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Abstract

Phase transitions occur in many relevant processes in physics, natural sciences and engineering: almost
every industrial product involves solidification at some stage. Examples include metal casting, steel
annealing, crystal growth, thermal welding, freezing of soil, freezing and melting of the earth surface
water, food conservation, and others. All of these processes are characterized by two basic phenomena:
heat-diffusion and exchange of latent heat of phase transition.

In this thesis, which consists of four distinct parts, we deal with phase transitions from different points
of view.

The first part, titled Control and controllability of PDEs with hysteresis with an application
in phase transition modeling, is a bridge between the master thesis work (about controllability
of PDEs with hysteresis) and phase transitions. Indeed, thanks to the special link between hysteresis
operators and phase transitions, the controllability results that we prove can be applied to the so-
called relaxed Stefan problem. This is an example of a basic model of phase transition, since it simply
accounts for heat-diffusion and exchange of latent heat. More complicated models, which take into
account also the mechanical aspects of the process, are considered in Parts IT and III.

More precisely, in the second part, titled A viscoelastoplastic porous medium problem with
phase transition, we derive and investigate a model for filtration in porous media which takes into
account the effects of freezing and melting of water in the pores. The third part, whose title is Fatigue
and phase transition in an oscillating elastoplastic beam, is devoted to the derivation and the
study of a model describing fatigue accumulation in an oscillating beam under the hypothesis that
the material can partially recover by the effect of melting.

Finally, in the fourth part, titled Regularity for double-phase variational problems, we address
the problem of the higher differentiability of solutions to the obstacle problem. In particular we deal
with the case of nonstandard growth conditions, which includes the so-called double-phase functionals.
Such functionals describe the behavior of strongly anisotropic materials whose hardening properties
drastically change with the point, hence they exhibit the most dramatic phase transition. The tech-
niques here employed are different from those used in the rest of the thesis, since they rely on the

direct methods pertaining to the regularity theory in the field of Calculus of Variations.
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Introduction

In this first part we focus on the problem of controllability of the equation
up(x,t) — Au(z, t) + Flu)(z,t) = v(z,t), zc QRN te(0,T) (L.1)

with a hysteresis operator F (see Section B in the Appendix for more details on hysteresis operators),
a right-hand side v called the control, and given initial and boundary conditions. The controllability
problem for equation (I.1) consists in proving that, for an arbitrary initial condition, an arbitrary
final time 7" and an arbitrary admissible final state u(x), it is possible to choose the control v in a
given class of functions of z and ¢ in such a way that the solution satisfies u(z,T) = u(x) a.e. in Q.
The controllability problem for various kinds of linear and semilinear parabolic equations has been
intensively studied in the recent decades, and a quite complete survey can be found in V. Barbu’s
monograph [9]. However, the main building blocks of the theory have been established earlier, prob-
ably by O. Yu. Emanuilov (Imanuvilov) and his collaborators, see, e.g., [57, 68].

First results about the null-controllability (that is, controllability for @(xz) = 0) of equation (I.1)
with hysteresis were obtained by F. Bagagiolo in [7]: following the techniques presented in [9] for
the null-controllability of linear and semilinear parabolic equations, he proves the result performing
a linearization followed by a fixed-point procedure. In my master thesis [70], carried out under F.
Bagagiolo’s supervision at the University of Trento, following his already mentioned paper [7] we
studied the null-controllability of equation (I.1) for linearizable hysteresis operators, where the values
of Flu](x,t) are dominated in an appropriate pointwise sense by u(z,t). On the one hand, this method
allows for applying the Carleman estimates to treat the case in which the control is active only on
a part of the domain. On the other hand, typical hysteresis operators arising in applications are
not linearizable, and a new approach motivated by M. Brokate’s previous works [21, 22] on optimal
control of ODEs with hysteresis needs to be developed and adapted for the PDE case.

Thus, inspired by M. Brokate’s work, the project continued in cooperation with P. Krej¢i from the
Czech Academy of Sciences and the Czech Technical University. In our first work presented at
the MURPHYS-HSFS 2018 conference (see [74]), we discussed the null-controllability problem for
equations of the form (I.1) for two classes of operators F: either a linearizable operator F as in [7], or
the case that F is the stop operator (which we recall in detail in Section B.2). The two situations are

3



Introduction

indeed disjoint: the values of the stop are not dominated by the instantaneous input value in any sense
and depend on the whole history of the process. In our second work [75] we considered substantially
more general hysteresis operators which include for example operators with complex memory like,
e.g., the Preisach operator (which we recall in Section B.3).

Note that Carleman estimates are based on weighted L?-norms (see [9]), so that they are not com-
patible with arguments using extensively the L!-technique, as for problems with hysteresis. Thus
the price we pay is that only distributed controls are allowed if we want to deal with more general
hysteresis operators. Indeed, in this case, the existence alone of the control can be deduced from the
abstract topological Kakutani fixed point principle as in [9]. The main result of our contribution is,
instead, to establish in Theorem 1.4 below a link between controllability of PDEs with hysteresis and
an optimal control problem for a penalty approximation depending on two singular parameters.

The result has important applications in phase transition problems, as it can be used to prove the
controllability of the so-called relazed Stefan problem in weak form, according to the notation and the
terminology used by A. Visintin in [131, 132]. Taking advantage of the special link between relaxed
phase transitions and hysteresis operators of stop type, it is possible to show that the Stefan problem

can be reformulated in the form (I.1).

This first part of the thesis presents the results contained in [75], and its structure is as follows.
Main results about the approximation of the controllability problem by constrained and penalized
minimization problems are stated in Chapter 1. Chapter 2 is devoted to the individual steps of the
argument (penalization, constrained minimization, estimates independent of the singular parameters,
passage to the limit). In Chapter 3 we explain the relation between our system and a simple model

for phase transition in a two-phase system.



CHAPTER 1

Statement of the problem

We consider a bounded connected Lipschitzian domain Q ¢ RN, N € N, and fix an arbitrary final
time 7" > 0. In the sequel, we denote @ = Q x (0,7), ' = 9Q x (0,7) and n is the unit outward

normal vector to 0{2. We deal with the system
w—Au+ Flu] =v in Q,
u(-,0) = u®(-) in €, (L.1)

n-Vu=20 on I,

\

where F is a hysteresis operator of the form

Flul(a, 1) = /0 T b u(mt), 5" (2, 1) du(r) (1.2)

with a given function f : Q x (0,00) x R x R — R and with a Borel measure p on (0,00). The term
s" corresponds to the stop operator introduced in (B.10) (we refer in particular to the extension to

space-dependent inputs). The function f in (1.2) is assumed to satisfy the following hypothesis.

Hypothesis 1.1. The function f : Q x (0,00) x R x R — R and the measure p in (1.2) have the
following properties:
() p=0, [y (L+7)dp(r) < oo
(ii)) f(,r,u,0): Q — R is measurable for all (r,u, o) in the whole domain of definition;
(iii) f(z,r,u,0) is continuous in r and continuously differentiable in u and in o for a.e. z € §;
(iv) there exists a constant C' > 0 such that it holds |fy(z, 7, u,0)| + |fo(z,7,u,0)] < C for a.e.
x € Q and all (r,u,0) in the whole domain of definition;
(v) there exists a constant C' > 0 such that it holds | f(z, 7, u, o) —ufu(z, 7, u,0)—0 fo(x,r,u,0)| < C

for a.e. z € Q and all (r,u,0) in the whole domain of definition.

5



1 — Statement of the problem

Note that formula (1.2) includes the Preisach hysteresis operator (B.23) for the choice f(z,r,u,0) =
f(r,u—o), f(r,v) = Jo w(r,v')dv’, as well as the nonlinear stop (B.10) if y is the Dirac measure and
fu = 0 (this simpler case was considered in [74]).

The data of the problem are assumed to satisfy the following hypothesis.
Hypothesis 1.2. The initial condition u" belongs to W12(Q) N L>®(Q) and s° € L>(f) are given
such that |s"%(z)| < r a.e. for all 7 > 0, the mapping r +— s™?(x) is Lipschitz continuous for a.e.

x €Q, ‘%ST’O(.T)’ <1forae ze€Qanda.e r>0.

We interpret the PDE in (1.1) in variational form and state the problem (1.1)—(1.2) coupled with
(B.10) as follows

/ (utC+Vu-VC—|— </OO f(x,r u, sT)d,u(r)> C) dr = / v{dz in (0,7),
Q 0 Q
sy +01 (%sr) > uy in @,
(1.3)
s"(:,0) = s"0(") in Q,
u(-,0) = u(-) in

for every test function ¢ € W2(Q2), where I is the indicator function of the interval [—r, ] defined in

(B.11).

1.1 Penalty approximation

Following [21, 22], we approximate the indicator function I in (B.11) by a suitable C2-function ¥
divided by a small penalty parameter v > 0, and replace the differential inclusion (B.10) with an
ODE. More specifically, we set
d(s—1) for s> 1,
U(s)=o((Is| - 1)") =1 0 for s € [—1,1], (1.4)
¢p(—=s—1) for s < —1,
with a convex C2-function ¢ : [0,00) — [0, 00) with quadratic growth, for example

23 for z € 10,1],

¢(2) = (1.5)

N—= O

22—%z+% for z > 1.
Then we choose a small parameter v > 0 and replace (1.3) with a system of one PDE and a continuum

of ODEs for unknown functions (u?, s™)
ul ¢+ Vu? - V(+ flz,r,u?, s™)dp(r) ) ¢)dz = [ v{dx in (0,T),
t
Q 0 Q

1 1
syl 4+ =0 <sm> =u; in Q
Y

r

(1.6)



1.2 — Constrained minimization problem

Iy () U (z)
-1 1 T -1 1
Figure 1.1. Indicator function I|_; yj. Figure 1.2. The function .
o1y () (@)
11 1 z -1 1

Figure 1.3. Subdifferential of the indicator
function I;_y 1.

for all ¢ € WH2(2), with initial conditions
§"(-,0) = s™0(-) in Q,

u?(-,0) =u(:)  in Q.

Figure 1.4. Smooth approximating function ¥’'.

(1.7)

By [89, Theorem 1.12], the penalty approximation s, + %\If’ (%s”) = u;] of the stop operator has the

same Lipschitz continuity property as the stop itself, namely the statement of Proposition B.5 holds

™

for solutions s, s5”

corresponding to two inputs u],uJ, that is,
|57 (1) = 57 ()] < |57 = 557 + 2 max [u](7) — w3 (7)|

T€[0,t]

for all uf,uj € WH'(0,T) and s7°, s5° € [, 7).

1.2 Constrained minimization problem

We choose another small parameter € > 0 independent of v and define the cost functional

1 1
Jg(uw,sv,v):2// ’UQ(ZL‘,t)dJJdt—l-26/(’&7)2(1‘,1—')(11',
Q Q
7

(1.8)



1 — Statement of the problem

where the two summands represent the cost to implement the control and to reach the desired final

state. We interpret here s7 as a function of three variables r, x,t according to the formula
s'(r,z,t) = s"(x,t) foreach r >0, te€ (0,7) and a.e. = € €.
For each v > 0 we solve the following optimal control problem:

minimize J(u”,s”,v) subject to (1.6) and (1.7). (1.10)

We first prove that for each ¢ > 0 and v > 0 the minimization problem (1.10) has a solution (u,sZ,v?).

Proposition 1.3. Let ¢ > 0 and v > 0 be given and let Hypotheses 1.1 and 1.2 hold. Then there
exists v = v € L?(Q) such that the corresponding solution (u?,s8Y) = (ul,s?) to (1.6)~(1.7) with the
reqularity u¥ € W12(0,T; L?(Q)) N L*(0, T; W12(Q)), s¥ € W2(0,T; L?(Q)) minimizes the value of
J2 (w7, 87, v) in (1.9).

Proof. The proof will be divided in two steps.

» Step 1: Existence of the solution

For each fixed v > 0, we construct the solution (u?,s?) to (1.6)—(1.7) by Galerkin approximations.
We choose £ = {e; : k =0,1,2,...} in L?(Q2) to be the complete orthonormal system of eigenfunctions
defined by

—Aek = )\kek in Q, Vek . n!ag == 0,

with Ag =0, Ay > 0 for all £ > 1. Then for n € N we set

(”) (z,1) Zuk

(n)

with coefficients w) : [0,7] — R. Then u}, s;y’ will be determined as the solution to the ODE system

uZ—k)\kuZ—i—/ (/ f(z, r,u,y , m)d,u( )> ekdx:/ﬂvekdx in (0,7),

1 , (1.11)
s o (1)) = 0 ne,
with the initial conditions
52 (2,0) = 570(x) in Q,
(1.12)

1(0) = [oul(z) ep(a) da.

The existence of a unique solution to (1.11)—(1.12) for each v € L?(Q) is a consequence of the Lipschitz

continuity (see Hypothesis 1.1 (iv) and (1.8)). Let us now prove that such a solution converges to a

solution to (1.6)—(1.7). This will be done by deriving suitable estimates and then passing to the limit.
8



1.2 — Constrained minimization problem

We start by testing the first equation in (1.11) by @, and summing up over k = 0,1,2, ..., which gives

/Q<I(ugn>)t|2 5 dt|vu<n (/ Fla,r,u™, s0) du(r )> (ugﬂ)t) dz = /Qv(ugm)t de.

It follows from Hypothesis 1.1 (iv)—(v) that f(z,, u(7 ), 5%)) <C(1+ |ugn)\ + |8$«2)|) for a.e. (z,t) € Q.

Integrating fOT dt for an arbitrary 7 € (0,7") and employing also Hypothesis 1.1 (i) we obtain

/T/ |(u§”))t’2(x,t)dxdt+/ |VU£Y")2(x,T)dm—/ Va|?(2) de
<C</ /I !dxdt+/ /|u<n>\| () !dxdt+/ /(/ g),dﬂ(ro ,(ugm)t‘dxdt)
/ / )eda dt.

We now apply Young’s inequality on the right-hand side. We recall that we are assuming v € L?(Q),

whereas the initial condition is bounded thanks to Hypothesis 1.2. Hence we obtain

/ /y 2(z,1) dxdt+/yw">\( 7)da
<C<1+/ /|u">| xtdxdt+/ /(/ 2 (2, t) dpu(r )) dxdt).

Now, testing the second equation of (1.6) by sq(fy)

1
)12 O’ 5(m) (n) _/ (n)y, ¢(n)
92 ]t/ ’8 \ dz 4 — / . Spry dx (u,y )tsm dx

for p-a.e. r > 0. Since the term ¥’ (187(1;)> 87(1;) is always nonnegative (see Figure 1.4), by Young’s

/|S7"y dx<2/( tsm dx</|s dx+/| )e? da.

Applying Gronwall’s lemma A.1 we get

s(”) (z,7)dx < C s’"o x)dz + (z,t)dzdt
\

for a.e. 7 € (0,7) and for p-a.e. r > 0, and inserting (1.13) in the right-hand side we further obtain

/ys \dex<C<1+//|u xtdxdt+//</ \xt)dp())dxdt).

This gives, thanks to Hypothesis 1.1 (i),

sup / \3 (z,7)dz < C <1—|—/ / \u (x t)da:dt—i—/ sup (/ |S1(j;)’2(x,t) d:c) dt)
p—a.e. r>0 0 p—a.e. >0 Q

for a.e. 7 € (0,7). Applying Gronwall’s lemma A.2 and coming back to (1.13) we obtain

// ™), xtdxdt+/\Vu x<C< //|u :ctdxdt) (1.14)

(1.13)

we get

inequality it holds



1 — Statement of the problem

Notice that it holds also

jt/|ug")] x—2/ (n) dx</|u") dx—l—/] )e? de,
Q

hence integrating in time f(;r dt, inserting (1.14) in the right-hand side and using Gronwall’s lemma
A.2 we get

supess/ ]u(" (x,7)dx < C, (1.15)
7€(0,T)

with a constant C' independent of n. Then (1.14) yields

// |(u ") (x,t) d:):dt—i—supess/ |Vu ")\ (z,7)dx < C (1.16)
7€(0,T)

with a constant C' independent of n. We now choose a subsequence (still indexed by n for simplicity)
such that
(ug"))t —u]  weakly in L*(Q). (1.17)

By estimates (1.15), (1.16) we infer that the sequence ugn) is uniformly bounded (independently of n)

in WH2(0,T; L2(Q)) N L>(0,T; W2(Q)), hence by Lemma A.5 we conclude that
ug”) —u’ strongly in L2(Q; C[0, T]), (1.18)
and by Proposition B.5 also that

sﬁ’;) — s strongly in L*(Q; C[0,T)). (1.19)
(n) (n)

Note that we need the convergence of the sequences u, ’, s;o to be strong in order to pass to the limit

in the nonlinearity f.

Testing the second equation of (1.6) by (s%))t we obtain

/QO( Nel? + q;’( (n)) (37&2)),5) dx:/ﬂ(“ﬁ"))t(#’;))tdx.

Since ¥’ ( 57(07)> (51(“7)) =rdv <1s£7)>, integrating [ dt for an arbitrary 7 € (0,T) we get

/ // / ?(x,t) dg;dt+7/9\11<13£7)) (ﬁ’T)dx_;/Q\I,<isr,0> () de
)¢ da dt.

Now, since s™0 € [—r,r], it follows that 2s"? € [~1,1]. Thus the definition of ¥ in (1.4) yields

\ (%s"’o) = 0. Applying Young’s inequality on the right-hand side and using (1.16) we finally have

//] 2(x,1) dxdt#—supess/llf(ls?(f;)) (x,7)dx < C
re(0,1) Y r

10



1.2 — Constrained minimization problem

with a constant C' independent of n. Hence we see that, up to a subsequence,
(si) — s weakly in L*(Q). (1.20)

Since the convergences (1.17)—(1.20) take place, we may pass to the limit in (1.11) and conclude that
(u?,s7) is the solution to (1.6)—(1.7) with the desired regularity.

» Step 2: The solution minimizes the functional

We are now going to show that there exists v = v2 € L?(Q) such that the solution (u?,s7) = (uZ,s?)
0 (1.6)—(1.7) minimizes the value of JZ (u",s?,v). Note that the functional .JZ is bounded from below
by 0, and we can denote by J* its infimum. There exists a minimizing sequence {v;};cn, that is,
lim;_,o J2 (u] ) sj,vj) = J*, where (u],s]) are the solutions to (1.6)—(1.7) associated with the right-
hand side v;. We may assume that .JJ (uj, 1ovj) < J*+ 1 for all j €N, so that the L?(Q)-norms of
the v;’s are bounded above by \/m . Thus, arguing as in the previous step, we end up with
the inequalities

supess/ \u7| (x,7)dx < C,
T7€(0,T

// |(ul)e)? (2, t) dmdt+supess/ ]Vu;.y\Q(a:,T) dz < C,

7€(0,T)

(x,t dacdt+s.upessz 1\ lsm xz,7)dx < C,
j
re(0,7) 7V JQ r

with constants C' independent of j. Hence it is possible to choose subsequences (still indexed by j for

simplicity) such that

v = v, (uf)e = uf, (s])e— s, weakly in L*(Q),

uj —u?, s — s strongly in L*(9; C[0,T)).

Thus we may pass to the limit and conclude that (u?,s”) is the solution to (1.6)—(1.7) corresponding
to the right-hand side v.

By the weak lower semicontinuity of the norm we further have

// v2dxdt§liminf// vF dz dt,
Q J—00

/Q( N (z,T)dz = lim (u;)2(x,T) dz.

j—)OO 0

Hence v is the desired minimizer. This concludes the proof of Proposition 1.3. O
The main result for system (1.1) is the following.

Theorem 1.4. Let Hypotheses 1.1 and 1.2 be satisfied. Then there exists v € L?(Q) such that the
corresponding solution (u,s) to Problem (1.3), s(r,z,t) := s"(z,t) forr >0, u € W12(0,T; L?(2)) N
11



1 — Statement of the problem

L®(0, T; WH2(Q2)) and s™ € WH2(0,T; L3(R)), satisfies u(z,T) = 0 for a.e. x € Q. Moreover, there
exists a constant C > 0 depending only on the data of the problem and sequences vy, — 0, €, — 0 as

( Tn Tn

n — 00, n € N, such that the system of minimizers (Uy,Sp,vn) := (ud™, 82", v2") from Proposition 1.3

approzimates the controllability problem in the following sense:

i) / |(un)e? (z, 1) dmdt—i—supess/ |V, |*(x,t)de < C;
Q te(0,T)

(), Jo iy o) = n O =0

(iif) / [un (2, T)|? dz < Cep;
Q
(iv) max / |s"(z,t) — 8" (z,t)[*dz < C’((l + 7"2/3)%11/3 + 1/n2).
t€[0,T] Jo
The null-controllability condition in Theorem 1.4 can be easily extended to the general case in the

following form.

Corollary 1.5. Let the hypotheses of Theorem 1.4 hold and let u € W22(Q) N L>®(Q) be given
such that n - Vi = 0 on I'. Then there exists v € L?(Q) such that the corresponding solution
u € WH2(0,T; L2(2)) N L*°(0, T; WE2(Q)) to Problem (1.3) satisfies u(z,T) = u(z) for a.e. x € Q.

Indeed, it suffices to introduce a new unknown function a(x,t) = u(x,t) — u(x), replace v with
o= v+ At, u with @° = u® — @, and f(x,r,u,s") with f(z,r, @, s") = f(z,r, @+ 1a,s"). The solution
% to the null-controllability problem stated in Theorem 1.4 then yields the solution to the general

case.

Remark 1.6. As mentioned in the Introduction, the existence of a control for system (1.1) is a
consequence of the Kakutani fixed point principle. We are going to give a short proof of this fact.

Let us define for simplicity X := W12(0,T; L*(Q)) N L>=(0, T; W12(Q)), and consider the convex set
K = {z € X:|zlx < C’} endowed with the topology of L?(Q; C[0,T]), which makes it compact by

Lemma A.5. Then we consider the multivalued map

d: K — 2X

zZ = u

which to any z € K associates the set of all possible u constructed by solving the controllability

problem

—Au=—-Fz]+v inQ,
u(-,0) = u°(-) in Q,
n-Vu=20 on T,

12



1.2 — Constrained minimization problem

with F as in (1.2), and taking all the possible solutions (u,v). In particular v = F|z] +w, where w is
the control that drives the system obeying to the linear equation u; — Au = w from the initial state
to the target in the time interval [0,7] (the existence of such a w follows by a standard argument,
see e.g. [9]). Moreover w is such that |wl|z2(q) < Clluol2(). Hence, by the standard theory of
parabolic equations, we see that, if C' is sufficiently large, then ® maps K into itself. Moreover, for
each z € K, the set ®(z) is nonempty (since the linear heat equation is controllable) and convex. In
order to apply the Kakutani fixed point principle, it remains to prove that ® has closed graph, that
is, if {zp}neny C K is such that z, — z in L?(Q;C[0,T]) and u, € ®(2,) is such that u, — u in

L?(;C[0,T)), then u € ®(z). But u, € ®(z,) means that
(up)t — Auy, = —Flzp] + v, in Q,
U (+,0) = u0(:) in Q, (1.21)
n-Vu, =0 onlI.

If z, — z in L?(Q;C[0,T]), then (at least along a subsequence) z, — z uniformly in [0, 7] for a.e.
x € Q. Hence by Hypothesis 1.1 and Proposition B.5 also F|[z,] — F|[z] uniformly in [0, 7] for a.e.
x € . Note that by Hypothesis 1.1 and since z, € K

// | F (2] ]2dmdt<0// ‘/ (14 |zn| +|87]) du(r )
<C’< dxdt+/ yzndexdt/ d,u(T’)) <C,

that is, F|[z,] is bounded in L?(Q) independently of n. Then (at least along a subsequence) F|z,] —

dx dt

1+7)du(r)

Flz] weakly in L*(Q), and the control v, = F[z,]+w, is such that v, | 12(qy < C (1 + [luoll 12()) with
C independent of n. Selecting a subsequence we obtain v, — v weakly in L?*(Q). Then we can pass
to the limit in (1.21), and conclude that u € ®(z). An infinite dimensional version of the Kakutani
theorem gives the existence of a fixed point for ®, which exactly corresponds to our controllability
claim.

It is now clear that we are not interested simply in the existence of the control. Our aim is to construct

a control algorithm based on passing to the limit in (1.10) as ¢ — 0 and v — 0.

13
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CHAPTER 2

Construction of the solution to the

controllability problem

2.1 Necessary optimality conditions

We first derive necessary optimality conditions for problem (1.10). The classical Lagrange method

consists in finding critical points of the Lagrange functional
oo
L 0,0) = J0,87,0) + (Gl 0) + [ G087 ,0)) dul),
0

where p,q¢" are the Lagrange multipliers, the double brackets denote the duality pairing between
L2(0,T; W12(Q)) and L2(0,T; W~12(Q)), the single brackets denote the canonical scalar product in

L?(Q), and the constraints are

0

1 1
Gh(uY,s7,v) = s; 7 + —V (sm> —uy.
v r

To explain the argument, let us first assume that the multipliers p,q" possess the regularity p €
WL2(0,T; L2()) N L0, T; WH2(Q2)), ¢~ € WL2(0,T; L?(2)). This assumption will be justified at
the end of this section.

At a critical point, the directional derivative of £ vanishes in every regular direction (1, §, 0) such that
w(x,0) =8(2,0) =01in Q, n- Vi =0 on I'. In other words, p and ¢" have to be chosen in such a way
that

1
lim — (L(u" + 7a,8” + 78, v + 70) — L(u7,87,v)) =0,

T—0 T

15



2 — Construction of the solution to the controllability problem

that is,

1 1
— . o ~N\2 o 712
1%T< // v+ 70)% dadt //v dxdt+2€/9(u +7u) (x,T)dx 2€/Q(u ) (x,T)dz
+//P((u7+ﬂl)t+/ fl@,ru? + 7,87 +78") dp(r) — v — 70) dz dt

/ Vp-V(u" +7a) dedt

// p (v /f:z:ru s") du(r) — v) dxdt—/ Vp - Vu? dz dt
+/0 //qu((s”+7§7“)t+7\1ﬂ <i(sr7+T§T)> — (W + 7a), ) de dtdp(r)
[t (B ) - dxdtdw) _o

This implies

1
0= // vodedt + — /uv(x,T)ﬂ(x,T)dx
Q

// <ut +/ (fur(z,r,u?, 8"+ forv(x,r,u?,8"7)8") dp(r) — f)) da dt

& 1 1
+ // Vp-Vadzdt + // / q <§§ + —u” (5”) s — ﬂt> dp(r) dz dt,
0 0Jo Ty r

where forv(x,7,u?, ") is to be interpreted here and in the sequel as f,(z,r,u?,0)|,=s~ and, similarly,
fur(zyr,u?, 8™) = fulz,ryu, 8™7) |u=yr-

Integrating the above identity by parts in time we get

0= / / vidzdt + - / oz, Tz, T) dz + /Q p(o, Tz, T) da — /Q p(,0)ii(2,0) dz

// ptudwdt—l—// (/ (fur(z,ryu?, 8"+ fory (x,r,u?, s77)87) dpu(r) — > dz dt
+// Vp'Vﬁdxdt+// qT(x,T)ér(x,T)d,u(r)d:cdt—/Q/OOO q"(2,0)8" (x,0) dpe(r) dar dt

/// ars” du(r da:dt+// /oo Ly ( ¢"5" du(r) de dt

// (e, T) du(r dm+// 0)ii(x 0)du(r)dx+//Q/Oooqtrﬂdu(r)dxdt,

that is, rearranging the terms and exploiting the null initial conditions for the regular directions @

and 8§,

O:/Qa<p—/oooqrdu(r)+iu7> (:c,T)dx—i—/Q/ooo (@, )" (o, T) dp(r) da
+//QVp'Vﬂd1:dt//Qﬂ<pt/Ooo(qf;+fm(x,r,u7,sm)p)dp(r)) dz dt
_//Q/Ooogr (q[—%\lf“(i ”)q — fsrr(z,r,u?, s )p )d,u dﬂcdt—l—// (v —p)dadt

16



2.2 — Derivation of estimates

for all admissible directions (1, $,v). We thus necessarily have

v=p a.e. in Q, (2.1)

and p, q" are the solutions to the backward dual problem

,

Jo en—=Vp-Vn— (J;°(qf + fur(z,r,u?, 87 p)du(r)) n) de =0 in (0,7),
T i " l Ty ro__ YooY _ .
q — =¥ (L") q" = forv(z, 7,07, s )p =0 in Q,
(2.2)
p(aT) = —%UW(,T) in €2,
qr('aT) =0 in Q

for every test function n € W12(Q2), where the second and the fourth equations have to be fulfilled
for p-a.e. r > 0. This is a standard linear backward parabolic equation coupled with a linear
ODE, hence it admits for every v > 0 and every € > 0 a unique solution with the regularity p €
WL2(0,T; L?(Q)) N L0, T; WH2(Q)), ¢ € W2(0,T; L?(Q2)). This can be proved arguing as we did
to prove Proposition 1.3. Actually here the situation is even simpler, since the system is linear.

This justifies the above formal computations.

2.2 Derivation of estimates

In order to pass to the limits ¢ — 0,7 — 0, we first derive a series of estimates for (u”,s”,v,p,q)
= (ud,s,vd,pd,ql) satisfying (1.6), (2.1), and (2.2). In what follows, we denote by C' any positive
constant independent of v and e.

We first multiply the second equation of (2.2) by —sign(¢") to get

1 1
0= —q; sign(q") + — 0" <5m> q"sign(q") + ferv(x,r,u”, s )psign(q”)
7y r

d 1,1
:_EICJHH‘I’” (r )|QI+fsm(9”“u s"")psign(q").

Integrating from an arbitrary ¢ € [0,7) to 7" we obtain

T T
g @ T+ 1 (@ )] + / Ly (1sm<m>) ¢ (2,7 dr < / [ fars (20,70, 57 [p(z, 7)]

Ty T

But then, using the final condition for ¢" in (2.2) and Hypothesis 1.1 (iv), we get that

qr(x,t)|+/tT1\I/”(i (x7>]q(x7[d7<0/ p(w,7) dr. (2.3)

ry

In the next step, we combine the first and the second equation of (2.2) to get

/ (pen — Vp-Vn) dx

=[G () 0 e st e s p) dntema,

17



2 — Construction of the solution to the controllability problem

and test the resulting equation by a Lipschitz continuous approximation n = S, (p) of —sign(p), say,

Sn(p) = —sign(p) for |p| > 1/n, Sn(p) = —np for |p| < 1/n.

Sp(x)

Il
3=
3= |

Figure 2.1. Lipschitz continuous approximation of —sign(x).

We get
/ (PeSn(p) = Vp - VSu(p)) da
// ( \IJ”< m) q" + for(z,r, 0, 8" )p + fur(z,r,u,s"7)p >d,u( )Sn(p) dz.
The term —Vp - VS,(p) = —|Vp|?S! (p) is nonnegative for every n, hence letting n tend to infinity

and using Hypothesis 1.1 (iv) we obtain for a.e. ¢ € (0,7") that

d 1 1
5 ot <c [pwotars [ [T Lo (L) 0@ ol @)
dt Jo Q aJo T r
Integrating (2.4) [ dt yields
- [ ot lde + [ ip(e0)]do
Q Q
1 1
<0// |p(m,t)|dxdt+/// Ly <sm(:v,t)> (2, 1)) du(r) da .
Q _Jo TV r
We integrate again fOT d7 and switch the order of integration, thus getting
- [t lde + [ ip(e0)do
0 Q
0o T 1 1
<o [[ waotasas [ [T [ Lo (L) e olataue
Q aJo Jo ™ r

Using the estimate (2.3), we get a bound for p(x,0) and ¢"(z,0), namely

/Q (|p(x,0)| + uf;gpmo |q7“(x,0)|> dz < C//Q Ip(x,t)| dz dt. (2.5)

Finally, we test
18



2.2 — Derivation of estimates

the first equation in (1.6) by p,

the second equation in (1.6) by ¢",

the first equation in (2.2) by 7,

the second equation in (2.2) by s™

sum up the resulting equations to get

/ <utp+vu7 Vp + </ Fla,mu?, ™) du(r )>p> da
L (et (e
o [ (o= oo vw = ([Tt ftorat s an) ) o) as
+ / / - <qg - :7\1:” (im) ¢ — fo(a,7, u7,8T7)p> 7 dp(r) dae
[ owtes [ [Cicana

This entails, together with (2.1),
[ (os [Tera-wayaum) aos [ ([0 o) 5 dutr) ) pas
// < < 7’7> - 1sm‘li” <1sm>> dp(r) dﬂ::/p2 dz.
T r Q

Integrating the above equation in time and using the initial conditions for (1.6)—(1.7) and the final

conditions for (2.2) we obtain

//Q prarat s / (u")* (@, T) da = / / T (W0(@) — 570())q" (2,0) du(r) d
/ O(2)p(x,0) do + = /// ( ( m) -2 T'Y\I;//<T m)) du(r) e dt 26
+ //Qp (/0 (f = u” fur — 8" for)(z, uw,s“)@(r)) dz dt.

We have by Hypothesis 1.1 (v) that [(f — wY fyr — "7 forv) (2, 7,07, ™) < C for a.e. (z,t) € Q.
Moreover, the choice of ¥ guarantees that

W/ (5) — 50" (s)] < ;\Ifﬁ(s).

Indeed
e if s < —2 then W'(s) = (—s — 1)(—=1) + 5 = s + 3 and ¥”(s) = 1, thus

|W'(s) — sU"(s)] =

o if -2 <5< —1then V(s) =3(—s—1)*(—1) = —3s> —s— 3 and U”(s) = —s — 1, thus

[W'(s) = s9"(s)| =




2 — Construction of the solution to the controllability problem

e if s € [—1,1] then ¥'(s) = ¥"(s) = O;

o if 1 < s <2then ¥'(s) = 3(s —1)? = — s+ 3 and ¥"(s) = s — 1, thus
1 1 1 1 1
W' (s) — sU"(s)] = 282—S+2—S(S—1)‘ = ‘2—252 = 5(32—1)
1 1 3
— LD < - 13 = 20(s)

o if s> 2 then ¥/(s) = (s—1) — 3 =s— 3 and ¥”(s) = 1, thus

|[W'(s) — s¥"(s)] =

Hence from (2.6) and Hypothesis 1.1 (v) we infer

//Qp drdt + = /( 2z, T) da
</ s (@) / (@) = 5" @) dp(r) do — [ (@) p(e0)] da

L (B ) aeasas [ ol ( [T cann) asar

Finally by Hypothesis 1.1 (i) and 1.2, (2.3) and (2.5) we get the estimate

//QP2(x,t) dxdt+i/g(u7)2(gg,T)dx < C//Q Ip(z,t)| dz dt

with a constant C' depending on the L*°-norm of ug. Applying Hélder’s inequality and using (2.1)

again, we finally get

//Q(vg)Q(x,t) dzdt + é /Q(ug)Q(x,T) dz < C. (2.7)

2.3 Limit as ¢ — 0

We first keep v > 0 fixed. As a consequence of (2.7) and of Hypothesis 1.1 (iv)—(v) which implies
that f(x,r,u?,s™) < C(1 + [u7| + [s"7]) for a.e. (z,t) € Q, arguing as for the proof of Proposition
1.3 we see that the solutions uZ, s:’ to the approximate system (1.6) are uniformly bounded in the
spaces WH2(0,T; L2(Q)) N L>(0, T; WH2(Q)) and WH2(0,T; L%(Q2)), respectively. The first space is
compactly embedded in the space L?(£2;C[0,T]) according to Lemma A.5. For each fixed ~ there

exists therefore a sequence {e,(v)}, n € N, lim,,_,c £5(7) = 0, such that we can conclude, using also

(1.8) and (2.7), that

U;{n('y) — v, (SZZ(W))t — (s"7); weakly in L*(Q) as n — oo,

u? = ud|2.00 = O,
en(7) 23
N

gn(,y)(x T)HL2 < Cen(v),
1577y = 5720 < 207, ) = 200,
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2.4 — Limit as v — 0

where || - [|2,00 denotes the norm of L?(Q; C([0,7])) (see (A.4)) and where ul, si” are solutions to the

system

[ (e e (7 senais antne) ao= [ cas n.1), ”

1 1
e 2 (1) = e n Q
v r
for every ¢ € W12(Q), with initial conditions as in (1.7). Moreover, by (2.8) the null-controllability

condition u] (z,T) = 0 holds for a.e. z € €.

2.4 Limit as v — 0

The convergence v — 0 is more delicate. By (2.7) we have uniform bounds for v] in L*(Q). We
make use again of Hypothesis 1.1 and of the inequality f(z,r,u,s.’) < C(1+ |ud| + |si'|) for a.e.
(z,t) € Q, as well as of the fact that arguing as in the proof of Proposition 1.3 we get a bound for u;]
in WH2(0,T; L2(2)) N L>(0,T; W12(Q)). Hence we find a sequence 7, — 0 as n — co and elements
ve € L?(Q) and u, € WH2(0,T; L2(Q)) N L>(0, T; W12(2)) such that

)" — vy, (ul™) — (uy); weakly in L2(Q),
(2.10)

[ = usll2,00 = 0

as n — oo. Hence, the null-controllability condition us(z,T) = 0 a.e. is preserved in the limit.
It remains to prove the strong convergence to s,[u,, s"] of the solutions si’™ to the equation
1 1
(i) + — W' [ =507 ) = (ul™)y, st (x,0) = s"0(z).

Tn r
Note that we need the convergence to be strong in order to pass to the limit in the nonlinearity f.
To this end, we denote by y™* the solution to the ODE

1 1

"t v (y7> = (), Y (@,0) =" (). (2.11)

Tn r

By (1.8) we have

83 =y < 2[ud™ = uall2,00- (2.12)

By (2.10), the right-hand side of (2.12) converges to 0 as n — co. Note that we can write

1827 = s [, 80| Lo (0,7:12(02))
< I8 =y " ooz () + 197" = 5[ty 8" oo (0.1:22(02))

where

1/2 1/2
I Deoanon = mas ([ 1+ xtdx) < ([ max |- Paar) =1 oo

t€[0,T] Q t€[0,T)



2 — Construction of the solution to the controllability problem

Hence, to prove the strong convergence of si™" to s,[us,s™°] in L>(0,T; L?()) it suffices to prove
that y™ " — s, [u., s™0] strongly in L°°(0,T; L*(£2)) for each r > 0.
First we derive some estimates for the functions y" 7. Testing (2.11) by y, ™ and integrating over

Q x (0,7) for some 7 € (0,T) we obtain

T 1 T 1 T
/ /|y:%|2dxdt—|—/ /\I/' (y””") y:%da:dt:/ /(u*)tyf%dxdt,
0 JO Tn Jo JQ r 0 JQ
that is,

//u* Yoy, " dxdt = //|ym”|2dxdt—|—// < m") dz dt
1
=/ / Iylw"IQdfvdH/\If(y””) (,7)dz — — ‘I'(y””> (z,0) da.
0 JQ Tn Ja r Tn JQ r

By (2.11) and the definition of the stop operator (B.10), it follows that 1y (2,0) € [-1,1], from
which ¥ (2y™) (2,0) = 0 by (1.4). Hence we get

/ /|y§7"|2dxdt—|—/ < > T, T dx—/ / wy )y, ™ da dt

which entails, using Young’s inequality with exponents 1/2 on the right-hand side and observing that

(u4)¢ is bounded in L?(Q) independently of 7 and n,

1
/ ly; "|? dz dt + — sup / v (ym”> (z,7)dx < C. (2.13)
Tn r€0,7]/Q r
Up to a subsequence we thus have
TYn A ry AT Lo(1 Ty r ; 2
vyt =y, Y=y, —v . ") —w"  weakly in L*(Q) asn — oc. (2.14)
n
Note also that by (1.5) we have for all z >0
22 < 8¢(z) + 463 (2). (2.15)

Indeed
e if z € [0,1] then 22 = 6%/3¢%/% < 4¢*/3, which implies (2.15);
e if 2 > 1 then %22 =¢+ %z — %, and by Young’s inequality

In particular, choosing § = v/3 we obtain 22 <¢+3 Ly z — =, which implies (2.15).
Choosing z = 1 (Jy"»| — r)* in (2.15) we obtain

(5051 - r)*)z <0 (L =00 ) a6 (L=t )
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2.4 — Limit as v — 0

hence from (1.4) we also have

1 1 )
= Uy =n)h)” <sv (r y”") 4w/ < y%> .

r r

Integrating over 2 and using (2.13) we get for all 7 € (0,7))

1 1 1
2/ (7| = r)H)2(2,7) de < 8/ v < yw> (2, 7) d + 4/ p2/3 ( yr%> (2, 7) da
= Ja Q r Q r
C’Yn 0'7721/3
S 8 r + 4 W,
from which we infer for v, < 1 that
/Q ((ly™~| - r)*)z(:c,r) de < C(1+ r4/3)’yn2/3 (2.16)

with a constant C independent of 7, r» and n.

We now prove that §" = s,[u., s™°]. To this end, note that §” and w" satisfy the equation
7p +w" = (), g (x,0) = s"0(z). (2.17)

Hence the third condition of (B.14) is verified by §". Furthermore, for every function b € L>(Q) we

// y”"bda:dtg// |ymn||b|dxdtg//(yy’"%y_r)+|b\dxdt+r// 1b] der dt,
Q Q Q Q

hence, by (2.14) and (2.16), we have fo g"bdxdt < r for each function b € L*°(Q) such that

have

JJolbldzdt < 1, which in turn implies that [§"(z,t)] < r a.e. Indeed, if there exists a set A of
positive measure and some ¢ > 0 such that y(z,t) > r+ 6 or y(z,t) < —r — ¢ for (z,t) € A, by
choosing b(z,t) = :l:‘—}nx A(z,t) (where by |A| and x4 we denote respectively the Lebesgue measure
and the characteristic function of the set A) we obtain a contradiction. Hence |§"(z,t)| < r a.e., and
the first condition in the definition of the stop (B.14) is satisfied by §".

In order to verify that also the second condition holds true, we multiply (2.11) by y" and (2.17) by

y" and integrate over (). We get, exploiting the initial conditions in (2.11) and (2.17),

1 1 1 1
/(yr%L)Q(:U’T) de — = / (ST,O)Q(x) dz = _// U =y )y dedt + // (1), 5™ dz dt,
2 Ja 2 Ja Tn Q r Q
1 1
2/(37")2(95,T) de — 2/(3“0)2(35) dr = —// w" " dxdt+// (us), 9" dz dt.
Q Q Q Q
Hence for all v, > 0 we have the equality
1 T 2 1 / 1 r r r
— [ (y")(z,T)dx + — U =y )y dadt — (uy), y" " da dt
2 Ja Tn Q r Q

1
:/(QT)Q(:B,T) dm+// wrgjrdxdt—// (us), 9" dadt.
2 Jq 0 0
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2 — Construction of the solution to the controllability problem

Passing to the liminf,, o we obtain

1
ihmmf (y" )% (z,T) dx—i—hmmf// \I/'< " ") Yy de dt

wm=0 Jo =0 Yp

1
= /(QT)Z(%T)dJ:—F// w' " dz dt.
2 Jo o

Now, since the norm is weakly lower semicontinuous, by the weak convergence (2.14) we have

(2.18)

Jo@")?*(z,T)dz < liminf,, 0 [(y")*(z,T)dz. Hence for equality (2.18) to hold we necessarily

hmlnf// U=y )y dzdt < // w'y" dz dt. (2.19)
=0 Yp Q

Note that since ¥’ is monotone and vanishes in [—1,1], it holds

//Q v’ <iyr7"> (y" " — p)dzdt >0 (2.20)

for every measurable function p such that |p(z,t)| < r a.e. Thus, putting together (2.19) and (2.20),

have

for every such p we have

o< | /Q w5 = p)dede = | /Q (wa)e — G0)(F — p)dadt, (2.21)

where in the equality we used (2.17). Hence ¢" verifies also the second condition of (B.14), and this

proves that §" = s,[u, s™°].

It remains to prove that the convergence ™7 — ¢" in (2.14) is strong in the space L>(0,T; L*(Q2)).

Indeed, by choosing in (2.21) a test function

_ g'(x,t) fort=>r,
plz,t) =
p(z,t) fort<r

with an arbitrary 7 € (0,7"), we obtain from (2.21) that the inequality
| [ =i = pydzae =0 (2.22)
holds for all 7. On the other hand, (2.11) and inequality (2.20) imply that we have
/ / ue)e — ")y — p)dzdt >0 (2.23)

for all n € N and all test functions p such that |p(z,t)] < r a.e. We now set p = ¢" in (2.23) and
p = P.(y") in (2.22), where P, : R — [—r,r] is the projection onto the interval [—r,r|, that is,

P,(z) = max{—r,min{z,r}}.
Summing up (2.22) and (2.23) yields

0< /[)T/g;((u*)t — )y — Pr(y™m)) dxdt—l—/OT/Q((u*)t _ytmn)(ymn — ") dzdt,
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2.4 — Limit as v — 0

that is

0< / / ()" — Poy™) + 7 — i) dadt + / / J (i 4 ) dadt
0 Q 0 Q

+ / @GP () — gy £ gy da

/ / T'Yn _ ( T"Yn dwdt—i-/ / ™Yn __ y dwdt
// Y — Py ) dmdt—// gy da dt.

This can be rewritten as

| Lwr =i —inaeaes [ [ @il - Rorlded. (22

Notice that we have

= Py = (7 =)

Thus (2.24) is equivalent to

1 T d AT T AT T
/ /(y”n—yﬁdxdts/ /\(u*»—ym%r—m*dxdu
2 Jo Jo dt 0o Ja

that is, using the fact that ™ (z,0) = §"(x,0) = s™%(z) on the left-hand side and Holder’s inequality
on the right-hand side,

, 1/2
/\ym"— g" | (z, T d:):<C<// ly" | —r)T) dxdt) .

Hence from (2.16) it follows for every 7 € (0,T) that
/ ly" " — g [* (@, 7)dz < C(1+ 7’2/3) 1/3 (2.25)

with a constant C independent of n, r and 7. This finally implies that ™ — 5,.[u., s"°] strongly in
L>(0,T; L?(R)) for each r > 0, which is what was left to prove in order to pass to the limit in the
system (2.9).

To conclude the proof of Theorem 1.4, it suffices to pass to a subsequence if necessary and choose 7y,

in (2.10) in such a way that

1
[ud™ = w200 < =, (2.26)
n
€n = n(Yn) in (2.8) such that €, — 0 as n — oo and
1
ludy =l 200 < (2.27)

for each n € N. The four assertions of Theorem 1.4 now easily follows:

(i) In Proposition 1.3 we proved that u2 € W12(0,T; L?(Q))NL> (0, T; W2(Q)) for every e,y > 0,
from which the inequality immediately follows.
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2 — Construction of the solution to the controllability problem

(ii) We have that

[un = thill2,00 = [Judy = tll2,00 < [Judl = ul*[|2,00 + [Jud" = ts][2,00 = O

by (2.8) and (2.10).
(iii) This inequality was obtained in (2.8).

(iv) We have that, according to the notation introduced above,

"z, t) — 9" (z, t)|>dz = " (1) t)12d
max [ Jshe) =i @ 0P de = mae [ (5770 ) = 7 (@0 da

< ma sT(x,t) — 7 (2, t) > dz + ma /s%xt ™ (g, 1)|? da
< s [ (827 (@t) =0 (@ )P o+ mas [ (507 (@) =y o)

+ ma " (x,t) — g (e, t 2 dx
max [ 157G ) 7 @t)

< Nls2 = s 15 00 + 15377 = 4™ 5,00 + max / [y () = § (2, 1) da

< 2y — 2 oo+ 202wl + s [ 157G t) = (2.0 da

2 2 2/3\A1/3
§ﬁ+ﬁ+0(1+r/)%/

by (2.8), (2.12) and (2.25)—(2.27). Since we showed that the limit §" corresponds to the stop

operator, the inequality is proved.
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CHAPTER 3

Controllability and phase transitions

In this chapter we are going to show how our controllability result can be applied to a simple two-
phase system, namely, the relazed Stephan problem. This is an example of a basic model of solid-liquid
phase transition, since it simply accounts for heat-diffusion and exchange of latent heat in terms of

partial differential equations.

It is natural to recognize this phenomenon as an example of free boundary problem, since the evolution
of the domains occupied by the phases is not known a priori. Many mathematicians addressed (and

still address) the Stefan problem from this point of view.

However, phase transitions may also be regarded from a different perspective. Heat diffusion and
exchange of latent heat may also be formulated in weak form, since they are accounted for by the
energy balance equation. This leads to the formulation of an initial- and boundary-value problem in
a fixed space—time domain for a nonlinear parabolic equation. This nonlinearity is expressed via a

mazimal monotone graph, and the problem may thus be reduced to a variational inequality.

The two approaches above are known as the classical and the weak formulation of the Stefan problem.
However, rather than being two formulations of the same problem, these represent two alternative
models of phase transitions, that turn out to be equivalent only in special cases. The classical model is
a genuine free boundary problem, since it is based on the assumption that the phases are separated by
an (unknown) smooth interface that also evolves smoothly. On the other hand, the weak formulation
makes no direct reference to any phase interface: this may or may not exist, anyway it does not
explicitly occur in the statement of the model. Solid and liquid phases may actually be separated
by a set having nonempty interior, a so-called mushy region. In this respect, the weak formulation is

more general than the classical one.

Here we follow this second approach, and consider the Stefan problem in weak form. We shall
represent the phase transition in an especially simplified way, focusing upon the thermal aspects, that
is, heat-diffusion and exchange of latent heat, neglecting stress and deformation in the solid. More
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3 — Controllability and phase transitions

complicated models of phase transition, which take into account also the mechanical aspects of the
process, will be considered in Parts II and III of this thesis.

We will also assume that a form of relazation occurs during the process. This assumption will be
crucial in order to reformulate the problem as a semilinear PDE containing a hysteresis operator
(more precisely, the stop operator from Section B.2), which will allow us to apply the controllability
result from the previous chapters.

The link between differential inclusions describing (relaxed) phase transitions and the stop operator
(B.10) will be of fundamental importance also in Parts IT and III. The regularity and continuity results

contained in Section B.2 will be frequently used when dealing with the phase parameter.

Let us now derive the equations of the relaxed Stephan problem in weak form. Assume that a domain
Q c RV (in practice, we choose N = 3) is filled with a material substance in which two phases may
coexist: solid and liquid. The state variables are the following functions of the space variable x € Q)

and time ¢ € [0,T:

s(z,t) € [-1,1]  phase fraction: s = —1 solid, s = 1 liquid, s € (—1,1) mixture;

O(z,t) >0 absolute temperature.

The process of transition between the two phases is governed by the first and the second principle of
thermodynamics:

1. FIRST PRINCIPLE: There exists a state function U called internal energy which is conserved in
the sense that its increase rate equals the sum of the power supplied to the system and the heat
flux through the boundary;

2. SECOND PRINCIPLE: There exists a state function S called the entropy which is nondecreasing
in the sense that its increase rate is greater than or equal to the sum of the external entropy
source and the entropy flux through the boundary.

In other words, U = U (0, s) and S = S(f, s) have to satisfy the energy balance equation

Ui +divg=nh (3.1)
and the Clausius-Duhem inequality
(ay b
Sy +d (7) > 2 3.2
¢t +div 9) =3 (3.2)

for all processes. Here we denote by ¢ the heat flux vector and by h the heat source density. We

further introduce the free energy F = F(0,s) by the formula
F(0,s)=U(0,s) —05(0,s), (3.3)
so that in terms of F' the second principle (3.2) can be equivalently stated as

1
Fy+ 6,5 + 5 (4, V6) < 0. (3.4)
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3 — Controllability and phase transitions

The above inequality must hold for every thermodynamic process, including slow nonhomogeneous
processes (where the time derivatives are negligible compared to the gradient of the temperature V),
as well as fast homogeneous processes (where V6 is negligible compared to the time derivatives). In
other words, the time and space derivatives appear at different size scales. Therefore, the inequality
(3.4) implies that both (g, V@) and F; + 6,5 must be nonpositive for all processes. Assuming for the
heat flux the Fourier law

q=—kV0 (3.5)

with a constant heat conductivity £ > 0, the nonpositivity of (g, V6) is obvious. We now compare
the remaining inequality F; + 6:5 < 0 for all processes with the chain rule identity F; = Fypb; + Fsst
and obtain another formally (in the sense that we need to give a meaning to the partial derivatives)

equivalent reformulation of the second principle, namely

S = —Fp, (3.6)

Fos; < 0. (3.7)
From (3.3) and (3.6) we deduce the following differential equation for F’
F—0F =0, (3.8)

which can be solved if we know the internal energy U. For simplicity, we assume the internal energy

in the form

U=cO+ L(s), (3.9)

where ¢ > 0 is the specific heat capacity which we assume constant, and L is an increasing C'-function
representing the latent heat. Solutions to (3.8)—(3.9) can be explicitly found and they all differ only
by an additive “integration” constant which may depend on s. A “minimal” choice in the sense that
no unphysical constants are involved and all values of the phase fraction s outside the admissible

interval [—1,1] are excluded is given by the formula
0 0
F(0,s) = —cflog 7 +L(s) (11— 7 + I(s),

where I(s) is the indicator function of the interval [—1,1], and 6. > 0 is a fixed reference temperature
(the melting temperature). Thus we can compute

0
Fy(0,s) = OF(0,s) = 01(s) + L'(s) <1 - 0) + 0I(s),

C

where the derivative of F' with respect to the variable s contains components that are not Fréchet
differentiable but are convex, so that it can be interpreted as the subdifferential. Therefore, by (B.16),

condition (3.7) reads for s € (—1,1) (note that L is an increasing function)

L'(s)
Oc

(@—0.)s >0,
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3 — Controllability and phase transitions

which has a clear meaning: the substance has the tendency to melt for low temperatures, and the
tendency to solidify for high temperatures. A natural choice for the phase dynamics equation is then
(see also Remark B.2)

L'(s)

psy € —0F(0,s) = —0I(s) + 0

0 —0,) (3.10)

with phase relaxation time p > 0. It means that the system tends to move towards local minima of
the free energy with speed proportional to 1/p, hence the smaller p is, the faster the phase transition
takes place. When p — 0 the phase transition becomes instantaneous, which corresponds to the

classical Stefan problem. The above differential inclusion and the energy balance equation
(cf + L(s)): — kA =h (3.11)

resulting from (3.1), (3.5), and (3.9) give rise to the full system describing the relaxed Stefan problem,
see [131].

We now show that the energy balance equation (3.11) can be transformed into the form (I.1). Indeed,
we define a new unknown u by the formula

L'(s)
J

(9 - 90).

Uy =
Then the phase dynamics equation in (3.10) reads
St + 6[(3) > Uy,
which is nothing but the definition of the stop operator with threshold 1
s = s1ul,
see (B.10) in the Appendix. This enables us to rewrite (3.11) in the form
b Ly ful)e — mAuy = —h
cu — ul)y — kAuy = —h.
tt 1u])¢ t 0
Integrating the above equation in time leads to
L L(sifu]) — kA
cup + —L(s1|u]) — kAu = v,
pO.
with v containing the time integral of h and additional terms coming from the initial conditions. Up
to the physical constants, this is precisely equation (I.1) with Flu] = L(si[u]). The homogeneous

Neumann boundary condition for 6 (and therefore for w in (1.1)) has the physical meaning of a

thermally insulated body.
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Introduction

In this second part we study a model describing fluid diffusion in an unsaturated deformable porous
medium, assuming that the fluid may undergo phase transition and that two sources of hysteresis are
observed: the solid itself is subject to irreversible plastic deformations, and the fluid flow exhibits
capillary hysteresis, which is often explained by the surface tension on the interfaces between water

and air.

Much attention has been paid to phenomena related to this problem, and understanding the mecha-
nism of the solid-liquid interaction is the goal of many existing models in the engineering literature. In
[14], M. A. Biot proposed to describe an elastic partially saturated porous medium as a continuum in
Lagrangian framework and derived balance equations of conservation of mass and conservation of mo-
mentum which have become a basis for further studies. Let us mention, for example, a mathematical

theory including plasticity developed by R.E. Showalter and U. Stefanelli in [125, 126].

We state the problem in Lagrangian coordinates, too. Studies about the Eulerian fluid flow interacting
with a moving solid exist in the literature, but either the solid is assumed to be rigid such as, e.g.,
in [3], or the fluid domain is two-dimensional and the moving part of the boundary is represented by
a smooth curve described by a hyperviscoelastic constitutive equation ([85]). Eulerian flow in rigid
porous materials has also been studied ([60, 61]). Here, we focus on the description of deformations of
the porous solid produced by the fluid diffusion through the pores, so that the Lagrangian formalism

seems to be a natural choice.

Even within the linear elasticity theory, the interaction between fluid and a porous solid is a nonlinear
phenomenon. The mass conservation principle is expressed by the Darcy’s law which states that the
fluid mass saturation increment in a control volume V' is compensated by the mass flux through the
boundary of V', and that the mass flux vector is proportional to the pressure gradient. The pressure-
saturation curve is, however, necessarily bounded, as it ranges between 0 (i.e., empty pores) and 1
(full saturation). Moreover, the wetting and the drying curves are typically not the same, and the
phenomenon is called capillary hysteresis, see [4, 64, 65, 84]. This produces a degeneracy in the mass
balance, as we lose immediate control of the time derivative of the pressure. Methods have been
developed in [5, 40, 94] to prove the solvability of the system. They are all based on a variant of the
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Moser iteration technique which allows one to establish a pointwise upper bound for the pressure, so

that the process stays away from the degeneracy.

The theory is robust in the sense that other physical effects, such as temperature dependence or
solid-liquid phase transitions with volume changes can be taken into account without affecting the
thermodynamic consistency of the model, see [40, 100]. As a drawback, the pressure-volume relation
becomes more complicated and additional nonlinearities occur in the system. The solvability of the
resulting system was established in [100] only under the assumption that inertial effects and shear

stresses are neglected.

Here we still neglect inertia, but our main goal is to propose a method for dealing with shear stresses in
the case of strongly nonlinear pressure-volume interactions including plasticity of the matrix material,
still assuming that phase transition may occur as in [100]. A first step in this direction was made
in the submitted paper [76], where the isothermal case is considered and the effects of temperature
and phase transitions are simulated by including a nonlinearity in the pressure-volume relation. This
makes the construction of a solution much more complicated than in [5], where g is linear. Starting
from these results, here we take a step forward including also the effects of freezing and melting.
This second part of the thesis is then completely original, since the simultaneous occurrence of shear
stresses and phase transition has never been considered in the literature. Here it is assumed that
the pores in the matrix material contain a mixture of HoO and gas, and HyO itself is a mixture of
the liquid (water) and the solid phase (ice). That is, in addition to the other physical quantities like
capillary pressure, displacement and absolute temperature, we need to consider the evolution of a
phase parameter y representing the relative proportion of water in the HoO part and its influence on

pressure changes due to the different mass densities of water and ice.

Typical examples in which such situations arise are related to groundwater flows and to the freez-
ing-melting cycles of water sucked into the pores of concrete. Note that the latter process forms one
of the main reasons for the degradation of concrete in buildings, bridges, and roads. However, many
of the governing effects in concrete like the multi-component microstructure, the breaking of pores

and chemical reactions are still neglected in our model.

As it will be detailed in Chapter 4, we assume that the deformations are small, so that divu is the
relative local volume change, where u represents the displacement vector. Moreover, we assume that
the volume of the matrix material does not change during the process, and thus the volume and mass
balance equations with Darcy’s law for the water flux lead to a nonlinear degenerate parabolic equation
for the capillary pressure. In the equation of motion, we take into account the pressure components
due to phase transition and temperature changes, and we further simplify the system in order to
make it mathematically tractable by assuming that the process is quasistatic. Finally, we use the
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balance of internal energy and the entropy inequality to derive the dynamics for absolute temperature
and phases; they turn out to be, respectively, a parabolic equation for the temperature with highly
nonlinear right-hand side (quadratic in the derivatives) and an ordinary differential inclusion for the
phase parameter y, which represents the relative proportion of water in the HoO part. The freezing
and melting phenomena in the pores is modeled according to [100], which follows the ideas contained
in the earlier publications on freezing and melting in containers filled with water with rigid, elastic,
or elastoplastic boundaries ([92, 96-99]). It was shown there how important it is to account for the
difference in specific volumes of water and of ice. Actually, only few publications take into account
that the mass densities and specific volumes of the phases differ.

The main difficulties related to this problem arise from the low regularity of the temperature field,
mainly due to the presence of high order dissipative terms in the internal energy balance. Since the
test of the internal energy balance by the temperature 4 is not allowed, we test by a suitable negative
power of 8 and use the growth condition of the heat conductivity k. Another key point in our proof is
the L*° estimate we get on the pressure, which entails a bound in a proper negative Sobolev space for
the time derivative of the absolute temperature, which turns out to be another fundamental ingredient

in order to pass to the limit in our approximation scheme.

This part is structured as follows. In Chapter 4 we derive the model in full generality from the basic
principles of continuum thermodynamics. In Chapter 5 we state the mathematical problem, the main

assumptions on the data and the main Theorem 5.3, the proof of which is split into Sections 5.1-5.3.
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CHAPTER 4

A model for unsaturated

porous media flow

4.1 Derivation of the model

Consider a bounded connected domain  C R? of class C1! filled with an elastoplastic solid matrix
material with pores containing a mixture of HoO and gas, where we assume that HoO may appear
in one of the two phases: water or ice. We also assume that the volume of the solid matrix remains
constant during the process. We state the balance laws in referential (Lagrangian) coordinates, assume

the deformations small and denote for x € Q and time ¢t € [0, 7]

A(z,t) € [0,1]  relative amount of air in the total pore volume;
W(z,t) € [0,1] relative amount of HyO in the total pore volume;

x(z,t) € 0,1]  relative amount of water in the HyO part;

&(x,t) mass flux vector;

p(z,t) capillary pressure;

u(z,t) displacement vector in the solid;

e(x,t) linear strain tensor, ¢ = Vyu := 3 (Vu + (VU)T) ;
o(x,t) stress tensor;

0(x,t) absolute temperature.

Then xW represents the relative proportion of water in the total pore volume, and (1— )W represents
the relative proportion of ice in the total pore volume.
To explain the meaning of W and A, consider first an arbitrary control volume Vy C € in the reference
state and set
V(t) = {yE]R3 cy =z +u(z,t), z € Vp}.
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4 — A model for unsaturated porous media flow

Then denote by Va(t), Viy(t), Vs(t) the subdomains of V (t) occupied at time ¢ by air, HoO and solid,
respectively. Then V4 (t) U Vi (t) U Vg(t) = V(t), and denoting by |V| the Lebesgue measure of a set

V we assume that the porosity
_ IVa@®) UV (t)]
140l

€ (0,1)

remains constant and independent of the choice of Vy and ¢t. Let J(x,t) be the Jacobian of the
transformation z — x + u(x,t). Under the small deformation hypothesis, we may consider J(z,t) ~

1 + divu(z,t); hence divu represents the relative local volume increment. Indeed, we have

Vi) = /V K /V ety

vl
[Vo|—0, zeVo  |Vo

so that

= J(z,t) =~ 1+ divu(z,t).

By hypothesis, the volume of the matrix material does not change, so

o V500
Vol
is a constant independent of Vy and . Setting
: Viv ()] : [Va(?)]
Wiz, t) .= lim , Az, t) := lim ,
(%) [Vo|=0, zeVy |V (1) Vol—0, zeVy |V

we obtain, under the small deformation hypothesis, the volume balance equation in Lagrange coordi-

nates:
V()
Vo|—0, zeVy |Vl

W(z,t) + A(x,t) + cs = ~ 1+ divu(z,t). (4.1)

From the work of D. Flynn [64, 65], between the capillary pressure and the air content there exists a
Preisach-type hysteresis relation

b:=1—cg— A=Glpl,

where G is the Preisach hysteresis operator. Indeed, the pressure-saturation wetting and drying curves
are typically not the same (see Figure 4.1), and the phenomenon is called capillary hysteresis. This
hysteretic behavior has been shown experimentally, and can be explained essentially by the surface
tension on the contact between water and air in the pores. We refer to Section B.3 in the Appendix

for more details on this hysteresis operator. Then for A we assume the functional relation
A=1-cs—G[p (4.2)
Combining (4.1) and (4.2) we get that

W = G[p] + divu. (4.3)
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4.1 — Derivation of the model

b=G|p]

>
0 P
Figure 4.1. Pressure-saturation hysteresis diagram.

4.1.1 Mass balance

Consider an arbitrary control volume V' C 2. The water content in V' is given by fV pw xW dx, where
pw is the water mass density, and the ice content is fV pe(l — x)W dx, where pg is the ice mass

density. The mass conservation principle then reads

4 pwxwdx—i—/ &-nds(x) =

- 1—y)Wd
i J, - = V/)E( X)W dz,

where n is the unit outward normal vector to V. In differential form we get

pw (XW)¢ + div§ = —pp (1 — X)W), . (4.4)

The right-hand side of (4.4) is the positive or negative liquid water source due to the solidification or

melting of the ice. The liquid mass flux vector £ is assumed to obey Darcy’s law

& =—u(p)Vp, (4.5)

with a proportionality factor p(p) > 0 (the permeability coefficient). Using (4.3) and (4.5), we rewrite

the mass balance equation (4.4) as

((pwx + pe(1 = x))(Glp] + divu)), — div(u(p)Vp) = 0.

Then, setting p* = pg/pw € (0,1), we finally get a partial differential equation with hysteresis of the
gp PE/P

form

(¢ + 7°(1 = x))(Glp] + divu)), - pivdivw(p)vm 0. (4.6)

Note that G[p] € (0, 1 — ¢g) for all p, so that the above equation is degenerate in the sense that we
do not control a priori the time derivatives of p.
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4 — A model for unsaturated porous media flow

4.1.2 Momentum balance
The equation of motion of a deformable body is, in classical continuum mechanics (see [104]),
psurs = divo + g, (4.7)

where pg is the solid mass density, o is the stress tensor and ¢ is a volume force acting on the body

(e.g. gravity). For o we prescribe the constitutive equation
o =Ple] +Ber + ((x + p"(1 = x))(Adivu — p) = B(0 — 6c))9, (4.8)

where § is the Kronecker tensor, P is a hysteresis operator describing the elastoplastic response of the
solid (see Section B.1 in the Appendix), B is a symmetric positive definite viscosity tensor, A > 0 is
the bulk elasticity modulus of water, 8 € R is the relative solid-liquid thermal expansion coefficient
and 0. > 0 is a fixed reference temperature. The term (x + p*(1 — x))(Adivu — p) represents the

pressure component due to the phase transition.

4.1.3 Energy balance

We assume that both hysteresis operators G (capillarity) and P (elastoplasticity) admit hysteresis
potentials Ug, Up and dissipation operators Dg, Dp such that the energy identities (B.8) and (B.27)
hold. For more details and the explicit formulas of all these operators see Sections B.1 and B.3 in the
Appendix.

The goal of this subsection is to derive formulas for the densities of internal energy U and entropy S
such that the energy balance equation and the Clausius-Duhem inequality hold for all processes.

Let ¢ be the heat flux vector, and let V' C 2 be again an arbitrary control volume. The total internal

energy in V is fV U dz, and the total mechanical power Q(V') supplied to V equals

Q(V):/Va:etdx—/a L e nds(a).

vV PW

Thus, from the first principle of thermodynamics we have that the internal energy U must be conserved

in the following sense:

1
4 de—l—/ q~nds($):/0:5tdx—/ —p&-nds(z).
at Jv ov v av PW

Again, by the Gauss formula and by Darcy’s law (4.5) we get the energy balance equation in differential
form

1
U+divg=0:¢e + p—div(pu(p)Vp). (4.9)
W

According to the second principle of thermodynamics, the entropy S must be nondecreasing in the

sense of the Clausius-Duhem inequality

S, + div (%) > 0.
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Developing the second summand the inequality takes the form

Adivg — q - V0
| Odivg—q-Vb

St 02 Z 07
that is, multiplying by 6 and isolating divg,
-V
divg > —605; + %

Thus, taking into account the energy balance (4.9), we get the inequality

q-Vo
0

1
U —0S; + <og:ig+ p—div(pu(p)Vp).
w

Hence, arguing as in Chapter 3, two inequalities have to hold separately for all processes, namely
q-V0<0, U—0S<0:e+ I;/Vdiv(pu(p)Vp). (4.10)
The first condition is certainly satisfied if we assume Fourier law for the heat flux
qg=—r(0)V0, (4.11)

with the heat conductivity coefficient £ = k(6) > 0. We further introduce the free energy F' by the

formula F' = U — S so that, in terms of F', the second inequality in (4.10) takes the form
T ..
F,+0,S<0:e+ p—dlv(pu(p)Vp). (4.12)
w

Combining (4.12) with the chain rule for F; and the mass balance (4.6), one can “formally” prove
that a formula for the internal energy F' is obtained by integrating the constitutive relation (4.8).
More precisely, the mechanical part of F' is obtained by integration with respect to €, whereas the
capillarity part is obtained integrating with respect to G[p]. Finally, the caloric part is obtained by
thermodynamics similarly as in Chapter 3. The procedure is formal in the sense that we cannot give a
precise meaning to the integration with respect to G[p], since hysteresis operators are not differentiable
in the usual sense. Hence we are going to follow a different approach. More precisely, we use the
constitutive relation and the energy balance for G to prove that for (4.12) to be satisfied, a “minimal”
choice for F' (in the sense that no unphysical constants are involved and all values of the phase fraction
x outside the admissible interval [0,1] are excluded) is given by, under the assumption of constant

latent heat L,

F = Uplel + (x 4 5°(1 - ) (Ug[p] n ;<divu>2) _ 50— 0,) divu
(4.13)

0
#£00) + D (1= ) + T (0.

Cc
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4 — A model for unsaturated porous media flow

where I}y ;] is the indicator function of the interval [0,1], provided that the phase dynamics equation

is chosen in the form

i+ 00000 3 (1) (pO1 - Ul +paiva— Saiv?) +2 (L -1) @)

with a relaxation coefficient v > 0 possibly depending on the state variables divu, 8, x. The function

Fy(6) appearing in (4.13) is related to the caloric component Cy () of the internal energy by the

formula

Cv(0) = Fo(0) — OF)(0). (4.15)

If the specific heat capacity cy is constant, that is, Cy(0) = cy6, we find the classical formula

Fo(6) = cv0 (1 —log(6/6.)). Note that from (4.13) we obtain also

S = _oF = Bdivu — Fj(0) +

L
% Zy. (4.16)

Oc
In order to prove that under these choices (4.12) holds, we are going to develop the three summands

of this inequality.
- By (4.13)
Fy = Uplels + (1= p")xe <Ug[p] + ;(divu)2> + (x + p"(1 = X)) (Uglpl: + Adivudivuy)
— B0 divu — B(0 — 0..) divug + F}(0) 0; + Lx: <1 - ;;) - ixet + 91po,1(X) Xt
where the summand 91}y 1j(x)x: vanishes (see Remark B.2). Hence employing (4.16) we obtain
F,+ 6.8 =Uplels + (1 — p")xe <Ug[p] A(dlvu)2>
+ (x + p*(1 — X)) (Uglplt + Adivudivuy) — B(0 — 6..) divus + Lyt (1 — ;C) :
- By (4.8)

oc:ier=Ple] et +Beprer+ ((x + p" (1 = x))(Mdivu — p) — B(0 — 6.))6 : &4

Note that
0:6 =0 : Vgup = divuy.

Hence, using also the energy identity (B.8), we obtain
o: e =Uplels + || Dplele|l« + Ber r et + (x + p* (1 — x))(Adive divuy — pdivuy) — 8(0 — 6.) divuy.
- By (4.6)

L div(ppu(p)Vp) = ——p(@)VpI? +p(x + * (L = X)) (Glp + dive) + p(1 — ) xa(Glp] + dlivs).
pw pw
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4.2 — The mathematical problem

Hence, coming back to (4.12) and using the energy identity (B.27) we get

Fi+60,S—0:e— pivdiV(pM(p)Vp) = —Ber e — [|[Dplelell« — (x + 0" (1 — X)) Dgplt|

0

- pivu(p)!Vpl2 — Xt (L (HC - 1) +(1=p") <—Ug[p] - %(divu)z +pGp) —|—pdivu>> 1

from which we deduce, by virtue of (4.14),

Fi+ 008 —0 e~ pivdiV(pu(p)Vp) = —Be; e — [[Dplelells — Oc+ " (1 = X)) Dgpli]

1
— —u(p)|Vp)* —xi <0
pw

so that (4.12) holds.
Now we are going to obtain the equation for the temperature rewriting (4.9) in a more suitable form.

From (4.11), (4.16) and (4.17) we have
: .
0=U; +divg— 0 : ey — —div(pu(p)Vp)
Pw
1
=F+6,5+0S+divg—o0:¢e — p—div(p,u(p)Vp)
W
. 1
= —Ber e — | Dplelelle = (c+ 0" (1 =) Dglpldl = (P VPP
L
— 2 +6 <ﬁdivut — FJ(0)0; + QXt> — div(x(0)V0),
from which, since (4.15) yields Cy (0): = —0F((6)0;,
: 1 «
Cy(0): — div(k(0)VO) = Bey : & + pfwu(p)wp!? + 1 Dplelells + (x + o™ (1 = X)) Dglplt]

I (4.18)
+ ’yxf — 9*9Xt — BOdivuy.

4.2 The mathematical problem

For mathematical reasons that will be clearer later, we assume that the relaxation coefficient v of the
phase transition explicitly depends on both 6 and divu. Gathering together (4.6)—(4.8), (4.14) and
(4.18), we obtain that, in terms of the unknown functions p,u, 8, y, our model system of equations

has the form

((c+ 71 = 0)(@lp] + diva), = ——div((p) V), (4.19)
psuy = dive + g, (4.20)
o =P[Vsu] + BVsus + ((x + p* (1 — x))(Adivu — p) — B( — 6.))4, (4.21)

. 1
Cy(0); — div(k(9)VO) = BVuy : Veus + —pu(p)|Vp|? + | Dp[Vsul|«
W . (4.22)
+ (¢ + p*(1 = X)) Dg [ple| + (8, divu)x§ — g 0x¢ — B0divuy,
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4 — A model for unsaturated porous media flow

. “ . AL 0
(6. v+ 00y (00 3 (1) (9Ol - Ul + pativu— Slaiva?) + 2 (G -1). (@29
On 0f) we prescribe boundary conditions
u = 0,
1
—u(p)Vp-n = alz)(p" —p), (4.24)
W

kK(O)VO-n = w(x)(0*—0),

where p* is a given outer pressure, §* is a given outer temperature, a(z) > 0 is the permeability of

the boundary and w(x) > 0 is the heat conductivity of the boundary.

We simplify the problem by assuming that:

1. water is incompressible: this corresponds to the choice A = 0;

2. inertial effects are negligible. This hypothesis is justified by the expectation that the processes are
slow.

Whence system (4.19)—(4.23) becomes

((x+ 0" (1= 20)(@] + diva)), = ——div((p) V), (4.25)
—div (BV,us + P[Vsu]) + V(p(x + p*(1 = X)) + 86 — 0.)) = g, (4.26)
Co () — div(5(6)V0) = BYsuy : Vs + ——pu(p) Vol + | Dp [Vt
pw . (4.27)
+ (x + (1 = X)) Dgpl:| +~(0, divu)xi — g0 — B9divur,
Y(0, divu)xe + 0lg11(x) 2 (1 — p*) (pGlp] — Uglp] + pdivu) + L <;c — 1) , (4.28)
with initial conditions
p(z,0) = p’(z),
uw(z,0) = u’(x), (4.29)
O(x,0) = 6%),
X(ZL',O) = Xo(w)a )

and boundary conditions (4.24).

Remark 4.1. As we have already seen in Chapter 3, there is a strict link between evolutions of
“phase-relaxation” type and the hysteresis operator of stop type. Observing the inclusion (B.10)

defining the stop operator, we can interpret (4.28) in an equivalent way in the form

X(z,t) = sy [F(z, ), x°(2)](t), (4.30)

where

Flo.t) = /Ot (L= p") wGlp] ~ Ugle] + pdivi) + L(B/0c = 1) ) 4 (4.31)

(0, divu)
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4.2 — The mathematical problem

and where s5(q 1] is the (shifted) stop operator with thresholds 0 and 1. The advantage of this repre-
sentation is that now yx is defined by a formula involving, by virtue of Proposition B.5, an operator

with good Lipschitz continuity properties.
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CHAPTER 5

Solvability of the problem

We introduce the spaces
X =WH(Q), Xo={p € WHLR): ¢y =0}, X = WH(Q)

for some ¢* > 2 that will be specified below in Theorem 5.3. Taking into account the boundary

conditions (4.24), we consider (4.25)—(4.28) in variational form

[ (05— ) (70) + Golp) + divu)) 6da + [~ up)Vp- Voda
Q PW

@ (5.1)
- / a(@) (0" — p) 6 ds(a),
o0

(PIV.l + BV,u): Ve = [ (ol +5(1 =) + 50— 00)) divirde = [ g-vda, (52

ZJ\{Q\

(Cv(G)t — BVui - Vsuy — | Dp[Visuli]l« — pivﬂ(p)IVpF — (x+ (1 =) Dolpl|

(5.3)
—~(6, divu)xZ + (¢9LCXt + Bdivut> (9> (dz + /Q Kk(B)VO - V(dr = /89 w(z)(0* —0) (dx,
(6. )i+ Oloy(0) 3 (1= 97) (@) + pGal - Gol + pi) + 2 (- ~1) e (6

for a.e. t € (0,7) and all test functions ¢ € X, 1) € X and ( € X«. Note that we split the capillary
hysteresis terms in hysteretic and nonhysteretic part according to (B.23), (B.28) and (B.29) in view
of the regularization performed in Section 5.1. Indeed, only the nonhysteretic part will be affected by

the cut-off.

We assume the following hypothesis holds.
Hypothesis 5.1. There exist constants A" >0, B >0, P* >0, 6 > 0 such that

(i) Ae, Ay, B are constant symmetric positive definite fourth order tensors such that A & : £ >
AP, Ap€ &> AP, BE: €= Bl for all € € R
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5 — Solvability of the problem

(ii) g € L®(0,T; L?(;R3)) n WL2(0, T; L?(2;R3)) is a given function and there exists a function
G € L*(Q2 x (0,T)) such that g = —VG;

(i) @ € Wh®(09), a(z) > 0 a.e. and [, a(z)ds(z) > 0; w € L®(09Q), w(z) > 0 a.e. and
Joquw(z)ds(z) > 0;

(iv) p* € L>®((0,T) x 99) and p} € L2092 x (0,7)), |p*(z,t)] < P* a.e.; 0* € L=®(0Q x (0,T)),
0; € L2092 x (0,T)), 0*(x,t) > 0 a.e.;

(v) p° € L®(Q) N W22(Q), [p°(z)| < P! a.ce., u® € Xo N WA R?), 0 € L®(Q) N W2(Q),
0°(x) > 0 a.e., x° € L>®(Q), x°(z) € [0,1] a.e..
We also assume that there exist constants ff > f> >0, v € (0,1/2], & >0, > ¢ >0,1/2<b <
(8+3a+2b)(1+b)

b < Lkl>k >0,0<a<l—-ba<a< T > ’yb > (0 such that the nonlinearities

satisfy the following conditions:
(vi) f:R — (0,1) is a continuously differentiable function, f*(1+|p|)~'=" < f'(p) < f* for all p € R;
(vii) p:R — R is a continuous function, u(p) > p° for all p € R;

(vili) Cy : [0,00) — [0,00) is a continuously differentiable function, Cj,(§) =: cy/(#) is such that

P(146° <ep(h) <A1+ 95) for all 6 > 0;
(ix) & :[0,00) — [0,00) is a continuous function, x*(1 + 61+?) < x(#) < KF(1 + 01F2) for all 6 > 0;

(x) v : [0,00) x [0,00) — [0,00) is a continuous function, 7*(1 + 6 + |divu|?) < ~(6,divu) <
(1 4 6 + |divu|?) for all > 0, u € R3;

(xi) Go is the Preisach operator from Section B.3 in the Appendix with an initial memory state
A_1 € A for some K > P! with density function satisfying Hypothesis B.10 and with potential
Up and dissipation operator Dy defined in (B.26);

(xii) P: C([0,T};RE3) — C([0, T]; R3%S) is the constitutive operator of elastoplasticity from Section

B.1 in the Appendix, with dissipation operator Dp defined in (B.7). Here and in the sequel

R;”yﬁg denotes the space of symmetric 3 X 3 tensors.

Remark 5.2. In this remark we comment on some of the above hypotheses.
(ii) It is not restrictive to assume that there exists G such that ¢ = —VG, since in our case the
volume force g represents gravity, and thus it certainly admits a potential G.
(iii) The hypothesis a € W1°(99) is requested in order to apply the result from [95, Theorem 4.1]
about the spatial W?22-regularity for parabolic equations with nonlinear boundary conditions
on CH! domains.
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5 — Solvability of the problem

(vi) The growth condition for f is purely technical and plays a substantial role in the Moser iteration
argument in Subsection 5.2.7.
(viii) The growth condition for ¢y will be of fundamental importance in Subsection 5.2.6 where, in
order to estimate divu; in L9(0,T; L?(£2)) with an exponent ¢ > 4, we need a higher integrability
(in space) for the temperature than simply L>(0,T; L*(9)).
(ix) The tangled bound

. (8+3a+25)(110)
@ 7— 2

for the growth exponent of the function x comes from Subsection 5.2.10, where we apply an

iterative method in order to derive higher order estimates for the temperature.
The main result is the following existence theorem.

Theorem 5.3. Let Hypothesis 5.1 hold. Then there exists a solution (p,u,0,x) to the system (5.1)—
(5.4) with initial conditions (4.29) with the regularity

e pc L®(Qx(0,T)), pr € L>(2 x (0,T)), M(p) € L*>(0,T; W22(2)) with M(p) given by (5.119);
up € L0, T; Xo N WHI(Q;R?)) for all ¢ < B2 (g ) e 12(0; C([0, T); REE));

6 € LI(Q x (0,T)) for all g < EFFLDELD) "gg ¢ [2(Q % (0,T);R3), 6; € L2(0, T; W17 (Q2))

with ¢* > 2 given by (5.142);
x € L1Q;C[0,T]), x¢t € LU(Q x (0,T)) for all q € [1,00).

The proof of Theorem 5.3 will be divided into several steps. In order to eliminate possible degeneracy
of the functions f and pu, we start by regularizing the problem by means of a large parameter R. Then
we prove that this regularized problem admits a solution by the standard Faedo-Galerkin method:
here the parameter R will be of fundamental importance in order to gain some regularity. Once we
have derived suitable estimates, we pass to the limit in the Faedo-Galerkin scheme. The second part
of the proof will consist in the derivation of a priori estimates independent of R, which will allow us
to pass to the limit in the regularized system and infer the existence of a solution with the desired

regularity.

In what follows, we denote by C any positive constant depending only on the data and by Cg
any constant depending on the data and on R, all independent of the dimension n of the Galerkin

approximation.

Moreover, we will systematically use the pointwise inequality

divu|?(z,t) < 3|Vul|?(z,t) for all (x,t) € Q x (0,T). (5.5)
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5 — Solvability of the problem

5.1 Cut-off system

We choose a regularizing parameter R > 1, and first solve a cut-off system with the intention to let

R — oo.

For z € R we denote by

Qr(z) = max{—R,min{z, R}} (5.6)
the projection onto [—R, R]. Then we cut-off some nonlinearities by setting

f(p) for [p| <R
frR®) =< f(R)+ f(R)(p—R) forp>R (5.7)
f(=R)+ f'(-=R)(p+ R) forp<—-R

P

bulp) = [ fr()dz, Vilp) = pfa(o) - Blp) = /Opffa(Z)zd& (5.8)

p(p)  for [p| <R
pr(p) = w(R) forp>R , (5.9)
u(—R) forp < —R

Yr(p, 0, divu) = v(Qr(01) + (p* — R*)T, divu) (5.10)
for p, 6, divu € R. Note that by Hypothesis 5.1 (vi) we deduce that | fr(p)| < |£(0)|+ f*|p|, from which
[frR®) < CA+1pl), |2r(P) <C(1+p%), C(Ip]'™" ~1) < Valp) < Cp, (5.11)

and also, from Hypothesis 5.1 (x),

Y (1+Qr(07) + (0* — BT + |divul?) < ya(p, 0, divu) < +* (1+ Qr(07) + (> — R%)T + [divul?) .
(5.12)
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5.1 — Cut-off system

We replace (5.1)—(5.4) by the cut-off system

S~

[ ("= 0)(F(p) + Golp] + diva), s + / LRV Voda
QPw (5.13)

ofz)(p* — p) pds(z),
o0

((P[Vsu] + BVuy) : Vo) dae

S~

(5.14)
- / (P + (1 — %)) + BQR(O") — 6.)) divip do = / g-9ds,
Q Q
/ (cvw» ~ BV Vau — [ Dp[Vaulslle — ——pr(p) Qa(IV[2) — (x + 5 (1 - X)) | Dol
Q PW
— vr(p, 0, divu)x7 + <§Xt + [5’divut> QR(0+)>Cdx + /Q k(Qr(0))VEO - V(¢ dx (5.15)
- / w(@)(0" — 6) Cds(x),
o0
/VR(pv 0, diVU)Xt + aI[O,l] (X)
Qr(6%) (5.16)
5 (1— %) (®x(p) + pGolp] — Uolp] + pdive) + L ( _ 1)

for all test functions ¢, € X and ¢ € Xj. For the system (5.13)—(5.16) the following result holds

true.

Proposition 5.4. Let Hypothesis 5.1 hold and let R > 1 be given. Then there exists a solution
(p,u,8,x) to (5.13)—(5.16), (4.29) with the regularity

e p € LIQ;C[0,T)) for all g € [1.6), Vp € L*(Q x (0,T);R3), p; € L*(Q x (0,T));

e u; € L*(0,T; Xo), Vsur € L*(Q x (0,T); RE%3);

e 0 L?2(Qx(0,7)), VO € L>(0,T; L*(;R3)), 6, € L*(Q x (0,T));

o X € LI C0,T)), xi € LI(Q x (0,T)) for all g € [1,00).
We split the proof of Proposition 5.4 in two steps. First, in Subsection 5.1.1, we further regularize
the system by means of a small parameter 7 > 0 in order to obtain some extra-regularity for the
gradient of the capillary pressure. Then, in Subsection 5.1.2, we solve this new problem by Galerkin
approximations. Here the extra-regularization will be of fundamental importance in order to pass to

the limit in the nonlinearity Qr(|Vp(™|?), where n is the dimension of the Galerkin scheme. As a

last step, we let n — 0.

5.1.1 W22 regularization of the capillary pressure

We define the functions

D 0
Mg (p) ::/0 pr(z)dz, Kr(9) ::/0 k(Qr(z7))dz (5.17)



5 — Solvability of the problem

for p,# € R, and introduce the new variables v = Mpg(p), z = Kgr(f). We then choose another

regularizing parameter n € (0,1) and consider the following system in the unknowns v, u, z, x:

[ (0 5= 0 (M5 ) + Gl (0)] + diva), o da

(5.18)
[ (V0 Vot naude) de = | o) - My (0) bds(e).
/((PVU ] +BVuy) : Vo) do
Q (5.19)
o) (x + p*(1 = X)) + BQr((K; <>>+>—0c>)divwdx=/g-wdx7

Q Q
/Q Cu (G (21 = BV s Vit = [Dp (V] = ~nn(Mg (0)Qul(V (M5 (0))

— (0" (L= XD)ID M )] — 1R(M (0), K5 (2), diva)y? o
; (HLX ; ﬂdwut> @R<<K;<z>>+>)c@1x + [ vevea |

/ w 21(2) Cds(a),

o0

YR(Mg*(v), Kt (2), divu)xe + 01jg 11(x)

5 (1= p") (Pr(Mz'(v)) + Mz (v) Go[Myz' (v)] — Uo[My' (v)] + My (v) divu) (5.21)
L (czR((KH;(z))ﬂ _ 1)

with test functions ¢ € W22(Q), ¢ € X and ¢ € Xy. Here we imposed the additional boundary

condition

V(Av)-n =0 on 09Q. (5.22)

5.1.2 Galerkin approximations

For each fixed R > 1, system (5.18)—(5.21) will be solved by Faedo-Galerkin approximations. To this
end, let W = {¢;:i=0,1,2,...} C L?(Q) and Z = {(: k=0,1,2,...} C L*(Q) be the complete

orthonormal systems of eigenfunctions defined by

—Agi=Nigi i Q,  Véi-n|y, =0,

_ACk = Vka in Qa ka . n‘@ﬂ = 07

with \g =19 =0, A\j, v > 0 for i,k > 1. Given n € N, we approximate v and z by the finite sums

x,t) = sz‘(t)¢z‘($), 2 (1) sz (t)Ck(x
=0
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5.1 — Cut-off system

where the coefficients v;, z : [0,7] — R and u™, (™ will be determined as the solution of the system

(045 = X + Galp ™)+ divu ™)), o+ (40 v
W (5.23)
= ma (p* —p'™) i ds(z),
/ (P[Vsu™] +BVul™) : Vo da
@ (5.24)
= [ (PO 71 = )+ BQe(67) )~ 60)) divida = [ g+ v,
Q Q
/ (ch(”))t—Bvsuﬁ "Vl — IDp[Veu®] . — ——pur(p™)Qr( V)
Q W
— (X" + p* (1 = X)) Do [p™]e] — (™, 00, divu™) |y (5.25)

+ <0L + Bdivay” ) Qr((6™) )> Gk dw + vz = /((mw(iﬂ)(e* —0™) G ds(a),

Yr(P™, 00, divu™ )y (" + 81 1 (x™)
. ' o))+ (5.26)
>5(1—p )(@R(p(”)) +p(n)g0[p(n)] - Uo[p(n)] -HU(n) dlvu(")) + L (QR((H)) — 1) a.e.

for i,k =0,1,...,n and for all ¢ € X, and with p(" := Mgl(v(”)), QN Kgl(z(")). We prescribe
the initial conditions
= Jo Mr(p°(2)) di(z) dz

)

u™(2,0) = uO(x), (5.27)
)
)

—~~
=)

= Jo Kr(0°(z)) C(z) d
= Xx).

This is an ODE system coupled with a nonlinear PDE (5.24). It is nontrivial to prove that such a

system admits a unique strong solution. We proceed as follows. For a given function w € LP(Q2x(0,7"))

consider the equation

/ BY yu(2, 1) : Vytb(z) da + / PIVul(, 1) : Votb(a) dar = / wiz,t) divio(z)de,  (5.28)
Q Q

Q

which is to be satisfied for every ¢ € X a.e. in (0,T) together with an initial condition u(x,0) = u%(z),
u® € Xo N WHP(Q; R"™) and boundary condition u = 0 on 9.

Step 1. By the LP-regularity for elliptic systems in divergence form (see e.g. [6, Theorem 15.12]),
for every w € LP(€Q2 x (0,T")) with some p € [2,00) the problem

/Bvsut(x,t) :Vep(z)de = / w(z,t) divy(z) dz
Q Q

has a unique solution such that Vsu; € LP(2 x (0,T); R2X3), and it holds

Sym

/]VSut\p(:c,t)deC/|w\p(:1;,t)dsc a.e.
Q Q
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5 — Solvability of the problem

Step 2. Let @ € LP(0,T; Xo) be such that Vi, € LP(Q x (0,T); R3%3), 4(z,0) = u°(x) a.e., and let

Sym

u be the solution of the equation

/ P[Vsa](z,t) : Vso(x)dz +/ BVui(z,t) : Vsip(x) da = / w(zx, t) divey(x) de,
Q Q Q

the existence of which follows from Step 1. We prove that the mapping i, — wu; is a contraction with
respect to a suitable norm.
Indeed, let w7, 42 be given, and let ui,us be the corresponding solutions. The difference @ = u; — uo

is the solution of the equation

/ BV (x,t) : Vep(z)de = — / (P[Vst1] — P[Vstz])(z,t) : Vsip(z) da.
Q Q

According to Step 1, we have
/ |Vt |P(z,t)de < C/ |P[Vstu1] — P[Vstg]|P(z,t)dz  a.e. (5.29)
Q Q
By inequality (B.4) in the Appendix we have for a.e. (z,t)
t
PIVia] — P[Vsita]|(z, 1) < C / V(i — dig)e(, 7) dr

0

with a constant C' > 0. Hence, by Holder’s inequality,

t p
/yP[vsal] —P[Vsagﬂp(a;,t)dxg(]/ (/ V(i1 — 2)¢|(, T) dT) dz
Q Q 0
t
< Ctpl/ /yvs(al — {)¢[P(z, 7) dz dr. (5.30)
0 JQ

Now, set

W(t) = / |Vs(ur — u2)¢|P(z, 7) d, W(t) = / V(a1 — ag)¢|P(z, 7) de.
Q Q
It follows from (5.29) and (5.30) that

W(t) < Cr! / () ar.
0

C

We now multiply both sides of the above inequality by e=“* | and after an integration over ¢ € [0, T

we obtain from the Fubini Theorem

T » T 1 d » o
/ e ¢t W(t)dtg/ (—e_Ct / W(T)dT) dt
0 0 p dt 0

——1/T /TdeCtpdt W(r)d
B pPJo T de e

1 (T . 1T .
- / (e €™ —e T W(r)dr < - / e~ (t) dt.
0 PJo
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5.1 — Cut-off system

This means that the mapping 4; — u; is a contraction in LP(0,T; Xo N W1P(Q; R3)) with respect to

T 1/p
[ Jue||| = </ e_Ctp/ |VsuilP(z,t) dxdt) ,
0 Q

hence it has a unique fixed point which is a solution of (5.28).

the weighted norm

Step 3. The mapping which with a right-hand side w € LP(£2 x (0,7)) associates the solution
ug € LP(0,T; Xo N WHP(Q;R3)) of (5.28) is Lipschitz continuous. Indeed, consider wy,ws and the
corresponding solutions w1, uz, and set as before w = w; —wg, & = u; —ug2. As a counterpart of (5.29)
we get

[V < ¢ [ PVl - PTasll? +0P) (0.0 ds ac.
Q Q

and the computations as in (5.30) yield
t
/!Vsﬂt\p(x,t) dx<Ctp_1/ /|Vsﬂt|p(:v,7) dxd7+0/ Pz, 1) dz ae.
Q 0 Ja Q

c
We obtain the Lipschitz continuity result when we test by e »" and integrate over t € [0, T, similarly

as in Step 2.

Now, coming back to our equation (5.24), we see that it is of the form (5.28) with w(z, ) = w™ (z,t) :=
P (x4 p* (1= x)N +B(Qr((0) ) —6,)(x,t)+G(z,t). Therefore, denoting by S : w™ — ugn) its
associated solution operator, we conclude that (5.23), (5.25) and (5.26) give rise to a system of ODEs
with a locally Lipschitz continuous right-hand side containing the operator S. Here the inclusion
(5.26) can be interpreted as in Remark 4.1 and handled with Proposition B.5.

Thus system (5.23)—(5.26) has a unique strong solution in a maximal interval of existence [0,7},] C
[0,7]. This interval coincides with the whole [0,T], provided we prove that the solution remains

bounded in [0,T5,).

We now derive a series of estimates. Note that we decompose the auxiliary variables v and z instead
of p and € into a Fourier series with respect to the basis W and Z because we are going to test
equations (5.23), (5.25) by nonlinear expressions of p and #, namely, by their Kirchhoff transforms
(5.17). Indeed, the Galerkin method allows one to test only by linear functions and their derivatives.
Moreover, we do not discretize the momentum equation because considering the full PDE is the only
way to deduce compactness of the sequence {vsu,ﬁ")}, which is needed in order to pass to the limit
in some nonlinear terms. Indeed, we will not be able to control the second derivatives, and this will

prevent us from applying the usual embedding theorems.

Estimates independent of n

» Estimate 1
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5 — Solvability of the problem

We test (5.23) by v; and sum up over ¢ = 0,1,...,n, and (5.24) by ¢ = ugn). Then we sum up the

two equations to obtain

(4 0= X Flp™) + Gl + diva ™), Ma) o
]_ n n n
+/pr (|w<n>|2+n|m<">|2) dx—i—/(BVsut )+ P[Vu™)) : Vul™ dz
= [ (B0 70 =)+ BQn((O) ) = 00) divi
— [ a@)" —p)Map™) ds(o) + [ g0l da,
o0 Q

that is, computing the time derivative in the first summand and exploiting the energy identity (B.8),

/( ™ 4 p*(1 = X)) fr(p™ ) R(p(”))der/(x( 07 (1= x"))Golp™]: Me(p™) da
Q Q
+/Q (BV.u" : v u(n)—l—Up[V w4 [ Dp[Vau™) ] ) da

L g,mpe o2 o ) (o™ — (")) gs(a
[ (19 I a ) dot [ a@)e™) =M™ ds) -
_‘/ (1= "™ (fr™) + Golp™]) Mp(p™) dar - / (1 — p)xi" divu™ Mp(p™) do

Q
/( M 4 (1 — X )))leU( )MR( () dx—i—/ MW (™ 4 pr(1 = x™)) divuﬁ") dx

/BQR )dlvug)dxqt/g'ug)d:p.
Q

We now define
4
Vaen(p) = / Fr(2)Mp(2) dz
0

so that

/Q(X(”)er*(l— ™)) fa(p™)e Mr(p™) da

d * n n * n n
= gt JoX" X Vaa (et ))dx—/ﬂ(l — W Varr (™) da,

and introduce the modified Preisach potential

0 rprlp]
Un,rlp] := / Mpg(v)Y(r,v)dvdr > 0
o Jo

which satisfies

Golplt Mr(p) — Unm,rlpl: > 0 a.e.
according to (B.32) and (B.33). Note that (5.7) and (5.9) together with Hypothesis 5.1 (vi) and (vii)
yield

crp® < Varr(p) < Crp’ (5.32)
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5.1 — Cut-off system

for all p € R, with some positive constants cr, Cr depending only on R. Moreover, the estimates

Unmrlp) < Cr(1+pl), (5.33)

0o »[p°](2)
Usealpl(o) = | /Op Mi(0) (r,0) dvdr < Cpmax{[p"(2)], K} (5.34)

hold as a counterpart of (B.30) and (B.31). We rewrite (5.31) as

d * n n n n
i Jo (6407 =X Var p(p™) + Unilp™) + Up[ V] ) d

1 n n
-ﬁ/<vamﬁ+nmwmﬁ)+3vw§%<@¢>+nDﬂvwmmm>dx
Q \Pw

+ / a(z)(p™ — p*)Mg(p™) ds(x)
o0

< /Q (1= X" (Varr(e™) + Urr,alp™)]) do - /Q (1= o (™) + Golp™]) Mr(p™) da

N / (1 — p)xg" divu™ Mp(p™) dz + / O™ + (1 — x™)) dive™ (P(”) - MR(p(”))) dz
Q Q

+/B@MW%ﬂ—@mw@M+/gﬂ@M.
@ Q
(5.35)

By the definition of v(®) and Hypothesis 5.1 (vii) we deduce

1o )2 1 210 (n) (2 (1)? (n) 2
— Vo' de = [ —|pur(p)|7| V"™ |*dx > ~—— [ |Vp'™|"dz. (5.36)
Q PW Q PW PW JQ

Moreover, thanks again to Hypothesis 5.1 (vii), the boundary term is such that

/ a(z) (0" — p*) Mp(p™) ds(z)
oN

- / () [p™ M3 (p™) ds(z) — / o(@)p p ™ M (™) ds(x)
o0 o0

> 40 / a(@)[p™ 2 ds(z) — Cr / o (@) [pp™ | ds(x),
oN o0

where for p € R we set
Mg(p)/p for p#0,
Mpg(p) ==
M (0) for p = 0.
Young’s inequality and Hypothesis 5.1 (iii), (iv) give

b
@™ = )Ml ds@) = [ a@lp™ P ds(a) - Cr. (537)
o0 oN

Moreover, by Holder’s inequality and Hypothesis 5.1 (ii),

/Q(g ") (z,t)dz < C (/Q WP, 1) dx> 1/2

%/;( / V. ’r2dx> <C+ / Vo Pde (5.38)
c Q Q

<
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5 — Solvability of the problem

where in the last line we used first Korn’s inequality (A.11) and then Young’s inequality. Neglecting
some lower order positive terms on the left-hand side, exploiting estimates (5.11), (5.32) and (5.33) and

the fact that p* < (x + p*(1 — x)) < 1 for all x € [0,1], from (5.35) and the subsequent computations

we obtain
d * n n n n
3 o (5= XN Wi (™) + Uni nlp™) + Up[ V™)) d
B’ n
+/Q <|Vp(")|2 AP+ |V >|2> dz + /(ma(xﬂp(”)\zds(x) (5.39)

< Cp (1 - /Q (™ 1p ™2 + ™ diva™ 1™ + [p™)]?) dx) ,

where we used also Young’s inequality and the pointwise inequality (5.5) to absorb |divu§n)| on the
left-hand side together with the term coming from (5.38).

We need to control | X}En) |. To this aim we consider the phase dynamics in the formulation (4.30)—(4.31),
and employ the identity (B.21) for the stop (see also Remark B.2) to deduce that | th)| < \Ft(n)\. This
yields, thanks to (5.11), (5.12) and (B.30),

C (1+ [p™)?) + |divu™|?/2 + L |Qr((0™)*) /6. — 1|
7 (U4 (Qr((60)F) + (pM — R2)* + [divalP)

for a.e. (x,t) € Q x (0,7,). We now come back to (5.39) and integrate in time [ dt for some

e (@, 1) < < Chp (5.40)

7 € [0,T},]. The initial conditions are kept under control thanks to (5.32), (5.34), (B.2) and (B.7) and

Hypothesis 5.1 (v). Hence Young’s inequality yields

/(Ip(”)l2+lvsu<”)l2) (:c,t)dx+/ /(\vp<n>|2+mm<">y2+\vsuﬁﬁ) (w, ) dz di
Q 0 JQ

+/ / a(2)|p™ 2(x,t) ds(x) dt < Cg (1 +/ / (\p(")IQ + \divu(")IQ) (x,1) da:dt) .
0 JoQ 0 JQ

Using (5.5) and Gronwall’s lemma A.2, we see that the approximate solution remains bounded in the
maximal interval of existence [0,7},]. Hence the solution exists globally, and for every n € N we have
T, =T. We thus have obtained

supess/ <\p(")]2 + ]VSu(")IQ) (z,7)dz < Ch, (5.41)
T€[0,T] JQ

/OT(/Q (va(”)P + \Vsui”)IQ)(wjt) dz + /m a(z)|p™ [ (x,t) ds(m)) dt < Cg, (5.42)

and also

T CR
/ / 1AM |2 (2, 1) dedt < =2 (5.43)
0 JQ Ui

Now, in terms of the variable v(® = M R(p(”)), the boundary condition is nonlinear. By the spatial
W?22_regularity result for parabolic equations with nonlinear boundary conditions on C!'! domains
stated and proved in [95, Theorem 4.1], we finally see that

Cr

||MR(p(n))HQL?(07T;W2,2(Q)) < 7 (5.44)
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5.1 — Cut-off system

» Estimate 2

We test (5.23) by 0; and sum up over ¢ = 0,1,...,n. We get

JACR ) ™) + Golpt™] + divu®™)), Ma(p™), dr
5.45
/ i v ( ) 4 nAv(”)Av,f(n)) dz = / a(z)(p* — p"™)Mgp(p™), ds(z). o)
Q PW o9
Defining

jn(p) = [ Mi()zdz = [ pn(e)e
for p € R, we can rewrite
@™~ 9l dste) = [ al@) (e Ma("): - 5 M) ds(z)
o0 o0
= [ a@)(ine ™) = @ Mo + i Mal) ds(a)

- / o(@) (7r (™) — p* Ma(p™)), ds(z) + / o(2)p; Mr(p™) ds(z).
oN o0

Hence, computing the time derivative in the first summand and rearranging the terms, we can rewrite

(5.45) as

d 1 n N n * n
3 (L g (902 4 n80R) dot [ o)) - b)) ds(o) )
04 0= ) (Frlp™) + Golp ™)) My
== [ 0= v MA@ e~ [ (= g (™) + Gl ™) Ml
Q
= [0 = ) dival Mo )i de [ o Malp™) ds(e).
Q o0

(5.46)

Combining (B.24) with the identity (B.21) for the play, we see that it holds

Golp ™) Ma(®@™): = Golp™ ] pi" pr(@™) > 0.

Hence by (5.7), (5.9) and Hypothesis 5.1 (vi), (vii) we obtain the pointwise lower bound

O+ (=) (T )i + Golp™1e) Mr®™)e = p* F(e™) sr@™) o™ = Cr lpf” P

We now integrate (5.46) in time [ dt¢ for some 7 € [0, T]. Note that fir(p) > 1’ p?/2 for all p € R.
Hence, arguing as for estimate (5.37) with p™ Mg (p(™) replaced by fir(p'™), we obtain that the

boundary term on the left-hand side is such that

b
| a@)n@) ~ p Malp™) e 7 ds(a) 2 5 [ a@lpP e ds(e) - Cr (547
o0 o0
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5 — Solvability of the problem

Concerning the initial conditions, we employ Hypothesis 5.1 (iv) and (v) together with the following

computations

/ (@) fir(p™) (2,0) ds(z) = / (@) ir (M7 (o)) (2,0) ds(x)
o0 o0

< (/f;; / (@) [ [2(2.0) ds(z),

/ma(x)\p*P(x,O)dS(a:) =/ (z)|p* | (x, 7) ds(z —2/ /m ) P (x, t) ds(x) dr,

/ (@) Mr(p™) (2,0) ds(x) = / o (@)™ [2(2,0) ds(z).
o0 o0
Hence, exploiting also (5.36) and (5.40), we get

/ﬂ(]Vp(")|2+7]]Av(”)]2) (x,7) dw+/asz o(z)[p™|?(z, 7) ds(z / / ]pt (z,t) dxdt

< Cr (1+ L (a1 5+ v 1)

[0 allplasar).

Young’s inequality and Hypothesis 5.1 (iii) and (iv) give
/ (]Vp(")|2 +77]Av(”)|2> (x,7) dw—i—/ o()|p™ 2 (x, 7) ds(x —|—/ ] (x,t)dzdt
Q [2}9] Q

<C’R< // |dive™|? + [p™ 2 +\d1vun)\ (x,t)dzdt + /a )™ 2 (2, ) ds(x )dt).
0o Joa

Using estimates (5.5), (5.41) and (5.42) we deduce

i M)

sup ess (/ IVp™|2(z, 7) da +/ o(z)[p™)?(z, ) ds(x)) < Cg, (5.48)
refo,7] \Ja G19)
(n) 2 CR
supess [ |Av"|*(z,7)dr < — (5.49)
7€[0,T] JQ n’
T
/ / ™2 (2,t) dz dt < Ch. (5.50)
Q
» Estimate 3
We test (5.25) by Z; and sum over k = 0,1,...,n. We obtain
(n) (n) . 1 (n)12
; Cv (0™ — BV : Vo™ — | Dp[Vau™ | — TMR( ")Qr(IVP™ )
= (" 4 97 (1= XD ™| = (™, 0™ diva™) "
(5.51)

L n
+ ( 5 X ) 4 Bdive" )QR((9<") ))KR(H("))td:U+ /Q V™ . v dg

_ / w(@) (O — 0K R(0™), ds(z).
o0

Defining
/KR zdz—/ R(Qr(="))z dz
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5.1 — Cut-off system

for 8 € R, we can rewrite
[ @6~ 671 K6 ds(o) = [ ola) (0 Kn6™): — 0 Kn(6)) ()
o0 o0
= /8 . w(z) (Fr(O™), — (0" Kr(0™)) + 0; Kr(0™)) ds(z)

= / w(z) (kr(0™) — 0* Kr(6™)), ds(z) + / w(z)0: Kp(0™) ds(z).
o0 o0

Hence, rearranging the terms in (5.51), we obtain

d
— (n)|2 i (n)y _ p* (n)
- (/sz ]dfc+/mw(:v)(/<;R(9 ) = 0K (0 ))ds(:v))
+ [ €6 k(@6 ) 6 o

Q
- /Q <Bvsu§> Vou” + | Dp[Vsu™] ]l +p1uR< "Qr(IVp™?)

O (= X Dolp "] + (™, 6, dival™) [

(9 xi o+ Bivy” )QR« ) >)H<QR<<0<”>>+>>9§”> do - /B ()0 Kr(0™) ds(o).
Note that Hypothesis 5.1 (ix) yields

R <R (14 @QnlO™) 1)) < w(Qr((6™)Y) < (1+ (Qr(O™))) <Cr. (5:52)

We now integrate (5.51) in time [ dt for some 7 € [0, T]. By (5.52) and Hypothesis 5.1 (viii) it holds

/\vz dx—/ |K(QR((O™)Y )2 VO™ 2 dz > ( /|ve 2de,

/ ' [ € 6™) n(Qul(0) ) 67 = / / v (6™) s(Qr((6™))) (02 da dt
0 Q

>Cl{/ /|9 2 dxdt.

Note also that Ap(6) > x”62/2 for all § € R. Hence, using Young’s inequality as in (5.37) we obtain
b

w(z) (Rr(OM™) — o ()Y) ds(x Ul w() 0™ 2 ds(x) — w(z)]070|2 ds(x
|l nl0) =0 Kn(0)) dsta) = 5 [ wl@loF dste) = Cn [l asto)
b
>5[ w(@)o™)2ds(z) — Cr.
4 Joq

Concerning the initial conditions, we employ Hypothesis 5.1 (iv) and (v) together with the following

computations
[ w@ia@™) @0 dsta) = [ wl@)in(K (:)(w0) ds(z)
o0 o2
goR/ (@) 22 (2,0) ds(a),

/(mw(:n)|0*|2(x,0) ds(x) = / w(z)|0%|*(z, 7) ds(x —2/ /89 )(07607)(x,t) ds(x) dr,
/ w(x)|KR(9(”))|2(:r,0)ds(x):/ w(z)| 2™ 2 (2,0) ds(z).
o0

o0
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5 — Solvability of the problem

Thus, exploiting also (5.12), (5.40), (5.52), (B.9) and (B.30), we get

/Q|ve<”>|2($,7) d:n—l—/mw(m)|9(”)| (2, 7) ds(z / /|e

SCR(”// (IV5u™ 2 + o™+ [p™) +\divu"!)wﬁ|dxdt

/ / 2)[67]16™)] ds(x) dt).

Young’s inequality, Hypothesis 5.1 (iii), (iv) and estimate (5.50) give

/\VG(”)\Q(z,T)dm~I—/ w(2)|0™ 2z, 7) ds(x / /|e

Q o0

< Cp <1+/ / (|v8u§”)|4+yp<”>|4+|divu dxdt+/ / ds(z )dt)
0 Q o0

We now need to estimate the terms Vsugn), p™ dive™ in the norm of L*(Q x (0,T)). Note that
(5.48) and (5.50) entail Vp{™) € L>=(0,T; L*(Q; R3)), p; () ¢ L?*(Q2 x (0,T)) independently of n. Thus,

(5.53)

applying Lemma A.3 with pg = g9 = ¢1 = 2, p1 = 00, p2 = q2 = 4 we see that

/ / lp™ [ (x,t) dz dt < Cp. (5.54)

Now, let us consider (5.24) rewritten in the form

/ PIVu™](z,t) : Vetp(z) da +/ Bvsugn)(x,t) : Vs(z)de = / w™ (z,t) divey(z) da
Q Q Q

where

w™ (1) := p™ (" + p*(1 = X)) + BQR(O™)) = 0e) (x, 1) + G(x,1)

according to Hypothesis 5.1 (ii). By the already mentioned LP-regularity (with some p € [2,00)) for

elliptic systems in divergence form and by (B.6) we deduce, arguing as for (5.30),

t
/ Vol P(z,¢)dz < C / IV ul™ [P (2,0) dz + CtP~! / / Voul P(z,7) dz dr
Q Q 0 JQ

(5.55)
+C/\w(")]p(x,t)dx a.e.
Q

By (5.54) and Hypothesis 5.1 (ii) we see that

//]w aztdazdt<CR<//|p $tdxdt+1>§C’R.

Therefore, choosing p = 4 in (5.55) and using also Hypothesis 5.1 (v), by Gronwall’s lemma A.2 we

obtain

/ / ]Vsugn)\4(az,t) dzxdt < Cg,
0 Q
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5.1 — Cut-off system

(n)

from which we deduce a bound also for the term divu(™ since V sU; ~ is dominant. Thus, coming back

o (5.53), we finally obtain

/|ve a:rdyc—i—/ w(@)|0™)? (2, 7) ds(x) //9 2(z,t) dz dt
<0R<1+/ /8Q xt)ds()dt)

from which, by Poincaré’s inequality (A.10),

/(|e<n>\2+\ve<n>\2) (x,T)dx—i-/aQw(x)\G(")] 2, 7) ds(z / /\9 (2,1) dz dt
<CR(1+/ [t mdsmdt).

Applying Gronwall’s lemma A.2 we finally obtain for all ¢ € (0,7 the estimates

sup ess </Q <\9(")]2 + \VG(")\Q) (,7)dz + /89 w(z)|0™)?(z, ) ds(ac)) < Cp, (5.56)

T7€[0,T

T
/ / 02, ) dedt < Cr. (5.57)
0 Q

Limit as n — oo

For the moment we keep the regularization parameters  and R fixed, and let n — oo in (5.23)—
(5.26). From estimates (5.41), (5.42), (5.44), (5.48), (5.50), (5.56) and (5.57) we see that there exists

a subsequence of {(p™,0() : n € N}, which is again indexed by n, and functions p, 8 such that
pE") — Dt 9t(n) — 0 weakly in L2(Q x (0,T)),
v/ ORI v/ weakly-star in L> (0, T; L?(Q; R?)).

By the compact embeddings established in Theorem A.3, Theorem A.4 and Corollary A.9 we also

have

P = p strongly in L4(2; C[0,T)) for ¢ € [1,6) and in L?(9Q x (0,T)),
Vp™ — Vp  strongly in L2(Q x (0,7);R3),
6 - 6 strongly in L?(Q x (0,7)) and in L?(99 x (0,T)).

We also need strong convergence of the sequences {V,u(™} and {Vsugn)} in order to pass to the limit

in some nonlinear terms. Note that, arguing as for (5.55), we obtain for p = 2

T T
/ / \Vsutn) — Vsu§m)]2(x,7) dedr < C/ / lw™ — w™2(z, 7) dz dr
0 JQ 0 JQ

T
< Cgr <1 +/ /Q (|p(n) _p(m)‘Q + ‘X(n) _ X(m)|2)(az,7') da d7'>
0



5 — Solvability of the problem

a.e. in (0,7"). Remark 4.1 and Proposition B.5 yield

™ — x| (z, 7) / ™ = x|, t) dt < 2 / [ — B () dt (5.58)
0

from which, by Proposition B.12, Remark B.13 and the pointwise inequality (5.5),

/ /V u(n) )|2(37,T)dxd7'
< Cr (1 +/ / <Ip(”) — ", 7)
0o Jo

+ / (Sup ess [p™ — p™|2(z, 1) + |[dive™ — divu(m)|2(x,t)) dt> dz dT)

te[0,7]

T t
< Cg (1 —|—/ / <Sup ess [p™ — p™)|2(z, t) +/ / |Vsugn) - Vsugm)|2(:z, s)ds dt> dz dT).
te[0,7] 0 Jo

Using Fubini Theorem® and Grénwall’s lemma A.2 we obtain

T
/ sup ess |Vou™ — Vou™ (2, 7) dz < / / |Vsu§n) - vsugm)’2($’ 7)dzdr
Q 7€[0,7] o Jo

< Cg (1 —l—/ supess [p™ — p™ 2(z, 1) dx) .
Q 7€[0,T]

The sequence {p(™} is Cauchy in L?*(€; C[0,T]), hence {V,u(™} and {Vsuﬁn)} are also Cauchy se-
quences in L?(Q; C([0, T); Rg’;n?)) and in L%(Q x (0,7); R3%3), respectively. Thus we conclude

sym

Vaul™ — Ve strongly in L?(Q; C ([0, T]; R3X3)),

Sym
Vsugn) - Vsuy strongly in L2(Q x (0,T); Rg’;n?{)

We are now ready to pass to the limit in the nonlinearities. By Theorem A.7, Hypothesis 5.1 (viii)
and estimates (5.11), (5.12) we obtain

fR(p(”)) — fr(p), @R(p(”)) — ®r(p) strongly in L2(Q x (0,7)),

Cy(0™) — Cy() strongly in L4(2 x (0,7)) for all g € [1, 1%_1)] ,
Bvsugn) : Vsugn) — BVgu; : Vauy strongly in L'(Q x (0,T)),
A
Qr(IVP™?) = Qr(IVp*)
pr(™) = pr(p) trongly i Z9(2 x (0.7)) for all g € [ o)
strongly in x (0, or all g € [1,00),
Qr((0™)T) — Qr(6")
1 1
-
YR, 0, diva™) (. 0, diva)

'We use Fubini Theorem as follows

/(/f >d‘”—/ (/:dt>f(3)d5=/OT(T—s)f(s)d5.

The above is also called Cauchy formula for repeated integrals. It will be frequently used in the whole thesis.
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5.1 — Cut-off system

from which
frR(®P™): = fr(p)i,  Cv(0™); = Cy(0);  weakly in L*(Q x (0,T)),
Yr(P™, 00 divu™)  —  ~g(p, 6, divu) strongly in LI(2 x (0,7)) for all ¢ € [1,00).
Concerning the hysteresis terms, from Proposition B.1 (i) and Proposition B.12 we deduce
P[Vau™] — PV strongly in L?(Q; C ([0, T7; ngxn%))
Go[p™] — Golp] strongly in L2(Q; C[0,T)),
go[p(")}t - Golplt weakly in L*(Q x (0,7)).

Looking at the definition of Up in (B.7) and at Remark B.13 for Up, we see that
Up[Vau™] = Up[Vsu], Uo[p™] — Uo[p]  strongly in L(Q; C[0, T]).
These imply
Up[Vsu™], = Up[Vauly, Uolp™]s — Uglpl:  weakly in L2(Q x (0, 7)),
which together with the energy identities (B.8), (B.25) gives
1Dp[Vsu™ il = | Dp[Vulell,  [Dolp™]el = |Dolplil  weakly in L*(€2 x (0, T)).

We now prove that the sequences {X(")}, {Xgn)} converge strongly in appropriate function spaces.

Inequality (5.58) yields

/ sup \X(n)— (m (x,7 dx</ /’Xt m)\ x,t) dmdt<2/ /|F (x t)dxdt
Q T€[0,t]

where, due to the above convergences, Ft(n) — Fy strongly in LY(Q x (0,7)). Hence we conclude that
{x"(z,t)} and {th) (x,t)} are Cauchy sequences in L' (2; C[0,T]) and in L(Q2x (0,T)), respectively.
Moreover, since both |x(™| and |X§”)| admit a uniform pointwise upper bound (see (5.40)), we can
use the Lebesgue dominated convergence theorem to conclude that

™ = x strongly in L4(Q; C[0,T) for all g € [1, 00),

X}En) — x¢  strongly in LY(2 x (0,T)) for all ¢ € [1,00).
Passing to the limit as n — oo in (5.23)—(5.27) we see that (p,u, 0, x) is a solution to (5.18)—(5.21),

(4.29) with the regularity stated in Proposition 5.4.

Limit as n — 0

Let us denote by (v, u( 2 ) the solution to (5.18)-(5.21). Note that estimate (5.49) is
preserved in the limit as n — oo, hence the limit function v satisfies the inequality

supess/ 1AV (2, 8) da < @ (5.59)
T7€[0,T] n
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5 — Solvability of the problem

This allows us to integrate by parts in equation (5.18) taking into account the boundary condition

(5.22), obtaining
/Q (X 4+ p*(1 = X)) (fr(Mg" (v)) + Go[Mz" (v")] + diva ™)), ¢ d
+ /Q L (—AUW b+ nmﬁﬂm) dz = /{m a(z)(p* — Mgt (™)) ¢ ds(x).

pw

(5.60)

Choosing ¢ € W22(Q) N X, and introducing the new variable 4" = pLWAU(”), we rewrite (5.60) in

the form
/17(’7) (¢ —nAg) dz = / hM ¢ da (5.61)
Q Q
where
B = (X + (1 = X)) (Fr(M (o) + Go[MR (v)] + divu™)),

Note that the term Go[p()]; is of order pgn) by (B.21) and (B.24). Hence by estimates (5.40)—(5.42)
and (5.50) we see that A" € L2(Q x (0,T)), and its L?>norm is bounded independently of 7.
Consider now the system {e : k& € N} of eigenfunctions of the negative Laplace operator with zero

Dirichlet boundary conditions

—Aep = Arer,  ex|yq =0, /Q leg(z) > dz = 1.

They form a complete orthonormal system in LQ(Q) with 0 < A1 < Ay < A3 < .... The functions

R (M admit the expansions

W (z,t) = n( 00 (z,t) = 3" 0" (1) exla),
k=1 k=1
with coefficients A\ : 1[0, 7] = R, 0 A(n) : [0, 7] — R. Choosing ¢ = ey in (5.61) we obtain
@(7])( ) hl(cn) (t)
k 1+ nA

hence

T T 00
/0 /Q|ﬁ(")(x,t)|2dxdt:/0 Zw,(j)(t)ﬁdt

</0 Z|h |2dt—/ /|h (2, ) dw dt < Cn (5.62)

for some positive constant C'r independent of n. Thus we get, as n — 0,
Vol  — Vo  strongly in L2(Q x (0,T); R?),
nAv™M = 0 strongly in L2(Q x (0,7)),
from which, by definition of Mg in (5.17) and Hypothesis 5.1 (vii),
VMR (v™) — VM (v) strongly in L2(Q x (0,T); R3),
R(IVMZ (w™M)?) = Qr(IVMgz'(v)?)  strongly in LI(Q x (0,T)) for all g € [1,00).
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5.2 — Estimates independent of the cut-off parameter

Estimates (5.41), (5.42), (5.48), (5.50), (5.56) and (5.57) are preserved when n — co. Since they are
independent of 5, by letting » — 0 we obtain the same convergences as before. This completes the
proof of Proposition 5.4.

As a side product, from (5.62) we get that the estimate

T
/ / AMa(p) (2, t) dedt < Cp
0 Q

holds also in the limit as n — 0. Hence, arguing as for (5.44) we get

HMR(P)H%?(O,T;W?»?(Q)) =< Cr.

This, together with the Sobolev embedding W12(Q) < L5(12), yields
T 1/3
/ </ Vp|%(z, 1) daz) dt < Cg. (5.63)
0 Q

5.2 Estimates independent of the cut-off parameter

We now come back to our cut-off system (5.13)—(5.16). We are going to derive a series of estimates
independent of R. More precisely, after proving that the temperature stays away from zero, we
will perform the energy estimate and the Dafermos estimate in order to gain some regularity for
the temperature. Subsequently, a key-step will be the derivation of a bound for p in an anisotropic
Lebesgue space. Then an analogous estimate based on the particular structure of equation (5.14) is
obtained for Vi u;. We finally show that this is sufficient for starting the Moser iteration and obtain
an L* bound for p. After deriving some higher order estimates for the capillary pressure and for the

temperature, we will be ready to let R tend to oo in (5.13)—(5.16).

5.2.1 Positivity of the temperature

For every nonnegative test function ¢ € X we have, by virtue of (5.15),

[ (v )¢ + 5(Qul6")v0-5¢) do+ [ w(w)6 - 07)¢ds(a)
Q o0
= / <BVSut : Vsur + || Dp[Vsule||« + i,UR(P)QR(|VP|2)

Q 1454

+ (¢ + p" (1= X)) Dolple] + 7R (p. 0, div)xi — (GLXt + /5di"“t> QR(W))C‘L’“

B L .
> / <3|leUt|2 s <9Xt + ﬁleUt> QR(9+)) ¢dx,
Q c
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5 — Solvability of the problem

where in the last line we used Hypothesis 5.1 (i) together with inequality (5.5), and also estimate
(5.12). Note that, by Young’s inequality,

Vs
VB

Qr(0%) > 37X — C(Qr(67))

B W B, B B, e
?|dlvut| — pdivu; Qr(0 ):?\dlvut\ - ?dlvut Qr(0 )Zﬁldlvutl —C(Qr(6M))%,

L
va?—ejxtQR(W ="xi — /7 Xte\/»

Hence we get

| (v + 1@ )8-5) da+ | ()0 -0)Cdsa) = ~C [ (@al0)PCdo
with a constant C depending on L, 6., 3, B, 7*. Let now ©(t) be the solution of the ODE

d

2O (@) + CP*(t) =0, (0) =0

with 6 from Hypothesis 5.1. Then ¢ is
e nonincreasing: this immediately follows from the fact that %Cv(go(t)) <0 for all t > 0;
e positive: since ¢(0) > 0 and ¢ is decreasing, we need to prove that there is no ¢ > 0 such that
©(t) = 0. Let us assume by contradiction that at a certain time t* > 0 it happens that ¢(t*) = 0.

Now, defining y := Cy (¢), we have that y is a solution to the following Cauchy problem

9(t) +C ((Cv) " (w(t)* =0, y(0) =Cv(B).

For equations of this form, it is possible to deduce a formula for computing the vanishing time
t*. Let us consider ¢ € [0,t*), so that (Cy)~!(y(t)) > 0. Rewriting
y(t)
_ 2
C((Cv)~Hy®))

integrating fot " dt and operating the change of variable y = y(t) we obtain

/ccv e Y=

where y° = 5(0) and y* = y(t*). Coming back to the original variable ¢ = (Cy/)~!(y), the above

=1,

integral can be rewritten as

0 o1 0
Ci/(v) cV /
t* = v dy = d 00
0 CQOQ 4 0 - C 3/2 Y= ’

where we used Hypothesis 5.1 (viii). Thus we have proved that such a time t* does not exist.

Taking into account the fact that Cy(¢); = —Cp? and Vi = 0, for every nonnegative test function

¢ € X we have in particular

/Q ((Cv (@) — Cv(8)), ¢ + R(QR(B¥))V (o — 6) - VC) da + / w(z)(0 — 07)C ds(x)

o0

<c /Q (Qn(67))? - ¢2) Cdu.
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5.2 — Estimates independent of the cut-off parameter

Consider now the following regularization of the Heaviside function

0 for z <0,

Hy(2) = ; for 0 < z < A,
1 for z > A,
and set ((z,t) = o(t) — Hx(6(x,t)), which is an admissible test function. For all values of x and ¢ it

holds that

0 for z < 0 and for z > A,

V(e =)
)y

o 0<V(p—0)-VHy(p—0) =
for 0 < z < X

o (0* —6) Hyx(p —0) > 0 since

- if § < #* then it is trivial,
- if & > 0* then by Hypothesis 5.1 (iv) # > 6, and from the monotonicity of ¢ we get 6 > ¢,
which implies Hy(¢ — 6) = 0;

o ((Qr(67))* = ¢*) Ha(p — 0) = (Qr(07) — ©)(QR(6F) + p) Hx( — ) < 0 since
- if (Qr(67) — ©)(Qr(6T) 4+ ¢) < 0 then it is trivial,
- if (Qr(OT) — ©)(Qr(6F) + ¢) > 0, that is, 0 < ¢ < Qgr(AT), then ¢ < 6 which implies
Hy(¢ — ) =0.

This yields
/Q (Cv(p) —Cv(9)), Hx(p — ) dz < 0.

By the Lebesgue Dominated Convergence Theorem we can pass to the limit in the above inequality

for A — 0, getting
| (evte)—cvi®), o -0z <o

that is, by the monotonicity of Cy,

3 L ero—cvont ar<o. Cvle) - rlo) (@) =0

which implies (Cy(p) — Cy(0))" = 0. Owing again to the monotonicity of Cy and ¢, we conclude

that, independently of R,
O(z,t) > @(t) > o(T) =: 07 >0 for all x and t. (5.64)

We now pass to a series of estimates independent of R.
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5 — Solvability of the problem

5.2.2 Energy estimate

Since we proved that the temperature stays positive, from now on we will write Qg(6%) = Qr(0).
We test (5.13) by ¢ = p, (5.14) by ¥ = u; and (5.15) by ¢ = 1. Summing up the three resulting

equations we obtain

[ (0971 = ) ae) + Golp) + divad) peds + [ () T do
Q Q PW
+ [P + B s Vaawde = [ (p0c+p(1=20) + B(Qa(6) = 0.) divus o
+ [ (v = BV T~ IDRIT.ll = L Q¥

= (x+ 0 (1 = X)) Dol[plt| —VR(PaeadiVU)X%) dx+/Q (QLCXt +ﬂdivuze> Qr(f) dx
= /ma(a:)(p* —p)pds(z) + /Qg cupdx + /mw(:c)(&* —0)ds(z).

Note that some of the terms cancel out. Moreover, recalling the notation introduced in (5.8) and the

energy balance (B.25), the identities

| (5= 00 0) o = 5 [ e "0 = x)Valp)do+ [ (1= 9 )tate) o, (5.65)

JRCEYE >>go[1)pdm—/<x+p< )| Dolpl| da
Q (5.66)

d *
= Lo =) de+ [ (1= (0 Gols] = Vi) da
hold true. Hence we obtain, using also (B.8),
at o (Cv(0) + 86edivut O+ " (L= X)) (Valp) + Uolp]) + Up[Viu] ) do
1 L
n / (i) (19 = Qu(V6)) + 5 QulO)xe ) o
Q \PW c
~ [ e (3o divirns = (1= ") (@ (o) +1G0lp] = Vol + peivu)) da
— [grwdes [ (a@)@" - pp+ @0 ) ds(),
Q o0
and by (5.16) (see Remark B.2)
d . *
T (Cv(9) + Lx + B0 divu+ (x + p*(1 = X)) (Vr(p) + Uolpl) + UP[VSU]) dz
o un) (199 = Qu(pP)) deo+ [ (a(e)p -5+ ()@ - 6)) ds() (567
rw Jo o9
d
=T g udx—/gt-udx.
We now 1ntegrate in time [; d¢. On the left-hand side Young’s inequality, (B.9) and (5.5) entail
. 280, VA
Up[Vsu| + B0, divu = Up[Vsu] + U 2 divu
AP ) 2&292 AP ) AP )
> = ¢ _ 2 \divul? > = —C. .
|V5 | — Yo 3 |divu|* > 3 |Vsul*—C (5.68)



5.2 — Estimates independent of the cut-off parameter

By the definition of Qg in (5.6), it holds |Vp|? > Qr(|Vp|?). The boundary term is such that

| [ (e@=rp+wlo)o o) st as
> /0 /89 (a(w) <p2 - “’;’2 _ p;) (@) — 9*)) ds(x) dt (5.69)
> /OT /aQ (a(:z:)p; + w(m)@) ds(x)dt — C

thanks to Hypothesis 5.1 (iii) and (iv). Concerning the right-hand side of (5.67), the time integration

/Q(g-u)(:v,T) dx — /Qg(x,O)-uO(m) dx — /OT/Q(gt-u)(x,t) dzx dt,

where the term containing the initial conditions is controlled by using Holder’s inequality and observ-

[ loP@ods = [ ot nas—2 [ [ (g a0

Hence by Young’s inequality and Hypothesis 5.1 (ii), (v) we deduce

(g-u)(z,7)dz — [ g(z,0)-u’(x)dz — ’ (9t - u)(x,t) dedt
J J L
jj% ([1sP ) v f“;; ([ 1P dx>1/2 e (1 ([ ] wn dxdt)l/ )

Ab T
< / |Vul|?(x,7)dz 4+ C (1 —i—/ / |V sul?(z, t) da:dt> ,
16 Jo 0o Ja

where in the last line we used Korn’s inequality (A.11). The first term in the last line is absorbed

gives

ing that

by (5.68). Finally, the initial conditions are kept under control thanks to (5.11), (B.7), (B.31) and

Hypothesis 5.1 (v). Hence what we eventually get is

/Q(Cv(0)+VR( )+ [Vaul?) (,7) dx+/ /aQ P? +w(x )«9)(m,t)ds(:c)dt

<C <1+/ /\VSuP(m,t)dxdt>,
0 JQ

and applying Gronwall’s lemma A.2 we finally obtain the estimates

sup ess/ (Cv(0) + Vr(p) + |Vsul?) (z,7)dz < C, (5.70)
7€[0,T]
/ / 2)p? + w(a )9) (z,t)ds(z) dt < C. (5.71)
o
Estimate (5.70) also gives
supess/ )10 (z, 1) dx < C, (5.72)
T7€[0,T

where b is from Hypothesis 5.1 (viii).
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5 — Solvability of the problem

5.2.3 Dafermos estimate

We set 0 := Qr(0) and test (5.15) by ¢ = —#~%, with a from Hypothesis 5.1. This yields the identity

/ (Cv(9)t — BVius : Vsug — | Dp[Vsulell« — i/utzz(zo)(o?1~z(lvl?l2) — (x+p (1 = x)) | Dolplt]
Q pw

—r(p, 0, divu)xi + <§Xt + /BdiVut> é) (0~ dz + / K(O)VO - V(—67) da (5.73)
c Q
= / w(x)(0* — 0) (—0~) ds(x).
onN
It holds
/ o) (—0- de = - [ Fu0)du
Q dt Jo

where

P ev(s)
R0 = [ S

and by Hypothesis 5.1 (ix) also
/ K(O)VO -V (=0~ dx = / k(0) a0~V - VO dr > ar’ / VO da.
Q Q Q
Hence from (5.73) we get, using also Hypothesis 5.1 (i) and inequalities (5.5), (5.12),

B - ;
/<]divut]2+'ybxg>9adx—l—alib/ V0% dx
a\3 0
d

(5.74)
L A )
< /Q (QCXt-f-ﬁdiVut) 91ada:—l—/aﬂw(@(e—g*)@ads(x) + dt/QFa(e) du,

where we neglected some positive terms on the left-hand side. Young’s inequality yields

£ : Nl—a __ by H—a/2 L Hl—a/2 \/ﬁ : N—a/2 \/56 Nl—a/2
(00Xt + Bdlvut> 0 = \/?Xt@ Gcﬁe + 5 divu; 0 —@9

b Bb R R
< @X# + 4\divut|2> 0"+ CH*,
with a constant C' depending only on L, 6., 5, B, 'yb, whereas the boundary term is such that

/mw(x)(e —60*) 6 ds(z) < 91% (/aQw(z:)Hds(x) + /aQw(x)G* ds(:n))

<C (1 —|—/ w(z)d ds(m))
o0
by (5.64) and Hypothesis 5.1 (iii), (iv). Note also that F,(0) < Cy () for all § > 0. Thus integrating

(5.74) in time [ dt for some 7 € [0, T] and neglecting some other positive terms on the left-hand side

we obtain

//|Vé|2(m,t)dmdt
0 Q

gc<1+/07/9é“<x,t)dxdt+/07 /aQw(a:)G(a:,t)ds(x) dt—l—/QCV(H)(J;,T) dx>,
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5.2 — Estimates independent of the cut-off parameter

and from estimates (5.70), (5.71)

/OT/Q VO (2,t) dadt < C (1 +/OT/Qé2_a(m’t) d:vdt) ‘ (5.75)

Now, owing to estimate (5.72), we can apply the Gagliardo-Nirenberg inequality (A.8) with the choices
s=1+b,p=2and N = 3 obtaining, for t € (0,7,

6@l < C (10010 + 16O 2IVO0)1S) < C (1+ V@IS

6((%7_2)7:) and for every 1 +b < g < 6. In particular, since p - 3(((15:113)_(1[)) = 2, this and (5.75)

with ¢ =
yield

T T T
/ 6(1)|E-al3a1-0 41 < © <1+ / |v9(t)|§dt> <C <1+ / |e(t)|§_gdt>. (5.76)
0 0 0

Let us now choose ¢ = 2 — a, which is admissible in the sense that 14+ b < 2 — a thanks to Hypothesis

5.1. Since 3(15—_ab—b) > 1, we can apply Young’s inequality on the right-hand side getting

T, 5—b)/3(1—a—b T
| (owps)” " e o (14 [ ogaa)
0 0

1—q— T, . (5—b)/3(1—a—b)
- 0

from which
T
/ 0(t)3-edt < C.
0
Substituting in (5.76) entails

T
/0/Q|V0|2(:c,t)dmdt§0. (5.77)

Coming back to (5.76) again and choosing ¢ = 8/3 + 2b/3, we also get

T
/ / g8/3+2/3 (g t) da dt < C. (5.78)
0 Q

5.2.4 Mechanical energy estimate

In order to estimate the capillary pressure in a suitable anisotropic Lebesgue space, we first need to
find a bound for divu, in L?(Q2 x (0, T)), independently of R. To this purpose, we test (5.13) by ¢ = p,

(5.14) by 1) = u; and sum up to obtain, with the notation of the previous subsection,

[0+ 971 = X)) + Golp) + divad) pdo + [ () T ds

Q Q PW

+ / (P[Vsu] + BVgut) : Veup dz — / (p(x +p" (1 —x)) + B(6 — 0c)) divuy da
Q Q

= / a(z)(p* —p)pds(x) —|—/ g-updx.
[2/9) Q
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5 — Solvability of the problem

Note that some terms cancel out. Owing to (5.65) and (5.66) and exploiting also the energy identity

(B.8), what we eventually get is

% ; ((x +p"(1=x)) (Vr(p) + Uolp]) + UP[VSU]) dz + /Q ;/I/MR(p)]Vp\de —i—/QBVSut .V up dz
+ /Q(l —p")xt (®r(p) + P Golp] + pdivu — Up[p]) da + / o(@)(p — p*) pds(z)

o
g/B(é—@c)divutdz+/g~utdx.
Q Q

Now, (5.16) yields (see Remark B.2)

. : , 0
(1= p")xt (Pr(P) + pGolp] + pdivu — Up[p]) = vr(p, 0, divu)xi — Lx: (0 — 1)
L 0
= , 0, divu , 0, divu ——1
YR(p. 0, divu)xi — /7r(D, 0, divu) xe o PR ( ) )
1 R
> 573(19, 6, divu)x? — C(1 4+ 6) (5.79)

where in the last line we used Young’s inequality and (5.12), and where the constant C' is independent

of R. Moreover, from the pointwise inequality (5.5) and arguing as for (5.38) we get

. . BV6 B> / 42 Bb/ 2
0 —0.)divuyde = | ——=(0 — 0.) \/ —divu, dz < 1 6= d — sug]” de,
/Qﬁ( ) divu do /Q\ﬁ( ) 5 divue de Cl1+ A x|+ 1 Q|V u|* dw

B )
g-ude <C+ — [ |Vsu|*de.
Q 4 Jo

Hence we obtain, exploiting also Hypothesis 5.1 (i) to absorb the terms coming from the two estimates

above,

% Q((X+p*(1—x)) (Va(p) + Uolp]) + Up|V, u]) do + W/ |vp|2dx+B /v wf? de

+1/’yR(p,9,divu)Xt2dx+1/ ax )p ds(z < /02(135)
2 Jo 2 Joq

where the boundary term was handled as in (5.69). We now integrate in time fOT dt for some 7 € [0, T'.
The right-hand side is bounded thanks to estimate (5.78), whereas the initial conditions are kept under
control thanks to (5.11), (B.2), (B.7), (B.31) and Hypothesis 5.1 (v). Hence, neglecting some already

estimated positive terms, we finally obtain
T
/ / (IVp* + |Vsu|*) (z,t) dedt < C (5.80)
0 Q
independently of R. This, together with (5.71) and Poincaré’s inequality (A.10), yields

”p||%2(07T;W172(Q)) dt < C. (5.81)
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5.2 — Estimates independent of the cut-off parameter

5.2.5 Estimate for the capillary pressure

We choose an even function b : R — (0,00) such that ¥'(p) > 0 for p > 0 and pb(p) € X. Then we
test (5.13) by ¢ = pb(p). We obtain

/Q ((¢+ (1= ) (Fr(p) + Golp) + div)), pb(p) dar + / L r ) (bp) + P () Vil de

Qprw (5.82)
= | o) - p)pbio) dsta).
The term under the time derivative has the form

[ (G50 = 00 nlo) + Golp) + div) pb(p)
= /Q(l — p*)xt (fr(P) + Golp] + divu) pb(p) dz + / (X + " (1 = x)) fr(p)pe Pb(p) dz (5.83)

+/(X+p (1= X)) Golp ]tpb<p>dx+/<x+p (1 - X)) dive, pb(p) do.
We now define

Vin(p / Fi(2)zb(z

so that

/ (x+ 07 (1= X)) Fia)pr pb(p) dz =

and introduce the modified Preisach potentlal

pr[p]
/ / Y(r,v)dvdr

Go[ple pb(p) — Upp]e > 0 a.e.

according to (B.32) and (B.33). Note that V4 r(p) > 0 and Up[p] > 0 for all p # 0. Then (5.83) can

3 Lot = 0Wan)do = [ (1= p)ithate) do.

Q

which satisfies

be rewritten as

[ (0 9= Xl + o] + iva), )

(x+ " (1 =X)) Vo,r(p) + Uplp]) dz + / (x + p"(1 = x)) divug pb(p) dz (5.84)

>
_dtQ O

+ / (1= p")xe ((pr(p) +pGo[p] + pdivu) b(p) — Vi, r(p) — Ub[p]> dz.
Q
Defining
Uy,r(p) == Vr(p)b(p) — Vi,r(D),
we see that from (5.8) and (5.16) it holds
(1= p*)xe (@ f(p) + p Golp] + pivu) b(p) — Vi.r(p) — Uslp])

=(1-p)xe ((@R(p) +pGolp] — Uo[p] + pdivu) b(p) + ¥y, r(p) + Uo[p]b(p) — Ub[p])

~

= (73(}%9, divu)x; — Lxe <6i - 1)) b(p) + (1 = p")xt (Wo,r(p) + Uo[plb(p) — Us[p]) -
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5 — Solvability of the problem

Now, using Young’s inequality as in (5.79) we obtain

A~

(73(197 0, divu)x; — Lx (: - 1)) b(p) > %’YR(pa 0, divu)x; b(p) — C(1 + ) b(p),

and similarly

|(1 = p")xt (U3,r(p) + Uolplb(p) — Uslp))|

1 (W, r(p) + Uolplb(p) — Uy[p])?
< Zygr(p,0,divu)x? b(p) + C (.0, divu) b(p)

Y

1)

so that (5.84) entails
[ (64 5 =00 + Gol + diva) pb(p)

> 5 [0 (1= 20) (Vo) + Tilpl) da+ [ -+ 07(1 = x0) divu pb(p) o (5.85)

1 : 5 (Vo,r(p) + Uo[p)b(p) — Uslp])*
+ Z /Q W/R(pa 0, leU)X? b(p) dz — C/Q ((1 + 9) b(p) + ,}/R(p7 9’ dlvu) b(p) ) dz.

We are going to prove that the quantity

(s, 1(p) + Uolplb(p) — Uslp])*
Yr(p, 0, divu) b(p)

is bounded by (1 + p?)b(p) independently of R. To this aim, let us show that the inequality

fﬁ

50— RY)* (5.86)

Vr(p) <V(p) +

holds for all p € R. Indeed, by the definitions of fr, Vg and V in (5.7), (5.8) and (B.28), we can
argue as follows:

e if [p| < R then

p) = /0 * fie)zdz = /0 " F2)zdz = Vi(p)

and (5.86) immediately follows;
e if p > R then

R D 1
— / f/(z)zdz —I—/ fll%(z)zdz — V(R) 4 Ef/(R)(pz - RQ).
0 R

Now,
#
VR)+ IR - B < V() + L - 1)
if and only if
0<V0) = VIR + 5~ PR - R = [ Fezds [ - pmpe:

N / )+ 1 f(R)zde,
R

which is certainly true since f/(z) > 0 for all z € R and f* > f/(R) by Hypothesis 5.1 (vi);
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5.2 — Estimates independent of the cut-off parameter

e if p < —R then we argue as in the previous case.
Hence inequality (5.86), together with estimates (5.12), (B.30), the definition of V(p) in (B.28) and
Hypothesis 5.1 (vi) on f, entails

(o) + Uoloblp) ~ Uil _ (Vi) + Gl _ (V) + 5 0P = B + Uolpl)
(1+p%) vr(p, 0,divu) b2(p) — (1+p?)yr(p,0,dive) =  (1+p?) (1 + (p?2 — R?)*)

(1+02+ 50 - R2)+)2

=S 00+ -

<C

since 1+p? + (p? — R)T + p*(p? — RH)*T > 1+ p* + ((p* — R2)+)2. Thus we have proved that

(s, 1(p) + Uolplb(p) — Uslp))”
Yr(p, 0, divu) b(p)

< C(1+p*)b(p)

independently of R. From (5.85) we conclude

/Q((xﬂ) (1= x))(fr(p) + Golp] + divu)), pb(p) dz
= (i/Q(Xva*(l = X)) (Vo,r(p) + Uslp]) dz + i/ﬂ’m(p,ﬂ,divu)x? b(p) da
- iVUt ) 2 x,

C/Q<1+!p|!d !+9+p>b(p)d

so that (5.82) yields

[+ 51~ ) (Vo) + Uilp) o+ /Q ptvmp)(b(p) T b ()| Vp[? da

¥ /8 @)~ ) pb(p) ) < © [ (L plldivd + 0+ 52) lp)

dt

We now integrate in time [ dt for some 7 € [0, 7], and obtain

/(X+p( X)) (Vo,r(p) + Uslp]) (2, 7 dx+/ /QHR (b(p) + pt/ (p))|Vp|* (2, t) dz dt
/ / ") pb(p)(w, t) ds(z) dt (5.87)
o0
< C/o /Q 1 + |p||divue| + 0 —i—p?) b(p)(x,t)dxdt + /Q (Vo.r(p) + Up[p]) (2,0) d.

Now that we got rid of x; and derived a manageable estimate, we choose b(p) = |p|?* with k > v/2
which will be specified later. Here v is as in Hypothesis 5.1. Note that this is an admissible choice,
that is, pb(p) € X. Indeed, by estimates (5.50), (5.63) and Theorem A.3 with py = qo = p1 = 2,
q1 = 6, g2 = co we have

pe LI0,T;C(Q)) (5.88)

for any ¢ € [1,4). The bound also depends on R, but for a fixed R and each k£ > 0 the function
p|p|?* (-, t) belongs to X for a.e. t € (0,T).
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5 — Solvability of the problem

With this choice (5.87) takes the form

Lo 0 =00 Vi) + V) @) dot (1 20) [ [ () lp VoG, ) o

// )(p — p") plp|** (2, 1) ds(x) dt

< [ [ (iaivuellof 2 (0 001 + ol ) (o doar+ [
0 JQ

(V) + UM1p]) (2.0) da

where, from Hypothesis 5.1 (vi),

VE(p)(z,t) == /p(xﬂf) fr(2)z]2|?* dz > /psz|z|2k dz > /p f 2|z dz
F o f ~Jo (L[ ~ Jo 2max{l, [z[}!*¥

:ﬂ /1z’2’2kdz+/p2’2’2k 1-v 45 fb ‘p’1+2k_V—C
2 \Uo 1 - 1+2k ’
oo rpr[pl(z,t)
Urp)(x,t) == / / v[v[* 4 (r,v) dvdr > 0.
0 0

Note also that, from Hypothesis 5.1 (vi) and an analogous version of (B.31),

p°(2) f
VE@@O = [ el s < i),

0 pr[p )
U*[p)(z,0) = / / vlv[*4(r,v) dvdr < € max{|p®(z)], K} 2.
0 0

Moreover
1
2k 2 kY2
Vp|* = \Y .
pI™*Vp| iz k)Ql (plpl")|
Finally, by Young’s inequality with conjugate exponents (—%ﬁi , 2+ Qk), we see that the boundary

term is such that

// )(p — p") plpl** ds(x) dt
/ /89 |p|2+2kd5 dt — / / z)p p|p|2k($ £) ds(z) dt
/ / (z)|p|> T2 ds(x) dt — 1+2k:/ /(99 )p|2H2E ds () dt

z)|p*[*t?* ds(z) dt

2+2kd dt—// 2+2k2d dt.
2%//89 Dl ds@)dt = 5o [ et asto)

Hence, using also Hypothesis 5.1 (vii), we obtain

1+ 2k
1+2k—v b 2
1+2k /IprI dx W o R)e //IVplp! )| dx dt

|2+2k dS( )dt

BQ

242k )|2H2k 142k
_2+2k//m P asta) s 5 T [P a0 [ max(p ), k)

[ (Iaivudlpl 2 + (14 6) (14 )2 o) ot
0 JQ
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5.2 — Estimates independent of the cut-off parameter

Multiplying by (1 + k) and using Hypothesis 5.1 (iv) and (v) yield, for all 7 € [0, T, that there exists
a function h € L2(Q x (0,T)) such that

Al z2@x0,1)) < C

independently of R, as well as

/ Ip(a, ) da + / / IV (plp]*)? dar dt + / / (@) [p>+ ds(z) dt
Q 0 Q 0 o0

<C(+k) <ck+/ /|h|p|1+2’fdxdt>
0 Q

with a constant C' > 1 independent of R and k. The existence of such a function h comes from

(5.89)

estimates (5.5) and (5.80) for divay, (5.78) for 6 and (5.81) for p.

For the sake of simplicity, in the rest of the Section we will denote by |v|, the L"(§2)-norm of a function
v € L"(Q) and v € L"(;R3) for r € [0,00], by |v|1; the norm of a function v € W1(Q) and by
||v]|, the norm of a function v € L"(Q x (0,7")). Moreover, since we deal with anisotropic spaces

L0, T;L"(2)), q # r, it is convenient to introduce for the norm of a function v € L4(0,7; L"(2)) the

ey ' ool " (5.90)

symbol

For the function
wi(x,t) = p(a, t)|p(x, t)* (5.91)

we obtain from (5.89) using Holder’s inequality and Poincaré’s inequality (A.10) that

T T 1/2
sup ess [wg (7) |5k +/ lwe ()T dt < C(1+ k) <C’f + (/ [wg (t)| 2 dt) > (5.92)
0 0

7€[0,T]

for all 7 € [0, 7], with
L Ll42%k—v 244k

and with a constant C' independent of 7, R and k. We now show that for a suitably chosen k, the

right-hand side of (5.92) is dominated by the left-hand side, which will imply a bound for the left-hand

side. By the Gagliardo-Nirenberg inequality (A.9) with ¢ = g, s = sk, p =2 and N = 3 we have
_ 1
a
_ 1
6

2 =

W)l < Cluw(®)]s, *lwr(®)fy,  or = (5.93)

)
zs-"—‘

We now choose k in such a way that grpqr = 2, that is, 3¢z = 6 + 25, which yields

3(1—-v) 6 —4v

21 —v) 2
9 _, gk 9 _ .’

= - Sk-

l—o)=qr —2 =
ak(1 — or) = ax 5, 3

k=1—-v, sp=
By Hypothesis 5.1 we have s; > 1. Hence, by (5.93),

T T
/ i (£)[% dt < C sup ess |y (7)| 2/ / ()2 dt.
0 7€[0,T] 0 ’
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5 — Solvability of the problem

Since k < 1, we conclude from (5.92) that there exists a constant C' independent of R such that, in

particular,

supess |wg(7)s, < C, / lwg(t)|2e dt < C.
7€[0,T)

Invoking (5.91), we obtain for p the estimates

sup ess [p(7)[31-,) < C, / Svdt < C. (5.94)
7€[0,T)]

We now distinguish two cases: ¥ <1/3 and v > 1/3. For v < 1/3 (that is, 3(1 — v) > 2) we have

supess |p(7)]2 < C. (5.95)
T€[0,7T

For v > 1/3 (that is, 3(1 — v) < 2) we use again the Gagliardo-Nirenberg inequality (A.9) with ¢ = 2,
s=3(1—-v), p=2and N = 3, obtaining

- 3vr—1
Ip(t)]2 < C‘p(t)|3(1g—y) |p(t)|i2 ) e= 1+v’
so that for
_2(1+v)
qV - 31/ . 1
we have

T 1/qv ) T 1/qv
([ woa)  <cspespoie, ([ poka)
0 te[0,1] 0

Hence by virtue of (5.81) and (5.94) we obtain
[pll2sq, <C (5.96)

with a constant C' > 0 independent of R, according to the notation (5.90). Note that g, > 6 thanks

to Hypothesis 5.1.

5.2.6 Estimate for the displacement

Now that we have obtained a suitable estimate for the capillary pressure in (5.96), we derive an

analogous estimate for divu;. To this aim we test (5.14) by ¢ = u;, which yields

/(Bv ws : Vug)(2,t) do < / (—P[Vsu]  Vsus + |pl|divie| + 818 — 8e||divig| + |gHut|> (z,1) dz.
Q

Q
By (B.6), Hypothesis 5.1 (v) and (5.80) we have

T
/ |PIVsu]|*(x,t)dz < C (1 +/ / |V sue|?(z,7) d:ch) <C,
Q 0 Q

hence using Hypothesis 5.1 (i) and Young’s inequality as in Subsection 5.2.4 we conclude that the

estimate

/Q |Vsur*(,t) dw < C <1 +/Q (p2 + é2) (z,t) dx> (5.97)
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5.2 — Estimates independent of the cut-off parameter

holds for a.e. ¢ € (0,7") with a constant C' > 0 independent of R. We want to find and estimate for
Vsuy in the norm of L(0,T; L%(R)) for a suitable q. To this aim we apply the Gagliardo-Nirenberg
inequality (A.9) to # with the choices ¢ = p =2, s = 1 + b (with b from Hypothesis 5.1) and N = 3.
We obtain that, for t € (0,7,

. A . 3—-3b
B(1)l2 < CHOREIVODE, 0= F—
so that for
_2(5-10)
®= 38
we have
T 1/ . T 1/ap
</1|ﬂ0ghﬂ> §Chup%sW@”:§</1]V9@)%yﬂ> :
0 te[0,T] 0 ’
Hence by virtue of (5.72) and (5.77) we get
10ll25q, < € (5.98)

independently of R. Note that our hypotheses on b imply ¢, > 6. Thus, coming back to (5.97) we
have obtained that there exists ¢ := min{q,, g} > 6 such that, thanks to (5.95) or (5.96) and (5.97),

||vsut”2-)q <C (599)

independently of R, according to the notation (5.90).

5.2.7 Anisotropic Moser iterations

The starting point of our analysis is the inequality (5.89). Unlike in Subsection 5.2.5, we do not
keep the exponent k bounded, but we let k£ — oo in a controlled way. The key step is the following

modification of [94, Lemma 1.3.1].

Lemma 5.5. Let Q C RY be a bounded Lipschitzian domain, and let ¢ > 1,7 > 1 be such that

2

Ly 2y 11,02 (5.100)
FogN T g T N’ '
Let a,b be real numbers satisfying the inequalities
1 N + 2a
—<a<b< < 5.101
2 ="="="N+2 = (5.101)

Then there exists a constant C > 0 independent of a,b such that for every v € L*(0,T; WH2(Q)) we

have

T
||vH%lgﬂqu < C'max { 1,supess [v(t)|3 +/ lo(t)|3.5dt o . (5.102)
t(0,T) 0 '
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5 — Solvability of the problem

Proof. By virtue of the Gagliardo-Nirenberg inequality (A.9) with ¢ = 2b7, s = 2a and p = 2, there
exists a constant C' > 0 independent of a,b and of v € L2(0, T; W12(£2)) such that

[0(t)]abr < Clo() 5 “v(B)[$, for t € (0, T) (5.103)
with
11 1 2
p— —a b B v L
1, 2 ) 1, 2
Indeed, the fact that 1 < 2a < 2,1 < 2b < 2 makes the constant C' range in a bounded interval, from

which we deduce that such a constant is independent of both a and b. Moreover, we easily check that
€ (0,1). Raising (5.103) to the power 2bg and integrating in ¢ yields
T q 7 1—gy2eg [T q
/ o(£)[247 4t < C2 sup ess [v(t)|S, 9% / o (t) 27 dt. (5.104)
0 te(0,T) 0 ’
We claim that pbg < 1. Indeed,

1 2 1 2 bg ¢
4+ =1 (-pbg)=—4+=—-1-2+2
<a+N )( 0bq) a+ a+77

Il
7 N
SIS

|

—_
N~
—

—

|
LS
~—

+
Q|

+
2]

|

| <
/N

—
2]
N~

> (N +2a—b(N+2)>0

1
v
by virtue of (5.100) and (5.101). We can therefore use Holder’s inequality in (5.104) and obtain

T _ o b T 0bq
| Io0ar < TS0 sup s o 5,70 ( | ok, dt) ,
0 t€(0,T) 0

that is,

T . 1/q
2b qJ
B = ([ o020

(1—0)b/a T
< TO/D-cbc2h <sup v<t>r%z) (/ lv(t)
te(0,T) 0

(5.105)

ob
2
172 dt> .

We check that
R b
p::(l—g)a—i—gbgl.

This follows from the relation

(e G 2

We have used hypothesis (5.101) and the fact that 7 > 1+ 2/N, which follows from (5.100). Further-

more, for all positive numbers A, i, ¢, d we have as a consequence of Young’s inequality that
A A+
AdH < c+ g ,
A p A+ p
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5.2 — Estimates independent of the cut-off parameter

so that (5.105) can be rewritten as

p

T
[0][3p5s20g < T/ D70C2 (Sup ess [v(t)|30 + / ()3 2 dt)
t€(0,T) 0

which implies (5.102). O

We apply Lemma 5.5 to (5.89) first in a general space dimension N > 2. It is interesting to note
that a condition similar to (5.100) appears also in [102, Chapter VII], where the authors prove an
L*-bound for solutions to linear parabolic equations. The measure « of degeneracy of the function
f thus does not seem to play any substantial role here.

As in (5.91), we define auxiliary functions wy, = p|p|* and rewrite (5.89) for k > 1 — v as

/]wk(x,T)Pa’fdx—i-/ /\Vw;ﬁdxdt—i—/ / y(x)|wi|? ds(z) dt
Q 0o Jo 0o Jog

~ (5.106)
< (1 + k) max {CHk,/ / || |wy |2* da: dt}
0o Ja
with a constant C' > 1 independent of k, and with
1 +2k—v 1 +2k
N A T,
Assume now that there exist ¢ > r such that
, 1 N
h e LY0,T; L"(Q)), -+ —=te<1. (5.107)
q 2r
From (5.106), Poincaré’s inequality (A.10) and Hélder’s inequality it follows that
2 g 2b
sup ess |wy(7)|5,F dz + / / \wk(t)ﬁﬂ dt < (1 + k) max {01+k’ HHwkH%IZr’ﬁbkq’} , (5.108)
te(0,T) 0 JQ
where
1 1 1 1
H = maX{l, ||h||7‘-)q} N F =1- ; y a =1- 6 . (5109)
We now check that the conditions (5.100) and (5.101) are fulfilled with the choice
— /- / 2
r=or, g=o0q¢, c=1+—(1—-¢€>1, a=ag, b=10. (5.110)

N
Indeed, the inequality 7 > ¢ is obvious. Furthermore,

Ly 2y b2y 2y
\FTN)T TN TNTNTTTNY o

hence 1/7 > 1 —2/N. The first identity of (5.100) is obtained from the following computation:
1 n 2 1 n 2 14 2 2
ol=+ ") == = ——— =0
r gN r ¢N N N ’
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which is precisely the desired result. To check that (5.101) holds, we just notice that the inequalities

1/2 < ay, < by, are obvious for k > 1 — v. We also have

1 N+2a (1—|—2k)(N+2)+N—21/>1
b N+2 (14 2k)(N +2) ’

and the assumptions of Lemma 5.5 are thus verified. Therefore, taking into account also (5.108), we

obtain for every k > 1 — v the inequality

2b k 2b
Fkl13e sy < (1 -+ F)H max { AT, 13,0} (5.111)

with constants o > 1 given by (5.110), H > 1 given by (5.109) and A > 1 depending only on the data

of the problem, all independent of k. We are now ready to prove the following result.

Proposition 5.6. Let Hypothesis 5.1 hold and let (p,u,8,x) be a solution of (5.13)—(5.16) with the
reqularity from Proposition 5.4. Then the function p admits an L*°-bound independent of R, more

precisely,
\p(x,t)] <C ((DH)U/(D(Ufl))O,U/(17(071)2)> =R, (5112)
fora.e. (xz,t) € Qx(0,T) with o =19/18, H = max {1, IIpll2s6, ||divue] 256, ||é||2+6}, and with positive

constants v, C" depending only on the data.

Proof. By (5.96), (5.98) and (5.99) we are in the situation of (5.107) with r =2, ¢ = 6, N = 3. Hence
' =2,¢ =6/5and by (5.107), (5.110) we have

11 19
€ = — g =

12° 187

and (5.111) holds for all £ > 1 — v. We have |wy| = |p|'**, hence (5.111) can be interpreted as

142k Lk |, 142k
Hp||(1++2k Yor'+(1+2k)oq = <(1+ k)HmaX{A Ll i:—2k /»(1+2k)q'}7
or
max { A, [|pll (1+28)0r> (142k)0¢ } < (1 + k)H)Y ) max { A, 1Pl (1428 (142k)q" | - (5.113)

We now define an increasing sequence {k;; j = 0,1, ...} starting at kg = 1—v and such that 2k;+1 = vod
for all j € NU {0} with a suitable 7 > 0. A straightforward computation yields 7 = 3 — 2v. We also
set

Xj 1= max {A, ”pr/air’wJJ‘q’} .

It follows from (5.113) that for each j € N we have

Xj < (U kjoa) H)Y PRt x5
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5.2 — Estimates independent of the cut-off parameter

For Y; = log X this yields

Y, =Y, 1 < —

(logvH + (j — 1)logo) .

The right-hand side is the general term of a convergent series, more precisely,

oIitt _ , ologvH ologo
jz:; - (logI/H—l—(j—l)logJ)—D(U_l) S0 17"
Hence,
X; < Xq ((DH)U/(D(U_1))0‘7/(’7((’_1)2)) . (5.114)

By (5.94) we have

Xo = max {A7 HpHDT’-)f/q’} = Imax {A7 ||p||6—4y+%—152y} <C
since 18/5 — 12v/5 < 6 — 4v being v < 1/2, and the assertion follows. O

We want to drive the reader’s attention on the fact that the above computations show that L2-
regularity in space is sufficient for starting Moser in 3D if regularity in time is big enough. In
particular, (5.107) shows that in our case € < 1 if and only if ¢ > 4, hence regularity in time must be

more than L.

The main consequence of Proposition 5.6 is that, since we aim at taking the limit as R — oo in (5.13)—
(5.16), we can restrict ourselves to parameter values R > R,, with R, from (5.112), so that the cut-off
(5.7)-(5.9) is never active and vg(p, 0, divu) = (0, divu). Hence we can rewrite (5.13)(5.16) in the

form

S~

(7" (L— X)) + Golp] + diva)), dda + / pivu(p)w Vo ds

@ (5.115)
~ [ a)" —p) ods(a).
o0
/(P[Vsu] + BVu) : Ve dz — / (p(x +p*(1 = x)) + B — 0.)) divep dz = / g-vdx, (5.116)
Q Q Q
/ (CV(Q)t ¢+ K(O)VO - VC) dz + / w(z)(0 —6%) (ds(x)
Q o0

= / (Bvsut : Vg + [ Dp[Vsulel« + LM(p) Qr(IVp[*) + (x + p*(1 = x))[ Dolple| (5.117)
Q w

. I .
+ (0, divu)x? — <6Xt + ﬁdivut> 9>Cdx,

~

A0, divu)yi + 010, (x) 2 (1~ 5°) (8(p) + pGolp] — Uolp] + peive) + L (f - 1) ae.  (5.118)

for all test functions ¢, ¢ € X, 1 € X, with § = Qg(#) and with initial conditions (4.29). In order to
pass to the limit as R — oo, we still need to derive some higher order estimates.
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5.2.8 Higher order estimates for the capillary pressure

Before we proceed, let us point out that estimate (5.112) yields the existence of a constant uf > >0
such that u(p) < u? for all p € [~Ry, R,], since from Hypothesis 5.1 (vii) it turns out that s is
continuous on this compact set.

Let us define
P
M (p) ::/ wu(z)dz (5.119)
0
for p € R, so that u(p)Vp = VM (p). We would like to test (5.115) by ¢ = M (p); = p(p)p: which,

however, is not an admissible test function since p; ¢ X. Hence we choose a small A > 0 and test by

¢ =5 (M(p)(t) — M(p)(t — h)), where

(M(p(x,t)) = M(p(z,t = h))),

S

¢(x,t) = % (M(p)(t) — M(p)(t — h))(z) :=

with the intention to let A~ — 0. We obtain

(07 =)0 )+ Gol) + diva), 5 (M1p)(6) = M(p)(e 1) do

1 1
n /Q VM)V <h (M(p)(t) — M(p)(t — h))> da (5.120)
— [ @) —p) 5 (ME)O - M) - 1) ds(a).
o0

Concerning the second summand on the left-hand side of (5.120), note that

VM) at) ¥ (100 = M)t~ 1) = 5 (TGP0 [T0) st~ ).

The boundary term is such that

[ a@)o =)0 5 (M) e.t) = M)t~ 1) ds(z)

oN

— [ a@pet) § (1)t - M)t - 1) ds(z) (5.121)
o0

[ a@wet) § (@)1 - M) et - ) ds()
o0

where
P () 3 (M) (e, 1) = M) (et — 1))
= 5 (9 (1) M), 0) = 97 ot = M)yt — ) = 7 (2, 0) =, — ) M(p) = ).

To handle the term p+ (M (p)(t) — M(p)(t — h)) in (5.121), we use the inequality F(y) — F(z) <
F'(y)(y — 2z) which holds for every convex function F' and every y,z. We interpret M (p)(¢) as y,
M(p)(t — h) as z and F'(y) = M~ (M(p(t))) = M~'(y). The function M~ is increasing, hence its

antiderivative F' is convex. Thus

M (p)(t) p(t)

M—l(z)dz:/ EM'(€)de.

p(t—h)

MM@w—M@u4mz/

M (p)(t—h)
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5.2 — Estimates independent of the cut-off parameter

Defining
4
i) = [ (e as

for p € R, we obtain

P, 1) 1 (M) (1)~ M)t~ ) > 3 (4(p) (1) — o).t~ ).
Thus (5.120) and the above estimates entail
/Q (" (= )@+ Golpl) 1) 3 (M(p)(a,0) — M(p)(a, £ — )

1 1
" 2pw/ = (VM) (2,t) = VM (p)[* (2.t — 1)) da

+ [ ot

<= [ (1= 0 () + ol + diva)a.1) (M) ast) = Mp)(at = ) da
Q

(i(p)(z,t) — p(p)(z,t — h)) ds(z)

e > =

(p" (2, ) M(p)(2,t) = p"(z,t = R)M(p)(z,t — 1)) ds()

= [ et =) vt 6 § (M) 0) = M) ot = 1) da
- / (@) 1 (0" (1) — p* (2, — ) Mp)(a,t — h) ().
o0

We are now ready to integrate in time from h to some 7 € (0,7") and then let h — 0. Note that

estimate (5.50) entails that the function M (p); = u(p)p: is in L?, so that the convergence is strong in
L?. We obtain

/ ' / O 71 = X)) (F)e + Golple) sp)pe da
" / a(z) (Alp) — P M(p)) (z,7) ds(x) - / o(z) (A°) () — p (0 M(°)()) ds(z)
o0 o0
—/ /(1 = p")xt (f(p) + Golp] + divu) p(p)ps dw dt — /0 /Q(x + p" (1 = X)) divue p(p)pe da dt

//m p) ds(x) dt.

Combining (B.24) with the identity (B.21) for the play, we see that it holds u(p) Go[p]: pr > 0, thus

b
007 (=) )+ Gal) o > L

thanks to Hypothesis 5.1 (vi), (vii) and estimate (5.112). Concerning the initial conditions, we employ
Hypothesis 5.1 (iv) and (v) together with the following computations

/ VM ()2 (x) dz = /Q 2%V () de

/69 a(2)|p*[*(2,0) ds(z) = / a(@)|p** (z, 7) ds(z —2/ /ag V(' p) (, ¢) ds(x) dr.
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5 — Solvability of the problem

Note also that °p?/2 < ji(p) < pfp®/2 for all p € R. Hence there exists a constant ¢ > 0 such that

for every t € (0,T) we have

b

T b\2
c/ / |pt|2(x,t) dz dt + <M)/ |Vp|2(:n,7') dxr + i Oé(l‘)pQ(ﬂj,T) ds(x)
0 Ja 2pw Ja 2 Jon

§C<1+ / /Q (el (1 -+ dival)|pel + [diveae||pe]) (2, £) da dt + / /ma<x>\p:\|pr<x,t>ds(sc)dt>

thanks to Hypothesis 5.1 (vi) and (vii), where we handled the boundary term on the left-hand side as

in (5.47). Arguing as for estimate (5.40), we obtain

(1= ") (®(0) + pGolp] — Uilp] + pdive) + L (/6. — 1)
~(6, diva)

Ixt(@,t)] < <C (5.122)

for a.e. (z,t) € Q x (0,T), this time independently of R thanks to (5.112). Thus, employing also
Young’s inequality, estimates (5.70), (5.71), (5.80) and Hypothesis 5.1 (iii) and (iv), we conclude that

sup ess (/Q |Vp|*(z,7) da +/ afx) p*(x, ) ds(x)) <C, (5.123)

T€[0,7T o0
T
/ / pi(x,t)dedt < C. (5.124)
0 Q

By (5.70), (5.80), (5.81) and (5.124) and by comparison in equation (5.115), we see that the term
AM (p) is bounded in L?(Q x (0,7)) independently of R. In terms of the new variable p = M (p), the
boundary condition in (6.29) is nonlinear, and from considerations similar to those used in the proof

of [95, Theorem 4.1] it follows

IM )70 mw22(0y) < C- (5.125)

We thus may employ the Gagliardo-Nirenberg inequality (A.8) with s = p =2, N = 3 obtaining

VMP)H)l, < C ([TME)0:+ VME)OB IAME)B),  o=3 (; - j}) ,

which holds for all 2 < ¢ < 6. This yields, elevating to some power s and integrating in time,

T T T
/ rVM<p><t>|;dts0(/ M@+ [ |VM<p><t>§@S\AM(p)(t)SSdt)-
0 0 0

Choosing p in such a way that os = 2, using Holder’s inequality in time and estimates (5.123), (5.125)
we obtain a uniform bound for the right-hand side, which by Hypothesis 5.1 (vii) yields

’ s 1 2 1
A |Vp(t)[;dt <C for g € (2,6) and 6+§ =3
In particular, for s =4, ¢ =3 and s = ¢ = % we obtain, respectively,
IVpll3s4 < C, VP03 < C, (5.126)

according to the notation (5.90).
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5.2 — Estimates independent of the cut-off parameter

5.2.9 Higher order estimates for the displacement
Let us consider equation (5.116). Setting
W(:E,t) = p(X + p*(l - X)) + B(é - 00)(x7t) + G(l’,t)
and arguing as for (5.55) we deduce
t
/ |Vsuz|P(z,t)de < C/ |Vl [P (z) da + Ctplf / |Vsui|P(x, 7)dedr
@ Q@ 0 /@ (5.127)
+ C’/ |wlP(x,t)dz a.e.
Q

Thus, by choosing p = 8/3 4+ 2b/3 (with b € [1/2,1) from Hypothesis 5.1) in the above inequality we
obtain from (5.78), (5.112), Hypothesis 5.1 (ii) and Gronwall’s lemma A.2

[ Vsutlls/z+an/3 < C. (5.128)

We now derive an estimate for Vs u; in a suitable anisotropic Lebesgue space. To this aim we need
to derive first an additional estimate for 6. We use Gagliardo-Nirenberg inequality (A.8) with the
choices s =14 b, p =2 and N = 3 obtaining, for ¢t € (0,7,

A A . 1 1\ 6(1+b)
00l < € (1000 + BOREVOOR) ., o= (15 5) 52

which holds for all 1 +b < g < 6. This yields, elevating to some power s and integrating in time,

T T T
[ianase ([ o [ oo vi0g ).

Choosing g in such a way that gs = 2, using Holder’s inequality in time and estimates (5.72), (5.77)

we obtain
/T|é<t>|8dt<c forqe(14+b,6) and -4 -0 _ 1
0 T ! ’ g 3s(1+b)  1+b
In particular, for s =4, ¢ = 12&421;) we obtain

Hé”12(1+b)/(7+b)+4 <C. (5.129)

Note that

120040 8 2
20T S b2V bS5
740 373 % )

which is certainly true under our hypotheses. Therefore, choosing p = 12%21)) in (5.127) we obtain,

thanks to (5.128) and Hypothesis 5.1 (v),
/ |V g | 2D/ (TH0) (1 ) dz < © <1 +/ || 12O+ (TH0) (. 1) dx)
Q Q
for a.e. t € (0,7"). Hypothesis 5.1 (ii) and estimates (5.112), (5.129) then yield

IVsutllia110)/(740)2a < C (5.130)

independently of R.
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5 — Solvability of the problem

5.2.10 Higher order estimates for the temperature

Note that (5.116) with ¢ = u; and (5.118) entail, respectively,

/ BVu; : Veupdr = / P[Vsul] : Vsu, dz +/ (p(x +p"(1—x))+ ﬁ(é — 06)) divu dz
Q Q Q

+/g~utdx,
Q

%@dwwx?zﬂ—pﬁm<®@%+p%@P—MMﬂ+p&wQ+lwtQi—l).

Plugging these identities into (5.117) we obtain

/ <CV(9)t C+r(0)VO - VC) dx + / w(z)(@ — 6%) ds(x)

Q 80

= /Q ( — P[Vsu] : Vour + (p(x + p" (1 — x)) — BO) divuy + g - u

+ | Dp[Vsult|l« + inM(P) Qr(IVP*) + (x + p*(1 = X)) Dolpl:|

#xe (L= (@) + pGali U] + peiva) - ) )¢

=: / I'(x,t)(dx (5.131)
Q

for every ¢ € X, where I'(x, t) has the regularity of the worst term. Estimates (5.112), (5.122), (A.11),
(B.6), (B.9) and (B.30) yield

0 S IVsul® + [ Vsue* + [Vol* + il
which from (5.124), (5.126), (5.128) and (5.130) implies

1T 4/348/3 < C, ITl6(1+0)/(740)52 < C (5.132)

independently of R, with b as in Hypothesis 5.1.

Assume now that for some py > 8/3 + 2b/3 we have proved
16]]p, < C. (5.133)

We know that this is true for pg = 8/3 + 2b/3 by virtue of (5.78). Set

1+
T 41

Po; (5.134)

and set ¢ = 07 in (5.131). We obtain

/Q (CV(@)t gro + ,{(é)vg . Vém) de + /

w(z)(8 — 6%) 67 ds(x) = / 147 dz. (5.135)
o0

Q

It holds

/ Cy(0); 67 dx = a4 Fp,(0) dz
Q dt Jq
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5.2 — Estimates independent of the cut-off parameter

where
0
By (0) = /0 ov (5)(Qn(s))™ ds,

and by Hypothesis 5.1 (ix) also
/ K(0)VO - VO™ dx = / k(0)ro 0707IVE - VO da > ronb/ 00+ va? dz.
Q Q Q

Concerning the boundary term, we use Young’s inequality with exponents (”;H ro + 1), and obtain

w(z) (0 — %0 ds(z w(z)dot ds(z) — w(z)0*0" ds(z
/BQ<><0 o) d<>z/a ()07 ds(x) /mmee as(z)

Q
> w(z)fot ds(z) — o / w(z)fot ds(x) — /wx 6*) 0t ds(x
> [ w@iretas@) = = | w@ireas) - = [ w0 asta)
> AT0+1 _
7”0+1/59w($)9 ds(z) - C

by Hypothesis 5.1 (iii) and (iv). We now integrate (5.135) in time [ dt for some 7 € [0,T]. Observe

that Fy,(6) > ?ﬂ“ﬂ:g by Hypothesis 5.1 (viii). Moreover, thanks to the choice (5.134) and Hélder’s
inequality with exponents (% , %Z), the right-hand side is such that

/ / 67 dz dt — / / T (670) D/ 4 4t < T a3 100 < C
0 Q 0 Q

by estimates (5.132) and (5.133). Hence we have obtained

- ro+1+b ro+a
?”o—|—1+b/9 (fUT)dﬂH‘?"o//@ \VO|?(x,t) dz dt
+ wxGTOHx,t ds(z)dt < C.
[ @i as

14b
p=140te o _Totitb
2 p

(5.136)

We now denote

and rewrite (5.136) as

1 To(ro—i-l-i-b)
ro+14+b 2

/0”5 xz,7)dx + /pQézp_z\Vé\Q(x,t) dedt < C
)

ro+1+0b
where we neglected the positive boundary term. Introducing the new variable v = 0P this is equivalent

to

/|U|S(a;,f)dx+/ /|Vv|2(:17,t)dxdt§C(r0+1+b), (5.137)
Q 0 Q

since
ro(ro +21 +b) > 2ro(2rg +23) > C
P (ro +3)

for some C' > 0 when rg is far away from zero. For s < ¢ < 6 and t € (0,7) we have, by virtue of the

Gagliardo-Nirenberg inequality (A.8) with p =2 and N = 3,

w =
Q=

o(t)lg < C (lv(®)ls + lo®)]s~eVo(®)]5)
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5 — Solvability of the problem

If ¢ is chosen in such a way that oq = 2, that is,

2
= — 2
q 33+ R

then integrating in time from 0 to 7" and employing Young’s inequality with exponents (q% , %) we
obtain

meC(TPwuu+wpwUH%Mvwm><c<Tgwwuﬂwwg‘
t t

s te|0, )

Estimate (5.137) yields
sup |v(t)|s < C(ro+ 1+ b)Y/,
te(0,7

IVoll2 < Clro + 1+ )2,

so that [|v]|, < C(ro + 1+ b). Coming back to the variable 0, we have proved that

. 2 2
10]lp, < C(ro+1+0) for py :pq:p(35+2) = g(ro+1+b)+2+ro+a
_5ro , 8 26 5(1+b)py 8 2b
3 T3t T 3ayy 37T
We now proceed by induction according to the rule
_ 5(1+b)p; 8 2b (T +b)p;
Pitt =gy T3ttt I T agyy
We have lim;_, p; = w. After finitely many iterations we obtain, using also (5.136),
. A 2b)(4+b 1+0)p
16115 + stupes]s 10(t)|5+146 < C, for every p < 8+ 3a7+_ 22( i ), F= ((41 b))p > a, (5.138)

with the constant @ introduced in Hypothesis 5.1 (ix). We now come back to (5.131), which we test
by ¢ = 6 (note that this is an admissible choice by Proposition 5.4). It holds

0(z,t)
/CV 0(z,t) dx—/cv(ﬂ)GGt(:v,t) dz = a4 / cy(s)sds | du,
Q dt Jo \ Jo

hence from Hypothesis 5.1 (ix) and (5.132) we obtain, after a time integration,

/92+b x,T dx—l—/ / 0)|VO|*(x,t) da dt

(5.139)
/téz )62 (2, 1) ds(x) dt < 0] (s /s0)

where we handled the boundary term by means of Young’s inequality and Hypothesis 5.1 (iii) and
(iv). Using the Gagliardo-Nirenberg inequality (A.8) again with ¢ = %’ s = 1+ b (note that

1+b< ﬁg < 6 under our hypotheses), p =2 and N = 3 we have that, for each fixed t € (0,7,

00|10 < C (100|140 + OOEVODIS) < C(1+[V0())
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5.2 — Estimates independent of the cut-off parameter

% and where we used estimate (5.72). Raising to the power (4+0)/(1+b), integrating
2(1+b)

f dt and using Holder’s inequality in time (note that D) 2 1 under our hypotheses) we get

T p(44b) /2(1+b) (1+b)/(4+b)
101l (40) /1 40) < C (1 —I—/O (/Q |V9|2dx> dt)

T p(4+b)/2(14b)\ (110)/(4+)
§c<1+(/ /\VG\dedt> )
0 Q
p/2
(1 | </ / |V9\2dxdt> ) .

Plugging this back into (5.139) and using Young’s inequality we deduce

with o =

/92+b - dx—i—/ / 0) Vo t)da:dt—i—/ /m (0)0%(z, D) ds(z)dt < C. (5.140)

This enables us to derive an upper bound for the integral [, x( V9 V( dx, which we need for getting
an estimate for 6y from equation (5.131). By Holder’s inequality and Hypothesis 5.1 (ix) we have that

/|/< )6 - qux—/ 1KY2(0)V0 - kY2(0)V(| dx

) 1/2 o 1/2
<C (/ n(@)]V&Fdx) (/ max{1,01+a}vq2da;> . (5.141)
Q Q

Let us now choose ¢ > 1 such that (1 +a)§ = 1+ 7+ b, where 7 is defined in (5.138). Note that such
a g existssince 1 +7+b>14+a+b> 1+ a. Defining

2
.= =2 2 5.142
q — eI > (5.142)

we get from Holder’s inequality with conjugate exponents (q, 5 ) that

o o 1/4 . 2/q* . 2/q*
/91+a|vg12dxg (/ 91+T+bdm) (/ |V¢|e dx) gc(/ |v¢|e d:n>
Q Q Q Q

by virtue of (5.138). Inequality (5.141) then yields the bound

) 1/2 1/q¢*
/\H )V - vc\dx<c</ H(e)yvm?dx) (/ V¢l d:n) .
Q Q

Hence, by (5.140),
/ /]/@ )V6 - V| dzdt < ClIC 2w @)

From (5.132) it follows that testing with ¢ € L?(0,T; W2 (Q)) is admissible, in the sense that the

term I'C is integrable. Indeed, the Sobolev exponent of ¢* is
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from which

N 1 66 6 18 6 6(1+b)
(45) 1-L " 5§+3 5 5(53+3) 5 T+b
S
for all b € [1/2,1). We thus obtain from (5.131) that
T
[J /QGtC dx dt < CHCHLZ(O,T;WL‘Z* Q)" (5143)

5.3 Passage to the limit

In this section we conclude the proof of Theorem 5.3 by passing to the limit in (5.115)—(5.118) as
R — 0co. Most of the convergences can be handled as at the end of Subsection 5.1.2, hence we focus
here on the main differences.

Let R; ,/ oo be a sequence such that R; > R,, with R, as in (5.112), and let (p,u,x,0) =
(p®, u®D, x® @) be solutions of (5.115)(5.118) corresponding to R = Ry, with 6 = () = Qg (01
and test functions ¢, € X, ¥ € Xy. Our aim is to check that at least a subsequence converges as

i — oo to a solution of (5.1)-(5.4) with test functions ¢ € X, ¢ € Xy and ¢ € X-.

First, for the capillary pressure p = p(®) we have the estimates (5.112) and (5.123)—(5.126), which

imply that, passing to a subsequence if necessary,

p) = p weakly in L*(Q x (0,T)),
p(i) S op strongly in L9(Q; C[0,T]) for all ¢ € [1,00),
v > Vp strongly in LI(Q x (0,T);R3) for all ¢ € [1, 1:70) 5

where we used also Theorem A.4. We easily show that
; 5
Qr,(IVpW[?) = |Vp|*> strongly in LI(Q x (0,T);R®) for all ¢ € [1, 3) . (5.144)

Indeed, let Q%) € Q x (0,T) be the set of all (z,t) € Q x (0,T) such that [Vp((z,t)]> > R;. By
(5.126) we have

"y .
¢ Z/ / VP (. )] ddt > //(,) VP (2, )13 dz dt > || R,
0 JQ ol

hence ]Q%” < CR;E’/ ®. For q< g we use Holder’s inequality to get the estimate
T . . q . q .
| [ l@navsop) - 19p0p[ azae= [[ R~ w07 dae < [[ 19p0prasar
0o Jo o o
T T

3q/5
< (//(,) |Vp(i)|10/3 dx dt) |Q§£)|173q/5 < OR-6-30)/3,
Qr

and (5.144) follows.
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For the temperature = #() we proceed in a similar way. By estimates (5.140) and (5.143) we obtain

VoD — VO  weakly in L2(Q x (0,T); R3),
91‘@ — O weakly in L2(0,T; W—149%(€)),
P s g strongly in L2(Q x (0,T)),

where for the last estimate we exploited Lemma A.6 with By = W2(Q), B = L*(Q), By = W52(Q),
po = p1 = 2 and the embedding W19 () < W~12(Q) (recall that ¢* > 2). Furthermore, estimate
(5.138) entails that §) are uniformly bounded in L(Q x (0,T)) for every q < %. Hence

a similar argument as above yields that

0% = Qg,(0) — 0 strongly in LI(Q x (0,T)) for all ¢ € |1,

(8 4+ 3a +2b)(4 +b)
7—2b ’

The strong convergences V,uY — Vu, Vsugi) — Veug, X = x, ng‘) — x¢ follow as at the end of

Subsection 5.1.2, as well as the convergence of the hysteresis terms.

Therefore the limit as ¢ — oo yields a solution to (5.1)—(5.4), and the proof of Theorem 5.3 is

completed.
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Introduction

This third part deals with a model for the cyclic fatigue accumulation in a transversally oscillating
elastoplastic beam. Temperature and phase transition effects, which usually accompany the process,

are taken into account.

The model we present here is part of a project which started some years ago from the scientific
collaboration between M. Eleuteri, P. Krej¢i and J. Kopfova, with the aim of deriving and studying

models for the cyclic fatigue accumulation in transversally oscillating bodies (beams and plates).

Elastoplastic materials subject to cyclic loading exhibit increasing fatigue, which is manifested by
material softening and material failure in finite time with strong heat release. The analysis of the
so-called rainflow method of cyclic fatigue accumulation in elastoplastic materials carried out in [23]
has shown a qualitative and quantitative relationship between accumulated fatigue and dissipated
energy, similarly as in [63]. Starting from these facts, a first step in the direction of investigating
the well-posedness of the system describing nonisothermal fatigue accumulation in a transversally
oscillating elastoplastic beam was made in the papers [48, 50]. Here the main modeling hypothesis is
that the fatigue accumulation rate is proportional to the dissipation rate. The model is also based on
the results contained in [101], where by means of the Kirchhoff-Love method it was shown that the
3D problem of transversal oscillations of a solid elastoplastic beam with the single-yield von Mises
plasticity law can be transformed, after dimensional reduction, into the beam equation with a multi-
yield hysteresis Prandtl-Ishlinskii constitutive operator (see Section B.4 in the Appendix). This can
be explained by the fact that in the 1D model only deformations of longitudinal fibres parameterized
by the transversal coordinate are taken into account, and the individual fibres do not switch from the
elastic to the plastic regime at the same time. More precisely, eccentric layers are subject to larger
deformations than the central ones, so that plastic yielding propagates gradually from the outer surface
towards the midsurface (see Figure 5.1). This is translated into the mathematical language by means
of the Prandtl-Ishlinskii combination of elastic—perfectly plastic elements with different yield limits
that are not all simultaneously activated.

In the more recent work [52], still relying on the Prandtl-Ishlinskii formalism, the previous models

for transversally oscillating beams were extended. The fatigue accumulation law is still based on the
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Figure 5.1. Deformed beam with grey plastified zone. Picture taken from [101].

observation that there exists a proportionality between accumulated fatigue and dissipated energy.
However, unlike in [50], it is assumed that out of all dissipative components in the energy balance,
only the purely plastic dissipation produces damage. This makes the mathematical problem easier:
the system of equations then does not develop singularities in finite time and a unique regular solution
is proved to exist on every bounded time interval. On the other hand an additional difficulty is here
considered, namely, a fatigue-dependent weight function in the definition of the Prandtl-Ishlinskii
operator. Furthermore, it is assumed that the material can partially recover by the effect of melting
when a solid-liquid phase transition takes place. Thus a differential inclusion for the phase dynamics
completes the system of equations, for which existence and uniqueness of a strong solution are proved
to hold.

Results have been obtained correspondingly also for the plate. We mention the papers [49], which
deals with the simplified situation of fixed temperature, and [51], where existence of solutions is proved
for the nonisothermal model. In [47] the dependence of the plastic dissipation on both the temperature
and the fatigue parameter was considered in the 2D case. It was also mentioned that in principle it
makes sense from the point of view of modeling and applications to allow a further dependence of
the Prandlt-Ishlinskii density on the phase parameter, and it was shown, assuming a new special flow
rule for the phase variable, that the resulting model is still thermodynamically consistent.

Here we start the mathematical analysis of this new problem in the 1D case. We take into account
the possibility of partial fatigue recovery by the effect of melting as in [52], and additionally allow the
dependence of the Prandtl-Ishlinskii density function not only on the fatigue parameter, but also on
the phase variable. The aim is to show existence and uniqueness of a strong solution of the underlying
system of equations, which brings nontrivial mathematical difficulties. The results are contained in

the paper [42].

The plan is the following: in Chapter 6 we derive the model; Chapter 7 contains the statement of our
main result, whose existence part is proved in Sections 7.1-7.3, whereas Section 7.4 deals with the

uniqueness.
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CHAPTER 6

A model for an oscillating beam

6.1 Derivation of the model

In this chapter we deal with a transversally inhomogeneous beam of length 1. We let « € [0,1] be the

longitudinal variable and ¢ € [0, 7] the time variable, and denote by

m(x,t) fatigue accumulation parameter;
x(z,t) € [0,1] phase fraction: x = 0 solid, x = 1 liquid, x € (—1,1) mixture;
w(z,t) transversal displacement of the point x at time ¢;

g(x,t) = wye(z,t)  linearized curvature;
o(x,t) bending moment;

O(z,t) >0 absolute temperature.

As we have already outlined, the main novelty is the dependence on x of the Prandtl-Ishlinskii
constitutive operator of elastoplasticity. Starting from the basic model presented in Section B.4 in
the Appendix and given m, x, ¢ : Q x (0, T) — R such that for a.e. 2 € Q it holds e(x,-) € WH1(0,7T),

we set

PU[m7 X 5](377 t) = PO[:Y(x)(7 T)a 8(%, )](t) Vte [07 T]?
where (4 : [0, T] x (0,00) — [0,00) is defined by
Vw)(t 1) = y(m(z, 1), x(2, 1), 7). (6.1)

In other words, we define the fatigue and phase dependent Prantdl-Ishlinskii operator by the integral

Py[m, x, ] = /OOO y(m, x,r) s, [e] dr. (6.2)

Here s, denotes the stop operator from (B.14)—(B.15) with thresholds —r, 7 and with the canonical
initial condition s™* = s"(0) = Q,(£(0)), see Remark B.4. In this context, the energy balance (B.34)
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6 — A model for an oscillating beam

becomes
d
etPU[m’Xag] = av[ma X,&} + D[mv X,&]
1 oo
_ 2/ (fym(m, X, 7) My + Yy (m, X, 1) Xt> 53[5} (t)dr a.e. in Q x (0,7),
0
where
1 [ 9
V[mv X7€] = 5 ’Y(maX7r) 57"[5] d’r (63)
0
Dimx.e] = [ rimo el ar (6.4)

are the new fatigue and phase dependent Prandtl-Ishlinskii potential and dissipation operators.

6.1.1 Momentum balance

We assume a thermo-visco-elastoplastic scalar constitutive relation in the form
0 = Be + Py[m, x, €] + ver — (0 — Orer), (6.5)

with B > 0 elastic modulus, v viscosity coefficient and S thermal expansion coefficient related to a
layered structure of the beam. Moreover 0, is the melting temperature, which is considered as a
fixed referential temperature.

Following [101], Newton’s law of motion is formally written as
PWit — OWggtt + Ogg = F(l‘, t); (66)

where o = pl?/12 with [ > 0 thickness of the beam and p mass density, assumed to be constant, and

where I is the external load.

6.1.2 Phase and fatigue evolution

The evolution of the phase variable x is assumed to be of “phase-relaxation” type

L
eref

1 oo
o € Dl(0) ~ 50~ i) 5 [ lmonr)stleldr (67)

where p > 0 is the relaxation coefficient, L > 0 is the latent heat of the process and 91 is the
subdifferential of the indicator function Ij ;). Indeed, we necessarily have x € [0,1], and we interpret
x = 0 as the solid phase, x = 1 as liquid, and the intermediate values correspond to the relative liquid

content in a mixture of the two.

We now turn our attention to the derivation of a law for the evolution of the fatigue parameter m. As
already mentioned, there is a close relationship between accumulated fatigue and dissipated energy.
Here, following [52], we assume that out of all dissipative components in the energy balance, only the
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6.1 — Derivation of the model

purely plastic dissipation produces damage. This prevents the system of equations from developing
singularities in finite time, see [50]. Still following [52], we assume in addition that partial recovery
of the damaged material is possible under strong local melting. Mathematically, this is expressed in

terms of the evolution equation for the fatigue variable m

1
iy € —0ig,00) (M), ) — hxe(1)) + /0 A — y)D[m, v )(y. £) dy. (6.8)

where h is a nonnegative nondecreasing function vanishing for negative arguments, see Hypothesis 7.1,
A is a nonnegative smooth function with (small) compact support and D[m, x, €] is the dissipation op-
erator defined in (6.4) associated with the Prandtl-Ishlinskii operator Py[m, x,€|. The subdifferential
OIjp,c) of the indicator function Ijg ) ensures that the fatigue parameter remains nonnegative.

The meaning of (6.8) is simple. If no phase transition takes place or if the material solidifies, that is,
x¢ < 0, then fatigue at a point x increases proportionally to the energy dissipated in a neighborhood
of the point z. On the other hand, under strong melting if x grows faster than the plastic dissipation
rate, the fatigue may decrease until it possibly reaches the unperturbed state m = 0.

As we have already seen in Chapters 3 and 4, we can interpret (6.7) and (6.8) for the phase variable
x and fatigue variable m, with a choice x°(x) € [0,1], m°®(x) > 0 of initial conditions, in an equivalent

way in the form

X((L‘,t) = 5[0,1][A(377')7X0(113)](t)a (69)
m(xat) = 5[0,00)[8(‘757')77710(37)}@)7 (610)

where

Az, 1) = /0 ; <9rLef (8 — Brer) — ;/OOO (s x, 7)s2E] (8) dr) (2, 7) dr, (6.11)

¢ 1
S(z,t) == /0 <—h(Xt(T)) +/0 Mz —y)Dlm, x,€](y, 7) dy> (z,7)dr. (6.12)

The advantage of this representation is that now y and m are defined by equations involving, by

virtue of Proposition B.5, only operators that are Lipschitz continuous in W11(0, 7).

6.1.3 Energy balance

By the first principle of thermodynamics we have that the internal energy U of the system must be
conserved in the following sense

U(m, x,€)t + ¢ = o0& + g, (6.13)

where ¢ = —k6, is the heat flux with a constant heat conductivity x > 0, and ¢ is the heat source
density. Moreover, according to the second principle of thermodynamics, there exists a state function
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6 — A model for an oscillating beam

S called the entropy which is nondecreasing in the sense of the Clausius-Duhem inequality

S(m, x, )t + (%)w > %. (6.14)

We claim that, if the phase dynamics is chosen in the form (6.7) and the fatigue variable m satisfies
the evolution equation (6.8), then the right choice of the free energy F' = U — 65 for the system to
be thermodynamically consistent, under the assumption of constant heat capacity ¢ and latent heat

L, is given by

L
(0 = Oret)x + Ljo,11(x) (6.15)

F(m,x,e) =cb <1—log< i )) —i—gez—ﬁ(e—@ref)a—i-V[m,X,s]— 7
ref

eref 2

where V[m, x, €] is the Prandtl-Ishlinskil potential introduced in (6.3). As already explained in Sub-
section 4.1.3, a formula for the free energy can be derived from the constitutive relation (6.5) by a
“formal” integration. However, we prefer to follow an “a posteriori” (and more rigorous) approach
and use the constitutive relation and the energy balance for Py to prove that for F' as in (6.15) the
Clausius-Duhem inequality (6.14) is satisfied.

From (6.15) it follows that the entropy operator S and internal energy operator U have the form

OF 0 L
S(m,x,e) = ——— =clo + Be + —x, 6.16
(mox.e) =~ =clog (5 ) + e+ 5o (6.16)
U(m, x,€) = F(m, x,€) + 05(m, x¢€)
B
=ch+ 552 + B0rete + V[m, x, €] + Lx + o1 (x)- (6.17)
Note that
(4) - 60 — 40 _ ¢z | K03
0/ 62 7 62’
hence
q g 69,5 L qx 59925 g
S = e 4 6.18
(moxeh+ (5), —5 =" toatgxt G+ = (6.18)
By (6.13) it follows
9z g 1
98 5(0& - U(m,X,e)t)

which, together with the constitutive relation (6.5) and the energy balance (6.3), yields

- 1
% — % =3 (Bast + et Po[m, x, €] + 1/5? — B(0 = Orer)er — U(m, x, 5)t>

1
=3 (Bset +ve? — B(0 — bret)er — U(m, x,€)¢ + V[m, x, €]t + D[m, x, €]

1

—5 /OOO (vm(m XoT) My + Yy (m, x5 ) Xt)sf [€] d?“)-
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6.1 — Derivation of the model

Plugging it into (6.18) gives

L
S(maX7€)t+ <%)x_ % == 7+65t+97f

1
+ 5 <B€€t + I/&? - 6(9 - eref)st - U(m7X7€)t + V[m’Xag]t + D[ma Xve]

B ;/Ooo <7m(m’x’7") my + Yy (m, X, ) xt)ﬁf[s] dr).

A direct computation of U(m, x, &), with U from (6.17), yields
U(m, x,¢e)t = by + Beey + Bbreter + VIm, X, €lt + Lxt + 01jo 1 X1, (6.19)

where 0ljg1)(x)xt = 0 (see Remark B.2). Hence inserting (6.19) in (6.19) we obtain, after some

cancellations,

q 9
S(maX75)t + (§>I - 5
k02 wve2 1( L 1 [ 9
= ﬁ + 7 + 5 <0ref (9 - eref) Xt + D[mv X7€] - 5 /0 <mt7m(ma er) + thyx(m7X7r))5r[€] dr |.

Multiplying the differential inclusion (6.7) by x; we obtain (see Remark B.2)

2 L 1 o 2
—PXi =~y (0 — Oref)xt + Xt Yr(m, x, ) sz[e] dr,
0

ref

thus we get
S+ (4) 4= o L 4 Doy~ e [ umn s ar). (620)
m, X, €): 7). 0= @ 2 RS m, X, €] = 5y ; Ym(m, x, 1) s2[e]dr ). (6.

In the next chapter we will put suitable hypotheses on the function h appearing in the inclusion
(6.8) and on the Prantdl-Ishlinskii density «y, and we will check that the absolute temperature 6 stays
positive. This will allow us to conclude that the Clausius-Duhem inequality (6.13) holds.

We now rewrite the energy conservation law (6.13) in a more suitable form. Using (6.19), the consti-

tutive law (6.5) and the expression for ¢, (6.13) becomes
cl; + Beey + BOreter + Vm, x, €lt + Lxt — £0pp = Beey + e:Py[m, x, €] + ver — B0 — Oret)er + g.
Note that some terms cancel out. Thus, employing the energy balance (6.3), we obtain

Oy — Kbyy = —P02; + ver + D[m, x, €]

1

5 [ (et + xenm o)l dr - L + .
0

(6.21)
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6 — A model for an oscillating beam

6.2 The mathematical problem
For any T' > 0 we set
t
=01 0.7),  ulet)= [ olwr)dr,
0
t
f(l’,t) = / F(l‘,T) dr + th(x,O) - O‘wx’xt(‘rvo)'
0
We rewrite the equations (6.5), (6.6), (6.7), (6.8), (6.21) as the system

Ut = Bwgy + P()[’I?’L, Xawa:x] + VWaypt — 6(9 - 0ref)7
PWt — QWggt = —Ugg + f(x7t)7

cly — Kby = —P0e; + ve? + D[m, x, €]

1 oo
— 5 A (mtf)/m(mv X T) + thyx(ma X5 T)>512” [6] dr — LXt + g,
L 1 [ )
—pPXt € 8[[071] (X) - Tf(e - gref) =+ 5 0 VX(mv X?T) ST[{:“] d?”,

1
me € — 0oy (m) — hlxe) + /0 Al — y)Dlm, x.£](y, ) dy,

for unknown functions u,w, 8, m, x, with initial and boundary conditions

0,(0,t) = 0,(1,t) = 0.

(6.22)
(6.23)

(6.24)

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

The zero initial conditions for w and m are motivated by the fact that it is difficult to determine

the initial degree of fatigue for a material with unknown loading history, and the most transparent

hypothesis consists in assuming that no deformation (and therefore no fatigue) has taken place prior

to the time ¢t = 0.
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CHAPTER 7

Solvability of the problem

In this chapter we are going to state and prove the main result for problem (6.22)—(6.29). The data

are required to fulfill the following hypotheses:

Hypothesis 7.1.

(i)

(i)
(iii)

(vii)

Py is a Prandtl-Ishlinskii operator (6.2) with a measurable density function v : [0, 00) x [0,1] X
(0,00) — [0,00), which is locally Lipschitz continuous in the first two variables, with 7,
and v, locally Lipschitz continuous as well, and such that there exist 7,7* € L'(0, 00) with
Y(m, x, 1) < A(r), 0 < —ym(m, x,r) < *(r), In(m,x,r)l < 7" (r), [Ymm(m, x,7)| < ¥*(r),
e (5 X 7)< (1), [ (my x, )| < *(r) a.e. Moreover, M := [ r5(r) dr < oo and also
JoT (14 r?)y*(r) dr < 2L, being L the latent heat of the process.

B,v, 8,0, 1, a, ¢, Kk, L, p are given positive constants.

A:R — [0,00) is a C! function with compact support, and we set A := max{\(z)+ |\ ()|, = €
R}.

f € L?(Q7) is a given function for some fixed 7' > 0, such that f, fu, fur € L*(Qr).

0° € L>=(0,1) and x° € Wh2(0,1) are such that #° > 6, with 0 < 0, < 1, 62 € L%*(0,1),
xX%(x) € [0,1] for all z € [0,1].

h : R — [0,00) is a nondecreasing Lipschitz continuous function such that 0 < h'(z) < a a.e.
and h(z) < bz? for z € R, where a, b are positive constants; in particular b is such that bL < p,

where L is the latent heat of the process and p is the relaxation coefficient from (6.26).

g :[0,00) x Qr — R is a Carathéodory function such that go(z,t) := g(0,x,t) > 0, go € L*(Qr),

and |gg(0,z,t)| < g1 a.e. with g; a constant.

Remark 7.2. In this remark we comment on some of the above hypotheses.
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7 — Solvability of the problem

(i)

(vii)

The assumption that y(m, x,r) decreases with increasing fatigue m corresponds to the ob-
servation that the stiffness of the material decreases with increasing fatigue. Moreover, the

assumptions on v together wi e definition of the stop operator in (B.14) implies
pti ~ togeth ith the definiti f the stop operator in (B.14) impli

|Po[m,xa€]=‘ [ om s < [Cawrar <
0 0

whereas the assumptions on 7, and v, allow us to conclude that

1 [ 1 [
0 < M[m,x,e] = —2/ Ym(m, X, 0,7)82[eg] drr < 2/ ¥ (r)yr?dr < L,
0 0
1 oo 1 oo
|K[m, x,¢]| = ‘—2/ Yy (m, X, 0,7)s2[e] dr| < 2/ ~*(r)r?dr < L.
0 0

This means that hysteresis effects vanish far away from the equilibrium. Furthermore, estimate

(B.35) yields the following upper bound for the dissipation in terms of the input velocity
Dlm, x;](t) < M|e(t)]. (7.1)

In what follows we will frequently use the fact that f; € L?(Qr), which is a direct consequence
of the assumption f, fiy € L?>(Qr). This can be proved for example by comparing the Fourier
series.

The assumptions on the function ~ are needed for the proof of the thermodynamic consistency
of the model. Coming back to (6.20), by the positivity of the dissipation operator and by the

inclusion (6.8) for the fatigue, we infer

1 oo
pxi + Dlm, x, €] — th/o Ym(m, X, 7) sple] dr > pxi — Lh(xt) > pxi — Lbxi > 0.

Hence the Clausius-Duhem inequality (6.13) holds, provided that the temperature stays positive.
In particular the boundedness of A’ is used to show the positivity of the temperature, see the
first part of Subsection 7.2.

The assumption that go(z,t) > 0 makes sense since g is the heat source density, so at zero

temperature we cannot remove heat from the system.

The main result reads as follows.

Theorem 7.3. Let Hypothesis 7.1 hold. Then there exists a unique solution to the system (6.22)—

(6.29) in Q7 such that 6(z,t) > 0 for all (x,t) € Qr, and with the regularity

2
® Wyxxt, Wratt, gta 0$$7 Utt, Uzt € L (QT);

b vat,Xt € LOO(QT)

The proof of the existence result is carried out in three steps: approximation, a priori estimates and

passage to the limit.
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7.1 — Approximation

7.1 Approximation

From now on the values of all physical constants are set to 1 for simplicity, with the exception of

0, L, Oyt in order to emphasize the role of the phase transition.

Let us choose an integer n € N and consider an equidistant partition of the interval [0,1]. Let us take

the space discrete approximations of (6.22)-(6.27) for k=1,...,n—1:

g = g + Po[mi, Xk, k] + €k — Ok + Orer, (7.2)

Uy, — ép = —n*(Ups1 — 2up + up—1) + fr, (7.3)
ex = n2(Wpy1 — 2wp, + wi_1), (7.4)

O = 1 (Op1 — 20k + O—1) — Ok, + & + Dy + 1ivg, My, + X (K — L) + g0, t), (7.5)

P Xk = 5[0,1] X%, Akl Ap(t) = /Ot (é;f (0 — Oref) + Kk) (1) dr, (7.6)
me = 000080, S0 = [ (-h%e) + DD &

where

Mt) == [ im0, netleal(®
K =5 [ nlm0oale) netled ) dr

Dy(t) = /0 T me®), X (8), 1) 5o ex] (O e — se[ea]e(8) dr,

n—1
N 1
Dy(t) = > Me—jiDj(t),
j=1

X = A(i/n),

k/n
n/ g(0,z,t)dx for 6 > 0,
(

9r(0,1) for 6 < 0.

Remark 7.4. By Hypothesis 7.1 (i) we have My (t) € [0, L], |Kk(t)] < L for a.e. ¢t € [0,7]. In
addition, by (7.1) and Hypothesis 7.1 (i) we deduce 0 < Dy(t) < M|e(t)| for a.e. ¢t € [0,T]. This,
together with Hypothesis 7.1 (iii), yields 0 < Dj(t) < AM (% 22;11 |5k(t)|) for a.e. t € [0,T.
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7 — Solvability of the problem

We prescribe initial conditions for k=1,...,n—1
wi(0) = ug(0) =0,

00(0) = 03 := 0°(k/n),

7.8
k/n
Xk(0) = xg == n/ X' (z)dz,
(k—1)/n
and “boundary conditions”
Wy = Wy = Uy = Uy = 0,
0 0 (7.9)

Remark 7.5. Note that by equation (7.4) and by the initial condition for wy we deduce also
ep(0)=0 fork=1,...,n—1.
By Remark B.4 this implies s,[ex](0) = 0, which in turn gives
Po[mi, xx, €k](0) = V[my, xk, k) (0) = Di(0) = My(0) = Kx(0) =0 fork=1,...,n—1.

Problem (7.2)—(7.7) turns out to be a system of ODEs for the unknowns wug, wg, 0k, Xk, Mk, which

admits a W solution in an interval [0, 7},]. Indeed, denoting by w the vector (wr, ..., w, 1), and
e =(e1,...,6n—1), we have by (7.4) —e = Sw with a positive definite matrix S, which has the form
[ 2 -1 0 0 0 ... 0 O 0 O ]
-1 2 -1 0 0 ... O 0 0 0
o -1 2 -1 0 ... O 0 0 0
S=n?

0 0 0 o o0 ... -1 2 -1 0

o o o o o ... 0 -1 2 -1

0 0 0 0 0 ... O 0o -1 2

Hence the left-hand side of (7.3) reads (I +S)w. Hence, by Proposition B.7 together with Hypothesis
7.1(i) and (vi), we see that (7.7) defines a locally Lipschitz continuous mapping that with e, & and
X = (X1,---,Xn—1) (and therefore @ = (61, ...,60,_1) by (7.6)) associates the solution my. By (7.3), &
is itself a Lipschitz continuous mapping of u = (uq, ..., u,—1). Thus (7.2)—(7.5) can be considered as
an ODE system in uy, wy, 0 with a right-hand side which is locally Lipschitz in L!(0,¢) for ¢ € [0,T],
and the existence and uniqueness of a local absolutely continuous solution in an interval [0, 7;,] follows
from the standard theory of ODEs. Consequently, the right hand side is bounded, and we conclude
that the solution belongs to W°°(0,T;,). We will show in Subsection 7.2.2 that the solution exists
globally, and actually T,, = T'.
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7.2 — A priori estimates

7.2 A priori estimates
This subsection is divided into 4 parts:

e Positivity of the temperature: it is important for the thermodynamic consistency of the model;

e Discrete energy estimate: it constitutes the basic a priori estimate giving the first minimal
regularity (which is not enough however to pass to the limit);

e Discrete Dafermos estimates: it provides additional regularity for the temperature, necessary
to deduce further a priori estimates;

e Higher order estimates: this last part provides the necessary estimates in order to proceed with

the passage to the limit.

In what follows the operation of “testing by a function” a discretized equation will consist in multiply-
ing the equation by the function, summing up over k = 1,...,n—1 (or in some cases over k = 1,...,n)
and then dividing by n.

Moreover, we will systematically use the “summation by parts formula”

n—1 n
D s = 206+ m1) + D (6 — &) (0 — 1) = Ea(m — Mn1) — Eo(m — 10) (7.10)
k=1 k=1

for all vectors (£o,...,&n), (N0y--- 7).

We will denote by C' any generic positive constant independent of n.

7.2.1 Positivity of the temperature

First of all it is important to prove that 8 remains positive in the whole range of existence. For this

purpose we test (7.5) by —0, , where ¢, is the negative part of 0, getting

n—1 n—1 n—1
1 . _ 1 . -
- D 00, =—n> (Opr1 — 20 + 04_1) 0 — - > (Di+ €% + gr (01, 1) 6,

1 n—1 1 n—1 1 n—1
= > (B = D)0 — i MOy + - Y Ol
k=1 k=1 k=1

The left-hand side is such that

n—1 n—1
1 . d 1
I E 0.0 = E 0 2 )
nkzlkk dt<2n (k)>

Let us now focus on the right-hand side of (7.11). By (7.10) with & = 6,  and n; = 0 we also deduce

n—1 n
—n Y 0, (Opp1 — 20 + 1) =1 > (6, — 0,_) (O — Ok—1) — 1 [0, (0 — On_1) — 0 (61 — 6o)]
k=1 k=1
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7 — Solvability of the problem

The second summand vanishes by (7.9), whereas the first is such that

3

n

”Z 0, —0,_1)(0k — Ok—1) = (O = 06y) [0 —01_1) — (6, —6,_)] = —n Y (6 —0,_1)>
k=1 k=1
Hence .
—n Y0 (Ors1 — 205 + 1) —nz 0 —0,_,)*
k=1

Moreover, being Dy (t) > 0 by definition and gx(6,t) > 0 for # < 0 by Hypothesis 7.1 (vii), it follows

that
— (D(t) + €1(t) + g0k, 1)) 6;, <O0.

Now we deal with the phase term. By (7.6) and (B.21) (see also Remark B.2) we have

Xk(t) 0, () =0 if xx(t) =0,
xk(t) 0, (t) = Qifp (O(t) — Orer) O, (t) + ?Ok (t) otherwise.
Note that
E(00(8) — Buet) 0 (8) + 20 (1) = — (0 (0)” + = (K — L) 6 (1) <0

eref P P T Qref P

by Remark 7.4. Hence (7.12) entails

and again by Remark 7.4 we deduce
— (K — L)xx(t) 0, () < 0.
Finally, by (7.7) and (B.21) (see also Remark B.2) we have

— i (£) M (t) )
—mk(t)Mk(t) (t) =

Eal

/—\
~

~—
I

0 if g (t) =0,
(h(xx(t)) — Di(t)) Mr(t) 0, (t) otherwise.

(7.12)

(7.13)

(7.14)

Hypothesis 7.1 (vi) (in particular the Lipschitzianity of A in 0 with Lipschitz constant a) and Remark

7.4 allow us to show that, by (7.13),
(h(xx(t)) — Di(t)) M(t) 0, () < h(xx () Mi(t) 0 (t) < 0.

Hence (7.14) entails
—rig () My (t) 05 (t) < 0.

The last term on the right-hand side of (7.11) is such that

n—1 n—1
l Gkake_ = l 9+ 9 Eke_ = — 5lc
" k=1 " k=1 (
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7.2 — A priori estimates

Summarizing the above computations we come to

d 1 n—1 1n—1 C n—1
i 072 < = . 972< g,n 972
i (o D00) < 25 o < 2 Sy

where we set

Cep =max{|éx(t)|: k=1,....n—1, t €[0,T,]}.
Gronwall’s lemma A.1 now yields
(B;)%(1) < elo 2= 47(6,)%(0),

and since by (7.8) and Hypothesis 7.1 (v) it holds 6, (0) = (6°(k/n))” = 0, we finally obtain that
6, (t) =0 for all k and t € [0, T5,).
At this point we prove that in addition 6 (t) is bounded away from 0 for all k£ and all ¢ € [0,7},]. The

idea is to compare the decay of 8 with the solution to the differential equation

p+(p) =0, p0)=0b,, (7.15)

with 6, > 0 from Hypothesis 7.1 (v) and ¢ suitable function of polynomial kind that we will choose
later.

First of all, if xx # 0 then by Remark 7.4

. L Lo
=pXk = —5— (O = Oret) = Ki > = i3 (7.16)
ref ref
Thus
Lo, 2L2
v (K, — L) > K.—L) >—-—"19¢ 717
(K= L) = Orefp( e=L)=2 Oretp " (7.17)

where the second inequality follows again from Remark 7.4. On the other hand by Hypothesis 7.1 (vi)
and (7.16)

Lo
my > —h(Xx) > —axe > —ae k
ref P
from which we deduce thanks to Remark 7.4
aL?
mpM > — p@k. (7.18)
ref

Moreover, since we already proved that 6 > 0, by Hypothesis 7.1 (vii) it follows

k/n k/n
(O, ) = n/ 9(Ok, x,t)dx > n/ (9(Ok,x,t) — g(0,2,t)) dz
(k—1)/n (k—1)/n
k/n 05 k/n
= n/ </ go(0,x,t) d0> dz > n/ (—g1) 0 dz = —g16y. (7.19)
(k—1)/n \Jo (k—1)/n

By the elementary inequality a® — ab + % > 0Va,b e R we additionally have

1
E2 — Opéy > —10,3. (7.20)
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7 — Solvability of the problem

Inserting (7.17)—(7.20) in (7.5) we deduce

ék — n2(9k+1 — 20 + 0]@—1) > —Ib(@k), (7.21)
where
1 L?
1/1(2) = —ZzQ _ Qrefp(2 + a) +91| 2.
Coming back to (7.15), it is not difficult to check that for such a choice for ¢ we obtain
b e M . 1 L?
t) = th 6=- = 2 .
p(t) M- ™M 1 M Hrcf"}/( +a)+ g

Note that p is nonnegative and nonincreasing in [0, 00). We are going to show that 65 (t) > p(t) > 0

for all £ and all ¢ € [0,7,,]. To this aim we compare 0 and p. By (7.21) and (7.15) it holds

(P = 0) = n*((p — Ors1) — 2(p — Ok) + (p — Ox—1)) + ¥(p) — (6k) < 0.

We now test by (p — 0x) ", getting
1

n—1

I G0~ )T Y (0 k) 20— 04) + (0 — ) (0 — 00)*

k=1 k=1
1 n—1
+= (¥(p) — ¥(6k)) (p— )" < 0.
k=1
It holds ,
1 — .
n-1 — ) —0k)(p—6O) ifp> 0 n—1
1 . . Z( k)\P k p d 1
o~ (=0 —0)" =4 " im =% (271 ((p— Gk)+)2> ;
k=t 0 if p < 0 k=1
¢ for the second term
n—1
=1y ((p—Ok1) =200 — 0k) + (p— Ox—1)) (p — Ok)
k=1
7.10 "
T2 0 S (0= 00)* = (0= 0 1)) (0 — ) — (0 — O 1))
k=1

—n[((p—=0n) —(P—0n1))(p—0n)" — ((p—61) — (p— 00)) (P — 60) "]

3

03 (0= 00" — 0= 06)) (0~ 0) — (0 00))

k=1
=nY (p=0)" == 0—))") ((P—06)" = (0= 0k)" = (p— O—1)™ + (0 — k1))
k=1
>nY ((p-0)F - (p—0-1)")";
k=1
-1
= LN @)~ v00) (0 - 0) ifp > i
o =) () —¥(0k) (p— k)" = "=

i

! 0 if p < O

hence it is always nonnegative since 1 is nondecreasing for positive arguments.
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7.2 — A priori estimates

Thus

from which we obtain

IS (=000 < 15 (- 0072 0 = L5 (0.~ k)7 =0
k: 1

since 8 > 6, by Hypothesis 7.1 (v). Hence (p — 0;)"(t) = 0 for all k and all ¢+ € [0,T},], so that
Or(t) > p(t) > 0 for all k£ and all ¢ € [0,7,], which is the desired result. Note that the positive
lower bound is independent of the discretization parameter, and therefore is preserved in the limit

and implies the positivity of the temperature.

7.2.2 Discrete energy estimate

We test (7.2) by €k, then we differentiate (7.3) in time, test it by wy and sum up the two equations.
We start by testing (7.2) by £,. We obtain

n—1 n—1
*Zukfk— > & (ek + Polmk, Xe: k) + €k — Ok + brer) -
k=1 "=

Using (7.4) on the left-hand side this is equivalent to

n—1 n—1
1 ) ) S . .
- > ek (ek + Po[m, Xer k] + €k — O + Oret) =1 Yt (b1 — 2tbg + 1)
k=1 k=1
(7.10) S o S o
=0 on Y (g — tip—) (g — tg—1) + 7 [tn (i — tbn—1) — tig (tb1 — tiy)]
k=1
7.9 - . . . .
T 0 S (g — 1) (i — 1) (7.22)
k=1

Then we differentiate (7.3) in time. This yields
Wy — € = —n2(uk+1 —2up + ak—l) + fk

Testing it by wg we get

1 n—1 1 n—1 n—1 1 n—1
- Zwkwk - Zekwk =-n Z(uk—l—l — 2ay, + Ug—1)Wg + - Z Tet
k=1 k=1 k=1 k=

7.10 - . . . . . . .

720 n > (i — dg_1) (th — tig—1) = n[(tn — 1) by — (i — ) kawk
k=1

79 . ) . . 1 ;.

9 n (uk — uk_l) (wk — wk_l) + E Z frg. (7.23)
k=1 —

Summing up (7.22) and (7.23) we obtain

1, RS .
- E (W — Exy) E ek (ex + Polmg, Xk, k] + €k — Ok + bret) = E Frig.
k=1 =
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7 — Solvability of the problem

Note that by (7.4) we also have

1 n—1 n—1
- = ZEkwk =-n Z(wkz-i-l — 20y, + Wy—1 )y,
k=1 k=1
(710) ~— . . . . . . L
=70y (g — tip—y) (g — tip—1) — n[(tn — 1) thy — (i — tio) o]
k=1
79) ~—, . . . .
="nY " (g, — 1) (Wb — 1),
k=1
hence we get
n—1
—Zwkwk —I—nz W — Wi—1) (W — Wr—1)
k=1 k=1
1 n—1
+ = ZEk (e + Po[mu, Xk, ex] + €k — Ok + Orer) = kawk
"=
This entails
d 1 n—1 1 n—1 n n )
2 2 . .
o \an ; (wf +ei) + ” gerefek + 3 k_l(wk — Wg—1)
e | (7.24)
4 . _ 2 22 . ;o
+ > éxPolm, Xu: exl - > (—€% A+ Okér + frrin)-
k=1 k=1
Now we test (7.5) by 1 obtaining
1 n—1 ) n—1
52916: (Ok+1 — 20k + Ok—1)
k=t ’“1 - (7.25)
+E (—Qkék-l-éi-l-Dk—l-mkMk—l-Xk (Kk—L)—I—gk(ek,t)).
k=1

Adding (7.24) to (7.25) allows us to obtain

d (183 1 n «
-2 2 H {
i (2 2 (wk + 5k) + " kz_l Oreter + 3 ;(wk — Wk—_1) Z 9k> ggkzpo [k, Xk» €]

1

n

|
—

n

= (Or+1 — 205 + 1) + (Dk+mkMk+>'<k (Kk_L)+gk+fkwk>-

SEE
i

1

W
I

Then, by virtue of the discrete version of (B.34) it holds also

d 1 n—1 1 n—1 n n n—1
= ( > (f +e) + - > Orerer + ) > (g — i)’ + 6k>
k=1 k=1 k=1 k=1

2n
1 n—1
= (V[mk, Xks €kt + D, + 17y My + X, Kk)
k=1
n—1 n—1 .
> (Dk+mkMk+Xk (K) — L) +9k+fku'1k) ;

:\*—‘

=n (0k+1 - 20k + Hk_l)

=1 k=1

Ed
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7.2 — A priori estimates

that is,
d {1/, 1, o,
2w\ Z Wk + 58k + Oreter, + Or + Vmp, x,ex] + Lxi | + 5 Z(wk — W—1)
k=1 k=1
n—1 1 n—1 )
=n ) (Ok+1— 20k +0k-1) + - > (gk + fkwk) -
k=1 k=1

Note that the summation by parts formula (7.10) with £ = 1 and 1, = 0 implies

n—1
7.9
nz(9k+1 — 20 + 0]@71) = (9n — Qn_l) — (01 — 90) (:) 0.
k=1
Hence we get
d ]. nol ]. .92 ]. 2 n - . . 2
i <n ; <2wk +o5ek T Oreter; + O + VImp, Xk, €] + LXk) t5 l;(wk — Wg_1)
n—1 )
= - <9k + fkwk) :
k=1
We now integrate in time [ dt for some 7 € [0,T},]. Note that it holds
1 1 1/1 ) 1
Hrefgk = 29ref : §5k > _5(29ref)2 - 5 <25k> = _QQEef - ggia (726)

hence we obtain

i
L

n

(;wim + 3ER) + O0(r) + VI, o exl(7) + wa)) + g 2t — ()
k=1

S|
il
i

1

n

<gk(9k, t) + fk(t)wk(t)> dt + 207 (7.27)

INA
S
S|

™

n

R(0) + GH0) + 0.00) + VI xe,20100) + i) + 5 D (i~ a0
k=1

+
S|
3
L
7N\
N | =

i

1

Since we have already proved that 6 > 0 for all k, by Hypothesis 7.1 (vii) the first summand on the

k/n
<n/ g(0,x,t) dx) dt
(k=1)/n
k/n Ok
(n/ (/ g9(0,z,1) d9+90($,t)> dm) dt
(k—1)/n 0

right-hand side is such that

n—1
T1 T
— g@,tdt:/
/onkz_:lk(k) 0

i
L

SR
3 =
Il

_

[l
S
S|
™M

k=1
T n—1 k/n
S/ = (919k(t)+”/ go(w,t) dfﬁ) dt
o " (k—1)/n
n—1

IA
o\\‘
SRS

g105(t) dt + // go(x,t)dzdt
Qr

B
Il

1

r

+
SN

gc<l

n—1
01 (t) dt> . (7.28)

k=1
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7 — Solvability of the problem

We now estimate the second summand using the discrete Holder’s inequality (see Remark A.10) and

then Young’s inequality. It holds

T n—1 (1 n—1 1/2 1 n—1 1/2
| Y donas | (n 3 fﬁ(t)) (n w,%m) dt
U 0

k=1 k=1
T n—1 ) T n—1 )
< | = t dt+/ — t) dt,
_/0 o 0+ [0S ik

where

r n-1 k/n 1/2 k/n 1/2 ?
< / n / f2(x,t)dzx / 12dz dt
0 (k—1)/n (k—1)/n

” k/n
/ / fA(x,t)de - dt</ f(x,t)dzdt < C (7.29)
—1)/n

by Hypothesis 7.1 (iv) and Remark 7.2 (iv). Hence from (7.27) we obtain

n

% ( )+ 352( )+ 04(7) + Vmu, Xr, €6 (7) + LXk(T)> + %Z(’d}k — p—1)*(7)
k=1

i w2 Tln_l

§C<1+/0 2n; k(t)dt+/0 n;ek(t)dt> (7.30)
192 /1 3, N, . .

t ; (2 7(0) + 85k(0) + 0k (0) + V[my, xx, x)(0) + ka(0)> + fZ(wk — 1ip_1)%(0).

2
k=1

We need to estimate the initial data. To bound the terms 1 "}~ L2 (0) and n 27— (g, — ig—1)2(0)

we write equation (7.3) for t =0
wy(0) — £,(0) = fi(0), (7.31)

where we exploited also the initial condition (7.8) for ug. Then we test it by w(0) to get
1 n—1 1 n—1 1 n—1
2 : . .
— 0) — — 0 0)=— 0 0). 7.32
o 0~ 320000 = 3 A0)in(0) (7.3

It holds

1

% S (00 (0) = 0 ST (i — 20+t 1) (002 (0) 2 —n S (g —ai1)?(0)  (7.33)
1 k=1

3
|

B
Il

where we used also the zero initial condition in (7.8) for wy. Thus we obtain, by Young’s inequality,

n—1 n n—1
LN 0+ Y (i - i) (0) < - D F2(0). (7.34)
k=1 k=1 k=1
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7.2 — A priori estimates

We need to estimate the term on the right-hand side. It holds

1 n—1 1 n—1 T n—1 )
S RO = -2 [ 1S R
"= [t Ut
1 n—1 ) T n—1
SO CESY S CIIACIL:
Arguing as in (7.29) we get
17§f2(7) < /1 f(z,7)dx (7.35)
"= S ’ . .

n—1

I Z|fk Mi@lae= [ 3

Moreover, Holder’s inequality in space yields
k/n
n/ fi(x,t)dz| dt
(

k/n
/ flx,t)dx
k 1 k—1)/n k—1)/n
rn—l k/n k/n
Sn/ > (/ |f($,t)|d$> (/ |ft($7t)\dx> dt
0 ,—1 \J(k=1)/n (k—1)/n
rqnol k/n 1/2 k/n 12
< n/ — Z (/ f2(z, 1) dx) (/ fE(z,t) d:p) dt
0o i \JkE=1)/n (k—1)/n

which entails, applying first the discrete Holder’s inequality and then Holder’s inequality in time,

T n—1 .
A IACIIACLE
0 "

(1 n—1 .k/n ) k/n 1/2
§n/0 (n;/(k_l)/nf(az,t)d> < Z/ ft (z,t)d ) dt
- 1/2 - 1/2
< </0 /01 f2(a:,t)dxdt> (/0 /O ff(x,t)dxdt)

Hence we obtain

in_lf,f(()) §/OlfQ(x,T)da:—i—Q(/OT/OlfQ(x,t)dxdt>l/2 (/0/01 ff(:c,t)da:dt)

k=1

1/2

Integrating now in time fOT dr we get

n—1 1/2 1/2
Z:Zf,f(o)g/ﬂ (@, 7)dzdr + 2T </Q f2(x,t)dxdt) (/Q ff(x,t)dxdt> ,
k=1 T T T

that is, by Hypothesis 7.1 (iv),

n—1
1
~) fio=<c (7.36)
1
Coming back to (7.34) this implies

1 n—1 n
- .2 b — 2 < i )
n;wk(O)—Fn;(wk r-1)”(0) < C (7.37)
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7 — Solvability of the problem

From Remark 7.5 we deduce

e (0) = Vmag, xx, €] (0) = 0, (7.38)

whereas by (7.8) and Hypothesis 7.1 (v)

0,(0) = 6°(k/n) < supess@’ < C, (7.39)
(0,1)
k/n
Lx1(0) = Ln / x(z)dz < L, (7.40)
(k=1)/n

forall k =1,...,n—1. Hence, exploiting also the positivity of V[my, xx, k] (see (6.3) and Hypothesis
7.1(i)) and of Ly, from (7.30) we deduce

n—1 n n—1
%Z(wi(r)mi(r)wk(f)) 5 D (i — tp1)A(7) < ( / =37 () + On(t )dt).
k=1 k=1 ULt

Using Gronwall’s lemma A.2, we see that the approximate solution remains bounded in the maximal
interval of existence [0,7),]. Hence the solution exists globally, and for every n € N we have T,, = T.

We thus have obtained

n—1 n
% Z:: (wf + e + 0k) (1) + gZ(wk —y_1)*(1) < C. (7.41)

k=1 k=1

for all 7 € [0,T]. In particular the approximate solutions exist globally, and T,, = T'.

7.2.3 Discrete Dafermos estimate

We test (7.5) by 9,;1/3 and obtain

—_

n—

-1 n—1 n—1
1 ) —1/3 S 173, 1 . ~1/3 1 ~1/3
=2 (—akek ) +n Y (Op—1 — 205 +0p_1) 0, + - > g My 0,7 + - > Dy,
1 n—1 / 1 n—1 y 1 n—1 y 1 n—1 y
2 n—1/3 . p—1/3 ! ~1/3 ~1/3
— 0 - — 0re10 — K,—L)0 — 0
+nsz18kk nkz; . +nkZ1Xk( * 0 +”;gkk

=T +To+ T3+ Ty +T5+Ts +T7 +Ts.

Observe that Ty > 0 since Dy > 0, and we already proved that the temperature stays positive. Hence

we can rewrite the previous equality as an inequality of the form
T+ T +T5+T5+ T+ 17+ 15 <0. (7.42)

We estimate the remaining terms. The term 77 can be rewritten as

n—1 _
Ty = ikz (<00, ) = < (23 Z ) .
=1 k=1
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7.2 — A priori estimates

Concerning the term 75, using the summation by parts formula (7.10) and the elementary inequality
—(@ =)@ =y =3 =y ) Yy >0

with the choice x = 0k, y = 0,_1, we deduce

Tyi=n (B — 205+ 6, 1)06;
n
= (O = 0 1) (07 = 0,.10) + (0 — 001)07 % = (01 = 00)0, )

> 30y (6, ~ 6,
k

Il
—

where the term n[051/3(9n —Op_1) — 981/3(01 — 6p)] vanishes due to (7.9).
Concerning the term 73, we observe that by (7.18)

n—1

1 _ L1
S s 2 LS
nk:l refpn

The same happens for the term 77 noticing that, by (7.17),

n—1
1 _ 2L 1
:;Z:Xk(Kk_L 1/3 kil 2:92/3
k=1

refp n

Concerning the term Tg, by (7.19) we have

Hence from (7.42) we deduce

n—1

n n—1 n—1
/3 ,1/3 1 2 ,—1/3 1 9/3 d [ 3 2 3 2 5
k=1 k=1 k=1

where we set
2

L
Ch = 2 )
! Hrefp( * a) - &

Integrating in time we obtain for all 7 € [0, T]

n—1 n—1
pL/3 _ pl/3 1 ~1/3 3
/ <3n§: B0l Y g, /> dt+ o (6)?
k=1 k=1

= - (7.43)
2/3 2/3 . 2/3
<cl/ §j9/ dt+ o Eje/ /0n§j|ek|9k/ dt.
k=1

The first two terms on the right-hand side of (7.43) are bounded due to (7.41). We estimate third

term by the discrete Holder’s inequality (see Remark A.10) as follows. We have

n-l n—1 n—1 1/2
T ‘ T ‘ B 1 )
/ n E |€k|02/3dt:/ - § ’5k’92/69k 1/6dt§ (/ EE :02/3dt> </ j :0 1/3 2 ) :
O k= 0 k=1 0 " k=1
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7 — Solvability of the problem

thus Young’s inequality and (7.43) yield

n—1
1/3 1/3 9 1 9 ,—1/3 5/3
/ (n§ +nk§lsk9 )dt<C’<1+/ k§19 dt) (7.44)

We now apply the discrete Gagliardo-Nirenberg inequality (see Remark A.11) with v = 91/ 3

g="5,p=2, 0=4/25 By (7.9) we have
1 n—1 1/5 i 1 n—1 1/3 n—1 21/75 n 2/25
1 5/3 < 1 /3 p1/3\2
() w50 (Ee) " ()

k=1
2/25
<C 1+<”Z 1/3_91/3 ) :

where the second inequality follows from (7.41). Raising to the power 5, integrating in time and

s =3,

inserting the resulting inequality into (7.44) we obtain

N . 2/5
/ (”Z (613 — /3 )2 ka 1/3) at < C 1+/ <n2(0i/39’1§/_31)2> dt
0

k

-1
3 5 3 gl/3 _ 1/3
gc+50/ / Z 2 dt,

where in the last inequality we used Young’s inequality with conjugate exponents (5/3, 5/2). This

gives
n—1
pL/3 _ 1/3 2, 1 2 ,—1/3 < 4
/ (nz G+ )dtC’. (7.45)

Applying again the discrete Gagliardo-Nirenberg inequality with the choices v = 9,1/ 3, s=3,q=2_8,
p=2,N=1,0=1/4, by (7.9) we obtain that

1 n—1 1/8 1 n—1 1/3 1 n—1 1/4 n 1/8
8/3 1/3 1/3

() <e|(iXa) +(2Ea) (e -any)
k=1 k=1 k=1 k=1

This, after a time integration, together with (7.41) and (7.45) brings the estimate

n—1
1
/ - 63 () dt < C. (7.46)
0 k=1

Now that we have more regularity for the temperature, we come back to (7.24) and derive a further

estimate. We start by rewriting it as

d/13 1
dt(%z(wz—i_&—k Zgref5k+ ZWk—Wk- 1 )‘i‘nzgi
k=1
n—1

Z ( Ok — Polmi, x> €x]) €x + fkwk)

k=1

1
n
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7.2 — A priori estimates

We now integrate in time fOT dt for some 7 € [0, 7). Concerning the initial conditions, we have already
pointed out in (7.38) that the term containing £4(0) vanishes, whereas the other two terms involving

the initial data are bounded thanks to (7.37). Hence Young’s inequality and (7.26) give

n—1 n
1 ) 3 n . ) 1 .
o 2 <w,%(r) + 45z(7)> + 5 Z(wk — p_1)%(7) —i—/o o Zsi dt

k=1 k=1
n—1
71 . )
<C (1 +/ - > (913 + | Po[m, xi» ekl |* + 7 + wl?:) dt) :
0 k=1
Then, by Remark 7.2 (i) and estimates (7.29), (7.41) and (7.46) we infer

n—1
1
/ - > ei(t)dt < C, (7.47)
U

where we neglected the first two terms on the left-hand side since they were estimated in (7.41).

7.2.4 Higher order estimates

Before continuing, we need to extend the validity of (7.2), (7.6), (7.7) to k = 0 and k = n. For this
purpose for k = 0 we solve the system of these three equations in the unknowns &g, xo,mg, and for
k = n in the unknowns &,, xn, My. Let us deal with the case kK = 0, for K = n the argument is the

same. By (7.9) we have

0 = eo + Po[mo, X0, 0] + €0 — 0o + Oret (7.48)
px0 = sj0,1[x0, Aol  Ao(t) = /Ot <9if (0o — Oref) + Mo) (7)dr, (7.49)
mo = 8j,0)[0, 5],  So(t) = /0 t(—h(Xo) + D§)(7) dT, (7.50)
where
Moft) = 5 [ lma(0)xalt),e2len )

Do(t) = /0 " o (molt), xo(t), 7) srlzol(£) (eo — s [eol)e(t) dr

n—1
. 1
Dy(t) = - > A-iD;(),
=1

A = A(i/n),

and with initial conditions

mo(0) =0, (7.51)



7 — Solvability of the problem

By Proposition B.5 system (7.48)—(7.50) admits a Lipschitz continuous right-hand side, which implies
that eg, xo0, mo are determined uniquely. The same holds for &,, xn, M.

In this way (7.2) makes sense for all k = 0,...,n, so that we can take space increments as follows
n (ty, — k1) = n (e — ek—1 + Polmi, Xk, ex] — Polmr—1, Xe—1,€k—1] + €k — €k—1 — O + O_1)

for all k =1,...,n. We now take the square of both sides and test by 1, obtaining

n

ny (i — i)’
k=1

= nz (e — €1 + Pol[m, s ex] — Polmu—1, Xe—1,€r—1] + €k — Ex—1 — O + 1)
k=1

The summation by parts formula (7.10) and the boundary conditions (7.9) give on the left-hand side

n—1

n
n Z(uk — iLk_l)Q =N Z 'L'Lk('L'L]H_l - 2’llk + ’llk_l),
= k=1

and equations (7.2)—(7.3) imply

n—1

= L
-n E Up (Ugg1 — 20p + Up—1) = — E (ek + Polmug, X, €k) + €k — Ok + Orer) (W — € — fi).
n
=1 k=1
Then we get

n

n> (ex — er—1 + Polmu, Xu:ex] — Polmi—1, Xn—1,Ek—1] + & — Erm1 — Ok + Op_1)”

1 . . : )
= (g — €k — fr)(ex + Polmi, Xk, €k] + €k — Ok + Orer)-

By the elementary inequality (a + b)? > % —b% Ya,b € R we obtain

nn 2
5 (ex — er—1) + (€k — €x—1)
2;(% k-1 €k €k1>

<n). <(P0[mk7Xk>5k] — Po[mip—1, Xe—1,€k-1])* + (O — 9k—1)2)
k=1

n—1 .

Z(wk — & — fr)(ex + Po[m, Xk ek] + €k — Ok + Orer)

k=1

+
SHE

or, equivalently,

3

P =1
n
<n) <(P0[mkan75k] — Po[mp—1, Xk—1,€k-1])> + (O — 9k—1)2) (7.52)
k=1
1 n—1
+ (g — €k — fr)(ex + Polmi, Xk, €k] + €k — Ok + Orer)
=1
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7.2 — A priori estimates

We briefly focus on the last summand. We have

n—1

1 . ; :
= (g, — &k — fr)(er + Polma, Xn, k] + €k — Ok + Orer)

k=1

1 - 1 n—1

Z Wg — Ek e+ — n Z(wk — 5k)(5k + P()[mk, XkaEk] — 0, + Qref) (7.53)
k=1

3

—_
,_.

- Z Fr(er + Polmi, Xn, ex) + €k — Ok + Orer)-
=1
Concerning the first term on the right-hand side, using (7.4) and (7.10) we deduce

n—l n—1 d 1 n—1
—_ — —_ - =2
- Z (W, — Ex)er = nZwk Wiy1 — 2Wg + Wg—1) — g <2n Zek>

§

k=1 k=1 k=1
d n n n—1
= —a <2 Z(wk — W 1) + — Z€k> (7.54)
whereas the second term is such that
1 n—1
— > (g, — &) (ek + Polm, Xk, €] — Ok + Orer)
k=1
d {13
— (n > (i — k) ek + Polmu, Xn, ex) — Ok + 9ref)> (7.55)
k=1
1 n—1 ]
- (wr — €x)(€x + Po[mr, Xx, €]t — Ok)-
k=1
Inserting (7.54) and (7.55) in (7.53), from (7.52) we obtain
d ni( . )24_1”2:1.24_””( +ni +(, ) )2
— | = Wy, — Wy— — — — — — — ép_
a4\ 2 k k—1 om €k2 k€k1 B ké‘kl Ek — Ek—1
_ k=1 k=1 k=1
n
<nd)_ <(P0[mk7Xk»5k] — Po[mi—1, Xk—1,€k-1])" + (6 — Op—1)*
k=1
=
+5 | fil lek + Polmi, Xk, €] + €k — Ok + Ope|
k=1
d (1« 1t .
+ g <n ; Wy, — Ex)(ex + Po[mu, Xk, ex] — Ok + 9ref)) + ; [y, — €x] ek + Po[mg, Xk, xlt — Okl-
(7.56)

We now integrate in time [ for some 7 € [0,T]. The initial conditions
n

n n—1
o (i — a0 + 5 S E0) + 5 S ek — ek 1)(0)
k=1 k=1 k=1

can be controlled in the following way. For the first term we use (7.37), whereas the third term

vanishes by Remark 7.5. It remains to derive a bound for the second term. To this aim we test (7.31)

by €x(0), getting
1 n—1 1 n—1 1 n—1
- D i (0)x(0 - P == > fu(0)éx(0)
k=1 k=1 k=1



7 — Solvability of the problem

y (7.33) and Young’s inequality it holds

n n—1 n—1
1 . 1
ny (g — tig_1) 0)+% E%(O)S%ng(o)a
k=1 k=1 k=1
hence by (7.36) we finally get
n—1
1
- > et <. (7.57)
k=1

Concerning the initial conditions coming from the right-hand side of (7.56), by (7.37), (7.39) and
(7.57) we obtain the bound

(wy, — €)(0)(ex + Po[mu, Xk, k] — Ok + brer)(0)| < C

recalling that €;(0) = Py[my, Xk, €x](0) = 0 by Remark 7.5. Thus we get

n n—1 n

%Dwk—wk ) (T)+2i ER(tT) + 5 D (en —er-1)*(7)
k=1 "= k=1

_|-/0TZ;<(€1€—€I¢ 1)“(t) + (6 — €k 1)()>dt

1 . . . ;
/ - Z | — €k|(t)|ek + Po[m, Xk, ex)e — Ok|(t) dt + C
k=1

=:Hy+Hy+ Hs+ Hys+C. (7.58)

Let us deal first with the last three terms. By the discrete Holder’s inequality (see Remark A.10) and
by Holder’s inequality in time it holds

n—1
Hy —/ = 1 fullek + Polmu, xos€k] + € — Ok + Oreg| dt
gyt
™[ n— 1/2 1 n—1 1/2
S/ (Zﬁ?) (Z€k+Po[mk,Xk,€k]+ék—9k+9ref\2> dt
o \"i= "=
T n—1 1/2 n—1 1/2
< (/ - > dt) </ = " lek + Polmi, xkr €k) + €k — Ok + Ore]” dt) <C (7.59)
0 k=1 "=

where for the final bound we used (7.29), Remark 7.2 (i) and the previous a priori estimates (7.41),
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7.2 — A priori estimates

(7.46), (7.47). Arguing analogously we also obtain

n—1
1
Hy =~ - I -0 Hre
3= ;(wk Ex)(ex + Po[mu, X, €] — Ok + Orer)
1 TL—]. 1/2 — 1/2
< - . oz 2 P 9 Hre 2
< (n ;(wk €k) ) ( kz €k + £o mk,Xk,Ek] L+ f) >
=, 1/2 = 1/2 1/2 Lo 1/2
< - 22 - 2 _ ks 1 9
<C 1+nZsk> <1+n29k> 20( + Zsk> <1+n29k>
=1 k=1 k=1
1 n—1 1 n—1
2 2
k=1 k=1

where in the last line we used Young’s inequality. Note that applying first the discrete Holder’s

inequality and then Hoélder’s inequality in time we obtain
n—1 n—1 n—1
1 1 ™1 .
=) 0 == (O / fZlekdt
[t "= 0 k=
T 1/2 T | ool 1/2
( Z 0? dt) ( Z 6? dt) :
"=
where we used also (7.39). Then estimate (7.47) yields
1 n—1 T n—1 1/2
)2
<< > & ( /0 - > 6 dt> . (7.60)
k=1 k=1

Concerning the term Hg4, note that

Q

<

o0
| Po[m, Xk, €kt < mk/ Y (M, Xy )87 €8] dr
0

+

o0
Xk/ Yoo (Mg, X, )50 [€k] dr| +
0

/OOO Y (ks Xk 7) (81 k] )2 dr

Then

e by (B.14) we have |s,[ex]| < 7;

e by (B.21) we have |s,[e]:] < |€x];

e cquation (7.6) and identity (B.21) (see also Remark B.2) yield

L
(O — brer) + K|,

ref

Ixk| <

from which by Remark 7.4
Xk| < C(1 + 0k); (7.61)

e equation (7.7), Hypothesis 7.1 (vi) and Remark 7.4 yield

n—1
. . « . 1 .
|| < | = h(Xk) + Dyl < C <|Xk +- > !%!) ;

k=1
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7 — Solvability of the problem

from which by (7.61)

1 n—1
i < C 1+0k+EZ\éjy . (7.62)
j=1

From Hypothesis 7.1 (i) we thus obtain the bound

=
[Polmi, X, elel < €| 1+ Ok + [ex] + d lEl] ae (7.63)
=1

and this, together with the discrete Holder’s inequality and Hoélder’s inequality in time employed as

above, enables us to get

n—1

.
1 . C s ]
H, ::/ = [tk — Exlléx + Polmn, Xa, exle — Ok dt
U
1/2

T n—1 1/2 T n—1 1 n—1
-2 -2 2 -2 N2

k=1 =1

T n—1 1/2
<C 1+</ nZé,%dt> (7.64)
0 " k=1

where we used also the previous a priori estimates (7.41), (7.46) and (7.47). It is a bit more complicated

to deal with the term H;. First of all we have by Hypothesis 7.1 (i) and (B.14)

| Po[m, Xk k] — Po[mi—1, Xk—1,x—1]|

o0
/ (r}/(mlﬂ Xk» T)ﬁ,,. [6]6] - ’Y(mk—lv Xk—15 ’I“)ET [5k,‘—1]) dr
0
S/ (|’Y(mkana7") — y(mp—1, Xk, )| 5 [er]] + |7 (Mp—1, Xy 7) — Y(Mk—1, X—1,7)] Isr[ék]\dr)
0
+ / (1, X1, )5 e8] — Sk 1] dr
0

[e.9]

< / (7*(7“)\77% — mp—1|r + () Xp — Xp—1|7 d7‘> +/ Y (mg—1, Xk—1,7)| |57 (k] — SrleR—1]] dr.
0 0

Then by Hypothesis 7.1 (i) and Proposition B.5 (note that s,[cx](0) = s,[ex—1](0) = 0, see Remark
7.5)

| Po[mu, Xk, €k] — Polmu—1, Xk—1,€k—1]] (t)

< C (\mk — mk,1|(t) + |Xk - Xk'fly(t) + /Ot ’Ek — ék71|(8) dS) .
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y (7.7) and again Proposition B.5 (note that my(0) = my_1(0) = 0 by (7.8)), it holds

/mk—mk (s ds</\Sk—Sk I(s) ds

< /O (k1) — h(5)| + | Df — Df_y|) ds

n—1

t
. . 1
< / alXe — Xk—1| + - E [Ak—j — A—j—1]Dj(s) | ds
0 ;
J=1

t 1 n—1 A
S/o a\Xk—Xk,ﬂ%—EZEM]sj] ds,
7j=1
where we used the lipschitzianity of h (see Hypothesis 7.1 (vi)), Remark 7.4 and Hypothesis 7.1 (iii)

together with Lagrange’s theorem. Thus, by the discrete Holder’s inequality and estimate (7.47), we

obtain
1/2 1/2

t t 1 t 1 n—1 1 n—1
/|mk—mklydsgc /|xk—xk1]ds+/ =y e 31 ds
0 0 n Jo njzl njzl

L . 1
§C</ ’Xk—Xkl\dS-f—n)- (7.66)
0

We now estimate the terms |xx — Xxx—1| in (7.65) and fot IXt — Xk—1|ds in (7.66). By (7.6) and

Proposition B.5 we obtain

t t
/0 Xk — Xk—1]|ds < 2 <\X2 —Xp_1| +/0 | A — Ap_1] dS)
t
<C <\X2 —Xp_1l+ / (16 — Ok—1] + | K — Kj—1]) dS) ,
0

where by Hypothesis 7.1 (i)

= Kial < [ (P xesm) = lomics, ) l2le)
o Pyt X ™) = i 01,7 21ER] + It et )] 2 er] — s2fea]l) dr
< /O (v e = a3 ) s~ X lr? 47 02 — 2]l dr.

Note that by (B.14) and Proposition B.5 (recall that s,[ex](0) = s,[ex—1](0) = 0, see Remark 7.5) it

follows

|s7[ek] — sz len—1]| = |srler] + srlen—1]llsrlex] — spler—]] < 27 - 2/ ek — €r—1/(s") ds’.
0

Hence by Hypothesis 7.1 (i) we infer
t
/ Xt — Xk—1]ds
0
t s
< 0<|x2 il [ (ek ~ sl = sl + =il + [ il ds’) ds)
0 0
t s
< c<|x2 bl [ (ek =l [ (o=l 6~ Kol = ) ds’> ds>-
0 0
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7 — Solvability of the problem

Gronwall’s lemma A.2 then yields

t
/ IXk — Xx—1|ds
0

t s
< C<|X2 — X2_1| + /0 <|9k — 01| —|—/O (|mk — hg_1| + |éx — ék_1|) d3’> ds>.

Plugging this back into (7.66) we obtain, using Gronwall’s lemma A.2 again together with Fubini

(7.67)

Theorem,
t
= e a (0)+ P = X1l < [ (g = s+ o = X ]) ds
0
0_ .0 ! 1
< O Ixk = Xi—1l +/ (|0 — Op—1| + |éx — Ex—1]) ds + ~
0
Coming back to (7.65) we get

|P0[m/€7X/€76k:] - PO[mk—la Xk—15 5k—1]| (t)
' L 1
0

thus

=1

C<1+n (X Xkl /nzek—ﬁkl dt—i—// Zak—akl dsdt)
k=1

Hy / n < Po[mi, Xus ex] — Polmi—1, Xk—1,6-1])*(t) + (O — 9k—1)2(t)> dt
0

IN

Note that the term n Y ;_;(x? — x?_;)? is nothing but the L?-norm (squared) of the discrete space
derivative of term X%, see Remarks A.10 and A.11. We are going to show that this term is bounded,
provided that x2 € L2(0,1) (as stated in Hypothesis 7.1 (v)). Indeed by definition in (7.8)

n k/n (k=1)/n 2
n ( 2=p ( Y’(x)dz —n 0(:E)d:1:) .
; ~ Xi-1) Z / /( X

k—2)/n

Performing the change of variable £ = z + 1/n in the second integral we get

( * ( *

k—1)/n k—1)/n

n k/n 2
:nSZ (/( (Xo(x)—xo(x—l/n)) da:)

k—1)/n

:3n k/n dd>2
n;(/ L eaa)
1
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7.2 — A priori estimates

Since x € [(k — 1)/n,k/n] it holds x — 1/n > (k — 2)/n and = < k/n, thus

IA
N
NE
Y
S

1/2 k/n 1/2 2
) ( [ er df)
(k=2)/n

k/n
_ 2 2
o /( NO(E)2de < 2. 2/ WP de<C (7.68)

k—2)/n

by Hypothesis 7.1 (v), and where we used also Holder’s inequality in space. Then it holds

T n T t n
H <C (1 +/ ny (6 — 9k1)2dt+/ / ny (& —ép1)’ds dt> . (7.69)
0 k=1 070 ko

Inserting (7.59), (7.60), (7.64) and (7.69) in (7.58) we obtain

n n—1 n
n 3 ) n
5w — ) () + o D) + 5 (e — k1))
k=1 k=1 k=1
™ n n ) T n
# ) G ars 35 e —a0 a
4 n—1 1/2 T n
c(1 + (/ A dt) +/ nY (0 — Op_1)’(t) dt
0 "o 0 k=1
/ / Z €k — €k—1) )ds dt
Gronwall’s lemma A.2 yields
n—1 T n
nZEk(T)—i—/O nZ(&k—sk 1)“(t) dt
k=1 k=1

- (7.70)
§C<1+</O iZ@%(t)dt) / Zek—ek 1) dt)
k=1

where we neglected the terms % "7, (1), — g—1)* because we already have the estimate (7.41), and
nY gy (ex—er—1)? Jy nd>p_1(ek —er—1)* dt because the term [ n Y )_; (éx —£€p—1)* dt is dominant.
We need now more regularity for the temperature, since we have to estimate the W2-norm of 6, in
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7 — Solvability of the problem

both space and time. To this aim we now test (7.5) by 65 and obtain

|
—

n

n—1

1 .

- E OOk =1 ) (Okr1 — 20k + Ok—1) O
k=1

=
Il
—

3
—

+ <—9k€'k+é%+Dk+mkMk+Xk(Kk—L)+gk)9k~

1
n
k=1

By (7.9) and (7.10) it holds

n

n—1
n Z(9k+1 — 20 +0p—1) O = —n Z(9k — 0r—1)?,
k=1 k=1

then we get

n—1 n
d (1
@ ( 202> 03 (0~ 01)” <
k=1 k=1

We now estimate the right-hand side. By Remark 7.4 and estimates (7.61)—(7.62) for |xx| and ||

n—1
1 . . : .
n > <9k|€k| + €% + Dy, + |rivge| My, + Xl [ Ky — L| + ng!>9k.

k=1

we infer
1 n—1
E 3 (B0l 22+ Dt i M+ i~ I+ L)
k=1
1 n—1 1 n—1
< ( + > | Oklexl + €3 + lex] + Ok + - Z!€]| + |9kl 9k>
k=1 j=1
Note that

1 n—1 1 n—1 1 n—1 1 n—1 1 n—1
59 £ i) PR 5908 T 5 oi) BT 65 oiEt)
k=1 j=1 j=1 k=1

n -
= k=1

by estimate (7.41). Hence we get

-1

n—1 n n
d (1 1 ) . . .
a <n Z@%) +n) (0 —br1)* < C (1 + > (€i O + 05 + |Ekl0k + |Ex10F + €| + |gk|9k)> :
k=1 =1 k=1

Integrating in time fOT dt and using the discrete Holder’s inequality yields

n

n—1 n
1 T
Ze,§+/ nY (Op — Op—1)?dt
k=1 0 k=1

7-]_nfl 7-1n71 7'1"*1 7-17171 7-17171
<C 1+/ éQdet—i—/ 92dt+/ é2dt+/ ék02dt+/ grdt |,

where the initial condition can be controlled as in (7.39). Arguing as for (7.28) and using Holder’s
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7.2 — A priori estimates

inequality in space we deduce

T n—1 T n—1 k/n 2
/0 nzgi(‘?m)dfz/o - (n/( Q(H,x,t)dm> dt
k=1

k—1)/n

k/n 2
2621 + [ n / wolr.t)de | dt
(k—1)/n

stoiae+ [ \go<x,t>\2dxdt)
Qr

02 (t) dt) . (7.71)

Hence by (7.46)—(7.47) we obtain

n—1 n n—1 n—1

1 T 1 T1

- 02+/ ny (0 —0p_1)?dt<C 1+/ — dt+/ = eplhzat | . 7.72
”5_1 et g_l( k= Op—1)"dt < ”g_l i Ok ; nki_ll k|0 (7.72)

0

Now, by (7.46)

7zl = 1/2 = 1/2
/0 nzégakdtg/o (n gi) (nzez> at
k=1

k=1 k=1
-yl 1/2 -yl 1/2 -y el 1/2
< / A / N ea| <c / =3 epdt]
o "4 ULt UL
71 n—1 ™ (1 n—1 1/4 1 n—1 3/4
/ ;Z‘ék’% dt g/ (n éi) <n292/3> dt
0 k=1 0 k=1 k=1
-yl 1/4 -yl / 3/4 -y el 1/2
< =N etae / “NTPar] <o+ =N elat

Plugging these two estimates into (7.72) we get

n—1 n n—1 1/2

1 T 1

= 92+/ ny (0 — 0, )2dt<C |1+ / et dt . 7.73
”k§:1 et 521( p— Or—1)°dt < ; ”1;:1 k (7.73)

We need to estimate the term on the right-hand side. To this aim we test (7.5) by ), and obtain

1 n—1 ) n—1 ] 1 n—1 . . . ‘ )
gZ% =n) (Okr1— 20k +0k—1) Ok + EZ <—9k€k + €% + D + 1 My + X (Ki, — L) +gk)9k-
k=1 =1 k=1

k
By (7.9) and (7.10) we infer

n—1 n n

) . ) 1d

nY (k41 — 20k + Op—1) O = —n Y (O — 1) (0p — 1) = 3% <n > (0 - 9k—1)2> :
k=1 k=1

then by Young’s inequality

n—1

. 1d 1 ) . . .
=D b+ oW <n2(9k - 0k1)2> < o 2 (Hk\&c! + ¢ + Dy + || K + [Xnl|[ My — L] + |Qk\>
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7 — Solvability of the problem

Integrating in time fOT/ dt for some 7' < 7 gives

’ n—1 n
1 .
/ = Rdt+nd (6 — 6 1)’(7)
o "4 k=1
1

TSN . . 2 -
<C </ - Z <9k|€k\ + & + Dy + 1| My, + X0 || K — L| + ‘gko dt) + ”Z(Qg —0)_1).

Concerning the initial condition, arguing as for (7.68) we see that it holds

S () ()
n . 2
=n3 ( /( :jl)/n 00(¢) dm> </ e as < (7.74)

thanks to Hypothesis 7.1 (v). We estimate the first term on the right-hand side similarly as we did to

obtain (7.72), getting

1S, . . 2
/ - <9k|€k\+€%+Dk+|mk|Mk+IXkHKk—L\Hgkl) dt
0 k=1
.,.llnfl 1n71 2
<C 1+/ - Orer +Eb+0i+ | =D leel | +ap| dt
o "4 =
P 17’1,—]_ el 17’L—1
<C 1+/ =y etdt+ [ =D otde (7.75)
( o " * 0 n; *

thanks to estimates (7.46), (7.47) and (7.71). Hence
- 1 n—1 n ~ 1 n—1 ! 1 n—1
=N 0Rdt+nY (O —0p1)* (7)< C 1+/ — é4dt+/ = Gpdt
[aganszo-averseis [ [

for some 7' € [0, 7]. Passing to the max ¢y yields

4 n—1 n 4 n—1 T 4 n—1
/ %ZG% dt+ max (nZ(@k —9k1)2(7/>> <C <1+/ %Zéi dt+/ iZG%dt) . (7.76)
o "= =1 0 k=1 0 k=1

7/€[0,7]

The last term on the right-hand side can be estimated using Holder’s inequality and estimate (7.46)

as follows

n—1 n—1 n—1
1 4 1 4/3 ,8/3 /T 4/3 1 8/3
il — — < —
/0 - kil 0, dt /0 - kil 9k Qk dt < ; k:{r’}i)r{kl Hk - ];:1 ek dt

4 n—1
4/3 1 8/3 4/3
< — < . .
< <tr€n[(2i}7<} k:{?i}é—l 0, (t)) /0 - kgl g, " dt < Ctrél[(ai)ﬁ] k:?éﬁ& 0, " (t) (7.77)

Moreover the discrete Gagliardo-Nirenberg inequality (see Remark A.11) with the choices v = 6,
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7.2 — A priori estimates

s=1,g=00,p=2, N =1, p=2/3 yields, taking into account (7.9),

1 n—1 1 n—1 1/3 n 1/3
Lmax Ot <C ; O, + (n ; 9k> <n > (O - 9“)2)

k=1

n 1/3
<C|1+ <n2(9k - Qk_1)2(t)> : (7.78)

k=1

where the last inequality follows from estimate (7.41) and Hypothesis 7.1 (vii). Hence it holds also

4/3 n 4/9
max 62/3@) = (kmax Gk(t)> <C|1+ (n Z(ak - 9k—1)2(t)>

1,....n—1
k=1

Substituting in (7.77) we deduce

n—1 4/9

1

N etdr<co |1 0, — 0 ) 7.79
[ S oturze (1 s (1300 @79)

Inserting the previous inequality in (7.76) we get

n—1 n
7'1 .
=N 624t 0 — 0_1)>(t
w2 ﬂlé%ﬁ‘ff](”Z_(’“ “W)
4/9
< 1 dt (0, — 6
clre [ Zek +;23>:](”Zk k1><>>

Young’s inequality with conjugate exponents (9/5, 9/4) gives

T+ 4 n—1 n r 4 n—1
/ % > pdt+nd (0, — 64—1)*(r) < C (1 + / % > e dt) : (7.80)
0 k=1 k=1 0 k=1

This and (7.73) in turn give, substituting in (7.70),

1/2
%ZE%T /nZek—ak D) dt<C 1+</ Zekdt) : (7.81)

k=1
The term on the right-hand side can be estimated using once more the discrete Gagliardo-Nirenberg
inequality (see Remark A.11). Note that, however, the “Neumann boundary conditions” (7.9) for
made the previous applications of Gagliardo-Nirenberg inequality easier. This time, instead, we have
to consider the whole vectors & and Dé (see the vector notation in Remark A.11). Using equation

(7.48) and the “boundary condition” (7.9) we see that it holds

n—1 — +n—1
6(r)2 = %Zgz(f) + % (1+&3(r) + %Z (1 +/ S 62(t) dt)
k=1 k=1 0 k=1
n—1
<C+ - &),
k=1
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7 — Solvability of the problem

where in the last line we used (7.46). Thus (7.81) for the whole vector reads

1/2
n%ax le(T)|3 + /|Ds 2dt<C(1+(/ le(t |4dt> ) (7.82)
T€[0,7]

form some 7’ > 7. We are now ready to estimate the right-hand side by using the discrete Gagliardo-

Nirenberg inequality with the choices v =¢p, ¢ =4, p=s=2, N =1 p = 1/4. This yields
e(t)ls < C (et + @)y D)l

The above computations and estimates (7.46)—(7.47) entail

T 4 n—1 4 n—1
/yé(t)@dtg/ lZéz(zt)chwrc 1+/ ! 03(t)dt | <C
0 o " o n

k=1

Hence, applying twice Hélder’s inequality in time,
/0 e@lidt<C /0 OB () + 16(0)2IDE(D)]2) dt
< C max |&(0)] (/ (E® + &) D)) df)

t€[0,7]

1/2 1/2
< C max el !2</ Bt ]2dt+(/ et \gdt> (/ De(t 2dt> )
tel0

T 1/2
< C max |&(t)[3 (1+/ |Dé(t)§dt) :
0

te(0,7]

which combined with (7.82) by Young’s inequality yields

max |&(t \§+/ De(t)|2dt < C.
t€f0,7] 0

Therefore there exists a constant C' > 0 such that

n—1 n—1
1 . 1 .
;Zei / Z € — Er_1) )dt+/0 EZ(eijLsi)(t)dth, (7.83)
k=1 k=1
and substituting in (7.80) also
/ Ze,% dt+nz (B — 0, 1)2(r) < C. (7.84)
k=1
Then (7.78) and (7.79) yield
T‘ln_l
/ —=y 6rdt<C, (7.85)
o N
k=1
max —_max Or(t) < C. (7.86)
tel0,7] k=1,....n—1
This last estimate together with (7.61) gives
e max Xk()] < C, (7.87)
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whereas together with (7.62) and (7.83) gives
a a ni(t)] < C. 7.88
jmax | max [rig(t)] < (7.88)
We now derive a higher order estimate for the temperature. Note now that by (7.5), arguing as in

(7.75) we also have

/ (Orr1 — 20, + 0 _1)2(t) dt
0

Tl . 5 o 2
=/ ﬁ <9k_mkMk_Dk_5k+9k5k+Xk(Kk_L)_gkz) dt

0
1n71 Tlnfl
( / Zede/ ZéidtJr/ Ze:m),
k=1 0 "o
3),

thus it holds by (7.83), (7.84) and (7.86)

T n—1
/ n? Z(ekJrl — 20, + 9]?,1)2(15) dt < C. (7.89)
0 k=1

Finally, we differentiate (7.2) once in ¢ and test by &y, (7.3) twice in ¢ and test by Wy, and sum up

the two equations. We obtain

1. . L, e ) =
- > igéy = - > (5k + Po[mg, Xk, k]t + € — 9k> €k
= k=1

added to
1 n—1 n—1 n—1
2 ke = — ) Eptly = —nz (g1 — 2t + i)W + — Z Fribr,
k=1 k=1 k=1 "=
which gives
1 n—1 n—1
— ) Uy — — Zsk’wk + - Z (Ek + Po[mg, Xk, k]t + € — 9k)
k=1 = "=
n—1 n—1 n—1 (790)
*Zuk&c —n Y (i1 — g + dig 1 )by + — kawk
k=1 k=1 "=
Note that
1 n—1 n—1
- > iigEp —n Y (g1 — iy + dip_1 )i
k=1 k=1
(7.4) = . . . (7.10)
='n Yy dig(Wgg1 — 20 + Wp—1) — nZ(Uk—i-l — iy, + U)Wy, =
k=1 k=1
Moreover
1 n—1 n—1
- Bty ”Z W1 — 240 + Wgp—1) Wy
k=1 k=1
(7.10) N S
= —n; Wy — Wg—1) (W — W—1) = 3% (n kzl(wk — Wg—1)" | -
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7 — Solvability of the problem

Hence (7.90) becomes

k=1 k=1 k=1
1d 1 n—1 ' 1 n—1 ) ) 1 n—1 .
=T d (n ZE%) 0 Z (Po[mkkaygk]t - 9k> €k + o ka:wk-
k=1 k=1 k=1
Integrating in time fOT dt yields
1 n—1 n n T n—1
9 .. .. 2
— — — W — dt
g 2 TH(T) + 5 D0~ () + |+ > <t
1 n—1 1 n—1 T n—1
2 2 A .
= _?ng<7_)+% Ek(O)—/O ﬁZ(PO[mka?gk]t_ek) e’fkdt
k=1 k=1 k=1
T+ 4 n—1 1 n—1 n n
+/ — fkwkdt+?Zw%(o)ﬂLgZ(wk*wk—l) (0)
k=1 k=1 k=1

We now use Young’s inequality on the right-hand side. To estimate the term Py[myg, xk, k]t we employ

(7.63), whereas for the term f), we argue as in (7.29) obtaining

T n—1
/ 1Zf;?(t)dts/ Az, t)dzdt < C
o " k=1 Qr

by Hypothesis 7.1 (iv). Employing estimates (7.46)—(7.47), (7.57) and (7.83)—(7.84) we get

n—1 n n—1
1 .2 . . 2 /T 1 -2
— wiz(T) +n Wy, — Wh— )+ — EL(t) dt
" i(7) ;( K — We—1)"(7) ; n; i (t) o
1 n—1 n T 1 n—1 :
<C <1+n2w,§(0) +n2(wk—wk1)2(0)+/ - w,%(t)dt>.
k=1 k=1 0 " k=1

We need to estimate the initial values
1 n—1 n
= w(0) +n Y (i — t—1)*(0).
k=1 k=1

n

To this aim we consider equation (7.2) for t = 0, where ;(0) = Py[my, Xk, €x](0) = 0 by Remark 7.5.

Hence we have

x(0) = €(0) — 0x(0) + Orer,

from which also

n (g — ug—1)(0) = n(éx — €x—1)(0) — n(O — Or—1)(0). (7.92)
On the other hand by equation (7.3) and (7.8) it holds
n(wg — we-1)(0) — n(éx — €x-1)(0) = n(fi — fe—1)(0) (7.93)

and also
W (0) — £x(0) = —n (g1 — 20 + k1) (0) + f(0). (7.94)
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7.2 — A priori estimates

We now test (7.93) by n(éx — €x—1)(0) obtaining

n

HZ(wk—wk—l)(ék_ék 1 _”Z €k — €k—1) —nz fre = fr—1)(Ex — €x-1)(0).

k=1

By Young’s inequality we infer

3

3 D Er = &)(0) S n Y (e — a1)*(0) + 0 Y (fie — fi-1)(0): (7.95)
k=1 k=1

The first term on the right-hand side is bounded thanks to (7.37). We are going to derive a bound

for the second term. Note that it holds

ank—fkl —ank—f“ 7—2/ ka—fkl (o — frr)at
k/n (k—1)/n 2
- dz — 7)d
nZ( / f(z,7)dz n/(k_2)/n f(z,7) x)

k/n (k—1)/n

_2/ Z( / o t)dx—n/(kz)/ f(a;,t)dx)

k/n (k—1)/n
. (n/ fi(z,t) dx—n/ fe(x,t) d:c) dt

(k—1)/n (k=2)/n

k/n 2
—nZ( / (f(z,7)— f(x —1/n,7)) dx)
T n k/n k/n

_ 2/0 nz (n /<k_1>/n (F(ot) — f(z —1/n, 1)) dm) <n/(k_1)/n (Filzst) — filw —1/m, 1)) da:) at
5 n k/n 2
([ )

k=1

T k/n k/n T
_2/ 32 / / 2y, 1) dy dz / fat(y,t) dyda | dt.
—1)/nJz—1/n k-1)/nJz—1/n

Following the same steps leading to (7.68) and using Holder’s inequality in time in the last summand,

what we eventually get is

- ! Tl 12, or el 1/2
- C 2(y, T 2 2 .
n; fi = fr-1)7(0) < (/O fa (Y, )dy+</0 /0 fx(y,t)dydt> (/0 /O fxt(y’t)dydt) )

Integrating in time fOT d7 and using Hypothesis 7.1 (iv) then yield

nY (fu— fr1)?(0) < C
k=1

Coming back to (7.95) we thus obtain

3

(éx — €r_1)%(0) < C. (7.96)

N3
T\T
—_
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7 — Solvability of the problem

Testing now (7.92) by n(d; — ux—1)(0) and using Young’s inequality we get

5 D (i = —1)2(0) < Y (& — €6-1)2(0) + 1 > (6 — 61-1)(0),
k=1 k=1

k=1
hence by (7.74) and (7.96)

n Y (g — p-1)*(0) < C. (7.97)

We finally test (7.94) by w0 (0) obtaining

1 n—1 1 n—1 n—1
.9 -
- E W (0) — - E Epg(0) = —n § Upy1 — 20 + Ug—1 )Wk (0 E Ftiog (0

Note that formula (7.10) entails

n—1 n

1 - 7.4 .. . . . .. .
- = Z Epr(0) (74 -n Z(wk+1 — 20y, + Wg—1)W(0) =n Yy (W — wk,1)2(0),
n k=1 k=1
n—I1 n
—n Y (g — 2 + 1)k (0) = 0y (i, — dg—1) (g — p—1)(0).
k=1 k=1

Hence we obtain
1 n—1 n . 1 . |
n ; W7 (0) +n ;(wk — tip,_1)%(0) = n;(uk — 1) (i — 1) (0) + ; i (0

and by Young’s inequality
1

1 n n

n n

1 2 n . . 2 n . . 2 1 (2
o Zwk(o) +t3 Z(wk —g—1)°(0) < 5 Z(Uk — t—1)7(0) + o f:(0).
k=1 k=1 k=1 k=1
Arguing as for (7.36) we obtain
el 1 1/2 1/2
—Y fR0) < / fE(z,t)dedt + 2 (/ fE(x,t) dxdt) (/ fA(x,t) dxdt) <C
e T Qr Qr Qr

thanks to Hypothesis 7.1 (iv) and Remark 7.2 (iv). This, together with estimate (7.97), finally gives

n—1 n
- D @R (0) +nY> (dy — 1ig—1)?(0) < C
k=1 k=1

n—1 n
1 .2 .
=3 +nd _ E < .
n 2 wj(7) nkZI(wk Wy _1)*(T) / gt)dt<C (7.98)

which, combined with (7.29) by comparison in (7.3) gives

T n—1
/ n® Y (igg1 — 2 + tp_1)*(t) dt < C. (7.99)
0 k=1

Another higher order estimate can be deduced by (7.47) and by comparison in equation 7.4, namely

T n—1
/ n® Y (wep1 — 2wy, + wi—)? () dt < C. (7.100)
k=1

0
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7.3 — Proof of the existence

7.3 Proof of the existence

We are now ready to prove our main Theorem 7.3. The existence part will be carried out by passing
to the limit in the approximating system (7.2)—(7.7), whose solutions satisfy the a priori estimates we
have derived in the previous subsection.

Here and in the next section we will denote by | - |, the norm in LP(0,1), and by || - ||, the norm in

L7(Q).

For a generic sequence {p : k = 0,1,...,n} we set App = n(pr — pr—1) and AZp = n?(pr11 — 205 +
Yk—1), with the aim to define correspondingly piecewise constant, piecewise linear and piecewise

quadratic interpolations

VK forxe[b,%),kzl,...,n—l,
o™ () = (7.101)
pn—1 foraxe [n_l, 1],

™ (x) = r—1+ (z — %)AW for x € [@, %), k=1,...,n, (7.102)

n

)
N1 +or) + (o= ED Ap + Lz — E1)%A20
for z € [%,%), k=1,....n—1,

P = , (7.103)
3(en-1+on) + (= 22 Anp + 3 (2 — 5) A%

for z € [”—*1 1].

n

We also define

k-1 k j—1 3
A (2, y) = Ay for (z,y) € [ ,) X [‘] ,‘7) . (7.104)
n 'n n'n

The estimates we have derived in the previous section can be rewritten by using this notation for

functions ™, () () ™) () g0 an) é(”), W™, é("), @™ ™ In particular

~ by (7.83)
ERIG! §+/OT égﬁ)(t)\;dﬂr/; (18" @[5 + \é(”)(t)\j) dt <, (7.105)
- by (7.84)~(7.85)
/0 ’ (16572 + \e‘<n>(t)\j) dt + 65 ()5 < ¢, (7.106)
~ by (7.89)
/OT |65 (1[5 dt < C, (7.107)
- by (7.98)
g ()] + [0 ()] + /OT e )2 at < ¢, (7.108)
~ by (7.86)~(7.88)
7™ (7)loo + 1% (Ploo + ™ ()]0 < C, (7.100)
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7 — Solvability of the problem

- by (7.99)—(7.100)
[ (ol + ok < c.

With the above notation system (7.2)—(7.7) can be expressed in the form

a" =" + P, g™, & 4+ 5" — (01 — brep),

W™ — & — g | o,

o™ = 6 4+ mME® L W re 4 pm (ZMy2 g 4 g gy oy

X (1) = 50, [X ™ (0), A (=, )] (8),
™ (2,t) = 510,00 [0, 5™ (2, )] (1),

with x(™(0) chosen according to (7.8) and where

t
A= [ <L<9(”> ~ rer) + M (n)> )
o7 aref

5 = [ t (—h<><§"> @+ [ X (2, ) Dy, ) dy) dar,

It holds

BRI 12—/ 0 (e, ) da

_ Z /:/ ’;/ Eor(t) + <m - k;l) n(En—2en) ()] da
/k/n (x — k;l> nég(t) — (a; - i) nék_1(t) 2
/ %-nm(m ol (1) s

k=
1 & 1~ 2 ..
P RPN SUE N T

hence employing equation (7.48) and (7.9) we further have

s

< < / ;(skwk) )
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From (7.84) and (7.98) we finally get

e b))2at < C. (7.117)

.
/
Now, looking at estimates (7.105) and (7.117), we see that we can apply the embedding theorem A.3

with p) = g0 = ¢1 = 2, p1 = oo, N = 1 and Rellich-Kondrakov theorem, getting the existence of
e € W12(Qr) such that 44,6 € L2(27), and a subsequence of {é(")}, still indexed by n, such that

gn) 5 ¢ strongly in C'(Qr),
g’ — &  strongly in LP(Qp) for all p € [1, 00).

Furthermore

2

(t)

&M — &P (1) <

) ) k-1 ) )
€k — €f_1 — (m — n> n(ér —€k—1)

=|(k = n@)(Ex — Ee-1)|*(t) < € — Ex—1]*(t)

for z € [(k —1)/n, k/n], so that from estimate (7.83)
T 1
() _ a(m)2 C
— t)dzdt < — t)dt < —
/0 /0 & & (x,t) da / Z Er — Ern_1)2(t) et
This yields, together with (7.3),
5§”) — &¢ strongly in L*(Qr). (7.118)

Similarly, from estimate (7.83)

n k—1 2
e — ™2 (a,8) < leg —ep1 — <m - ) n(er —ex-1)| (1) = [(k —na)(ex —ex—1)*(t)

. C
< — — -
—kH}?X,n‘E’“ ee1]P(t) < (e —ex1)?(t) < s

k=1
hence by (7.3)
£ — ¢ strongly in L®(Qr). (7.119)

Using (7.113), (7.118) we find that

ID,(CQ = éﬁ”) — €1 = Wegt strongly in L2(Qrp).

Arguing as above, we deduce the existence of w € C(Qr) such that

wt(”) — wy  strongly in C(Q7),

wt(") - wy strongly in L>°(Qr).
This, together with Hypothesis 7.1 (iv), equation (7.112) and (7.118), entails

&é’;) = 6_1@ - ZT/En) + f(") — & —w + f = Uy, strongly in LZ(QT)

143
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where u € C(Qr). From estimates (7.106) and (7.107) we immediately obtain
0" 0, 6 — 0, 6 — 0,, weakly in L%(Qy)
from which § € C'(Qr) and, arguing as above,
6™ — 0 strongly in L>®(Q7). (7.120)

The main complications come when dealing with the phase term. Using Proposition B.5 as for (7.67)

we obtain for all n,l € N

X — xO(z,7) < /O X = 3Oz, 1) dt

< C’(bz(n) — )‘((l)|(x’()) + /OT(|§(n) _ g(l)‘ + |m(n) _ )|)(~T b dt + tren[(&)DT{ \5(” l)‘(x,t))‘ (7.121)
In an analogous way, with A replaced by S, we also get
im™ —m®|(z, ) / ‘mt _mgl () dt
- C/ R -l (7.122)

4 / / / \%”)(:c,y)w(m(”),%") 15 (. £,7) — AD (2, )y (O, xO,1)5O (g, 1, )| dr dy dt
0 0 0

where we denote

50 = 50 (y,,7) = s, F™](EW — 5, [E))e(y, ) P2 rlp, F ey, 0)]-

Now (7.122) implies

) — (e, 7) < € [l = ) 1) e
0

30( / (18 = 891+ 1™ — D)) (e, t) dt + maoe [ fs(l)!(m,t))+\>2<”)—>‘<<”!(:c,0>
0 te|0,7
T 1 o)
[T [T A m® 1.1~ 50 tr) dr dy (7.123)
[ A 505 2O 5080 o) drayat

[T TN X0 O, 50,50,y ardy
0o Jo Jo

Proposition B.7 allows us to conclude that

/ 160 — 5O |(y, ) dt < r/ e —&l(y, t) at
0 0
hence

T 1 e’} T 1 0
L] @m0 s — 0 aragar < a [ [ 501 - 50 araya
o Jo JO
<C’// ™ — W)y, ) dydt  (7.124)
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by Hypothesis 7.1 (i), (iii). In a similar way, exploiting (B.21) and Hypothesis 7.1 (i) we have

T 1 [e'e)
L[ 603 @ pa® 5.0) =m0 5
<A/ // e (.01 (10 X))

T oo (1 % —(n _ . _(n B
< A/O /0 /0 rlel )<y,t>|(v ()™ —mO]+ 7)™ ~ xO]) drdy
thus employing Hypothesis 7.1 (i) again we end up with

/u//ﬁ5 ™ () (™, 7, 7) — (w0, ¢
SC/O </0 et (yat)\dy>xr€n(%§)(|m<n>_

Finally, for every (z,y)

(l),r)|drdydt

N—
o
3
ol
<
(o]
~

, )| drdy dt
(7.125)
mO)(@,1) + " = xO)(@,1)) at

€ ([(k=1)/n,k/n) x[(5 = 1)/n,5/n)) N ([(w—1)/L,w/l)

Hypothesis 7.1 (iii) we have the pointwise upper bound

X [(v — 1)/l,v/l)) by

AD (2, 9)] = Mg — Ao = ’A <M> — (w - “)‘
ao(f-3

n
Combining (7.121)—(7.126) gives the inequality

A (@, y) —

4A
) < EENIR (7.126)

max

max (|7 (e, 7) + [0 = xO)(, 7))

IR R () ORI
< _
Jél(%ﬁ)/o (\mt my () + |X

T 1
<qgu+C (/ \égl)(y,t)\ dy> max (]m(") -
0 0

7 (1) t o) _ o) ) de
s, m®(, 1) + X = x V(1)) at,

(7.127)

1 _
=C ———+|x"™(,0) — ¥V (n) _ g () _ () ) )
o C<MMm@+W (0) = X7 (0l + 16 oo+ l1&™ = &7l + 12 snm)

Inequality (7.127) can be interpreted as an inequality of the form

q(1) < gni + /0 ' sV (t)q(t) dt,

with

H— ™ _
a(t) = max (Im"

C/ £ (y, £)| dy,
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7 — Solvability of the problem

where s is uniformly bounded in L'(0,7). We obtain using Gronwall’s lemma A.2 that

s (¢

q(7) < g edo * O < g,

Note that the sequence x(-,0) is uniformly convergent to x°(-) by Hypothesis 7.1 (v). Indeed, by
definition of Y (z) in (7.101) for x € [(k — 1)/n,k/n), k =1,...,n — 1 it holds

k/n

X (@) = X" (2,0)] = X°(2) = xk(0)] = Xa(€) € dy

k/n
X’(z) —n/( X(y) dy| =

k—1)/n (k=1)/n

/ . / I e L (17 weera)
=n Xo (€ y < / Xz ;
—1)/nJ(k=1)/n Vi \Je-1)/m

and the same for = € [(n — 1)/n,1] since |x°(z) — ™ (z,0)| = [x°(x) — xn_1(0)|. Hence x™(-,0) is

a Cauchy sequence in L*°(0,1). This, together with the convergences (7.118), (7.119) and (7.120),
implies that g, is small if n, [ are large. Hence, m(™ and (™ are Cauchy sequences in L>(Qr), and

this gives

m™ = m, ¥™ =y strongly in L*°(Qr), (7.128)
mﬁ”) — my, )‘(in) — x¢ strongly in L>(0,1; L(0,T)). (7.129)
By virtue of (5.80) mﬁ”) and gﬁ”) are uniformly bounded in L (27), hence
mﬁ") — my, )‘(En) — Xt weakly-star in L (Qr).
Concerning the hysteretic terms, arguing as for (7.65) and using Proposition B.5 we get
/ |Po[m™, 5™, &™) — Pylm, x, €] *(x, t) dt

§C</ (1™ = mf? 4+ 15 = xJ2) ) dt + max |a<">—er2<x,t>),
0 te[0,7]

whereas by Hypothesis 7.1 (i), identity (B.21) for the play and Proposition B.7 we obtain for all
xz € [0,1]

/ D™ — Dim, x, &) (x, ) dt
0

t
-
-

+r(y(m, X, r) = y(m ) pe[E™ Tl dr - ey (m ) (pe[E™)]e] = Tprfelel) dr

2
dr

Oom() r)r tr—oomrrTstr
/Ow )rlp ™ /Ow )bl d

/ooor(v(m("),X(”),T) 3 (m, X", 7)) oo ™) dr

2
dt

<C </ (’m(") — m’2 + ‘X(n) _ X‘Q + ‘§§n)|2> (z,t)dt + In[(?X ’E £|2(x,t)> ’
0
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and arguing analogously

/MKW—meﬂW%Wﬂ
0

T 1 0o 1 1SS 2
=[5 [ ™ 2 dr 5 [ moxrjsdle ar|
0 0 0
< C(/ <\fn(”) —m? + [x™ — x\2>(aﬁ,t) dt + max |&™ — E\Q(x,t)>,
0 t€(0,7]
1) bl e e
0
L) o) oy e2ia) L= 2 ’
- _5 Tx (m » X 5 T)sr [5 ] dr + 5 Tx (mv X T)ﬁr [5] dr| dt
0 0 0

<C (/ (\m(”) — m\Q + \X(”) — x\2>(x,t) dt + max |§(") — E\Q(x,t)>

0 te[0,7]

since for t € [0, 7]

57 (6] = s7lell (@, 8) = [or )+ o fell v (6] = sy [e] (1) < 2r -2 max |2 — el @, 1)
€|0,7

by Proposition B.5. Hence using the convergences (7.118), (7.119) and (7.128) we obtain, for all
x € (0,1),

Bo[m, x, ] (, -)
Dlm, x, e)(x, ")
Klm, x](z, )
M[m, x; el(z,-) )

strongly in L*(0,T).

S
B
L4l

We can then pass to the limit in (7.111)—(7.116), and conclude that (u,w, 8, m, x) is a strong solution
to (6.22)—(6.26) with the regularity stated in Theorem 7.3 and satisfying the initial conditions (6.28).
It remains to check that the boundary conditions (6.29) hold. By (7.9) we have wy,(t) = 0, hence

n—1

0,01 = | ) = @)+ (1= ) @) - w10

n

1 n—1\? ,
+§ 1-— - n(wy — 2wWp—1 + Wp—2)

n(0) = 00-1(0) = 500-1(0) = wa-al0)

n 12 C
SQ(;|wk_wk—l|2(t)) Sﬁ;

where the last inequality follows from estimate (7.41) for the dominant term > p_; (g — wg—1)% A
similar argument holds also for w(0,t), u(1,t), u(0,t). To complete the existence proof, we only need
to check the homogeneous Neumann boundary condition for 8. In other words, we have to check that

for every ¢ € C'(Qr) we have

T 1 _ B
/ / (Buthn + 000t (x, £) d dt = 0. (7.130)
0 0
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7 — Solvability of the problem

Integrating by parts in space and using the boundary conditions (7.9) yields

T 1 N
/ / (0 epy + 04 (2, 1) dae dt
T " 1 k/n E—1 -
/ / < Gk - Gk 1 (l’ — ) n2(0k+1 — 26k + le)) ZZJI dx
(k=1)/n n

=1

1 n—1 9 ~
n(0y, — Op_1) r———|n (Or, —20p—1 + 0p—2) | Yy da
(n—1)/n

+

1 1 ~
—l— / (Qk—i-l — 20 + O_1) wdl’ + / n2(0n —20, 1+ 6,_9) wdl‘> dt
=1 (n—1)/n
' nil n(0 03,)(t) ¥ ko Op — 0 N (F=1,
/0 ; k+1_k()¢<nu>_n(k_ k—l)()?,/)( - ,>>

— (01 — bu2)(t) O(1,1 ))

T
= /0 (760 = 0n1)(®) H(1,8) = (B = 00) (1) D(0,8) = n(Bn1 = On2)(8) H(1,1) ) dt

hence using (7.9) one more time we obtain

T ~
/ / e+ B0 ) drdt = = [ (0,0 = 0,-2)(0) (1. 1)

We have

T T
/ (01 — O, / 2(0,) — 20,1 + Or_o)(t) di
0 0

IN
=1Q

/ Z Opsr — 205 + Op1)2(t) dE <
k=1

by (7.89), hence

lim/ / (0 epy + 014 (2, ) dz dt = 0

n—oo

and (7.130) follows.

7.4 Proof of the uniqueness

Let (u,w,0,x,m), (@,w,0,%,m) be two solutions to (6.22)—(6.27), (6.29) with the regularity as in
Theorem 7.3, and with the same initial conditions and the same right-hand sides.
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7.4 — Proof of the uniqueness

We start by integrating in time fg dr the difference of (6.25) for 6 and 6 obtaining
~ t ~
(0 — b)) / k(O — Op0) dr
0
t ~ t
= —/ B(Owggt — OWyay) AT + / v(w?,, —w%,)dr
0 0
t t
+ [ (Db, el = Dl %02 -+ [ Ko, s 2e] = e KO %)
0 0

t t t _
+ / (Xt M[m, X5 wa:z] - )N(t M[Th, >~Ca wzz]) dr — / L(Xt - Xt) dr + / (g(ea z, T) - 9(97 xz, 7—)) dr.
0 0 0

Next we test by (6(x,t) — 0(x,t)) and integrate in space fol dz, getting

/ (0 —0)*(x,t) dz — /1 </Ot/<e(0m — 012) dr) (0 — 0)(x,t)dz
/01 (/Otﬁ Owgzt — 9wmt) d7'> (0 — 5)(x,t) dx + /01 </Otl/(w§xt —w2,,) d7-> (0 — é)(x,t) dz
/1 t

+ Dim, x, wyy] — D[m, X, W) dT) (60— é)(w,t) dx
0 0
t ~
([ me K m o weed = e Kl %) dT) (60— G)(a,t) de
0

+

/1 /t M{m, X, wea] = Xe M[m, X, Wrz]) dT) (0 — 0)(z,t)dx

/01 /OtL — Xt dT> (0 — 0)(x,t) dzx + /01 (/Ot(g(ﬁ,:rm) - g(é,x,r))d7> (0 — 6)(x,t)da.

(7.131)

o
o

(]
I
(1
(

Concerning the second summand on the left-hand side, note that integrating by parts in space and

exploiting (6.29) we obtain

_/01 </Ot<em - ém)d7> (0 — 0)(z,t)dz = /01 (/Ot(ex - 9})d7> (62 — 0.) () dz

1d 1 t B 2

We now estimate the terms on the right-hand side, where we are going to apply Hélder’s inequality

in space. It holds

t _ t _ t _
/yeww—ewm\(x,f)dfg/ ywmua—e\(x,T)dT+/ 8] |t — Bm| (2, 7) A7
0 0 0

<( e 7) x) - (/ 10— 8P m) ar) 1/2

The continuous embedding W2(0,1; L2(0,T)) — L*>(0,1; L*(0,T)) yields

t
] / et — Tgge|(z,7) dr.
0

max / ‘wxzt’ (x T)dr <C (met”2 + meth2)
z€[0,1]

hence by the regularity part of Theorem 7.3 and Hélder’s inequality we obtain

/ 00t — 0] T>dT<c<(/ 04 (wch)m / et — (e, 7) )
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7 — Solvability of the problem

Similarly

t
w2,y — @2y, 7) dr = / (tnst — Wsot] |wset + Baat])(@, 7) dr
0

t 1/2
<C </ |Weat — wmtIQ(J:,T) d7'> .
0

The dissipation term is estimated as

/t |Dm, X, Waz] — DM, X, Waz| (x,7)dT
’ t
-

t
-

+ / r/ (17, %, ) e el — P [as]e] dr| dr
0

dr
0

/ Py (m, X, )Py [waale] dr — /0 P (77, %) P [Gaale] dr

/ " rr(m, xor) — (7 X0 7)o lwmale] dr + / X ) — (7, %)) o fsale] dr
0 0

t
< C/ (’m - mel’$t| + |X - S(waxt’ + ’wxxt - wcca:tD ($77—> dr,
0

where we have used identity (B.21) for the play, Proposition B.7 and Hypothesis 7.1 (i). Arguing as
above, by the regularity part of Theorem 7.3 we then obtain

t
/ ‘,D[m7X7 wﬂ»‘x] - D[ﬁl75€7wdf$” (xﬂ') dr

<C<</ [ — i [*( wTdT)l/Q (/ Ix — XI( $7‘d7’>1/2 /\wzzt Wegt|(z,7)d ) )

The terms containing K and M are estimated similarly as

/ e Kl ] — i K. 5 ]| (2. 7) dr
0 . .

_ 2/0

1 t

_ 2/0

dr

- / a1, )82 0] d — s / (771, % 7) 82 [i000]
0 0

my /OOO(’Ym(ma X>T) — Ym (M, X, T))Ez[wm,] dr
+ my /0 w(vm(m, XoT) — Y (17, X, 7))82 [Wae] A + my /0 > Vo (72, X, 1) (82 [Waa] — 52 [t0]) dr

+ (mt _mt) /OOO ’Ym(m Xv ) [w:m:] dr|dr

t
< C/ (’mt|(|m - ’ﬁ’L| + ‘X - f(‘ + ’wxxt - ﬂ}:c:ctD + |mt - mt‘) («77;7') dr (7133)
0
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and

t
/ Ixt¢ Mm, X, Waa] — K M, %o asl| (2, 7) dr
0

1 t
:2/0

Xt /OOO 7X(m X;T)8 [wxm] dr — x¢ /OOO ’Yx(m,)z,r)ﬁz[@mx] dr| dr
= ;/(; Xt /OOO(VX(TT%Xa ) fVX(m xX,T )) [wa;a:] dr + Xt /OOO(")/X(ﬁl,X,T’) —")/X(ﬁl,)z,r))gz[rwxx] dr

+MAMWWJJW%%%%%%$M+Wr&%ﬂ%ﬂmM)[%Amd

t
< C’/ <|Xt|(|m —m| 4+ |x = X| + |Weat — Waat|) + |x¢ — >~<t|> (z,7)dT, (7.134)
0

where we used Hypothesis 7.1 (i) and Proposition B.5. Our aim is now to estimate the terms |m —m|,

|y — mel, [x — X1y |xt — Xt|- Arguing in a similar way as we did in (7.121) we deduce
t t
=t < [ e el ) dr <€ [ 18014 fm = 1]+ [t — Tl )b, (7.135)
0 0
whereas arguing as for (7.122)—(7.125) we obtain

t
im — (2, 1) < / Iy — 1| (z, 7) dr
t 0 1 (7.136)
< C/O <|Xt — Xt| (2, 7) + /0 (|m — Mm|wzat| + [X — X||Wawt] + |Waat — Wewt|) (Y, T) dy> dr.

We observe that, again by the regularity part of Theorem 7.3,

t rl t 1 1/2
// \m—thwmtldydTgC/ </ ]m—ﬁ@]zdy> dr,
o Jo 0 0
t rl t 1 ) 1/2
[ [ =t avar<c [ ([Tx-xPa) o
o Jo 0 0

Plugging this back into (7.136) together with (7.135) we have
t
. — iz, ) < / e — el 7) dr

<o/ (10 = 8]+ |m — 17| + [waat — Bame)(x, 7) dr

1/2 1/2
+C/ </ |m — m| :BT)dy) dT+C'/ (/ \x—;}%x,ﬂdy) dr
0 0
1/2
+C<// |wmt—ﬁ)mt\2(y,7')dyd7> .
0o Jo

Then (7.135) and (7.137) imply

(7.137)

t ~
< C’(/ (16 — 9|2 +|m — er|2 + |wewt — wmt|2)(1‘,7') dr
0

t 1
+/ / (|m—’ﬁ’l|2—|— |X_>~(|2+ |wx:pt_w:)§xt|2)(ya7—) dydT)
0 Jo
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7 — Solvability of the problem

Integrating in space and using Gronwall’s lemma (A.2), we obtain from (7.137) that

t
/ |my — my|(x,7)dT
0

t ~
<C (/ (160 — 0] + |m — M| + |Wygt — Wage|)(x, 7)dT
0

t ol 3 1/2
n ( | [ 00=08 4 e = P 7) dydr) |
0 0

from which by (7.135) also
/ |my — my|(z, ) dT+/ Ixt — Xt|(x,7)dT
< C </ (|9 0‘ + ’wxxt w:mtD(x 7') dT+/ / ’mt mt|(x T)dT dr

t o1 5 1/2
n ( [ [ 0008 4 e = 0P 7) dydf) |
0 0

Applying Gronwall’s lemma A.2 one more time produces the desired inequality

t
jm — (., 8) + |x — (@) < /O (Ime — 1] + e — ) (@, 7) dr

0

t ol ~ 1/2
+ (/ / (‘9_9’2+ ’wmt—wmﬂz)(yﬁ) dyd7‘> )
0 JO

Substituting in (7.132) and exploiting the regularity part of Theorem 7.3 we obtain

<C (/ (10 — é‘ + |Waat — Wegt|) (2, 7)dT (7.138)

¢
/ |D[m>Xa wxm] - D[ma>~(7mwz]| (3377_) dT
0
t ~ t pl ~ 1/2
gc(/ (|9—9|2+rwm—wm?)(xm)dw/ / (ye—9|2+|wm—wm|2>(ym>dydf> ,
0 0o Jo
and from (7.133)—(7.134)

/ (e K [1m, X, Wea] — 10 K[, %, e | (2, 7) dr
0

t t prl 1/2
sc( / <|9e|+|wmwm|><m>d7+( / / <|90|2+|wmwmm(ym)dydf) )
0 0 0

/ |Xt M[’I?’L, X w:mc] - Xt M[’I’h, >~(7 mmm” (1‘, 7_) dr
0

t t rl 1/2
sc( / (\9—9|+|wmt—@mt|)(9«“,7)d7+( / / (’9—9|2+|wmt—@mt|2)(yﬁ)dyd7> )
0 0 0

We finally observe that, by Hypothesis 7.1 (vii),

t B t ~
/ ‘9(979577')—9(9737,7'”(17'Sg1/ ’0—9‘(56,7')(17'
0 0
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7.4 — Proof of the uniqueness

Coming back to (7.131), applying Hélder’s inequality in space we see that all these estimates yield

1d 1 t 5 2
0 — 0 (x, t) da —|— - (/ (0 — 0z)(z,T) d7'> dz
/ 2 dt 0

< C/ / ‘wmxt_w:cxtP"‘ ‘9—é|2>($,7') dzdr.
0 JO

Next we test the difference of the time derivatives of (6.23) for w and @ by w; — Wy, the difference of

(7.139)

(6.22) for w and @ by wgyt — Waer and subtract the two equations. We obtain
1 1 1
/ w(wy — Wy ) (wy — W) doe — / (Wygtt — Waaprt) (W — Wy) dz — / (up — ) (Wygt — Wage) dx
0 0 0

1 1
= - / (umzt - ammt)(wt - 'J)t) dx — / B(wxr - wmz)(wxxt - wmmt) dx
0 0

1

1
- / (P[m X:wxx] - P[?’h,)z, wzx])(wxmt - wmxt) dx — / V(wx:pt - wmmt)z dz
0

/ /8 wa:mt - wmrt) dz.

Integrating by parts and rearranging the terms we get, up to constants,

1d [t 5 . ) 1 i
ia (‘wt - wt|2 + |th - th’2 + ’wm: - wa:ac‘Q) (:L’,t) dx + / ‘wa:a:t - w:cxt’2 dx
0 0

1 1
= - / (P[m7 X wxw] - P[m, )NO wa}x])<wxa:t - wmxt) dx + / (0 - 0)(wacact - uNJ:L’xt) dx.
0 0

Note that arguing as for (7.65) and using (7.138) gives

t
|P[m, X, Wez| — P, X, Waz]| < C (]m —m|+ |x — x| "‘/ |Weat — Wt d7'>
0

t ~ t p1 _ 1/2
SC(/(’9—9|+|wmt—7j’mt\)(%7)d7+<//(|9—9\2+|wmt—’tﬂmt2)(y77)dyd7> )
0 0 0

hence by Young’s inequality we finally get

1d B ~ } 1 )
5& (’wt—wt‘Q_‘_ ‘th_wmt|2+ |wx:p _Wx:p|2>(l',t) d$+/ |wxmt _wxxt|2(x,t) dz
0 0

1 ~ t ol _
SC’(/ |9—9|2(a:,t)d:l:+/ / (|wmt—wm2+|9—9|2>(:L‘,t)d:nd7'> :
0 0o Jo

We now multiply (7.139) by 2C and add the result to (7.140) to obtain

1 ~
/ (‘wmmt _wx:pt’2+0‘9—9’2>($,t) dz
0

(7.140)

1d 1 t B 2
+ ia (20 </ (99& - ex)(xa 7') dT) + |wt - 'lI)t|2 + ’th - ﬁ)xt\Q + |wm — wm|2> (g;jt) dz
0

t rl ~
< (€420 [ [ (jwaas = et + 16 - 07 7 doar
0 JO

Integrating in time fot/ dt for some ' > ¢ and using Gronwall’s lemma A.2, we see that w = @, 0 = 6,
and by equation (6.23) and estimate (7.138) also u = @, m = m, x = x. Hence the proof of Theorem

7.3 is complete.
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Introduction

In this last part we deal with phase transitions from a different point of view, namely, by using
the directs methods pertaining to the regularity theory in the field of Calculus of Variations. More
precisely, we are going to prove regularity results for a class of integral functionals that belong to the
realm of nonuniformly elliptic problems. An example of such functionals is given by those satisfying
the so-called nonstandard growth conditions. Here the primary model we have in mind is given by the
double-phase functional

T (u, Q) := /Q (|Dul? + a(z)|Dul?) dz, (IV.1)
where 2 C R" is a bounded open domain, n > 2, and

l1<p<gq, 0<a()eL>9N).

The significant case occurs when p < ¢g. The main feature of the functional 7 is the change of
ellipticity /growth type occurring on the zero set {a(z) = 0}. Indeed, while in those points & where
a(z) is positive the energy density of J exhibits a growth/ellipticity in the gradient which is of order
g, on {a(x) = 0} the energy density has p-growth in the gradient.

In his seminal works [133-136], V. V. Zhikov was the first to introduce and study functionals whose
integrands change their ellipticity rate according to the point, and, in particular, the one in (IV.1).
Such functionals provide a useful paradigm for describing the behavior of strongly anisotropic mate-
rials whose hardening properties (linked to the exponent ruling the growth of the gradient variable)
drastically change with the point. The coefficient a(-) serves to regulate the mixture between two
different materials, with p and ¢ hardening, respectively. In this class of functionals J; appears to
be the one exhibiting the most dramatic phase-transition and therefore the most difficult to treat.
However in this last part we will be more interested in the theoretical aspects of the problem rather
than to its applications, since the functional J; appears to be very interesting from the point of view
of regularity theory. Indeed, while in the standard situation p = ¢ the coefficient a(-) acts in the
energy density as a local perturbation of the main elliptic terms, this is not obviously the case when
q > p, since it is a(-) to dictate the ellipticity rate of the energy density.

As mentioned above, the functional in (IV.1) is the primary example of a functional exhibiting a
nonstandard growth. More generally, the Lagrangian F' may be requested to satisfy the following

157



Introduction

growth conditions

afjuff =1) < Flz,u) < B(Julf+1), 1<p<gq

for some positive constants «, 3. However, here we are also interested in relaxing the lower bound by
essentially taking p = 1, hence allowing nearly-linear growth conditions in the gradient. In this case

the model functional is given by
T (u, Q) = / (IDu\ log(1 + |Dul) + a(z)(1 + |Du]2)‘1/2) da
Q

with ¢ > 1 and a € L*(Q2). Energy densities with logarithmic growth are not only of interest from
a theoretical point of view, since they naturally occur in the context of generalized Newtonian fluids
where they serve as models for so-called Prandtl-Eyring fluids. Moreover, this kind of behavior is
observed in the theory of plasticity with logarithmic hardening law.

For nonuniformly elliptic energy functionals as above, we are concerned with the study of the regularity
of their minimizers among all functions belonging to some given set. The variational problem we have
in mind is the so-called obstacle problem. Given Q C R", n > 2, bounded open domain, we consider

the variational obstacle problem in the form

min { /Q F(z,Dw)dz : w € ICMQ)} . (IV.2)

The function 3 : Q — [—00,+00), called obstacle, belongs to the Sobolev class WP(Q) and the set

Ky (£2) contains the functions above the obstacle that share at least its regularity, that is,
Ky(82) = {w € up+ W&’p(Q) cw > ae. in Q} (IV.3)

where ug € WP (Q) is a fixed boundary value. For the Lagrangian F we assume nonuniform ellipticity
conditions as the ones outlined above.

The obstacle problem appeared in the mathematical literature in the work by G. Stampacchia [127] in
the special case ¥ = yg and related to the capacity of a subset ¥ € §2. In an earlier independent work,
G. Fichera [62] solved the first unilateral problem, the so-called Signorini problem in elastostatics.
It consists in finding the elastic equilibrium configuration of an anisotropic nonhomogeneous elastic
body, resting on a rigid frictionless surface and subject only to its mass forces.

The study of the regularity theory for obstacle problems is now a classical topic in Partial Differential
Equations and Calculus of Variations. It is well known that its solution cannot be of class C?
independently of how regular the obstacle is: this led to the concept of weak solution and to the
theory of variational inequalities, after the fundamental work of J. L. Lions and G. Stampacchia [108].
Thus, in general, the regularity of solutions to the obstacle problems is influenced by the one of the
obstacle. For example, for linear obstacle problems, obstacle and solutions have the same regularity

158



Introduction

(see [20, 28, 87]). This does not apply in the nonlinear setting, hence along the years there have been
intense research activities for the regularity of the obstacle problem in this direction.

A first important result by J.H. Michael and W.P. Ziemer [114] establishes Holder continuity of
solutions to the obstacle problem when the obstacle itself is Holder continuous. H.J. Choe [33]
proved that if the gradient of the obstacle is Holder continuous, the same happens for the gradient of
solutions. Other results that deserve to be quoted are [34, 66, 106]. Since then, many regularity results
have been obtained in different situations: for instance we quote [41] in the setting of Morrey and
Campanato spaces, [10, 118] for gradient continuity for nonlinear obstacle problems, [46] for global
results up to the boundary, [18] for the parabolic case, [19] for the porous medium problem. A higher
differentiability result in the case of standard growth conditions was recently obtained in [56] (see
Theorem 9.3). Here both the integer and the fractional differentiability are established.

Our purpose is to investigate the regularity of solutions to (IV.2)—(IV.3) for nonuniformly elliptic
functionals. In the nonstandard setting we quote [26, 43, 45, 119] in the case of a single obstacle
problem (see also [27, 44, 117] for Calder6n-Zygmund case), and [13] in the case of double obstacle
problems. In the nearly-linear setting we refer to the papers [38, 66], dealing with Lipschitz and
C1@ regularity, respectively. However, to our knowledge, no result had been given in the direction
of higher differentiability prior to the the papers [71-73]. More precisely, these works investigate the
extra integer differentiability of solutions to the obstacle problem assuming that the gradient of the
obstacle has some differentiability property. We are going to report the results therein.

The program is as follows. In Chapter 8 we report some preliminary results that will be used in the
sequel, whereas Chapter 9 contains the main higher differentiability results for the obstacle problem. In
particular, in Section 9.1 we report some already known facts abound the standard case. Then we turn
our attention to the nonstandard case, and in Section 9.2 we state and prove the two (independent)
results from [71, 72]. Finally, Section 9.3 is devoted to the nearly-linear case, and contains the result

developed in the paper [73].
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CHAPTER 8

Notation and preliminary results

This chapter is devoted to fix the notation and collect some results that will be needed in the next
chapter.

Here and in the sequel we shall denote by C or ¢ a generic positive constant that may vary on different
occasions, even within the same line of estimates. Relevant dependencies will be suitably emphasized
using parentheses or subscripts. The norm we use on R” will be the standard euclidean one. In what
follows, B(z,r) = By(x) = {y € R" : |y — | < r} will denote the ball centered at x of radius r. We

shall omit the dependence on the center and on the radius when no confusion arises.

8.1 Difference quotient

Our proof is achieved by means of the difference quotient method (which goes back to L. Nirenberg,
see [116]), that is quite natural when trying to establish higher differentiability results. Thus we recall
some properties of the finite difference operator that will be needed in the following chapter. Let us

recall that, for every function F : R® — R¥, the finite difference operator is defined by
rnF(x) = F(z + he,) — F(x)

where h € R, e, is the unit vector in the x4 direction and s € {1,...,n}.

We start with the description of some elementary properties that can be found, for example, in [81].

Proposition 8.1. Let F' and G be two functions such that F,G € WP(Q), with p > 1, and let us
constder the set

Qg = {w € Q: dist(x,08) > |h|}.
Then
(d1) mF € WHP(Q) and

Di(ThF) = m(D;F) .
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8 — Notation and preliminary results

(d2) If at least one of the functions F' or G has support contained in S|, then

/FTthl‘:/GT_hFd.T.
Q Q

(d3) We have
Th(FG)(x) = F(x + h) 7,G(z) + G(z) T, F ().

The next result about finite difference operator is a kind of integral version of Lagrange Theorem.

Lemma 8.2. If0 < p <R, |h| < %, 1 <p<oo, and F,DF € LP(BR) then

| mE@Pas < conpinr /B DF(@)P d.

P

Moreover

/]F(x+h)|pdx</B |F(2)|P da.

B, R
Now, we recall the fundamental Sobolev embedding property.

Lemma 8.3. Let F': R" — RN, F € LP(Bg) with 1 < p < n. Suppose that there exist p € (0, R) and
M > 0 such that

n
> / [7s n F ()P dz < MP|R[P
s=1 BP
for every h with |h| < %. Then F € W'P(B,) N Ln%?(Bp). Moreover
IDF|trB,) <M
and

HFHL%(BP) <c(M+|F|l o))

with ¢ = ¢(n, N, p, p, R).

8.2 Other auxiliary results

In view of the next chapter, it is convenient to introduce auxiliary functions

Vi) = — (8.1)

(12 +1¢P)

Vp(§) = (u2 + \£I2)%€ for p > 2, (8.2)

=

defined for all £ € R™ and for o € [0,1]. Note that for V), we allow for the degenerate case, which
corresponds to i = 0. One can easily check that there exist positive constants c1, cy such that

a (€ =1) < Vi), (8.3)

ca [EP < Vp(8)[. (8.4)

We also recall the following results from [2, Lemma 2.1] and [81, Lemma 8.3], respectively.
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Lemma 8.4. For every v € (—1/2,0) and p > 0 we have

(2 + 18127 € = (w? + l*) "l _ _e(n)
(2 + 517 + [nl?) T2+l

2y + 1€ —nl < [l
for all &,m € R™, not both zero if u = 0.

Lemma 8.5. Let 1 < p < co. There exists a constant ¢ = c¢(n,p) > 0 such that

_ ' _ [Vel&) = V() 2 2\ T
(2 +1e ) T < P <o 1 i+ nl?)

for any &, n € R™.
Finally, we we state a very well-known iteration lemma (see [81], pp. 191-192 for the proof).

Lemma 8.6. Let ® : [%, R] — R be a bounded nonnegative function, where R > 0. Assume that for

all§§r<s§Rwehave

B n C
(s=r)?  (s—r)

O(r) <IP(s)+ A+

where ¥ € (0,1), A,B,C >0 and v > 0 are constants. Then there exists a constant ¢ = ¢(9,7) such
that

R B C

163



164



CHAPTER 9

Higher differentiability for the obstacle

problem

The obstacle problem is a well known motivating example in the Calculus of Variations. It comes
from a classical problem in elasticity theory, namely, finding the equilibrium position of an elastic
membrane whose boundary is held fixed, and which is constrained to lie above a given obstacle.

In its classical mathematical formulation, the problem consists in seeking minimizers of the Dirichlet

energy functional
Z(u) ::/ |Vu|? dz
Q

in some domain 2 C R™, n > 2, where u represents the vertical displacement of the membrane.
In addition to satisfying Dirichlet boundary conditions corresponding to the fixed boundary of the
membrane, the function wu is constrained to be greater than some given obstacle function .

Existence and uniqueness of a solution for the above problem is easy to prove. The same argument

works for more general functionals, actually. If we consider

J(u) :== /QF(SC,DU) dz

such that F' satisfies the coercivity inequality F(z,§) > «f¢|P — (8 for some o« > 0, f > 0 and
1 < p < 0o, then the constrained minimization problem has at least one solution. Furthermore, if the
mapping & — F(x,§) is uniformly convex for each x, the solution is also unique. A good reference for
such results is e. g. [37].

The regularity problem is less straightforward to address, especially in the nonlinear setting. As
already mentioned in the introduction, the regularity of the obstacle influences the regularity of
the solution. In this chapter we are interested in the problem of higher differentiability, that is,
determining whether (and, possibly, how) higher differentiability assumptions on the obstacle transfer
to the solutions.
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9 — Higher differentiability for the obstacle problem

9.1 The case of standard growth conditions

We start our analysis by reporting some already known results about the obstacle problem satisfying
standard growth conditions. More precisely, on the Lagrangian F' in (IV.2) we assume that there

exist an exponent 1 < p < oo and some positive constants 7, E,g such that

= (167 — 1) < F(2.) < T (42 +16P) (F)
(Dee Pz, AN > 7 (1 + |€2) "2 |2 (F2)
|DeeF(x,6)| < L (1 + |67 (F3)
D P, €)] < k(a) (1 + |62 "7 (F4)

for a.e. x € Q and every £ € R", where p € [0,1] is a parameter that allows to consider both the
degenerate and the nondegenerate situation. Here k is a function whose regularity is related to the
“extra-differentiability transfer” from the obstacle to the solution, and that will be specified when
needed.

The first result states that, in case of functionals with standard growth, the obstacle problem can be

reformulated as a problem in the theory of variational inequalities.

Proposition 9.1. Let the Lagrangian F satisfy (F'1) — (F4). Then u € WYP(Q) is a solution to the

obstacle problem (IV.2)—(IV.3) if and only if u € () solves the variational inequality
/(A(x,Du), D(p—wu))dz >0 for all ¢ € Ky(£2), (9.1)
Q

where we set

A(x,§) := DeF(x,€) .

Before proving the above statement, we point out that from conditions (F'1) — (F'4) we deduce the

existence of positive constants v, L, £ such that in terms of A the p-ellipticity and p-growth conditions

read
(A(2,€) — Alz,n),€ —n) > v]€ — (i + € + [n2) T (A1)
A(,€) — Az, n)| < LI& =l (12 + €2 + )T (A2)
Az, )] < £(u? + [¢%) T (A3)
Do A, €)| < k() (4% + | Duf?) "= (A4)

for a.e. x € Q) and every &, € R™.

Proof. Let us prove the two implications separately.
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9.1 — The case of standard growth conditions

1. (IV.2)~(IV.3) = (9.1)
Let u € WHP(£2) be a solution to (IV.2)~(IV.3) under the assumptions (F'1)—(F'4). Let ¢ € Ky ().
Since the set Ky (€2) is convex, also the combination (1 —e)u +ep = u+e(p —u), 0 < e <1,

belongs to this set. Then, being u a minimizer, it holds
0< /Q (F(a:, D(u+elp —u))) — F(z, Du)) de.
Therefore, we have
0< E/Q/ol (DeF(x, Du+ seD(p —u)), D(p —u)) dsdz
= a/ﬂ (DeF(x, Du), D(p — u)) dsdx
+e /Q /01 (DeF (2, Du+ seD(p —u)) — DeF(z, Du), D(¢ — u)) dsdx
= s/ (De¢F(x, Du), D(¢ —u)) dsdx
; 1 1
+ €2 /Q /0 8/0 (DeeF(x, Du+tseD(p —u))D(p —u), D(p —u)) dtdsdz.
Dividing both sides of the previous inequality by € we obtain
0< /Q (De¢F (2, Du), D(¢ — u)) dsdx

1 1
+ 5/ / s/ (Dee F(x, Du+tseD(p —u))D(¢ —u), D(p —u)) dtdsdx
QJo 0
=11 + 5. (92)
We focus on the term I. Note that by (F'3) with ¢ = p and by Hélder’s inequality with conjugate
exponents p/(p — 2), p/2
1 1
I, < 5/ / s/ |Dee F(z, Du+tseD(p — u))||D(p — u)|* dt ds dz
QJo 0
1 1 p—2
< 8/ / s/ L(p?+|Du+tseD(p—u)|?) * |D(p—u)*dtdsdz
oJo  Jo
p—2

<eL [ (12 +1DuP + 2D~ w)P) T Do - u)P da
Q

Sai((/g\Du!pdx>p;2 (/Q|D(¢_u)\pdx>’2’+/Q(1+\D(<p—u)yp)dx>.

Since the above integrals are finite, we infer that lim._,oIo = 0. Hence passing to the limit as
e — 01in (9.2) yields (9.1).
2. (9.1) = (IV.2)~(IV.3)
This implication is straightforward, and does not depend on the growth hypotheses. Indeed,
defining
i) = | Fa.Dlu+e(p—w) o
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9 — Higher differentiability for the obstacle problem

condition (9.1) is essentially saying that j'(0) > 0 for every ¢ € Ky(2). This means that there
exists a sufficiently small neighborhood in which u is a minimum for [, F'(x, Dw) da.

O

Remark 9.2. We obtain a variational inequality instead of the usual Euler-Lagrange equation since
we can only take one-sided variations of the minimizer. However, this happens only in the contact
set, that is, the set defined as {x € Q : u(z) = ¢(x)}. If we are in a region where the minimizer u is
strictly above the obstacle, then we are allowed to take double-sided variations for sufficiently small e.
As a result, (9.1) will turn into an equality, as in unconstrained problems. Indeed, this is reasonable.
If we take a minimizer u of an obstacle problem in the region of the domain where u is away from
the constraint, then it will not be influenced by the obstacle. The obstacle shapes the minimizer only

where u is forced to stay in contact with it.

Dealing with nonstandard growth, the equivalence between the two formulations is not guaranteed
if the functional F' is not regular enough. Actually, already for non constrained problems with non-
standard growth conditions, the relation between minima and extremals (i.e. solutions of the corre-
sponding Euler-Lagrange system) is an issue that requires a careful investigation (see e.g. [30, 31]).

More precisely, looking at the proof of Proposition 9.1, we see that in case of nonstandard growth
conditions the summand labeled Is may be unbounded. However, once we have gained more regularity
by means of our higher differentiability result, we will show in Remark 9.11 that our hypotheses (in
particular the closeness condition between the growth and the ellipticity exponents) still allow us to
reformulate the minimization problem as a variational inequality, provided we consider a new class

Knew (9).

We are now in the position of briefly commenting on the higher differentiability for the obstacle
problem with standard growth, which can be considered in the formulation (9.1), (A1) — (A4). Tt
is usually observed that the regularity of its solutions is strictly connected to the analysis of the

regularity of solutions to partial differential equations of the form
divA(z, Du) = divA(x, D).

It is well known that no extra differentiability properties for the solutions of partial differential equa-
tions of the type
divA(z, Du) = divg (9.3)

can be expected even if G is smooth, unless some assumption is given on the z-dependence of A. On
the other hand, recent results concerning the higher differentiability of solutions to (9.3) show that
the weak differentiability of the map A, as function of the z-variable, is a sufficient condition (see
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9.1 — The case of standard growth conditions

[79, 80, 120, 121, 123]). In [79, 120, 121] the higher differentiability of solutions to the equation in
(9.3) is obtained assuming a W' -type regularity on the partial map x + A(z,£) that is expressed
through a pointwise condition on A(+,£). This condition relies on the characterization of the Sobolev
spaces due to P. Hajtasz ([83]). More precisely, for Carathéodory functions A satisfying assumptions
(A1) — (A3) we reformulate (A4) assuming that there exists a non negative function x depending on

k and with its same summability such that the following inequality

A(,€) = Ay, €)| < (5(2) + K(y)|e — yl(1® + 1€ T (A4)

holds true for a.e. z,y € Q and for every & € R™.

In case of standard growth conditions, the differentiability of the map is sufficient also in the context
of obstacle problems to prove that the differentiability of the gradient of the obstacle transfers to the
gradient of the solution with no loss in the order. More precisely, the following higher differentiability

result from [56, Theorem 1.1] holds.

Theorem 9.3. Let u € Ky(2) be the solution to the obstacle problem (9.1), and suppose that A
satisfies (Al) — (A4) for 2 < p <n and for a function k € L .(2). Then we have

loc
1,p 2 2\ P2 1,2
Dy e W2 (Q) = (u+[Dul”) * Duc W, ().

Note that, thanks to (8.2) and (8.4), the above theorem essentially states that Du € I/Vl})f(Q) Thus

it effectively represents a higher differentiability result.

Remark 9.4. The reader has certainly noticed that Theorem 9.3 does not take into account the
case 1 < p < 2, namely, the case of sub-quadratic growth conditions. Already for unconstrained
problems it is known that the sub-quadratic growth conditions require specific tools and, in general,
the expected regularity of the solution strongly differs from the case p > 2 (for a detailed explanation
of this phenomenon see [8]). A higher differentiability result for the obstacle problem with p-growth,
1 < p < 2, was recently proved in [77], thus it was not available when we started to investigate the
higher differentiability for the obstacle problem with nonstandard growth. For this reason, in Section
9.2 we will limit ourselves to the case p > 2. The (p, q)-growth case with 1 < p < 2 will be the object

of further studies.

Starting from these facts, our purpose is to investigate the extra integer differentiability of solutions to
the obstacle problem for nonuniformly elliptic functionals, assuming that the gradient of the obstacle
has some differentiability property. This will be done in the next two sections. More precisely, Section
9.2 is devoted to the nonstandard case with p > 2, whereas Section 9.3 deals with the nearly-linear
one, which essentially corresponds to the choice p = 1.
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9 — Higher differentiability for the obstacle problem

9.2 The case of nonstandard growth conditions

An important contribution to the study of problems in the field of Calculus of Variations involving
functionals with nonstandard growth was given by P. Marcellini in his seminal papers [109-112]. He
was able to show that the standard growth condition is not actually a necessary condition in the
regularity theory for minimizers, and regularity theorems can be obtained also under nonstandard
growth assumptions. More precisely, the regularity can only be expected if the difference between the
growth exponents p and ¢ is not “too large”, that is, the ¢/p gap ratio cannot differ too much from
1. A huge number of papers have been devoted to the subject since then (see [29, 36, 53-55] for the
elliptic case and [15-17, 113] for the parabolic case), and it turned out that the right condition to

impose on the two exponents 1 < p < ¢q is of the form

1 1

with r > n.

Our purpose consists in extending the analysis of the regularity to the case of the obstacle problem
(IV.2)—(IV.3), investigating the higher differentiability of the solutions. To this aim we require the
data of our problem to fulfill the following hypotheses.

Hypothesis 9.5. Let 2 C R" be a bounded open domain. For the Lagrangian functional F' :

Q x R™ — [0, +00) we shall assume that:

(i) it is a Carathéodory function, that is, F'(+,£) measurable for every £ € R™ and F'(z,-) continuous

for a.e. x € Q)
(i) &€+ F(z,€) is a strictly convex C? function for a.e. z € Q;
(i) there exists a function f : Q x [0, +00) — [0, 4+00) such that F(z,£) = f(z, |€]);

(iv) there exist positive constants 7, L, ¢ and exponents 2 < p < ¢ < oo such that

(1P = 1) < Fla,&) <1 +1€l) (F)
(DeeF(z, NN > 0 (12 + |€[2) 52|\ ]2 (F2)
|DeeF(x,8)] < L(1® + |¢2)"7 (F3)

for a.e. x € 2 and every & € R®. We assume moreover that there exists a nonnegative function

k(x) belonging to a suitable Sobolev space such that
-1
|DeaF(x,€)| < k() (u° + [€1) 7 (F4)

for a.e. x € Q and every £ € R". We denote with p € [0,1] a parameter that will allow us to
consider in our analysis both the degenerate and the nondegenerate situation.
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Finally, to avoid trivialities, we shall assume that the set of admissible functions Ky (€2) is not empty
and that ug in (IV.3) is such that F(z, Dug(z)) € L, .(Q). Note that, as long as our regularity results
have local nature, we are not requiring further assumptions on the boundary datum wug.

Remark 9.6. Hypothesis 9.5 (iii), known in the literature as Uhlenbeck structure, makes the functional
“less anisotropic”. For example, in the vectorial case (that is, when the Lagrangian F' is such that
F:QxR™W - [0,4+00) for some N > 1) it rules out singularities of minima. In the case of systems
an important problem is clearly the one of identifying classes of functionals for which everywhere C1:®
(or even just continuity) of minimizers occurs, in analogy with the De Giorgi-Nash-Moser theorem for
single equations. Indeed, in 1968 E. De Giorgi showed that this result cannot be extended to systems,
providing a famous counterexample (see [39]). Hence it is crucial to find conditions for everywhere
regularity of minimizers or, in other words, additional structure assumptions on the integrand F' under
which the singular set is void. This is still an open problem and, up to now, the only known structure
preventing the formation of singularities for minimizers is the Uhlenbeck one (see [128]).

However, the above considerations do not affect our problem, since we are dealing with the scalar
case. Here we are interested in a secondary effect of the Uhlenbeck structure, which is of fundamen-
tal importance in the framework of nonstandard growth conditions, both in the scalar and in the
vector case. Indeed, if the functional satisfies the above structure condition, then we are allowed to
approximate it from below by means of a family of functionals with p-growth (see Lemma 9.10). This
rules out the occurrence of the so-called Lavrentiev phenomenon, which nonautonomous functionals
typically exhibit when under (p, q)-growth conditions. Indeed, in this framework there might occur

an inequality of the type

inf /F(x,Du) dz < inf /F(CL‘,DU) dz, (9.5)
uCug+Wy*(92) JQ ueug+Wy1(Q) Ja

for a suitable (even smooth) boundary datum wug. In other words, it is not possible to achieve the
minimum of the functional via more regular maps, although these are dense. This is a tautological
obstruction to regularity of minima since it prevents minimizers to be in W4, and several coun-
terexamples in regularity are based on the occurrence of (9.5) (see e.g. [58, 135]). It is interesting
and significant to see that F' never exhibits the Lavrentiev phenomenon either when p = ¢ or when
F(z,8) = F(€), see again [58].
A useful way to quantify the Lavrentiev phenomenon can be introduced according to [25] by consid-
ering the relaxed functional

F(u,B) := 1£1f {limjinf]—"(uj,B) = /BF(:L",Duj) dz : uj € WH(B), uj — u in Wl’p(B)}

j

where B € Q. Since F(z, z) is convex with respect to z, we have

F(u,B) := /BF(JU,Du) dz < limjinf}"(uj,B)
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9 — Higher differentiability for the obstacle problem

whenever u; — u and v; € WHP(B). Therefore F(u, B) < F(u, B), and it is possible to define the

following nonnegative Lavrentiev gap functional
L(u, B) := F(u,B) — F(u,B) >0 for all u € W'P(B).

The value of the functional £(u, B) gives a measure of the impossibility of finding a sequence of more
regular maps u; € W'4(B) such that u; — u in W'P(B) and [, F(z, Duj)dz — [, F(x, Du) dz (see
Lemma 9.15). Hence, in general, approximating the functional from above does not guarantee the
convergence to the desired minimizer, but it could result in the convergence to the minimum of the
relaxed functional.

This leads to the following developments: usually one assumes that £(u, B) = 0 (and this is the case
of Section 9.3) or, alternatively, some structure conditions must be imposed on the integrand in order

to perform an approximation from below.

Remark 9.7. Conditions (F'2) — (F3) are nothing but a uniform (with respect to x) boundedness
condition on the eigenvalues of D¢e F'(,§). In other words, we are asking that there exist two functions

v(€), I'(§) : R™ = [0, 400) such that
YE)AP? < (Dee F(m, €)M, A) < T (AP,

and since in (F'1) we asked for p,g-growth conditions then v(£) = ~[¢|P~2 and TI'(¢) = T|¢[772 for
some positive constants «y, I'. Furthermore, since we want to consider both the degenerate and the
nondegenerate situation, we replace £ by y/u? + [€]? in both functions. Then the condition on the

eigenvalues becomes
—2 —2
7 (1 6T NP < (DeeF (2, )M A) <T (W7 + [€%) 7 AP,

which is just a different formulation of (F2) — (F'3). This leads us to the definition of the rate of

nonuniform ellipticity, quantified by the ratio

sup,ep of the highest eigenvalue of DeeF(x,§)

R, B) =
(& B) inf ¢ g of the lowest eigenvalue of DeeF(x, )

on any ball B C €, that in the nonuniformly elliptic case becomes unbounded as |{| — oo. In the case
of the double-phase functional (IV.1) it is R(§, B) = 1 + ||al|pe(p)|2|?”? on any ball B intersecting
the set {a(z) = 0}.

If Hypothesis 9.5 holds, then the obstacle problem (IV.2)-(IV.3) has a unique solution. This can be
proved by using standard existence results like, e.g., [37, Theorem 3.30] together with the fact that

the admissible set Ky, (€2) is closed. In particular, the requirement that the functional [, F'(x, Dw) dx
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is finite at some point is essential in order to rule out the possibility that the infimum is infinite. In

case of standard growth conditions, this is automatically ensured by the p-growth of the functional.

The main result of this section is the following theorem from [71].

Theorem 9.8. Let u be the solution to the obstacle problem (IV.2)—~(IV.3). Suppose that F satisfies
Hypothesis 9.5 for exponents 2 < p < n, p < q, r > n as in (9.4) and for a function k € Lj, .(Q).
Then it holds

D e WEHP(Q) = (u2+|Dul>)"T Due WL(Q). (9.6)

oc loc

Contrary to the standard case, here the W' -type regularity on the partial map x — Fg¢(z,&) no
longer allows the differentiability of the gradient of the obstacle to entirely transfer to the gradient
of the solution, and there is a loss in the order of differentiability. However the exponent r plays an
important role in determining the distance between p and ¢ (which must be “small”), so that this loss

turns out to be not “too big”.

Remark 9.9. Inequality (9.4) yields the sharp estimate

2q — p)r np
(r_2) <n_2, (9.7)

which will be frequently used in the sequel. Indeed, setting m := .55, 2 := %, (9.4) entails

1 1 1 2
2q—p<2p|l+——=—-)—p=p(l+——
nor m 2%

so that

It turns out that

oLy 2 12 20 12 2
m — - = =— — - = — - — = .
p m ) = np_—2 2P m 2% = 2m m =

* . .
Note now that 2271 > 1 since r > n, hence we can write

2*
2m

=1+¢

for some € > 0. Therefore

1 2 2 2 2 2
T Ty o Tyt -g c (2* )5— ’

which is what we wanted to prove.
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9 — Higher differentiability for the obstacle problem

9.2.1 Proof of the main result

We are now going to prove Theorem 9.8. In the first part of the proof we construct an approximating
minimization problem satisfying standard growth conditions. This problems will then be suitable for
the application of Theorem 9.3, whose conclusion will become the starting point for deriving a priori
estimates for the solution to the approximating problems. Then in the second part we conclude by

showing that the a priori estimate is preserved in passing to the limit.

Step 1: Approximation and derivation of estimates

We start our proof by constructing a suitable approximating minimization problem. The main tool

is the following lemma, which can be found in [35, Lemma 4.1].

Lemma 9.10. Let F : Q x R" — [0,+00) be a Carathéodory function, convex with respect to &,
such that F(x,&) = f(x,|€]) for some f : Q x [0,400) — [0,+00), and which satisfies assumptions
(F1) — (F4). Then there exists a sequence (F.) of Carathéodory functions F; : Q@ x R™ — [0, +00),

convex with respect to & and monotonically convergent to F', such that

(1) for a.e. x € Q, for every & € R™ and for every e1 < €9, it holds

Fey(z,8) < Fey(2,€) < F(x,6),

(II) for a.e. x € Q and every & € R™, we have
(DeFu(a, NN 2 7 (12 +16P) "7 A2
with U depending only on p and U,

(III) for a.e. x € Q and for every & € R™, there exist Ko, K1 independent of ¢ and K1 depending on
€ such that

Ko([¢]P — p?) < Fe(w,€) < Ka(p? + €))7,

Fo(,€) < Ki(e) (1 + €))7,
(IV) for a.e. x € Q and for every & € R™, there exists a constant C(g) > 0 such that

D Fe(, )] < k() (12 + €27,

|De, Fe(w,€)| < Cle) k(x) (u® + [€[%)"7.

In addition, it holds F.(x,§) = fg(ac, |€]) for every & € R™.
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In other words, the Lagrangian F' can be approximated by means of a sequence of Carathéodory
functionals F. monotonically convergent to F', and satisfying nonstandard growth conditions with
constants independent of € and standard growth conditions with constants all depending on €.

Let us consider the sequence of functionals F¢(z,&) obtained applying Lemma 9.10 to the integrand
F(x,€) of problem (IV.2)—(IV.3), and fix a ball B € Q. Let u. € u + Wol’p(BR) be the solution to

the obstacle problem
min {/ F.(x,Dz):z € le(Q)} . (9.8)
Q
Setting
Aa(xa g) = DﬁFS(CEa 5)7

by Proposition 9.1 we infer that u. solves the variational inequality

/(Ae(a:, Du.),D(p — ug))dx >0 for all ¢ € Ky(Q). (9.9)
Q

Moreover the Carathéodory function A. is such that for a.e. z,y € Q and every £, € R™ the following

conditions hold

(Ac(@, &) = Acz,m), € =) 2 v 1€ — (e + [P + [n*) =" (Ac1)
A (i, €) = Acla,m)| < 2L 1€ = nl(p + |6 + [n*) = (A-2)
(e, 6)] < 20 (42 + €2) T (A:3)

Ac(2,€) — Ae(w,6)] < (x(2) + £(») & — y](2® + [¢P) T (A4)

with constants independent of e, and also
~ —2
A (,€) = Ac(z,m)| < Le € —nl(u® + €7 + In*) "7 (H.1)

A (2, &) < L. (u® + €)% (H.2)

p—1
2

[Ae(z,€) — Ac(y, €)| < C(e) k(@) + K(Y)) |z — yl(1* + [€]*) (H:3)

with constants all depending on ¢.

Before we start with the derivation of estimates, observe that, since 2¢ — p > p, we have

Dy € W2P(Q) = Dy e WEP(Q).

loc

Thus, by virtue of (A1), (H:1) — (H:3) and since > n, all the hypotheses of Theorem 9.3 are

satisfied. We then get, according to the notation introduced in (8.2),

Vo(Due) = (42 + |Due|?) "5 Du. € W2(Q)
175



9 — Higher differentiability for the obstacle problem

from which we deduce, applying Lemma 8.3 with p = 2, F' = V,,(Du,) together with inequality (8.4),

_np_

Du, € L' *(Q).

loc

Thus the integral
/ (1+ |Duc(z)])» 2 dz,
Br

which will frequently appear in the sequel, is finite. In particular by the Sobolev embedding we obtain

e €W, ba 2(Q)

loc

Now let us fix radii 0 < & < p < s <t <t < £ and a cut off function n € C§°(B;) such that
0<n<1,n=1on By, |[Vn| < ;=. Consider the function
A 2
P(w) = (@) — 5 7 (1@ (e — 0)(a)

with 75, defined in Subsection 8.1. Observe that, for A > 0 sufficiently small, ¢ is an admissible test

function in the variational inequality (9.9), that is, ¢ € ICyy(£2). Indeed

pla) ~ 9{@) = (e ~ ) (z) — 75 7 (7 (2) e — ) ()
= (e = )(w) + 7y (@) (e — ) + ) — (e — ) )
2o = (e~ 0)(@) — (e — 9)(z 1)
— (0 = 0)) (1 ) = Pl =)

+ 13 (P@ e = )@+ ) 40w = W) (e )~ 1) 20,

provided 0 < X < . Hence, using ¢ as test function in (9.9) we get, with the aid of Proposition 8.1,

/Q (rh(Ac(, D)), DPrn (s — 1)) d < 0.

Carrying out the computations, we get

S~

[ (Aelar+h Duc(a -+ 1) = Aela, Due(a), DPru(ue — 1)) do

+

@\5\

<A€ &+ h, Duc(z + h)) — Ac(x, Due(2)), 1 (Due — D¢)> da
< (x + h, Du.(x + h)) — A(x, Dus(z)), 2n Dn 1, (ue — ¢)> dz <0.
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9.2 — The case of nonstandard growth conditions

We can rewrite the previous inequality as
/Q <Ag(x + h, Duc(z + h)) — Ac(z + h, Duc(z)), 772ThDu5> da
- /Q <Ag(:c + h, Duc(z + h)) — Ac(z + h, Duc(7)), nzThD¢> dz
(Ac(z + b, Duc( + ) = Ac(w + h, Duc()), 20 Dy ma(ue = ) ) de
(Ac(+ h, Duc(2)) = Ac(w, Due()), 77 Due ) da
- /Q (Ac(+ h, Duc(2)) = Ac(, Duc (), n*m, Dy ) do
(Ac(a + b, Duc(a)) = Ac(w, Duc(), 20 Dy (s = ) ) da
+ 1T+ 1T+ IV4+V+VILO,

which yields
I < |II|+|III|+|IV|+|V|+ |VI]|. (9.10)

We now estimate each of the six summands. The ellipticity assumption expressed by (A:1) implies
I> V/an‘ThD’U,gZ(/L2 + |Duc(z + h)|? + \Dus(x)\2)¥ dz. (9.11)
By virtue of assumption (.A.2) and by Young’s and Holder’s inequalities, we get
(1] <2L /an\ThDue!(MQ +[Due(a + W) + | Duc(2)[?) T |mDy| dx

319/772’7'hDUe|2(,U2+‘Dus($+h)\2+|DuE(az)]2)pzZ da
Q

2q—p—2

+ cﬂ(L)/Qn2|ThD¢|2(1 F1Duc(w + W) + | Due (2)2) 22 da

Sﬁ/772’ThDu5!2(,u2+\Dua(:c—&-h)\Q—i—\Dug(x)]Q)p;Q dz
Q

+cﬁ<L)< ; mePQ‘pdx)w < /B

where we used also the properties of 17, and with a constant 9 that will be specified later. Note that

(9.7) implies

2q—p—2
2q9—p

(1+ | Duc ()27 dm)

+/

2_
(2¢ p)r< np

2g—p < .
a-p r—2 n—2

(9.12)

Hence, being D1 € L29P(£2) by hypothesis, we can use Lemma 8.2 together with Hélder’s inequality

loc

to get

—2
1 <o / 7 I Ducl? (4 + | Duc(a + 1) + | Due(2)[?) 7 da
[9]
2 (2¢—p—2)(n—2)

2q—p np
+ Co(n,p,q,L, R) |h|? (/ | D?qp|2a-P dm) (/
By B

(1 + |Due(z)|) 72 dx) ,
177
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9 — Higher differentiability for the obstacle problem

and by Young’s inequality with conjugate exponents 5 +2§ 5 and (which are bigger than 1

P
2q—p—2
thanks to (9.4)) also

—2
(] <9 / P |7nDuc (4 + |Duc(z + h)|* + | Duc(2)[*) "2 da
Q

2

+ Co0(L, R) |n| (/B
2

+ O 1h| (/B

for some constant © = O(n,p,q,7), 0 < © < 1, that will be determined later. Arguing analogously,

5 15 (qup)(p2+p7q)
[DZ[H7F d (9.13)

n—2

n

!

(14 [Duc(z)))72 dx)

+/

we get
111 4L [ |7 Duc] (Dl 1 (12 + | Duc(i + 1) + [ D)) (e = )
Q
<0 [ PinDul (2 + | Ducla + W)+ Ducln) )5 da
Q
) 2 9\ 24=p=2 2
+ Cy(L) Q|D77] (1 + |Duc(z + h)|* + |Dus(z)|)” 2 |mh(ue —9)|*dx

< / 0’| Duc|? (42 + |Due(z 4+ h)|* + \Dua(x)\Q)% dx
Q

Cy(L)
JRCESE (/B

Lﬂ _
where we used the fact that |Dn| < ;<. Since we already noticed that u. € W, ~*() < W h2P Q)

loc loc

2q—p—2

<1+\Dus<m>|>2q—pdx) ( / Im(us—w)lzq‘pdm)w
By

tl

we deduce D(us — 1) € Li?c_p (©2). Hence we may use the first estimate of Lemma 8.2 to control the

last integral on the right-hand side, obtaining

1< 9 [ Dl (6 + 1Duc(e + 1) + D)2 da
Q
29g—p—2 2

QCﬁ(nvpvQ7L) 20D g 2q-p . 207 4, 29—p
+ [h| W (/B (1 + [Due(z)]) d ) (/B |D(ue — 1) d )

<9 / PPl Ducl? (4% + | Duc (@ + 1) + | Duc(2)[2) "7 de
Q

t! t!

L
+ ‘h\2 Cy(n,p, q27 ) / (1 + ‘Dua(x)])m_p dz
(t—s) B,
L
s LD [ Dy apra, (9.14)
(t—s) Br)»
where we used also Young’s inequality. Since (9.12) holds, we can use the interpolation inequality
d 1-46
1DV 20-p(00) < D075 ) ||DU‘|LHL§2(Q/) v eq, (9.15)

where 0 < §p < 1 is defined through the condition

1 50 (1 —50)(n—2)
=—4+-———
2q—p p np
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9.2 — The case of nonstandard growth conditions

which implies

5= P =D —aln—2) Rl )

) 0
2q—1p 2qg—1p

We get
/ (1+ |Dug(x)\)2q_p dx
B

t/

50(2a—p) (a=p)(n—2) (9.16)

< ( [+ \Dua(w))pd$> ( e \Dus(:c)!)“dx>

t! t/

p

Inserting (9.16) in (9.14) and using Young’s inequality which conjugate exponents and

P
p—n(g—p)

n(q—p)
(which are bigger than 1 thanks to (9.4)), we conclude that
111129 [ PimDucl (2 + Duse + 1) +1Duc(o)) 5 do

50(2(q7p))

C L p—n(g—p
i =2 (]t Du)lp o 0.17)

(t — 3) p—n(q—p) Bry2
n—2
C o Golnpa L)

+@’h‘2 (/B (1+ |Du5(ﬂf)’)% dl‘) —+ |h (t_S)Q /B |D¢(l‘)|2q_pdl‘
R/2

with © as above. In order to estimate the integral IV, we use assumption (A.4), Young’s and Holder’s

tl

inequalities as follows

TVI< b [ (s + 1)+ R(@) (2 + D)) 7 7D o

—2

pb—=<
< 19/ 772]ThDu5|2 (uz + |Du5(ac)\2 + |Duc(x + h)|2) 2 dx
Q

29—p

+Cq9|h|2/3(“($+h)+ﬁ(fﬁ))2(1+IDus(w)l2) > da

p=2
< / PPl Ducl? (42 + |Due(x)|? + |Duc(z + h)?) = dz
Q
r—2

2
3 r(2¢—p) T
+ Cy |h)? (/ (k(z + h) + n(.@)rdx) (/ (1+ [Duc(z))) 72" dx) . (9.18)
Bt Bt
where we also used that suppn C By C Bgr. Since (9.7) holds, we can use the interpolation inequality
) 1-0 [y
10 e < IDV ey IDOIL s, VO €@,

where 0 < § < 1 is defined through the condition

r—2 0 (1=9)(n—-2)

2q—p)r p np

which implies

_ plnr —n—1) —q(nr —2r) _ . n(gr—pr+p)
°= Ca—pr | 7T
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9 — Higher differentiability for the obstacle problem

We get

r—2
(2q—p)r r
</ (1+ [Duc(z)]) dx)
By

3(29—p) (gr—pr+p)(n—2)
< </ (14 |Duc(x)[)? d:v>
By

</Bt(1+\Du€($)|);gdw> +

Inserting (9.19) in (9.18), using the second inequality of Lemma 8.2 and Young’s inequality with

(9.19)

and n(qrf;urp) (which are bigger than 1 thanks to (9.4))

conjugate exponents br
Jug p pr—n(qr—pr+p)

p—2
1V <0 [ PlmDucf (12 + | Duc() + [ Ducla + W) do
Q
5(2q—p)r

pr—n(qip—pr—o—p) pr—n(qr—pr+p)
+Cye |h|? / k" (x)dx / (1 + [Due(z)])? de (9.20)
Br/a Bry2

n—2

n

+ o’ </Bt(1 + | Duc(z))) da:)

with © as above. Assumption (A.4) also entails
V] < [n] / 02 (1 + b) + 5(2)) (5 + [Due(2)|?) T |7 Dy| da
Q

1
< |h| (/B (k(z + h) + k()" dx)
t
(2g—p)(r=1)—r 1

(¢—=1)(2g—p)r (2¢—p)r 2q— 2q—p
([ @+ 1Duo) EHEF @ | Do da
Bt Bt

< C(n,p, ) [h[? ( | @ dx)
Bry2
(29=p)(r=1)—r L

(g=1)(29—p)r_ - @Qa-pr 5 o0 2q—p
. / (]. + |DU€(J/‘)|) 2q—p)(r=1)—r dg / |D 1/}| q—p dz
B Br)2

where we used Holder’s inequality, the properties of 7 and Lemma 8.2 by virtue of the fact that

D?y € L2 (©) by hypothesis. On the other hand, our assumptions on p, g, and (9.7) imply

loc

(¢—1)(2¢ —p)r (2q — p)r np
(QQ—p)(T—l)—r< F_9 “n_32 (9.21)

Hence from Holder’s inequality we obtain

V| < C(n,p,q) |h[* (/B K" () d:c)
R/2

2q1—p
[ preprrac)
Br)2

and by Young’s inequality with conjugate exponents qf¥1 and H;%_q (which are bigger than 1 thanks
180
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9.2 — The case of nonstandard growth conditions

to (9.4)) also

m (1+p—qp)(2q—10)
Vi< Co@® P ([ W@ | it
Br/2 Bry2

n—2

n

(9.22)
+ o </Bt(1 + | Duc(z))) daz)

with © as above. Finally, using assumption (A.4) again and the properties of Dn we get

VI < 20| [ 01Da] (s + 1) + ) (2 + D))" (e — )]

<in (75_05)2 (/Bt e | 7T d:c) T (/Bt(n(aﬂrh) + fé:(ﬂc))rda;)i

(r—1)(¢—1)
T q’l‘
- (/ (1 + |Duc(z)|)7T dx>
By

@_CSV < [ i dm) s </Bt(/-;(w YR + k(z) dx>

(2¢—p)(r—1)—r

_(g=1)(2q—p)r_ (2a—p)r
| (/ (1 + | D)) om0 57 dx>
Bt

— VI, + VI,

1

T

+h|

where we used also Holder’s inequality. Let us focus on the term V'I,. Note that (9.7) implies

qr (2¢—p)r _(29—p)r _ np
r—1< r—1 < r—2 <n—2’

(9.23)

np

1, .
Since we already noticed that u. € W ""*(Q), we can apply Lemma 8.2 obtaining

r—1

/ (1+|Du5(m)|)f’ldx> ' (/ f{r(:v)dx>r. (9.24)
B Bpgr/2

t/

(t—s)?

Hence, owing again to (9.23), we can use the interpolation inequality

VIa S |h|2 C(?’L,q,?") (

& 1-6’ /
1001y gy < 1DV ey 1IP0I, 992 €,

where 0 < ¢’ < 1 is defined through the condition
r—1 —(X—i- (1-8)(n-2)
qr p np

which implies
5 — p(nr —n) — q(nr — 2r)
2qr

)

We get

(9.25)

3
i

(n—2)(gr—pr+p)

S(/B (1+!Dus(:v)l)”dx> (/B (1+|Du€(az))n2dx>
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9 — Higher differentiability for the obstacle problem

Plugging (9.25) into (9.24) and using Young’s inequality with conjugate exponents 2pr and
)

2pr—n(qr—pr+p

% (which are bigger that 1 thanks to (9.4)) yields

6/2qr

C@ 2pr—n(qr—pr+p)
VI, < | /B (1 + | Due(a)|)P da
R/2

(t — s)Tr=nlar=—prFp)

2p n—2

2pr—n(ar—prp) p =
: / K" (x) da + O |h? </ (1 + |Due(x)|)»-2 dx)
BR,/Z Bt

2q—p
loc

with © as above. Finally, concerning the term VI, since Dy € L (©) we can apply Lemma 8.2

and then argue as we did to obtain (9.22), getting

b ___p
Co(R (1+p—q)(29—p) (I+p—q)r
v, < hpp —CeB)_ < / |Dw(:n)|2q_pdx> / W () dae
(t — s)T+r=a Br/2 Bry2

n—2

n

+ 0P </Bt(1 | Duc(z))) d:v)

with © as above. Summarizing the above computations we come to

6/2qr

) C@ 2pr—n(qr—pr+p)
V1| < |l / (1 + | Due ()| da
Bry2

(t — 3) 2pr—n(qr—pr+p)

: / K" (z)dx
Br)2
Co(R) TFr—a @7 S
+|hf ———— / | Dap(z) 2977 da / K" (2) dz
(t — s)TFr=a Br/2 Brs

n—2
+ O |h? (/
B

(9.26)

n

(1+ [Duc(x)])»> d:c>

tl
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9.2 — The case of nonstandard growth conditions

Inserting estimates (9.11), (9.13), (9.17), (9.20), (9.22) and (9.26) in (9.10), we infer
V/an‘ThDua‘Q(MQ + |Duc(z + 1) + |Duc()]>) 7 d

<39 / | Duc (1 + |Dus(z + B)? + | Duc()[?)"7 da
Q

n—2

+20 |h|? </Bt(1 + | Duc(2)]) =2 dl") T sep (/B

(2q*p)(112+p7q)
+ Cypo(L, R) |h|? / | D227 dx
B

(1+ ]Dug(a:)\)% dx)

+/

t/

30(29—p)
C L p—n(q—p) Cy(n.p,q, L
+ ’h‘Q L(QZ / (1 + |Dug(zx)|)P dz + |h|2 W/ ‘D¢(x)’2q—p da
(t — s)pnlan \/Brys (t—s) Bro

3(2q—p)r

prfn(qipfprﬂ) pr—n(gr—pr+p)
4+ Cyo |2 / W (2) da / (1+ | Duc(2)))? da
Bry2 Br/2

ﬁ (1+pfqp)(2qu)
+ ORI ([ W@ [ iprepreas
Br/2 Bry2

6/2q7‘ 2

C@ 2pr—n(qr—pr+p) 2p7‘—7b(q£—pr+p)
+ ]h\Q o / (1 + |Dug(x)|)P dz / K" (z)dx
(t _ 3) 2pr—n(gr—pr+p) BR/2 BR/2

=: 319/ 2| Duc 2 (12 + | Due(z + h)|? + |Duc(2)[2) "= da
0

n—2

n

+20 |h)? (/Bt(l + \Dug(ﬂﬁ)’)% dx) ) + 30 [Af? (/B

B 2 O 2 O 2
o M e

Choosing ¥ = g, we can reabsorb the first integral on the right-hand side of previous estimate by the

+/

(1+ ]Dug(a:)\)% dac)

Cs

+ |hPA + |h|? e

left-hand side thus getting

v p—2
o [ imDul (4 [Dute B+ |Duc()) 5 e
Q

<20 |hf? (/ (1+\Dus(x)y)%dx> " 30 (/ (1+|Du5(x)\)nnp2dx> n (9.27)
By

+/

s T e T

Using Lemma 8.5 on the left-hand side of the previous estimate and recalling that n = 1 on B we get

+ |h2A + |hJ?

12
v/ mVy(Du)? d

< (2@ </Bt(1 + | Du(x)]) 72 de)n;Q +30 </Bt’

B o) Cy Cs ) e

n—2

n

(1 + |Duc(z)])72 d:r:)

+ A+ +

G52 s (—sp2 | ({t—sm
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9 — Higher differentiability for the obstacle problem

and from Lemma 8.3 and inequality (8.4) also

/ \Dua(:ﬂ)]% dz

<20 </Bt(1 + [Due ()]) 7= d”’“)nn 30 </B

B Cl n 02 + C’3
(t—s)? (t—s)  (t—s)2  (t—s)

(1 + |Duc(z)])"2 dx)

Setting

n—2

amz(éﬁmamﬁim)"

and possibly redefining the constants, we can rewrite the previous inequality as

1 Cy Cs
(E—sP  (—syn  G—sy2 (s

B(s) <20¢(t) +30 (') + A+

Notice that we can choose © small enough to satisfy © < 1/3 < 1/2. Thus we can apply Lemma 8.6

obtaining

P(p) <c (2@ ot + A+ LG Cy Cs >

C—pP  W—py  (E—pyz (T —p)
for some ¢ = ¢ (©,7v1,72,73). But then, applying Lemma 8.6 one more time we get
R ~ B C  Cy  Cs
gb(g) éC<A+R?+R71 +R72 +R’)/3

with ¢ = ¢(0,7v1,72,73). Then, using again Lemma 8.3 with p = 2, F' = V,,(Du.) on the left-hand

side of (9.27), by the arbitrariness of the ball By /8 and our regularity hypothesis on the obstacle we

infer the a priori estimate

B
/ D (Vy(Due(2)) P dae < C (/ (1+ |Due(z)] )P da:) (9.28)
Brys Br/2
with C = C(n,p, q,r,v, L, R) and
_ { 60(29 — p) 6(2q — p)r 6"2qr }
£ = max , , .
p—n(qg—p) pr—n(qgr—pr+p)’ 2pr—n(qr—pr+p)

Step 2: Passage to the limit

Now we conclude the proof by passing to the limit in the approximating problem. The limit procedure
is standard (see e.g. [35]). By the growth conditions at (III) of Lemma 9.10 and the minimality of
ue for F, we get
/ | Duc(z)|P dz < C(Ky) F.(z,Du.(x))dz
Br Br

< C(K)) g F.(z,Du(x))dx

< C(Ky) : F(x, Du(x)) dz,
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9.2 — The case of nonstandard growth conditions

where in the last inequality we used also (I) of Lemma 9.10. Since F(z, Dug(z)) € LL .(€2) by assump-

tion, by the minimality of u for F' we deduce also F(z, Du) € Li (Q). Then, up to subsequences,

loc

there exists @ € u + Wol’p(BR) such that
Ue — U weakly in u + Wol’p(BR).

Our next step is to show that u is a solution to our obstacle problem over the ball Bp, that is, it
minimizes the functional [, F'(z, Dw)dz in u+ Wol’p(BR). To this aim fix g and observe that, by (I)
in Lemma 9.10, it holds

/ ., (2, Du.(z)) dz < / Fu(e, Duc(@))de < | Fla, Dua(x)) da (9.29)
Bgr Br Br

for € > £9. By the lower semicontinuity of the functional v — [ By, Feo(z, Du(z)) dz on WP estimate

(9.29) and again the minimality of . it follows

/ F.,(z,Du) dxﬁliminf/ FEO(:C,Dug)d:L‘S/ F(x,Du)dz.
BR BR

e—0 Br

Again by (I) in Lemma 9.10, we can use the Monotone Convergence Theorem on the left-hand side

of the previous estimate to deduce

/ F(z,Du)dz = lim F. (z,Du)dx < F(z,Du)dx.
Br

e0—0 BR BR
Note also that, since u. € ICy(§2) for every € and K(2) is a closed set, we have @ € Ky (2). We have

then proved that the limit function @ is a solution to the minimization problem
min{/ F(z,Dw)dz :w € u+ Wol’p(BR), w e /Cw(Q)} .
Q

It only remains to show that the minimizer has the regularity stated in Theorem 9.8. First of all, note

that the strict convexity of F' yields u = u. From estimate (9.28) and by compact embedding we infer
Vo(Due) — v weakly in W,2(9),
Vp(Due) = v strongly in L (Q),

from which we deduce, together with inequality (8.2),

Du. —w  strongly in LV ().

loc
We thus have the strong convergence
Us = U =1 strongly in u + Wol’p(BR).

Hence we can pass to the limit in estimate (9.28) and conclude that V,,(Du) € I/Vlif (), which is the
claim of Theorem 9.8.
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9 — Higher differentiability for the obstacle problem

Remark 9.11. As already mentioned, now that we have gained some extra regularity for the solution
of the obstacle problem (IV.2), we can reformulate it as a variational inequality in the spirit of
Proposition 9.1, provided we consider a new class Ky (€2).

Let u € Ky (€2) be a solution to (IV.2) under Hypothesis 9.5. Let ¢ € Ky (€2). Looking at the proof of
Proposition 9.1, we see that the growth conditions came into play only when we proved that I» was

finite. Now, by (F'3),

1,1
I, < 5/ / s/ |Dee F (2, Du+tseD(p — u))||D(p — u)|* dt ds dw
QJo 0
1 1 q—2
< E/ / 5/ L (g +|Du+tseD(p —u)|*) 2 |D(¢ —u)|*dtdsdax
QJo 0
~ a=2
<L [ (s + D + 21D~ wP) T Dl - ) do
Q
Note that the sharp inequality (9.7) coming from condition (9.4) entails

2 _
q<(q p)r< "o
r—2 n—2

hence by Theorem 9.8 and the Sobolev embedding we have that
Du e Lf () — LL ().
Thus, arguing as in the proof of Proposition 9.1 and letting € — 0 we see that
/(.A(:c, Du),D(p —u))dx >0 for all p € Ky (Q2),
Q

where

Ky (€2) = {w € ug + Wol’q(Q) cw > 1 ae. in Q}

with ug € Wh4(Q) fixed boundary value.

9.2.2 A second higher differentiability result

In this section we report and briefly comment the achievements from [72], where we proved that the
higher differentiability result remains true also under the hypothesis Dy € I/Vl:(l)cr (©2). The statement

is the following.

Theorem 9.12. Let u € Ky(Q2) be the solution to the obstacle problem (IV.2). Suppose that F' satisfies
Hypothesis 9.5 for exponents 2 < p < n, p < q, 7 > n as in (9.4) and for a function k € L, (Q).
Then it holds
Dy eWLI(Q) = (4 +|Dul’)’T Due Wi2(9). (9.30)
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9.3 — The case of nearly-linear growth conditions

We are not going to give the proof of this result, since it exploits the same techniques we have already
seen in the previous section.
It is worth noting that if ¢ < n then Theorem 9.12 ends up to be a consequence of Theorem 9.8, since

in this case 2g — p < r. Indeed (9.4) is equivalent to

- 1
r )
1
14— -1
n - p
If we are able to show that
2 —p <
1 b
14--1
n p
then our result follows. We have
1 np 2
2—p<—7—F7 © 20—p< ———— & pg+plg—p) <np+nglqg—p)+nlqg—p)
14 L_a np +p —ng

which holds true as long as p(q — p) < ng(¢ — p) and gp < np, since we are assuming ¢ < n.
However, if nothing is assumed on the relationship between ¢ and n, the previous turns out to be a

completely independent result.

9.3 The case of nearly-linear growth conditions

There are few results in the literature dealing with the case of nearly-linear growth conditions. We
mention the classical papers [67, 82] and the more recent [122] in the case of equations of functionals,
and [38, 66] in the case of obstacle problems.
The aim of this section is the study of the higher differentiability properties of the gradient of functions
u € WH1(Q) which are solutions to variational obstacle problems of the form (IV.2) in the setting of
nearly-linear growth conditions. The obstacle ¢ belongs to the Sobolev space W11(Q), and the class
Ky (82) is defined as

Ky(Q) :={we Wh(Q):w > a.e. in Q}. (9.31)

We require the data of our problem to fulfill the following hypotheses.

Hypothesis 9.13. Let Q2 C R™ be a bounded open domain. For the Lagrangian functional F' :

2 x R" — [0, +00) we shall assume that:

(i) it is a Carathéodory function, that is, F'(+, ) measurable for every ¢ € R™ and F'(z, -) continuous

for a.e. x €

(i) &€+ F(z,€) is a strictly convex C? function for a.e. = € Q;

187



9 — Higher differentiability for the obstacle problem

(iii) there exist positive constants 7, L, ¢ and an exponent 1 < ¢ < co such that

S F(€) < Fa&) <11+ [ef) (Ful)
(DeeF(, NN > 7 (14 [€2) 72 |A]2 (Fui2)
D F(x,6)| < L(1L+[¢[)'7 (Fu3)
D, Fl,6)] < k(a)(1+ 62T (Fud)

for a.e. x € Q and every ¢ € R™. The two functions k : Q — [0, +00) and F : [0, +00) — [0, +00)

satisfy respectively k € LT () with » > n and

loc

lim £t) = +o0. (9.32)

Finally, to avoid trivialities, we shall assume that the set of admissible functions ICy;(€2) is not empty

and that a solution u to (IV.2), (9.31) is such that F(z, Du) € Li ().

Remark 9.14. The growth assumption (Fy;) together with (9.32) guarantees the coercivity of the
functional F', so that we can still apply [37, Theorem 3.30] to deduce the existence of a solution to

the obstacle problem (IV.2), (9.31).

Note that functionals with nearly-linear growth have features in common with the ones satisfying

nonstandard growth since, by virtue of (9.32), we have that
clé] < Fe,6) < L1 +[E]Y).

It is well-known that in this setting the Lavrentiev phenomenon may occur (see Remark 9.7). We
therefore assume to be in the situation where irregularity phenomena can be ruled out, in the following

sense. According to [38], for any B € 2 we consider the set
K35(Q) =Wt (@) N {we WH(B) :w>1 a.e. in B}.
Then, in the spirit of Remark 9.7, we define
F(u,Q) := / F(x,Du)dz
Q

and introduce the relaxed functional

F(u,B) := Ci?f){lim‘inf}"(uj, B)}, (9.33)
w) o J
where
C(u) := {{u;}jen C Kj(Q) : uj — u weakly in whti(B)}. (9.34)
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9.3 — The case of nearly-linear growth conditions

Then we consider the Lavrentiev gap functional

L(u, B) := F(u, B) — F(u, B).

We will assume that in our setting it holds L(u, B) = 0 for all B € €. This leads to the following

nice characterization that will be useful in the passage to the limit procedure.

Lemma 9.15. For any fized ball B € Q, let u € Ky(Q) be such that F(u, B) < oo. Then L(u,B) =0
if and only if there exists a sequence {u;}jen C Wh4(B) such that uj > Y a.e in B, u; — u weakly

in WHY(B) and F(u;, B) — F(u, B).

Proof. Following [1], we define the set of good sequences for u in B as

G(u,B) := {{uj}jeN €C(u) : F(u,B) :jlirgof(uj,B)},
where C(u) is defined in (9.34). It is clear that G(u, B) is nonempty. Hence, that £(u, B) = 0 implies
the existence of the desired sequence follows immediately from the definition of F(u, B) by choosing
any good sequence for u in B.
Conversely, in view of Ioffe’s Theorem (see [86]), the functional F is lower semicontinuous and thus

F(u, B) < F(u, B) for all u € K;;(£2). On the other hand, since we are assuming F(u;, B) — F(u, B),
by the definition of F(u, B) in (9.33) we obtain the converse inequality. Thus £(u, B) = 0. O

In analogy with (9.4), we shall assume also that

1 1

Remark 9.16. Inequality (9.35) implies that ¢ is such that

lcgelyi=?
1 27 2

The main result of this section is the following theorem from [73].

Theorem 9.17. Let u be a solution to the obstacle problem (IV.2), (9.31) such that L(u, Bg) = 0 for
all B € Q. Suppose that F satisfies Hypothesis 9.13 for exponents q,r as in (9.35). Then

DY e W (Q) = (1+|Duf)"VDue W 3(Q).

loc loc

9.3.1 Proof of the main result

We are now going to prove Theorem 9.17. The first part of the proof is devoted to the construction
of an approximating minimization problem, whose solution satisfies a suitable a priori estimate. In
the second step we conclude showing that the estimate is preserved in passing to the limit, and this
yields the desired regularity result.
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9 — Higher differentiability for the obstacle problem

Step 1: Approximation and derivation of estimates

Let us fix a ball Bg € Q. We first use Proposition 9.5 to get the existence of a sequence {;};en C

W4(Bpg) such that

@j > a.e. in Bg, @; — u weakly in W' (Bg),

(9.36)
/ F(z,Duj)dz — F(x,Du)dz.
Br Bgr
Then, following [38], we consider the sequence of functionals Fj(x,&) defined by
€j a
Fi(w,€) = F(@,0) + -~ (1+16F)* (9-37)
where
-1
ej = (1 . HDajHi‘g(BR)> . (9.38)

By Direct Methods and convexity, we get that for any j € N there exists a unique solution u; €

@i + Wy '(BR) to the obstacle problem
min{/QFj(x,Dw) dz:w e le(Q)} .
Since Fj(x, &) satisfies standard growth conditions, setting
Aj(x,€) = DeFj(x,€)
from Proposition 9.1 we get that u; is a solution to the variational inequality
/Q<Aj(x, Duj), Dip—u))de 20 Ve Ku(). (9.39)

Moreover, from (Fyl) — (Fy4) it follows that there exist positive constants v, L,¢ and a function

k € Lj,.(Q) such that for a.e. x,y € 2 and every £, € R" the following conditions hold

(Aj(,6) — Aj(,m), € —n) > v )€ —nP(1+ €2 + |nf*) 2 (A;1)
A (2, €) — Aj(2,m)| < LIE—n|(1+ ¢+ nP) "= (A;2)
(2,6 < L1+ €))7 (A;3)

A (2, €) = A(y,€)| < ((z) + K(y)) |z — yl(1+ € (Aj4)

Before we start with the derivation of estimates, note that it holds, according to the notation intro-
duced in (8.1),
Vi (Duy)|? =

Thus, since we are considering u; € Wh4(Bg) with ¢ > 1, we find that V;(Du;) € L?(Bg). Applying
Lemma 8.3 with p = 2, F' = Vi(Du;) together with inequality (8.3) we obtain

Du; € L2 (Bg).
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9.3 — The case of nearly-linear growth conditions

Thus the integral

/ (1 + [Du ()7 de,
Br

which will frequently appear in the sequel, is finite.

Let us now fix radii 0 < % <p<s<t<t< % and a cut off function n € C§°(B;) such that

0<n<1,n=1on By, |Dn| < % Consider the function

o) = ui(w) — 2y T @) 7l — 0)(@))

with 75, defined in Subsection 8.1. Notice that, when A\ > 0 is sufficiently small, ¢ is an admissible

test function in the variational inequality (9.39), that is, ¢ € KCyy(€2). Indeed

() — () = (u; — V)(&) ~ 73 71 (72(2) Tty — ) ()

= (g — ) (a) + 7yr@) (ug — )+ ) — (g — ) )

— 2o = ) ((ay — 0)(@) — (u — )z~ b))
~ (0= 0)e) (1= o)~ e —1)
+ 25 (P @) g — )+ )+ 2w — B — )~ 1)) 20,

provided 0 < A < %2 Hence, using ¢ as test function in (9.39) we get, with the aid of Proposition

8.1,

/Q (ru( Ay (2, Dug)), D 7y — ) de < 0.

Performing the calculations we obtain

0= /Q <Aj<a: + h, Duj(x + h)) — Aj(z, Duj(z)), D(n*m(uj — ¢))> dz
= /Q <Aj($ + h, Duj(x + h)) — Aj(z, Duj(z)), n*m,(Du; — D1[})> dx
+ /Q <.Aj(x + h, Duj(z + h)) — Aj(z, Duj(x)),2n Dnmp,(uj — 1/1)> dx.
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9 — Higher differentiability for the obstacle problem

The previous inequality can be rewritten as follows
/Q <Aj(x + h, Duj(z + h)) — Aj(z + h, Duj()), n2ThDuj> da
Aj(xz + h,Duj(x + h)) — Aj(x + h, Duj(z)), 7727th> dx
Aj(x + h, Duj(x + h)) — Aj(x + h, Duj(x)), 2n Dy, (uj — 1/1)> dz

<
<

+ /Q (Aj(w + b, Duj(x)) = Ay, Duj(2)), P Du; ) do
(A + h, Dus(2)) = Ay, Duj (@), 77Dy ) d
<

Aj(x + h, Duj(x)) — A;(x, Duj(x)), 2n Dy (uj — 1[))> dz

I+ 1T+ 11T+ 1IV+V4+VILO,

which entails

I <|II|+ |III|+ |IV|+|V|+|VI]. (9.40)
By virtue of (A;1) we get
I> V/Qn2|fhpuj|2(1 +1Duj(e + B2 + | Duy (2)[2)3 da . (9.41)
Assumption (A;2) together with Young’s inequality implies
(1] < L/Q772|7'hD“j|(1 +[Duj(x + h)? + | Duj(2)[?) T |mDy|dx

= 19/ [T Dujl* (1 + |Duj(x + h)|* + [Duj(2)[*) 72 do
Q

+Cy(L) /Q WPl DY2(1+ [Duj(z + b)|? + |Duy(2)|?) "7 da.

Concerning the second summand, it holds

2q—2

29-3 wilx 2 w22
(14 [Dua + B+ | Duy () 2y 5 = 1Pz + 1) 2+|D i(@)] )2
(1+ | Duj(x + h)[? + [Du;(z)[?)

2q—2

< (1 + |Duj(z + h)|* + |Duj(z))?) "7, (9.42)

[SIE

thus employing Hoélder’s inequality and using the properties of 1 we obtain

(1] < ﬁ/QWQ\ThDUj\Z(l +[Duj(z + ) + | Duj()*) 72 do

r—2

+ Cy(L) (/Bt D" dg;)3 (/B (1 + |Duy(x)]) 2" da:) o

ﬂ
Remark 9.16 yields
(2q — 2)r r n
r—2 “r—2 n_2
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9.3 — The case of nearly-linear growth conditions

Hence, being D% € LT (), we can use Lemma 8.2 together with Holder’s inequality to get

loc

1

(1] < 19/9772|ThDUj|2(1 +[Duj(z + h)|* + | Duy(2)[*) "% dz

2 (n=2)(2¢—2)
+ Cyln,qr L, R 12 ( / |02de> < /
By B

(1 + | Duj(w)|)72 dx> ,
and by Young’s inequality with conjugate exponents 2(1%2 and 3_—12(1 (which are bigger than 1, see

i/

Remark 9.16) also

|[I1| < 19/97]2]7'hDuj]2(1 + |Duj(z + h)|2 + ]Duj(ac)|2)*§ dz

2
2 2. T v
+Cye(n,q,7, L, R) [N D[ da (9.43)

Bpr/2
+ O |h? (/
B

for some constant © = O(n,q,r), 0 < © < 1, that we will specify later. Similarly, we also get

n—2
n

(1+ [Duy(2)|) == dx)

t/

IT1] < 4L / 7 Du;| [Dn|n (1 + [Duy(x + B)[2 + [Duy(@)?) = |7 (u; — )| d
Q
<9 / 02D 2 (1 + [Duj(x + h)|? + | Dug () )% da
Q
+ (L) / IDp?(1 + | Duy(x + B)[? + [Duj(2)2) % [muy]® da
0 J J htj
+ Cy(L) / 1Dn?(1 + |Duj(z + B)[? + | Duy()|2) = |mpp|? da .
Q

By the fact that |Dn| < % and Holder’s inequality we deduce
(111 <9 / It Duj|? (1 + | Duj(z + h)[* + | Duy(2)*) 72 da
Q
L = 301
L ) / (1+ | Duj(z))> ' da / |2 da )
(t—s)? \Us By
r—2

e </B (1+ |Dusa)) dx> ([ o’

t/

t/

<9 [ PinDu 1+ Duse + WP + [Du(@))H da
Q

Cﬂ(n7Q>L) / . 2q—1
+7(t—3)2 Bt/(1-|—|Du](:z)\) dx

Co(n, 1, L) RN ran)’
L </B (1 4 [Duy(x)]) d) (/BR!Dz/z( )|d) : (9.44)

t/

T
loc

Here we used Lemma 8.2 as long as D € L] (£2). Now, assumption (9.35) entails

2 2 2
2q-l<lt-"<c142<
n o r n n—2
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9 — Higher differentiability for the obstacle problem

By means of the interpolation inequality
-5
IDul 2 ey < 1DV g 1DV, VY € €,

with 0 < dg < 1 defined as

2q1_1 gy U2
that is
n=" M =T
we obtain

| pu@))tas
B

’ d0(2¢—1)
< (/B 1+ rDuj<x>|>dx> (/B

Inserting (9.45) in (9.44) and using Young’s inequality with conjugate exponents

(9.45)

t/ t/

(g=1)(n—2)
(1 + | Duy(a)) 72 dx> .

1 1
ata-1) A4 T
(which are bigger than 1 thanks to (9.35)), with the aid of (9.42) and the subsequent computations
we conclude that

1

(1] < 29/9772\%17%'2 (1 + [Duj(z + h)* + |Duy(2)[*) 72 da

5o(2g—1)

079,9 n,q, L 1-n(q—1)
1 pp Srelma L) ( | @+ pu@) dx)
R

(t — s)T=nla=D

2

C 7L, R B—20)r

#pp C LB D (] Dy as)
(t—s)3- 24 Br

+@h|2</B

tl

(9.46)

n—2

n

(1 + |Du;(z)])7-2 d:z:)

with © as above. In order to estimate the integral IV, we use assumption (A;4) followed by Young’s

and Holder’s inequalities to obtain

V] < Ihl/ i+ h) + (@) (1 + | Duy(2) )% |7 Duj| da

[

< 19/ n |ThDUj| (1 + ]Duj(a:)]2 + [Duj(z + h)\2)72 dzx
Q

2q—1

+Colh? [ (nfa+ 1)+ w(@) (1 + Duy(@)) 7 da

=

< 19/ n?lmDu;|* (1+ |Duj(2)]® + [Duj(z + h)|*) "2 da
Q

+ Cylh)? (/Bt(,@(x +h) + k(z))" d:c) : (/Btu + |Duy(2)]) =" dx) - : (9.47)

where we also used the fact that suppn C B;. On the other hand, assumption (9.35) implies
(2¢ — 1)r n
r—2 < n—2
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in a sharp way, as long as r > n. The proof of this fact can be carried out as in Remark 9.9. By

means of the interpolation inequality

0 1-9 /
D0l e < 100l 1D, ) Y €2,
with 0 < § < 1 defined as
r—2 4 (1-0)(n—2)
(2¢ — 1)r n
that is
5:(nr—n—r)—q(nr—2r) 1_5:n(qr—'r+l)
(2¢ = )r ’ (2¢—Dr

we obtain

r—2

</Bt(1+ |Duy(z)]) 2 dx) ;
S </Bt( e Ddx>6(2q_l) (/Bt(lJr\Duj(x))nfz dl‘)

Inserting (9.49) in (9.47), using the second inequality of Lemma 8.2 and Young’s inequality with

(9.49)

(gr—r+1)(n—2)

which are bigger than 1 thanks to (9.35)), we obtain

conjugate exponents n(qrjr-i-l) and r—n(q:—r—i-l) (

Jun

v < 79/9772’7%17“]”2 (1+ [Duj(z)* + |Duj(z + h)|*) "2 da

+ Cy|h? </BR K" (x) d$>3 (/BR(I + |Duj(x)|)dg;>5(2q1)
. (/Bt(1+ ’Duj(x)!)rlnzdx)w

_1
<0 [ PmDuP (14 Dus(a)? + [Dusla+ b)) da
Q

§(2g—1)r

) : TR (=]
+ Cyolhl / W (2) d / (14 |Duy ()]) da
Br Br

n—2

+0O|h? (/ (1 + |Duy(z)])""2 da;) ' (9.50)
By
with © as above. Assumption (A;4) also yields

Vi< Ih!/ i+ h) + (@) (1 + | Duy(2)2) T |7 D] da

r—2

=1 </Bt(”(x +h) + ”(@)’"dx)i </Bt(1 | Duy(2))) 2 dx) N ( A Tth/J]TdI)i

where we used Holder’s inequality, the properties of n and Lemma 8.2 by virtue of the fact that

D € L, (). On the other hand, Remark 9.16 yields

(¢g—1)r r n
. Ry
r—2 <r—2<n—2 (95)
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9 — Higher differentiability for the obstacle problem

Hence we can apply Holder’s inequality again to obtain

1 (n=2)(¢g—1) 1
Vi< coar il ([ wwa) ([ospu@ha) T ([ )
BR Bt BR

and by Young’s inequality with conjugate exponents qi—l and ﬁ (which are bigger than 1, see Remark

9.16) also

1

1
(2—q)r (2—q)r
!WSCMm%nmwf</ﬁﬂ@®> q(/ w%vm) q
Bgr Br

+ o’ </Bt(1 | Duy(2)]) 72 dx) o

with © as above. Finally, assumption (A;4) and the properties of D7 yield

(9.52)

n

[VI| <2l /QU Dl (s(@ + h) + 5(@)) (1 + [Duy(@)[) T |mi(u; — )| da
< 2[n| /QU Dyl (s5( + h) + (@) (1 + [ Dy (0)[?) T 7| da
+ 2|h| /977 Dyl (sl + h) + k(@) (1 + | Duj (2))) T ] da

<l (t_CS)Q ( A g7 dx> - (/Bt(/i(x +h) + r(a) dx) ’

(g=1)(r—1)
T qr
. (/ (1+ ]Duj(af)])rq—l dx)
By

+1] (t_CS)Q ( [ it daz) % (/Bt(,{(x +R) + k(@) d:c) '

r—2

([ Q41D @) dr) (9.53)
(.

r

1..(£2) we can employ Lemma 8.2 to

where we used also Hélder’s inequality. Moreover, since Dy € L

obtain
r—1

Vi< ’h’Qw </B (1+ | Duy(x)[)71 dx>r (/BR K" (2) dx)i

(t—s)? ¥

4[R2 (C;(fs:)? (/BR D) dx>i (/BR W () dx>i </Bt(1 + |Duy(2))) =2 d:c) .

On the other hand, the fact that ¢ > 1 and the sharp inequality (9.48) imply

qr (2¢ — 1)r n
r—1< r—2 <n—2'

By means of the interpolation inequality

& 1-4' /
D0l 2y g < 1DVl DO, Ve €@,
with 0 < ¢’ < 1 defined as
r—1 54 (1-8)(n-2)
qr n
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9.3 — The case of nearly-linear growth conditions

that is

5 — (nr—n) —q(nr —2r)

, 1-9§
2qr

we obtain

r—1
r

(]

(1+ | Duj(x)])71 dx)

i/

(5'q (n72)(¢217"7r+1) (954)
< (/ (1+ |Duj<x>|>dx> (/ (14 D (@) )72 dx>
By By
Inserting (9.54) into (9.53) and using Young’s inequality with conjugate exponents ﬁ and
m (which are bigger that 1 thanks to (9.35)), with the aid of (9.51) and the subsequent
computations we finally obtain
C 6/2q'r 2
2r—n(gr—r+1) 2r—n(gr—r+1)
i< LD (g puyahan) ([ wwan) T
(t — s)F =0 \JBg Br
1 1
C R [CEE @2-qg)r
+|hPC“"*”Z></‘mT@gdx> ' ( ]Dd(xﬂrdx> ' (9.55)
(t - S)E BR BR

n—2
n

+@mﬁ<é

(1+ [ Duy(@)]) 72 dx>

tl
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9 — Higher differentiability for the obstacle problem

with © as above. Inserting estimates (9.41), (9.43), (9.46), (9.50), (9.52) and (9.55) in (9.40), we infer

y / P Dus (1 + | Duj(x + h)[2 + | Du (2)[2) % da
Q

1

< 379/ w2 D 2(1 + | Duj( + 1)[? + | Duy()) % da
Q

n_2 n—2

+20|h2 (/B (1+|Duj(:c)|)nn?dx> " 130 h? (/ (1-|—|Duj(:1:)|)nn2dx>
) t
prran)

dp(2¢—1)

0197@(”’(]7 L) 1=n(e—1)
SO LEL (] (1 D)) ds
(t — 3)1—n<q—1> Br

2

019,@ n,q,r,L,R r B=2ar

1 pplrelmer, )< [ 1pva) dx)
(t —s)3-2 Br

+ C&@(’I’Z,(],T,L,R} |h’2 </

Bgr

6(2g—1)r

9 . T‘fn(q371”+l) r—n(qgr—r+1)
+Cyo lhl / W () dae /(1+|Duj(x)\)dx
BR BR

1 1
(2—q)r (2—q)r
+Catmar i ([ wi@an) ([ ptupar)
Br Br

6/2q'r 2
C ,q, 2r—n(gr—r+1) . 2r—n(gr—r+1)
4 pr o2 7) (/ <1+rDuj<x>|>dx) q (/ n(az)dx> q
Br Bg

(t — 5)Z=nlar=r7D)

2%WM< , )<—1>< . )<-1>
ez [, #@as) (] iputr as

_. 319/ Pl Dul> (1 + | Duj(a + b)) + | Duy(2)[?) 3 da + 20 b </
Q B

+ 30 |h? </
B

+ |R|*A + |n)?

n—2
n

(1 + |Du;(z)])"-2 dx)

t

n

(1 + |Duj(z)|) =2 da:)

Cy
(t — 5)71

t/

Choosing ¥ = &, we can reabsorb the first integral on the right-hand side of the previous estimate by

the left-hand side, thus obtaining

V/ 0P Dus *(1 + | Dug(w + h)[? + | Du;(2)[2) 72 d
Q

< 26[4f (/ (1+|D“j(fv))f2dfﬁ>n+3@lhl2 (/B (1+|Duj(x)|)nnzdx>

+|hPA+ \h\Qm
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Using Lemma 8.4 with v = —1/4 we have

|ThDUj‘2

(1+ [Duj(z + h)[2 + | Duy()|?) 2
_ ( |Duj(z + h) — Du;(x) )
(
h) - (

1
1

L+ |Duj(w + W)+ [Du (@) 2)
> e(n)|(1+ | Duj(x + h)) "5 Duy(w + L+ |Duy(@)?) 5 Duy(a)|?

= c(n)|mVi(Dwy)|%,
where V; was defined in (8.1). Therefore, inserting this last estimate in the previous one and recalling

that n =1 on Bg, we get

/ ]Thvl(Duj)\zdx

< (2@ (/Bt(l + |Duj(x)|) 72 df”>n;2 30 (/Bt

Cy Co Cs Cy ) e

n—2

n

(1 + | Duj(x)]) == d:c) (9.56)

+A+

(E—sm | (E—sym  (t—s)P  (t—s)m

where we absorbed v in the constants on the right-hand side. We now apply Lemma 8.3 with F' =

Vi(Du) and p = 2, obtaining

(/ |V1(Duj)‘% dx>n”2
<20 (/Bt(l + [Duy(2))) 2 dx) - » (/B

1 n Co i Cs . Cy
(t—s)m (t—s)2  (t—s8)1  (t—s)4

!

(1 + |Duj(z)|) =2 dl‘) (9.57)

+A+

Hence, setting

n—2

o) = ([ 1@ ar) "

and possibly redefining the constants, exploiting (8.3) we can rewrite inequality (9.57) as

) Cq Cy Cs Cy
) <200 +300O) + A+ G T T e T e

Note that we can choose the constant © small enough to satisfy © < 1/3 < 1/2. Thus we can apply
Lemma 8.6 with B = 0 obtaining

d(p) <c <2® o)+ A+ G & Cs Cy >

W —p W—p W —pe (=

for some ¢ = ¢ (©,71,72,73,74). But then, employing Lemma 8.6 one more time we get

R ¢ G 3 C
¢<4>S6<A+ Lo 2 By 4)

R R R Rra
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9 — Higher differentiability for the obstacle problem

with ¢ = ¢(0,791,72,73,74) = ¢(n,q,r). Recalling the definition of ¢ and using Lemma 8.3, from

inequality (9.56) and our hypotheses on the data we infer the a priori estimate

/ |D<v1<Duj<x>>>|2dmgc( / <1+|Duj<x>|>dx) (9.59)
Brys Bry/a

with C = C(v,n,q,r, L, R) and

o 5(2¢ — D)r do(2¢ — 1) &' 2qr
7 max r—n(gr—r+1)" 1—n(¢g—1)" 2r—n(gr—r+1)J

Step 2: Passage to the limit. We conclude the proof by passing to the limit in the approximating
problem. For simplicity, here we denote by o(j) a quantity such that lim; ,~, o(j) = 0. By the growth

condition (F1), the minimality of u; for F; and the definition of Fj in (9.37) we have

1 _ N
P [ FDu@)dn < [ Fie, i) d

B;{ . (9.59)
= F(a:,Daj(a:))dx+J/ (14 |Dij(z)*)? da
Br 4 JBg
where 4; is as in (9.36). The definition of ¢; in (9.38) entails
) q 1 q
51/ (14 |Di;(@)?)? de = / (1+ |Di;(@)?)? de —— 0,
q /B 1+ 7+ D12 B j—ro0
R g(1+7+] u]HLq(BR) R
hence we obtain, using also (9.36),
1 _
~/ F(|Duj(z)])dz < / F(z,Duj(z))dx + o(j) :/ F(z,Du(x))dx + o(j) . (9.60)
é Br Br Bgr

The fact that we are assuming F(z, Du) € Li () implies that the sequence {F(|Du,|)} is bounded
in L'(Bg). Now, (9.32) and the Dunford-Pettis criterion imply that there exists @ € u + Wol’l(BR)
such that

uj — @ weakly in Wol’l(BR) .

Our next step is to show that u is a solution to our obstacle problem over the ball Bg, that is, it
minimizes the functional [, F/(x, Dw)dz in u + W&’l(BR). To this aim note that (9.37) and (9.59)-
(9.60) entail

/ F(x,Duj(z))dz < Fj(x,Duj(m))dw§/ F(z, Du(x))dx + o(j).
Br

Br Br

Hence by the lower semicontinuity of the map v+ || B, F'(@, Do(z)) dz we get

/BR F(z,Du(x))dz < liminf /BR F(z,Duj(z))de < / F(x, Du(x)) dz.

J—00 BR
Moreover, since u; € Ky (€2) for every j € N and K0y (€2) is a closed set, we have @ € ICy(£2). We have

then proved that the limit function @ € v + VVO1 ’1(B r) is a solution to the minimization problem

min{/ F(z,Dw)dz :w € u—i—Wol’l(BR), w e le(Q)}.
Q
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9.3 — The case of nearly-linear growth conditions

Note also that the strict convexity of F' yields @ = u. It only remains to show that the minimizer has

the regularity stated in Theorem 9.17. From estimate (9.58) and by compact embedding we infer

Vi(Duj) = v weakly in VVli)CQ(Q),

Vi(Duj) — v strongly in LE (),
from which we deduce, together with inequality (8.3),
Duj — w strongly in Li.(Q).
We thus have the strong convergence
uj — U =u strongly in u + WOI’I(BR).

Hence we can pass to the limit in estimate (9.58), which allows us to conclude that Vi(Du) € W,22(€).

loc

Recalling the definition of V; in (8.1), we see that this is exactly the claim of Theorem 9.17.

Final remark

The higher differentiability results contained in this last part of the thesis have already been used to
prove further regularity results. In particular, Theorem 9.8 is employed in [32], where the authors
prove the local Lipschitz continuity of solutions to a quite large class of variational inequalities whose
principal part satisfies nonstandard growth conditions. This was the first result about Lipschitz
regularity for the obstacle problem with p,g-growth. In the same spirit, Theorem 9.17 has been
recently used in [11] to prove Lipschitz continuity results for functionals with nearly-linear growth
conditions.
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APPENDIX A

Auxiliary tools

This Appendix contains several results and concepts which are recalled and used in this thesis. They
are all presented without proof, but we quote in each case some references where further details may
be found. Here © will be a nonempty open bounded connected subset of R™, n € N, with Lipschitz

boundary.

A.1 Some useful results

A.1.1 Gronwall’s lemma

The result stated below is well-known and fundamental when dealing with differential equations. Its

proof can be found for example in [59].

Lemma A.1 (Gronwall’s Lemma — differential form). Let n be a nonnegative, absolutely continuous

function on [0,T], which satisfies for a.e. t the differential inequality
1'(t) < d(t)n(t) + ¥ (1),
where ¢, 1 are nonnegative, summable functions on [0, T]. Then
o0 < 20 (0 + [ w(oyas)
forall0<t<T.

Lemma A.2 (Gronwall’s Lemma — integral form). Let £ be a summable function on [0,T] which

satisfies for a.e. t the integral inequality
t
) <0 + [ alo)(s)ds,
0
where a, 8 are summable functions on [0,T] and, in addition, « is nonnegative. Then

{0 <o+ | a(s)B(s) el o) g
0
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A — Auxiliary tools

for all0 <t <T. If, in addition, B is nondecreasing, then
§(6) < B(t) el o)

forall0 <t <T.

A.1.2 Anisotropic embedding theorems

In evolution problems, one deals with functions depending on a space variable z € € and time ¢ € w,
where w C R is an open interval corresponding to the time of the process. It is thus natural to expect
that the partial derivatives of u with respect to space and time are integrable with different exponents.

For 1 < p,q < oo we introduce the norms

1/p
</ ]u(-,t)|§7Q dt) if 1 <p< oo,

supess |u(-,t)[q.0 if p= o0,
tew

‘u|p,q,9,w =

where | - |40 denotes the usual norm of L(2), and the spaces
LP(w; L)) == {u € L'(Q x w) : u[pg 0w < 00} .
We further define

Wl’(po’qo);(pl"“)(w; Q) = {u e L'(Qxw): % € LP(w; L (Q)),

- € LPY (w; LT (Q)) for i = 1,...,N} .
Here we report two anisotropic embedding theorems established in [12].

Theorem A.3. If g > max{qo, 1}, p2 > max{po,p1} and

1 1 1 1 1 1 1 1 1
po P2/ \N @ @ p1 P2/ \Q @
then, WhH(Po-20)i(P191) (: ) is compactly embedded in LP?(w; L%(Q)). If moreover (A.2) holds for

go = 0o with the convention 1/o0 = 0, that is,

< 1 1)(1 1) 1(1 1)
-+ ) (=) > (==-2),
Po P2 N ¢ go \p1 P2

then WhPo:20)i(P1a1) (: Q) is compactly embedded in LP?(w; C(Q)). If (A.2) holds for ps = ga = oo,
that is,
pp 1 _1
T
pigo @ N
then Wh(Po:90)i(P1a1) (4: Q) is compactly embedded in C( x @).
206
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A.1 — Some useful results

Note that the order of integration in (A.1) cannot be reversed. For p > ¢ we have that L(Q; LP(w)) is

embedded into LP(w; L4(£2)), but the opposite inclusion does not hold. On the other hand, denoting

Wl’(qo’p0)3(q1’p1)(ﬂ;w) = {u e L'(Qxw): % € L(Q; LP°(w)),

ou
856,'

€ L1 (Q; LPY (w)) for i = 1,...,N},

it is possible to repeat the computations leading to Theorem A.3 with reversed order of integration, to
check that conditions (A.2) and (A.3) remain valid for the compact embedding of W :(40:20)i(a1:21) (Q): )
into L%(£; LP?(w)) and C(Q x @), respectively. Let us report one important particular case which

frequently occurs in applications.
Theorem A.4. If ¢ > max{qo,q1} and
1 (1 1 n 1) - 1 (1 1>
\N @ @) p\o @/’
then the space WhH(20:P0)i(@1:P0)(Q: ) is compactly embedded in L% (; C(@)).

From Theorem A.4 we immediately obtain the following result which we use in the first part of this

thesis.

Corollary A.5. The space WH2(0,T; L2(Q))NL>(0,T; WH2(2)) is compactly embedded in the space
L3(Q;C([0,T))) endowed with the norm

1/2
]l = </ max |w(a:,t)\2d:c> for w € L2(Q; C([0, T])). (A.4)
Q t€[0,T]

We report also the following compactness result from [107, Theorem 5.1].

Theorem A.6. Let By, B and By be three Banach spaces with By C B C By, By and Bj reflexive.

Suppose that the embedding of By into B is compact. For 1 < pg,p1 < oo let
W= {w € LP(0,T; Bo) : wy € L (0, T Bl)},
where T > 0 is finite. Then the embedding of W into LP°(0,T; B) is compact.

The following statement about Nemytskii (or superposition) operators is frequently used in the passage

to the limit procedure. Its proof can be found in [69].

Theorem A.7. Let p1,pa,...,pm and r be real numbers, p; > 1 (i=1,...,m), r > 1. Let h = h(§)
be a function defined for & € R™, and let h € C(R™). Denote by H(uq,...,uy) the Nemytskii operator

determined by h.
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A — Auxiliary tools

(i) Then, for an arbitrary m-tuple of functions u; € LPi(QY) (i=1,...,m),
H(uy,...,um) € L"(Q)

holds if and only if the following condition is satisfied: (a) A function g € L"(2) and a number

¢ > 0 exist such that for a.e. x € Q and for all £ € R™

m

|h(&1, - &m)| < g() + CZ &[T

i=1
(ii) If condition (a) is satisfied, then the Nemytskii operator H is continuous from LP1(2) x LP2()) x
oo x LPm(Q) into L7 ().

A.1.3 Traces on the boundary

Trace operators arise from the fact that one needs to assign “boundary values” along 0f2 to a function
w € WP(Q), assuming that O is regular enough. The problem is that a typical function in this space
is not in general continuous and, even worse, is only defined a.e. in . Since 02 has n-dimensional
Lebesgue measure zero, there is no direct meaning we can give to the expression “w restricted to 9€2”.
The notion of trace operator solves this problem.

We say that a function @ belongs to LP(0f) if the boundary norm

= </aQ ate) dS(x))l/p if 1 <p< oo,

p,0Q =

u
supess |a(z)] if p= o0
€082

is finite. One important property of functions in WP(Q) for domains 2 with Lipschitzian boundary
is that the trace of u on 0f) is well defined, as stated by the following theorem whose proof can be

found e.g. in [115].

Theorem A.8 (Trace Theorem). Let 1 < p < oco. Then there exists a linear continuous mapping

T, : WHP(Q) — LP(9R) such that for every u € C1(Q) and every x € 9Q we have Tyu(z) = u(x).
The trace operator satisfies also the following compactness result.

Corollary A.9. Let

g> PP
N-p
Then the trace operator T), is continuous from W1P(Q) to LI(0Q). If moreover the inequality is strict,

then the trace operator is compact.

208



A.2 — Some useful inequalities

A.2 Some useful inequalities

We recall here some classical inequalities that we often employ throughout the thesis. To simplify
the presentation we use the notation |v|, for the L"(£2)-norm of a function v € L"(Q2) for r € [0, o0],
whereas the norm of a function v € W"(Q) will be denoted by |v]1.-.

For the proofs see e.g. [12, 78, 103, 115].

Holder’s inequality
Let p, q € [1, 00] with % + % = 1. Then the inequality

lvwly < Jolplwlq (A.5)
holds for every v € LP(Q2), w € LI(2).

Remark A.10. In the third part of the thesis we make use of a discrete version of Holder’s inequality
(A.5) by setting

1 n 1/p
(n > vk\p> if 1 <p<oo (A.6)
k=1

V]eo =  max |vg | if p=o0 (A.7)

717"'7”

|V|p

for a vector v = (vy,...,vp).

Gagliardo-Nirenberg inequality

There exists a constant C' > 0 such that for every v € WP(Q) the inequality

[olg < C (Jols + [v];7¢[Volg) (A.8)
or, equivalently,
[vlg < Clofs~¢v]3,, (A.9)

holds for every 1 < s < gq, 1/qg > 1/p—1/N, where

VI
Q=

0= € (0,1).

» |
+
2|~

_1

P
Remark A.11. In the third part of the thesis we make use of a discrete version of Gagliardo-Nirenberg
inequality (A.8). Let v = (vp,v1,...,v,) be a vector, and let Dv = (n(vy — vg),...,n(vy, — vp_1))
be the associated vector of difference quotients of v. For norms defined as in (A.6) and (A.7), the

discrete counterpart of (A.8) reads

|
=

Vg C(Ivls + [vieDv]2), o= e (0,1).

0 =
_|_
—_
|
=

209
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It can be derived from (A.8) when N = 1 by defining v as equidistant piecewise linear interpolations

of Vg

Poincaré’s inequality

Let b € L*(0Q) be such that b(z) > 0 a.e. and [, b(x)ds(z) > 0. Then there exists a constant

C > 0 such that the inequality

w2, <C (/Q IVol? da + /@Q b(x)|v|2ds(:c)> (A.10)

holds for every v € W1H2(Q).

Korn’s inequality

This inequality essentially states that, in the case of zero Dirichlet boundary condition, the L2-norms

of V and Vy are equivalent. More precisely it holds

[ vl @)de = clulfpaoz, (A1)

for every w € W(}’Q(Q; R?), with a constant ¢ > 0 independent of w.
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APPENDIX B

Hysteresis operators

Hysteresis occurs in several phenomena in physics, engineering, chemistry, biology and economics.
Even if this phenomenon has been known and studied since the end of the eighteenth century, it was
only more or less fifty years ago that, dealing with plasticity, a small group of Russian mathematicians
introduced the concept of hysteresis operator and started a systematic investigation of its properties.
The pioneers in this new field were certainly M. A. Krasnosel’skii and A.V. Pokrovskii with their
important monograph [88]. From that moment many scientists have contributed to the mathematical
study of hysteresis: see M. Brokate & J. Sprekels [24], P. Krejéi [91] and A. Visintin [130].

According to this formalism, the state of the system is characterized by two scalar variables u and w,
that play the role of independent and dependent variable, and that are also called input and output.
The construction of the hysteresis relation u — w is made by choosing a suitable hysteresis operator,

with the aim of describing rate independent memory effects.

(i) Memory effects: this means that the output w(t) is not determined by the value of the input

u(t) at the same instant, but it depends also on the previous evolution of wu.

(ii) Rate independence: this means that the couple (u(t),w(t)) is invariant with respect to any
increasing time homeomorphism. In other words, at any time ¢, w(t) depends only on the range
of the restriction u : [0,¢] — R and on the order in which values have been attained. So there
is no dependence on the derivatives of u, which may even fail to exist. Note that this condition
is essential for giving a graphic representation of hysteresis in the (u,w)-plane by means of the

so-called hysteresis loop.

The two variables u and w are assumed to depend continuously on time. Since at any instant the

state is described by the value of the couple (u,w), it is then possible to define the operator
F:D(F)c %0, 7)) xR — C910,T))

(u, u(0)) — w
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B — Hysteresis operators

where D(F) stands for the domain of F.
In the next sections we are going to give a precise characterization of the operator F, reporting the
definitions and properties of the hysteresis operators that are needed in the first three parts of the

thesis.

B.1 Hysteresis in elastoplasticity 1

In the second part of this thesis we model elastoplasticity by means of a constitutive operator P,
which represents the elastoplastic part of the stress tensor o. Following [105], we assume that a

convex subset 0 € Z C Rg’;rg with nonempty interior representing the admissible plastic stress domain

3x3

sym Of symmetric tensors, and that the constitutive relation between the strain

is given in the space R
tensor € and the stress tensor o involves two fourth order tensors Ay, (the kinematic hardening tensor)
and A, (the elasticity tensor) satisfying Hypothesis 5.1 (). We define the constitutive operator P by
the formula

Ple] = Ape + o?, (B.1)
where oP is the solution of the variational inequality
o?eZ, (6—A;'6P): (0P —2) >0 ae VzeZ, oP(0)=Qz(c(0)) (B.2)

for a given ¢ € WH1(0, T;R3%3), where Qz : R3X3 — Z is the orthogonal projection onto Z.

sym sym

We list some properties of the variational problem (B.2) whose proof can be found in [91, Chapter I].

Proposition B.1. For every ¢ € Wh1(0, T;R3%3) there exists a unique o? € WH(0, T; R3X3) satis-

sym sym

fying the variational inequality (B.2). The solution mapping

W0, T;RES) — WHH0, T RESS) < & of

sym sym
is strongly continuous and the operator P has the following additional properties.

(i) The operator P can be extended to a continuous operator in the space C([O,T];Rg’;n?{) in the

sense that if {em;m € N} is a sequence in C([0,T]; R3%3), then

sym

mgnmgf(%k ) —e®)] =0 = mgnmgﬁ%lp[& |(t) = Ple]()] = 0

(i) For two inputs £1,e9 € WH1(0, T; R3X3) we denote o; = Plg;], i = 1,2. Then

sym

(01 — 09) : (61 — £9) > (Ah(g1 —e9) i (e1 — ) + ATN (0 — oB) : (0F — ag)) a.c, (B.3)

91(6) = 02(0)] < C (|e1(0) — 2(0)] + | yél—égy(T)dT> vt € [0,T] (B.4)

with a constant C' depending only on Ay and A..
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B.2 — The scalar stop and play operators

(iii) For inputs e € L2(; WHL(0, T;R3%3)) we obtain from (B.4), similarly to [40, Formula (6.25)],

Sym

the inequality
Vo(z,t)| < C <|V€(m,0)| +/Ot |V6t(fc,7')|d7'> ae. (B.5)
It can also be proved that for all e € W11(0,T; RQ;H?;) it holds
|Plele] < |er]  ae. (B.6)
The energy potential Up and the dissipation operator Dp associated with P are defined by the formula

1 1
Uple] = §Ah5 te+ §Ae_10p cob, Dple] = — AP, (B.7)

Let Mz« denote the Minkowski functional of the polar set Z* to Z. The energy identity

Ple| : et — Uplele = || Dplelell, a-e., (B.8)
where || - ||« = Mz«(-) is a seminorm in Rg’yxn?l’, and the pointwise inequalities
A
Uple] 2 S lel”s  [IDPlellls < Clet] (B.9)

hold for all inputs ¢ € Wh1(0, T; R3X3).

sym

B.2 The scalar stop and play operators

Given a parameter r > 0, the scalar stop operator with threshold r is defined as the mapping which
with a function v € W11(0,7) and with an initial condition s™0 € [—r,r] associates the solution

s" € WL0,T) of the differential inclusion

s"(t)+ 01 (is’(t)) sa(t) ace., s7(0)=s"", (B.10)
where
0 if y € [—r, 1],
I(y) = Iy (y) = (B.11)
400 otherwise,

is the indicator function of the interval [—r,r] and
(—o0, 0] ify=—n,
OI(y) = 01,1 (y) = < {0} if —r<y<r, (B.12)
[0, 4+00) ify=r,

is its subdifferential. Let us recall the meaning of the differential inclusion:

v € Oy y(y) = yel[-rr], yy—z)>0 Vzel[-rr]. (B.13)
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Thus (B.10) can be equivalently rewritten in the form of a variational inequality

s"(t)| < vt e [0,7],
(w(t) = 8"(t)(s"(t) —2) >0  a.e. forall z € [-rr], (B.14)
s"(0) = s™0.

It is well known, see [24, 88, 91, 130], that for each u € W11(0,T) and each s™° € [—r, 7], the solution
s" € WHH0,T) of (B.10) or (B.14) exists and is unique. We denote the stop operator, that is, the
solution mapping of (B.10) or (B.14), by s, : W10, T) x [—r,r] — WH1(0,T), and write

s"(t) = s, [u, s™Y)(t). (B.15)
Remark B.2. From (B.12) (or, equivalently, (B.13)) it follows
Ol 1 (¥)ye =0. (B.16)
The above identity implies that, in the case of relaxed phase-dynamics of the form
v € Ol_13y(y) + yt
(or, equivalently, in the case of the stop operator (B.10)), we obtain v y; = y7 > 0.

We now turn our attention to the scalar play operator. For given memory parameter r > 0, input
function v € W11(0,T) and initial condition ™0 € [u(0) — r,u(0) + 7], we define the function £ (t) as

the solution of the variational inequality

lu(t) — € (t)] <r vt e[0,T),
) (u(t) =€ (t) —2) >0 ace forall z € [-r7], (B.17)
¢(0) = €.

This is indeed a scalar version of (B.2) with Z replaced by the interval [—r,r|, € replaced by u and
oP replaced by u — £".

The mapping p, : WH(0,T) x [-r,7] — WHL(0,T) which with each u € W1(0,T) associates the
solution

gr(t) = Pr[% gr,O] (t)

in WbH1(0,T) of (B.17) is called the play. This concept goes back to [88].

Remark B.3. Comparing (B.14) and (B.17) we see that, provided we choose &0 = u(0) — 50, the

play operator is related to the stop by the simple formula

(1) = u(t) — s™(1). (B.18)
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s" gr

N

-
{ O/ Au } O’/rAu

Figure B.1. Input-output diagram for the stop (on the left) and play (on the right) in the case
u(t) = Asinwt for A > r > 0.

Remark B.4. The initially unperturbed state (“virginal state” in the terminology of [129]) is char-

acterized by the choice
s"(0) = Qr(u(0)) := max {—r, min {u(0),r}}
€"(0) = Pr(u(0)) := min {u(0) + r, max {0, u(0) — r}} = u(0) — Q. (u(0))

of the initial conditions in (B.14) and (B.17), respectively. This is be the case of Section B.4, where

we use the simplified notation

sp[u] = s, [u, Qr(u(0))], pr(u] := prlu, Pr(u(0))].

s" £
s"(0) - s 70) {--------- :
u(0) u 19 T ou(0) U

Figure B.2. Canonical initial conditions for the stop (on the left) and play (on the right).

We give a brief survey of basic properties of these two operators that are needed in the thesis. The

proofs can be found in [91].

Proposition B.5 (Lipschitz continuity of the stop). For each r > 0, the mapping s, : W10, T) x
[—r,r] — WYHL(0,T) is Lipschitz continuous and admits a Lipschitz continuous extension to s, :
C[0,T] x [=r,r] = C[0,T] with Lipschitz constant 2.
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Also the dependence of s"(t) on r, which can be interpreted as a memory variable and represents the

memory depth, is Lipschitz continuous in the following sense.
Proposition B.6. For all uw € C[0,T] and all t € [0,T] we have the implication

500 — §720| <y — | Ve, >0 = |s7(t) — "2 ()| < |ry —ro| Vri,7e > 0.
A result like Proposition B.5 holds also for the play operator.

Proposition B.7 (Lipschitz continuity of the play). For each r > 0, the mapping p, : WH1(0,T) —
WHL(0,T) is Lipschitz continuous and admits a Lipschitz continuous extension to p, : C[0,T] —

oo, 7.

It can also be proved that the variational inequalities (B.14) and (B.17) can be rewritten equivalently
in “energetic form”, that is, the energy balance equations

‘r d 1 7\2 cr

Eut) = < (SEP0) + o) (B.19)

. d /1 :
s = 5 (567020) + b (B.20)
hold a.e. in (0,7). With this notation, £ (¢) u(t) and s"(t)u(t) represent the power supplied to the
system: part of it is used for the increase of the corresponding potentials £ (£7)%(t) and $(s")*(t), and

the rest |r€”(t)| is dissipated. Furthermore, directly from the definitions (B.14) and (B.17) (compare

also with Remark B.2), we can infer that the identities

Fya) =02 at) =€)’ (B.21)

hold a.e. for every u € WH1(0,T).

The play and the stop can be extended to space and time dependent inputs in the following way. For

each function u :  x (0,7) — R such that for a.e. x € Q it holds u(z,-) € WH1(0,T) we define

selul(e,t) = sp[u(z, )I(t),  pelul(z,t) = prlulz, )](F)

for all ¢ € [0, T], where for the sake of simplicity we used the same symbol both for the operators and
their extensions. Note that they are applied at each point z € Q2 independently: the output depends
on u(x,)|j, but not on u(y, )|y for any y # x. Hence this model can represent memory effects,
but not space interaction.

By virtue of Propositions B.5 and B.7, the stop and the play are both Lipschitz continuous in
LP(Q;C10,T)) for all 1 < p < 0.

The play and the stop are the main building blocks of more complex hysteresis operators. In the next
sections we are going to introduce the Preisach operator and the Prandtl-Ishlinskii operator.
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B.3 Hysteresis in capillarity phenomena: the Preisach operator

In order to define the Preisach hysteresis operator, we need to consider the whole continuous family

of variational inequalities (B.17) parameterized by r > 0. We then introduce the configuration space
A={XeW">(0,00) : |N(r)| <1la.e}
of memory configurations A, and its subspaces
Ag ={NeA:Xr)=0forr>K}.
By fixing K > 0 and an initial state A_; € A, the initial condition is chosen in the form
€"(0) = max{u(0) — r,min{A_1(r),u(0) +r}}.

We have for all » > 0 the initial bound

€"(0) < max{|u(0)|, K}. (B.22)
The proof of the following statement can be found in [91].

Proposition B.8. Let A_; € Ax be given, and let {p, : r > 0} be the family of play operators. Then
for every u € C[0,T] and every t € [0,T] we have

(i) prlu, AJ(t) = 0 for r > K*(t) := max{ K, max ¢ [u(T)[};
(ii) the function r — p.[u, A](t) belongs to Ay ().

The pressure-saturation operator G appearing in the second part of this thesis is considered as a sum

Glpl = f(p) + Golpl, (B.23)

where f is a monotone function satisfying Hypothesis 5.1 (vi) and Gy is a Preisach operator that we
describe here.

Note that the original Preisach construction in [124] was based on averaging over a two-parameter
system of the so-called delayed relay operators, see also [130]. It was shown in [90] that the Preisach
definition of a hysteresis relationship w(t) = F|u|(t) can be equivalently expressed by the following
integral formula. Given a nonnegative function ¢ € L°°(£; L*((0, ) x R)) (the Preisach density), we
define the Preisach operator Gy : LP(Q; C[0,T] — LP(Q; C[0,T))) for (z,t) € Q x [0,T] as the integral

oo rprlpl(w,t)
Golp](z,t) :/0 /0 Y(x,r,v)dodr, (B.24)

where p, is the play operator introduced in the previous Section B.2.

217



B — Hysteresis operators

Remark B.9. Definition (B.24) is meaningful (that is, the integral is finite) since p,[p](t) = 0 for r

sufficiently large, see Proposition B.8.
For our purposes, we adopt the following hypotheses on the Preisach density.

Hypothesis B.10. There exists a function ¢* € L'(0,00) such that for a.e. € Q and a.e. v € R

we have 0 < ¥(x,r,v) < *(r), 0 < rp(x,r,v) < *(r) and we set

C'f;:/o *(r)dr.

Remark B.11. We require the above hypotheses to hold for mathematical purposes. Nevertheless

they are reasonable, since in applications the Preisach density decays exponentially.

The following statement is an easy consequence of Proposition B.7.

Proposition B.12 (Lipschitz continuity of the Preisach operator). The mapping
Go : LP(Q;C[0,T)) — LP(Q;C[0,T1)

18 Lipschitz continuous for every 1 < p < oo with Lipschitz constant C’;Z.

From (B.19) and (B.24) we immediately deduce the Preisach energy identity
Golplep — Uo[ple = |Do[pl| a.e. (B.25)
provided we define the Preisach potential Uy and the dissipation operator Dy by the integrals
o0 p’r'[p}(xvt) oo pT»[p](I,t)
Uolp)(z,t) = / / v(x,r,v)dvdr,  Dylp](z,t) = / / ri(x,r,v)dvdr. (B.26)
o Jo o Jo
Then, considering the whole operator G = f + Gy, the following counterpart of (B.25)
Glplep = Uglple + | Dg|pl| (B.27)

holds with the choice

P
Uslyl = pf(p) = [ F(2) =+ Thlpl. Dglol = Dol
We denote by
P P
Bp) = [ £G4 V() = pf0) - ) = [ F(2)2d (.2)
0 0
so that with this notation we can split the potential Ug in hysteretic and nonhysteretic part, namely,
Uglp] = V(p) + Uolp]. (B.29)

From Hypothesis B.10 and identity (B.21) for the play we also obtain

0 <Uolp] <Cy(1+1pl),  |Dolpli| < Clpt. (B.30)
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We similarly get, using (B.22),

|Uo[pl(2,0)| = < Gy max{|p’(z)|, K} . (B.31)

oo rpr[p?](x)
/ / vz, r,v)dvdr
o Jo

Remark B.13. The Preisach potential is continuous from L?(Q;C[0,T]) to L*(Q;C[0,T)). Indeed,

defining
3
W({,T)—/ v(z,r,v)do,
0

we see that Hypothesis B.10 yields

(I€2] + 1&11) €2 = &al 97 (r).

N

&2
W (Easr) — W1, r)| < (\/5 o] dv

)t < 31l ~ aPlv ) <

Thus, again from Hypothesis B.10 and from Proposition B.7,

|Uo[p2] — Uo[p1]|(z,t) = /OOO (W (pr[p2)(,t),7) — W (py[p1](z,t), )| dr

1 oo
< 5 max |pp —pll(:m)/ (Ip2(@, )] + [p1(z, )] + 2r) ™ (r) dr
T€[0,¢] 0

< 5 max |p2 —pa|(z,7) (Ip2(a, )] + [pa ()] +2).
T€[0,¢]
The Preisach operator admits also a family of “nonlinear” energies. As a consequence of (B.19), we

have for a.e. t the inequality
pr[p]t(p - pr[p]) > 07

thus
pr[ple(h(p) — h(p-[p])) =0

for every nondecreasing function h : R — R. Hence a counterpart of (B.25) in the form

Golple h(p) — Unlplt 2 0 a.e. (B.32)

holds with a modified potential

0o rprlpl(zit)
Unlp)(z,t) :/0 /0 h(v)Y(z,r,v)dvdr. (B.33)

This is related to the fact that for every absolutely continuous nondecreasing function h:R— R, the

mapping Gj; := Go o h is also a Preisach operator, see [93].

B.4 Hysteresis in elastoplasticity 1I: the Prandtl-Ishlinskii operator

In the third part of this thesis we model elastoplasticity by means of a constitutive operator Py,
the Prandtl-Ishlinskii operator, which represents the elastoplastic part of the stress tensor o. This
model is constructed as a linear combination of stops (B.10) or (B.14) with all possible yield points
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r > 0, and with initial conditions s™° chosen as in Remark B.4. Given a nonnegative function
5 2 [0,T] x (0,00) — [0,00) such that F(t,-) € L'(0,00) for all t € [0,7], we define the Prandtl-

Ishlinskii operator by the integral

Pofe](t) = /0 T At s ) dr

Identity (B.20) enables us to establish the energy balance for the Prandtl-Ishlinskii operator. Indeed,
if we define the Prantdl-Ishlinskii potential

V@) = - /0 T At 2N dr

and the dissipation operator
DEID = [~ ritt (o] ar.

we can write the Prandtl-Ishlinskii energy balance in the form

E(t)Polel(t) = %VH () + D[e](t) - (B.34)

As a consequence of identity (B.21) for the play we obtain the estimate

DE(t) < £00)] /0 T At ) dr (B.35)

By imposing suitable boundedness hypotheses for 7(¢,r) (and this is the case of Part III), we can

estimate the dissipation from above in terms of the input velocity.
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