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Abstract

Given a projective variety X � PN we can define its h�secant variety SechpXq � PN , i.e.
the Zariski closure of all points p P PN lying on a Ph�1 which is h�secant to X. The variety
X is said to be h�identifiable if the general point p P SechpXq can be expressed uniquely as
a linear combination p � λ1p1�� � ��λhph with p1, . . . , ph points ofX. Thanks to Terracini’s
lemma it is possible to rephrase the problem of secant dimensions and identifiability in the
birational setting. This turns out in the study of the dimension and the singularities of
linear systems of the form |OXp1q b Ip2

1,...,p
2
h
|, i.e. hyperplane divisors of X singular at h

general points.
In the area of tensor analysis these notions are related to the properties of tensor de-

composition. For applications ranging from biology to Blind Signal Separation, data com-
pression algorithms and analysis of mixture models, uniqueness of decompositions allows
to solve the problem once a solution is determined.

The thesis studies the relation between defectiveness and identifiability. It is shown how
to link the geometry of the tangential contact locus to the secant defect, proving that under
mild numerical conditions the non h�secant defectiveness imply the ph�1q�identifiability,
where h is less than the generic rank. With our techinques it is possible to give new bounds
for the identifiability in the case of many important tensor varieties such as Veronese, Segre
and Grassmannians.

In the case of generic identifiability it is studied the nested singularities of tangential
linear system. With this, together with the classical Noether-Fano inequalities, it is proved
a new statement on generic identifiability of many partially symmetric tensors.

Next it is studied the defectiveness for Flag varieties, i.e. special tensor varieties
parametrizing chains of vector spaces 0 � V1 � � � � � Vk � PN . We improve the oscu-
lating projection techinque from Araujo, Massarenti and Rischter, giving completely new
bounds on secant defectiveness and identifiability.

The new notion of ph, sq�tangential weak defectiveness is introduced and studied for
the case of Segre-Veronese varieties.

The study of Secant varieties of Veronese embedding allowed also to check Comon’s
conjecture under improved numerical bounds.

Keywords: secant defectiveness, weakly defectiveness, tangential weak defectiveness,
identifiability, tensor varieties
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Sintesi

Data una varietà proiettiva X � PN possiamo definire la varietà h�secante SechpXq �
PN come la chiusura nella topologia di Zariski di tutti i punti p P PN contenuti in uno
spazio lineare Ph�1 h�secante rispetto a X. La varietà X si dice essere h�identificabile se
il punto generale p P SechpXq può essere espresso in modo univoco come una combinazione
lineare p � λ1p1 � � � � � λhph con p1, . . . , ph punti di X. Grazie al lemma di Terracini è
possibile riformulare il problema delle dimensioni secanti e dell’identificabilità nel contesto
della geometria birazionale. Ciò si traduce nello studio della dimensione e delle singolarità
dei sistemi lineari della forma |OXp1q b Ip2

1,...,p
2
h
|, ovvero sistemi lineari di sezioni iperpiane

di X singolari in h punti generali.
Nell’area dell’analisi tensoriale queste nozioni sono legate alle proprietà della decompo-

sizione tensoriale. Per le applicazioni che vanno dalla biologia al Blind Signal Separation,
algoritmi di compressione dei dati e analisi di mixture models l’unicità delle decomposizioni
tensoriali consente di risolvere il problema una volta determinata la soluzione.

In questa tesi si studia la relazione tra difettività e identificabilità. Viene mostrato come
collegare la geometria del luogo di contatto tangenziale al difetto secante, dimostrando che
sotto opportune condizioni numeriche la non h�difettività implica la ph�1q�identificabilità,
dove h è strettamente minore del rango generico. Grazie a queste tecniche è possibile
migliorare i risultati di identificabilità nel caso di molte importanti varietà tensoriali quali
Veronese, Segre e Grassmanniane.

Nel caso dell’identificabilità generica invece, vengono studiate le singolarità del sistema
lineare tangenziale. Da questo, insieme alle classiche disuguaglianze di Noether-Fano, si
ottiene un nuovo risultato sull’identificabilità generica di molti tensori parzialmente sim-
metrici.

Successivamente viene studiata la difettività per le varietà Flag, ovvero speciali varietà
tensoriali che parametrizzano particolari configurazioni di spazi vettoriali

0 � V1 � � � � � Vk � PN

Grazie ad un adattamento della tecnica di proiezione osculante dovuta ad Araujo, Massar-
enti e Rischter, si dimostrano nuovi risultati sulla difettività secante e sull’identificabilità
di queste varietà.

Viene in seguito introdotta e studiata la nuova nozione di ph, sq�difettività tangenziale
debole e applicata nel caso delle varietà di Segre-Veronese.

Infine lo studio delle varietà secanti nel caso delle varietà di Veronese ha permesso anche
di verificare la congettura di Comon in alcuni casi non noti precedentemente.

Parole Chiave: Difettività secante, difettività debole, difettività tangenzialmente de-
bole, identificabilità, geometria tensoriale.
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Introduction

In the last twenty years Algebraic Geometry has played a crucial role in many applications
to the most revelant fields of sciences. Biology, Blind Signal Separation, data compression
algorithms, analysis of mixture models psycho-metrics, chemometrics, signal processing, nu-
merical linear algebra, computer vision, numerical analysis, neuroscience and graph analy-
sis, see for instance [DDL13a], [DDL13b], [DL15], [KADL11], [SB00], [KB09a], [CGLM08],
[LO15], [MR13]. The mathematical background that links all of these fields together is
Tensor Analysis.

In particular if X � PN is a projective variety parametrizing special type of tensors
(tensor varieties), where PN � PpΓq for some submodule Γ � V1 b � � � b Vs, a crucial
problem is to determine the dimension of the locus of tensors T P PN such that T can be
expressed as a limit of linear combinations of "simpler" tensors, i.e. the ones belonging to
the variety X.

More generally we can consider the h�secant variety SechpXq � PN attached to a
projective variety X � PN , i.e. the Zariski closure of the points z P PN lying in the linear
span of h points of X:

SechpXq � tz P PN |z P xx1, . . . , xhy s.t. x1, . . . , xh P Xu � PN

By a straightforward dimensional count the expected dimension of SechpXq is
expdimpSechpXqq � minthdimpXq � h� 1, Nu

The actual dimension of SechpXq however can be smaller than the expected one, i.e.
dimpSechpXqq   expdimpSechpXqq: in this case we say that X is h�defective.

The classification of h�defective tensor varieties is far from being complete. The only
class completely classified is that of Veronese varieties, see [AH95]. For other types of tensor
varieties bounds on h such that X is not h�defective are given, see for instance [AB09],
[AB12], [AB13], [AOP09], [BBC12], [BCC11], [BDDG07], [LP13], [MR17],[AMR19] and
many others.

Thanks to [CC02, Proposition 5.4] it is possible to control the h� secant defect studying
the h� tangential projection

τh : X 99K PM

where τh is the rational map associated to the linear system |OXp1qbIx2
1,...,x

2
h
|. In particular

if τh is generically finite then X is not ph� 1q�defective. This result will be improved with
the technique of osculating projection, introduced in [MR17],[AMR19], see Chapter 5.
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If X � PpV1b� � �bVsq is a tensor variety another important question to ask is whenever
a given tensor T P SechpXq can be written uniquely as

T � λ1T1 � � � � � λhTh

where T1, . . . , Th are tensors in X. This leads to the notion of identifiability for a tensor
variety, and more generally for every varietyX � PN . An element p of a projective space PN
is h-identifiable via a variety X if there is a unique way to write p as linear combination of
h elements of X. In the classical setting this very often translates into rationality problems
and it is linked to the existence of birational parameterizations.

An important notion is that of weak defectiveness, introduced by Chiantini and Ciliberto
in [CC02]: given a projective variety X � PN and x1, . . . , xh general points of X we
can consider ΓhpHq as the union of irreducible components of SingpHq passing through
x1, . . . , xh, where H P |OXp1q b Ix2

1,...,x
2
h
| is a general hyperplane section singular at the

prescribed points. The variety X is said to be h�weakly defective if dimpΓhpHqq ¡ 0, see
Section 1.3 for a specific treatment.

Weak defectiveness has been connected to the study of identifiability problems, see for
instance [Mel06].

If a variety X is not h�weakly defective then it is h�identifiable. In general, however,
controlling the h�weak defectiveness property is quite hard, for this reason in [CO12]
the authors introduced the related notion of h�tangential weak defectiveness. Given a
projective variety X � PN and x1, . . . , xh general points of X we denote by Γh the union
of the irreducible components of the singular locus of the scheme xTx1X, . . . ,TxhXy X X
passing through the points x1, . . . , xh. The variety X is said to be h�tangential weakly
defective is dimpΓhq ¡ 0, and Γh is called the h�tangential contact locus, see Section 1.4. If
X is not h-tangential weakly defective then it is identifiable [CO12, Proposition 2.4]. Even
though the converse does not hold in general, the h-tangential contact locus of X gives the
right information on the number of decompositions of the general element of SechpXq, in
fact the h-secant degree of X is equal to the h-secant degree of the h-tangential contact
locus of X [CC10].

A common problem in tensor analysis is to compute the rank of a tensor whenever it is
known a decomposition of it lying in a suitable tensor subvariety. In particular if T P xY y
and h is the minimum such that

T � λ1T1 � � � � � λhTh

with Y � X a tensor subvariety and Ti P Y , it could exist tensors T 11, . . . , T 1s in X such that

T � β1T
1
1 � � � � � βsT

1
s

and s   h.
Comon’s conjecture [CGLM08] states that h � s in the case where Y is a Veronese

variety and X is a Segre variety.
More precisely, Comon’s conjecture predicts that the rank of a homogeneous polynomial

F P krx0, . . . , xnsd with respect to the Veronese variety V n
d is equal to its rank with respect
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to the Segre variety SV n
1 � pPnqd into which V n

d is diagonally embedded, that is

rankV n
d
pF q � rankSV n

1
pF q

Now, let Y,Z be tensor subvarieties of an irreducible projective tensor variety X �
PpV1 b � � � b Vsq, spanning two linear subspaces PNY :� xY y ,PNZ :� xZy � PN . Fix
two tensors TY P PNY , TZ P PNZ , and consider a tensor T P xTY , TZy. There exist h �
rankY pTY q tensors T1, . . . , Th and s � rankZpTZq tensors T 11, . . . , T 1s such that

TY � λ1T1 � � � � � λhTh

and
TZ � α1T

1
1 � � � � � αsT

1
s

The line xTY , TZy is indeed contained in the linear span xT1, . . . , Th, T
1
1, . . . , T

1
sy and so

rankXpT q ¤ rankY pTY q � rankZpTZq (0.0.1)

Strassen’s conjecture predicts that the previous inequality is in fact an equality. Strassen’s
conjecture was originally stated for triple tensors and then generalized to a number of differ-
ent context. For instance, for homogeneous polynomials it says that if F P krx0, . . . , xnsd, G P
kry0, . . . , ymsd are homogeneous polynomials in distinct sets of variables then

rankV n�m
d

pF �Gq � rankV n
d
pF q � rankVm

d
pGq

In 2017 Shitov has exhibited examples of tensors T for which both Comon’s and
Strassen’s conjecture do not hold, see [Shi18] and [Shi17]. However in the given coun-
terexamples the rank of T is fairly bigger than its border rank. Comon’s and Strassen’s
conjecture for general tensors, i.e. tensors T for which rankpT q � rankpT q, are still open.
Here with rankpT q we mean the border rank of T , i.e. the minimum h such that T can be
written as a limit of tensors of rank h. See Chapter 1 for the discussion.

This thesis is organized as follows. In Chapter 1 we recall all the basic results we need
in the next chapters. We start introducing the main tensor varieties, i.e. Segre, Veronese,
Grassmannians and Segre-Veronese, with its related notion of flattenings. Next we move to
the construction of secant varieties, together with the notions of secant defectiveness, weak
defectiveness, tangential weak defectiveness and identifiability. Finally we recall the strat-
egy introduced in [MR17] which tackle the problem of secant defectiveness using osculating
spaces and projections. This technique was successfully applied to study the problem of
secant defectiveness for Grassmannians [MR17] and Segre-Veronese varieties [AMR19].

In Chapter 2, while surveying the state of the art on Comon’s and Strassen’s conjec-
tures, we push a bit forward standard techniques, based on catalecticant matrices and more
generally on flattenings, to extend some results on these conjectures, known in the setting
of Veronese and Segre varieties, for Segre-Veronese and Segre-Grassmannian varieties that
is to the context of mixed tensors.
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Next we introduce a method to improve a classical result on Comon’s conjecture. By
standard arguments involving catalecticant matrices it is not hard to prove that Comon’s
conjecture holds for the general polynomial in krx0, . . . , xnsd of symmetric rank h as soon as
h   �n�t d2 u

n

�
, see Proposition 2.2.2. We manage to improve this bound looking for equations

for the ph� 1q-secant variety Sech�1pV n
d q, not coming from catalecticant matrices, that are

restrictions to the space of symmetric tensors of equations of the ph � 1q-secant variety
Sech�1pSV n

1 q. We will do so by embedding the space of degree d polynomials into the
space of degree d � 1 polynomials by mapping F to x0F and then considering suitable
catalecticant matrices of x0F rather than those of F itself.

Implementing this method in Macaulay2 we are able to prove for instance that Comon’s
conjecture holds for the general cubic polynomial in n � 1 variables of rank h � n � 1 as
long as n ¤ 30. Note that for cubics the usual flattenings work for h ¤ n.

The main result of this Chapter is the following:

Theorem. Assume n ¥ 2 and set h � �
n�t d2 u
n

�
. Then Comon’s conjecture holds for the

general degree d homogeneous polynomial in n�1 variables of rank h in the following cases:

- d � 3 and 2 ¤ n ¤ 30;

- d � 5 and 3 ¤ n ¤ 8;

- d � 7 and n � 4.

In Chapter 3 we develop an entirely new approach to study generic identifiability. Start-
ing from the seminal paper [CC10], where the geometry of contact loci has been carefully
studied, and the improvement presented in [BBC�18], we derive identifiability statements
for non secant defective varieties. Even if new this is not really surprising since weak de-
fectiveness and tangential weak defectiveness, thanks to the Terracini Lemma 1.2.5, have
secant defectiveness as a common ancestor. With this new approach we are able to trans-
late all the literature on defective varieties into identifiability statements, providing in many
cases sharp classification of h-identifiability.

The main result of this Chapter is the following theorem:

Theorem. LetX � PN be an irreducible, reduced, and non degenerate variety of dimension
n. Assume that:

a) X is k-twd,

b) X is not pk � 1q-twd
c) k ¡ n and N ¥ pk � 1qpn� 1q � 1.

Then πXk�1 is of fiber type.

Thanks to this theorem we are able to classify completely the subgeneric identifiability
for Segre varieties that are product of P1’s:

Theorem. The Segre embedding of n copies of P1, with n ¥ 5 is h-identifiable for any
h ¤ t 2n

n�1 u� 1.
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Recall that the generic rank of the Segre embedding of pP1qn is r 2n
n�1 s, therefore our

result shows generic identifiability of all sub-generic binary tensors, qbits in the quantum
computing dictionary, in the perfect case, that is when 2n

n�1 is an integer, and all but the
last one in general, as predicted by the conjecture posed in [BC13].

Finally we give many more applications of our results to several classes of tensor vari-
eties.

In Chapter 4 we move to the study of generic identifiability. In [Mel06] generic identifi-
ability of symmetric tensors has shown its close connection to modern birational projective
geometry and especially to the maximal singularities methods. In a series of papers, [Mel06]
[Mel09], [GM19], the generic identifiability problem for symmetric tensors has been com-
pletely solved.

In this chapter we extend this theory to arbitrary tensors. As for the symmetric case it
is expected that identifiability is very rare and our result support this convincement.

The main tool in [Mel06] was the use, after [CC02], of non weakly defective varieties to
study identifiability. Unfortunately it is very hard to determine the weak defectiveness of
general tensors. Thanks to the main result in [CM19] (see Chapter 3) for the generic iden-
tifiability we may assume without loss of generality the non tangential weakly defectiveness
under mild numerical assumptions.

Tangential weak defectiveness does not behave as weak defectiveness with respect to
the maximal singularities method. Therefore we have to develop tools to plug in maximal
singularities methods for non tangentially weakly defective varieties.

Let us denote with Hphq the linear system |OXp1q b Ix2
1,...,x

2
h
|, where x1, . . . , xh are

general points of X.
The main technical result of this Chapter is the following:

Theorem. Let X � PN be a projective irreducible,reduced and non-degenerate variety of
general rank g. Let tx1, ..., xg�1u be general points on X and H � Hpg� 1q. Assume that:

- X is perfect and non defective

- X is not pg � 1q-twd
Then there is a variety Y and a birational map ν : Y Ñ X with the following property: for
any ε ¡ 0 there is a Q-divisor D, with D � ν�1

� H such that for any point y P Y

multyD   1� ε.

Thanks to the implementation of the so called Noether-Fano inequalities [Cor95] we
were able to prove the non generic identifiability for many partially symmetric tensors:

Theorem. Fix two multiindexes n � pn1, . . . , nrq and d � pd1, . . . , drq. Let X � SV n
d the

corresponding Segre-Veronese variety. Assume that di ¡ ni � 1, for i � 1, . . . , r, and

r

±�ni�di
ni

�°
ni � 1 s ¡ 2p

¸
niq.

Then X is not generically identifiable.



14 CONTENTS

In Chapter 5 we investigate secant defectiveness of flag varieties applying the machinery
introduced in [MR17]. We would like to stress that its application to flag varieties involves
much more difficult computations compared with the case of the Grassmannians, this is
particularly reflected in Section 5.5 where we introduce submersions of flag varieties into
product of Grassmannians in order to study the relation among their higher osculating
spaces.

Furthermore, our results on secant defectiveness, combined with a recent result in
[CM19] (content of Chapter 3), allow us to produce a bound for identifiability of flag
varieties. Our main result can be summarized as follows:

Theorem. Consider a flag variety Fpk1, . . . , kr;nq. Assume that n ¥ 2kj�1 for some index
j and let l be the maximum among these j. Then, for

h ¤
�
n� 1
kl � 1


tlog2p
°l
j�1 kj�l�1qu

,

Fpk1, . . . , kr;nq is not ph� 1q-defective. Furthermore, if for such h we have

h ¡ 2 dimpFpk1, . . . , kr;nq

then the general point of the h-secant variety of Fpk1, . . . , kr;nq is h-identifiable.
Finally in Chapter 6 we approach the problem of weak defectiveness using degener-

ations of tangent linear spaces to osculating linear spaces, and we apply this method to
Segre-Veronese varieties. Furthermore, we introduce the concept of ph, sq-tangential weak
defectiveness, where h, s are positive integers. A variety X � PN is ph, sq-tangential weakly
defective if a general linear subspace of dimension s, which is tangent to X at h general
points p1, . . . , ph P X, is tangent to X along a positive dimensional subvariety of X con-
taining at least one of the pi. In particular, when s � dim xTp1X, . . . , TphXy we recover the
notion of h-tangential weak defectiveness while for s � N � 1 we get the notion of h-weak
defectiveness. We also classify the 1-weakly defective Segre-Veronese varieties. Our main
result in this direction is the following:

Theorem. If h ¤ pn1�1qtlog2pdqu then the Segre-Veronese variety SV n
d � PN is not h-weakly

defective. Furthermore, SV n
d is 1-weakly defective if and only if dr � 1 and nr ¡

°r�1
i�1 ni.

Moreover, if n � p1, nq and d � pc, 1q then SV n
d is not p1, sq-tangential weakly defective

if and only if s ¤ cpn� 1q.
Lastly, if nr ¡

°r�1
i�1 ni and s ¤ ±r

i�2
�
ni�di
ni

� � nr
°r�1
i�1 ni, then SV n

d is not p1, sq-
tangential weakly defective.
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Chapter 1

Preliminaries

In this chapter we introduce all the tools we need in the rest of the thesis. We start with
the construction of tensor spaces together with the notion of flattening in section 1.1. Next
we review the notion of secant variety in section 1.2, weak defectiveness in section 1.3,
tangentially weak defectiveness and identifiability in section 1.4. In the last section 1.5 we
introduce the technique of osculating projections, which will be central for Chapter 5 and
Chapter 6. Finally we give some examples for our constructions, in order to make clearer
for the reader the computations we will see in the next chapters.

Throughout the thesis we will always work over the field of complex numbers C.

1.1 Tensor Spaces
Tensor product of vector spaces is a central construction in both abstract and applied
algebraic geometry. Our attention will be focused on some special variety natural embedded
in tensor spaces, parametrizing special type of tensors. For a complete treatment we invite
the reader to look at [Lan12].

Let V1, . . . , Vs be complex vector spaces with dimpViq � ai � 1. We denote with

V1 b V2 b � � � b Vs

the tensor product of V1, . . . , Vs. Let teijuj�1,...,ai�1 be a choice of a basis for every vector
space Vi. Then every vector T P V1 b � � � b Vs can be expressed uniquely as

T �
¸
αj1,...,jse

1
j1 b � � � b esjs

If s � 2 let us fix teiui�1,...,s1 and tfjuj�1,...,s2 bases of V1 and V2 respectively. Then an
element T P V1 b V2 with

T �
¸
ai,jei b fj

can be viewed in three ways:

1) As a linear map T : V �
1 Ñ V2 given by

T pe�kq � ak,1f1 � � � � � ak,s2fs2
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2) As a linear map T : V �
2 Ñ V1 given by

T pf�k q � a1,ke1 � � � � � as1,kes1

3) As a bilinear map T : V �
1 b V �

2 Ñ C given by

T pe�k b f�l q � ak,l

Under the identification of T with a s1 � s2 array of numbers the three maps as above
corresponds to the three possible slices of the array. More generally for every susbet A �
t1, . . . , su we can view the tensor

T �
¸
αj1,...,jse

1
j1 b � � � b esjs

as a linear map
T : V �

A Ñ VAc

with VA � Vi1 b � � � b Vik where A � ti1, . . . , iku � t1, . . . , su.

Definition 1.1.1. The linear map rT : V �
A Ñ VAc associated to the tensor T is called an

pA,Acq�flattening of T .

A tensor T P V1b � � �bVs is said to be a rank-1 tensor if there exist v1 P V1, . . . , vs P Vs
vectors such that T � v1 b � � � b vs.

Definition 1.1.2. The rank of the tensor T is the minimal r � rankpT q � RpT q such that
there exists an expression

T �
ŗ

j�1
ajv

j
1 b � � � b vjs

with tvji uj�1,...,r � Vi and aj P C.

Definition 1.1.3. The border rank of the tensor T is the minimal r � rankpT q � RpT q
such that T can be written as a limit of tensors of rank r but not as a limit of tensors of
rank s with s   r.

1.1.3 Segre Varieties

Let Pai � PpViq be the projective space of lines in Vi and consider the variety

X � Pa1 � � � � � Pas

If we denote with
πi : Pa1 � � � � � Pas Ñ Pai

the natural projection on the i�th factor we have that the linear system

|OPa1�����Pas p1q| :� |π�1 pOPa1 p1qq b � � � b π�s pOPas p1qq|
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is very ample and OPa1�����Pas p1q|Pai � OPai p1q. The associated map

ϕ|OXp1q| : Pa1 � � � � � Pas Ñ PΠpai�1q�1

is called the Segre embedding. We will use the notation νpa1,...,asq
p1,...,1q :� ϕ|OXp1q| and we call

the image
SV

pa1,...,asq
p1,...,1q :� ν

pa1,...,asq
p1,...,1q pPa1 � � � � � Pasq � PpV1 b � � � b Vsq

a Segre variety. It is straightforward to see that

ϕ|OXp1q|prv1s, . . . , rvssq � rv1 b � � � b vss
and so the Segre variety parametrizes rank�1 tensors up to scalar equivalence.

The rank and the border rank can be different for a particular tensor. Let us show an
example of a tensor T for which RpT q ¡ RpT q.
Example 1.1.4. Let V1 � V2 � C2 and V3 � C3, with pa1, a2q, pb1, b2q, pc1, c2, c3q basis of
V1, V2 and V3 respectively. Consider the Segre variety X � P1�P1�P2 � P12 parametrizing
rank 1 tensors in C2 b C2 b C3. Consider the tensor

T � a1 b b1 b c1 � a1 b b1 b c2 � a1 b b2 b c1 � a2 b b1 b c1

It can be proved that RpT q � 3 but RpT q � 2. In fact T can be seen as a limit of tensors
of rank 2. Indeed let

T pεq � pε� 1qa1 b b1 b c1 � pa1 � εa2q b pb1 � εb2q b pc1 � εc2q
and note that

T � lim
εÑ0

T pεq
ε

1.1.4 Veronese Varieties

Let us now consider the case where V � V1 � � � � � Vd, with dimpV q � n � 1, and denote
with

V bd :� V b � � � b Vloooooomoooooon
d�times

Let S � Sd be the symmetric group on d elements. Consider the map:

πSym : V bd Ñ V bd

given on rank 1 tensors as

πSympv1 b � � � b vdq � 1
d!
¸
σPS

vσp1q b � � � b vσpdq

Definition 1.1.5. A tensor

T P SymdpV q :� tX P V bd|πSympXq � Xu
is called a symmetric tensor.
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Let
PpV q � PpV q � � � � � PpV q

be the natural diagonal inclusion given by associating to a point rvs P PpV q the point

prvs, . . . , rvsq P PpV q � � � � � PpV q
If we restrict the Segre embedding

ν
pn,...,nq
p1,...,1q : PpV q � � � � � PpV qloooooooooomoooooooooon

d�times

Ñ PpV bdq

to PpV q we have an embedding

νd � ϕ|PpV q : PpV q Ñ PpSymdpV qq
called the d�th Veronese embedding of PpV q. The variety

V n
d :� νdpPpV qq � PpSymdpV qq

is called a Veronese variety.

Remark 1.1.6. Note that elements F P SymdpV �q can be identified with homogeneous
polynomials on V . Under this identification the Veronese embedding

νd : PpV �q Ñ PpSymdpV �qq
is the map that associates to every linear form rLs its d�th power rLds. In particular νd �
ϕ|OPpV qpdq| and V

n
d parametrizes homogeneous form F P Crx0, . . . , xns such that F � Ld.

Given a symmetric tensor F P SymdpV q for any k ¤ d we can restrict the pk, d �
kq�flattening rF : pV �qbk Ñ V bd�k

to the subspace SymkpV q� � pV �qbk to obtain a symmetric flatteningrF : SymkpV q� Ñ Symd�kpV q

Definition 1.1.7. The matrix Apk,d�kq
F � Cat

pk,d�kq
F representing the pk, d� kq symmetric

flattening rF is called the pk, d� kq�catalecticant matrix of F .

It is straightforward to see that the colums of Apk,d�kq
F are the coefficients of the partial

derivatives of order k of F .

Definition 1.1.8. The symmetric rank of a symmetric tensor F P SymdpV q is the minimum
r � srkpF q � sRpF q such that there exists an expression

F �
ŗ

j�1
Ldj

with Ldj symmetric rank 1 tensors. The definition of symmetric border rank sRpF q � srkpF q
is analogous to the previous case for general tensors.
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1.1.8 Grassmannian Varieties

Consider as before the case where V � V1 � � � � � Vk, with dimpV q � n� 1.
Consider the map:

π� : V bk Ñ V bk

given on rank 1 tensors as

π�pv1 b � � � b vkq � 1
k!
¸
σPSk

sgnpσqvσp1q b � � � b vσpkq

Definition 1.1.9. A tensor

T P
k©
pV q :� tX P V bk|π�pXq � Xu

is called an alternate (or antisymmetric, skew symmetric) tensor.

Let Gpk, nq be the Grassmannian parametrizing k�linear spaces of Pn. Any point
rΠs P Gpk, nq represents a unique linear space Pk � Pn.

Given a point rΠs P Gpk, nq we can choose a basis tv1 . . . , vk�1u of Π and construct the
pn� 1q � pk � 1q matrix AΠ where

AΠ �

����
v1
. . .
. . .
vk�1

����
Since dimpΠq � k we have that not all the determinants of the pk�1q�minors of AΠ vanish
simultaneously. Finally note that the determinants of the pk � 1q�minors are exactly the
coordinates of the vector

v1 ^ � � � ^ vk�1 P
k�1©

pV q
A different choice of a basis tw1, . . . , wk�1u for Π yields

w1 ^ � � � ^ wk�1 � detpMqpv1 ^ � � � ^ vk�1q
with M P GLpk � 1q the matrix of change of basis. Thus we have a well defined map

pnk : Gpk, nq Ñ Pp
k�1©

pV qq

pnkptv1, . . . , vk�1uq � rv1 ^ � � � ^ vk�1s
It can be proved that pnk is in fact an embedding, called the Plücker embedding of Gpk, nq.
The variety Gpk, nq � Pp�k�1 V q naturally parametrizes skew symmetric tensors T P�k�1 V such that

T � v1 ^ � � � ^ vk�1

with vi P V .
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Definition 1.1.10. The skew symmetric rank r � skrkpT q of a skew symmetric tensor T
is the minimum integer r such that there exists an expression

T �
ŗ

j�1
vj1 ^ � � � ^ vjk�1

with vji P V . The definition of the skew symmetric border rank skrkpT q is analogous to the
case of general tensors.

As for the case of symmetric tensor given T P�k�1pV q we can consider the pi, k � 1�
iq�skew flattening given by

rT :
i©
pV �q Ñ

k�1�i©
pV q

1.1.10 Mixed Tensors

We can mix the construction of Segre embedding with the Veronese embedding and the
Plücker embedding in order to have a more general notion of Segre-Veronese embedding
and Segre-Plücker embedding.

Given a multiindex n � pn1, . . . , nsq consider the vector spaces V1, . . . , Vs such that
dimpViq � ni � 1. Consider moreover the degree multiindex d � pd1, . . . , dsq.

The Segre-Veronese embedding of PpV1q � � � � � PpVsq with degree pd1, . . . , dsq is the
map:

νn
d � ν

pn1,...,nsq
pd1,...,dsq

: PpV1q � � � � � PpVsq Ñ PpSymd1pV1q b � � � b SymdspVsqq

νn
d pprv1s, . . . , rvssqq � rvd1

1 s b � � � b rvdss s
Note that the Segre-Veronese embedding is the map associated with the linear system

|OPpV1q�����PpVsqpd1, . . . , dsq| � |π�1 pOPa1 pd1qq b � � � b π�s pOPas pdsqq|

We can generalize the notion of flattening for the case of Segre-Veronese varieties. Given
a tensor T P Symd1pV1q b � � � b SymdspVsq we can consider the pA,Bq�mixed symmetric
flattening

rT : Syma1pV �
1 q b � � � b SymaspV �

s q Ñ Symb1pV1q b � � � b SymbspVsq

with A � tai, . . . , asu and B � tb1, . . . , bsu, such that di � ai � bi, induced by the natural
inclusion

SymaipViq b SymbipViq � V bdi

Similarly given vector spaces V1, . . . , Vs with dimpViq � ni � 1 and multiindices k �
pk1, . . . , ksq n � pn1, . . . , nsq such that ki � 1 ¤ ni � 1 we can consider the Segre-Plücker
embedding:

pn
k : Gpk1, n1q � � � � �Gpks, nsq Ñ Pp

k1�1©
V1 b � � � b

ks�1©
Vsq
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pn
k ptv1

j uj¤k1�1, . . . , tvsjuj¤ks�1q � prv1
1 ^ � � � ^ v1

k1�1s, . . . , rv1
s ^ � � � ^ vsks�1sq

where tvi1, . . . , viki�1u is a choice of a basis for the ki�linear space rΠis P Gpki, niq.
Finally for a tensor T P�k1�1pV1qb� � �b

�ks�1pVsq we can consider the pA,Bq�mixed
skew flattening

rT :
a1©
pV �

1 q b � � � b
as©
pV �
s q Ñ

b1©
pV1q b � � � b

bs©
pVsq

with A � ta1, . . . , asu and B � tb1, . . . , bsu such that ai�bi � ki�1 induced by the natural
inclusion

ai©
pViq b

bi©
pViq � V bpki�1q

1.1.10 Flattenings and Border rank

Flattenings are a useful tool to find equations for tensors of a given border rank. Let
us start recalling the following theorem:

Theorem 1.1.11. Let T P V1b� � �bVs. Then RpT q equals the number of rank one matrices
needed to span a space containing T̃ pVA�q � VAc for every pA,Acq�flattening of T .

Proof. See [Lan12, Theorem 3.1.1.1].

The same result holds if we take

• T P SymdpV q with its corresponding pk, d� kq�flattening.
• T P�k�1 V with its corresponding pi, k � 1� iq�flattening.
• T P Symd1pV1q b � � � b SymdspVsq with its corresponding pA,Bq�mixed symmetric flat-

tening.

• T P�k1�1 V1 b � � � b
�ks�1 Vs with its corresponding pA,Bq�mixed skew flattening.

Theorem 1.1.11 shows that whenever a tensor T P V1b� � �bVs has rank RpT q � r then
the rank of every pA,Acq�flattening T̃ as a linear map is less or equal to r. Since the locus
of linear maps between two vector spaces with rank less or equal to a given rank r is closed,
we see that whenever the border rank RpT q is equal to r then every flattening T̃ has rank
less or equal to r.

Let T P V1b� � �bVs be a tensor, with Vi � SymdipV q or Vi �
�ki�1 V at the occurence.

Definition 1.1.12. The variety

σ̂r,V1b���bVs � tT P V1 b � � � b Vs|RpT q � ru � V1 b � � � b Vs

is called the r�border rank variety.
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When there is no ambiguity we will write σ̂r for σ̂r,V1b���bVs . As we will see in the next
section the variety σ̂r is an algebraic variety. We can thus test the membership T P σ̂r using
polynomials. More precisely, if a polynomial vanishes on all tensors T of rank r then it will
also vanish on a tensor that is a limit of tensors of rank r, i.e. a tensor of border rank r.

Let us now consider the sub-space variety

Subb1,...,bspV1 b � � � b Vsq � tT P V1 b � � � b Vs|dimpT̃ pV �
i qq ¤ bi,@1 ¤ i ¤ su

Thanks to theorem 1.1.11 we have that

σ̂r � SubrpV1 b � � � b Vsq :� Subr,...,rpV1 b � � � b Vsq
and so polynomials in the ideal of SubrpV1 b � � � b Vsq furnish tests for membership in σ̂r.

Since
T̃ : V �

i Ñ V1 b � � � b V̂i b � � � b Vs

is a linear map, imposing the condition dimpT̃ pV �
i qq ¤ r is equivalent to impose rankpApT qq ¤

r where ApT q is the matrix representing the flattening T̃ in a fixed basis. The entries

ApT qi,j P Sym1pV1 b � � � b Vsq�

are linear polynomials in the coordinates of T and so the pr� 1q � pr� 1q�minors of ApT q
give for every 1 ¤ i ¤ s a vector space of polynomials

r�1©
V �
i b

r�1©
pV1 b . . . Vi�1 b Vi�1 b � � � b Vsq� :�

r�1©
V �
i b

r�1©
V �
î

vanishing in σ̂r for every 1 ¤ i ¤ s. In particular these are equations for σ̂r with homoge-
neous degree pr � 1q in SymdpV1 b � � � b Vsq�.

This construction can easily be generalized to arbitrary pA,Acq�flattening:
the module

r�1©
V �
A b

r�1©
V �
Ac � Symr�1pV1 b � � � b Vsq�

furnish equations for σ̂r. These equations are called equations of flattenings.
Example 1.1.13. Let V1 � C3 and V2 � C4, with σ̂2,C3,C4 the variety parametrizing tensors
T P C3 b C4 with border rank 2. There is only one possible non trivial partition pt1u, t2uq
of t1, 2u. Consider the pt1u, t2uq�flattening

T̃ : pC3q� Ñ C4

If
T �

¸
1¤i¤3,1¤j¤4

ai,jei b fj

then the matrix representing T̃ is

ApT q �
��a1,1 a1,2 a1,3 a1,4
a2,1 a2,2 a2,3 a2,4
a3,1 a3,2 a3,3 a3,4

�

Considering the determinant of the 3� 3 minors of ApT q gives 4 equations F1, F2, F3, F4 of
degree 3 for σ̂2,C3C4 .
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Remark. Note that equations of flattenings, as we will see in the next section, in general
do not generate the ideal of σ̂r. Moreover if r ¡ maxtdimpVAq|A � t1, . . . , suu then there
are no equations for σ̂r coming from flattenings.

The same construction work for symmetric tensors, skew tensors and mixed tensors.
For the reader convenience we briefly explain the construction in the symmetric case.
For every symmetric tensor F P SymdpV q and for every unordered partition pk, d � kq

of d consider the symmetric flattening

F̃ : SymkpV q� Ñ Symd�kpV q
Viewing F̃ as a tensor in SymkpV q b Symd�kpV q we have that if

F � xd1 � � � � � xdr

with xi P V then
F̃ � xk1 b xd�k1 b � � � b xkr b xd�kr

Now by Theorem 1.1.11 we have that the module
r�1©

pSymkpV qq� b
r�1©

pSymd�kpV q�q � Symr�1pSymdpV qq�

gives equations for σ̂r,SymdpV q.
Such equations are called symmetric flattenings and corresponds to minors of catalecti-

cant matrices.

1.2 Secant varieties

The notion of Secant variety is quite classical in algebraic geometry. Here we review
the definition and the main properties that are useful for the results stated in the thesis.
For a more complete treatment see for instance [Rus16, Chapter 1].

Let X � PN be an irreducible, reduced non degenerate projective variety of dimension
dimpXq � n. Let k ¥ 1 be a positive integer and let

pseckpXqq0 :� tppx1, . . . , xkq, zq|z P xx1, . . . , xky,dimpxx1, . . . , xkyq � k�1u � pX�� � ��Xq�PN

Definition 1.2.1. The abstract k�secant variety of X is the Zariski closure

seckpXq � pseckpXqq0 � pX � � � � �Xq � PN

The closed set seckpXq has a natural structure of Pk�1�bundle over the open dense
subset pX �� � ��Xqz∆X of Xk. Thus seckpXq is irreducible of dimension dimpseckpXqq �
kpdimpXq � 1q � 1. Consider the two canonical projections of seckpXq over the factors Xk

and PN ,

seckpXq
π1
��

π2 // PN

Xk
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Definition 1.2.2. The k�secant variety SeckpXq is the scheme-theoretic image of seckpXq
in PN , i.e. SeckpXq � π2pseckpXqq.

It is straightforward from the definition to see that

SeckpXq �
¤

xiPX,dimpxx1,...,xkyq�k�1
xx1, . . . , xky � PN

is the Zariski closure of the union of all k�secant linear space toX in PN . It is an irreducible
projective variety of dimension dimpSeckpXqq ¤ mintN, kpdimpXq � 1q � 1u. The value
mintN, kpdimpXq � 1q � 1u is called the expected dimension and it is often denoted with
expdimpSeckpXqq.
Definition 1.2.3. X is said to be k�secant defective if dimpSeckpXqq   expdimpSeckpXqq.
The k�defect of X is δkpXq with δkpXq � expdimpSeckpXqq � dimpSeckpXqq.

If SeckpXq � PN then X is not k�defective if the projection map π2 � πXk : seckpXq Ñ
PN is generically finite.

We now review the construction of the secant varieties from another perspective, which
nevertheless produces an equivalent definition of SeckpXq. This alternative point of view
will be useful in Chapter 3.

Let Gpk � 1, Nq be the Grassmannian parametrizing pk � 1q�linear spaces in PN . Let

ΓkpXq � Xk �Gpk � 1, Nq

be the closure of the rational map

α : Xk 99K Gpk � 1, Nq

αppx1, . . . , xkqq � rxx1, . . . , xkys
Let SkpXq be the projection of ΓkpXq into Gpk � 1, Nq and let

Ik � tpz, rΠsq|z P Πu � PN �Gpk � 1, Nq

Observe that since Ik with the canonical projection ψk : Ik Ñ Gpk � 1, Nq has a structure
of Pk�1�bundle over Gpk � 1, Nq, it is irreducible.
Definition 1.2.4. The k�secant variety SeckpXq is the scheme theoretic image SeckpXq �
πkppψkq�1pSkpXqqq, where πk : Ik Ñ PN is the canonical projection.

In general computing explicitely dimpSeckpXqq is a hard task. The idea is that SeckpXq
is strictly related to the embedding of X in PN , so we expect that we can relate the extrinsic
geometry of X to the study of SeckpXq. The first and the main result in this direction is
the celebrated Terracini’s Lemma:

Theorem 1.2.5 (Terracini’s Lemma). Let X � PN be an irreducible, smooth and reduced
projective variety. Then:
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- For every x1, . . . , xk P X and for every z P xx1, . . . , xky,

xTx1X, . . . ,TxkXy � TzSeckpXq

- There exists an open subset U � Xk such that

xTx1X, . . . ,TxkXy � TzSeckpXq

for every px1, . . . , xkq P U and general z P xx1, . . . , xky.

Let us briefly recall the notion of linear projection. Let L � PN be a linear space with
dimpLq � l and let M � PN another linear space with dimpMq � N � l � 1 such that
LXM � H and xL,My � PN . The linear projection

πL : X 99K PN�l�1 �M

is the rational map defined in the open set XzpLXXq by πLpxq �  L, x ¡ XM .
The first application of Terracini’s Lemma that we use is the so called Trisecant Lemma

(see [Rus16, Proposition 1.3.3] for the proof).

Proposition 1.2.6 (Trisecant Lemma). Let X � PN be a non degenerate, irreducible
projective variety with codimpXq ¡ k. Then a general pk�1q�secant L � Pk � xx0, . . . , xky
is not pk � 2q�secant, i.e. LXX � tx0, . . . , xku scheme theoretically.

Taking L � xTx1 , . . . ,Txky we can consider the projection τk : X 99K PNk where

Nk � N � dimpxTx1 , . . . ,Txkyq � 1

By Theorem 1.2.5 for a general choice of x1, . . . , xk we have Nk � dimpSeckpXqq. The
rational map τk is called a general k�tangential projection.

It turns out that τk encodes many informations about the dimension of SeckpXq. We
have the following:

Proposition 1.2.7. [CC02, Proposition 3.5] Let X � PN be an irreducible, non degenerate
projective variety. Assume that sk � dimpxTx1 , . . . ,Txkyq   N � n� 1 where n � dimpXq.
If Xk � τkpXq � PN�sk�1 then dimpXkq � n� δk�1pXq.

We give an example of an application of the previous proposition for the case of defec-
tiveness of quadratic Veronese varieties:

Example 1.2.8. Let νn2 : Pn ÝÑ PNn be the 2-Veronese embedding of Pn, with Nn �
1
2pn�2qpn�1q�1, and V n

2 � νn2 pPnq the corresponding Veronese variety. Fix p1, . . . , ph P V n
2

general points with h ¤ n � 1. Then, the linear system of hyperplanes in PNn containing
xTp1V

n
2 , . . . , TphV

n
2 y corresponds to the linear system of quadrics in Pn whose vertex contains

Λ � xνn2 �1pp1q, . . . , νn2 �1pphqy. Therefore, we have the following commutative diagram
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Pn

πΛ

��

νn2 // V n
2 � PNn

τX,h

��
Pn�h

νn�h2 // V n�h
2 � PNn�h

where, πΛ is the projection of Pn from Λ. Since dimpπ�1
Λ ppqq � h � 1 for a general point

p P Pn�h we conclude that τX,h has positive relative dimension, then by Proposition 1.2.7
V n

2 is h-defective for h ¤ n.

This result enable us to control the defectiveness of X looking carefully at its general
tangential projection. Indeed we have the following:

Corollary 1.2.9. The general tangential projection τk is generically finite if and only if X
is not pk � 1q�defective.

1.2.9 Secant varieties for tensor spaces

Let X � SV
pa1,...,asq
p1,...,1q � Pa1�� � ��Pas � PpV1b� � �bVsq be the Segre variety parametriz-

ing rank one tensors, i.e. tensors of the form

v1 b � � � b vs P V1 b � � � b Vs

By definition a tensor T with RpT q � r is such that T P xx1, . . . , xry with x1, . . . , xr P X.
It is now straightforward from 1.1.10 that the following characterization holds

SecrpXq � σ̂r,V1b���bVs

Similarly if we consider X � V n
d � PpSymd V q the d�th Veronese embedding of V we

have that
SecrpXq � σ̂r,Symd V

Question. What is the expected dimension for SecrpXq where X is either the Segre,
Veronese, Grassmannian or a Segre-Veronese variety?

A tensor T P X with RpT q � r is expected to depends on

r dimpXq � r � 1

parameters, i.e.:

• If X � Pa1 � � � � � Pas then expdimpSecrpXqq � rp°1¤i¤s aiq � r � 1.

• If X � V n
d with dimpV q � n� 1 then expdimpSecrpXqq � rpn� 1q � 1.
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• If X � Gpk, nq then expdimpSecrpXqq � rppn� kqpk � 1q � 1q � 1.

• If X � SV
pa1,...,asq
d1,...,ds

then expdimpSecrpXqq � rp°1¤i¤s aiq � r � 1.

Furthermore for a tensor variety we can give a definition of typical rank (general rank):

Definition 1.2.10. Given a tensor variety X � PpV1b � � �bVsq we say that X has typical
rank r if the set of tensors T P xXy � PpV1 b � � � b Vsq with rankXpT q � r (rank with
respect to the variety X) has positive measure.

The main drawback with flattenings is that they give equations for SecrpXq only up to
a certain value of r, which in general is less than the typical rank.

Example 1.2.11. Let X � P1 � P2 � P2 � P2 � P54 be the Segre variety with 4 factors.
We have that expdimpSec6pXqq � 47   54 and so we expect many equations vanishing
on Sec4pXq. However for any choice of a pA,Acq�flattening of T P P54 we have that the
induced linear map

T̃ : pCAq� Ñ CA
c

has rank at most 6 and so there are no equations for Sec6pXq coming from minors of
flattenings.

The problem of finding the dimension of the secant varieties for tensor spaces is far from
being solved, even if many results in these directions are proved, see for instance [AB09],
[AB12], [AB13], [AOP09], [BBC12], [BCC11], [BDDG07], [LP13], [MR17],[AMR19] and
many others..

The only complete classification is given for Veronese varieties V n
d :

Theorem 1.2.12. [AH95] Let V n
d � νnd pPnq � P

�
n�d
d

�
�1 the Veronese variety of degree d

and dimension n. Then SechpV n
d q has the expected dimension for all triples pd, n, kq except

for:

• d � 2, 2 ¤ h ¤ n

• d � 4, n � 2, h � 5

• d � 4, n � 3, h � 9

• d � 3, n � 4, h � 7

• d � 4, n � 4, h � 14

As we will see in the next chapter we must consider a slightly different realizations of
flattenings in order to ensure new equations for the secant varieties.
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1.3 Weak defectiveness

In this section we introduce the notion of weakly defective varieties and we study their
main properties. For a complete treatment see [CC02].

Given X � PN a irreducible, reduced projective variety by Theorem 1.2.5 for a general
choice of x1, . . . , xk P X and z P xx1, . . . , xky we have

dimpSeckpXqq � dimpxTx1 , . . . ,Txkyq

Let H P |OPN p1q b IxTx1 ,...,Txk y| be a hyperplane in PN containing TzSeckpXq. Then the
subscheme H XX � X is singular at x1, . . . , xk. Conversely if x1, . . . , xk are general points
on X, with X linearly normal, then a hyperplane divisor H P |OXp1q b Ix2

1,...,x
2
k
| is the

restriction of an hyperplane H � PN such that H � xTx1 , . . . ,Txky. With this identification
in mind given H P |OXp1q b Ix2

1,...,x
2
k
| as above we set

ΓkpHq :� Γx1,...,xkpHq

the union of the irreducible components of SingpHq passing through the points x1, . . . , xk.
The subvariety ΓkpHq is called the contact locus of H. By monodromy if ΓkpHqi � ΓkpHq
is an irreducible component containing the point xi then dimpΓkpHqiq is constant for every
1 ¤ i ¤ k. So it makes sense to define νkpXq :� dimpΓkpHqq for a general H.

Definition 1.3.1. The varietyX is called k�weakly defective if for general points x1, . . . , xk
and general H P |OXp1qbIx2

1,...,x
2
k
| the contact locus is positive dimensional, i.e. νkpXq ¡ 0.

Finally we set
hpΓkpHqq � N � dimp|OPN p1q b IΓkpHq|q

i.e. hpΓkpHqq is the number of conditions that ΓkpHq imposes to a general hyperplane in
order to be contained in it. We have the following theorem due to Terracini:

Theorem 1.3.2. [CC02, Theorem 1.1] Let X � PN be an irreducible, reduced non degen-
erate projective variety. If x1, . . . , xk P X are general and if H P |OPN p1q b IxTx1 ,...,Txk y| is
a general hyperplane section singular in x1, . . . , xk with contact locus ΓpHq then

k ¤ hpΓkpHqq ¤ kp1� νkq � δk

In particular if X is k�defective then it is also k�weakly defective.

In general the converse of Theorem 1.3.2 is false: there are varieties which are k�weakly
defective but not k�defective.

Example 1.3.3. The Segre varieties X � P1 � Pn � P2pn�1q�1 embedded with OXp1q are
1�weakly defective but not 1�defective for n ¥ 2. Let rx0 : x1s and ry0 : � � � : yns be the
homogeneous coordinates of P1 and Pn respectively. Let Zi,j � xiyj be the homogeneous
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coordinates of P2pn�1q�1 where 0 ¤ i ¤ 1 and 0 ¤ j ¤ n. In the open affine U � P1 � Pn
defined by x0 � 0, y0 � 0 the Segre embedding is

ϕ : Cn�1 Ñ C2pn�1q�1

ϕpx1, y1, . . . , ynq � py1, . . . , yn, x1, x1y1, . . . , x1ynq
Evaluating the Jacobian matrix of ϕ at the origin yields that Tr1:0s,r1:0���:0spP1 � Pnq is the
projective completion of the vector subspace of C2pn�1q�1 spanned by e1, . . . , en�1. Thus a
general hyperplane H containing Tr1:0s,r1:0���:0spP1 � Pnq is of the form

α1Z1,1 � � � � � αnZ1,n � 0

Now the hyperplane section H X pP1 � Pnq is the locus of points px1, y1, . . . , ynq such that

α1x1y1 � � � � � αnx1yn � 0

Since x1 is a common factor we see that in U the divisor H X pP1 �Pnq is the union of two
hyperplanes passing through the origin. This proves that ΓpHq is a codimension 2 linear
subspace.

In general ΓkpHq � SingpHq, i.e. for a general H P |OXp1q b Ix2
1,...,x

2
k
| we could have

an irreducible component ∆pHq � SingpHq such that x1, . . . , xk R ∆pHq.
However if dimpΓkpHqq � 0 then ∆pHq � H. In fact we have the following:

Theorem 1.3.4. [CC02, Theorem 1.4] Let X � PN be an irreducible, reduced non-
degenerate projective variety. Then the following properties hold:

- If X is k�weakly defective then the general point of every irreducible component of
ΓkpHq is a double point for a general H.

- If X is not k�weakly defective and H is general then ΓkpHq � tx1, . . . , xku scheme
theoretically. Moreover ∆pHq � H and x1, . . . , xk are ordinary double points.

Let nowX � PN be a smooth projective variety together with a family of Cartier divisors
tHyuyPY parametrized by the reduced, irreducible variety Y . We have the following:

Theorem 1.3.5 (Infinitesimal Bertini’s Theorem). Let y P Y be a general point and S �
Sy � SingpHyq. Let v P TyY be a tangent vector with the corresponding section s P
H0pH,NH|Xq given by the first order deformation σ determined by v. Then S � Zpsq with
Zpsq the zero subscheme of the section s.

Proof. See [CC02, Theorem 2.2].

Theorem 1.3.5 enable us to describe explicitly the infinitesimal deformations of singular
divisors Hy � X whenever Y is contained in a suitable linear system.

Corollary 1.3.6. If Y � |H| is contained in a linear system then TyY � |H b ISy | for a
general y P Y .
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1.4 Tangential weak defectiveness and Identifiability

In this section we introduce the notions of tangentially weakly defective varieties and
identifiability. In general verifying when a variety is k�weakly defective is quite hard. To
overcome this problem in [CO12] the authors introduce the notion of tangentially weakly
defective variety. Let X � PN be an irreducible, reduced non-degenerate projective variety.
For a subset of general points A � tx1, . . . , xku we set

MA � xTx1X, . . . ,TxkXy

The k�tangential contact locus ΓkpAq is the closure in X of the union of all the irre-
ducible components which contain at least one point of A, of the locus of point in X where
MA is tangent to X. Sometimes, where the set A is assumed, we will write simply Γk for
ΓkpAq.
Definition 1.4.1. The variety X is said to be k�tangentially weakly defective if for a
general A � tx1, . . . , xku we have γkpXq :� dimpΓkpAqq ¡ 0.

As for the case of weakly defectiveness it makes sense to define γkpXq because by
monodromy the dimension of the irreducible component fo ΓkpAq passing through xi is
independent of the point.

Miming what we did for the case of tensors we give a more general notion of identifiability
and we relate it to weakly defectiveness and tangential weak defectiveness. Let us introduce
first the notion of rank of a point p P PN with respect to a variety X. First let Xpkq be the
k�symmetric product of X with UXk � Xpkq the locus parametrizing distinct points.

Definition 1.4.2. Let X � PN be a non-degenerate subvariety. We say that a point p P PN
has rank h with respect to X if p P xzy for some z P UXh and p R xz1y for every z1 P UXh1 with
h1   h.

Remark 1.4.3. Note that in the case where X � PN � PpV1b � � �bVsq is a tensor variety
the definition agree with the previous notion of tensor rank.

Definition 1.4.4. A point p P PN is h�identifiable with respect to X if rankXppq � h and
pπXh q�1ppq is a single point. The variety is said to be h�identifiable if the map

πXh : sechpXq Ñ SechpXq

is birational.

In the next proposition we resume the relations between the four properties we intro-
duced, namely secant defectiveness, weakly defectiveness, tangential weak defectiveness and
identifiability.

Proposition 1.4.5. Let X � PN be an irreducible, reduced non-degenerate projective va-
riety.
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1) If X is h�defective then it is h�weakly defective.

2) If X is h�defective then it is h�tangentially weakly defective.

3) If X is h�tangentially weakly defective then it is h�weakly defective.

4) If X is not h�tangentially weakly defective then it is h�identifiable.
Proof. 1) Is straightforward from Theorem 1.3.4.

2) If X is h�defective by Proposition 1.2.7 the general tangential projection

τh � πMA
: X 99K PNh

is not generically finite. By [CC10, Remark 3.6] the general fiber of τh is contained in
ΓhpAq yielding γhpXq ¡ 0.

3) If Y �MAXX is an irreducible component of ΓhpAq passing through xi then for every
H P |OXp1q b Ix2

1,...,x
2
k
| we have Y � ΓhpHqi.

4) Let z P xx1, . . . , xky be a general point in SeckpXq. By [CO12, Proposition 3.9] we
have that ΓhpAq � x1, . . . , xh scheme theoretically. If X is not h�identifiable then
z P xy1, . . . , yky with say y1 � xi for any i. Then by Terracini’s Lemma

Ty1X � xTx1X, . . . ,TxkXy

and so y1 P ΓhpAq, contradiction.

Note that all the implications of the previous proposition are sharp. In the previous
section we saw an example of a variety that is weakly defective but not defective, namely
the Segre variety P1�Pn � P2pn�1q�1. Let us analyze other examples in which the converse
of Proposition 1.4.5 does not hold.

Example 1.4.6 (A variety which is h�tangentially weakly defective but not
h�defective). Let us consider the Segre variety X � P2 � P2 � P5 � P53 and let A �
tx1, . . . , x5u � X be general points. Then by [AOP09, Theorem 4.12] Sec5pXq has the
expected dimension. On the other hand by [BBC�18] we have that Γ5pAq � Γ1 Y � � � Y Γ5

where each Γi � P4 is a linear space.

Example 1.4.7 (A variety which is h� weakly defective but not h�tangentially
weakly defective). In the example of the Segre variety X � P1 � Pn � P2pn�1q�1 we
proved that X is 1�weakly defective. Since X is smooth it can not be 1�tangentially
weakly defective.

Example 1.4.8. [A variety which is h�identifiable but is h�tangentially weakly
defective] By [BV18] we have that the Grassmannian Gp2, 7q is 3�tangentially weakly
defective. Let A � tx1, x2, x3u � X be general points. By explicit computation it is showed
that Γ3pAq � Γ1YΓ2YΓ3 where each Γi � P3 is a linear space passing through xi. Moreover
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the linear span Π � xΓ3pAqy is also tangent to X along a linear space W � P5 such that
xi R W and Li � W X Γi � P1 for every i. One again compute that xLi, Lj ,W y � Π. As
we will see by [BBC�18, Corollary 4.3] the 3�secant degree of X is equal to the 3�secant
degree of Γ3pAq and so we have that Gp2, 7q is 3�identifiable.

1.5 Osculating Projections

In this section we introduce a new method to study the defectiveness of a variety, following
[MR17] and [AMR19]. From the idea of Proposition 1.2.7 we see that if we can control the
dimension of the fiber of a general k�tangential projection then we are able to control the
dimension of the k�th Secant variety SeckpXq. In general describe explicitly the map given
by the tangential projection, when k is big, is quite hard. To overcome this problem we
degenerate several tangent spaces Tx1X, . . . ,TxiX to a single osculating space TayX where
a ¥ 2 and x1, . . . , xi degenerate to y. In many cases, as we will see in Chapter 5 and Chapter
6, we can bound explicitely the dimension of the general fiber of a osculating projection.
This finally allows us to conclude the non secant defectiveness for many interesting tensor
varieties [AMR19] [MR17] [FCM20].

Let X � PN be an integral projective variety of dimension n, p P X a smooth point,
and

φ : U � Cn ÝÑ CN
pt1, . . . , tnq ÞÑ φpt1, . . . , tnq

with φp0q � p, be a local parametrization of X in a neighborhood of p P X.
For any s ¥ 0 let OspX be the affine subspace of CN passing through p P X, and whose

direction is given by the subspace generated by the vectors φIp0q, where I � pi1, . . . , irq is
a multi-index such that |I| ¤ s and

φI � B|I|φ
Bti11 . . . Btirr

Definition 1.5.1. The s-osculating space TspX of X at p is the projective closure in PN of
the affine subspace OspX � CN .

For instance, T0
pX � tpu, and T1

pX is the usual tangent space of X at p. When no
confusion arises we will write Tsp instead of TspX.

Note that while the dimension of the tangent space at a smooth point is always equal
to the dimension of the variety, higher order osculating spaces can be strictly smaller than
expected even at a general point.

In general, we have

dimpTspXq � min
"�

n� s

n



� 1� δs,p, N

*
where δs,p is the number of linear relations satisfied by partial derivatives of φ of order ¤ s
at the point p P X.
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For p1, . . . , pl P X � PN be general points and k1, . . . , kl non-negative integers we will
call the linear projection

ΠTk1,...,kl
p1,...,pl

: X � PN 99K PNk1,...,kl

with center xTk1
p1X, . . . ,T

kl
pl
Xy, a general pk1, . . . , klq-osculating projection of X.

In order to count the number of tangent spaces we can degenerate into a higher order
osculating space we will need the following notion.

Definition 1.5.2. Let X � PN be a projective variety. We say that X has m-osculating
regularity if the following property holds: given general points p1, . . . , pm P X and an integer
s ¥ 0, there exists a smooth curve C and morphisms γj : C Ñ X, j � 2, . . . ,m, such that
γjpt0q � p1, γjpt8q � pj , and the flat limit T0 in the Grassmannian of the family of linear
spaces

Tt �
A
Tsp1 ,T

s
γ2ptq

, . . . ,Tsγmptq
E
, t P Cztt0u

is contained in T2s�1
p1 . We say that γ2, . . . , γm realize the m-osculating regularity of X for

p1, . . . , pm.
We say that X has strong 2-osculating regularity if the following property holds: given

general points p, q P X and integers s1, s2 ¥ 0, there exists a smooth curve γ : C Ñ X such
that γpt0q � p, γpt8q � q and the flat limit T0 in the Grassmannian of the family of linear
spaces

Tt �
A
Ts1p ,T

s2
γptq

E
, t P Cztt0u

is contained in Ts1�s2�1
p .

The notions of m-osculating regularity and strong 2-osculating regularity were intro-
duced in [MR17, Section 5] and [AMR19, Section 4].

Now if X � PN is a variety having m-osculating regularity, one is able to degenerate
the join of m tangent spaces xT1

p1 . . .T
1
pmy into the single osculating space T3

pX. Then one
further degenerates a general span xT3

p1 . . .T
3
pmy into T7

pX and so on. Thus inductively we
degenerate a general h-tangential projection into a linear projection with center contained
in a suitable linear span of osculating spaces, and then check whether this projection is
generically finite. Building on an argument based on semi continuity we are able to control
the secant dimension of X. In fact:

Theorem 1.5.3. Let X � PN be a projective variety having m-osculating regularity. Let
k1, . . . , kl positive integers such that the general osculating projection ΠTk1,...,kl

p1,...,pl
is generically

finite. Then X is not ph� 1q-defective for

h ¤
ļ

j�1
mtlog2pkj�1qu�1

Proof. See [MR17, Theorem 5.3].

Furthermore, if X in addition has strong 2-osculating regularity, this method can be
made more effective. We start introducing an important numerical function, which will be
useful in order to control the arithmetic of the degeneration technique.
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Definition 1.5.4. Given an integer m ¥ 0 we define a function

hm : N¥0 ÝÑ N¥0

as follows: hmp0q � 0, and for any k ¡ 0 write

k � 1 � 2λ1 � 2λ2 � � � � � 2λl � ε

where λ1 ¡ λ2 ¡ � � � ¡ λl ¥ 1 and ε P t0, 1u, then
hmpkq � mλ1�1 �mλ2�1 � � � � �mλl�1

Theorem 1.5.5. [MR17, Theorem 5.3] Let X � PN be a projective variety having m-
osculating regularity and strong 2-osculating regularity. Let s1, . . . , sl ¥ 1 integers such
that the general osculating projection Πs1,...,sl

p1,...,pl is generically finite. Then X is not ph� 1q-
defective for

h ¤
ļ

j�1
hmpsjq.

The power of this new approach was shown in [MR17] and in [AMR19], where the
authors obtained new results on secant defectiveness of Grassmannians and Segre-Veronese
varieties respectively. The main results are:

Theorem 1.5.6. [MR17, Theorem 5.4] Let Gpr, nq be the Grassmaniann parametrizing all
pr � 1q-linear subspaces of Cn�1. Assume that r ¥ 2 and n ¥ 2r � 1. Set,

α :�
Z
n� 1
r � 1

^
and write r � 2λ1 � � � � � 2λs � ε with λ1 ¡ λ2 ¡ � � � ¥ λs and ε P t0, 1u. If either

- h ¤ pα� 1qpαλ1�1 � � � � � αλs�1q � 1 or

- n ¥ r2 � 3r � 1 and h ¤ αλ1 � � � � � αλs � 1.

Then, Gpr, nq is not h-defective. Asymptotically, Gpr, nq is not h-defective for

h ¤
�
n� 1
r � 1


tlog2prqu

Theorem 1.5.7. [AMR19, Theorem 4.8] Let n � pn1, . . . , nrq and d � pd1, . . . , drq be two
r-uples of positive integers with, n1 ¤ � � � ¤ nr and d � d1 � � � � � dr ¥ 3. Let SV d

n be the
product Pn1 � � � � � Pnr embedded by the complete linear system |OPn1�����Pnr pd1, . . . , drq|.
Write

d� 1 � 2λ1 � � � � � 2λs � ε

with λ1 ¡ λ2 ¡ � � � ¥ λs and ε P t0, 1u. Then SV d
n is not h-defective for

h ¤ n1ppn1 � 1qλ1�1 � � � � pn1 � 1qλs�1q � 1

Asymptotically, SV d
n is not h-defective for

h ¤ n
tlog2pd�1qu
1
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1.5.7 Osculating spaces of linear sections

Here we review the notion of osculating well-behaved subvariety Y with respect to a variety
X � PN , where Y can be thought as a linear section Y � PkXX. We follow the treatment
of [FMR20].

In the case of a tensor variety Y � PpV1 b � � � b Vsq we have seen that in general xY y is
not equal to the whole PpV1 b � � � b Vsq. In particular, as for the case of the Veronese V n

d

and the Segre SV pn,...,nq
p1,...,1q , the variety Y can be equal to the intersection of a bigger variety

X with a linear space, i.e. Y � ΠXX. In fact, for example, we have

V n
d � SV

pn,...,nq
p1,...,1q X SymdpV q

Thus we are naturally interested to obtain a bound for the non-secant defectiveness of
Y knowing a bound for the non-secant defectiveness of X.

In particular we want to relate the osculating spaces of a projective variety to those of
its linear sections. It is well-known that the tangent space TpY of Y � ΠXX at a smooth
point p P Y is equal to TpX X Π. This is not always the case for higher order osculating
spaces.

Definition 1.5.8. Let X � PN be an irreducible variety and Y � Pk X X be a linear
section of X. We say that Y is osculating well-behaved if for each smooth point p P Y we
have

TspY � Pk X TspX

for every s ¥ 0.

Example 1.5.9 (A variety not osculating well-behaved). In the projective space Pk�2

consider two complementary subspaces P1,Pk, and let C � Pk be a degree k rational normal
curve. Fixed an isomorphism ψ : P1 Ñ C we consider the rational normal scroll

Sp1,kq �
¤
p P P1

xp, ψppqy � Pk�2

where xp, ψppqy is the line through p and ψppq. Then Sp1,kq can be locally parametrized by
the map

φ : A1 � P1 ÝÑ Pk�2

pu, rα0 : α1sq ÞÑ rα0u : α0 : α1u
k : α1u

k�1 : � � � : α1u : α1s.
Now, consider the Segre embedding

σ : P1 � Pk ÝÑ P2k�1

pru : vs, rα0 : � � � : αksq ÞÑ rα0u : � � � : αku : α0v : � � � : αkvs.
and let Σp1,kq be its image. Note that Σp1,kq is locally parametrized by

rσ : A1 � Pk ÝÑ P2k�1

pru : 1s, rα0 : � � � : αksq ÞÑ rα0u : � � � : αku : α0 : � � � : αks.
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and that degpΣp1,kqq � degpSp1,kqq � k � 1. Now, take αi � α1u
i�1 for i � 2, . . . , k. Then

rσpu, rα0 : α1 : � � � : α1u
k�1sq � rα0u : α1u : � � � : α1u

k�1 : α1u
k : α0 : α1 : . . . α1u

k�1s
and the coordinate functions of this last map are exactly the ones appearing in the ex-
pression of φ. Therefore, if rZ0 : � � � : Z2k�1s are the homogeneous coordinates on P2k�1

and
Hk�2 � tZj � Zk�j�2 � 0, j � 1, . . . , k � 1u � Pk�2

then we have
Sp1,kq � Σp1,kq XHk�2 � P2k�1

By [AMR19, Example 4.12] we have that if p P Sp1,kq is a general point and k ¥ 2 then
dimpT2

pSp1,kqq � 4. On the other hand, [AMR19, Corollary 2.6] yields T2
pΣp1,kq � P2k�1.

We conclude that
T2
pSp1,kq � T2

pΣp1,kq XHk�2 � Hk�2

for all k ¥ 3.

In order to keep our program working we have to study how osculating regularity behaves
under linear sections.

Lemma 1.5.10. Let H � Pn be a linear subspace, Ht a family of linear subspaces parametrized
by P1zt0u, and H0 its flat limit. Then

lim
tÞÑ0

tHt XHu � H0 XH

Proof. We may assume that H � V px0, . . . , xrq � Pn, where 0 ¤ r ¤ n� 1. Write

Ht �
#

ņ

i�0
α1
i ptqxi � � � � �

ņ

i�0
αki ptqxi � 0

+
Therefore,

Ht XH � tx0 � � � � � xr �
ņ

i�r�1
α1
i ptqxi � � � � �

ņ

i�r�1
αki ptqxi � 0u

and

lim
tÞÑ0

tHt XHu �
#
x0 � � � � � xr �

ņ

i�r�1

α1
i

ts1
p0qxi � � � � �

ņ

i�r�1

αki
tsk
p0qxi � 0

+

where sj is the biggest power of t that divides simultaneously αjr�1, . . . , α
j
n. On the other

hand

lim
tÞÑ0

tHtu XH �
#
x0 � � � � � xr �

ņ

i�r�1

α1
i

tu1
p0qxi � � � � �

ņ

i�r�1

αki
tuk

p0qxi � 0
+

where uj is the biggest power of t that divides simultaneously αj0, . . . , αjn. Note that uj ¤ sj
for j � 1, . . . , k, and thus we conclude that limtÞÑ0tHt XHu � limtÞÑ0tHtu XH.
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As a consequence of Lemma 1.5.10 and Definition 1.5.8 we have the following.

Proposition 1.5.11. Let X � PN be an irreducible projective variety and Y � Pk X X
a linear section of X that is osculating well-behaved. Assume that given general points
p1, . . . , pm P Y one can find smooth curves γj : C Ñ X, j � 2, . . . ,m, realizing the m-
osculating regularity of X for p1, . . . , pm such that γjpCq � Y. Then Y has m-osculating
regularity as well. Furthermore, the analogous statement for strong 2-osculating regularity
holds as well.

Proof. By hypothesis given general points p1, . . . , pm P Y and an integer s ¥ 0 there exist
smooth curves γj : C Ñ X with γjpt0q � p1 and γjp8q � pj for j � 2, . . . ,m such that
γjpCq � Y . Consider the family of linear spaces

Tt � xTsp1Y,T
s
γ2ptq

Y, . . . ,TsγmptqY y

parametrized by Cztt0u. Since Y is osculating well-behaved we can write Tt as follows

Tt � xTsp1Y,T
s
γ2ptq

Y, . . . ,TsγmptqY y � xTsp1X X Ps,Tsγ2ptq
X X Ps, . . . ,TsγmptqX X Psy

� xTsp1X,T
s
γ2ptq

X, . . . ,TsγmptqXy X Ps

Therefore
lim
tÞÑ0

tTtu � lim
tÞÑ0

txTsp1X,T
s
γ2ptq

X, . . . ,TsγmptqXyu X Ps � T2s�1
p Y

where the last inclusion comes from Lemma 1.5.10. This argument, with the obvious
changes, proves that strong 2-osculating regularity passes from X to Y as well.

As a consequence of Proposition 5.7.1 we have the following:

Corollary 1.5.12. Let X � PN be an irreducible projective variety and Y � Pk X X
a linear section of X that is osculating well-behaved. Assume that given general points
p1, . . . , pm P Y one can find smooth curves γj : C Ñ X, j � 2, . . . ,m, realizing the m-
osculating regularity of X for p1, . . . , pm such that γjpCq � Y . Let s1, . . . , sl ¥ 1 integers
such that the general osculating projection ΠTs1,...,slp1,...,pl

of X restricted to Y is generically finite.
Then Y is not ph� 1q-defective for

h ¤
ļ

j�1
hmpsjq.

Proof. Since Y is osculating well-behaved, we have just to observe that the general osculat-
ing projection ΠTs1,...,slp1,...,plX

of X factors trough the general osculating projection ΠTs1,...,slp1,...,plY
of

Y . Now, the statement follows immediately from Proposition 5.7.1 and Theorem 5.4.2.
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Chapter 2

Comon’s and Strassen’s
Conjectures

Tensor decomposition problems come out naturally in many areas of mathematics and
applied sciences. For instance, in signal processing, numerical linear algebra, computer vi-
sion, numerical analysis, neuroscience, graph analysis, control theory and electrical networks
[KB09a], [CM96], [CGLM08], [LO15], [MR13], [MR14], [BFFX17]. In pure mathematics
tensor decomposition issues arise while studying the additive decompositions of a general
tensor [Dol04], [DK93], [MM13], [Mas16], [RS00], [TZ11], [MMS18].

Comon’s conjecture [CGLM08], which states the equality of the rank and symmetric
rank of a symmetric tensor, and Strassen’s conjecture on the additivity of the rank of
tensors [Str73] are two of the most important and guiding problems in the area of tensor
decomposition.

More precisely, Comon’s conjecture predicts that the rank of a homogeneous polynomial
F P krx0, . . . , xnsd with respect to the Veronese variety V n

d is equal to its rank with respect to
the Segre variety SV n

1 � pPnqd into which V n
d is diagonally embedded, that is rankV n

d
pF q �

rankSV n
1
pF q.

Strassen’s conjecture was originally stated for triple tensors and then generalized to a
number of different contexts. For instance, for homogeneous polynomials it says that if
F P krx0, . . . , xnsd and G P kry0, . . . , ymsd are homogeneous polynomials in distinct sets of
variables then rankV n�m

d
pF �Gq � rankV n

d
pF q � rankVm

d
pGq.

In Sections 2.2 and 2.3, while surveying the state of the art on Comon’s and Strassen’s
conjectures, we push a bit forward some standard techniques, based on catalecticant matri-
ces and more generally on flattenings, to extend some results on these conjectures, known
in the setting of Veronese and Segre varieties, for Segre-Veronese and Segre-Grassmann
varieties that is to the context of mixed tensors.

In Section 2.4 we introduce a method to improve a classical result on Comon’s conjec-
ture. By standard arguments involving catalecticant matrices it is not hard to prove that
Comon’s conjecture holds for the general polynomial in krx0, . . . , xnsd of symmetric rank h
as soon as h   �n�t d2 u

n

�
, see Proposition 2.2.2. We manage to improve this bound looking for

equations for the ph�1q-secant variety Sech�1pV n
d q, not coming from catalecticant matrices,
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that are restrictions to the space of symmetric tensors of equations of the ph � 1q-secant
variety Sech�1pSV n

1 q. We will do so by embedding the space of degree d polynomials into
the space of degree d� 1 polynomials by mapping F to x0F and then considering suitable
catalecticant matrices of x0F rather than those of F itself.

Implementing this method in Macaulay2 we are able to prove for instance that Comon’s
conjecture holds for the general cubic polynomial in n � 1 variables of rank h � n � 1 as
long as n ¤ 30. Note that for cubics the usual flattenings work for h ¤ n. Note that
a similar problem was considered by Friedman in [Fri16]. In his work he focused on a
sufficient condition ensuring the equality of the symmetric and ordinary tensor rank. In
Section 2.4 we use a different technique to prove Friedman’s result for F P SymdpCnq in the
case pd, nq � tp3, 2q, p4, 2q, p3, 3qu.

2.1 Notation
Let us briefly recall the main notations we will use throughout this chapter. Let n �
pn1, . . . , npq and d � pd1, . . . , dpq be two p-uples of positive integers. Set

d � d1 � � � � � dp, n � n1 � � � � � np, and Npn,dq �
p¹
i�1

�
ni � di
ni



Let V1, . . . , Vp be vector spaces of dimensions n1 � 1 ¤ n2 � 1 ¤ � � � ¤ np � 1, and

consider the product
Pn � PpV �

1 q � � � � � PpV �
p q.

The line bundle

OPn pd1, . . . , dpq � π�1 OPpV �
1 qpd1q b � � � b π�pOPpV �

1 qpdpq

where πi : Pn Ñ PpV �
i q is the natural projection induces an embedding

νn
d : PpV �

1 q � � � � � PpV �
p q ÝÑ PpSymd1 V �

1 b � � � b Symdp V �
p q � PNpn,dq�1,

prv1s, . . . , rvpsq ÞÝÑ rvd1
1 b � � � b v

dp
p s

where vi P Vi. We call the image

SV n
d � νn

d pPnq � PNpn,dq�1

a Segre-Veronese variety.
When p � 1, SV n

d is a Veronese variety. In this case we write V n
d for SV n

d , and νnd for
the Veronese embedding. When d1 � � � � � dp � 1, SV n

1,...,1 is a Segre variety. In this case
we write SV n

1 for SV n
p1,...,1q, and σn � νn

p1,...,1q for the Segre embedding. Note that

σνn
d � σn1 �

�
νn1
d1
� � � � � ν

np
dp

	
,

where n1 � pNpn1, d1q � 1, . . . , Npnp, dpq � 1q.
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Similarly, given a p-uple of positive integers k � pk1� 1, ..., kp� 1q we may consider the
Segre-Plücker embedding

σpn
k : Gpk1, n1q � � � � �Gpkp, npq ÝÑ Pp�k1�1 V1 b � � � b

�kp�1 Vpq � PNpn,kq�1,
prH1s, . . . , rHpsq ÞÝÑ rpn1

k1
pH1q b � � � b p

np
kp
pHpqs

where Npn, kq � ±p
i�1
�
ni�1
ki�1

�
and pniki is the standard Plücker embedding. We call the

image
SGn

d � σpn
k pGpk1, n1q � � � � �Gpkp, npqq � PNpn,kq�1

a Segre-Grassmann variety.
For every A � t1, . . . , pu and B � Ac we may interpret a tensor

T P V1 b ...b Vp � VA b VB

as a linear map rT : V �
A Ñ VAc . In Section 1.1 we have seen that if the rank of T is at most

r then the rank of rT is at most r as well. The matrix associated to the linear map rT is
called an pA,Bq-flattening of T .

In the case of mixed tensors, as we saw in Section 1.1, we can consider the embedding

Symd1 V1 b ...b Symdp Vp ãÑ VA b VB

where VA � Syma1 V1b ...bSymap Vp, VB � Symb1 V1b ...bSymbp Vp, with di � ai� bi for
any i � 1, ..., p. In particular, if n � 1 we may interpret a tensor F P Symd1 V1 as a degree
d1 homogeneous polynomial on PpV �

1 q. In this case the matrix associated to the linear maprF : V �
A Ñ VB is nothing but the a1-th catalecticant matrix of F , that is the matrix whose

rows are the coefficient of the partial derivatives of order a1 of F .
Similarly, by considering the inclusion

k1�1©
V1 b ...b

kp�1©
Vp ãÑ VA b VB

where VA �
�a1 V1 b ...b

�ap Vp, VB �
�b1 V1 b ...b

�bp Vp, with ki� 1 � ai� bi for any
i � 1, ..., p, we get the so called skew-flattenings.

Remark 2.1.2. The partial derivatives of an homogeneous polynomials are particular
flattenings. The partial derivatives of a polynomial F P krx0, ..., xnsd are

�
n�s
n

�
homogeneous

polynomials of degree d� s spanning a linear space HBsF � Ppkrx0, ..., xnsd�sq.
If F P krx0, ..., xnsd admits a decomposition

F � λ1L
d
1 � � � � � λhL

d
h

then F P SechpV n
d q, and conversely a general F P SechpV n

d q can be written as a linear
combination of Ld1, . . . , Ldh with Li suitable linear forms. If F � λ1L

d
1 � ... � λhL

d
h is a

decomposition then the partial derivatives of order s of F can be decomposed as linear
combinations of Ld�s1 , ..., Ld�sh as well. In fact we have

B
BxiF � λ1

B
BxiL

d
1 � � � � � λh

B
BxiL

d
h
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and if Ldj � pa0,jx0 � � � � � an,jxnqd then

B
BxiL

d
j � dai,jL

d�1
j

By induction on the order of differentiation we see that the partial derivatives of order s of
F can be decomposed as linear combinations of Ld�s1 , ..., Ld�sh .

Therefore, the linear space
A
Ld�s1 , . . . , Ld�sh

E
contains HBsF .

Let us briefly recall the notions of rank and border rank for general varieties.
Let X � PN be an irreducible and reduced non-degenerate variety. We define the rank

rankXppq with respect to X of a point p P PN as the minimal integer h such that there
exist h points x1, . . . , xh P X with p P xx1, . . . , xhy. Clearly, if Y � X we have that

rankXppq ¤ rankY ppq (2.1.4)

The border rank rankXppq of p P PN with respect to X is the smallest integer r ¡ 0 such
that p is in the Zariski closure of the set of points q P PN such that rankXpqq � r. In
particular rankXppq ¤ rankXppq.

Recall that given an irreducible and reduced non-degenerate variety X � PN , and a
positive integer h ¤ N the h-secant variety SechpXq of X is the subvariety of PN obtained
as the Zariski closure of the union of all ph� 1q-planes spanned by h general points of X.

In other words rankXppq is computed by the smallest secant variety SechpXq containing
p P PN .

Now, let Y, Z be subvarieties of an irreducible projective variety X � PN , spanning two
linear subspaces PNY :� xY y ,PNZ :� xZy � PN . Fix two points pY P PNY , pZ P PNZ ,
and consider a point p P xpY , pZy. There exist a � rankY ppY q points y1, . . . , ya and b �
rankZppZq points z1, . . . , zb such that

pY � λ1y1 � � � � � λaya

and
pZ � α1z1 � � � � � αbzb

The line xpY , pZy is indeed contained in the linear span xy1, . . . , ya, z1, . . . , zby and so

rankXppq ¤ rankY ppY q � rankZppZq (2.1.5)

2.2 Comon’s conjecture
It is natural to ask under which assumptions (2.1.4) is indeed an equality. Consider the
Segre-Veronese embedding

σνn
d : PpV �

1 q � � � � � PpV �
p q Ñ PpSymd1 V �

1 b � � � b Symdp V �
p q � PNpn,dq�1

with V1 � � � � � Vp � V k-vector spaces of dimension n � 1. Its composition with the
diagonal embedding

i : PpV �q Ñ PpV �
1 q � � � � � PpV �

p q
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is the Veronese embedding of νnd of degree d � d1 � � � � � dp. Let V n
d � SV n

d be the
corresponding Veronese variety. We will denote by Πn,d the linear span of V n

d in PNpn,dq�1.
In the notations of Section 2.1 set X � SV n

d and Y � V n
d . For any symmetric tensor

T P Πn,d we may consider its symmetric rank srkpT q :� rankV n
d
pT q and its rank rankpT q :�

rankSV n
d
pT q as a mixed tensor. Comon’s conjecture predicts that in this particular setting

the inequality (2.1.4) is indeed an equality [CGLM08].
Conjecture 1 (Comon’s). Let T be a symmetric tensor. Then rankpT q � srkpT q.

Conjecture 1 has been generalized in a number of directions for complex border rank,
real rank and real border rank, see [Lan12, Section 5.7.2] for a full overview.

Note that when d � 2 and p � 2 Comon’s conjecture is true. Indeed, SechpSV n
1 q is cut

out by the size ph� 1q � ph� 1q minors of a general square matrix and SechpV n
2 q is cut out

by the size ph� 1q � ph� 1q minors of a general symmetric matrix, that is

SechpV n
2 q � SechpSV n

1 q XΠn,2

Conjecture 1 has been proved in several special cases. For instance, when the symmetric
rank is at most two [CGLM08], when the rank is less than or equal to the order [ZHQ16],
for tensors belonging to tangential varieties to Veronese varieties [BB13], for tensors in
C2bCnbCn [BL13], when the rank is at most the flattening rank plus one [Fri16], for the
so called Coppersmith–Winograd tensors [LM17], for symmetric tensors in C4 b C4 b C4

and also for symmetric tensors of symmetric rank at most seven in Cn b Cn b Cn [Sei18].
On the other hand, a counter-example to Comon’s conjecture has recently been found

by Y. Shitov [Shi18]. The counter-example consists of a symmetric tensor T in C800 �
C800 � C800 which can be written as a sum of 903 rank one tensors but not as a sum of
903 symmetric rank one tensors. It is important to stress that for this tensor T rank and
border rank are quite different. Comon’s conjecture for border ranks is still completely
open [Shi18, Problem 25].

Even though it has been recently proven false in full generality, we believe that Comon’s
conjecture is true for a general symmetric tensor, perhaps it is even true for those tensor
for which rank T � rank T .

In what follows we use simple arguments based on flattenings to give sufficient conditions
for Comon’s conjecture, recovering a known result, and its skew-symmetric analogue.
Lemma 2.2.1. The tensors T P SechpSV n

d q such that dimp rT pV �
A qq ¤ h � 1 for a given

flattening rT associated to the partition pA,Acq form a proper closed subset of SechpSV n
d q.

Furthermore, the same result holds if we replace the Segre-Veronese variety SV n
d with the

Segre-Grassmann variety SGn
k .

Proof. Let T P SechpSV n
d q be a general point, with

T � λ1rpv1
1qd1 b � � � b pv1

pqdps � � � � � λhrpvh1 qd1 b � � � b pvhp qdps
Assume that dimp rT pV �

A qq ¤ h � 1. This condition forces the pA,Bq-flattening matrix to
have rank at most h� 1 and gives a module of equations

h©
pVAq� b

h©
pVBq� � SymhpSymd1pV1q b � � � b SymdppVpqq
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On the other hand, by [SU00, Proposition 4.1] these minors do not vanish on SechpSV n
d q,

and therefore define a proper closed subset of SechpSV n
d q. In the Segre-Grassmann setting

we argue in the same way by using skew-flattenings.

Proposition 2.2.2. [IK99] For any integer h   �n�t d2 u
n

�
there exists an open subset Uh �

SecpV d
n q such that for any T P Uh the rank and the symmetric rank of T coincide, that is

rankpT q � srkpT q
Proof. First of all, note that we always have rankpT q ¤ srkpT q. Furthermore for any pA,Bq-
flattening rT : V �

A Ñ VB the inequality rankpT q ¥ dimp rT pV �
A qq holds. Since T is symmetric

and its catalecticant matrices are particular flattenings we get that

rankpT q ¥ dimpHBsT q
for any s ¥ 0.

Now, for a general T P SechpV n
d q we have srkpT q � h, and if h   �n�sn �, where s � td2 u,

then Lemma 2.2.1 yields dimpHBsT q � h. Therefore, under these conditions we have the
following chain of inequalities

dimpHBsT q ¤ rankpT q ¤ srkpT q � dimpHBsT q
and hence rankpT q � srkpT q.

Now fix a vector space v of dimensione n� 1 and consider the Plücker embedding

pnk : Gpk, nq Ñ Pp
k�1©

V q

For any skew-symmetric tensor T P Πn,k � Pp�k�1 V q � V bk we may consider its skew
rank skrkpT q that is its rank with respect to the Grassmannian Gpk, nq � Πn,k, and its
rank rankpT q as a mixed tensor. Playing the same game as in Proposition 2.2.2 we have
the following.

Proposition 2.2.3. For any integer h   � nt k2 u

�
there exists an open subset Uh � SechpGpk, nqq

such that for any T P Uh the rank and the skew rank of T coincide, that is

rankpT q � skrkpT q
Proof. As before for any tensor T we have rankpT q ¤ skrkpT q. For any pA,Bq-skew-
flattening rT : V �

A Ñ VB we have skrkpT q ¥ dimp rT pV �
A qq. Furthermore, since rT is in

particular a flattening also the inequality rankpT q ¥ dimp rT pV �
A qq holds.

Now, for a general T P SechpGpk, nqq we have skrkpT q � h, and if h   �ns�, where s � tk2 u,
Lemma 2.2.1 yields skrkpT q � dimp rTspV �

A qq, where rTs is the skew-flattening corresponding
to the partition ps, d� sq of d. Therefore, we deduce that

dimp rTspV �
A qq ¤ rankpT q ¤ skrkpT q � dimp rTspV �

A qq
and hence rankpT q � skrkpT q.
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2.3 Strassen’s conjecture

Another natural problem consists in giving hypotheses under which in (2.1.5) equality holds.
Consider the triple Segre embedding

σn : PpV �
1 q � PpV �

2 q � PpV �
3 q � Pa � Pb � Pc Ñ PpV �

1 b V �
2 b V �

1 q � PNpn,dq�1

and let SV n
1 be the corresponding Segre variety. Now, take complementary subspaces

Pa1 ,Pa2 � Pa, Pb1 ,Pb2 � Pb, Pc1 ,Pc2 � Pc, and let Spa1,b1,c1q, Spa2,b2,c2q be the Segre varieties
associated respectively to Pa1 � Pb1 � Pc1 and Pa2 � Pb2 � Pc2 .

In the notations of Section 2.1 set X � SV n
1 , Y � Spa1,b1,c1q and Z � Spa1,b1,c1q.

Strassen’s conjecture states that the additivity of the rank holds for triple tensors, or in
onther words that in this setting the inequality (2.1.5) is indeed an equality [Str73].

Conjecture 2 (Strassen’s). In the above notation let T1 P
@
Spa1,b1,c1q

D
, T2 P

@
Spa2,b2,c2q

D
be two tensors. Then rankpT1 ` T2q � rankpT1q � rankpT2q.

Even though Conjecture 2 was originally stated in the context of triple tensors that
is bilinear forms, with particular attention to the complexity of matrix multiplication, a
number of generalizations are immediate. For instance, we could ask the same question
for higher order tensors, symmetric tensors, mixed tensors and skew-symmetric tensors.
It is also natural to ask for the analogue of Conjecture 2 for border rank. This has been
answered negatively [Sch81].

In a more general setting, given X � PN and Y,Z � X subvarieties such that

xY y X xZy � H

and
xY y � xZy � PN

then:

Conjecture 3 (Strassen’s General). In the above notation let y P xY y and z P xZy. Then
rankpy ` zq � rankpyq � rankpzq.

Conjecture 2 and its analogues have been proven when either T1 or T2 has dimension at
most two, when rankpT1q can be determined by the so called substitution method [LM17],
when dimpV1q � 2 both for the rank and the border rank [BGL13], when T1, T2 are symmet-
ric that is homogeneous polynomials in disjoint sets of variables, either T1, T2 is a power,
or both T1 and T2 have two variables, or either T1 or T2 has small rank [CCC15], and also
for other classes of homogeneous polynomials [CCO17], [Tei15].

As for Comon’s conjecture a counterexample to Strassen’s conjecture has recentely been
given by Y. Shitov [Shi17]. In this case Y. Shitov proved that over any infinite field there
exist tensors T1, T2 such that the inequality in Conjecture 2 is strict.

In what follows we give sufficient conditions for Strassen’s conjecture, recovering a known
result, and for its mixed and skew-symmetric analogues.
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Proposition 2.3.1. [IK99] Let V1, V2 be k-vector spaces of dimensions n � 1,m � 1, and
consider V � V1`V2. Let F P SymdpV1q � SymdpV q and G P SymdpV2q � SymdpV q be two
homogeneous polynomials. If there exists an integer s ¡ 0 such that

dimpHBsF q � srkpF q, dimpHBsGq � srkpGq

then srkpF �Gq � srkpF q � srkpGq.

Proof. Clearly, srkpF � Gq ¤ srkpF q � srkpGq holds in general. On the other hand, our
hypothesis yields

srkpF q � srkpGq � dimpHBsF q � dimpHBsF q � dimpHBsF�Gq ¤ srkpF �Gq

where the last inequality follows from Remark 2.1.2.

Remark 2.3.2. The argument used in the proof of Proposition 2.3.1 works for F P PNpn,dq

general only if for the generic rank we have t

�
n�d
d

�
n�1 u ¤ �

n�t d2 u
n

�
. For instance, when n �

3, d � 6 the generic rank is 21 while the maximal dimension of the spaces spanned by partial
derivatives is 20.

Proposition 2.3.3. Let V1, . . . , Vp and W1, . . . ,Wp be k-vector spaces of dimension n1 �
1, . . . , np�1 and m1�1, . . . ,mp�1 respectively. Consider Ui � Vi`Wi for every 1 ¤ i ¤ p.
Let

T1 P Symd1 V1 b � � � b Symdp Vp � Symd1 U1 b � � � b Symdp Up

and
T2 P Symd1 W1 b � � � b SymdpWp � Symd1 U1 b � � � b Symdp Up

be two mixed tensors.
If for any i P t1, .., pu there exists a pair pai, biq with ai � bi � di and pA,Bq-flatteningsrT1 : V �
A Ñ VB, rT2 : V �

A Ñ VB such that

dimp rT1pV �
A qq � rankpT1q, dimp rT2pV �

A qq � rankpT2q

then rankpT1 � T2q � rankpT1q � rankpT2q.

Proof. Clearly, rankpT1 � T2q ¤ rankpT1q � rankpT2q. On the other hand, our hypothesis
yields

rankpT1q � rankpT2q � dimp rT1pV �
A qq � dimp rT2pV �

A qq � dimp �T1 � T2pV �
A qq ¤ rankpT1 � T2q

where �T1 � T2 denotes the pA,Bq-flattening of the mixed tensor T1 � T2.

Arguing as in the proof of Proposition 2.3.3 with skew-symmetric flattenings we have
an analogous statement in the Segre-Grassmann setting.
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Proposition 2.3.4. Let V1, . . . , Vp and W1, . . . ,Wp be k-vector spaces of dimension n1 �
1, . . . , np�1 and m1�1, . . . ,mp�1 respectively. Consider Ui � Vi`Wi for every 1 ¤ i ¤ p,
and let

T1 P
k1�1©

V1 b � � � b
kp�1©

Vp �
k1�1©

U1 b � � � b
kp�1©

Up

and

T2 P
k1�1©

W1 b � � � b
kp�1©

Wp �
k1�1©

U1 b � � � b
kp�1©

Up

be two skew-symmetric tensors with ki � 1 ¤ mintni � 1,mi � 1u.
If for any i P t1, . . . , pu there exists a pair pai, biq with ai� bi � ki� 1 and pA,Bq-skew-

flattenings rT1 : V �
A Ñ VB, rT2 : V �

A Ñ VB such that

dimp rT1pV �
A qq � rankpT1q, dimp rT2pV �

A qq � rankpT2q

then rankpT1 � T2q � rankpT1q � rankpT2q.

2.4 On the rank of x0F : an application to Comon’s conjec-
ture

Propositions 2.2.2, 2.2.3 suggest that whenever we are able to write determinantal equations
for secant varieties we are able to verify Comon’s conjecture. This suggests a possible way
to improve the range where the general Comon’s conjecture holds giving a conjectural way
to produce determinantal equations for some secant varieties.

Remark 2.4.1. Set n � pn, . . . , nq, pd�1q-times, n1 � pn, . . . , nq, d-times, and consider the
corresponding Segre varieties X :� SV n

1 , X1 :� SV n1
1 and Veronese varieties Y � V n

d�1,
Y1 :� V n

d . Fix the polynomial xd�1
0 P Y and let Π be the linear space spanned by the

polynomials of the form x0F , where F is a polynomial of degree d. This allows us to see
Y1 � Π. Note that polynomials of the form x0L

d
1 lie in the tangent space of Y at Ld�1

1 , and
therefore rankY px0L

bdq � 2.
Hence for a polynomial F of degree d we have rankY px0F q ¤ 2 rankY1pF q. Our aim is

to understand when the equality holds.
We may mimic the same construction for the Segre varieties X and X1, and use de-

terminantal equations for the secant varieties of X1 to give determinantal equations of the
secant varieties of X and henceforth conclude Comon’s conjecture. In particular, as soon as
d is odd and d   n, this produces new determinantal equations for SechpX1q and SechpY1q
with 2h   �

n� d�1
2

n

�
. Therefore, this would give new cases in which the general Comon’s

conjecture holds. Unfortunately, we are only able to successfully implement this procedure
in very special cases.

Let us briefly recall, for the reader convenience, that for a smooth point x P X, the a-
osculating space TaxX of X at x is roughly the smaller linear subspace locally approximating
X up to order a at x, i.e. the linear subspace spanned by all derivatives of order ¤ a of a
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parametrization of X centered in x. The a-osculating variety T aX of X is defined as the
closure of the union of all the osculating spaces

T aX �
¤
xPX

TaxX

For the Veronese variety V n
d we have the parametrization:

νnd : Pn Ñ PpSymdpV qq

νnd pLq � rLds
with V � krx0, . . . , xns1 a vector space of dimension n � 1. A curve passing through rLds
can be given locally as the image νnd pL � tMq with M P krx0, . . . , xns1 a linear form. For
every 1 ¤ a ¤ d� 1 we have

d

dt
pL� tMqd|t�0 � dpd� 1q � � � pd� s� 1qM spL� tMqd�s

Since krx0, . . . , xnss is spanned by s�th powers of linear forms the osculating space Ta
rLds

V n
d

of order a at the point rLds P Vd can be written as

TarLdsV
n
d �

A
Ld�aF | F P krx0, . . . , xnsa

E
� PN

Equivalently, Ta
rLds

V n
d is the space of homogeneous polynomials whose derivatives of order

less than or equal to a in the direction given by the linear form L vanish. Note that
dimpTa

rLds
V n
d q �

�
n�a
n

� � 1 and Tb
rLds

V n
d � Ta

rLds
V n
d for any b ¤ a. Moreover, for any

1 ¤ a ¤ d and rLds P V n
d we can embed a copy of V n

a into the osculating space Ta
rLds

V n
d by

considering
V n
a � tLd�aMa |M P krx0, . . . , xns1u � TarLdsV

n
d

In particular we can embed

V n
d � tx0L

d | L P krx0, . . . , xns1u � Tdrxd0sV
n
d�1

and Remark 2.4.1 yields that

SechpV n
d q � Sec2hpV n

d�1q X TdrLd�1sV
n
d�1 (2.4.2)

This embedding extends to an embedding at the level of Segre varieties, and, in the notation
of Remark 2.4.1, we have that SechpSV n1

1 q � Sec2hpSV n
1 q.

Assume that for a polynomial F P SechpV n
d q we have F P Sech�1pSV n1

1 q. Then
x0F P Sec2h�2pSV n

1 q. Now, if we find a determinantal equation of Sec2h�2pV n
d�1q com-

ing as the restriction to Π, the space of symmetric tensors, of a determinantal equa-
tion of Sec2h�2pSV n

1 q, and not vanishing at x0F then x0F R Sec2h�2pSV n
1 q and hence

F R Sech�1pSV n1
1 q proving Comon’s conjecture for F .

This will be the leading idea to keep in mind in what follows. The determinantal
equations involved will always come from minors of suitable catalecticant matrices, that
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can be therefore seen as the restriction to Π of determinantal equations for the secants of
the Segre coming from non symmetric flattenings.

It is easy to give examples where the inequality (2.4.2) is strict. When n � 1 the
generic rank is gd � rd�1

2 s. Then for d odd we have gd � gd�1 while for d even we have
gd � gd�1 � 1. Hence rankVd x0F   2 rankVd�1 F if 2 rankVd�1 F ¡ gd

2 , where Vd :� V 1
d is

the rational normal curve. It is natural to ask if the inequality is indeed an equality as long
as the rank is subgeneric. In the case n � 1 we have the following result.

Proposition 2.4.3. Let Vd :� V 1
d be the degree d rational normal curve. If 2h   gd�1 then

there are no kh ¡ 0 such that SechpVdq � Sec2h�khpVd�1q X Td
rxd�1sVd�1.

Proof. Clearly, it is enough to prove the statement for kh � 1. Let p P SechpVdq be a general
point. Then p P @rx0L

d
1s, . . . , rx0L

d
hs
D
with Li general linear forms. In particular

p P H :�
A
TrLd�1

1 sVd�1, . . . ,TrLd�1
h

sVd�1

E
Note that dimpHq � 2h� 1. Now, assume that p is contained also in Sec2h�1pVd�1q. Then
there exists a linear subspace H 1 � Pd�1 of dimension 2h�2 passing through p intersecting
Vd�1 at 2h � 1 points q1, . . . , qr counted with multiplicity. Let qi1 , . . . , qir be the points
among the qi coinciding with some of the rLd�1

i s and such that the intersection multiplicity
of H 1 and Vd�1 at qij is one, and qj1 , . . . , qjr be the points among the qi coinciding with
some of the rLd�1

i s and such that the intersection multiplicity of H 1 and Vd at qjk is greater
that or equal to two.

Set Π :� xH,H 1y, then

dimpΠq � 2h� 1� 2h� 2� ir � 2jr

and Π intersects Vd�1 at 2h�p2h� 1� ir� 2jrq points counted with multiplicity. Consider
general points b1, . . . , bs P Vd�1 with s � ir � 2jr, and the linear space Π1 � xΠ, b1, . . . , bsy.
Therefore, dimpΠ1q � 4h�3 and Π1 intersects Vd�1 at 4h�1 points counted with multiplicity.
Since 2h ¤ d�3

2 adding enough general points to Π1 we may construct a hyperplane in Pd�1

intersecting Vd�1 at d� 2 points counted with multiplicity, a contradiction.

2.4.3 Applications to Hankel Matrices

Proposition 2.4.3 can be applied to get results on the rank of a special class of matrices
called Hankel matrices.

Definition 2.4.4. A matrix A � pAi,jq P Mpa, bq such that Ai,j � Ah,k whenever i � j �
h� k is called a Hankel matrix.

Let
F � �d0�Z0x

d
0 � . . .� � d

d�i

�
Zix

d�i
0 xi1 � . . .� �dd�Zdxd1
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be a binary form and consider rZ0, . . . , Zds as homogeneous coordinates on Ppkrx0, x1sdq.
Furthermore, for a given positive integer n, consider the matrices

M2n �

�������
Z0 Z1 . . . Zn�1 Zn
Z1 . . . . . . . . . Zn�1
...

. . .
. . .

. . .
...

Zn�1 . . . . . . . . . Zd�1
Zn Zn�1 . . . Zd�1 Zd

������
 M2n�1 �

���������

Z0 Z1 . . . Zn�1 Zn
Z1 . . . . . . . . . Zn�1
...

. . .
. . .

. . .
...

Zn�1 . . . . . . . . . Zd�2
Zn . . . . . . . . . Zd�1
Zn�1 Zn�2 . . . Zd�1 Zd

��������

It is well known that the ideal of SechpVdq is cut out by the minors of Md of size ph� 1q �
ph� 1q [LO15].

Now, consider a polynomial F P krx0, x1sd with homogeneous coordinates rZ0, . . . , Zds.
Then F 1 :� x0F P krx0, x1sd�1 has homogeneous coordinates rZ 1

0, . . . , Z
1
d�1s with

Z 1
i �

d� 1� i

d� 1 Zi

In order to determine the rank of F 1 we have to relate the rank of the matrices

N2n �

��������
Z0

d
d�1Z1 . . . d�1�n

d�1 Zn
d
d�1Z1 . . . . . . d�n

d�1Zn�1
...

. . .
. . .

...
d�n�2
d�1 Zn�1 . . . . . . 1

d�1Zd
d�n�1
d�1 Zn . . . 1

d�1Zd 0

�������


N2n�1 �

��������
Z0

d
d�1Z1 . . . d�n

d�1Zn
d
d�1Z1 . . . . . . d�n�1

d�1 Zn�1
...

. . .
. . .

...
d�n�2
d�1 Zn . . . . . . 1

d�1Zd
d�n�1
d�1 Zn�1 . . . 1

d�1Zd 0

�������

with the rank of Md.

In particular all the matrices of the form Md and Nd considered above are Hankel
matrices.

Let Mpa, bq be the vector space of a � b matrices with coefficients in the base field k.
For any h ¤ minta, bu let RankrpMpa, bqq � Mpa, bq be the subvariety consisting of all
matrices of rank at most h.

Now, consider the map
β : N ÝÑ N� N

given by
βp2nq � pn� 1, n� 1q

βp2n� 1q � pn� 2, n� 1q
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For any d ¥ 1 we can view the subspace Hd �Mpβpdqq formed by matrices of the form Md

as the subspace of Hankel matrices. Now, given any linear morphism f : Mpa, bq ÑMpc, dq
we can ask if for some s ¤ mintc, du we have fpRankhpMpa, bqqq � RankspMpc, dqq.
Corollary 2.4.5. Consider the linear morphism

αd : Mpβpdqq ÝÑ Mpβpd� 1qq
pAi,jq ÞÝÑ

�
d�pi�j�3q

d�1 Ai,j

	
Then αdpHdq � Hd�1 and in particular

αdpRankhpMpβpdqq XMdqq � Rank2hpMpβpd� 1qqq XMd�1

Proof. Since αdpAi,jq � αdpAh,kq when i � j � h � k we have that αdpHdq � Hd�1. By
Proposition 2.4.3

RankhpMpβpdqq XHd � SechpVdq
and by construction αdpMdq is the linear change of coordinates mapping a binary form
F P krx0, x1sd to F 1 � x0F P krx0, x1sd�1.

Since
SechpVdq � Sec2hpVd�1q X Tdrxd�1sVd�1

if an h� h minor of a general matrix B in Mpβpdqq does not vanish, under the assumption
that all the ph � 1q � ph � 1q minors of B vanish, then there is a 2h � 2h minor of αdpBq
that does not vanish.

When n ¥ 2 we are able to determine, via Macaulay2 [Mac92] aided methods, the rank
of x0F in some special cases.

• pn, dq � p2, 2q
By Theorem 1.2.12 the variety Sec3pV 2

3 q has the expected dimension, i.e. Sec3pV 2
3 q �

P9 is a hypersurface. Since the only possible flattening for a symmetric tensor F P
Sym3pC3q is given by a linear map

F̃ : pC3q� Ñ C3

there are no equations coming from F̃ . In order to find equations for Sec3pV 2
3 q first

embed

Sym3pC3q Ñ pC3 b
2©

C3q b pC3 b pC3q�q
in the natural way. Now a polynomial F P Sym3pC3q gives rise to a linear map F̄ :
pC9q� Ñ C9. In bases if

F �
¸

a�b�c�3

� 3
a,b,c

�
Za,b,cx

a
0x

b
1x
c
2

then

F̃ �
�� 0 HpBx2q �HpBx1q
�HpBx2q 0 HpBx0q
HpBx1q �HpBx0q 0

�
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where HpBxiq denotes the Hessian of the polynomial B
Bxi
F . Finally we have that

Sec3pV 2
3 q is the zero locus of the principal Pfaffian of size 8 of the matrix F̄ , called

the Aronhold invariant. (see [LO15, Section 1.1] for more details).
With a Macaulay2 computation we prove that if F P Sec2pV 2

2 q is general then the
Aronhold invariant does not vanish at x0F , hence rank x0F � 2 rankF .

• pn, dq � p2, 3q
The varieties Sec5pV 2

4 q and Sec3pV 2
3 q are both hypersurfaces, given respectively by the

determinant of the catalecticant matrix of second partial derivatives and the Aronhold
invariant [LO15, Section 1.1]. With Macaulay2 we prove that the determinant of the
second catalecticant matrix does not vanish at x0F for F P Sec3pV 2

3 q general, hence
rank x0F � 2 rankF .

• pn, dq � p3, 3q
The secant variety Sec9pV 3

4 q is the hypersurface cut out by the second catalecticant
matrix [LO15, Section 1.1] while Sec5pV 3

3 q is the entire osculating space. A Macaulay2
computation shows that T3

rx4
0s
V 3

4 � Sec9pV 3
4 q. This proves that rank x0F   2 rankF ,

for F general.

• pn, dq � p4, 3q
In this case Sec8pV 4

3 q � T3
rx4

0s
V 4

4 and Sec14pV 4
4 q is given by the determinant of the

second catalecticant matrix [LO15, Section 1.1]. Again using Macaulay2 we show that
T3
rx4

0s
V 4

4 � Sec14pV 4
4 q. This proves that rank x0F   2 rankF , for F general.

Corollary 2.4.6. For the osculating varieties T3V 3
4 and T3V 4

4 we have

T3V 3
4 � Sec9pV 3

4 q, T3V 4
4 � Sec14pV 4

4 q

Proof. The action of PGLpn�1q on Pn extends naturally to an action on PNpn,dq stabilizing
V n
d and more generally the secant varieties SechpV n

d q. Since this action is transitive on V n
d

we have Ta
rxd0s

V n
d � SechpV n

d q if and only if Ta
rLds

V n
d � SechV n

d for any point rLds P V n
d that

is TaV n
d � SechV n

d . Finally, we conclude by applying the previous results for pn, dq � p3, 3q
and pn, dq � p4, 3q.

2.5 Macaulay2 implementation
In the Macaulay2 file Comon-1.0.m2 we provide a function called Comon which operates as
follows:

- Comon takes in input three natural numbers n, d, h;

- if h   �n�t d2 u
n

�
then the function returns that Comon’s conjecture holds for the general

degree d polynomial in n � 1 variables of rank h by the usual flattenings method in
Proposition 2.2.2. If not, and d is even then it returns that the method does not apply;



2.5. MACAULAY2 IMPLEMENTATION 53

- if d is odd and
�
n�k
n

�   2
�
n�k�1
n

�
, where k � td�1

2 u, then again it returns that the
method does not apply;

- if d is odd,
�
n�k
n

� ¥ 2
�
n�k�1
n

�
and 2h� 1 ¡ �n�kn � then it returns that the method does

not apply since 2h� 2 must be smaller than the number of order k partial derivatives;

- if d is odd,
�
n�k
n

� ¥ 2
�
n�k�1
n

�
and 2h� 1 ¤ �n�kn � then Comon produces a polynomial of

the form

F �
ḩ

i�1
pai,0x0 � � � � � ai,nxnqd

then substitutes random rational values to the ai,j , computes the polynomial G � x0F ,
the catalecticant matrix D of order k partial derivatives of G, extracts the most up left
2h� 1� 2h� 1 minor P of D, and compute the determinant detpP q of P ;

- if detpP q � 0 then Comon returns that the method does not apply, otherwise it returns
that Comon’s conjecture holds for the general degree d polynomial in n� 1 variables of
rank h.

Note that since the function random is involved Comon may return that the method does
not apply even though it does. Clearly, this event is extremely unlikely. Thanks to this
function we are able to prove that Comon’s conjecture holds in some new cases that are
not covered by Proposition 2.2.2. Since the case n � 1 is covered by Proposition 2.4.3 in
the following we assume that n ¥ 2.

Theorem 2.5.1. Assume n ¥ 2 and set h � �n�t d2 u
n

�
. Then Comon’s conjecture holds for

the general degree d homogeneous polynomial in n � 1 variables of rank h in the following
cases:

- d � 3 and 2 ¤ n ¤ 30;

- d � 5 and 3 ¤ n ¤ 8;

- d � 7 and n � 4.

Proof. The proof is based on Macaulay2 computations using the function Comon exactly as
shown in Example 2.5.2 below.

Example 2.5.2. We apply the function Comon in a few interesting cases:

Macaulay2, version 1.12
with packages: ConwayPolynomials, Elimination, IntegralClosure, InverseSystems,

LLLBases, PrimaryDecomposition, ReesAlgebra, TangentCone
i1 : loadPackage "Comon-1.0.m2";
i2 : Comon(5,3,4)
Lowest rank for which the usual flattenings method does not work = 6
o2 = Comon’s conjecture holds for the general degree 3 homogeneous polynomial

in 6 variables of rank 4 by the usual flattenings method
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i3 : Comon(5,3,6)
Lowest rank for which the usual flattenings method does not work = 6
o3 = Comon’s conjecture holds for the general degree 3 homogeneous polynomial

in 6 variables of rank 6
i4 : Comon(5,3,7)
Lowest rank for which the usual flattenings method does not work = 6
o4 = The method does not apply --- The determinant vanishes
i5 : Comon(5,5,21)
Lowest rank for which the usual flattenings method does not work = 21
o5 = Comon’s conjecture holds for the general degree 5 homogeneous polynomial

in 6 variables of rank 21
i6 : Comon(4,7,35)
Lowest rank for which the usual flattenings method does not work = 35
o6 = Comon’s conjecture holds for the general degree 7 homogeneous polynomial

in 5 variables of rank 35
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Here we present the Macaulay2 (pseudo)code that has been used for the previous com-
putations:

Comon = method(TypicalValue => String);
Comon (ZZ,ZZ,ZZ) := (n,d,h) -> (
k = floor((d+1)/2);
<< "Lowest rank for which the usual flattenings method does not work = "
<< binomial(n+floor(d/2),n) << "";
if (h < binomial(n+floor(d/2),n)) then return
("Comon’s conjecture holds for the general degree "|toString(d)|" homogeneous polynomial
in "|toString(n+1)|" variables of rank "|toString(h)|" by the usual flattenings method");
if (odd(d) == false) then return ("The method does not apply");
if (binomial(n+k,n) < 2*binomial(n+k-1,n)) then return ("The method does not apply");
if (2*h-1 > binomial(n+k,n)) then return
("The method does not apply, 2h-1 must be smaller
than or equal to the number of order "|toString(k)|" partial derivatives
--- For degree "|toString(d)|" homogeneous polynomial in
"|toString(n+1)|" variables usual flattenings work for
h strictly less than "|toString(binomial(n+k-1,n))|"
so the interesting cases are for h varying
between "|toString(binomial(n+k-1,n))|" and
"|toString(floor((1/2)*(binomial(n+k,n)+1)))|"");

R = QQ[x_0..x_n];
v = basis(k,R);
S = R[a_{0,1}..a_{n,h}];
for i from 1 to h do L_i = sum(0..n,j->a_{j,i}*x_j);
F = sum(1..h,i->L_i^d);
for i from 0 to n do for j from 1 to h do F=sub(F,a_{i,j}=>random(QQ));
G = x_0*F;
D = diff(v ** transpose v,G);
P = submatrix(D,{0..2*h-2},{0..2*h-2});
A = det P;
if A==0 then return
("The method does not apply --- The determinant vanishes ---
For degree "|toString(d)|" homogeneous polynomial
in "|toString(n+1)|" variables usual flattenings
work for h strictly less than "|toString(binomial(n+k-1,n))|"
so the interesting cases are for h varying between
"|toString(binomial(n+k-1,n))|" and "|toString(floor((1/2)*(binomial(n+k,n)+1)))|"");
return ("Comon’s conjecture holds for the general degree "|toString(d)|"
homogeneous polynomial in "|toString(n+1)|"
variables of rank "|toString(h)|"
--- For degree "|toString(d)|" homogeneous polynomial
in "|toString(n+1)|" variables usual flattenings work
for h strictly less than "|toString(binomial(n+k-1,n))|"
so the interesting cases are for
h varying between "|toString(binomial(n+k-1,n))|"
and "|toString(floor((1/2)*(binomial(n+k,n)+1)))|"");
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Chapter 3

Defectiveness and identifiability:
subgeneric rank

Over a decade ago the notion of h-weakly defective varieties has been connected to identifia-
bility of polynomials, [Mel06]. This provided the first systematic study of identifiability for
Veronese varieties. More recently with the work of Luca Chiantini and Giorgio Ottaviani,
[CO12], weakly defective varieties have been substituted by h-tangentially weakly defective
varieties to study identifiability problems. In both approaches to provide identifiability one
has to check the behavior of special linear systems and quite often this is done by an ad
hoc degeneration argument. As a consequence identifiability has been proved in very few
cases and quite often the results obtained are not expected to be sharp, [CO12] [BDDG07]
[BC13] [BCO14] [Kru77].

In this chapter we want to develop an entirely new approach to study generic identi-
fiability. Starting from the seminal paper [CC10], where the geometry of contact loci has
been carefully studied, and the improvement presented in [BBC�18], we derive identifiabil-
ity statements for non secant defective varieties. Even if new this is not really surprising
since weakly defectiveness and tangentially weakly defectiveness, thanks to the Terracini
Lemma 1.2.5, have secant defectiveness as a common ancestor. With this new approach we
are able to translate all the literature on defective varieties into identifiability statements,
providing in many cases sharp classification of h-identifiability.

3.1 Relation between twd and defectiveness
Let us briefly recall the main notations that we will use in this chapter. For a more detailed
explanation see Chapter 1.

A projective variety X � PN is non degenerate if it is not contained in any hyperplane,
i.e. if |OXp1q b IxXy| � H.

Let X � PN be an irreducible and reduced non degenerate variety.
For a subset A � tx1, . . . , xhu � X of general points we set

MA :� x
¤
i

TxiXy.
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By Terracini Lemma the space MA is the tangent space to SechpXq at a general point in
xAy.

The tangential h-contact locus Γh :�: ΓpAq is the closure in X of the union of all the
irreducible components which contain at least one point of A, of the locus of points of
X where MA is tangent to X. We will write γh :� dim ΓpAq. We say that X is h-twd
(tangentially weakly defective) if γh ¡ 0.

The h-tangential projection (from A) of X is

τh : X 99K PM

the linear projection from MA. That is, by Terracini Lemma, the projection from the
tangent space of a general point z P xAy of SechpXq restricted to X.

We start collecting properties of the tangential contact loci that will be useful for our
purpose.

Theorem 3.1.1. Let X � PN be an irreducible, reduced, and non degenerate variety. Let
A � tx1, . . . , xhu � X be a set of h general points and Γ the associated contact locus.
Assume that Sech�1pXq � PN . Then we have:

a) Γ is equidimensional and it is either irreducible (type I) or reduced (type II) with exactly
h irreducible component, each of them containing a single point of A [CC10, Proposition
3.9],

b) xΓy � SechpΓq and SecipΓq � xΓy for i   h [CC10, Proposition 3.9],

c) for z P xΓy general πXh ppπXh q�1pzqq � xΓy, [CC10, Proposition 3.9],

d) if we are in type I γh ¡ γh�1, [BBC�18, Lemma 3.5]

e) if γh � γh�1 and Sech�1pXq is not defective and does not fill up PN we are in type II,
the irreducible components of both contact loci are linearly independent linear spaces,
[BBC�18, Lemma 3.5],

f) if we are in type I and Sech�1pXq is not defective and does not fill up PN then Γh�1 is
of type I.

Proof. a) Let x1, . . . , xh be general points with Γpx1, . . . , xhq the tangential contact locus.
Since for general y1, . . . , yh P Γpx1, . . . , xhq one has

TyiX � TxSechpXq � xTx1X, . . . ,TxhXy

it implies that
xTx1X, . . . ,TxhXy � xTy1X, . . . ,TyhXy

Now by monodromy on the general points x1, . . . , xh we prove point (a).
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b) We have
SechpΓpx1, . . . , xkq � xx1, . . . , xhy � ΓSechpXqpzq

with z P xx1, . . . , xhy a general point. Let y P ΓSechpXqpzq general, hence y P xy1, . . . , yhy
for suitable yi. Since by Terracini’s Lemma TzSechpXq � TySechpXq we have y1, . . . , yh P
Γpx1, . . . , xhq, thus y P SechpΓq. If SecipΓq � xx1, . . . , xhy for some i ¤ h then we would
have SecipXq � SechpXq contradicting the hypothesis.

c) Without loss of generality we can assume that Γ is irreducible. Let z P xx1, . . . , xhy be
general and y P xy1, . . . , yiy general with yj P Γ and i ¤ h. By generality assumptions
we have that y1, . . . , yi are general points in X and thus y is general in SecipXq. By the
choice of yj we have

TySecipXq � xTy1X, . . . ,TyiXy � TzSechpXq

rdimpπXh ppπXh q�1pzqqqs�dimensional family of i�secant to X passing through y. Let
xp1, . . . , piy be a general element of the family, then

xTp1X, . . . ,TpiXy � TySecipXq � TzSechpXq

which shows that p1, . . . , pi P Γ.

d) See [BBC�18][Lemma 3.5]

e) See [BBC�18][Lemma 3.5]

f) Let A � tx1, . . . , xhu and B � A Y txh�1u be general sets in X. Assume that ΓpBq is
of type II. By definition ΓpAq � ΓpBq, on the other hand by point a) the irreducible
component of ΓpBq through x1 does not contain x2 and therefore it cannot contain
ΓpAq. This contradiction proves the claim.

From the point of view of identifiability the notions of weakly defectiveness and twd
behave the same. The following proposition is well known to the experts in the field but
we were not able to found a written version of it.

Proposition 3.1.2. [CO12, Proposition 2.4] Let X � PN be an irreducible, reduced, and
non degenerate variety. Assume that X is not h-twd, then X is h-identifiable.

Proof. Assume that X is not h-identifiable and let z P SechpXq be a general point. Let
z P xx1, . . . xhy, for xi general in X. The existence of a different decomposition yields a
new set ty1, . . . yhu � X such that z P xy1, . . . , yhy. Moving the point z in the linear space
xx1, . . . , xhy yields a positive dimensional contact locus.

Remark 3.1.3. We want to stress that h-identifiability is not equivalent to non h-twd. In
[COV17] and [BV18] are described examples of Segre and Grassmannian varieties that are
h-identifiable but h-twd (see for instance Example 1.4.8 in Chapter 1).
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We aim to study the relation between twd and defectiveness. The next lemma is a first
step in this direction.

Lemma 3.1.4. Let X � PN be an irreducible, reduced, and non degenerate variety of
dimension n,

πXk : seckpXq Ñ PN

the k-secant map, τXk�1 : X 99K PM the pk�1q-tangential projection, and Γ :� Γpx1, . . . , xkq
the k-contact locus associated to the genral points x1, . . . , xk.

i) The map πXk is of fiber type if and only if τXk�1 is of fiber type.

ii) Let tx1, . . . , xk, y1, y2u be general points. Then the irreducible component of

Γpx1, . . . , xk, y1q X Γpx1, . . . , xk, y2q

passing through the point xi is positive dimensional only if either X is k-twd or πXk�2
has positive dimensional fibers.

iii) The map pτXk�1q|Γ : Γ 99K Pγk is either of fiber type or dominant.

Proof. i) By Terracini Lemma πXk is of fiber type if and only if

TzSeck�1pXq X TyX � H

for y P X general. This condition is clearly equivalent to have τXk�1 of fiber type.
ii) Assume that X is not k-twd and dimpΓpx1, . . . , xk, y1q X Γpx1, . . . , xk, y2qq ¡ 0 in a

neighborhood of xi. Set
MAi � xTx1X, . . . ,TxkX,TyiXy,

the variety X is not k-twd therefore

MA1 XMA2 � xTx1X, . . . ,TxkXy.

In particular we have
pMA1 XMA2q X TyiX � H,

and hence
xTx1X, . . . ,TxkX,Ty1Xy X Ty2X � H.

This shows, by the generality of the points and point i) that πXk�2 is of fiber type.
iii) Assume that pτXk�1q|Γ is not of fiber type. Then by point b) of Theorem 3.1.1 we

have dimxΓy � kpγk � 1q � 1. Hence pτXk�1q|Γ � τΓ
k�1 and both maps are dominant onto

Pγk . See also [CC06].

Next we prove a general statement for type II contact loci.

Lemma 3.1.5. Let X � PN be an irreducible, reduced, and non degenerate variety. As-
sume that:
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a) X is k-twd,

b) X is not pk � 1q-twd
c) the k-contact locus is of type II.

Then πXk�1 is of fiber type.

Proof. By point i) in Lemma 3.1.4 it is enough to prove that τXk is of fiber type. Then
by projection it is enough to prove the latter for k � 2. Let tx1, x2, yu � X be a set of
general points and Γ � Γpx1, x2, yq the contact locus associated to tx1, x2, yu. To conclude
the proof it is enough to prove that xTx1 ,Tx2y X TxX � H, for x P Γ a general point.

For a general point p P Γ we set

Γip � Γpxi, pq

the irreducible component of the contact locus Γpxi, pq through p. The contact locus is
of type II, therefore Γip S x1, x2. Note that for a general point x P Γ1

p we have TxX �
xTx1X,TpXy. Then by semicontinuity for any point w P Γ1

p there is a linear space of
dimension n, say Aw � TwX, contained in the span.

Set
TpΓ1

pq � x
¤
AwywPΓ1

p
.

We may assume that X is not 2-defective, otherwise there is nothing to prove, that is

Tx1X X Tx2X � H, (3.1.5)

and, since y is general,

codimTpΓ1
yq
pTpΓ1

yq X Tx1Xq � n� 1. (3.1.5)

The variety X is not 1-twd, then there are points z P Γ1
y with Az X Tx1X � H.

Let z P Γ1
y be a point with

Az X Tx1X � H, (3.1.5)

The contact locus is of type II, therefore z � x1. We want to stress that this is the only
point in the proof where we use the assumption that Γ is of type II.

If Az X Tx2X � H, by Equations (3.1.5) and (3.1.5) we have

codimTpΓ1
yq
pTpΓ1

yq X xTx1 ,Tx2yq ¤ n

and we conclude TyX X xTx1 ,Tx2y � H, that is τX2 is of fiber type.
Assume that AzXTx2X � H. Then we consider the span xAz,Tx2y. By semicontinuity

to this linear space is associated a contact locus and we set Γ2
z its irreducible component

passing through z. As before we have

codimTpΓ2
zq
pTpΓ2

zq X Tx2q � n� 1,
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and by Equations (3.1.5) and (3.1.5) we conclude that

codimTpΓ2
zq
pTpΓ2

zq X xTx1 ,Tx2yq ¤ n.

This yields
Aw X xTx1 ,Tx2y � H, (3.1.5)

for any point w P Γ2
z. We have z � x1, then the general choice of the points xi, and the

assumption that X is not 2-defective ensure that

Aw X Tx1X � H (3.1.5)

for general w P Γ2
z.

We set Γ1
w the irreducible component through w of the contact locus associated to

xAw,Tx1Xy. Again z � x1 and the general choice of the xi ensure that z R Γ1
w. In

particular
Γ1
w � Γ2

z.

Set
S2 :�

¤
vPΓ1

y general
Γ2
v.

Then Γ2
z is in the closure of S2 and, for p P Γ1

y general, Γ1
y is in the closure of¤

wPΓ2
p general

Γ1
w.

Hence Γ1
y is in the closure of

S1 :�
¤

wPΓ2
z general

Γ1
w.

In particular the general point of S1 is a general point of X. By construction we have

codimTpΓ1
wq
pTpΓ1

wq X Tx1Xq ¤ n� 1.

Equations (3.1.5) and (3.1.5) then give

codimTpΓ1
wq
pTpΓ1

wq X xTx1 ,Tx2qy ¤ n

and this concludes the proof.

We are ready to prove our main result that connects twd and defectiveness.

Theorem 3.1.6. Let X � PN be an irreducible, reduced, and non degenerate variety of
dimension n. Assume that:

a) X is k-twd,

b) X is not pk � 1q-twd
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c) k ¡ n and N ¥ pk � 1qpn� 1q � 1.

Then πXk�1 is of fiber type.

Proof. Thanks to Lemma 3.1.5 we may assume that the contact locus is of type I. By
hypothesis the variety X is k-twd. Let A � tx1, . . . , xku � X be a set of general points
and Γ :� ΓpAq the associated contact locus of dimension γ ¡ 0. Let z P xAy be a general
point, τk :� τXk : X 99K PM the k-tangential projection associated to A, and y P X a
general point. For a general set Y :� ty1, . . . , yk�1u � Γ let ΓpY Ytyuq be the contact locus
associated to ty1, . . . , yk�1, yu.

Assume that πXk�1 is not of fiber type. then, by i) in Lemma 3.1.4 τk is not of fiber type
and by point iii) in Lemma 3.1.4, τkpΓpY Y tyuq is a linear space of dimension γ through
z :� τkpyq. This gives a map

χ : Hilbk�1pΓqred 99K Gpγ � 1,M � 1q

Y � ty1, . . . , yk�1u ÝÑ τkpΓpy1, . . . , yk�1, yqq
The point z is smooth hence all the linear spaces τkpΓpY Y tyuq sit in TzτkpXq � Pn.

In other words we have a map

χ : Hilbk�1pΓqred 99K Gpγ � 1, n� 1q � Gpγ � 1,M � 1q.

Note that dimGpγ � 1, n � 1q � γpn � γq and dimHilbk�1pΓq ¥ pk � 1qγ. By hypothesis
k ¡ n and γ ¡ 0 hence we have

pk � 1qγ ¡ γpn� γq.

Then the map χ is of fiber type and fibers have, at least, dimension γpk � n� γ � 1q.
Set rY1s, rY2s P χ�1prΛsq general points, for rΛs P χpHilbk�1pΓqredq � Gpγ � 1, n� 1q a

general point. The variety X is not pk � 1q-twd and we are assuming that πXk�1 is not of
fiber type therefore, by ii) in Lemma 3.1.4,

dimpΓX ΓpYi Y tyuqq � 0,

in a neighborhood of yi. Since the fiber of χ is positive dimensional we have

ΓpY1 Y tyuq � Y2. (3.1.6)

The contact loci are irreducible then, by Equation (3.1.6), we conclude that

ΓpY1 Y tyuq � ΓpY2 Y tyuq.

Therefore, by point iii) in Lemma 3.1.4, the positive dimensional fiber of χ induces a positive
dimensional fiber of τk and we derive, by point i) Lemma 3.1.4, the contradiction that that
πXk�1 is of fiber type.
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Remark 3.1.7. Both assumption b) and c) alone are reasonable and not over-demanding.
Unfortunately the combination of them is quite restrictive and narrows the range of appli-
cation we are aiming at.

We believe the statement is not optimal with respect to assumption c). But we are not
sure it is true, in full generality, without any assumption of this kind. On the other hand
we strongly believe that for many interesting varieties, like Segre, Grassmannian, Veronese
and their combinations, twd can occur only one step before the secant map becomes of fiber
type. This is not the case for weakly defectiveness as is shown in [BV18]. In [BV18, Theorem
1.1 a)] it is proven that Gp2, 7q is 2 and 3 weakly defective without being 3-defective. Note
that this variety is 3-twd and it is not 2-twd.

The next result generalizes the main result in [BBC�18] and it allows to avoid the bot-
tleneck introduced by conditions b) and c) of Theorem 3.1.6 in many interesting situations.

Lemma 3.1.8. Let X � PN be an irreducible, reduced, and non degenerate variety. As-
sume that X is not 1-twd and πXk�1 is generically finite, in particular X is not pk � 1q-
defective. If X is k-twd then γk   γk�1.

Proof. The variety X is not 1-twd, then we may assume, without loss of generality, that

γk�1   γk � γk�1.

Then γk�1   n and Seck�1pXq � PN , hence by e) in Theorem 3.1.1, the contact loci are
of type II and linearly independent linear spaces. Fix tx1, . . . , xk, yu � X a set of general
points and let

Γpx1, . . . , xk, yq � Yk1Pi Y Py

the contact locus. Moreover the assumption γk � γk�1 and point a) in Theorem 3.1.1 force

Γpx1, . . . , xk�1, yq � Yk�1
1 Pi Y Py,

with the same Pi’s. Then£
yPX

xTx1X, . . . ,Txk�1X,TyXy � xTzXyzPPi,i�1,...,k�1

We are assuming that γk�1   γk therefore

Pi � Γpx1, . . . , xk�1q,
and we have a proper inclusion

xTzXyzPPi,i�1,...,k�1 � xTx1X, . . . ,Txk�1Xy.
Set

MAi � xTx1X, . . . ,Txk�1X,TyiXy,
for general points y1, y2 P X. Then we have

MA1 XMA2 � xTzXyzPPi,i�1,...,k�1 � xTx1X, . . . ,Txk�1Xy.
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and we conclude that
pMA1 XMA2q X Tyi � H.

This shows that
xTx1X, . . . ,Txk�1X,Ty1Xy X Ty2X � H.

hence the k-tangential projection τXk is of fiber type and by Lemma 3.1.4 we derive the
contradiction that πXk�1 is of fiber type.

Remark 3.1.9. Let us recall that 1-twd varieties are classified in [GH79] and are essentially
generalized developable varieties. In particular they are ruled by linear spaces and, with
the unique exception of linear spaces, they are singular.

We are ready to apply the above results to get not tangentially weakly defectiveness
and hence identifiability statements.

Corollary 3.1.10. Let X � PN be an irreducible, reduced, and non degenerate variety
that is not 1-twd, for instance a smooth variety or a variety that is not covered by linear
spaces. Assume that πXk is generically finite and k ¥ dimX.

Then X is not pk�dimXq-twd and it is not pk�dimX�1q-twd if πXk is not dominant.
If moreover either k ¡ 2 dimX or πXk is not dominant and k ¥ 2 dimX then X is not
pk � 1q-twd.

In all the above cases X is h-identifiable.

Proof. By hypothesis πh is generically finite for any h ¤ k. Then by Theorem 3.1.8 if it is
j-twd

γj   γj�1.

The contact locus is a subvariety of X, hence γk�dimX � 0. This proves the first statement.
If πXk is not dominant then the contact locus is a proper subvariety and we have

γk�dimX�1 � 0.
Assume that k ¥ 2 dimX then by the first part X is not j-twd for some j ¡ dimX.

Then we apply Theorem 3.1.6 recursively to conclude. We derive identifiability by Propo-
sition 3.1.2.

Remark 3.1.11. The first part of Corollary 3.1.10 extends the bounds in [BBC�18] to non
1-twd varieties. The main novelty is the second part that allows to derive identifiability
from non defectiveness for large enough secant varieties.

3.2 Application to tensor and structured tensor spaces

As we already mentioned identifiability is particularly interesting for tensor spaces. In this
section we use our main result to explicitly state identifiability of a variety of tensor spaces.
For this we will consider Segre, Segre-Veronese and Grassmannian varieties and their h-twd
properties.

Let us recall some notation
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Notation 3.2.1. Let n � pn1, . . . , nrq and d � pd1, . . . , drq two multiindices. The variety
SV n

d is the Segre-Veronese embedding

νn
d : Pn1 � � � � � Pnr Ñ P

±�ni�di
ni

�
�1

via the complete linear system |OPn1 pd1q b � � � bOPnr pdrq|.
When all di’s are one we have the Segre embedding and we let SV n :� SV n

p1,...,1q and
SV n,r :� SV

pn,...,nq
p1,...,1q � pPnqr. The expected generic rank is

grpSV n
d q � r

±�ni�di
ni

�
p°niq � 1 s

Using the notations in [AOP09] we define

spSV n
d q :� t

±�ni�di
ni

�
p°niq � 1 u.

For simplicity in the case n1 � ... � nr � n and d1 � ... � dr � 1 we set
srn :� spSV n,rq

The variety Gpk, nq is the Grassmannian parameterizing k�planes in Pn embedded in
Pp�k�1 V q via the Plücker embedding. The expected generic rank is

grpGpk, nqq � r

�
n�1
k�1
�

pn� kqpk � 1q � 1 s

Remark 3.2.2. Note that we always have

spSV n
d q ¥ grpSV n

d q � 1

and equality occurs only when
±pni�dini

q
p
°
niq�1 is not an integer. In particular for any h   spXq

we have SechpXq � PN .
The defectiveness of Segre and Segre-Veronese varieties is in general very far from being

completely understood, [AOP09] [AB09] [AMR19], but it is in better shape than their
identifiability. For the latter the best asymptotic bounds we are aware of is in [BBC�18].

Before applying Theorem 3.1.6 to many examples of tensors spaces, let us recall the
table of identifiability of tensors of bounded dimension given in [COV14, Theorem 1.1].
Theorem 3.2.3. A generic tensor T P X � Cn1 b � � � bCnd of subgeneric rank r   grpXq
is r�identifiable if

±
1¤i¤d ni ¤ 15000 except pn1, . . . , ndq in the following list:

pn1, . . . , ndq r

p4, 4, 3q 5
p4, 4, 4q 6
p6, 6, 3q 8
pn, n, 2, 2q 2n� 1
p2, 2, 2, 2, 2q 5

unbalanced case r ¥±i¥2 ni �
°
i¥2pni � 1q
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Theorem 3.2.4. Let X � SV 1,k � pP1qk. Then X is not h-twd and hence h-identifiable
in the following range:

- pk, hq � p2, 1q, p3, 2q, p4, 2q, p5, 4q, p6, 9q,

- k ¥ 7 and h   spXq

Proof. For k ¤ 5 this is well known, and can be easily checked also via a direct computation
with commutative algebra software [Mac92]. For k � 6 this has been checked in [BC13] by
a computer aided computation. Let us fix k ¥ 7. By [CGG11, Theorem 4.1] X is never
defective. In particular the morphism πXh is generically finite for h ¤ sk1. When k ¥ 7 we
have

2 dimX � 2k   2k
k � 1 � 1   sk1,

then we can apply Corollary 3.1.10.

Remark 3.2.5. The Theorem answers positively Conjecture 1.2 in [BC13] when the generic
rank is an integer, that is 2k

k�1 P N. For k ¤ 6 the one listed are the only identifiable cases.

For 3-factors Segre we plug [CO12] directly in Theorem 3.1.6 to get the following.

Theorem 3.2.6. Let X � SV n,3. Then X is h-identifiable for h   spXq.

Proof. For n ¤ 7 the statement is proved in [CO12, Theorem 1.2]. For n ¡ 7, by [Lic85],
the variety X is not h-defective for h ¤ s3

n and by the results in [CO12] X is not h-twd
for h � 3n, confront the table in [CO12, Theorem 1.2] . Then we are in the condition to
apply Theorem 3.1.6 recursively to prove that X is not h-twd, and hence identifiable, for
h   s3

n.

For general diagonal Segre we have a similar statement using [AOP09].

Theorem 3.2.7. Let X � SV n,k, with n ¥ 2 and k ¥ 4. Let

n ¥ δpXq � skn modpn� 1q

Then X is not h-twd and hence h�identifiable for h   spXq � δpXq. In particular when
δpXq � 0 X is h-identifiable for all h   spXq.

Proof. Using the notations in [CO12, Theorem 6.7] let α be the greatest integer such that
n� 1 ¥ 2α. First we prove the statement for all but finitely many cases.

Claim 1. If
pk, nq R

"
(k,6) with k ¤ 6, (k,5) with k ¤ 5,
(k,4) with k ¤ 5, (k,3) with k ¤ 4

*
then X is h�identifiable for h   spXq � δpXq
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Proof. By [AOP09, Theorem 5.2] we know that X is not h-defective as long as h ¤ spXq�
δpXq. The variety SV n,k is not h�twd for

h ¤ 2pk�1qα�pk�1q � 2pk�1qpα�1q

by [CO12, Theorem 6.7]. Let us assume that n � 2. A short hand computation shows that

2pk�1qpα�1q ¡ dimpXq � kn

is satisfied for every pk, nq in the list. Then, using recursively Theorem 3.1.6, we conclude.

For the case n � 2 it is easy to check that the inequality

sk2 � t
3k

2k � 1 u� δpSV 2,kq ¡ 4k � 2dimpSV 2,kq

is satisfied for every k ¥ 5 and so we can conclude using Corollary 3.1.10. When pk, nq �
p6, 6q, p5, 6q we have the inequalities

s6
6 � δpSV 6,6q ¡ 2 � 36 � 2 dimSV 6,6

and
s5

6 � δpSV 5,6q ¡ 2 � 30 � 2 dimSV 5,6

Then we conclude by Corollary 3.1.10.
For all the remaining cases we have that pn � 1qk ¤ 15000 and we conclude by Table

3.2.3.

The next class of Segre varieties we treat in details is given by

SV rk, ns :� Pk � pPnqk�1.

For these varieties we have

grpSV rk, nsq � pk � 1qpn� 1qk�1

pk � 1qn� k � 1 � pn� 1qk.

In particular grpSV rk, nsq � spSV rk, nsq is always an integer, that is SV rk, ns is always
perfect. Thanks to this special condition we have the following.

Theorem 3.2.8. Let X � SV rk, ns with n odd and k ¡ 1. Then X is h�identifiable for
h   grpXq.
Proof. The proof is entirely similar to that of Theorem 3.2.7. Indeed by [AOP09, Theorem
5.11] we know that all these Segre are non defective. If

pk, nq � p4, 1q, p3, 1q, p2, 1q, p2, 3q, p2, 5q
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the inequality
pn� 1qk ¡ 2pk � kn� nq � 2dimpXq

is satisfied and we conclude using Corollary 3.1.10. For all the exceptional cases we have

pk � 1qpn� 1qk�1 ¤ 15000

hence we may use Table 3.2.3.

Remark 3.2.9. Defective Segre are expected to be quite rare, beside the unbalanced ones,
see the conjecture in [AOP09]. This conjecture has been checked via a computer in many
cases, [VVM15] [COV14]. For all these special values our argument gives identifiability
confirming the numerical computation in [COV14].

Next we apply the same strategy to Segre–Veronese varieties. For this class of varieties
the defectiveness results are much weaker and so are our bounds. Again the special case of
binary forms is in better shape. We start recalling the notation of [LP13].

Definition 3.2.10. We say that pd1, ..., dr;nq is special if

pd1, ..., dr;nq � p2, 2a; 2a� 1q, p1, 1, 2a; 2a� 1q, p2, 2, 2; 7q, p1, 1, 1, 1; 3q

for a ¥ 1. Otherwise pd1, ..., dr;nq is called not special.

Theorem 3.2.11. Let X � SV
p1,...,1q

d with r � dimpXq. Assume that pd1, ..., dr;nq is not
special and r ¥ 6. Then X is h�identifiable for h   spXq.
Proof. We are assuming that pd1, ..., dr;nq is not special. Then, by [LP13, Theorem 2.1],
the variety X is not h-defective for h ¤ grpXq. Thanks to Theorem 3.2.4 we may assume,
without loss of generality that d1 ¡ 1 and we have

spXq � t
pd1 � 1q � � � pdr � 1q

r � 1 u ¥ 3 � 2r�1

r � 1 � 1.

In particular
3 � 2r�1

r � 1 � 1 ¡ 2r � 2 dimpXq

holds for every r ¥ 6.
The variety X is not 1-twd and so we conclude by Corollary 3.1.10.

For general Segre-Veronese we have the following.

Theorem 3.2.12. Let X :� SV n
d be the Segre–Veronese variety. Assume r ¥ 2,

n
tlog2pd�1qu
1 ¥ 2pn1 � . . .� nrq,

and set d � d1 � . . .� dr. Then X is h�identifiable for h ¤ n
tlog2pd�1qu
1 � 1.
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Proof. By [AMR19, Theorem 1.1] X is not h-defective for

h ¤ n
tlog2pd�1qu
1 � pn1 � ...� nrq � 1.

In our numerical assumptions SechpXq � PN and we may assume

h ¥ 2 dimX.

Then we conclude by Corollary 3.1.10.

Remark 3.2.13. For the Veronese variety of Pn, that is SV n1
d1

it is easy, via Corollary 3.1.10
and [AH95], to reprove the identifiability results in [Mel06] and [COV17].

As in the Segre case, for special classes of Segre–Veronese there are better non defective-
ness results. Here we recall the notation in [AB09]. LetX :� SV

pm,nq
p1,2q be the Segre-Veronese

variety Pm � Pn embedded by Op1, 2q in PN where

N � pm� 1q�n�2
2
�� 1

Let

rpm,nq �
#
m3 � 2m if m even and n odd
pm�2qpm�1q2

2 otherwise
and

spXq � t
pm� 1q�n�2

2
�

m� n� 1 u

the meaningful numbers of X. With this in mind we have the following.

Corollary 3.2.14. Let X � SV
pm,nq
p1,2q . If n ¡ rpm,nq and

t
pm� 1q�n�2

2
�

m� n� 1 u ¥ 2pm� nq

then X is not h�twd and hence h�identifiable for h   spXq.
Proof. In our range X is not h-defective by [AB09, Theorem 1.1] and SechpXq � PN .
Moreover

spXq � t
pm� 1q�n�2

2
�

m� n� 1 u ¥ 2pm� nq � 2 dimX

and we may apply Corollary 3.1.10 to conclude.

Let us consider now the case of Pm � Pn embedded with Op1, dq for d ¥ 3.

Corollary 3.2.15. Let X � SV
pm,nq
p1,dq with d ¥ 3 and m,n ¥ 1. Let

spXq � max

#
s P N|s is a multiple of pm� 1q and s ¤ t

pm� 1q�n�dd �
m� n� 1 u

+
If spXq ¡ 2pm� nq then X is not h-twd and hence h-identifiable for h   spXq.
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Proof. By [BCC11, Theorem 2.3] X is not h-defective for h ¤ spXq and SechpXq �
Ppm�1qpn�dd q�1.

X is smooth, in particular it is not 1-twd. Since

spXq ¡ 2pm� nq � 2 dimpXq

we can apply Corollary 3.1.10 to conclude.

Remark 3.2.16. Similar statements about subgeneric identifiability of Pn� P1 embedded
with Opa, bq can be derived applying Corollary 3.1.10 using the non defectiveness results in
[BBC12].

Finally we consider Grassmannian varieties. For this class of tensor spaces very few
is known about identifiability. To the best of our knowledge the following is the first non
computer aided result for them.

Theorem 3.2.17. Let X � Gpk, nq such that 2k � 1 ¤ n. Assume that

t

�
n� 1
k � 1


tlog2pkqu

u ¥ 2pn� kqpk � 1q

Then X is h�identifiable for

h ¤
�
n� 1
k � 1


tlog2pkqu

� 1

Proof. By [MR17, Theorem 5.4] in our numerical rangeX is not h�defective and SechpXq �
PN . Then we conclude by Corollary 3.1.10.

The technique we developed can be applied to many other classes of varieties, once it is
known their defectiveness behavior. As a sample we conclude with the following example.

Example 3.2.18. C. Améndola, J.-C. Faugère, K. Ranestad and B. Sturmfels in [AFS16]
and [ARS18] studied the Gaussian moment variety

G1,d � Pd

whose points are the vectors of all moments of degree ¤ d of a 1�dimensional Gaussian
distribution. They proved that G1,d is a surface for every d and SechpG1,dq has always the
expected dimension. In [BBC�18, Example 5.8] it is shown that G1,d is not uniruled by
lines, in particular it is not 1-twd. As usual let

spG1,dq � t
d� 1

3 u ¥ grpG1,dq � 1

Then by Corollary 3.1.10 G1,d is h-identifiable, for h   spG1,dq when d ¥ 14.

In Section 5 we will see another application of our technique to particular tensor spaces,
called Flag varieties.
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Chapter 4

Defectiveness and identifiability:
generic rank

Why generic identifiability?

For statistical inference, it is meaningful to know if a probability distribution, arising
from a model, uniquely determines the parameters that produced it. When this happens,
the parameters are called identifiable. There are no useful models where all distributions are
identifiable. Then the notion of generic identifiability for parametric models has been con-
sidered for instance in [AMR�09] and in [RS12]. Conditions which guarantee the uniqueness
of decomposition, for generic tensors in the model, are quite important in the applications.
When generic identifiability holds, the set of non-identifiable parameters has measure zero,
thus parameter inference is still meaningful. Notice that many decomposition algorithms
converge to one decomposition, hence a uniqueness result guarantees that the decompo-
sition found is the chased one. We refer to [KB09b] and its huge reference list, for more
details.

From a purely theoretical point of view, the study of unique decompositions, or canonical
forms in the early XXth century dictionary, has connection with both invariant theory,
[Hil88], and projective geometry, [Pal03]. It is already over a decade, [Mel06], that generic
identifiability of symmetric tensors has shown its close connection to modern birational
projective geometry and especially to the maximal singularities methods. In a series of
papers, [Mel06] [Mel09] [GM19], the generic identifiability problem for symmetric tensors
has been completely solved.

This chapter is devoted to extend this theory to arbitrary tensors and can be considered
as a first step, similar to [Mel06], in this direction. As for the symmetric case it is expected
that identifiability is very rare and our result support this convincement.

The main tool in [Mel06] was the use, after [CC02], of non weakly defective varieties to
study identifiability.

In recent years the notion of tangential weakly defectiveness, introduced in [CO12], has
gradually substituted the weak defectiveness and proved valid to study generic identifiability
of subgeneric tensors, [CO12] [BDDG07] [BC13] [BCO14] [Kru77] [CM19]. In particular
thanks to the main result in [CM19] (see Chapter 3) for the generic identifiability we
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may assume without loss of generality the non tangential weakly defectiveness under mild
numerical assumptions.

Tangential weak defectiveness does not behave as weak defectiveness with respect to
the maximal singularities method. Therefore in this chapter we develop tools to plug in
maximal singularities methods for non tangentially weakly defective varieties. In this way
we are able to prove the non generic identifiability of many partially symmetric tensors.

4.1 Properties of contact locus for non twd varieties
Let us recall the main notation that we will use throughout this chapter. As always let
X � PN be an irreducible and reduced non-degenerate variety with

πXh :� π|sechpXq : sechpXq Ñ PN

the h-secant map of X.
We call g :�: gpXq the rank of a general point and we say that X � PN is perfect if

N � 1
dimX � 1 P N

Remark 4.1.1. Note that πXg is generically finite if and only if X is perfect and not
defective. These are therefore necessary condition for identifiability.

Definition 4.1.2. Let X � PN be a non-degenerate variety and tx1, . . . , xhu � X general
points. The variety X is said h-weakly defective if the general hyperplane singular along
h general points is singular along a positive dimensional subvariety passing through the
points. Let H P Hphq :� |Ip1qx2

1,...,x
2
h
| be a general section, we call ΓhpHq its locus of

tangency passing through x1, . . . , xh.

Definition 4.1.3. For a linear system H we set

ΓpHq :�
£
HPH

SingpHq

the common singular locus.

Remark 4.1.4. We want to stress that, by [CC02], if ΓhpHq is zero dimensional in a
neighborhood of tx1, . . . , xhu then ΓhpHq � tx1, . . . , xhu,

For a subset A � tx1, . . . , xhu � X of general points we set

MA :� x
¤
i

TxiXy.

and we denote with ΓhpAq its h-tangential contact locus.
Remark 4.1.5. Note that in general it is difficult to predict the behavior of ΓpHphqq for
non h-twd varieties. By definition ΓpHphqq is zero dimensional in a neighborhood of the
assigned singular points but not much is known about singular components away from these.
Our Proposition 4.1.14 is a first attempt to study this problem, under strong hypothesis.
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Remark 4.1.6. By definition τh is the rational map associated to the linear system Hphq �
|Ix2

1...,x
2
h
p1q|.

In this section we study properties of the contact loci Γg�1pHq (for a general H P Hpg�
1q) of projective varieties that are non defective and not pg�1q-twd. In particular in view of
applications to Noether–Fano inequalities we are interested in studying the infinitesimally
near singularities of H.

We start recalling [CC02, Proposition 3.6] and its generalization to twd. This Proposi-
tion will be useful to reduce the study of Γg�1pHq to the special case of g � 2.

Proposition 4.1.7. Let X � PN be an irreducible and reduced non degenerate variety.
Assume that X is not h-defective and hpdimX � 1q � 1   N . Let Xs � τspXq be a general
tangential projection.

i) X is h�weakly defective if and only if Xs is ph� sq�weakly defective.

ii) X is h�twd if and only if Xs is ph� sq�twd.

Proof. Point i) is [CC02, Proposition 3.6].
Point ii) is a simple adaptation of point i) substituting weakly defectiveness with twd.

For future reference we observe the following fact.

Lemma 4.1.8. Let Z � Pn be a reduced projective variety of dimension dimpZq � a.
Then codim |IZp1q| ¥ a� 1 and equality is fulfilled only by linear spaces.

Proof. If Z is a linear space there is nothing to prove. Assume that Z is not a linear space,
then dimxZy ¡ dimZ. We have

codim |IZp1q| � codim |IxZyp1q| � dimxZy � 1 ¡ dimZ � 1.

Definition 4.1.9. Let X � PN be an irreducible and reduced non-degenerate and non
h-defective variety. Let tx1, . . . , xhu � X be a set of general point and Hphq � |Ix2

1,...,x
2
h
p1q|

the linear system of hyperplane sections singular in tx1, . . . , xhu. Set

Wh :� tpH,xq|H P Hphq, x P ΓhpHqu P H�X

and πh1 : Wh Ñ Hphq, πh2 : Wh Ñ X the two canonical projections. We denote with
Wh :� πh1 pWhq � Hphq.

It is clear that Ws � |Ix2
1,...,x

2
h
p1q| for any h   s. Then we may identify Ws as a

subvariety of Wh for any h ¤ s. Our next aim is to prove, in some cases, a more precise
result.
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Proposition 4.1.10. Assume that X is perfect and not defective with general rank g. Set
H :� Hpg � 2q � |Ix2

1,...,x
2
g�2
p1q| and assume

dimpΓg�1pHqq � a,

for H P Hpg � 1q. Then we have codimHpg�2qpWg�1q � a� 1.

Proof. The variety X is not defective, then dimpHpg� 2qq � 2n� 1. By a parameter count
we have dim Wg�1 � 2n.

By definition for a general rHs PWg�1 we have

dimpπ�1
1 pHqq � dimtx P X|x P Γg�1pHquq � dim Γg�1pHq

therefore we conclude that

dimpWg�1q � dimpWg�1q � dimpπ�1
1 pHqq � 2n� a

yielding codimHpg�2qpWg�1q � a� 1.

The following result is already implicitly used in [CC02] but we state it as a Proposition
for the reader convenience.

Proposition 4.1.11. LetX � P2 dimX�1 be an irreducible, reduced non-degenerate variety.
Assume that X is not defective and not 1�twd. Then for a general tangent hyperplane
H P Hp1q, the singular locus Γ1pHq is a linear space. In particular, under the hypothesis,
also ΓpHp1qq is a linear space.

Proof. If X is not 1-weakly defective, by Remark 4.1.4, Γ1pHq is a point. Assume that X
is 1-weakly defective and dim Γ1pHq � a. Let x P X be a general point and H P Hp1q a
general tangent section in x. Let us consider the variety

W1 � |Op1q| �: H

parametrizing singular hyperplane sections. Proposition 4.1.10 yields codimHpW1q � a� 1
and so codimpTrHsW1q � a� 1. On the other hand, by the infinitesimal Bertini’s theorem
[CC02, Thm 2.2], we have

TrHsW1 � Hp�SingpHqq
and so codimHpHp�Γ1pHqqq ¤ a� 1.

Hence we conclude by Proposition4.1.8 that Γ1pHq is a linear space.

Lemma 4.1.12. Let X � PN be an irreducible, reduced non-degenerate projective variety.
Assume that X is 1�weakly defective with dimpΓ1pHqq � a, for H P Hp1q a general tangent
hyperplane. Then a general hyperplane section X 1 of X satisfies dimpΓ1pH 1qq � a� 1, for
H 1 a general tangent hyperplane to X 1.
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Proof. Let x P X be a general point, H P |Ix2p1q| a general hyperplane section singular at
x and L P |Ixp1q| a general hyperplane section passing through x. The divisor L is smooth
in a neighborhood of x and Bs |Ixp1q| � txu. Hence, by Bertini’s theorem,

dimpSingpHq X Lqq � dim Γ1pHq � 1 � a� 1

To conclude observe that H|L is a general tangent section of L at x.

Let pz1, . . . , znq be a system of local coordinates at the point px P Xq � pp0, . . . , 0q P Cnq.
Every divisor H P |Ix2p1q| can be expressed locally as

H � pQHpz1, . . . , znq �
¸
d¥3

Fdpz1, . . . , znq � 0q

where QHpz1, . . . , znq P Crz1, . . . , zns2 is a Quadric and Fd are homogeneous polynomials
of degree at least 3. The rank of the double point x P H is by definition the rank of the
Quadric QH . The singular locus A � SingpQHq is a linear space A � Cn of dimension

dimpAq � dimpXq � rankpQHq

It is called the asymptotic space of H at the point x. Let ν : X 1 Ñ X be the blow up of X
at x with exceptional divisor E. Under the identification

E � PppTxXq�q � Pn�1

we have that
ν�1
� pHq X E � PpQHq

and
Singpν�1

� pHqq X E � PpAq
Note further that to every point y P E we can associate uniquely a line ly P TxX corre-
sponding to the tangent direction represented by y.

With this notation in mind we are going to improve Proposition 4.1.11.

Proposition 4.1.13. Let X � P2 dimX�1 be an irreducible, reduced non-degenerate pro-
jective variety. If X is not defective PpSingpQHqq � ν�1

� pΓ1pHqq X E.

Proof. Let H P Hp1q be a generic hyperplane section singular at x. If dimpΓ1pHqq � 0,
by [CC02, Theorem 1.4], x is an ordinary double point of H. Thus QH is a Quadric of
maximal rank.

Assume dimpΓ1pHqq � a ¡ 0. By Proposition 4.1.11 it is enough to prove that
rankpQHq � dimX � a � 1. Let ν : X 1 Ñ X be the blow up of X at the general point
x P X, with exceptional divisor E, and H 1 � ν�1

� pHq the strict transform of H. We have

ν�1
� pΓ1pHqq X E � SingpH 1q
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We already observed that SingpH 1q X E � PpSingpQHqq hence

ν�1
� pΓ1pHqq X E � PpSingpQHqq.

This leads to
rankpQHq ¤ dimpXq � a� 1.

Let H1, . . . ,Ha P Hp1q be general sections. Then Lemma 4.1.12 yields that Xa :� H1 X
. . .XHa is not 1�weakly defective. Hence, by the first part of the proof, we conclude

rankpQHq ¥ dimpXq � a� 1

and finish the proof.

We take the opportunity to stress a property of ΓpHpg�1qq for non twd varieties, recall
Remark 4.1.5.

Proposition 4.1.14. Let X � PN be a non defective, perfect, irreducible, reduced and
non-degenerate variety with general rank g. Assume that X is not pg � 1q-twd. Then
xTx1X, . . . ,Txg�1Xy is tangent only along a zero dimensional scheme.

Proof. Let
W � xTx1X, . . . ,Txg�1Xy XX

be an irreducible component of the locus where xTx1X, . . . ,Txg�1Xy is tangent to X. By
Proposition 4.1.7 we have that Xg�2 :� τg�2pXq is not 1-twd and not defective, where τg�2
is the linear projection from xTx2X, . . . ,Txg�1Xy.
Claim 2. τg�2pW q � τg�2px1q
Proof. Let y � τg�2px1q and H P |Iy2p1q| a general tangent hyperplane section. By Propo-
sition 4.1.7 Xg�2 is not 1-twd and by Proposition 4.1.11 Γ1pHq is a linear space, therefore

Γ1pHq X TyXg�2 � y.

On the other hand, by construction, we have

τg�2pW q � Γ1pHq,

and this proves the claim.

The variety X is not defective and y � τg�2px1q is a general point of Xg�2. Therefore
τ�1
g�2pyq is a finite scheme and we conclude by the Claim that W is 0-dimensional.

Remark. It would be very interesting to understand if the result in Proposition 4.1.14 is
true for smaller values of the rank. Unfortunately our proof is based on Proposition 4.1.11
and cannot be extended in this direction.

The following is the main result of this section.
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Theorem 4.1.15. Let X � PN be a projective irreducible,reduced and non-degenerate
variety of general rank g. Let tx1, ..., xg�1u be general points on X and H � Hpg � 1q.
Assume that:
- X is perfect and non defective

- X is not pg � 1q-twd
Then there is a variety Y and a birational map ν : Y Ñ X with the following property: for
any ε ¡ 0 there is a Q-divisor D, with D � ν�1

� H such that for any point y P Y
multyD   1� ε.

Proof. The varietyX is non defective and not pg�1q-twd Therefore, by [CM19, Theorem 18]
the tangential projection τg�2, from tx2, . . . , xg�1u is birational. LetXg�2 � τg�2pXq be the
image of the tangential projection and define H1 :� pτg�2q�H. Then, by Proposition 4.1.7
Xg�2 P P2 dimX�1 is not defective and not 1-twd.

Let σ : Z Ñ Xg�2 be the blow up of the point τg�2px1q, with exceptional divisor E and
HZ � σ�1

� H1.

Claim 3. ΓpHZq is empty.

Proof of the Claim. By Proposition 4.1.11 the singular locus Γ1pHq is a linear space. The
variety Xg�2 is not 1-twd therefore ΓpH1q � τg�2px1q. This is enough to show that ΓpHZq �
E.

Assume that there is a point z P ΓpHZq X E and denote by lz � P2 dimX�1 the corre-
sponding line in the projective space. By Proposition 4.1.13 this forces lz � Γ1pHq and the
contradiction lz P ΓpH1q.

Let Y be the completion of the Cartesian square

Y
η //

ν

��

Z

σ

��
X τg�2

// Xg�2

and HY � ν�1
� pHq � η�1

� pHZq the strict transform linear system. By construction and
Claim 3 the set ΓpHY q is contained in the locus where η is not an isomorphism. On the
other hand, by monodromy, the same should be true for a different choice of pg� 2q points
in tx1, . . . , xg�1u. Thanks to the general choice of the points tx1, . . . , xg�1u this is enough
to show that ΓpHY q is empty. In particular for any y P Y there are divisors H P HY with
multyH ¤ 1. To conclude we construct the divisor

D � 1
M

M̧

1
Hi,

for Hi P HY general. The locus ΓpHY q is empty therefore we may assume that for any
y P Y there are at most dim HY divisors in tHiui�1,...,M singular in y. This is enough to
conclude.
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4.2 Noether–Fano inequalities and generic identifiability

In this section we apply the previous results on the singular locus of linear system Hpg� 1q
to produce non generic identifiability statements. We start recalling two results in this area.

Theorem 4.2.1 ([Mel06]). Let X � PN be a projective, irreducible non-degenerate vari-
ety. Suppose that X is generically identifiable. Then the pgpXq � 1q-tangential projection
τgpXq�1 : X 99K PdimpXq is birational.

Theorem 4.2.2 (Noether-Fano Inequalities [Cor95]). Let π : X Ñ X 1 and ρ : Y Ñ Y 1 be
two Mori fiber spaces and ϕ : X 99K Y a birational, not biregular, map

X
ϕ //

π
��

Y

ρ
��

X 1 Y 1

Choose a very ample linear system HY in Y and let HX � ϕ�1
� pHY q. Let a P Q such

that HX � �aKX � π�pAq for some divisor A P PicpSq.
Then either pX, 1

aHXq has not canonical singularities or KX � 1
aHX is not NEF.

We are ready to connect the contact loci properties and the Noether–Fano inequalities
to produce a tool for non identifiability statements.

Theorem 4.2.3. Let Xn � PN be a projective smooth non-degenerate variety and τg�1 :
X 99K PdimX be a general tangential projection, associated to the linear system H :�
Hpg � 1q. Assume that

- π : X Ñ S is a structure of a Mori fiber space such that

H �π �aKX � π�pAq

with a ¡ 1 a rational number and A P PicpSq
- The Q-divisor KX � 1

aH is NEF

- X is not pg � 1q�twd
Then τg�1 is not birational, in particular X is not generically identifiable.

Proof. If πXg : secgpXq Ñ PN is of fiber type then τg�1 is of fiber type, see for instance
[CM19, Lemma16 (i)], and we conclude, by Theorem 4.2.1, that X is not identifiable.

Then we may assume that X is perfect and not defective. In particular τg�1 is a not
biregular map onto PdimX .

By Theorem 4.1.15 there is a variety Y and a birational map ν : Y Ñ X with the
following property: for any ε ¡ 0 there is a Q-divisor D, with D � ν�1

� Hpg � 1q such that
for any point y P Y

multyD   1� ε.
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In particular pY, 1
aν

�1
� pHpg�1qqq and henceforth pX, 1

aHpg�1qq have canonical singularities.
Then, by Theorem 4.2.2 applied to the diagram

X
τg�1 //

π

��

PdimX

��
S SpecC

,

the map τg�1 cannot be birational and therefore X is not generically identifiable by Theo-
rem 4.2.1.

We are ready to prove the non identifiability statement announced in the introduction.
Let n � pn1, . . . , nrq and d � pd1, . . . , drq be two r�uples of positive integers and

consider the Segre-Veronese variety SV n
d , i.e. the embedding

νn
d : Pn1 � � � � � Pnr Ñ P

±pni�dini
q�1

via the complete linear system |π�1 OPn1 pd1q b ...b π�rOPnr pdrq|.

Theorem 4.2.4. Fix two multiindexes n � pn1, . . . , nrq and d � pd1, . . . , drq. Let X � SV n
d

the corresponding Segre-Veronese variety. Assume that di ¡ ni � 1, for i � 1, . . . , r, and

r

±�ni�di
ni

�°
ni � 1 s ¡ 2p

¸
niq.

Then X is not generically identifiable.

Proof. If X is defective or non perfect the statement is clear, recall Remark 4.1.1. Assume
that X is not defective and perfect. Then τg�1 : X 99K PdimX is generically finite. The
numerical assumption reads

gpXq � r

±�ni�di
ni

�°
ni � 1 s ¡ 2p

¸
niq � 2 dimpXq

and, by [CM19, Corollary 22], the variety X is not pg � 1q�twd.
After reordering the indexes we may assume that

n1 � 1
d1

¥ ni � 1
di

, for any i. (4.2.4)

Let p : X Ñ Y be the canonical projection onto the Segre-Veronese Y � SV
pn2,...,nrq
pd2,...,drq

and a � d1
n1�1 ¡ 1. Then p is a Mori fiber Space and

KX � 1
a

Hpg � 1q�p0.
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Further note that the cone of effective divisor of X is spanned by the lines in the factors
Pni and, by Equation (4.2.4), we have

KX � 1
a

Hpg � 1q � li � �pni � 1q � n1 � 1
d1

di ¥ 0,

This shows that KX � 1
aHpg � 1q is NEF and, by Theorem 4.2.3, we prove that X is not

generically identifiable.

Remark. In recent years the Secant varieties of Segre-Veronese varieties have been studied
intensively, see for instance [AB09],[AMR19],[BBC12],[BCC11]. However, to the best of
our knowledge, this is the first result regarding non generic identifiability for infinite classes
of Segre-Veronese varieties with r ¥ 2.

4.3 The example of P1 � PN embedded with Opd, 1q
In this section we study a special class of Segre-Veronese varieties. For this class we are
able to explicitly compute the geometry of the tangential contact locus and confirm the
validity of Theorem 4.1.15 3. We start recalling the notion of distance for Segre-Veronese
varieties given in [AMR19, 2.4].

Let n and d be positive integers, and set

Λn,d � tI � pi1, . . . , idq, 0 ¤ i1 ¤ � � � ¤ id ¤ nu.
For I, J P Λn,d, we define their distance dpI, Jq as the number of different coordinates.
More precisely, write I � pi1, . . . , idq and J � pj1, . . . , jdq. There are r ¥ 0, distinct indexes
λ1, . . . , λr � t1, . . . , du, and distinct indexes τ1, . . . , τr � t1, . . . , du such that iλk � jτk for
every 1 ¤ k ¤ r, and

tiλ | λ � λ1, . . . , λru X tjτ | τ � τ1, . . . , τru � H
Then dpI, Jq � d� r. Note that Λn,d has diameter d and size

�
n�d
n

� � Npn, dq � 1.
Let n � pn1, . . . , nrq and d � pd1, . . . , drq be two r-uples of positive integers, and set

Λ � Λn,d � Λn1,d1 � � � � � Λnr,dr
For I � pI1, . . . , Irq, J � pJ1, . . . , Jrq P Λ, we define their distance as

dpI, Jq � dpI1, J1q � � � � � dpIr, Jrq
Note that Λ has diameter d and size

±r
i�1
�
ni�di
ni

� � Npn,dq � 1. We will denote the
homogeneous coordinates (respectively coordinates points) of PNpn,dq by XJ (respectively
eJ), J P Λ.

Proposition 4.3.1. Let X � P1 � Pn � Ppd�1qpn�1q�1 be the Segre Veronese variety
embedded with OXp1, dq. Let x1, ..., xkpn�1q�1 be general points on X and let

X 1 � Blx2,...,xkpn�1q�1X
σÝÑ X

Assume that:
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- pd� 1q � kpn� 2q

- X is not rkpn� 1q � 1s-twd

Then
Γ1pH1q|Ei � H

where H1 � σ�1
� pHpkpn� 1q � 1qq.

Proof. We know that X is rkpn�1q�1s-weakly defective and its contact locus at a general
point x is a hyperplane contained in a fiber of the canonical projection π1 : X Ñ P1 (see
[FCM20] and Chapter 6). Moreover X is not kpn� 1q defective, i.e. X is a perfect variety
(see [MR17]). Up to a linear change of coordinates under the action of PGLp2q�PGLpn�1q
we can assume that x1 � et0,...,0u,t0u and x2 � et1,...,1u,t1u.

We have that
Hpkpn� 1q � 1q � |OXpd, 1q b Ix2

1Y...Yx
2
kpn�1q�1

|

is a sublinear system of
Hp2q � |OXpd, 1q b Ix2

1Yx
2
2
|

with dimpHpkpn� 1q � 1q � dimpXq.
We have that a divisor

H � p
¸
αIZI � 0q

is in Hp2q if and only if both

dppI1, I2q, pt0, . . . , 0u, t0uqq ¥ 2

and
dppI1, I2q, pt1, . . . , 1u, t1uqq ¥ 2

are satisfied.
Let

I1
l � t1, . . . , 1, 0, . . . , 0uloooooooooomoooooooooon

#1�l,#0�d�l

, t1u

I0
l � t1, . . . , 1, 0, . . . , 0uloooooooooomoooooooooon

#1�l,#0�d�l

, t0u

If we denote
Λ � tI1

1 , . . . , I
1
d�2, I

0
2 , . . . , I

0
du

we have that the set of hyperplane divisor defined by HI � pZI � 0qIPΛ is a basis of the
linear system Hp2q.

By monodromy we can restrict ourselves to an affine neighborhood Ux1 of the point x1.
A basis of Hpkpn�1q�1q is thus given by choosing pn�1q�tuples of numbers pαIi qi�1,...,n�1
for every I P Λ.
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In particular we have that

Hpkpn� 1q � 1q � 
¸
IPΛ

αI1ZI , . . . ,
¸
IPΛ

αIn�1ZI ¡

For simplicity let us denote Di �
°
IPΛ α

I
iZI for i � 1, . . . , n� 1.

Locally in Ux1 we set x0 � y0 � 1 and so every Di is of the form

Di � px1px1 � Fipy1, . . . , ynq �Gipx1, y1, . . . , ynqq � 0q
with Fipy1, . . . , ynq linear forms and Gipx1, y1, . . . , ynq polynomials such that degpGiq ¥ 2
and degyj pGiq � 1 for every j � 1, . . . , n.

Let us denote

D1
i � px1 � Fipy1, . . . , ynq �Gipx1, y1, . . . , ynq � 0q

Since every Di is a reducible divisor we have that

SingpDiq � px1 � 0q X pD1
i � 0q

and so
SingpDjq|px1�0q � pFipy1, . . . , ynq � 0q

Since by assumptions we have that X is not rkpn� 1q � 1s-twd we have that£
1¤i¤n�1

pFipy1, . . . , ynq � 0q � p0, . . . , 0q (4.3.1)

Let
σ : X 1 � Blx1,...xkpn�1q�1X Ñ X

be the blow up with E1, . . . , Ekpn�1q�1 the exceptional divisors.
We have that

Singpσ�1
� pDiqq|E1 � SingpTCx1Diq

with TCx1Di the tangent cone of Di at the point xi.
Now TCx1Di is the quadric Qi given by Qi � x2

1 � x1Fipy1, . . . , ynq.
If Fi � γ1

i y1 � . . .� γni yn then Qi can be represented by the symmetric matrix

MpQiq �

�����
1 γ1

i . . . γni
γ1
i 0 . . . 0
...

...
. . .

...
γni 0 . . . 0

����

Now SingpQiq � KerpMpQiqq � tx1 � 0, Fipy1, . . . , ynq � 0u.

It follows from Equation (4.3.1) that
�

1¤i¤n�1 Singpσ�1
� pDiqq|Ei � H, proving the

result.
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Chapter 5

Defectiveness and identifiability of
Flag Varieties

In the most general context, a flag variety is a projective variety homogeneous under a
complex linear algebraic group. Flag varieties play a central role in algebraic geometry,
combinatorics, and representation theory.

Fix a vector space V � Cn�1, over an algebraically closed field K of characteristic zero,
and integers k1 ¤ . . . ¤ kr. Let Gpki, nq � PNi , where Ni �

�
n�1
ki�1

��1, be the Grassmannian
of ki-dimensional linear subspaces of PpV q in its Plücker embedding. We have an embedding
of the product of these Grassmannians

Gpk1, nq � � � � �Gpkr, nq � PN1 � � � � � PNr � PN

where N � � n�1
k1�1

� � � � � n�1
kr�1

�� 1.
The flag variety Fpk1, . . . , kr;nq is the set of flags, that is nested subspaces, Vk1 � � � � �

Vkr � V . This is a subvariety of the product of Grassmannians
±r
i�1 Gpki, nq. Hence, via a

product of Plücker embeddings followed by a Segre embedding we can embed Fpk1, . . . , kr;nq

Fpk1, . . . , kr;nq ãÑ PN1 � � � � � PNr ãÑ PN .

Consider natural numbers a1, . . . , an such that ak1�1 � � � � � akr�1 � 1 and ai � 0 for
all i R tk1 � 1, . . . , kr � 1u. Then, Fpk1, . . . , kr;nq generates the subspace

PpΓa1,...,anq � P

�
k1�1©

V b � � � b
kr�1©

V

�
� PN

where Γa1,...,an is the irreducible representation of sln�1C with highest weight pa1 � � � � �
anqL1�� � ��anLn, and L1�� � ��Lk is the highest weight of the irreducible representation�k V . We will denote Γa1,...,an simply by Γa. By the Weyl character formula we have that

dimPpΓaq �
¹

1¤i j¤n�1

pai � � � � � aj�1q � j � i

j � i
� 1.
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Furthermore

dimFpk1, . . . , kr;nq � pk1 � 1qpn� k1q �
ŗ

j�2
pn� kjqpkj � kj�1q

and Fpk1, . . . , kr;nq � PpΓaq X
±r
i�1 Gpki, nq � PN , see [Ful97].

The geometry of these varieties has been investigated mostly from the point of view of
Schubert calculus [Bri05] and dual defectiveness [Tev05]. Secant varieties of low dimensional
flag varieties have been studied in [BD10] by taking advantage of the tropical approach to
secant dimensions introduced by J. Draisma in [Dra08].

We investigate secant defectiveness of flag varieties following the machinery introduced
in [MR17].

5.1 Osculating Spaces for products of Grassmannians
Consider the product Gpk1, nq�� � ��Gpkr, nq � PN1�� � ��PNr � PN . Given a non-negative
integer k define

Λk � tI � t0, . . . , nu | |I| � k � 1u.
For any I � ti0, . . . , iku P Λk let eI P Gpk, nq be the point corresponding to ei0 ^ � � � ^ eik P�k�1 Cn�1. We will denote by ZI the Plücker coordinates on Pp�k�1 Cn�1q.

From [MR17] we have a notion of distance in Λk given by

dpI, Jq � |I| � |I X J | (5.1.1)

for all I, J P Λk. More generally, we define

Λ � Λk1 � � � � � Λkr .

Given I � tI1, . . . , Iru P Λ let eI P
±r
i�1 Gpki, nq be the point corresponding to eI1 b � � � b

eIr P PN , and by ZI the corresponding homogeneous coordinates of PN . Furthermore, for
all I, J P Λ with I � tI1, . . . , Iru and J � tJ1, . . . , Jru, we define their distance as

dpI, Jq �
ŗ

i�1
dpIi, J iq

where dpIi, J iq is the distance defined in (5.1.1).
From now on we will assume that n ¥ 2kr � 1. Under this assumption Λ has diameter

r �°r
i�1 ki with respect to this distance.

In the following, we give an explicit description of the osculating spaces of
±r
i�1 Gpki, nq

at coordinate points.

Proposition 5.1.2. For each s ¥ 0

TseI

�
r¹
i�1

Gpki, nq
�
� xeJ ; dpI, Jq ¤ sy � tZJ � 0 ; dpI, Jq ¡ su � PN .

In particular, TseI p
±r
i�1 Gpki, nqq � PN for s ¥ r �°r

i�1 ki.
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Proof. Set I � tI1, . . . , Iru P Λ. We may assume that Ii � t0, . . . , kiu for each 1 ¤ i ¤ r
and consider the following parametrization of

±r
i�1 Gpki, nq in a neighborhood of eI :

ϕ :
±r
i�1 Cpki�1qpn�kiq ÝÑ PN�

Iki�1 pxil,mq
�
i�1,...,r

ÞÝÑ p±r
i�1 detpMJiqqJ�tJ1,...,JruPΛ

(5.1.3)

where MJi is the submatrix obtained from
�
Iki�1, pxil,mq 0¤l¤ki

ki�1¤m¤n

�
by considering the

columns indexed by J i.
For each J P Λ, we will denote

±r
i�1 detpMJ lq simply by detpMJq. Note that each

variable appears in degree at most one in the coordinates of ϕ. Therefore, deriving two
times with respect to the same variable always gives zero. Furthermore, as detpMJq has
degree at most r�°r

i�1 ki all partial derivatives of order greater than or equal to r�°r
i�1 ki

are zero. Thus, it is enough to prove the claim for s ¤ r �°r
i�1 ki.

Given J � tJ1, . . . , Jru P Λ, let i, k, k1 be integers such that 1 ¤ i ¤ r, k P t0 . . . , kiu
and k1 P tki � 1, . . . , nu. Then

B detpMJq
Bxik,k1

�
" � . . . detpMJi�1q detpMJi,k,k1q detpMJi�1q . . . k1 P J i

0 k1 R J i

where MJi,k,k1 is the submatrix obtained from MJi by deleting the column indexed by k1
and the row indexed by k.

More generally, let m1, . . . ,mr be non-negative integers such that their sum is bigger
than one. For each i � 1, . . . , r consider

Ki � tki1, . . . , kimiu � t0, . . . , kiu and K 1
i � tk1i1 , . . . , k1imiu � tki � 1, . . . , nu

with |Ki| � |K 1
i| � mi. Now, set m � m1 � � � � �mr and

K � tK1, . . . ,Kru, K 1 � tK 1
1, . . . ,K

1
ru.

Therefore, denoting Bx1
k1

1 ,k
11
1
� � � Bxrkrmr ,k1rmr simply by BmK,K 1 we have

Bm detpMJq
BmK,K 1

�
" �±r

i�1 detpMJi,Ki,K1
i
q if K 1 � J and m ¤ dpI, Jq � degpdetpMJqq

0 otherwise

for any J P Λ, where K 1 � J means that tk111 , . . . , k11m1u � J1, . . . , tk1r1 , . . . , k1rmru � Jr, and
MJi,Ki,K1

i
is the submatrix obtained from MJi deleting the columns indexed by K 1

i and the
rows indexed by Ki. Thus,

Bm detpMJq
BmK,K 1

p0q �
" �1 if J i � K 1

i Y ptIizKiuq for each i � 1, . . . , r
0 otherwise .

Finally, let us denote by J � K 1 Y tIzKu the element in Λ for which J i � K 1
i Y ptIizKiuq

for each i � 1, . . . , r. Then, we have that
Bmϕ

BmK,K 1
p0q � �eK1YptIzKuq.
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Note that dpI,K 1 Y tIzKuq � m, and any J P Λ with dpI, Jq � m may be written as
K 1 Y tIzKu. Thus, we get thatB Bmϕ

BmK,K 1
p0q |m ¤ s

F
� xeJ | dpI, Jq ¤ sy

which proves the claim.

Now, it is immediate to compute the dimension of the osculating spaces of
±r
i�1 Gpki, nq.

Corollary 5.1.4. For any point p P±r
i�1 Gpki, nq we have

dimTspp
±r
i�1 Gpki, nqq �

¸
i�1,...,r

0¤si¤ki�1,
s1�����sr¤s

�
n� k1
s1


�
k1 � 1
s1



� � �
�
n� kr
sr


�
kr � 1
sr




for any 0 ¤ s   r �°r
i�1 ki while Tsp p

±r
i�1 Gpki, nqq � PN for any s ¥ r �°r

i�1 ki.
Proof. Since the general linear group GLpn � 1q acts transitively on

±r
i�1 Gpki, nq the

statement follows from Proposition 5.1.2.

5.2 Osculating Projections
For a general point p P ±r

i�1 Gpki, nq, we will denote Tsp p
±r
i�1 Gpki, nqq simply by Tsp.

Now, take 0 ¤ s ¤ r �°r
i�1 ki and I P Λ. By Proposition 5.1.2 the linear projection of±r

i�1 Gpki, nq from TseI is given by

ΠTseI
:
±r
i�1 Gpkiq 99K PN 1

s

pZJqJPΛ ÞÝÑ pZJqJPΛ | dpI,Jq¡s.

Moreover, given I 1 � t0, . . . , nu with |I 1| � m we have the linear projection

πI 1 : Pn 99K Pn�m
pxiq ÞÝÑ pxiqiPt0,...,nuzI 1

which in turns induces the linear projection

ΠI 1 : Gpk, nq 99K Gpk, n�mq
V ÞÝÑ xπI 1pV qy

pZJqJPΛk ÞÝÑ pZJqJPΛk | JXI 1�H

whenever k   n�m.
Finally, let us fix I � tI1, . . . , Iru P Λ and takem1, . . . ,mr integers such thatmi ¤ ki�1

for each i � 1, . . . , r. Then, given I 11 � I1, . . . , I 1r � Ir, with |I 1i| � mi, we have a
projection ±r

i�1 ΠI 1i :
±r
i�1 Gpki, nq 99K

±r
i�1 Gpki, n�miq

V1 � � � � � Vr ÞÝÑ ΠI 11pV1q � � � � �ΠI 1rpVrq.
Note that a general fiber of

±r
i�1 ΠI 1i is isomorphic to

±r
i�1 Gpki, ki � miq. Indeed, let

x �±r
i�1 ΠI 1i ppViqri�1q P

±r
i�1 Gpki, n�mlq be a general point. Then, we have
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p±r
i�1 ΠI 1iq�1 pxq �

!
pWiqri�1 P

±r
i�1 Gpki, nq |Wi � xVi, eji1 , . . . , ejimi y, i � 1, . . . , r

)
.

Lemma 5.2.1. Let us fix I � tI1, . . . , Iru P Λ. If 0 ¤ s ¤ r � 2 �°r
i�1 ki and I 1i � Ii

with |I 1i| � mi for each i � 1, . . . , r, then the rational map ΠTseI
factors through

±r
i�1 ΠI 1i

whenever
°r
i�1mi � s� 1.

Proof. Since the diameter of Λ is r�° ki we have tJ P Λ | dpI, Jq ¤ su � Λ and then ΠTseI
is well-defined.

On the other hand, if J � tJ1, . . . , Jru P Λ is such that J iX I 1i � H for all i � 1, . . . , r,
then dpI, Jq ¥ °r

i�1mi ¡ s which yields that the center of ΠTseI
is contained in the center

of
±r
i�1 ΠI 1i .

Proposition 5.2.2. The rational map ΠTseI
is birational for all 0 ¤ s ¤ r � 2�°r

i�1 ki.

Proof. Since TseI contains Ts�1
eI

it is enough to prove the statement for s � r� 2�°r
i�1 ki.

Let us fix m P t1, . . . , ru. By Lemma 5.2.1, for each subset I 1m � Im with |I 1m| � km there
is a rational map πI 1m that makes the following diagram commutative:

±r
i�1 Gpki, nq PN

1
s

�±
i�mGpki, n� ki � 1q��Gpkm, n� kmq

ΠTseI

π
I
1m

p±i�m ΠIiq�Π
I
1m

.

Let x � ΠTseI
ptViuri�1q be a general point and X �±r

i�1 Gpki, nq be the fiber of ΠTseI
over

x. Set xI 1m � πI 1mpxq, and denote by XI 1m �±r
i�1 Gpki, nq the fiber of

�±
i�m ΠIi

��ΠI 1m

over xI 1m . Thus,
X �

£
I 1m

XI 1m

where this intersection runs over all I 1m � Im with |I 1m| � km and m � 1, . . . , r. Now, if
pWiqri�1 is a general point in X then

Wm � xej1 , . . . , ejkm , Vmy for any I 1m � tej1 , . . . , ejkm u � Im.

Therefore,
Wm �

£
I 1m

xej1 , . . . , ejkm , Vmy � Vm.

This implies Wm � Vm for every m � 1, . . . , r. Since we are working in characteristic zero,
we conclude that ΠTseI

is birational.

The next step is to study linear projections from the span of several osculating spaces.
In particular, we want to understand when such a projection is birational. First of all, note
that the order of osculating spaces cannot exceed r� 2�°r

i�1 ki. Furthermore, in order to
carry out the computations, we need to consider just the coordinates points of

±r
i�1 Gpki, nq
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such that the corresponding linear subspaces are linearly independent in Cn�1, then we can
use at most

α :�
Z
n� 1
kr � 1

^
of them. Now, let us consider the points eI1 , . . . , eIα P

±r
i�1 Gpki, nq, where

I1 � tI1
1 � t0, . . . , k1u, . . . , Ir1 � t0, . . . , kruu

I2 � tI1
2 � tkr � 1, . . . , kr � k1 � 1u, . . . , Ir2 � tkr � 1, . . . , kr � kr � 1uu

...
Iα � t. . . , Iiα � tpkr � 1qpα� 1q, . . . , pkr � 1qpα� 1q � kiu, . . .u.

(5.2.3)

Let s1, . . . , sα be integers such that 0 ¤ sm ¤ r � 2�°r
i�1 ki. Denote the linear subspace

xTs1eI1 , . . . ,T
sm
eIm

y simply by Ts1,...,smeI1 ,...,eIm
. Then, for m ¤ α we have the linear projection

ΠTs1,...,smeI1 ,...,eIm
:
±r
i�1 Gpki, nq 99K PN

1
s1,...,sm

pZJqJPΛ ÞÝÑ pZJqJPΛ | dpJ,I1q¡s1,...,dpJ,Imq¡sm .

Now, consider I1, . . . , Iα as in (5.2.3), and I 1im � Iim with |I 1im| � sim for each 1 ¤ m ¤ α and
i � 1, . . . , r, where sim are non-negative integers. If I 1i denotes the union

�α
m�1 I

1i
m, then

for each i � 1, . . . , r we have a linear projection of Pn

πI 1i : Pn 99K Pn�
°α
m�1 s

i
m

pxiq0¤i¤n ÞÝÑ pxiq0¤i¤n and iRI 1i

which in turns induces the following projection

ΠI 1i : Gpki, nq 99K Gpki, n�
°α
m�1 s

i
mq

V ÞÝÑ xπI 1ipV qy
pZJqJPΛki ÞÝÑ pZJqJPΛki | JXI

1i�H

whenever n �°α
m�1 s

i
m ¥ ki. Finally, if n �°α

m�1 s
i
m ¥ ki for each i � 1, . . . , r, then the

projections above induce a projection±r
i�1 ΠI 1i :

±r
i�1 Gpki, nq 99K

±r
i�1 Gpki, n�

°α
m�1 s

i
mq

pV1, . . . , Vrq ÞÝÑ pΠI 11pV1q, . . . ,ΠI 1rpVrqq.

Lemma 5.2.4. Let I1, . . . , Iα be as in (5.2.3), m, s1, . . . , sm integers such that 1   m ¤ α
and 0 ¤ si ¤ r� 2�°r

i�1 ki. Now, consider I 1i1 � Ii1, . . . , I
1i
m � Iim with |I 1ij | � sij, where sij

is a non-negative integer for each i � 1, . . . , r and 1 ¤ j ¤ m. For j ¡ m and i � 1, . . . , r
set I 1ij � H � Iij. Denote by I 1i the union

�α
j�1 I

1i
j for each i � 1, . . . , r and assume that

(i) n�°m
j�1 s

i
j ¥ ki for each i � 1, . . . , r;

(ii)
°r
i�1 s

i
j ¥ sj � 1 for each j � 1, . . . ,m.
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Then, the rational maps
±r
i�1 ΠI 1i and ΠTs1,...,smeI1 ,...,eIm

are well-defined and the former factors
through the latter.

Proof. Note that ΠTs1,...,smeI1 ,...,eIm
is well-defined if and only if tJ P Λ|dpJ, I1q ¡ s1, . . . , dpJ, Imq ¡

smu � H. From (i) we have that for each 1 ¤ i ¤ r the set t0, . . . , nuzI 1i has at least ki� 1
elements. Therefore, we have a set J i � t0, . . . , nuzI 1i of cardinality ki � 1 and taking
J � tJ1, . . . , Jru P Λ we have

dpIj , Jq �
ŗ

i�1
dpIij , J iq ¥

ŗ

i�1
sij � sj � 1 ¡ sj

for each 1 ¤ j ¤ m. Hence, ΠTs1,...,smeI1 ,...,eIm
is well-defined. Now, note that (i) yields that±r

i�1 ΠI 1i is well-defined. Furthermore, if J P Λ and J i X I 1i � H for all i � 1, . . . , r, then
dpJ, I1q ¡ s1, . . . , dpJ, Imq ¡ sm. Thus, the center of ΠTs1,...,smeI1 ,...,eIm

is contained in the center
of
±r
i�1 ΠI 1i .

Proposition 5.2.5. Let I1, . . . , Iα�1 be as in (5.2.3) and s1, . . . , sα�1 be integers such that
0 ¤ sj ¤ s � r � 2�°r

i�1 ki. Then, the projection ΠT
s1 ,..., sα�1
eI1 ,...,eIα�1

is birational.

Proof. Fix m P t1, . . . , ru. For any j � 1, . . . , α� 1 consider I 1mj � Imj with |I 1mj | � km and
I 1ij � Iij for i � m. Set I 1i � �α�1

j�1 I
1i
j , then

n� pα� 1qpki � 1q ¥ n� pα� 1qpkr � 1q ¥ n� pn� krq
kr � 1 pkr � 1q ¥ kr ¥ ki

and

n� pα� 1qkm ¥ n� pn� krq
kr � 1 kr � nkr � n� nkr � k2

r

kr � 1 ¥ 2kr � 1� k2
r

kr � 1 ¥ km � 1.

Thus, our set of subsets I 1ij satisfies (i) in Lemma 5.2.4. Furthermore, for each j � 1, . . . , α�
1

ŗ

i�1
|I 1lj | � km �

¸
i�m

pki � 1q � r � 1�
ŗ

i�1
ki � s� 1.

Therefore, by Lemma 5.2.4 there exists a rational map πI 1m that makes the following dia-
gram commutative

±r
i�1 Gpki, nq PN 1

s,...,s

±r
i�1 Gpki, n�

°α�1
j�1 |I 1ij |q

ΠT s ,..., seI1 ,...,eIα�1

πI1m±r
i�1 ΠI1i

.
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Now, let x � ΠT s ,..., s
eI1 ,...,eIα�1

ptViuri�1q be a general point in the image of ΠT s ,..., s
eI1 ,...,eIα�1

, and
X � ±r

i�1 Gpki, nq be the fiber of ΠT s ,..., s
eI1 ,...,eIα�1

over x. Set xI 1m � πI 1mpxq and denote

by XI 1m � ±r
i�1 Gpki, nq the fiber of

±r
i�1 ΠI 1i over xI 1m . Therefore, X �

£
I 1m

XI 1m where

this intersection runs over all subsets I 1m � �α�1
j�1 I

1m
j with I 1mj � Imj and |I 1mj | � km. In

particular, if tWiuri�1 P X is a general point, then we must have Wm � xei | i P I 1m ; Vmy
and hence Wm �

£
I 1m

xei | i P I 1m;Vmy. Now, since |I 1mj | � km we have
£
I 1m

xei | i P I 1my � H

and then Vm �
£
I 1m

xei | i P I 1m ; Vmy which in turn yields Wm � Vm, for all m � 1, . . . , r.

Now, we want to understand what is the largest integer s1 for which ΠTs,...,s,s
1

eI1 ,...,eIα�1 ,eIα
is

birational.

Proposition 5.2.6. Let I1, . . . , Iα be as in (5.2.3) and s � r � 2 � °r
i�1 ki. Consider

s1i � mintki�1, n�αpki�1qu for i � r, s1r � mintkr, n�αkr�1u, and set s1 � °r
i�1 s

1
i�1 ¤ s.

Then,

- ΠTs,...,s,s
1�1

eI1 ,...,eIα�1 ,eIα
is birational whenever αpkr � 1q � 1   n   k2

r � 3kr � 1;

- ΠTs,...,seI1 ,...,eIα
is birational whenever n ¥ k2

r � 3kr � 1.

Proof. First, let us assume that s1r   kr, that is n� αkr � 1   kr, or equivalently

n� αkr   kr � 1 ô n� pn� 1q
kr � 1 kr   kr � 1 ô n   k2

r � 3kr � 1.

Now, fix a pair of indexes pl,mq P t1, . . . , α � 1u � t1, . . . , ru and consider subsets I 1ij � Iij
with |I 1ij | � aj,i for each i P t1, . . . , ru and j P t1, . . . αu such that

aj,i �

$''&''%
ki if i � m, j � l or i � r, j � l, α;
ki � 1 if i � r � m, j � l or i � m, r or l � m,α;
s1i if j � α, i � m;
s1m � 1 if j � α, i � m.

Note that, since αpkr � 1q � 1   n we have aj,i ¥ 0 for all j P t1, . . . , αu and i P t1, . . . , ru.
Moreover, if m � r then

n�
α̧

j�1
|I 1mj | � n�pα�2qpkm�1q�km�|I 1mα | ¥ n�pα�1qpkm�1q�pn�αpkm�1q�1q � km�2

and n�
α̧

j�1
|I 1rj | � n� pα� 2qkr � pkr � 1q � |I 1rα | ¥ n� pα� 1qkr � 1� pn�αkr � 1q � kr.

If r � m we have

n�
α̧

j�1
|I 1rj | � n� pα� 2qkr � pkr � 1q � |I 1rα | ¥ n� pα� 1qkr � 1� pn� αkr � 2q � kr � 1.
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Finally, for i � m, r we have

n�
α̧

j�1
|I 1ij | � n� pα� 1qpki � 1q � |I 1iα | ¥ n� pα� 1qpki � 1q � pn� αpki � 1qq � ki � 1.

This yields that (i) in Lemma 5.2.4 is satisfied by the sets I 1ij . Moreover, (ii) is satisfied
as well. Then, by Lemma 5.2.4 there exists a rational map πI 1m

l
,I 1mα

making the following
diagram commutative

±r
i�1 Gpki, nq PN

1
s,...,s1

±r
i�1 Gpki, n�

°α
j�1 |I 1ij |q

ΠT s ,..., seI1 ,...,eIα�1

πI1m
l
,I1mα±r

i�1 ΠI1i

.

where I 1i � �α
j�1 I

1i
j . Now, let x � ΠT s ,..., s,s1�1

eI1 ,...,eIα�1 ,eIα
ptViuri�1q be a general point in the

image of ΠT s ,..., s,s1�1
eI1 ,...,eIα�1 ,eIα

, and X � ±r
i�1 Gpki, nq be the fiber of ΠT s ,..., s,s1�1

eI1 ,...,eIα�1 ,eIα
over x.

Set xI 1m
l
,I 1mα

� πI 1m
l
,I 1mα

pxq and denote by XI 1m
l
,I 1mα

� ±r
i�1 Gpki, nq the fiber of

±r
i�1 ΠI 1i

over xI 1m
l
,I 1mα

. Therefore, X �
£

I 1m
l
,I 1mα

XI 1m
l
,I 1mα

, where the intersection runs over all pairs

of sets I 1ml and I 1mα with |I 1ml | � km and |I 1mα | � s1m � 1, and for all pairs of indexes
pl,mq P t1, . . . , ru � t1, . . . , α� 1u. In particular, if tWiuri�1 P X is a general point then for
every m P t1, . . . , ru we have Wm �

£
I 1m
l
,I 1mα

xei | i P I 1m;Vmy, where the intersection runs over

all pair of sets I 1ml and I 1mα with |I 1ml | � km and |I 1mα | � s1m�1, and l P t1, . . . , α�1u. Now,
since |I 1ml | � km, s1m� 1 ¤ km and l P t1, . . . , α� 1u, we must have

£
I 1m
l
,I 1mα

xei | i P I 1my � H

and then Vm �
£
I 1m

xei | i P I 1m ; Vmy which yields Wm � Vm, for all m � 1, . . . , r.

Now, assume that n ¥ k2
r � kr � 1. In this case we have that

n� αkr � 1 ¥ n� pn� 1q
kr � 1 kr � 1 � npkr � 1q � pn� 1qkr � pkr � 1q

kr � 1 ¥ kr

and for i   r we have

n�αpki� 1q ¥ n�αpkrq ¥ n� pn� 1q
kr � 1 kr �

n� kr
kr � 1 ¥ k2

r � 3kr � 1� kr
kr � 1 � kr� 1 ¡ ki� 1.

Now, for each pair of indexes pl,mq P t1, . . . , αu�t1, . . . , ru we can consider subsets I 1ij � Iij
with |I 1ij | � aj,i for each i P t1, . . . , ru and j P t1, . . . αu such that

aj,i �
"
ki if i � m, j � l or i � r, j � l;
ki � 1 if i � r � m, j � l or i � m, r or l � m.

Therefore, arguing as in the proof of the first claim we conclude that ΠTs,...,seI1 ,...,eIα
is birational.
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5.3 Degenerating tangential projections to osculating pro-
jections

Let us briefly recall, for the reader convenience, the notion of osculating regularity and
strong osculating regularity.

Definition 5.3.1. Let X � PN be a projective variety. We say that X has m-osculating
regularity if the following property holds: given general points p1, . . . , pm P X and an integer
s ¥ 0, there exists a smooth curve C and morphisms γj : C Ñ X, j � 2, . . . ,m, such that
γjpt0q � p1, γjpt8q � pj , and the flat limit T0 in the Grassmannian of the family of linear
spaces

Tt �
A
Tsp1 ,T

s
γ2ptq

, . . . ,Tsγmptq
E
, t P Cztt0u

is contained in T2s�1
p1 . We say that γ2, . . . , γm realize the m-osculating regularity of X for

p1, . . . , pm.
We say that X has strong 2-osculating regularity if the following property holds: given

general points p, q P X and integers s1, s2 ¥ 0, there exists a smooth curve γ : C Ñ X such
that γpt0q � p, γpt8q � q and the flat limit T0 in the Grassmannian of the family of linear
spaces

Tt �
A
Ts1p ,T

s2
γptq

E
, t P Cztt0u

is contained in Ts1�s2�1
p .

For a discussion on the notions of m-osculating regularity and strong 2-osculating reg-
ularity we refer to [MR17, Section 5] and [AMR19, Section 4].

Proposition 5.3.2. The variety
±r
i�1 Gpki, nq has strong 2-osculating regularity.

Proof. Let p, q P±r
i�1 Gpki, nq be general points. We may assume that p � eI1 and q � eI2

with I1, I2 as in (5.2.3) and consider the degree r�°r
i�1 ki rational normal curve given by

γps : tq �
r¹
i�1
pse0 � tekr�1q ^ � � � ^ pseki � tekr�ki�1q.

We work on the affine chart s � 1 and set t � p1 : tq P P1. Now, consider the points

e0, . . . , en, e
t
0 � e0 � tekr�1, . . . , e

t
kr � ekr � te2kr�1, e

t
kr�1 � ekr�1, . . . , e

t
n � en

and, for each I � tI1, . . . , Iru P Λ, the corresponding points in etI � etI1 b etI2 b � � � b etIr P±r
i�1 Gpki, nq where, setting Ij � tij1, . . . , ijkju, etIj � et

ij1
^ � � � ^ et

ij
kj

.

Given integers s1, s2 ¥ 0, let us consider the family of linear spaces

Tt � xTs1eI1 ,T
s2
eγptq

y, t P P1zt0u.
By Proposition 5.1.2 we have

Tt � xeJ | dpI1, Jq ¤ s1 ; etJ | dpI2, Jq ¤ s2y, t � 0
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and

Ts1�s2�1
eI1

� xeJ | dpI1, Jq ¤ s1 � s2 � 1y � tZJ � 0 | dpI1, Jq ¡ s1 � s2 � 1u.

Now, let T0 be the flat limit of tTtutPP1zt0u, we want to show that T0 � Ts1�s2�1
p . In order to

do this it is enough to exhibit, for each index I P Λ with dpI1, Iq ¡ s1�s2�1, a hyperplane

HI of type ZI � t

�¸
J�I

fJptqZJ
�
� 0 where fJptq P Crts for every J . We define, for each

l ¥ 0 and I � tI1, . . . , Iru P Λ,

∆pI, lq �
!
tpIjzJ jq Y pJ j � kr � 1qu1¤j¤r | J j � Ij X Ij1 and

¸
|J j | � l

)
� Λ.

Furthermore, for each l ¡ 0 we define

∆pI,�lq � tJ | I P ∆pJ, lqu;

s�I � max
l¥0

t∆pI, lq � Hu P t0, . . . ,
¸
kj � ru;

s�I � max
l¡0

t∆pI,�lq � Hu P t0, . . . ,
¸
kj � ru;

∆pIq� �
¤
0¤l

∆pI, lq �
¤

0¤l¤s�I

∆pI, lq;

∆pIq� �
¤
0¤l

∆pI,�lq �
¤

0¤l¤s�I

∆pI,�lq.

Now, let us write etI with dpI1, Iq ¤ s2, in the basis eJ with J P Λ. For any I P Λ we have

etI � eI � t
¸

JP∆pI,1q
signpJqeJ � � � � � ts

�
I

¸
JP∆pI,s�I q

signpJqeJ

�
s�I̧

l�0

��tl ¸
JP∆pI,lq

signpJqeJ

�
� ¸
JP∆pIq�

tdpJ,IqsignpJqeJ

where signpJq � �1. Note that signpJq depends on J but not on I, then we can write
etI �

¸
JP∆pIq�

tdpJ,IqeJ . Therefore, we have

Tt �
C
eI | dpI1, Iq ¤ s1 ;

¸
JP∆pIq�

tdpJ,IqeJ | dpI1, Iq ¤ s2

G
.

Finally, we define

∆ :� tI : dpI1, Iq ¤ s1u
¤�� ¤

dpI1,Iq¤s2

∆pIq�
�
� Λ.
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Let I P Λ be an index such that dpI1, Iq ¡ s1 � s2 � 1. If I R ∆ then Tt � tZI � 0u for any
t � 0 and we are done.

Assume that I P ∆. For any etK with non-zero coordinate ZI we have I P ∆pKq�, that
is K P ∆pIq�. Now, it is enough to find a hyperplane HI of type

FI �
¸

JP∆pIq�

tdpJ,IqcJZJ � 0

with cJ P C and cI � 0, and such that Tt � HI for each t � 0. In the following, let us write
s�i,I � s. Now, let us check what conditions we get by requiring Tt � tFI � 0u for t � 0.
Given K P ∆pIq� we have that dpI,Kq ¤ s�K and

FIpetKq � FI

�� ¸
JP∆pKq�

tdpJ,KqeJ

�
 �
¸

JP∆pIq�

tdpJ,IqcJ

�� ¸
JP∆pKq�

tdpJ,KqeJ

�

�

¸
JP∆pIq�X∆pKq�

tdpJ,Iq�dpJ,KqcJ � tdpI,Kq

�� ¸
JP∆pIq�X∆pKq�

cJ

�� .
Therefore,

FIpetKq � 0 @ t � 0 ô
¸

JP∆pIq�X∆pKq�

cJ � 0.

Note that this is a linear condition on the coefficients cJ , with J P ∆pIq�. Hence

Tt � tFI � 0u for t � 0 ô
"
FIpeKq � 0 @K P ∆pIq� XBrI1, s1s
FIpetKq � 0 @K P ∆pIq� XBrI1, s2s

ô
$&%

cK � 0 @K P ∆pIq� XBrI1, s1s¸
JP∆pIq�X∆pKq�

cJ � 0 @K P ∆pIq� XBrI1, s2s

(5.3.3)
where BrJ, ls :� tK P Λ | dpJ,Kq ¤ lu. The number of conditions on the cJ is then
c :� |∆pIq� XBrI1, s1s| � |∆pIq� XBrI1, s2s|.

The problem is now reduced to finding a solution of the linear system given by the c
equations (5.3.3) in the |∆pIq�| variables cJ , J P ∆pIq� such that cI � 0. Therefore, it
is enough to find s � 1 complex numbers cI � c0 � 0, c1, . . . , cs satisfying the following
conditions$'&'%

cj � 0 @ j � s, . . . , d� s1
dpI,Kq¸
m�0

|∆pIq� X∆pK, lq|cdpI,Kq�m � 0 @ K P ∆pIq� XBrI1, s2s
(5.3.4)

where d � dpI1, Iq ¡ s1 � s2 � 1. Note that (5.3.4) can be written as$'&'%
cj � 0 @ j � s, . . . , d� s1
j̧

m�0

�
j

j �m



cm � 0 @ j � s, . . . , d� s2
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that is$'&'%
cs � 0
...
cd�s1 � 0

$'&'%
�
s
0
�
cs �

�
s
1
�
cs�1 � � � � �

�
s
s�1
�
c1 �

�
s
s

�
c0 � 0

...�
d�s2

0
�
cd�s2 �

�
d�s2

1
�
cd�s2�1 � � � � �

�
d�s2
d�s2�1

�
c1 �

�
d�s2
d�s2

�
c0 � 0.

(5.3.5)
Now, it is enough to show that the linear system (5.3.5) admits a solution with c0 � 0. If,
s   d � s2 then the system (5.3.5) reduces to cs � � � � � cd�s1 � 0 and then we can take
c0 � 1 and c1 � � � � � cs � 0, since d� s1 ¡ s2 � 1 ¡ 1.

So, let us assume that s ¥ d� s2. Since cs � � � � � cd�s1 � 0 our problem is translated
into checking that the system (5.3.5) admits a solution involving the variables cd�s1�1, . . . , c0
with c0 � 0. First of all, note that the system (5.3.5) can be rewritten as follows$''&''%

�
s

s�pd�s1�1q
�
cd�s1�1 �

�
s

s�pd�s2�2q
�
cd�s1�2 � � � � �

�
s
s�1
�
c1 �

�
s
s

�
c0 � 0

...�
d�s2

d�s2�pd�s1�1q
�
cd�s1�1 �

�
d�s2

d�s2�pd�s1�2q
�
cd�s1�2 � � � � �

�
d�s2
d�s2�1

�
c1 �

�
d�s2
d�s2

�
c0 � 0.

Thus, it is enough to check that the ps� d� s2 � 1q � pd� s1 � 1q matrix

M �

����
�

s
s�pd�s1�1q

� �
s

s�pd�s1�2q
�

. . .
�
s
s�1
�

...
...

. . .
...�

d�s2
d�s2�pd�s1�1q

� �
d�s2

d�s2�pd�s1�2q
�

. . .
�
d�s2
d�s2�1

�
���


has maximal rank. Now, note that s ¤ d and d ¡ s1 � s2 � 1 yield s � d � s2 � 1  
s� s1 ¤ d� s1 and then s� d� s2 � 1 ¤ d� s1 � 1. Therefore, we have to show that the
ps� d� s2 � 1q � ps� d� s2 � 1q submatrix

M 1 �

���
�

s
s�d�s2�1

� �
s

s�d�s2

�
. . .

�
s
1
�

...
...

. . .
...�

d�s2
s�d�s2�1

� �
d�s2
s�d�s2

�
. . .

�
d�s2

1
�
��


has non-zero determinant. Finally, since d � s2 ¡ s1 � 1 ¥ 1 [GV85, Corollary 2] yields
that detpM 1q � 0.

Proposition 5.3.6. Set α �
Y
n�1
kr�1

]
. Then, the variety

±r
i�1 Gpki, nq has α-osculating

regularity.

Proof. First of all, note that if α � 2 then the statement follows from Proposition 5.3.2.
Then we may assume α ¥ 3.

Let p1, . . . , pα P ±r
i�1 Gpki, nq be general points. We may assume that pj � eIj for

j � 1, . . . , α. Each eIj , j ¥ 2, is connected to eI1 by the degree r�°r
i�1 ki rational normal

curve defined by

γjps : tq �
r¹
i�1
pse0 � tepkr�1qpj�1qq ^ � � � ^ pseki � tepkr�1qpj�1q�kiq.
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We work on the affine chart s � 1 and set t � p1 : tq. Now, given s ¥ 0 we consider the
family of linear subspaces

Tt � xTseI1 ,T
s
γ2ptq

, . . . ,Tsγαptqy, t P P1zt0u.

Our goal is to show that the flat limit T0 of tTtutPP1zt0u in GpdimpTtq, Nq is contained in
T2s�1
eI1

. In order to do this, let us consider the points

e0, . . . , en, e
j,t
0 � e0 � tepkr�1qpj�1q, . . . , e

j,t
kr
� ekr � tepkr�1qj�1, e

j,t
kr�1 � ekr�1, . . . , e

j,t
n � en

and, for each I � tI1, . . . , Iru P Λ and j � 2, . . . , α, the corresponding points in ej,tI �
ej,tI1 b ej,tI2 b � � � b ej,tIr P PN . By Proposition 5.1.2 we have

Tt � xeI | dpI1, Iq ¤ s; ej,tI | dpIj , Iq ¤ s, j � 2, . . . , αy, t � 0

and
T2s�1
eI1

� xeJ | dpI1, Jq ¤ 2s� 1y � tZJ � 0 | dpI1, Jq ¡ 2s� 1u.

In order to show that T0 � T2s�1
p , it is enough to exhibit, for each index I P Λ with

dpI1, Iq ¡ 2s�1, an hyperplane HI of type ZI� t
�¸
J�I

fJptqZJ
�
� 0 such that Tt � tHi �

0u for t � 0.
For each l ¥ 0, j � 2, . . . , α and I � tI1, . . . , Iru P Λ we define

∆pI, lqj �
!
tpIkzJkq Y pJk � pj � 1qpkr � 1qu1¤k¤r | Jk � Ik X Ik1 and

¸
|Jk| � l

)
� Λ

where L� λ � ti� λ | i P Lu is the translation of the set L by the integer λ. For any l ¡ 0
we define

∆pI,�lqj � tJ | I P ∆pJ, lqju;

s�I,j � max
l¥0

t∆pI, lqj � Hu P t0, . . . ,
¸
kj � ru;

s�I,j � max
l¡0

t∆pI,�lqj � Hu P t0, . . . ,
¸
kj � ru;

∆pIq�j �
¤
0¤l

∆pI, lqj �
¤

0¤l¤s�I,j

∆pI, lqj ;

∆pIq�j �
¤
0¤l

∆pI,�lqj �
¤

0¤l¤s�I,j

∆pI,�lqj .

Note that for any l we have

J P ∆pI, lqj ñ dpJ, Iq � |l| and dpJ, I1q � dpI, I1q � l. (5.3.7)
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We will write etI with dpI1, Iq ¤ s, in the basis eJ with J P Λ. For any I P Λ we have

ej,tI � eI � t
¸

JP∆pI,1qj

signpJqeJ � � � � � ts
�
I,j

¸
JP∆pI,s�I,jq

signpJqeJ

�
s�I,j̧

l�0

��tl ¸
JP∆pI,lqj

signpJqeJ

�
� ¸
JP∆pIq�j

tdpJ,IqsignpJqeJ

where signpJq � �1. Note that signpJq depends on J but not on I, then we can write
ej,tI �

¸
JP∆pIq�j

tdpJ,IqeJ . Therefore, we have

Tt �
C
eI | dpI1, Iq ¤ s ;

¸
JP∆pIq�j

tdpJ,IqeJ | dpI1, Iq ¤ s, 2 ¤ j ¤ α

G
.

Finally we define

∆ :� tI : dpI1, Iq ¤ su
¤���� ¤

dpI1,Iq¤s
2¤j¤α

∆pIq�j

���
� Λ.

Let I P Λ be an index such that dpI1, Iq ¡ 2s � 1. If I R ∆, then Tt � tZI � 0u for any
t � 0 and we are done.

Now, assume that I P ∆. We will show that ∆pK1q�j1 X ∆pK2q�j2 � H whenever
K1,K2 P Λ with dpK1, I1q, dpK2, I2q ¤ s and 2 ¤ j1, j2 ¤ α with j1 � j2.

In fact, suppose that ∆pK1q�j1 X∆pK2q�j2 � H, that is there exists I P Λ such that

I P ∆pK1, l1qj1 X∆pK2, l2qj2 for some l1 and l2.

Now, consider the following sets

I0 :� I X I1;
I1 :� I X tK1 � pj1 � 1qpkr � 1qu;
I2 :� I X tK2 � pj2 � 1qpk2 � 1qu;
I3 :� IzpI0 Y I1 Y I2q.

Since I P ∆pK1, l1qj1 X∆pK2, l2qj2 we have |I1| � l1 and |I2| � l2. Set |I3| � u, then

dpI, I1q � l1 � l2 � u ¤ l1 � l2 � 2u p5.3.7q� dpK1, I1q � dpK1, I1q ¤ 2s

contradicting dpI1, Iq ¡ 2s� 1. Therefore we conclude that there is a unique jI for which

I P
¤

dpI1,Iq¤s

∆pIq�jI .
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Now, let J P Λ such that dpJ, I1q ¤ s and I P ∆pJq�jI . Note that

dpI, I1q � spIq�jI ¤ dpI, I1q � dpI, Jq � dpJ, I1q ¤ s ñ s� 1�D � spIq�jI ¡ 0

where D � dpI, I1q ¡ 2s� 1. We define

ΓpIq �
¸

0¤l¤s�1�D�spIq�jI

∆pI,�lqjI � Γ.

Our aim now is to find a hyperplane of the form

HI �
$&% ¸
JPΓpIq

tdpJ,IqcJZJ � 0

,.- (5.3.8)

such that Tt � HI and cI � 0. First, note that

J P ΓpIq ñ J R
¤

dpI1,Kq¤s
2¤j¤α ; j�jI

∆pKq�j . (5.3.9)

In fact, suppose that J P ∆pI,�lqjI X ∆pK,mqj , for some K P Λ with dpK, I1q ¤ s, and
0 ¤ j ¤ s� 1�D � spIq�jI with j � jI . Then, since J P ∆pI,�lqjI we have

|J X IjI | � |I X IjI | � l ¥ spIq�jI � l ¥ D � k � 1 ¡ s.

On the other hand, since J P ∆pK,mqj with j � jI we have

|J X IjI | � |K X IjI | ¤ dpK, I1q ¤ s

which is a contradiction. Now, note that if K P Λ is such that dpK, I1q ¤ s and K P ΓpIq,
then

dpK, I1q � dpI, I1q � dpI,Kq ¡ 2s� 1� ps� 1�D � spIq�jI q ¡ s�D � spIq�jI ¡ s.

Thus (5.3.9) yields that the hyperplane HI given by (5.3.8) is such thatC
eK | dpI1,Kq ¤ s ;

¸
JP∆pKq�j

tdpJ,KqeJ | dpI1,Kq ¤ s, 2 ¤ j ¤ α ; j � jI

G
� HI , t � 0.

Therefore

Tt � HI , t � 0 ô
C ¸
JP∆pKq�jI

tdpJ,KqeJ | dpI1,Kq ¤ s

G
� HI , t � 0.

Now, arguing as in the proof of Proposition 5.3.2 we get

Tt � HI , t � 0 ô
¸

JP∆pKq�jI
XΓpIq

cJ � 0, @K P ∆pIq�jI XBrI1, ss. (5.3.10)
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So, the problem is reduced to finding a solution pcJqJPΓpIq for the linear system (5.3.10)
such that cI � 0. We set cJ � cdpI,Jq and reduce, as in the proof of Proposition 5.3.2, to
the linear system

s�1�D�spIq�jI¸
l�0

�
D � i

D � i� l



cl, D � SpIq�jI ¤ i ¤ k. (5.3.11)

We have s� 2�D� spIq�jI variables c0, . . . , cs�1�D�spIq�jI
and s� 1�D� spIq�jI equations.

Finally, the argument used in the last part of the proof of Proposition 5.3.2 shows that the
linear system (5.3.11) admits a solution with c0 � 0.

5.4 On secant defectiveness of products of Grassmannians
Let X � PN be an irreducible non-degenerate variety of dimension n and let SechpXq � PN
be the h�secant variety of X. Recall that if the tangential projection

τX,h : X 99K PNh

is generically finite then X is not ph� 1q�defective.
Remark 5.4.1. Note that if δhpXq � 0 and SechpXq � PN then the tangential projection
τX,h is not generically finite even if X is not ph � 1q-defective. On the other hand, the
techniques we use allow us to study h-tangential projections only for values of h such that
the expected dimension of SechpXq is strictly smaller than N .

Let us briefly recall the function hm : N¥0 ÝÑ N¥0 counting how many tangent spaces
can be degenerated into a higher order osculating space (see Definition 1.5.4).

Given an integer m ¥ 0 we define a function

hm : N¥0 ÝÑ N¥0

as follows: for hmp0q � 0 and for any k ¡ 0 write

k � 1 � 2λ1 � 2λ2 � � � � � 2λl � ε

where λ1 ¡ λ2 ¡ � � � ¡ λl ¥ 1 and ε P t0, 1u, then
hmpkq � mλ1�1 �mλ2�1 � � � � �mλl�1.

Recall finally the theorem that enable us to relate the h�defectiveness with the oscu-
lating projection Πs1,...,sl

p1,...,pl :

Theorem 5.4.2. [MR17, Theorem 5.3] Let X � PN be a projective variety having m-
osculating regularity and strong 2-osculating regularity. Let s1, . . . , sl ¥ 1 be integers such
that the general osculating projection Πs1,...,sl

p1,...,pl is generically finite. If

h ¤
ļ

j�1
hmpsjq

then X is not ph� 1q-defective.
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Now, we are ready to prove our main result on non-defectiveness of a product of Grass-
mannians. We follow the notation introduced in the previous sections.

Theorem 5.4.3. Assume that n ¥ 2kr � 1. Set

α :�
Z
n� 1
kr � 1

^
and let hα be as in Definition 1.5.4. Assume that

- either n ¥ k2
r � 3kr � 1 and h ¤ αhαp

°r
i�1 ki � r � 2q or

- αpkr � 1q � 1   n   k2
r � 3kr � 1 and h ¤ pα� 1qhαp

°r
i�1 ki � r � 2q � hαps1q

where s1 � °r
i�1 si � 2 with s1i � mintki � 1, n� αpki � 1qu for i � r and s1r � mintkr, n�

αkr � 1u. Then
±r
i�1 Gpki, nq is not ph� 1q-defective.

Proof. We have shown in Propositions 5.3.6, 5.3.2 that
±r
i�1 Gpki, nq has respectively α-

osculating regularity for α :�
Y
n�1
kr�1

]
, and strong 2-osculating regularity. The statement

then follows immediately from Proposition 5.2.6 and Theorem 5.4.2.

For the reader convenience let us show an explicit computation:

Example 5.4.4. Consider X � Gp1, 23q �Gp2, 23q �Gp3, 23q. Since 23 ¡ 7 we are in the
hypothesis of Theorem 5.4.3. Here kr � k3 � 3 with α � 6. Now 23 ¡ p3q2 � 3 � 3 � 1
and so X is not ph � 1q�defective for h ¤ 6h6p7q. Now, 7 � 1 � 23 and h6p7q � 62 � 36.
Therefore, Theorem 5.4.3 yields that X is not 217�defective.
Corollary 5.4.5. The variety

±r
i�1 Gpki, nq is not ph� 1q-defective for

h ¤
�
n� 1
kr � 1


tlog2p
°
kj�r�1qu

.

Proof. We may write
ŗ

i�1
ki � r � 1 � 2λ1 � 2λ2 � � � � � 2λl � ε (5.4.6)

with λ1 ¡ λ2 ¡ � � � ¡ λl ¥ 1 and ε P t0, 1u. Then hαp
°r
i�1 ki � r � 2q � αλ1�1 � αλ2�1 �

� � � � αλl�1.
The first bound in Theorem 5.4.3 gives h ¤ αλ1 � � � � � αλl . Furthermore, considering

just the first summand in the second bound in Theorem 5.4.3 we get that
±r
i�1 Gpki, nq is

not ph� 1q-defective for h ¤ pα� 1qpαλ1�1 � αλ2�1 � � � � � αλl�1q.
Finally, from (5.4.6) we get that λ1 � tlog2pr�1�° kiqu. Hence, asymptotically we have

hαp
°
kj� r�2q � αtlog2pr�1�

°
kiqu�1, and by Theorem 5.4.3 if h ¤

�
n� 1
kr � 1


tlog2p
°
kj�r�1qu

then the variety
±r
i�1 Gpki, nq is not ph� 1q-defective.
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5.5 On secant defectiveness of Flag varieties
Our goal is to compute the higher osculating spaces of Fpk1, . . . , kr;nq. In order to do this,
we will use the notion of osculating well-behaved variety, see Definition 1.5.8.

Let us denote by Mi the following pki � 1q � pn� 1q matrix

Mi �

��������

Ik1�1 . . . . . . px1
l,mq 0¤l¤k1

k1�1¤m¤n
0 Ik2�k1 . . . px2

l,mqk1�1¤l¤k2
k2�1¤m¤n

...
. . .

. . .
...

0 � � � Iki�ki�1 pxil,mqki�1�1¤l¤ki
ki�1¤m¤n

��������
and consider the map

ϕ1 :
±r
i�1 C

pk1�1qpn�k1q�
°i
j�2pn�kjqpkj�kj�1q ÝÑ PN

pM1, . . . ,Mrq ÞÝÑ p±r
i�1 detpMJiqqJ�tJ1,...,JruPΛ

where MJi is the submatrix obtained from Mi by considering only the columns indexed by
J i.

For each 2 ¤ i ¤ r and m ¤ kl, let us take xil,m � 0 in Mi. Then ϕ1 becomes the
parametrization ϕ of

±r
i�1 Gpki, nq in (5.1.3).

Now, set xil,m � xrl,m in Mi for each i � 1, . . . , r � 1 and 1 ¤ l   m ¤ n. Hence ϕ
becomes the parametrization of Fpk1, . . . , kr;nq given by

ϕ : Cpk1�1qpn�k1q�
°r
j�2pn�kjqpkj�kj�1q ÝÑ PpΓaq � PN
Mr ÞÝÑ ϕ

�
M1, . . . ,M r

�
where M i is the submatrix obtained from Mr by considering only the first ki � 1 rows.

Lemma 5.5.1. Let Tsϕ1 p
±r
i�1 Gpki, nqq :�

C
B|I|ϕ1
Bx|I|

p0q | |I| ¤ s

G
be the s-osculating space

of
±r
i�1 Gpki, nq with respect to ϕ1. Then Tsϕ1 p

±r
i�1 Gpki, nqq � Ts p±r

i�1 Gpki, nqq for every
s ¤ r �°r

i�1 ki. In particular,
Bsϕ1
Bx|I|

p0q � B|J |ϕ
Bx|J |

p0q

for some J with |J | ¤ |I|.

Proof. First, note that if for any xil,m P x|I| we have m ¡ ki, then Bsϕ1

Bx|I|
p0q � B|I|ϕ

Bx|I|
p0q and

we are done.
Now, let 2 ¤ i ¤ r and consider a derivative B|I|ϕ1

Bx|I|
p0q such that xil,m P x|I| with m ¤ ki.

Therefore, to prove the statement it is enough to show that this partial derivative can

be written in terms of another partial derivative B
|J |ϕ1

Bx|J |
p0q with xil,m R x|J |, m ¤ ki and

|J |   |I|.
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Fix 2 ¤ i ¤ r and let xil1,m1
, ..., xilh,mh , x

i
lh�1,mh�1

, ..., xilb,mb P x|I| such that ma ¤ ki for
every a � 1, ..., h and b ¤ ki � 1.

If Bbϕ1

Bxi
l1,m1

���Bxi
lh,mh

Bxi
lh�1,mh�1

���Bxi
lb,mb

p0q � 0 consider the minor MJi of Mi such that the
monomial

xil1,m1 . . . x
i
lh,mh

xilh�1,mh�1 . . . x
i
lb,mb

appears in the expression of detpMJiq. Then, there exist variables

xiσJi plh�1q,σJi pmh�1q
, ..., xiσJi plbq,σJi pmbq

such that xiσJi plh�1q,σJi pmh�1q
� � �xiσJi plbq,σJi pmbq is also a monomial in detpMJq, where σJi is

a permutation on the indexes such that σJipmaq ¡ ki for all h� 1 ¤ a ¤ b.
This shows that

Bmϕ1
Bxil1,m1

� � � Bxilh,mhBxilh�1,mh�1
� � � Bxilb,mb

p0q � Bmϕ1
BxiσJi plh�1q,σJi pmh�1q

, ..., BxiσJi plbq,σJi pmbq
p0q.

We have decreased the number of variables involved and thus lowered the order of the
derivatives. Finally, since Bϕ

Bxi
l,m

p0q � Bϕ1

Bxi
l,m

p0q for m ¡ ki we are done.

Lemma 5.5.2. Since ϕ is a sub-parametrization of ϕ1 by the chain rule we have
Bsϕ
Bx|I|

p0q �
¸
|K|

Bsϕ1
Bx|K|

p0q�
¸
|J |

Bsϕ
Bx|J |

p0q

where |K| � |I| � s and |J | ¤ |I|. Let Bsϕ
Bx|I|

p0q � 0 with |I| � s such that for each

xil,m P x|I| we have that m ¡ ki. Then, in the above decomposition there is at least a vector
Bsϕ
Bx|J |

p0q with |J | � s.

Proof. For any xil,m P x|I| let hpmq be the maximum index in t1, ..., ru such that m ¡ khpmq.
Since for each xil,m P x|I| we have that m ¡ ki and Bsϕ

Bx|I|
p0q � 0, we get that any xil,m P x|I|

appears at most hpmq times in x|I|.
Now, for any s ¤ hpmq, the chain rule expression of Bsϕ

pBxi
l,m

qs
p0q contains the factor

Bsϕ1
Bx1

l,mBx2
l,m...Bxhpmql,m

p0q � Bsϕ
Bx1

l,mBx2
l,m...Bxhpmql,m

p0q.

Repeating this argument for all indexes xil,m P x|I| we conclude.

Proposition 5.5.3. The flag variety is osculating well-behaved, that is

TspFpk1, . . . , kr;nq � Tsp
r¹
i�1

Gpki, nq X PpΓaq

for any p P Fpk1, . . . , kr;nq and non-negative integer s.
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Proof. We may assume that p � eI where I � tI1, . . . , Iru and I l � t0, . . . , klu for each 1 ¤
l ¤ r. Let us first assume that s � r�°r

i�1 ki. Note that s is the smallest integer for which
TspFpk1, . . . , kr;nq � PpΓaq and Tsp

±s
i�1 Gpki, nq � PN , in this case TspFpk1, . . . , kr;nq �

PpΓaq � PpΓaq X PN � PpΓaq X Tsp
±s
i�1 Gpki, nq and we are done. Now, assume s  

r �°r
i�1 ki. Let

v �
¸

|I|¤s�1
α|I|

B|I|ϕ
Bx|I|

p0q (5.5.4)

be a general vector in Ts�1
p

±r
i�1 Gpki, nq, and assume that

v P Ts�1
p

±r
i�1 Gpki, nq X PpΓaq � Tsp

±r
i�1 Gpki, nq X PpΓaq � TspFpk1, . . . , kr;nq

this yields that v can be written as

v �
¸

|I|¤s�1
α|I|

B|I|ϕ
Bx|I|

p0q �
¸
|I|�s

β|I|
Bsϕ
Bx|I|

p0q. (5.5.5)

Now, recall that for any I such that there are variables xil,m P x|I| with m ¤ ki we can find
another set J for which |J |   |I| and

Bsϕ1
Bx|I|

p0q � B|J |ϕ
Bx|J |

p0q.

Therefore, we can assume that any set I in the second summand of (5.5.5) is such that
m ¡ ki for any xil,m P x|I|. Thus, by Lemma 6.2.6, we will have an equality in (5.5.4) and
(5.5.5) if and only if β|I| � 0 for any set I such that m ¡ ki for all xil,m P x|I|. Hence
v P Ts�1

p Fpk1, . . . , kr;nq.

5.6 Osculating Projections

Let s1, . . . , sα be integers such that 0 ¤ sm ¤ r � 2 �°r
i�1 ki. Denote TspFpk1, . . . , kr;nq

simply by TspF and the linear subspace xTs1eI1F, . . . ,T
sm
eIm

Fy by Ts1,...,smeI1 ,...,eIm
F. Then, for m ¤ α

we have the linear projection

ΠT s1 ,..., sm
eI1 ,...,eIm

F : Fpk1, . . . , kr;nq 99K PNs1,...,sm .

Proposition 5.6.1. Let I1, . . . , Iα be as in (5.2.3) and s � r � 2�°r
i�1 ki. Then,

- ΠTs,...,seI1 ,...,eIα�1 ,
F is birational;

- ΠTs,...,seI1 ,...,eIα
F is birational whenever n ¥ k2

r � 3kr � 1.

Proof. Since ΠTs,...,seI1 ,...,eIα�1
factors trough ΠTs,...,seI1 ,...,eIα�1

F, it is enough to show that the re-
striction of ΠTs,...,seI1 ,...,eIα�1

to Fpk1, . . . , krq is birational.
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For any i � r and 1 ¤ j ¤ α� 1 consider I 1ij � Iij and I 1rj � Irj of cardinality kr. Since
n ¥ 2kr � 1 and kr ¥ ki we must have

n�
α�1̧

j�1
|I 1ij | � n� pα� 1qpki � 1q ¥ n� pα� 1qkr ¥ kr � 1 ¤ ki � 1 .

Now, let us denote by I 1i the union
�α�1
j�1 I

1i
j . Then, by Lemma 5.2.4 there exists a rational

map πI 1r making the following diagram commutative

Fpk1, . . . , kr;nq PN 1
s,...,s

±r
i�1 Gpki, n�

°α
j�1 |I 1ij |q

Π
T s ,..., s,s

1
eI1 ,...,eIα�1 ,eIα

πI1r±r
i�1 ΠI1i

Now, let x � ptViuri�1q be a general point in the image of ΠTs,...,seI1 ,...,eIα�1
andX � Fpk1, . . . , kr;nq

be the fiber of ΠTs,...,seI1 ,...,eIα�1
over x. Set xI 1r � πI 1rpxq and denote by XI 1r � Fpk1, . . . , kr;nq

the fiber of
±r
i�1 ΠI 1i over xI 1r .

Therefore, X �
£
I 1r

XI 1r , where the intersection runs over all sets I 1r � �α�1
j�1 I

1r
j with

I 1rj � Irj and |I 1rj | � kr for 1 ¤ j ¤ α� 1.
Now, note that if tWiuri�1 P X is a general point, then we must have Wi � xem |m P�α

j�1 I
1i
j ; Viy for any choice of

�α
j�1 I

1i
j . Hence,

Wi �
£
I 1r

xem |m P
α¤
j�1

I 1ij ; Viy. (5.6.2)

In particular, Wr �
£
I 1r

xem |m P
α¤
j�1

I 1rj ;Vry. Now, since |I 1rj | ¤ kr we must have
£
I 1r

xem |m P
α¤
j�1

I 1rj y � H and then Vr �
£
I 1r

xem |m P
α¤
j�1

I 1rj ; Vry which yields Wr � Vr.

Now, set i ¤ r� 1. Since tViuiPK is general in Fpk1, . . . , kr;nq and n�
α�1̧

j�1
|I 1ij | ¥ kr � 1

we have Vr X xem |m P �α
j�1 I

i
jy � H. On the other hand Wi � Wr � Vr for all i ¤ r � 1,

then Wi X xem | m P �α
j�1 I

i
jy � H. Hence, by (5.6.2) we must have Wi � Vi for any

i ¤ r � 1.
Now, assume that n ¥ k2

r � 3kr � 1 then

n� αpki � 1q ¥ n� αkr ¥ n� pn� 1q
kr � 1 kr �

npkr � 1q � pn� 1qkr
kr � 1

� n� kr
kr � 1 ¥ k2

r � 3kr � 1� kr
kr � 1 � kr � 1.
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Then, arguing as in the proof of the first case, for any choice of subsets I 1ij � Iij , I 1ij � Iij
with i � r and 1 ¤ j ¤ α� 1, I 1rj � Irj of cardinality kr we get, by Lemma 5.2.4, a rational
map πI 1r making the following diagram commutative

Fpk1, . . . , kr;nq PN 1
s,...,s

±r
i�1 Gpki, n�

°α
j�1 |I 1ij |q

ΠTeI1
,...,eIα

πI1r±r
i�1 ΠI1i

where I 1i � �α
j�1 I

1i
j , i � 1, . . . , r. Now, to conclude, it is enough to follow the same

argument used in the end of the proof of the first claim.

5.7 Non-Secant defectiveness of Flag varieties
We recall [FMR20, Proposition 4.4] which describes how the notion of osculating regularity
behaves under linear sections (see Chapter 1).

Proposition 5.7.1. Let X � PN be an irreducible projective variety and Y � Pk X X
a linear section of X that is osculating well-behaved. Assume that given general points
p1, . . . , pm P Y one can find smooth curves γj : C Ñ X, j � 2, . . . ,m, realizing the m-
osculating regularity of X for p1, . . . , pm such that γjpCq � Y. Then Y has m-osculating
regularity as well. Furthermore, the analogous statement for strong 2-osculating regularity
holds as well.

Proposition 5.7.2. The flag variety Fpk1, . . . , kr;nq has strong 2-osculating regularity and
α-osculating regularity, where α :�

Y
n�1
kr�1

]
.

Proof. The statement follows immediately from Propositions 5.3.2, 5.3.6, 5.7.1.

Now, we are ready to prove our main result on non-defectiveness of flag varieties.

Theorem 5.7.3. Assume that n ¥ 2kr � 1. Set

α :�
Z
n� 1
kr � 1

^
and let hα be as in Definition 1.5.4. If either

- n ¥ k2
r � 3kr � 1 and h ¤ αhαp

°
kj � r � 2q or

- n   k2
r � 3kr � 1 and h ¤ pα� 1qhαp

°
kj � r � 2q.

Then, Fpk1, . . . , kr;nq is not ph� 1q-defective. In particular, if

h ¤
�
n� 1
kr � 1


tlog2p
°
kj�r�1qu

then Fpk1, . . . , kr;nq is not ph� 1q-defective.
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Proof. The first part is an immediately consequence of Propositions 5.7.1, 5.6.1 and Theo-
rem 5.4.2. For the last claim note that if we write¸

kj � r � 1 � 2λ1 � 2λ2 � � � � � 2λl � ε (5.7.4)

with λ1 ¡ λ2 ¡ � � � ¡ λl ¥ 1 and ε P t0, 1u. Then

hαp
¸
kj � r � 2q � αλ1�1 � αλ2�1 � � � � � αλl�1.

Therefore, the first bound in Theorem 5.7.3 yields

h ¤ αλ1 � αλ2 � � � � � αλl .

Furthermore, by the second bound in Theorem 5.7.3 we get that Fpk1, . . . , kr;nq is not
ph� 1q-defective for

h ¤ pα� 1qpαλ1�1 � αλ2�1 � � � � � αλl�1q.
Finally, by (5.7.4) we get that λ1 � tlog2p

°
kj � r � 1qu. Hence, asymptotically we

have hαp
°
kj � r � 2q � αtlog2p

°
kj�r�1qu, and by Theorem 5.7.3 for h ¤ αtlog2p

°
kj�r�1qu ¤�

n� 1
kr � 1


tlog2p
°
kj�r�1qu

the flag variety Fpk1, . . . , kr;nq is not ph� 1q-defective.

Remark 5.7.5. Now, given a flag Fpk1, . . . , kr;nq with n   2kr�1. Assume that n ¥ 2kj�1
for some index j and let l be the maximum among these j’s. Then we have a natural
projection

π : Fpk1, . . . , kr;nq ÝÑ Fpk1, . . . , kl;nq
tViui�1,...,r ÞÝÑ tViui�1,...,l.

The fiber of π over a general point in Fpk1, . . . , kl;nq is isomorphic to Fpkl�1 � kl �
1, . . . , kr � kl � 1;n � kl � 1q. Now let p1, . . . , ph P Fpk1, . . . , kl;nq be general points, and
TpiFpk1, . . . , kl;nq be the tangent space at pi. Then, we have

Tπ�1ppiqFpk1, . . . , kr;nq �
@
TpiFpk1, . . . , kl;nq,Tπ�1ppiqFpkl�1 � kl, . . . , kr � kl;n� klq

D
and TpiFpk1, . . . , kl;nq X Tπ�1ppiqFpkl�1 � kl, . . . , kr � kl;n� klq � H.

Now, observe that if Tπ�1ppiqFpk1, . . . , kr;nq X Tπ�1ppjqFpk1, . . . , kr;nq � H then

dim
A
Tπ�1ppjqFpk1, . . . , kr;nq ; j � 1, . . . , h

E
¤ h dimFpk1, . . . , kl;nq � h� 2.

Since Tπ�1ppiqFpkl�1�kl�1, . . . , kr�kl�1;n�kl�1q is contracted by π for any j � 1, . . . , h
we have that

dim πpT q ¤ h dimFpk1, . . . , kr;nq � h� 2� hdimFpkl�1 � kl, . . . , kr � kl;n� klq
� hdimFpk1, . . . , kl;nq � h� 2

where T � @Tπ�1ppiqFpk1, . . . , kr;nq ; i � 1, . . . , h
D
.

In particular, by Terracini’s lemma [Ter11] we have that if Fpk1, . . . , kl;nq is not h-
defective, then Fpk1, . . . , kr;nq is not h-defective.
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Theorem 5.7.6. Consider a flag variety Fpk1, . . . , kr;nq with n   2kr � 1. Assume that
n ¥ 2kj � 1 for some index j and let l be the maximum among these j’s. Then, for

h ¤
�
n� 1
kl � 1


tlog2p
°l
j�1 kj�l�1qu

Fpk1, . . . , kr;nq is not ph� 1q-defective.
Proof. It is an immediate consequence of Theorem 5.7.3 and Remark 5.7.5.

5.8 On identifiability of products of Grassmannians and Flag
varieties

Let X � PN be an irreducible, non-degenerated variety. A point p P PN is said to be
h-identifiable, with respect to X, if it lies on a unique ph � 1q-plane h-secant to X. Fur-
thermore, X is said to be h-identifiable if a general point of SechpXq is h-identifiable.

Now, we combine our bounds on non-secant defectiveness of products of Grassmannians
and flag varieties and [CM19, Theorem 3] to get the following.

Corollary 5.8.1. Consider the product of Grassmannians
±r
i�1 Gpki, nq. Assume that

2
r¹
i�1
pki � 1qpn� kiq � 1 ¤

�
n� 1
kr � 1


tlog2p
°
ki�r�1qu

Then,
±r
i�1 Gpki, nq is h-identifiable for h ¤

�
n�1
kr�1

	tlog2p
°
ki�r�1qu

.
Furthermore, let us suppose that n ¥ 2kj � 1 for some index j and consider l the

maximum among these j’s. Assume that

2ppk1 � 1qpn� k1q �
i̧

j�2
pn� kjqpkj � kj�1qq � 1 ¤

�
n� 1
kl � 1


tlog2p
°l
j�1 kj�l�1qu

Then Fpk1, . . . , kr;nq is h-identifiable for h ¤
�
n�1
kl�1

	tlog2p
°l
j�1 kj�l�1qu

.

Proof. It is enough to apply Corollary 5.4.5, Theorem 5.7.6 and [CM19, Theorem 3].

5.9 On the chordal variety of Fp0, k; nq

In this section we consider the particular case of flag varieties parametrizing chains of type
p P Hk � Pn.

Proposition 5.9.1. Let us consider the flag variety Fp0, k;nq � PpΓq � PN , where 0  
k   n. Then, Sec2Fp0, k;nq has always the expected dimension except when k � n � 1, in
this case Fp0, n� 1;nq is 2-defective with 2-defect δ2pFp0, n� 1;nqq � 1.
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Proof. Let p, q P Fp0, k;nq be two general points, without loss of generality we can assume
that p � e0,t0,...,ku � e0,I0 and q � en,tn�k,...,nu � en,I1 .

Now, Proposition 5.5.3 yields that

Te0,I0Fp0, k;nq � xei,I | dppi, Iq, p0, I0qq ¤ 1y X PpΓq
and

Ten,I1Fp0, k;nq � xei,I | dppi, Iq, pn, Inqq ¤ 1y X PpΓq.
Note that dppi, Iq, p0, I0qq � 1 if and only if either i � 0 and I � I0 or i � 0 and |I X I0| �
k. Similarly, dppi, Iq, pn, I1qq � 1 if and only if either i � n and I � I1 or i � n and
|I X I1| � k. Therefore, since n � 0 and I1 � I0 we have that ei,I P tei,I | dppi, Iq, p0, I0qq ¤
1u X tei,I | dppi, Iq, pn, I1qq ¤ 1u if and only if either I � I0 and i � n or I � I1 and i � 0.

Now, assume that I � I0 and i � n, this is ei,I P Te0,I0Fp0, k;nq X Ten,I1Fp0, k;nq, in
particular we have |I X I1| � |I0 X I1| � k and hence t1, . . . , ku � I1 once 0 R I1. So we
must have k � n� 1. Similarly, if I � I1 and i � 0 we conclude that k � n� 1.

Therefore, if k   n� 1, we get

tei,I | dppi, Iq, p0, I0qq ¤ 1u X tei,I | dppi, Iq, pn, I1qq ¤ 1u � H
and hence

tei,I | dppi, Iq, p0, I0qq ¤ 1u X tei,I | dppi, Iq, pn, I1qq ¤ 1u X PpΓq � H
which implies that

dim
A
Te0,I0Fp0, k;nq,Ten,I1Fp0, k;nq

E
� 2 dimFp0, k;nq � 1.

So, Terracini’s lemma [Ter11] yields that Sec2Fp0, k;nq has the expected dimension when-
ever k   n� 1.

Now, assume that k � n� 1. In this case we have

tei,I | dppi, Iq, p0, I0qq ¤ 1u X tei,I | dppi, Iq, pn, I1qq ¤ 1u � te0,t1,...,nu, en,t0,...,n�1uu.
Furthermore, Fp0, n� 1;nq is the hypersurface cut out in Pn � Pn� by

ņ

i�0
p�1qiZi,Inztiu � 0

where In � t0, . . . , nu.
Therefore, we get that Te0,I0Fp0, n � 1;nq � xei,I | dppi, Iq, p0, I0qq ¤ 1y X PpΓq is given

byB
e0,t1,...,nu � p�1qn�1en,t0,...,n�1u ; ei,I | dppi, Iq, p0, I0qq ¤ 1 and i, I �

"
0, t1, . . . , nu
n, t1, . . . , n� 1u

F
and Ten,I1Fp0, n� 1;nq � xei,I | dppi, Iq, pn, I1qq ¤ 1y X PpΓq is given byB
e0,t1,...,nu � p�1qn�1en,t0,...,n�1u ; ei,I | dppi, Iq, pn, I1qq ¤ 1 and i, I �

"
0, t1, . . . , nu
n, t1, . . . , n� 1u

F
.
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Therefore,

dim
A
Te0,I0Fp0, n� 1;nq,Ten,I1Fp0, n� 1;nq

E
� 2 dimFp0, n�1;nq   expdim Sec2Fp0, n�1;nq.

Finally, since expdim Sec2Fp0, k;nq � 2 dimFp0, n� 1;nq � 1 we have that Fp0, n� 1, nq is
2-defective with 2-defect δ2pFp0, n� 1;nqq � 1.
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Chapter 6

On ph, sq-tangential weak
defectiveness

Identifiability has been related to the concept of weak defectiveness in [Mel06], and more
recently to the notion of tangential weak defectiveness in [CO12].

We introduce the concept of ph, sq-tangential weakly defectiveness, where h, s are pos-
itive integers. A variety X � PN is ph, sq-tangentially weakly defective if a general linear
subspace of dimension s, which is tangent to X at h general points x1, . . . , xh P X, is tan-
gent to X along a positive dimensional subvariety of X containing at least one of the xi.
In particular, when s � dim xTx1X, . . . ,TxhXy we recover the notion of h-tangential weak
defectiveness while for s � N � 1 we get the notion of h-weak defectiveness.

6.1 Osculating regularity and ph, sq�tangential weak defec-
tiveness

We start introducing a notion that measures how much a h-weakly defective variety is far
from being h-tangentially weakly defective.

Definition 6.1.1. Let x1, . . . , xh P X be general points and Π � PN a linear subspace of
dimension s containing xTx1X, . . . ,TxhXy. The ph, sq-tangential contact locus Γx1,...,xh,Π
of X with respect to x1, . . . , xh,Π is the closure in X of the union of all the irreducible
components which contain at least one of the xi of the locus of points of X where Π is
tangent to X. Let γx1,...,xh,Π be the largest dimension of the components of Γx1,...,xh,Π. If
γx1,...,xh,Π ¡ 0 for Π general, we say that X is ph, sq-tangentially weakly defective.

In particular, when s � dim xTx1X, . . . ,TxhXy from Definition 6.1.1 we recover the
notion of h-tangential weak defectiveness while for s � N � 1 we get the notion of h-weak
defectiveness.

We begin by proving a simple result on the behavior of contact loci under flat degener-
ations.
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Lemma 6.1.2. Let X � PN be a projective variety, ∆ � C a complex disk around the
origin and tΠtutP∆ a family of linear subspaces of PN . Then

dimpSingpΠ0 XXqq ¥ dimpSingpΠt XXqq

for t P ∆.
Furthermore, let tΓtutP∆ be a family of linear subspaces Γt � PN , Λ � PN a linear

subspace containing Γ0, and Π a linear subspace containing Λ. Then

dimpSingprΠt XXqq ¤ dimpSingpΠXXqq

where rΠt is a general linear subspace of dimension dimpΠq containing Γt.

Proof. For the first claim it is enough to consider the variety

Y � tpx, tq | x P SingpX XΠtqu � X �∆

with projection π2 : Y Ñ ∆ and to conclude by semi-continuity.
For the second part note that since Γ0 � Λ we have that Γ0 � Π. Let Γ1 � Π be

a subspace such that Π � xΓ0,Γ1y, Γ1 X Γ0 � H, and set Πt � xΓt,Γ1y. Then tΠtutP∆
is a family of linear subspace such that Γt � Πt for all t P ∆. By the first part of the
proof we have dimpSingpΠ X Xqq ¥ dimpSingpΠt X Xqq for all t P ∆. Now, consider the
Grassmannian GpdimpΠq�dimpΓtq�1, N�dimpΓtq�1q parametrizing dimpΠq-dimensional
linear subspaces of PN containing Γt, and the variety

Z � tpx, rΠtq | x P SingprΠt XXqu � X �GpdimpΠq � dimpΓtq � 1, N � dimpΓtq � 1q

with projection π2 : Z Ñ GpdimpΠq�dimpΓtq�1, N�dimpΓtq�1q. Again by semi-continuity
we have

dimpSingprΠt XXqq ¤ dimpSingpΠt XXqq
for rΠt P GpdimpΠq�dimpΓtq� 1, N �dimpΓtq� 1q general, and hence dimpSingpΠXXqq ¥
dimpSingpΠt XXqq ¥ dimpSingprΠt XXqq.

We are ready to prove the main result of this section relating osculating regularity to
tangential weak defectiveness.

Theorem 6.1.3. Let X � PN be a projective variety having m-osculating regularity and
strong 2-osculating regularity. Assume that there exist integers l, k1, . . . , kl ¥ 1, general
points p1, . . . , pl P X and a linear subspace of dimension s containing xTk1

p1 , . . . ,T
kl
pl
y that is

not tangent to X along a positive dimensional subvariety. Set

h :�
ļ

j�1
hmpkjq

Then X is not ph, sq-tangentially weakly defective.
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Proof. Let us consider the linear span

T �
B
T1
p1

1
, . . . ,T1

p
hmpk1q
1

, . . . ,T1
p1
l
, . . . ,T1

p
hmpklq

l

F
and p1

1 � p1, . . . , p
1
l � pl. For seek of notational simplicity along the proof we will assume

l � 1. For the general case it is enough to apply the same argument l times.
Let us begin with the case k1�1 � 2λ. Then hmpk1q � mλ�1. Since X has m-osculating

regularity we can degenerate T , in a family parametrized by a smooth curve, to a linear
space U1 contained in

V1 �
B
T3
p1

1
,T3

pm�1
1

, . . . ,T3
pm

λ�1�m�1
1

F
Again, since X has m-osculating regularity we may specialize, in a family parametrized by
a smooth curve, the linear space V1 to a linear space U2 contained in

V2 �
B
T7
p1

1
,T7

pm
2�1

1
, . . . ,T7

pm
λ�1�m2�1

1

F
Proceeding recursively in this way in last step we get a linear space Uλ�1 which is contained
in

Vλ�1 � T2λ�1
p1

1

Now, more generally, let us assume that

k1 � 1 � 2λ1 � � � � � 2λa � ε

with ε P t0, 1u, and λ1 ¡ λ2 ¡ � � � ¡ λa ¥ 1. Then

hmpk1q � mλ1�1 � � � � �mλa�1

By applying a times the argument for k1 � 1 � 2λ in the first part of the proof we may
specialize T to a linear space U contained in

V �
B
T2λ1�1
p1

1
,T2λ2�1

pm
λ1�1�1

1

, . . . ,T2λa�1
pm

λ1�1�����mλa�1�1
�1

1

F
Finally, using that X has strong 2-osculating regularity a � 1 times we specialize V to a
linear space U 1 contained in

V
1 � T2λ1�����2λa�1

p1
1

Note that T2λ1�����2λa�1
p1

1
� Tk1

p1
1
if ε � 0, and T2λ1�����2λa�1

p1
1

� Tk1�1
p1

1
� Tk1

p1
1
if ε � 1. In any

case, since by hypothesis there is an s-dimensional linear subspace containing xTk1
p1 , . . . ,T

kl
pl
y

that is not tangent to X along a positive dimensional subvariety we conclude by Lemma
6.1.2.
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6.2 On tangential weak defectiveness of Segre-Veronese va-
rieties

Let n � pn1, . . . , nrq and d � pd1, . . . , drq be two r-uples of positive integers, with n1 ¤
� � � ¤ nr and d � d1 � � � � � dr ¥ 3. Let SV n

d � PNpn,dq, where Npn,dq �±r
i�1
�
ni�di
di

�� 1,
be the corresponding Segre-Veronese variety that is the product Pn1 � � � � � Pnr embedded
by the complete linear system

��OPn1�����Pnr pd1, . . . , drq
��. We recall the notion of distance

for Segre-Veronese varieties given in [AMR19, Definition 2.4].

Definition 6.2.1. Let n and d be positive integers, and set

Λn,d � tI � ti1, . . . , idu, 0 ¤ i1 ¤ � � � ¤ id ¤ nu

For I, J P Λn,d, we define their distance dpI, Jq as the number of different coordinates.
More precisely, write I � ti1, . . . , idu and J � tj1, . . . , jdu. There are r ¥ 0 distinct indexes
λ1, . . . , λr � t1, . . . , du and distinct indexes τ1, . . . , τr � t1, . . . , du such that iλk � jτk for
every 1 ¤ k ¤ r, and

tiλ | λ � λ1, . . . , λru X tjτ | τ � τ1, . . . , τru � H

Then dpI, Jq � d� r. Now, set

Λ � Λn,d � Λn1,d1 � � � � � Λnr,dr

For I � pI1, . . . , Irq, J � pJ1, . . . , Jrq P Λ, we define their distance as

dpI, Jq � dpI1, J1q � � � � � dpIr, Jrq

Such a distance, called the Hamming distance, was defined in [CGG02, Section 2] for
Segre varieties. We will denote the homogeneous coordinates and the corresponding coor-
dinate points of PNpn,dq by XJ and eJ respectively, for J P Λ.

Proposition 6.2.2. Let p0, . . . , pn1 P SV n
d be general points. If d :� mintd1, . . . , dru ¥ 2

then a general hyperplane H � PN containing T � xTd�1
p0 SV n

d , . . . ,Td�1
pn1

SV n
d y is not tangent

to SV n
d along a positive dimensional subvariety.

Proof. Since PGLpn1 � 1q � � � � � PGLpnr � 1q acts transitively on SV n
d we may assume

that pi � eIi , where Ii � pti, . . . , iu, . . . , ti, . . . , iuq. By [AMR19, Proposition 2.5] Td�1
eIi

�
xeJ | dpIi, Jq ¤ d� 1y, and hence

xTd�1
eI0

, . . . ,Td�1
eIn1

y � xeJ | dpIi, Jq ¤ d� 1 for some i � 0, . . . n1y
� tXJ � 0 | dpIi, Jq ¡ d� 1 for all i � 0, . . . n1u

Now, let H � PNpn,dq be a general hyperplane containing T . We have that H is given by
an equation of type ¸

JPΛ | dpIi,Jq¡d�1,@ i�0,...,n1

αJXJ � 0, αJ P C (6.2.3)
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Let us denote by PNpn,dq�dimpT q�1 the projective space whose homogeneous coordinates are
the αJ with J P Λ and dpIi, Jq ¡ d�1 for all i � 0, . . . , n1. Now, for each fixed i � 0, . . . , n1
we consider the following subset of Λ: for each 1 ¤ l ¤ r and 0 ¤ j ¤ nl with j � i let

Ji,j,l � pJ1, . . . , Jrq P Λ where Jl � tj, . . . , ju and Jk � ti, . . . , iu for k � l

and set Λi � tJi,j,l P Λ | for all 1 ¤ l ¤ r and 0 ¤ j ¤ nl with j � iu .
Observe that, since d � mintdiu and j � i, each J P Λi satisfies dpIi, Jq ¥ d ¡ d� 1 for

all i � 0, . . . , n1. Consider the projection

πi : PNpn,dq�dimpT q�1 99K P
°
i�j nj

pαJqJPΛ | dpIl,Jq¡d�1 l�0,...,n1 ÞÝÑ pαJqJPΛi

the point r1 : � � � : 1s P P
°
j�i nj and let H P π�1

i pr1 : � � � : 1sq be the hyperplane given by°
JPΛi XJ � 0. The intersection H X SV n

d corresponds to the hypersurface¸
JPΛi

Xd1
1,i � � �Xdl

l,j � � �Xdr
r,i � 0 (6.2.4)

where Xl,j for j � 0, . . . , nl are the homogeneous coordinates on Pnl . Thus, in the affine
chart X1,i � � � � � Xr,i � 1 equation (6.2.4) becomes¸

1¤l¤r
0¤j¤nl, j�i

Xdl
l,j � 0 (6.2.5)

The singular locus of H X SV n
d in the affine chart X1,i � � � � � Xr,i � 1 is given by the

following system of equations

tdlXdl�1
l,j � 0u1¤l¤r, 0¤j¤nl, j�i

The only solution of this system is Xl,j � 0, and so the hypersurface (6.2.5) is singular
only at p0 � p0, . . . , 0q. Therefore, we conclude that the intersection of SV n

d with a general
hyperplane H containing T is singular, in a neighborhood of p0, only at p0. Since this
argument holds for each i � 0, . . . , n1 using Lemma 6.1.2 we get the claim.

Proposition 6.2.6. Let p0, . . . , pn1 P SV n
d be general points and assume that d � d1 ¤ di�2

for each i � 1. Then a general hyperplane H � PN containing T � xTdp0SV
n

d , . . . ,Tdpn1
SV n

d y
is not tangent to SV n

d along a positive dimensional subvariety.

Proof. As in Proposition 6.2.2 we may assume that pi � eIi , with Ii � pti, . . . , iu, . . . , ti, . . . , iuq.
By [AMR19, Proposition 2.5] TdeIi � xeJ | dpIi, Jq ¤ dy. Hence

xTdeI0 , . . . ,T
d
eIn1

y � xeJ | dpIi, Jq ¤ d for some i � 0, . . . n1y
� tXJ � 0 | dpIi, Jq ¡ d for all i � 0, . . . n1u

Now, let H � PNpn,dq be a general hyperplane containing T . We have that H is given by
an equation of type ¸

JPΛ | dpIi,Jq¡d,@ i�0,...,n1

αJXJ � 0, αJ P C
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Let us denote by PNpn,dq�dimpT q�1 the projective space whose homogeneous coordinates are
the αJ with J P Λ and dpIi, Jq ¡ d for all i � 0, . . . , n1. Now, for each fixed i � 0, . . . , n1
we consider the following subset of Λ: for each 2 ¤ l ¤ r and 0 ¤ j ¤ nl with j � i set

Ji,j,l � pJ1, . . . , Jrq P Λ where Jl � ti, j, . . . , ju, Jk � ti, . . . , iu for k � l

and Λi,1 � tJi,j,l P Λ | for all j, l � iu.
Moreover, we also consider another subset of Λ defined as follows: for each 0 ¤ j ¤ n1

with j � i let

Ji,j � pJ1, . . . , Jrq P Λ where J1 � tj, . . . , ju, J2 � tj, i, . . . , iu, Jk � ti, . . . , iu for k � 1, 2

and Λi,2 � tJi,j,l P Λ | for all j, l � iu , Λi � Λi,1 Y Λi,2.
Observe that, since d � d1   di � 2 for i � 1 and j � i, each J P Λi satisfies

dpIl, Jq ¥ d� 1 ¡ d for all l � 0, . . . , n1. Therefore, we have a projection

πi : PNpn,dq�dimpT q�1 99K P
°
i�j nj

pαJqJPΛ | dpIl,Jq¡d l�0,...,n1 ÞÝÑ pαJqJPΛi

Now, consider the point r1 : � � � : 1s P P
°
j�i nj and let H P π�1

i pr1 : � � � : 1sq be the
hyperplane given by ¸

JPΛi

XJ � 0

The intersection H X SV n
d corresponds to the hypersurface¸

JPΛi,1

Xd1
1,i � � �Xl,iX

dl�1
l,j � � �Xdr

r,i �
¸

JPΛi,2

Xd1
1,jX2,jX

d2�1
2,i Xd3

3,i � � �Xdr
r,i � 0 (6.2.7)

where Xj,i, i � 0, . . . , nj , are the homogeneous coordinates on Pnj . Thus, in the affine chart
X1,i � � � � � Xr,i � 1 the equation (6.2.7) becomes

F �
¸

2¤l¤r
0¤j¤nl, j�i

Xdl�1
l,j �

¸
0¤j¤n1, j�i

Xd1
1,jX2,j � 0 (6.2.8)

The system of the partial derivatives of F is given by$'&'%
d1X

d1�1
1,j X2,j � 0

pd2 � 1qXd2�2
2,j �Xd1

1,j � 0
pdl � 1qXdl�2

l,j � 0, l � 3, . . . , r and j � i

This system has a solution only when all the coordinatesXl,j vanish, and so the hypersurface
tF � 0u in (6.2.8) is singular only at p0 � p0, . . . , 0q. Therefore, we conclude that for a
general hyperplaneH containing T the hypersurfaceHXSV n

d is singular, in a neighborhood
of p0, only at p0. Since this argument holds for each i � 0, . . . , n1 using Lemma 6.1.2 we
get the statement.
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Theorem 6.2.9. Set d :� mintd1, . . . , dru. If

- h ¤ pn1 � 1qhn1�1pd� 1q or
- h ¤ pn1 � 1qhn1�1pdq and d � d1 ¤ di � 2 for each 2 ¤ i ¤ r

then SV n
d is not h-weakly defective.

Proof. Since by [AMR19, Propositions 5.1, 5.10] the Segre-Veronese variety SV n
d has strong

2-osculating regularity and pn1�1q-osculating regularity, the statement follows immediately
from Propositions 6.2.2, 6.2.6 and Theorem 6.1.3.

Remark 6.2.10. Write d � 2λ1 � 2λ2 . . . � 2λs � ε with λ1 ¡ λ2 ¡ . . . ¡ λs ¥ 1 and
ε P t0, 1u, so that λ1 � tlog2pdqu. The first part of Theorem 6.2.9 says that SV n

d is not
h-weakly defective for h ¤ pn1 � 1qppn1 � 1qλ1�1 � pn1 � 1qλ2�1 � � � � � pn1 � 1qλs�1q.

Now, write d � 1 � 2λ1 � 2λ2 . . . � 2λs � ε with λ1 ¡ λ2 ¡ . . . ¡ λs ¥ 1 and ε P t0, 1u,
hence λ1 � tlog2pd�1qu. The second part of Theorem 6.2.9 yields that SV n

d is not h-weakly
defective for h ¤ pn1 � 1qppn1 � 1qλ1�1 � pn1 � 1qλ2�1 � � � � � pn1 � 1qλs�1q. Therefore, we
have that asymptotically for

h ¤ pn1 � 1qtlog2pdqu

SV n
d is not h-weakly defective.

6.3 On 1-weak defectiveness of Segre-Veronese varieties

In this section we give condition ensuring that Segre-Veronese varieties are not 1-weakly
defective. Note that this yields that their dual varieties are hypersurfaces.

Proposition 6.3.1. If nr ¤
°r�1
i�1 ni then SV n

d is not 1-weakly defective.

Proof. First of all, let us consider the Segre embedding of Pn1 � � � � � Pnr , that is d �
p1, . . . , 1q. Let p P Pn1 � � � � � Pnr be a general point, without loss of generality we may
assume that p � e0,...,0. Hence TppPn1 � � � � � Pnrq � xeJ | dpJ, pt0u, . . . , t0uqq ¤ 1y. Thus,
a general hyperplane containing TppPn1 � � � � � Pnrq is given by an equation of type¸

JPΛ | dpJ,pt0u,...,t0uqq¥2
αJXJ � 0

where Λ is the set of indexes of the standard Segre variety. On the affine chart X1,0 �
� � � � Xr,0 � 1, where Xi,0, . . . , Xi,ni are homogeneous coordinates of Pni , we have that
H X pPn1 � � � � � Pnrq is the hypersurface in C

°
ni given by¸

J�ptj1u,...,tjruqPΛ | dpJ,pt0u,...,t0uqq¥2
αJX1,j1 � � �Xr,jr � 0 (6.3.2)

where in the above formula whenever some of the variables X1,0, . . . , Xr,0 appear we set
them equal to one. Note that for a general choice of the αJ the hypersurface defined
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by 6.3.2 has 0-dimensional singular locus, since by an easy computation the Segre variety
Pn1 � � � � � Pnr is not 1-weakly defective under the numerical assumption nr ¤

°r�1
i�1 ni.

From now on Λ will be the set of indexes of a Segre-Veronese variety. Let p P SV n
d .

As before without loss of generality we can assume that p � eI0 . By [AMR19, Theorem
2.1] TpSV n

d � xeJ | dpI0, Jq ¤ 1y. Observe that for each J � ptj1u, . . . , tjruq such that
dpJ, pt0u, . . . , t0uqq ¥ 2 we can consider J 1 � pJ1, . . . , Jrq P Λ where Ji � t0, . . . , 0, jiu.
Therefore, considering the hyperplane H given by¸

J 1

αJXJ 1 � 0

where we set X1,0 � � � � � Xr,0 � 1 whenever these variables appear in the expression
above, we see that in the affine chart X1,0 � � � � � Xr,0 � 1 the hypersurface H X SV n

d in
C
°
ni is given by (6.3.2). Thus, the statement follows from the first part of the proof.

Proposition 6.3.3. Assume that nr ¡
°r�1
i�1 ni.

- If dr ¥ 2 then SV n
d is not pn1 � 1q-weakly defective.

- If dr � 1 then SV n
d is 1-weakly defective.

Proof. Let p0, . . . , pn1 P SV n
d be general points. Without loss of generality, we can suppose

that pi � eIi . By [AMR19, Proposition 2.5] TeIiSV
n

d � xeJ | dpIi, Jq ¤ 1y, and hence

T � xT1
eI0
, . . . ,T1

eIn1
y � xeJ | dpIi, Jq ¤ 1 for some i � 0, . . . n1y
� tXJ � 0 | dpIi, Jq ¡ 1 for all i � 0, . . . n1u

Now, let H � PNpn,dq be a general hyperplane containing xT1
p0 , . . . ,T

1
pn1
y. Then H is

given by an equation of type ¸
JPΛ | dpIi,Jq¡1,@ i�0,...,n1

αJXJ � 0, αJ P C

Let us denote by PNpn,dq�dimpT q�1 the projective space whose homogeneous coordinates are
the αJ with J P Λ and dpIi, Jq ¡ d for all i � 0, . . . , n1.

To prove the first claim let us fix l P t0, . . . , n1u. We will discuss in detail the case l � 0,
the argument for the remaining values of l is analogous.

Let us consider the subset Λ1 � Λ given by the set of indexes J 1 � pJ1, . . . , Jrq where
for each pair i, j with i P t1, . . . , r � 1u and 1 ¤ j ¤ ni we set

Ji � t0, . . . , 0, ju, Jr �
#

0, . . . , 0, 1� j �
¸
l i

nl

+
and Jk � t0, . . . , 0u for k � i, r

Furthermore, consider the subset Λ2 � Λ given by the set of indexes J2 � Jj � pJ1, . . . , Jrq
such that

Jr � tj, . . . , ju, and Jk � t0, . . . , 0u for k � r
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for each 2�°l¤r�1 nl ¤ j ¤ nr and j � 1.
Since 1 ¤ j   1 � j � °l i nl, each J P Λ0 � Λ1 Y Λ2 satisfies dpIi, Jq ¡ 1 for all

i � 0, . . . , n1. Thus, we have a natural projection

πl : PNpn,dq�dimpT q�1 99K Pnr
pαJqJPΛ | dpIi,Jq¡1 i�0,...,n1 ÞÝÑ pαJqJPΛ0

Now, consider the point r1 : � � � : 1s P Pnr and letH P π�1
l pr1 : � � � : 1sq be the hyperplane

given by ¸
JPΛ0

XJ � 0

In the affine chart X1,0 � � � � � Xr,0 � 1, where for each i P t1, . . . , ru, Xi,0, . . . , Xi,ni are
the homogeneous coordinates on Pni , we have that H X SV n

d is the hypersurface in C
°
ni

given by ¸
1¤i¤r�1
1¤j¤ni

Xi,jXr,j�1�
°
l i nl

�
¸

2�
°
l¤r�1 nl¤j¤nr

Xdr
r,j �Xdr

r,1 � 0

Looking at the system of the partial derivatives we see that this hypersurface is singular
only at p0, . . . , 0q. Therefore, using Lemma 6.1.2 we prove the first claim. For the second
part, let us consider a general hyperplane H that contains TeI0SV

n
d . Hence, H is the zero

locus of a polynomial F of the form

F �
¸

JPΛ | dpJ,I0q¥2
αJXJ , αJ P C

In the affine chart X1,0 � � � � � Xr,0 � 1 the intersection H X SV n
d is the hypersurface in

C
°
ni given by rF �

¸
J�pJ1,...,Jr�1,tjuqPΛ | dpJ,I0q¥2

αJX1,J1 � � �Xr,j � 0

where with X1,Jk we denote the product of powers of the homogeneous coordinates on Pnl
with exponents given by the Jk. Observe that for each 1 ¤ i ¤ r � 1 and 1 ¤ j ¤ ni we
have

B rF
BXi,j

� p
nŗ

k�1
αki,jXr,k �GkpX1,1, . . . , Xr�1,nr�1qXr,kq �GpX1,1, . . . , Xr�1,nr�1q

and for each 1 ¤ k ¤ nr we have

B rF
BXr,k

� G1pX1,1, . . . , Xr�1,nr�1q

with GkpX1,1, . . . , Xr�1,nr�1q, GpX1,1, . . . , Xr�1,nr�1q and G1pX1,1, . . . , Xr�1,nr�1q polyno-
mials with no constant terms since by assumption dr � 1.

Now, note that the locus given by X1,1 � X1,2 � � � � � Xr�1,nr�1�1 � Xr�1,nr�1 � 0
and

nŗ

k�1
αk1,1Xr,k �

nŗ

k�1
αk1,2Xr,k � � � � �

nŗ

k�1
αkr�1,r�1Xr,k � 0
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is contained in the singular locus of t rF � 0u. Therefore, we get a linear system in nr
variables and

°r�1
i�1 ni equations. Since nr ¡

°r�1
i�1 ni we conclude that the singular locus

of H X SV n
d contains at least a linear space of dimension nr �

°r�1
i�1 ni ¡ 0 yielding that

SV n
d is 1-weakly defective.

By Proposition 6.3.3 we have that SV n
d with n � p1, nq and d � pd, 1q is 1-weakly

defective. Now, we determine the smallest dimension of a linear subspace tangent to SV n
d

along a positive dimensional subvariety.

Proposition 6.3.4. Let SV n
d with n � p1, nq and d � pd, 1q. Then SV n

d is not p1, sq-
tangentially weakly defective if and only if s ¤ dpn� 1q.

Proof. Let p P SV n
d be a general point, without loss the generality we can suppose that

p � et0,...,0u,t0u. Then we have TpSV n
d � xeJ | dpJ, pt0, . . . , 0u, t0uqq ¤ 1y.

Now, let Π � Pdn�d�n be a general linear subspace of dimension s such that TpSV n
d � Π.

Therefore, we may write Π � �
i�1,...,dn�d�n�sHi, where the Hi are general hyperplanes

tangent to SV n
d at p. We have that ΠX SV n

d is given by$''&''%
F1 �

°
1¤i¤d
1¤j¤n

α1
i,jX

d�i
0 Xi

1Yj �
°

2¤i¤d α
1
i,0X

d�i
0 Xi

1Y0 � 0
...

Fdn�d�n�s �
°

1¤i¤d
1¤j¤n

αdn�d�n�s
i,j Xd�i

0 Xi
1Yj �

°
2¤i¤d α

dn�d�n�s
i,0 Xd�i

0 Xi
1Y0 � 0

and working on the affine chart X0 � Y0 � 1 we reduce to$'''&'''%
F1 �

°
1¤i¤d
1¤j¤n

α1
i,jX

i
1Yj �

°
2¤i¤d α

1
i,0X

i
1 � 0

...

Fdn�d�n�s �
°

1¤i¤d
1¤j¤n

αdn�d�n�si,j Xi
1Yj �

°
2¤i¤d α

dn�d�n�s
i,0 Xi

1 � 0
(6.3.5)

Then, SingpH1 X � � � X Hdn�d�n�s X SV n
d q contains the variety cut out by the following

equations $'''&'''%
°

1¤j¤n α
1
1,jYj � 0

...°
1¤j¤n α

dn�d�n�s
1,j Yj � 0

X1 � 0

(6.3.6)

and, for a general choice of the αki,j we have that this is a linear space in the hyperplane
X1 � 0 of dimension s� dpn� 1q.

Now, consider a special linear space Π such that (6.3.5) takes the following form$'&'%
F1 �

°
1¤j¤n α

1
1,jX1Yj � 0

...

Fdn�d�n�s �
°

1¤j¤n α
dn�d�n�s
1,j X1Yj � 0
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Then tF1 � � � � � Fdn�d�n�s � 0u splits as
tX1 � 0u Y t

¸
1¤j¤n

α1
1,jYj � � � � �

¸
1¤j¤n

αdn�d�n�s1,j Yj � 0u

and its singular locus is exactly given by (6.3.6). Now, Lemma 6.1.2 yields that a general
linear space of dimension s containing TpSV n

d has contact locus of dimension at most
s� dpn� 1q. Hence, SV n

d is not p1, sq-tangentially weakly defective for s ¤ dpn� 1q.
Following the line of proof of Proposition 6.3.4 we can prove the following result on

p1, sq-tangential weak defectiveness.
Proposition 6.3.7. Consider SV n

d with n � pn1, . . . , nrq and d � pd1, . . . , dr�1, 1q, and
assume that nr ¡

°r�1
i�1 ni. If

s ¤
r¹
i�2

�
ni � di
ni



� nr

r�1̧

i�1
ni

then SV n
d is not p1, sq-tangentially weakly defective.

Proof. Without loss of generality we can assume as usual that p � eJ0 P SV n
d where

J0 � pt0, . . . , 0u, . . . , t0, . . . , 0uq. A basis for the linear system of the hyperplanes containing
TpSV n

d is given by

tX1,J1 . . . Xr�1,Jr�1Xr,j � 0uJ�tJ1,...,Jr�1,tjuuPΛ | dpJ,I0q¥2

Now let us consider hyperplane sections of the form

Fi,j,l � Xd1
1,0 . . . Xi,jX

di�1
i,0 . . . Xr,l � 0

for 1 ¤ i ¤ r � 1,1 ¤ j ¤ ni and 1 ¤ l ¤ nr.
In the affine chart C

°r
i�1 ni defined by X1,0 � � � � � Xr,0 � 1 the partial derivatives of

Fi,j,l are given by

BpXd1
1,0 . . . Xi,jX

di�1
i,0 . . . Xr,lq

BXi,j
� Xr,l,

BpXd1
1,0 . . . Xi,jX

di�1
i,0 . . . Xr,lq

BXr,l
� Xi,j

Then the Jacobian matrix of the Fi,j,l has rank zero if and only if all the coordinates Xi,j

with 1 ¤ j ¤ ni vanish. In particular, the intersection of the special hyperplane sections

Xd1
1,0 . . . Xi,jX

di�1
i,0 . . . Xr,l � 0

has a singularity spanning the whole of C
°r
i�1 ni only at p0, . . . , 0q. Now, to conclude it is

enough to note that the number of these special hyperplane sections is nr
°r�1
i�1 ni and to

apply Lemma 6.1.2.

Finally, we have the following classification of 1-weakly defective Segre-Veronese vari-
eties.
Theorem 6.3.8. The Segre-Veronese SV n

d is 1-weakly defective if and only if dr � 1 and
nr ¡

°r�1
i�1 ni.

Proof. It is an immediate consequence of Propositions 6.3.1, 6.3.3.
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6.4 On tangential weak defectiveness of products

In this section we study tangential weak defectiveness for varieties that can be written as
a product of a smaller dimensional variety and the projective line.

Lemma 6.4.1. Let W � Pm be a non-degenerated irreducible projective variety, and con-
sider the Segre embedding of X � W � Pr � Pm � Pr Ñ PN with N � rm � r � m.
Fix a point p P Pr and a hyperplane H � Pr not passing through p. Let Z � W � tpu,
Y � W �H, and denote by HZ � xZy, HY � xY y their linear spans. Then HZ and HY

are complementary subspaces of PN , and X XHZ � Z, X XHY � Y .

Proof. Since W � Pm is non-degenerated we have that HZ � xPm � tpuy and HY �
xPm �Hy. Consider homogeneous coordinates rx0 : � � � : xrs on Pr and ry0 : � � � : yms on
Pm. Without loss of generality we may assume that p � r1 : 0 : � � � : 0s and H � tx0 �
0u. Hence, HZ � tz0,1 � � � � � zm,r � 0u and HY � tz0,0 � � � � � zm,0 � 0u, where
zi,j is the homogeneous coordinate on PN corresponding to yixj . Hence HZ and HY are
complementary subspaces of PN .

Now, assume that there is a point q P X XHZ with q R Z. Since X �W �Pr the point
q lies on a fiber Prw over a point w PW . Such fiber intersects Z in a points z P Z with z � q
and hence Prw intersects HZ in at least two distinct points. On the other hand, note that
HZ � xPm � tpuy is the fiber Pmp over p of the projection Pm � Pr Ñ Pr. A contradiction.

Similarly, assume that there is a point q P X X HY with q R Y . The point q lies on
a fiber Prw over a point w P W . Hence Prw intersects Y in a hyperplane Hw of Prw not
containing q, and HY contains the fiber Prw � xq,Hwy. A contradiction.

Proposition 6.4.2. Let W � Pm be a non-degenerated irreducible projective variety, and
consider the Segre embedding of X �W � Pr � Pm � Pr Ñ PN with N � rm� r �m.

If p, q P X are two distinct points lying on the same fiber of π : X Ñ W over a smooth
point w PW then the span of the tangent spaces xTpX,TqXy is tangent to X along the line
xp, qy.

Proof. Let w PW be a smooth point. We can parametrize W in a neighborhood of W as

ϕ : Cd ÝÑ Cm
px1, . . . , xdq ÞÝÑ pφ1px1, . . . , xdq, . . . , φmpx1, . . . , xdqq

where d � dimpW q and φp0q � w. Hence, a parametrization of X is given by

ψ : Cd � Cr ÝÑ CN
ppx1, . . . , xdq, p1, y1, . . . , yrqq ÞÝÑ pφ1, . . . , φm, φ1y1, . . . , φmyrq

Let us set ai,j � Bφi
Bxj
p0q and bk � φkp0q. Without loss of generality we may assume that

p � ψpp0, . . . , 0q, p1, 0, . . . , 0qq and p � ψpp0, . . . , 0q, p1, . . . , 1qq so that the line xp, qy is
parametrized by γptq � ψpp0, . . . , 0q, p1, t, . . . , tqq. Now, the tangent space of X at γptq is
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spanned by the rows of the following matrix

Aptq �

���������

a1,1t . . . a1,1t a2,1t . . . a2,1t . . . . . . am,1t . . . am,1t a1,1 . . . am,1
...

. . .
...

...
. . .

...
. . .

. . .
...

. . .
...

...
. . .

...
a1,dt . . . a1,dt a2,dt . . . a2,dt . . . . . . am,dt . . . am,dt a1,d . . . am,d

b1 . . . 0 b2 . . . 0 . . . . . . bm . . . 0 0 . . . 0
...

. . .
...

...
. . .

...
. . .

. . .
...

. . .
...

...
. . .

...
0 . . . b1 0 . . . b2 . . . . . . 0 . . . bm 0 . . . 0

��������

and to conclude it is enough to observe that Aptq � tAp1q � pt� 1qAp0q.

The main goal now is to use our technique of the study of ph, sq�tangential weak
defectiveness in order to improve the known bound on identifiability for varieties of the
type W � P1, where W � Pm is a smooth non-degenerated irreducible projective variety
and

W � P1 � P2pm�1q�1

is Segre embedded.
We are working on an improved version of a theorem inspired by [BCO14, Theorem

5.4], which makes a clever use of the osculating degeneration technique in order to ensure
the ph, sq�tangential weak defectiveness of W and hence its h� identifiability.
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