIr;
is well-defined.

On the other hand, if J = {J!,...,J"} € Aissuch that J'nI" = Zforalli =1,...,r,
then d(I,J) = >,/_,; m; > s which yields that the center of Il is contained in the center

Of H;:l H[/i . OJ
Proposition 5.2.2. The rational map HTZ, is birational for all0 < s <r—24 37, k.

Proof. Since Tg, contains Tg;l it is enough to prove the statement for s =r—2+>7_, k;.
Let us fix m € {1,...,r}. By Lemma for each subset I < I'"™ with |I"™| = ky, there
is a rational map 7pm that makes the following diagram commutative:

H::l G(k:“n) ****** ‘ ffff> PNS,

(Hi#mnji)xnllm ) \\\) \:,
(H#m G(kiyn —k; — 1)) X G(kpm,n — k)

Let z = HTSI({Vi}{:l) be a general point and X < | [;_; G(k;,n) be the fiber of Il over

. Set xpm = mpm (x), and denote by Xpm < [T7_; G(ki, n) the fiber of ([, ,,, 1) x Hpm
over xpm. Thus,
X c ﬂ XI/m
I/m
where this intersection runs over all I'™ < "™ with |[I""| = k,,, and m = 1,...,r. Now, if
(Wi)i_, is a general point in X then
Win < {ejys-- -, > Vm) for any I' = {ej,,... NCTTEN N
Therefore,
Win © [ejns- -+ €50, Vin) = Vim.
Ilm
This implies Wy, = V,,, for every m = 1,...,r. Since we are working in characteristic zero,
we conclude that HTSI is birational. ]

The next step is to study linear projections from the span of several osculating spaces.
In particular, we want to understand when such a projection is birational. First of all, note
that the order of osculating spaces cannot exceed r —2+ >'_, k;. Furthermore, in order to
carry out the computations, we need to consider just the coordinates points of | [;_; G(k;, n)
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such that the corresponding linear subspaces are linearly independent in C**!, then we can

use at most
n+1
o=
kr+1

of them. Now, let us consider the points ey, ..., er, € [[;_; G(ki,n), where

I={I} =1{0,... . ki},.... IT = {0,... k}}
L={}={k+1,. . ke+k+1},.... 15 ={k. +1,... .,k + ky + 1}}

(5.2.3)
In={ ... 0L ={(k, + )(a=1),..., (k. + D(a—1) + K;},...}.
Let s1,...,8q be integers such that 0 < s, <7 —24 >,/ k;. Denote the linear subspace
<T2}1 Yo ,']I'g;"m> simply by Tz};’fg}m Then, for m < a we have the linear projection
N/
Mpgpoom 0 [Lia Glkiyn) - PToreem
(Zi)sen = (Z1)Jen | d(J0)>510msd(T,I)>5m -

Now, consider Iy, ..., I, as in (5.2.3)), and I’ < I} with |I| = s, for each 1 < m < a and

i =1,...,7, where s, are non-negative integers. If I" denotes the union U1 I'' | then
for each i = 1,...,r we have a linear projection of P"
T P ——s PP Zmeism

(zi)ocisn ¥ (@i)o<ic<n and igrri
which in turns induces the following projection

Hpi G(kla n) -2 G(k% n— Z%:l Szn)
4 — (mpi(V))
(ZJ)JEAki — (ZJ)JeAki | JnIi=0

whenever n — 3% _ st > k;. Finally, if n — > st > k; for each i = 1,...,r, then the

m=1°m m=1°m
projections above induce a projection

[Ty 2 [1is Glkin) —— Tl Glki,n — 250 sh,)
Vi, V) — (I (Vh), ..., Iy (V,)).

Lemma 5.2.4. Let I,...,1, be as in , M, S1,...,5n integers such that 1 <m < «

r : i i i - ) _ i i
and 0 < s <r—24>0 k. Nowf consider I c 17, ... ..,Im c I, wﬁh |1} = S where s
is a non-negative integer for each i =1,...,r and1 < j<m. Forj>mandi=1,...,r

set I]’~i =g c I; Denote by I" the union U?‘Zl Ij’»i for each i =1,...,r and assume that

(i) n =27, 85 = ki for eachi=1,....r;

(ii) Z::lsé' >s;+1 foreachj=1,...,m.
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Then, the rational maps [[;_ Ui and Upsism  are well-defined and the former factors
€y €Im,
through the latter.

Proof. Note that HT@} ,,,,, sm  is well-defined if and only if {J € A|d(J, I1) > s1,...,d(J, I),) >

ceey€
1’ CIm

$m} # . From (i) we have that for each 1 < i < r the set {0,...,n}\I" has at least k; + 1
elements. Therefore, we have a set J¢ < {0,...,n}\I"" of cardinality k; + 1 and taking
J={J',...,J"} € A we have
r . . r .
d(I;,J) = Y d(IL,J) = Y sh =55 +1> s,
i=1 i=1

for each 1 < j < m. Hence, Ilpsi...sm  is well-defined. Now, note that (i) yields that

ery s €lm ' 4

[1;_; I is well-defined. Furthermore, if J € A and J* nI" = F for all i = 1,...,r, then

d(J, 1) > s1,...,d(J,Ip,) > sp. Thus, the center of Ilsi....sm is contained in the center
ery e €lm

of 1_[;':1 HI/i. O]

Proposition 5.2.5. Let I,...,1, 1 be as in and s1,...,Sq_1 be integers such that
0<sj<s=r—2+>" k. Then, the projection I s1 v sam1 @8 birational.

5[1 ,,,,, Ela—l

Proof. Fixme {1,...,r}. Forany j = 1,...,a —1 consider [;™ c I7* with [I}"| = k, and
: . , ‘ o
I} =1 for i # m. Set I" = | J;Z, I}, then
(n—ky)
T
and
(n—ky) nk, +n —nk. + k% _ 2k, + 1+ k2
—(a—1)ky, =n— k. = = >k 1.
no (o Dk =0 = S ky + 1 Ky + 1 m T+

Thus, our set of subsets Ij’»i satisfies (i) in Lemma Furthermore, foreach j = 1,...,a—
1

T T

S =k + Y (ki+1)=r—1+ ) ki=s+1.
i=1 i#m i=1

Therefore, by Lemma there exists a rational map mpm that makes the following dia-

gram commutative

HT S yeeny s
r 611 ,,,,, ela—l N
Hi=1 G(kian) ********* > PVs,s
N |
RN I
\\\\ : Trm
i=1 i \\‘\/\ -~
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Now, let x = HTeil’Li?f,SI . ({Vi}i_,) be a general point in the image of HTEZ ,,,,, s, and

X < T1;_; G(ki,n) be the fiber of HTESI AAAAA s over . Set xym = mpm(xz) and denote
17 a—1
by Xpm < []i_; G(ki,n) the fiber of [ [;_, II;» over zpm. Therefore, X ﬂ Xpm where

Ilm

this intersection runs over all subsets '™ = Uj‘;ll I with I < I7" and || = k. In

particular, if {W;}7_; € X is a general point, then we must have W,,, < {e; [i € I'"™ ; V)
and hence W,,, ﬂ<ei | i€ I'"; V). Now, since |I™| = ky, we have ﬂ<ei lie Iy =

Jm Jm
and then V,,, = ﬂ<ei |i e I'"; Vy,,» which in turn yields W, = V,,, forallm =1,...,r. O
I/m
Now, we want to understand what is the largest integer s’ for which I s is

birational.

Proposition 5.2.6. Let I,...,1I, be as in m and s = r—2+ >, k. Consider
st = min{k;+1, n—a(k;+1)} fori # r, s. = min{k,, n—ak,—1}, and set s’ = Y._; si—1 < s.
Then,

- HTS,...,s,sul is birational whenever a(k, +1) —1 <n < kz + 3k, +1;

Proof. First, let us assume that s, < k., that is n — ak, — 1 < k., or equivalently

(n+1)

n—ak. <k -+1 e n— 1k:r<kr+1<:)n<k:f+3kr+1.

T

Now, fix a pair of indexes (I,m) € {1,...,a — 1} x {1,...,r} and consider subsets Iy’»i c I}
with || = aj,; for each i € {1,...,7} and j € {1,...a} such that

k; if i=m,j=101ori=r j#Ilaq
ki+1 if i=r#m,j=101or i #m,r or | #m,q;
Aj5 = ’ . . . .
s; if j=qa,i#m;
s,o—1 if j=a,i=m.
Note that, since a(k, +1) —1 <n we have a;; >0 forall je {1,...,a}and ie {1,...,7}.

Moreover, if m # r then

n—z 17| = n—(a=2)(km+1)—kmn— 13" = n—(a=1)(kn+1) —(n—a(kp+1)=1) = ky+2
j=1

and n— Y I/ =n— (= 2k, — (kr + 1) = [IV| = n— (0= Dkp — 1 — (n — akyp — 1) = k.
Jj=1
If » = m we have

n—Z|IJ’-’"|zn—(a—2)kr—(kr+1)—|fg|Zn—(a—l)kr—l—(n—akr—2)zkr—i-l.
j=1
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Finally, for ¢ # m,r we have

n—i|lj’-i|zn—(a—l)(ki+l)—|lg|Zn—(a—l)(ki—i-l)—(n—a(k‘i—i-l))zki—i-l.
j=1

This yields that (i) in Lemma |5.2.4] is satisfied by the sets I ]” Moreover, (ii) is satisfied

as well. Then, by Lemma [5.2.4] there exists a rational map T [ym making the following
diagram commutative

ngl G(ki7 n) 777777777 ’ PN; ’’’’’ s/

Wll/m ’I(,)zm

|

|

|

s N |
[lia Wy \\\) ~

[Ty Glki,n = 251 117])

where I = s I, Now, let x = II_, . .u_1 ({Vi}i_;) be a general point in the

j=17"3" ’]1‘611 ,,,, el 1l

image of HT o=t s and X < [[;_; G(ki,n) be the fiber of HT o a1 over .

ery s ely_1¢Ia ery e ely_1¢Ia

Set wpm pm = Tpm pm (x) and denote by Xpm pm < [T:_; G(ki,n) the fiber of [];_, Iz

over Tpm m. Therefore, X < ﬂ X om 1m where the intersection runs over all pairs

Il/mVI(IXm
of sets I;™ and I* with |IJ"| = k,, and |[I"| = s], — 1, and for all pairs of indexes
(I,m)ye{l,...,r} x{1,...,a—1}. In particular, if {W;}]_; € X is a general point then for
every m € {1,...,r} we have W, ﬂ {e;|i € I'"; Vy», where the intersection runs over
Il/m71‘/1m
all pair of sets I} and I))" with |I™| = k,, and |IJ"| = s}, —1,and l € {1,...,a—1}. Now,
since ||| = km, s;, —1 < ky and L € {1,...,a — 1}, we must have ﬂ lejlie ™y =
Illm’I&m
and then V,,, = ﬂ<ei |ieI'"™; V) which yields W,,, = V,,, forallm =1,...,r.
I/’ITL

Now, assume that n > k:f + k, + 1. In this case we have that

(n+1)kr_1:n(k:r+1)—(n+1)kr—(k,~+1) -

—ak,—1>n— =k
oAk " k. +1 k.41 "
and for ¢ < r we have
(n+1) n—k.  k2+3k.-+1—k,
—alk;+ 1) =n—alk,) =>n— k. = > T =k +1>k+1.
n—alki+1) =n—alk)=n by +17" k41 k. +1 rt it
Now, for each pair of indexes (I,m) € {1,...,a} x{1,...,7} Wecanconsidersubsetsfj’.iQIJZ:

with |I]”| =aj; foreach ie {1,...,7} and j € {1,...a} such that

0 k; if i=m,j=10ori=r j5#*I
P ki +1 if i=r#m,j=1or i#m,r or l #m.
Therefore, arguing as in the proof of the first claim we conclude that HT?I‘“’S . is birational.
e,

O
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5.3 Degenerating tangential projections to osculating pro-
jections

Let us briefly recall, for the reader convenience, the notion of osculating regularity and
strong osculating regularity.

Definition 5.3.1. Let X < PV be a projective variety. We say that X has m-osculating
regularity if the following property holds: given general points p1, ..., p,n € X and an integer
s = 0, there exists a smooth curve C' and morphisms v, : C — X, j = 2,...,m, such that
v;(to) = p1, 7j(tw) = pj, and the flat limit Ty in the Grassmannian of the family of linear
spaces

T, = <T;1,1r;2(t), . ,Tf/m(t)>, te C\{to}

is contained in Tz%fﬂ' We say that ~vs,..., v realize the m-osculating regularity of X for

Ply---yPm-
We say that X has strong 2-osculating regularity if the following property holds: given

general points p, ¢ € X and integers s, so = 0, there exists a smooth curve v : C' - X such
that v(tg) = p, Y(tw) = ¢ and the flat limit Ty in the Grassmannian of the family of linear
spaces

T, = <T;1,qr§2(t)>, te C\{to}
is contained in ']I‘;1+52+1.

For a discussion on the notions of m-osculating regularity and strong 2-osculating reg-
ularity we refer to [MR17, Section 5] and [AMR19, Section 4].

Proposition 5.3.2. The variety [ [;_; G(k;,n) has strong 2-osculating regularity.

Proof. Let p,q € | [;_; G(ki,n) be general points. We may assume that p = ey, and ¢ = ey,
with I, I as in ([5.2.3) and consider the degree r + >;_, k; rational normal curve given by

T

v(s:t) = H(seo +teg,+1) A A (sek, +tek, 1k, +1)-
i=1

We work on the affine chart s = 1 and set t = (1: ¢) € P'. Now, consider the points

t t t t
€0y---y€n,€) = €0 T teg, +1,...,€ = €k, + 1€k, 41,€} 11 = €kptly---, €y = €n
and, for each I = {I',...,I"} € A, the corresponding points in e} = e}, @el, @ --- @€l €
[T;_1 G(ki,n) where, setting I/ = {i,...,i }, eb; =€y A--- A€l .
j 7 i,
J

Given integers s, s9 = 0, let us consider the family of linear spaces
1
T, = (T2 T2 ), t e PA{o).
By Proposition we have

Ty = ey |d(I1,J) < s1; €| d(I2,J) < s2), t #0
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and
Terto2tt = ley (L1, J) < sy + s+ 1) = {Z; = 0]d(L1,J) > s1 + 52 + 1.

Now, let Tg be the flat limit of {T;},ep1\ 0, we want to show that To < T5!**2%1. In order to
do this it is enough to exhibit, for each index I € A with d(I1,I) > s1 +s2+ 1, a hyperplane

Hy of type Zr + t (Z fJ(t)ZJ) = 0 where f;(t) € C[t] for every J. We define, for each
J#I
I=20and I ={I',...,I"} €A,

A(LLD) = {{(Ij\Jj) U + ke + Dhejer | P € P Az and Y |79 = z} c A
Furthermore, for each [ > 0 we define
AL —1) = {J | T e A(J D}
T . .
5] = r?ggc{A(I,l) # J} e {0,...,2]{:] +r};
s; = I%lfg({A(I, =) # J} e {O,...,ij +r};

At =Jaudn= ] Aau;

o<l o<i<sy
A =Jau,-n= ] Ad,-D.
o<l o<I<sy

Now, let us write e} with d(I1,I) < s2, in the basis e; with J € A. For any I € A we have

el = er+t Z sign(J)eJ—i----—i-tS? 2 sign(J)eys

JeA(I,1) JeA(L,sT)
+
St
= Z tt Z sign(J)ey | = 2 t%Dsign(J)e s
1=0 \ JeA(l,)) JeA(I)*

where sign(J) = +1. Note that sign(J) depends on J but not on I, then we can write
el = 2 4% D¢ ;. Therefore, we have
JeA(I)*

T, = <61 |d(I, 1) < s1; Y, t%0De; | d(I, 1) < 32>.

JeA(I)*

Finally, we define

A= A{I:d(,1) <si}| J am’jea
d(11,1)<82
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Let I € A be an index such that d(I;,I) > s; +s92 + 1. If I ¢ A then Ty c {Z; = 0} for any
t # 0 and we are done.

Assume that I € A. For any el with non-zero coordinate Z; we have I € A(K)*, that
is K € A(J)~. Now, it is enough to find a hyperplane H; of type

F[ = 2 td(J’I)CJZJ =0
JeA(I)~

with ¢;y € C and ¢; # 0, and such that T; < H; for each t # 0. In the following, let us write
;1 = s. Now, let us check what conditions we get by requiring Ty < {Fr =0} for t # 0.
Given K € A(I)~ we have that d(I, K) < s} and

Fr(e) = Fr Z 1K) e, = Z D e, 2 1K)
JeA(K)T JeA(D)~ JEA(K)*
= Z (I D+d(JK) ; = (1K) 2 ¢
JEAI)™ nA(K)* JEAI) - nA(K)+
Therefore,
FI(‘%{)ZOVt#O@ 2 cy = 0.

JEA(I)~ nA(K)+

Note that this is a linear condition on the coefficients c;, with J € A(I)~. Hence

Tic{Ff=0}fort#0 < {FI(GK):O VK € A(I)” n B[, s1]

Fi(el) =0 VK e A(I)™ n B[I1, s2]
cx =0 VK € A(I)™ A B[l 51]
< > c;=0 VK eA(I)™ nB[I,s]
JeA(I)~ nA(K)*
(5.3.3)

where B[J,l] := {K € A|d(J,K) < [}. The number of conditions on the c; is then
c:=|A)” n B[I1,s1]| + |A(I)” n B[, s2]]|.
The problem is now reduced to finding a solution of the linear system given by the ¢

equations (5.3.3) in the |A(I)~| variables c;, J € A(I)~ such that ¢; # 0. Therefore, it

is enough to find s + 1 complex numbers ¢; = ¢g # 0,cy,...,cs satisfying the following
conditions
CjZO VjZS,...,d—Sl
ALK) (5.3.4)
DA™ A AE, Dyt x)—m =0 ¥ K € A(I)™ n B[I1, s5]
m=0

where d = d(I1,I) > s1 + s + 1. Note that (5.3.4]) can be written as

c; =0 Viji=s,...,d— 81

S
i )cmzo Vji=s...,d—s
m
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that is
s =0 O)es + (Des—1+--+ (Zy)er + (Peo =0

camsr =0 L ("0 ey + (1)t o+ (107 )er + (220 = 0.
(5.3.5)
Now, it is enough to show that the linear system admits a solution with ¢y # 0. If,
s < d — so then the system reduces to ¢ = -+ = ¢4—5, = 0 and then we can take
co=landcg=---=c¢cs=0,sinced—s1 >s90+1>1.
So, let us assume that s > d — sy. Since ¢; = -+ = ¢4_5, = 0 our problem is translated
into checking that the system admits a solution involving the variables c4_g,—1,...,¢co
with ¢g # 0. First of all, note that the system can be rewritten as follows

(sf(dfsslfl))cd_sl_1 + (sf(deSQfQ))Cd_sl_2 Tt (sjl)cl + (i)CO =0

(d_52j(_ds_251_1))cdfslfl + (d_SQ_d(_ds_%;l_Q))cdfslfg 4.+ (dg;;31)01 + (Z:iz)(ﬁo = 0.

Thus, it is enough to check that the (s —d + s2 + 1) x (d — s; — 1) matrix

(sf(dfsslfl)) (sf(dfsslf2)) T (sil)

- - R
(d—sg—(dsfsl—l)) (d—sg—(ds—Qsl—Q)) T (d—sgsil)
has maximal rank. Now, note that s < d and d > s1 +so+ 1 yield s —d+ so +1 <

s—51 <d— sy and then s —d + s9 + 1 < d — s;1 — 1. Therefore, we have to show that the
(s—d+s2+1) x(s—d+ sz + 1) submatrix

(sfdJrsserl) (sfderSQ) te (i)
M/ _ . . .. .
d— d— d—
Garma) (5% - (5%)
has non-zero determinant. Finally, since d — so > s; +1 > 1 [GV85] Corollary 2] yields
that det(M') # 0. O

Proposition 5.3.6. Set a = [,?:&J Then, the variety [ [;_, G(ki,n) has a-osculating

regularity.

Proof. First of all, note that if & = 2 then the statement follows from Proposition [5.3.2
Then we may assume « > 3.

Let p1,...,pa € [];i—; G(ki,n) be general points. We may assume that p; = ey, for
J=1,...,a. Each ey, j = 2, is connected to ey, by the degree r + >i_q ki rational normal
curve defined by

r

vi(s:t) = | |(seo + teq, +1)i—1)) A -+ A (S€k; +te(+1)(j=1)+k:)-
i=1
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We work on the affine chart s = 1 and set ¢t = (1 : t). Now, given s > 0 we consider the
family of linear subspaces

’]Tt = <Tz11 5 T?YQ(t)’ ceey ig}’a(t)>’ t S ]P’l\{()}

Our goal is to show that the flat limit To of {T¢},ep1\joy in G(dim(Ty), N) is contained in
Tgfil. In order to do this, let us consider the points

Jit _ Jit _ gt _ jit

€0y Cny€) = €0+ te(k, 41)(j—1)- €k = €k, T 1€(k 41)j—1, €% 11 = Chpt1s---, € = €n
. . . . )t

and, for each I = {I',...,I"} € A and j = 2,...,q, the corresponding points in eJI’ =

ejll’f ® ef,"zt K- ® eJI"f e PN, By Proposition we have
Ty = ler |d(I1, I) < ;e | d(I;, 1) <s,§=2,...,a), t #0

and
T2 = (eg | d(I1,J) < 25+ 1) = {Z; = 0| d(I1,]) > 25 + 1}.

In order to show that Ty c TIQ,SH, it is enough to exhibit, for each index I € A with

d(I1,I) > 2s+1, an hyperplane H of type Z;+t (Z fJ(t)ZJ> = 0 such that T; c {H; =
J#I
0} for ¢t # 0.
Foreachl>0,7=2,...,cand I = {I',... I"} € A we define

AL D; = {{IRTE) O (I + (= 1)k + Dhker [ JE € IF o IF and Y177 =1} < A

where L + A = {i + A |i € L} is the translation of the set L by the integer A. For any [ > 0
we define
AL, =1); ={J | IeA(J1);};

sty = max{A(LD); # @Y€ (0., Yk +7):
sp; = max{A(L,—1); # B} e {0,.... ) by +7};

A =Jaudn; = | Aadb;

0<l 0<Is<sy

Ay = Jau,-n;= | Ad-D;

o<l 0<l<sy

Note that for any [ we have

Je A, 1); = d(J,I)=|I| and d(J,I) = d(I,I,) + 1. (5.3.7)



5.3. DEGENERATING TANGENTIAL PROJECTIONS TO OSCULATING PROJECTIONS99

We will write e} with d(I1,I) < s, in the basis e; with J € A. For any I € A we have

. +
e‘}’t = e; + t Z SigIl(J)ej + - + tsl’j 2 Sign(J)eJ

JeA(I,1); JeA(Ls} )
ST
= 2 tt Z sign(J)ey | = Z 11 Dsign(J)e,
1=0 JeA(Il); Jeant

where sign(J) = +1. Note that sign(J) depends on J but not on I, then we can write
ejl’t = 2 (I D¢ 7. Therefore, we have
JeA(D)}

Tt:<e]|d(ll,1)<s; > td<JJ>eJ|d([1,I)<s,2<j<a>.
JeA(D)T

Finally we define

A={r:dn,n<st| | A |eA
d(I,I)<s
2<j<a

Let I € A be an index such that d(I1,1) > 2s + 1. If I ¢ A, then Ty < {Z; = 0} for any
t # 0 and we are done.

Now, assume that I € A. We will show that A(Kl);rl N A(Kg)j2 = & whenever
Kl,KQ € A with d(Kl,Il),d(KQ,IQ) <sand 2 < j1>j2 < a with jl # jg.

In fact, suppose that A(Kl);’l N A(Kg);; # (&, that is there exists I € A such that

Ie A(Ki,l)j, n A(Ka,lp)j, for some l; and ls.

Now, consider the following sets

I = Inl;

I = ITn{Ki+ (G- Dk +1));
2 = Im{K2+(j2_1)(k52+1)};
B o= NI°uItuI?).

Since I € A(Ky,1l)j, n A(Ka,lp)j, we have |I1| =1y and |I?| = 5. Set |I3| = u, then

d([,fl) =lh+l4+u<ly+1ls+2u d(Kl,I1) + d(Kl,Il) < 2s

contradicting d(I,I) > 2s + 1. Therefore we conclude that there is a unique j; for which

re |J amj.

d([l,l)és
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Now, let J € A such that d(J,[1) < sand I € A(J);FI. Note that
A1, 1) = s(I);, <d(I, 1) —d(I,J) = d(J,[)) s = s+1—D+s(I)j >0
where D = d(I,1;) > 2s + 1. We define

I(I) = > A(I,=1)j, < T.

O<i<s+1-Ds(I);,

Our aim now is to find a hyperplane of the form

Hy=1{ > t"De;z,=0 (5.3.8)
Jer(I)

such that T; < Hy and c; # 0. First, note that

Jer(n) =J¢ |J A (5.3.9)

d(]hK)Ss

2<j<a; j#i1
In fact, suppose that J € A(I,—1);, n A(K,m);, for some K € A with d(K,I;) < s, and
0<j<s+1-D+s(I); with j # jr. Then, since J € A(I,—l);, we have

s =lz2D—-k—1>s.

|Jmlj1| = |Iij1| -z S(I)JI

On the other hand, since J € A(K,m); with j # j; we have
|JﬁIjI| = |KﬁIj1| < d(K,Il) < S

which is a contradiction. Now, note that if K € A is such that d(K,I;) < s and K € I'(I),
then

dK, L) =d(I, 1) —d(I,K)>2s+1—(s+1—-D+s(l);)>s+D—s(I); >s.
Thus (5.3.9) yields that the hyperplane H; given by ((5.3.8)) is such that
<eK ld(IL,K)<s; Y, tFe;|d(I,K)<s,2<j<a;j ¢j1> < Hy, t #0.
JEA(K)S
Therefore
T,c Hy, t#0 < > td(J’K)eJ|d(Il,K)<s>CHI, t#0.
JGA(K);}
Now, arguing as in the proof of Proposition we get

T,c Hy, t #0 < > c; =0, VK e A(I); nB[I,s]. (5.3.10)
JeA(K)j*ImF(I)
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So, the problem is reduced to finding a solution (c;) jer(r)y for the linear system (5.3.10)
such that ¢y # 0. We set ¢; = cq(r sy and reduce, as in the proof of Proposition [5.3.2 to
the linear system

s+1+D—s(1)

D
D—-51), <i<k. 3.11
2 <D—i—l>cl’ S( )]1 1<k (5.3.11)

We have s +2+ D — s(I);, variables co, ...  Csi1pp—s(ry- and s+1+D— s(I);, equations.
J

Finally, the argument used in the last part of the proof of Proposition shows that the
linear system (|5.3.11]) admits a solution with ¢y # 0. O

5.4 On secant defectiveness of products of Grassmannians

Let X c PV be an irreducible non-degenerate variety of dimension n and let Secy (X) < PV
be the h—secant variety of X. Recall that if the tangential projection

TX,h - X --» PNh
is generically finite then X is not (h + 1)—defective.

Remark 5.4.1. Note that if 6,(X) = 0 and Sec,(X) = PV then the tangential projection
Tx,, is not generically finite even if X is not (h + 1)-defective. On the other hand, the
techniques we use allow us to study h-tangential projections only for values of A such that
the expected dimension of Secy,(X) is strictly smaller than N.

Let us briefly recall the function A, : N>y — N>¢ counting how many tangent spaces
can be degenerated into a higher order osculating space (see Definition [1.5.4]).
Given an integer m = 0 we define a function

him : N3 — N3
as follows: for h,,(0) = 0 and for any k > 0 write
k+1=2%42% 4. 42N 4 ¢
where Ay > Ay > -+ > A\; =1 and ¢ € {0, 1}, then
hm(k) = mMT et L
Recall finally the theorem that enable us to relate the h—defectiveness with the oscu-

: : : S1yeeeyS] +
lating projection IL7t>7l:

Theorem 5.4.2. [MR17, Theorem 5.3/ Let X < PN be a projective variety having m-
osculating reqularity and strong 2-osculating reqularity. Let si,...,s = 1 be integers such

that the general osculating projection IL;17 is generically finite. If

l
h <) hun(s))
j=1

then X is not (h + 1)-defective.
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Now, we are ready to prove our main result on non-defectiveness of a product of Grass-
mannians. We follow the notation introduced in the previous sections.

Theorem 5.4.3. Assume that n > 2k, + 1. Set

. n+1
R R

and let hy be as in Definition[1.5.). Assume that

- either n = k2 + 3k, + 1 and h < ahy (3 _1 ki +7—2) or
alkr+1)—1<n<kZ+3k+1and h < (a—Dho(Xl_1 ki +7—2) + ho(s)

where s' =31, s; — 2 with s; = min{k; + 1,n — a(k; + 1)} for i #r and s = min{k,,n —
ak, —1}. Then [[;_; G(k;,n) is not (h + 1)-defective.

Proof. We have shown in Propositions that [ [;_, G(k;,n) has respectively o-

osculating regularity for a := ,Z—frll , and strong 2-osculating regularity. The statement
then follows immediately from Proposition [5.2.6] and Theorem [5.4.2] O

For the reader convenience let us show an explicit computation:

Example 5.4.4. Consider X = G(1,23) x G(2,23) x G(3,23). Since 23 > 7 we are in the
hypothesis of Theorem m Here k, = k3 = 3 with @ = 6. Now 23 > (3)2+3-3+1
and so X is not (h + 1)—defective for h < 6hg(7). Now, 7+ 1 = 23 and he(7) = 62 = 36.
Therefore, Theorem [5.4.3| yields that X is not 217—defective.

Corollary 5.4.5. The variety [ [;_, G(k;,n) is not (h + 1)-defective for

o1\ loga(S k1)
< .
h< <kr + 1)

Proof. We may write

Zki+r—1:2>‘1—|—2)‘2+...+2>‘l+g (5.4.6)
=1

with A\ > Ay > ---> X > land e € {0,1}. Then ho (3 ki +7—2) =M L4 at2 1 4
N

The first bound in Theorem gives h < o + -+ + oM. Furthermore, considering
just the first summand in the second bound in Theorem we get that [ [[_; G(ki,n) is
not (h + 1)-defective for h < (o — 1)(a™M ! + a2t ... 4 oM7),

Finally, from (5.4.6)) we get that A\; = [logy(r—1+>_k;)|. Hence, asymptotically we have

n 4 1\ los2(Xk;+r—1)]
ho(X kj+1—2) ~ allog2(r=1+2k)I=1 "and by Theorem [5.4.3)if h < (k - 1>

then the variety [ [_; G(k;,n) is not (h + 1)-defective.
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5.5 On secant defectiveness of Flag varieties

Our goal is to compute the higher osculating spaces of F(k1, ..., k,;n). In order to do this,
we will use the notion of osculating well-behaved variety, see Definition [1.5.8]
Let us denote by M; the following (k; + 1) x (n + 1) matrix

_ ) _
Ty - . (T1m)  o<i<h
5 k1+1<m<n
0 Iszkl cee (xl7m)k1+1<l<k2
Mi — ko+1<m<n
i
0 o Tk (@) ko 1<i<h
| ki+1<m<n

and consider the map

¢ 1T, ckr+D)(n—k)+ X5 _o(n—kj)(kj~kj-1) __, pN
(Mlv"'7MT) — (H::l det(MJi))]:{Jl,...,JT}EA

where M ;: is the submatrix obtained from M; by considering only the columns indexed by
J.

For each 2 < i < r and m < k;, let us take xfm = 0 in M;. Then ¢’ becomes the
parametrization ¢ of [[;_; G(k;,n) in (5.1.3).

Now, set x%m = x}”m in M; foreach i =1,...,r—1and 1 <[] < m < n. Hence ¢
becomes the parametrization of F(kq, ..., k,;n) given by

7 C(kl+1)(n*kl)+22:2("*kj)(kj*kjfl) N P(Fa) c PN
Mr — (p(ﬁl,...,ﬁr)

where M; is the submatrix obtained from M, by considering only the first k; + 1 rows.

||, .

Lemma 5.5.1. Let TS, ([ [;=; G(ki,n)) := <86 i 0) | 1] < 5> be the s-osculating space
L)1

of [ 1i=1 G(ki,n) with respect to ¢'. Then T, ([ ;=) G(ki, n)) = T° ([ [i=; G(ki,n)) for every

s <7+ 2y ki In particular,

o0 [J|
o2 27%0
835‘[‘ al"ﬂ

for some J with |J| < |I].

Proof. First, note that if for any :nfm € ;| we have m > k;, then S;Til‘ (0) = ZZ“;T (0) and

we are done.

. . . . |1l
Now, let 2 < i < r and consider a derivative 9

3] (0) such that zj,, €z, with m < k;.
Therefore, to prove the statement it is enough to show that this partial derivative can
1] !
¥ . ;
. (0) with 2, ¢ x5, m < k; and

be written in terms of another partial derivative

| J] < ].
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Fix2<i<randletz; ., s Ty Tl g Llymy € T such that m, < k; for
every a =1,....,h and b < k; + 1.
b/ . .
If gﬂf ————(0) # 0 consider the minor M of M; such that the
.ll,ml lh,'mh lh+l'mh+1 lb,mb
monomial
i i i i
Liyma - Tl mp Pl magr - Llyme

appears in the expression of det(M ;). Then, there exist variables

i i
Lo illns1),0 i (mne1)? 2 Lo i (lp),0 i (mp)
such that ani(lh+1)7o—Ji (mn+1) xo—Ji(lb)7o—Ji(mb)
a permutation on the indexes such that o ji(mg) > k; for all h +1 < a < b.
This shows that

is also a monomial in det(M ), where o ;i is

amSOI amgpl
7 7
azEll,ml o a$lh7mh

(0).

(0) =

; A 7 ;
axlh+17mh+1 a:L'lznmb amaﬂ‘ (Th+1),0 yi(mpg1)? 7 axﬂﬂ(lb)ﬂﬂ(mb)

We have decreased the number of variables involved and thus lowered the order of the

/
derivatives. Finally, since ajf (0) = ai‘f (0) for m > k; we are done. O
l,m lm

Lemma 5.5.2. Since ¢ is a sub-parametrization of ¢’ by the chain rule we have

as¢ 8Sg0’ 6530
—(0) = (0)= (0)
0°p

where |[K| = |I| = s and |J| < |I|. Let

(0) # 0 with |I| = s such that for each
&’a:m

xfl‘m € z|7| we have that m > k;. Then, in the above decomposition there is at least a vector
S

P .
0) with |J| = s.
S (0) with 1]

Proof. For any 1:}m € x7 let h(m) be the maximum index in {1, ..., 7} such that m > k).
Since for each x}m € z|7; we have that m > k; and %(O) # 0, we get that any x}m €z
appears at most h(m) times in x|y

Now, for any s < h(m), the chain rule expression of %(0) contains the factor
Iym

as SOI

1 2 h
&wljmé‘xl’m...ﬁxh

o

- 1 2 h
&wljmé‘xl’m...ﬁxh

o) (0).

m

oy (0)

m

Repeating this argument for all indexes :U} m € |7 We conclude. O

Proposition 5.5.3. The flag variety is osculating well-behaved, that is
ToF (ki ... ki) = T [ [G(ki,n) A P(T,)
i=1

for any pe F(ky, ..., kr;n) and non-negative integer s.
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Proof. We may assume that p = ey where I = {I',...,I"} and I' = {0, ...k} for each 1 <
I < r. Let us first assume that s = r+),'_, k;. Note that s is the smallest integer for which
TR (k1, ..., kesn) = P(Ty) and T3 [T, G(ki,n) = PV, in this case TR (k... kein) =
P(T,) = P(T) n PN = P(T'y) n Ty IT;—1 G(ki,n) and we are done. Now, assume s <
r+ 2;-;1 k;. Let

=Y ,aul‘P(O) (5.5.4)

be a general vector in T5 ' []7_; G(k;, n), and assume that
veT5 [ Timy G(ki,n) " P(La) € TETTiZy Gki,n) " P(Ty) = T5F(ky, . . ., kyin)
this yields that v can be written as

3 oMz °p
v=> qp 2o 0)+ > By 2oin (0). (5.5.5)

|T|<s—1 I]=s

Now, recall that for any I such that there are variables x}m € z|7) with m < k; we can find
another set J for which |J| < |I] and

s Al |J]
% 0) — 0l 0
a(L'm 6x|J‘

Therefore, we can assume that any set I in the second summand of (5.5.5)) is such that

m > k; for any x%m € x)7. Thus, by Lemma we will have an equality in 1' and
lb if and only if f;) = 0 for any set [ such that m > k; for all az}m € x|7. Hence

vE TS Flki, ... krin). O

5.6 Osculating Projections

Let s1,...,84 be integers such that 0 < s, < r —2+ 37 ki Denote TF(k1,. .., k5 n)
simply by T)F and the linear subspace <T2}1F, .o, Tgm ) by Tg;;f;@ F. Then, for m < «
we have the linear projection

My st o smp : Bk, ooy kpyn) ——» PNonosm,

ery e €Im
Proposition 5.6.1. Let I1,...,1, be as in and s =r—2+4 7 | ki. Then,

- Tlps,os F s birational;

factors trough HT?I‘“’S o P it is enough to show that the re-
17 a—1

to F(kq,...,k,) is birational.
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For any i # r and 1 < j < a — 1 consider [} = ; and I} c I} of cardinality ;. Since
=2 2k, +1 and k, = k; we must have

n—Zuﬁ = n—(a-Dki+D)2n—(a—Dkp, 2k +1<k +1 .

Now, let us denote by I’ the union Uja 11 I J’Z Then, by Lemma there exists a rational

map 7w making the following diagram commutative

T, T ela
F(ki,...,kpyn) -------- > PNe,..s
\\\\\ i Ty
Hi:l 1P \‘\ U
[Tiz G( in = 35 1)
Now, let = ({Vi}{—;) be a general point in the image of Ips.....s o and X < F(kq,...,k;n)
e

be the fiber of HT ,,,,, s over x. Set xpr = wpr(z) and denote by Xpr € Fky, ... krn)

1€l

the fiber of []I_, HI/Z over x .

Therefore, X ﬂX 1, where the intersection runs over all sets I"" = U;:ll I J’-’” with
I/T
I I and |I| =k, for 1 < j < a—1.
Now note that it {(W;}i_, € X is a general point, then we must have W; c (e, | m €

Uj_, I} ; Vi) for any choice of [ J;_, I Hence,

Wi c [ Nem|me U I V. (5.6.2)

IIT‘

In particular, W, c ﬂ(em |m e U I}"; V;). Now, since |I"| < k, we must have ﬂ<em |m e
r ] 1 Ir

U Iy = & and then V, = ﬂ<em |me U I ; V) which yields W, = V.
j=1 I
a—1

Now, set ¢ < r — 1. Since {V;}iex is general in F(ky,...,k;n) and n — Z |I]”’| >k, +1
j=1
we have V. n (e, |m € UO‘ Z> = . On the other hand W; c W, =V, forall i <r —1,
then W; n {ep, | m € |5 = . Hence, by 1) we must have W; = V; for any
1 <r—1.
Now, assume that n > k2 + 3k, + 1 then

le

(n—l—l)k ~n(ky +1) — (n+ Dk,

_kr+12“ ky + 1
_ n_krzkr+3k’"+1_h=kr+1.
k. +1 k. +1

n—oalk+1)=2n—ak, =
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Then, arguing as in the proof of the first case, for any choice of subsets I’ Iji», 1 ]” = I}
with i # r and 1 < j < a—1, I} ¢ I of cardinality k, we get, by Lemma a rational
map 7w making the following diagram commutative

where I" = U?:l Ij’-i, i = 1,...,7. Now, to conclude, it is enough to follow the same
argument used in the end of the proof of the first claim. O

5.7 Non-Secant defectiveness of Flag varieties

We recall [FMR20, Proposition 4.4] which describes how the notion of osculating regularity
behaves under linear sections (see Chapter [1)).

Proposition 5.7.1. Let X < PN be an irreducible projective variety and Y = P* A X
a linear section of X that is osculating well-behaved. Assume that given general points
P1,---,Pm € Y one can find smooth curves v; : C — X,j = 2,...,m, realizing the m-
osculating regularity of X for p1,...,pm such that v;(C) < Y. Then Y has m-osculating
regqularity as well. Furthermore, the analogous statement for strong 2-osculating regularity
holds as well.

Proposition 5.7.2. The flag variety F(kq, ..., kq;n) has strong 2-osculating regularity and

n+1

a-osculating regularity, where o := [k Il

Proof. The statement follows immediately from Propositions [5.3.2] [5.3.6} [5.7.1} O

Now, we are ready to prove our main result on non-defectiveness of flag varieties.
Theorem 5.7.3. Assume that n > 2k, + 1. Set
oo [ n+1 J
Tk 41
and let hy, be as in Definition[1.5.4 If either
-n=k2+3k +1and h<ahy(Okj+r—2) or

-n<k2+3k +1and h < (a—Dho(Xkj +1r—2).
Then, F(ky, ..., ky:;n) is not (h + 1)-defective. In particular, if
[logy (3 kj+r—1)]
h< n+1 2
kr+1
then F(ki, ..., kp;n) is not (h + 1)-defective.
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Proof. The first part is an immediately consequence of Propositions and Theo-
rem 0.4.2l For the last claim note that if we write

Dkj+r—1=2M 422 4. 42N e (5.7.4)
with Ay > Ao > ---> X\ > 1 and € € {0,1}. Then

ha(z kj+r—2)=aM a4 oMl
Therefore, the first bound in Theorem yields
h<aM4a™ 4. o

Furthermore, by the second bound in Theorem we get that F(ky,...,ky;n) is not
(h + 1)-defective for

h<(a—1)(aM 4ot 4. oMt

Finally, by (5.7.4)) we get that A\; = |logy(D> k; + r — 1)|. Hence, asymptotically we
have ho (Y kj + 1 — 2) ~ allogXki+r=D] " and by Theorem for h < alloga(Xki+r—1)] <

n + 1\ los2(Ekj+r=1)]
(kr + 1)

the flag variety F(kq,...,kr;n) is not (h + 1)-defective. O

Remark 5.7.5. Now, given a flag F(k1, ..., k,;n) withn < 2k,+1. Assume that n > 2k;+1
for some index j and let [ be the maximum among these j’s. Then we have a natural
projection
w o F(ki,....,k;sn) — F(ky,..., k;n)
{Vitiz1,..r — {Vitic1,..

The fiber of m over a general point in F(ki,...,k;n) is isomorphic to F(kj1 — Kk —
1,..., k. —kj— 1;n — Kk — 1). Now let p1,...,pn € F(ky,...,k;;n) be general points, and
Tp,F(k1,...,ki;n) be the tangent space at p;. Then, we have

Tr1pFkr, . kpsn) = (T, Fky, o ki n), T oo Bk — kiy oo ke — kin — ki)

™

and Tp,F(k1,...,ki;n) 0 Toap)Flhipr — ki, oo ke —kisn — k) = .
Now, observe that if Tr-1(, \F(k1,...,kr;n) N Tﬂq(pj)F(k:l, ooy kpym) # & then

dim<’]T7r_1(pj)IF(k‘1,...,kr;n) ;] = 1,...,h> < hdimF(ky,... k;n) +h — 2.

Since Tr-1(y,
we have that
dim7(T) < hdimF(ky,...,ksn) +h—2—hdimF(kj1 —kiy ..o ke — kiyn — k)

= hdimF(ky,... . k;n)+h—2

(ki1 —ki—=1,... k. —k —1;n—k —1) is contracted by 7 for any j = 1,...,h

where T' = <Tﬂ_1(pi)lﬁ‘(k1, cokpm)si=1,000, h>.
In particular, by Terracini’s lemma [Terll] we have that if F(ky,...,k;n) is not h-
defective, then F(kq, ..., ky;n) is not h-defective.
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Theorem 5.7.6. Consider a flag variety F(ky, ..., ky;n) with n < 2k, + 1. Assume that
n = 2k; + 1 for some index j and let | be the mazimum among these j’s. Then, for

o 1 loga(Xh_y s+ )]

<
(kl + 1)

F(k1,...,k-;n) is not (h + 1)-defective.

Proof. It is an immediate consequence of Theorem and Remark O

5.8 On identifiability of products of Grassmannians and Flag
varieties

Let X < PN be an irreducible, non-degenerated variety. A point p € PV is said to be
h-identifiable, with respect to X, if it lies on a unique (h — 1)-plane h-secant to X. Fur-
thermore, X is said to be h-identifiable if a general point of Sec,(X) is h-identifiable.

Now, we combine our bounds on non-secant defectiveness of products of Grassmannians
and flag varieties and [CM19, Theorem 3] to get the following.

Corollary 5.8.1. Consider the product of Grassmannians | [;_; G(k;,n). Assume that

1
2Hk:+1 n—ki)—1< (1311

) [logz (2 ki+r—1))

[logy (X ki+r—1)]

Then, 11;_, G(ki,n) is h-identifiable for h < (

Furthermore, let us suppose that n > 2k; + 1 for some index j and consider | the
mazimum among these j’s. Assume that

< (n +1 > lloga (X} —y kj+1—-1)]

2((k1 + 1) (n— k1) + Y (n—kj)(k; — kj1)) — |

j=2

ki+1

[loga (3 kj+1-1)]
Then F(ky, ..., kr;n) is h-identifiable for h < ("—*1) B2isy=1 % )

Proof. 1t is enough to apply Corollary Theorem and [CM19, Theorem 3]. O

5.9 On the chordal variety of F(0, k;n)
In this section we consider the particular case of flag varieties parametrizing chains of type
pe HF < P

Proposition 5.9.1. Let us consider the flag variety F(0,k;n) < P(I') < PN, where 0 <
k <n. Then, SecaF(0, k;n) has always the expected dimension except when k =mn —1, in
this case F(0,n — 1;n) is 2-defective with 2-defect 62(F(0,n — 1;n)) = 1.
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Proof. Let p,q € F(0, k;n) be two general points, without loss of generality we can assume
that P = €p{o,....k} = €0,y and q = €n{n—k,..,n} = En,I;-
Now, Proposition yields that
Teo,IOF(Oa kin) = <6¢71 | d((4,1),(0,Ip)) < 1) n (T

and
’]I‘en,ll}F(O,k;n) = {eir | d((¢,1),(n,I,)) < 1) nP(T).

Note that d((i, 1), (0, o)) = 1 if and only if either i # 0 and I = Iy or i = 0 and |I n Iy| =

k. Similarly, d((i,I),(n,I;)) = 1 if and only if either ¢ # n and I = I; or ¢ = n and

|I n I | = k. Therefore, since n # 0 and I; # Iy we have that e; 1 € {e; 1 | d((¢,1), (0,1p)) <

1} n{eir | d((i,I),(n,I1)) < 1} if and only if either I = Iy and i = n or I = I; and ¢ = 0.
Now, assume that I = Iy and ¢ = n, thisis ¢; 1 € TEO’IOIF(O,k:;n) A ’]I‘en’IIJF(O,k;n), in

particular we have |I n I;| = |Ip n I1| = k and hence {1,...,k} < I; once 0 ¢ I;. So we

must have kK = n — 1. Similarly, if I = I} and ¢ = 0 we conclude that k =n — 1.
Therefore, if K <n — 1, we get

{eir [d((i,1),(0,lo)) <1} n{eir [d((Z, 1), (n, [1)) <1} = &

and hence

{eir [d((i,1),(0,Io)) < 1} n{eir [d((i, 1), (n, [1)) < 1} nP(T) = &

which implies that
dim <’]I‘60,IOIE‘(O, kin), T, ;. F(0, k;n)> — 2dim F(0, k;n) + 1.

So, Terracini’s lemma [Terll] yields that SecaF(0, k;n) has the expected dimension when-
ever k <mn —1.
Now, assume that £ = n — 1. In this case we have

{eir [d((i,1),(0,Io)) < 1} n{eir [d((i, 1), (n, 1)) < 1} = {eo g1,...n}s €nf0,..cn—1}}-

Furthermore, F(0,n — 1;n) is the hypersurface cut out in P™ x P™* by

n

2 (—1)'Z; f\ iy = 0

=0

where I,, = {0,...,n}.
Therefore, we get that Te, , F(0,n — 1;n) = {e;r | d((i, 1), (0, 1)) < 1) nP(IT') is given
by

n . . 0,{1,...,n
(et + V™ ooy ear 106D, 0,00 < 1and i1 § 2

and T, , F(0,n —1;n) = e;r | d((i, 1), (n, 1)) < 1) nP(T) is given by

n+1 . . . 0,{1,...,”}
<€0,{1,...,n} + (_1) * 6TL,{O,.A.,nfl} y €T | d((Z’I)v (nu Il)) <1 and /LvI # { n, {17 e — 1} .
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Therefore,
dim <T€OJOIF(O, n—1;n),Te, , F(0,n - 1; n)> = 2dimF(0, n—1; n) < expdim SecoF(0, n—1; n).

Finally, since expdim SecoF(0, k;n) = 2dim F(0,n — 1;n) + 1 we have that F(0,n — 1,n) is
2-defective with 2-defect d2(IF(0,n — 1;n)) = 1. O
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Chapter 6

On (h, s)-tangential weak
defectiveness

Identifiability has been related to the concept of weak defectiveness in [Mel06], and more
recently to the notion of tangential weak defectiveness in [CO12].

We introduce the concept of (h, s)-tangential weakly defectiveness, where h, s are pos-
itive integers. A variety X < PV is (h, s)-tangentially weakly defective if a general linear
subspace of dimension s, which is tangent to X at h general points x1,...,x, € X, is tan-
gent to X along a positive dimensional subvariety of X containing at least one of the z;.
In particular, when s = dim(T,, X, ..., T,, X) we recover the notion of h-tangential weak
defectiveness while for s = N — 1 we get the notion of h-weak defectiveness.

6.1 Osculating regularity and (h,s)—tangential weak defec-
tiveness

We start introducing a notion that measures how much a h-weakly defective variety is far
from being h-tangentially weakly defective.

Definition 6.1.1. Let z1,...,z, € X be general points and IT ¢ PV a linear subspace of
dimension s containing (T, X,..., T, X). The (h,s)-tangential contact locus I'y, _», i
of X with respect to x1,...,xp,II is the closure in X of the union of all the irreducible

components which contain at least one of the z; of the locus of points of X where II is
tangent to X. Let v, . ., m be the largest dimension of the components of I'y,  », . If
Yar,..zp,11 > 0 for II general, we say that X is (h, s)-tangentially weakly defective.

In particular, when s = dim (T, X,...,T;, X) from Definition we recover the
notion of h-tangential weak defectiveness while for s = N — 1 we get the notion of h-weak
defectiveness.

We begin by proving a simple result on the behavior of contact loci under flat degener-
ations.
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Lemma 6.1.2. Let X < PV be a projective variety, A = C a complex disk around the
origin and {Il;};en a family of linear subspaces of PV. Then

dim(Sing(ITp N X)) > dim(Sing(Il; n X))

forte A.
Furthermore, let {T't}ien be a family of linear subspaces T'y < PN, A < PN a linear
subspace containing Iy, and II a linear subspace containing A. Then

dim (Sing(II; N X)) < dim(Sing(II A X))
where T1; is a general linear subspace of dimension dim(IT) containing T';.

Proof. For the first claim it is enough to consider the variety
Y ={(z,t) |z € Sing(X nTl})} € X x A

with projection 73 : Y — A and to conclude by semi-continuity.

For the second part note that since I'g € A we have that I'g € II. Let IV < II be
a subspace such that I = (To,I"), I' n Ty = &, and set II; = (T, I"). Then {II;}4cn
is a family of linear subspace such that I';y < II; for all t € A. By the first part of the
proof we have dim(Sing(IT n X)) > dim(Sing(Il; n X)) for all ¢ € A. Now, consider the
Grassmannian G(dim(IT) —dim(I';) — 1, N —dim(I';) — 1) parametrizing dim(II)-dimensional
linear subspaces of PV containing Iy, and the variety

Z = {(2,1L;) | z € Sing(Il; n X)} € X x G(dim(IT) — dim(T;) — 1, N — dim(I;) — 1)

with projection 7y : Z — G(dim(IT)—dim(I';)—1, N—dim(T';)—1). Again by semi-continuity
we have
dim(Sing(Il; n X)) < dim(Sing(Il; n X))

for I, € G(dim(II) — dim(I'y) — 1, N —dim(I'y) — 1) general, and hence dim(Sing(I1n X)) >
dim(Sing(Il; n X)) = dim(Sing(Il; n X)). O

We are ready to prove the main result of this section relating osculating regularity to
tangential weak defectiveness.

Theorem 6.1.3. Let X PN be a projective variety having m-osculating reqularity and
strong 2-osculating regqularity. Assume that there exist integers I, ki,...,k = 1, general
points p1,...,p € X and a linear subspace of dimension s containing <T’;}, e ,T’;§> that is
not tangent to X along a positive dimensional subvariety. Set

l
hi=>" hm(k;)
j=1

Then X is not (h, s)-tangentially weakly defective.
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Proof. Let us consider the linear span

_ 1 1 1 1
T = <Tp%7.“7TpfllM(k1)7“.7Tp117...’Tplhm(kl)>

and pi = p1,..., pl1 = p;. For seek of notational simplicity along the proof we will assume
[ = 1. For the general case it is enough to apply the same argument [ times.

Let us begin with the case k1 +1 = 2*. Then h,, (k1) = m*~!. Since X has m-osculating
regularity we can degenerate T, in a family parametrized by a smooth curve, to a linear
space Uy contained in

— 3 3 3
‘/1 - <Tp%7Tp;n+lu e 7Tp11n)\1m+1>

Again, since X has m-osculating regularity we may specialize, in a family parametrized by
a smooth curve, the linear space V; to a linear space Us contained in

‘/2: T71 T72 ...T7 el .2
p17 p’;n +1 ? p71n —m<+1
Proceeding recursively in this way in last step we get a linear space U)_1 which is contained
in
A_
V)\—l = Tzl !
P

Now, more generally, let us assume that
ki +1=2M4 ... 4 2% ¢
with € € {0,1}, and A\ > Ag > --- > A\, = 1. Then
B (k1) = mM ™1 4. pha=t

By applying a times the argument for k1 + 1 = 2* in the first part of the proof we may
specialize T' to a linear space U contained in

_ 2M —1 m2r2-1 2%a 1
V = <Tp% ’Tplyﬂrl“’ N TpmA1_1+---+m>\a_171+l

1

Finally, using that X has strong 2-osculating regularity a — 1 times we specialize V to a
linear space U " contained in
V’ _ Til\l+"'+2/\a_1
1
Note that ’H‘Qil*"'*zka*l = ']I‘k% if e =0, and ’]I‘QilJr"'JFQM*1 = ’]Tki_l c ']I‘ki ife =1. In any
P P Py Py by
case, since by hypothesis there is an s-dimensional linear subspace containing <’H";}, e ,']I";g}
that is not tangent to X along a positive dimensional subvariety we conclude by Lemma
6.1.2) ]
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6.2 On tangential weak defectiveness of Segre-Veronese va-
rieties

Let n = (ny,...,n,) and d = (dy,...,d,) be two r-uples of positive integers, with n; <

-<npandd=dy+---+d, = 3. Let SV} PN(d) where N(n,d) = | (m;di) -1,

be the corresponding Segre-Veronese variety that is the product P! x --. x P™ embedded

by the complete linear system |Opn1 soescPrr (A1« .o dr)|. We recall the notion of distance
for Segre-Veronese varieties given in [AMRI9] Definition 2.4].

Definition 6.2.1. Let n and d be positive integers, and set
An,d: {IZ {il,..‘,id},0<i1 < .- <id<n}

For I,J € A, 4, we define their distance d(I,J) as the number of different coordinates.
More precisely, write [ = {i1,...,iq} and J = {j1,...,7q}. There are r > 0 distinct indexes
Ay, A € {1,...,d} and distinct indexes 71,...,7 < {1,...,d} such that iy, = j;, for
every 1 < k< r, and

{ix] XA, 30 l7# 1,1} =
Then d(I,J) = d —r. Now, set
A=Apg=MNn g %X XAy g,
For I = (I',...,I"),J = (J',...,J") € A, we define their distance as
d(I,J) =d(I' JY +---+d(I",J")

Such a distance, called the Hamming distance, was defined in [CGGO02, Section 2] for
Segre varieties. We will denote the homogeneous coordinates and the corresponding coor-
dinate points of PN(™4) by X ; and ey respectively, for J € A.

Proposition 6.2.2. Let py,...,pn, € SV} be general points. If d :== min{dy,...,d,} > 2
then a general hyperplane H c PN containing T = <TZO_ISVd", . ,’]I‘g;llSVd"> is not tangent
to SV along a positive dimensional subvariety.

Proof. Since PGL(ny + 1) x -+- x PGL(n, + 1) acts transitively on SV]* we may assume
that p; = ey, where I; = ({¢,...,4},...,{i,...,i}). By [AMRI9, Proposition 2.5] ’]I“él;l =
(ej|d(l;,J) <d— 1), and hence

<'JI‘§;)1,...,’H‘§;L11 = {ey|d(l;,J) <d—1 forsome i=0,...n;)
= {XJ=O|d(Ii,J)>d—1fOI‘aHiZO,...’I’Ll}

Now, let H ¢ PN(™4) be a general hyperplane containing 7. We have that H is given by
an equation of type

O[JXJ:O, OéJE(C (623)
JeA | d(I;,J)>d—1V i=0,...,n1
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Let us denote by PN(md)—dim(T)—1 the projective space whose homogeneous coordinates are
the ooy with J € A and d(I;, J) > d—1foralli =0,...,n;. Now, for each fixed i = 0,...,n
we consider the following subset of A: for each 1 < l <rand 0<j<n withj#1 let

Jiji=(Ji,...,Jr) € A where Jy={j,...,j} and J, = {i,...,i} for k #1

and set A; = {J;j; € A| forall1<I<r and 0 <j <n with j#i}.
Observe that, since d = min{d;} and j # 1, each J € A; satisfies d(I;,J) > d > d—1 for
all i =0,...,n1. Consider the projection

o PN (n,d)—dim(T)—1 s Plism

(O‘J)JGA|d(Il,J)>dfll:0,.‘.,n1 — (aJ)JeAi

the point [1: -+ : 1] € PZ#™ and let H € 7, Y([1 : -+ : 1]) be the hyperplane given by
D e A, X7 = 0. The intersection H N SV corresponds to the hypersurface
d d dy
DX X =0 (6.2.4)
JEAi
where X ; for j = 0,...,n; are the homogeneous coordinates on P™. Thus, in the affine
chart X1, =---=X,; =1 equation 6.2.4 becomes
dooXh=0 (6.2.5)
1<i<r

0<j<ny, j#i

The singular locus of H n SV} in the affine chart X;; = --- = X, ; = 1 is given by the
following system of equations

dl 1
{diX)5 " = 0bi<isr, ojicny, j#i

The only solution of this system is X;; = 0, and so the hypersurface (6.2.5)) is singular

only at pg = (0,...,0). Therefore, we conclude that the intersection of SV with a general
hyperplane H containing 7' is singular, in a neighborhood of pg, only at pg. Since this
argument holds for each ¢ = 0,...,n; using Lemma [6.1.2] we get the claim. O

Proposition 6.2.6. Let pg, ...,p,, € SV be general points and assume that d = dy < d;—2
for eachi # 1. Then a general hyperplane H < PN containing T = <']I'g0 SV, Tgnl SV©H
is not tangent to SV ' along a positive dimensional subvariety.

Proof. Asin Propositionwe may assume that p; = ey, with I; = ({¢,...,4},...,{i,...,i}).
By J[AMR19, Proposition 2.5] T¢ =<{e;|d(l;,J) < d). Hence

<T€I,...,’H‘gln1> = <€J|d([i,<])<d for some i =0,...n1)
= {X;=0]d(l;,J)>d forall i=0,...n1}

Now, let H ¢ PN(™d) be a general hyperplane containing T. We have that H is given by
an equation of type
a]X] = 0, ag € C
JeA | d(1;,J)>d,¥ i=0,...,n1
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Let us denote by PN(d)—dim(T)—1 the projective space whose homogeneous coordinates are
the ooy with J € A and d(I;,J) > d for all i = 0,...,n;. Now, for each fixed i =0,...,n
we consider the following subset of A: for each 2 < < r and 0 < j < n; with j # i set

Ji,jJ:(Jl,...,Jr)EA where J; = {i,7,...,5}, Jp = {i,...,i} for k#1

and A1 = {J; ;€ A| forall j,1#i}.
Moreover, we also consider another subset of A defined as follows: for each 0 < j < my
with j # ¢ let

Jij=(J1,...,Jr) € A where Jy = {j,...,5}, Jo={j,4,...,4}, Jy ={i,...,i} for k#1,2
and Ai,QZ{Ji,j,l€A| for all j,l;ﬁi},AiZAiJUAZ’,Q.

Observe that, since d = dy < d; —2 for ¢ # 1 and j # 4, each J € A; satisfies
d(I;,J) =2d+1>dforalll =0,...,n;. Therefore, we have a projection

7Ti IP)N(n,d)—dim(T)—l —_—s PZ#J‘ nj
(@) sen | d(1;,J)>d1=0,..na T () sen,
Now, consider the point [1 : -+ : 1] € PZ#™ and let H € 7, Y([1 ¢ --- 1 1]) be the

hyperplane given by

ZXJZO

JEAZ'

The intersection H n SV} corresponds to the hypersurface

d di—1 dr d do—1 yd dr
2 Xpi - XXy X0G 2 XX Xo5 X35 X5 =0 (6.2.7)
JEAin JeAi’Q
where X;;,7 = 0,...,nj, are the homogeneous coordinates on P"7. Thus, in the affine chart
X1i="--=X,; =1 the equation (6.2.7) becomes
F= > x4+ > X{iXy;=0 (6.2.8)

2<i<r 0<isng, j#1
0<j<ny, j#i

The system of the partial derivatives of F' is given by

A X Xy =0
(d2—D)X5% 2+ X{L =0
(d—1)X"2=0,1=3,...,r and j#i

This system has a solution only when all the coordinates X; ; vanish, and so the hypersurface
{F =0} in is singular only at pg = (0,...,0). Therefore, we conclude that for a
general hyperplane H containing 7" the hypersurface H nSV ;' is singular, in a neighborhood
of po, only at pg. Since this argument holds for each ¢ = 0,...,n; using Lemma we
get the statement. OJ
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Theorem 6.2.9. Set d := min{dy,...,d,}. If
-h<(ny+1Dhy41(d—1) or
-h<(n1+Dhy4+1(d) and d=dy < d; —2 for each 2 <i<r
then SV 3 is not h-weakly defective.

Proof. Since by [AMRI19), Propositions 5.1, 5.10] the Segre-Veronese variety SV* has strong
2-osculating regularity and (nj +1)-osculating regularity, the statement follows immediately
from Propositions and Theorem [6.1.3 O

Remark 6.2.10. Write d = 2% 4+ 2% . 4+ 2% 4+ ¢ with Ay > Xy > ... > Ay > 1 and
e € {0,1}, so that A\; = [logy(d)]. The first part of Theorem says that SV} is not
h-weakly defective for h < (ng + 1)((ng + DM 4 (ng + 12271 400 4 (ng + )M,

Now, write d +1 = 2M + 2% 4 2% 4 e with Ay > Ay > ... > A\, = 1 and e € {0,1},
hence A\; = [logy(d+1)]. The second part of Theorem [6.2.9]yields that SV} is not h-weakly
defective for h < (n1 + 1)((n1 + DML+ (ng + 12271 - + (ng + 1)*7 1), Therefore, we
have that asymptotically for

h < (ng + 1)los2(d)]

SV3t is not h-weakly defective.

6.3 On 1l-weak defectiveness of Segre-Veronese varieties

In this section we give condition ensuring that Segre-Veronese varieties are not 1-weakly
defective. Note that this yields that their dual varieties are hypersurfaces.

Proposition 6.3.1. If n, < 21:11 n; then SV is not 1-weakly defective.

Proof. First of all, let us consider the Segre embedding of P! x .- x P™ that is d =

(1,...,1). Let p e P™ x .- x P™ be a general point, without loss of generality we may
assume that p = e o. Hence Tp(P" x --- x P") = {e; | d(J, ({0},...,{0})) < 1). Thus,
a general hyperplane containing T, (P™ x --- x P"") is given by an equation of type

Z ajXy;=0

JeA | d(J,({0},...,{0}))>2

where A is the set of indexes of the standard Segre variety. On the affine chart X;o =
- = X,0 = 1, where X,p,...,X;,, are homogeneous coordinates of P", we have that
H A (P™ x --- x P™) is the hypersurface in C="™ given by

O‘JXl,jl Tt Xr,jr =0 (632)
J=({71}s - Adr DEA [ (J,({0},...,{0})) =2

where in the above formula whenever some of the variables X1,..., X, o appear we set
them equal to one. Note that for a general choice of the a; the hypersurface defined
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by has 0-dimensional singular locus, since by an easy computation the Segre variety
P™ x ... x P™ is not 1-weakly defective under the numerical assumption n, < Z:;ll n;.
From now on A will be the set of indexes of a Segre-Veronese variety. Let p € SV .
As before without loss of generality we can assume that p = e;,. By [AMRI19, Theorem
2.1] T,SV} = {ej|d(p,J) < 1). Observe that for each J = ({j1},...,{jr}) such that
d(J, ({0},...,{0})) = 2 we can consider J' = (Ji,...,J,) € A where J; = {0,...,0,j;}.

Therefore, considering the hyperplane H given by

2 « J_X J = 0

J/
where we set X109 = --- = X, o = 1 whenever these variables appear in the expression
above, we see that in the affine chart X;9 = --- = X, o = 1 the hypersurface H n SV}’ in

Cxmi ig given by . Thus, the statement follows from the first part of the proof. [
Proposition 6.3.3. Assume that n, > Z:;ll n;.

- If d, = 2 then SV} is not (n1 + 1)-weakly defective.

- If d, = 1 then SV} is 1-weakly defective.

Proof. Let po,...,pn, € SV} be general points. Without loss of generality, we can suppose
that p; = ey,. By [AMR19, Proposition 2.5] T, SVg' = {e; | d(;, J) < 1), and hence

T = <’]I%IO,...,’]I%I > = (ey|d(l;,J) <1 forsome i=0,...n1)
ni
= {X;=0]d(;,J)>1 forall i=0,...n1}
Now, let H c PN(™9) be a general hyperplane containing <’]I‘})O, e Tzl)n1>' Then H is

given by an equation of type

OéJXJ = O, Qg €E C
JeA | d(1;,J)>1,Y i=0,...,n1

Let us denote by PN(md)=dim(T)=1 the projective space whose homogeneous coordinates are
the ay with J € A and d(I;,J) > d for all i =0,...,n;.

To prove the first claim let us fix [ € {0,...,n1}. We will discuss in detail the case | = 0,
the argument for the remaining values of [ is analogous.

Let us consider the subset A’ = A given by the set of indexes J' = (Ji,...,J,) where
for each pair i,j with i€ {1,...,r — 1} and 1 < j < n; we set

Ji ={0,...,0,5}, J,,:{O,...,O,l—i-j—i-an} and J, = {0,...,0} for k #i,r

1<i

Furthermore, consider the subset A” < A given by the set of indexes J" = J; = (J1,...,J;)
such that
Jr={j,--.,j}, and J ={0,...,0} for k #r
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foreach 24+>, . m <j<n.andj=1
Since 1 < j <1+ j+4>,,m, each J € Ag = A v A" satisfies d(I;, J) > 1 for all
t =0,...,n;. Thus, we have a natural projection

7Tl PN(n,d)fdim(T)fl -y P

(1) ge |d(1i,7)>1i=0,.m +— (Q1)Jen,

Now, consider the point [1 : -+ : 1] € P* and let H € 7 *([1 : -+ : 1]) be the hyperplane
given by
D X;=0
JGAO
In the affine chart X;9 = --- = X, 9 = 1, where for each i € {1,...,7}, Xjo,..., Xy, are

the homogeneous coordinates on P"¢, we have that H n SV} is the hypersurface in CcXmi
given by

5 dr |y _
Z Xl"]XT7j+1+Zl<i n + Z erj + X,’,71 - 0

1<i<r—1 24 <j<

1<j<n; Ligr—1 SIS

Looking at the system of the partial derivatives we see that this hypersurface is singular
only at (0,...,0). Therefore, using Lemma we prove the first claim. For the second
part, let us consider a general hyperplane H that contains T, Io SV Hence, H is the zero
locus of a polynomial F' of the form

F = Z O[JXJ, Qg € C
JeA | d(J,Ip)=2

In the affine chart X9 = --- = X, o = 1 the intersection H n SV} is the hypersurface in
CX™i given by N
F = > as X1y Xpj =0
J=(J1seesJre1, G DEA | d(J,I0)>2
where with X ;, we denote the product of powers of the homogeneous coordinates on P™
with exponents given by the Jr. Observe that foreach 1 < i <r—1land 1 < j < n; we
have

oF
&’Xm-

= (D oF i Xk + Gr(X1, o Xeim, ) Xep) + (X1, Xeman,y)
k=1

and for each 1 < k < n, we have

X0k =G (X115 X 10,y)
with Gk(XLl, e 7X7“*1,nr—1)7 G(Xl,la ... 7XT*1,7%—1) and G,(X1,17 .. ,erl,nr_l) polyno-
mials with no constant terms since by assumption d, = 1.

Now, note that the locus given by X171 = X190 == X, 15, ,-1 = Xo—1n,_, =0
and

Ny Ny Ty

k k k
Z a1 Xok = Z Ao Xy =00 = Z Xp_1p—1Xrk =0
k=1 k=1 k=1
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is contained in the singular locus of {ﬁ = 0}. Therefore, we get a linear system in n,
variables and Z:;ll n; equations. Since n, > 2:;11 n; we conclude that the singular locus
of H n SV} contains at least a linear space of dimension n, — Z;:ll n; > 0 yielding that
SV is 1-weakly defective. O

By Proposition we have that SV* with n = (1,n) and d = (d,1) is 1-weakly
defective. Now, we determine the smallest dimension of a linear subspace tangent to SV
along a positive dimensional subvariety.

Proposition 6.3.4. Let SV} with n = (1,n) and d = (d,1). Then SV} is not (1,s)-
tangentially weakly defective if and only if s < d(n + 1).

Proof. Let p € SV} be a general point, without loss the generality we can suppose that
P = €{0,..0},{03- Then we have TSV = (es|d(J,({0,...,0},{0})) < 1).

Now, let IT = P9n+d+7 he a general linear subspace of dimension s such that T,SV? < II.
Therefore, we may write II = ﬂizl,...,dn+d+nfs H;, where the H; are general hyperplanes
tangent to SV ' at p. We have that II n SV} is given by

— X 1 d—iyiy. 1 d—iyi —
F1 = ZlSzSd CK,-/J'XO levj + Z?Sisd Oéi70X0 leb =0

1<j<sn

_ . dn+d+n—s yd—i yiy,. dn+d+n—s vd—1i vi _
Fantdin—s = lefzid Q; Xo ' X1Y5 + 22@'@ @0 Xy ‘XiYo =0
<j<n

and working on the affine chart Xy = Yy = 1 we reduce to

_ , 1 yiv, 1 yvi _
By =X 1<i<d @ jX1Y) + 2acica 4o X1 =0

1<j<n
(6.3.5)

dn+d+n—s yi dn+d+n—s yi
Fintdin—s = 21<i<d Q5 X1Yj + Zzgigd @0 Xi=0
1<j<sn

Then, Sing(H1 N -+ N Hiptdin—s N SV}') contains the variety cut out by the following
equations

1 L
Zlgjsn o ;Y; =0

2 adn+d+nst' =0 (636)
1<j<n X5 i=

X1 =0

and, for a general choice of the aﬁ ; we have that this is a linear space in the hyperplane
X1 = 0 of dimension s — d(n + 1).
Now, consider a special linear space II such that (6.3.5)) takes the following form

_ 1 _
Fi=2hcjen1;%1Y5 =0

_ dn+d+n—s o
Fintvdin—s = Zlgjgn Qa4 X1Y; =0
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Then {F} = -+ = Fygn1din—s = 0} splits as
{Xl = O} U { 2 ain} - ... = 2 ailerdJrnfs}/j _ O}
1<j<n 1<j<n

and its singular locus is exactly given by (6.3.6)). Now, Lemma yields that a general
linear space of dimension s containing T,SV;" has contact locus of dimension at most
s —d(n + 1). Hence, SV} is not (1, s)-tangentially weakly defective for s <d(n+1). O

Following the line of proof of Proposition we can prove the following result on
(1, s)-tangential weak defectiveness.

Proposition 6.3.7. Consider SV} with n = (n1,...,n,) and d = (di,...,dr—1,1), and
assume that n,. > Y " n;. If

r r—1
n; +d;
S<H( n; )—nTZni

=2 i=1
then SV} is not (1, s)-tangentially weakly defective.
Proof. Without loss of generality we can assume as usual that p = ej; € SV where
Jo=({0,...,0},...,{0,...,0}). A basis for the linear system of the hyperplanes containing
T,SV} is given by

(X1 X 1,00 X = 0} gy 1 G heA | d(J, Do) =2
Now let us consider hyperplane sections of the form
Fijo=X{y. X X0 Xy =0

forl<i<r—11<j<mn;and 1<I<n,.

In the affine chart CXi=1" defined by X109 = --- = X, 0 = 1 the partial derivatives of
F; ;1 are given by
AXTy . XXt X)) ¥ Xy XX X)) .
8Xm- = Arl 5Xr,z = A4

Then the Jacobian matrix of the F; ;; has rank zero if and only if all the coordinates X ;
with 1 < j < n; vanish. In particular, the intersection of the special hyperplane sections

dy d;—1 _
X0 X X5 X =0

has a singularity spanning the whole of CXiz1mi only at (0,...,0). Now, to conclude it is
enough to note that the number of these special hyperplane sections is n, 2,7;11 n; and to
apply Lemma [6.1.2 O

Finally, we have the following classification of 1-weakly defective Segre-Veronese vari-
eties.

Theorem 6.3.8. The Segre-Veronese SV is 1-weakly defective if and only if d. =1 and

r—1
e > Y01 Ny

Proof. 1t is an immediate consequence of Propositions O
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6.4 On tangential weak defectiveness of products

In this section we study tangential weak defectiveness for varieties that can be written as
a product of a smaller dimensional variety and the projective line.

Lemma 6.4.1. Let W < P™ be a non-degenerated irreducible projective variety, and con-
sider the Segre embedding of X = W x P < P™ x P" — PN with N = rm +r + m.
Fiz a point p € P" and a hyperplane H < P" not passing through p. Let Z = W x {p},
Y =W x H, and denote by Hy = {(Z), Hy = {Y) their linear spans. Then Hz and Hy
are complementary subspaces of PN, and X nHy = Z, X nHy =Y.

Proof. Since W < P™ is non-degenerated we have that H; = (P™ x {p}) and Hy =

(P™ x H). Consider homogeneous coordinates [xg : --- : z,] on P" and [yo : --- : ym] on
P™. Without loss of generality we may assume that p = [1:0:---: 0] and H = {zg =
0} Hence, Hy = {2071 == Zyy = 0} and Hy = {ZO,O = = 20 = O}’ where

z; j is the homogeneous coordinate on PN corresponding to y;x;. Hence Hz and Hy are
complementary subspaces of PV,

Now, assume that there is a point g € X n Hz with g ¢ Z. Since X = W x P" the point
q lies on a fiber PP}, over a point w € W. Such fiber intersects Z in a points z € Z with z # ¢
and hence ] intersects Hyz in at least two distinct points. On the other hand, note that
Hz = (P™ x {p}) is the fiber PJ* over p of the projection P x P" — P". A contradiction.

Similarly, assume that there is a point ¢ € X n Hy with ¢ ¢ Y. The point ¢ lies on
a fiber P, over a point w € W. Hence P} intersects Y in a hyperplane H,, of P; not
containing ¢, and Hy contains the fiber P}, = (¢, H,). A contradiction. O

Proposition 6.4.2. Let W € P™ be a non-degenerated irreducible projective variety, and
consider the Segre embedding of X = W x P" € P™ x P" — PN with N = rm +r + m.

If p,q € X are two distinct points lying on the same fiber of m: X — W owver a smooth
point w € W then the span of the tangent spaces (T, X, TqX ) is tangent to X along the line

{p,q)-

Proof. Let w e W be a smooth point. We can parametrize W in a neighborhood of W as

p c? — C™
(:L‘la"')xd) — (¢1(!E1,---,$d),~-,Cbm(l'b---,l‘d))

where d = dim(W) and ¢(0) = w. Hence, a parametrization of X is given by

oo Cce xCr — CN
((mla"wxd)’(lvyl?'"ayr)) = (¢1>---7¢m7¢1y17---7¢my7‘)
Let us set a;; = gf; (0) and by = ¢x(0). Without loss of generality we may assume that

p = ¥((0,...,0),(1,0,...,0)) and p = ¥ (0,...,0),(1,...,1)) so that the line {p,q) is
parametrized by v(t) = ¢((O,. ,0),(1,¢,...,t)). Now, the tangent space of X at 7(t) is
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spanned by the rows of the following matrix

(l171t al,lt (1271t e a271t amvlt am71t ai,i cee OGma
_ a17dt N a17dt ag)dt . ag)dt e e am)dt . am)dt a1,d --- QGmyd
AW =1 0 0 e 0 e T et
0 ... b 0 ... by i ool 0 o bm 0 .0
and to conclude it is enough to observe that A(t) = tA(1) — (t — 1) A(0). O

The main goal now is to use our technique of the study of (h,s)—tangential weak
defectiveness in order to improve the known bound on identifiability for varieties of the
type W x P!, where W < P™ is a smooth non-degenerated irreducible projective variety
and

W x P! ¢ p2m+1)-1

is Segre embedded.

We are working on an improved version of a theorem inspired by [BCO14, Theorem
5.4], which makes a clever use of the osculating degeneration technique in order to ensure
the (h, s)—tangential weak defectiveness of W and hence its h— identifiability.
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