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Abstract

The analysis of truss structures involving geometric and material nonlinearities is
often performed by means of numerical approaches. Closed-form solutions of the
equilibrium are provided only for simple benchmark problems, under the inconsistent
hypothesis of linear constitutive behavior of the material. This hypothesis does not
reflect the actual behavior of solids subjected to large deformations. Therefore, in
this thesis, a fully nonlinear analytical formulation of the equilibrium and stability
of truss structures is presented.

The bars of the truss are regarded as hyperelastic bodies composed of a homo-
geneous, compressible and isotropic material. Both displacement and deformation
fields are large, without any restriction. The boundary-value problem is written
and the equations governing the equilibrium are derived. The stability of the equi-
librium configurations is assessed through an energy criterion. The formulation is
firstly obtained for the von Mises (or two-bar) truss, which is the simplest case of
truss structure. Despite its apparent simplicity, it exhibits various types of post-
critical behaviors, such as snap-through and bifurcation. The formulation is then
extended to the three-bar truss, which is an important benchmark test because it
shows a number of critical points and stable asymmetric configurations. Several
applications to rubber-like materials are performed by assuming a Mooney-Rivlin
law for the stored energy function of the bars. The results are of great importance
for the validation of finite element simulations and other numerical procedures.

The nonlinear formulation for the analysis of truss structures can be applied to
the study of the mechanical behavior of nanostructured materials. In particular, this
work is focused on the response of graphene subjected to large in-plane deformations.
The atoms of the graphene lattice structure are viewed as nodes connected by con-
tinuum elements, whose properties are determined through an energy equivalence
with the interatomic potential of the chemical bonds. The equilibrium solutions
are given for the cases of uniaxial and equibiaxial tensile loads. The results show
that graphene is isotropic only for small deformations, while anisotropy arises for
large deformations. Multiple and unstable solutions are found after critical values
of deformation.

Differently from many other studies in literature, the model presented in this
work accounts for both geometric and material nonlinearities. This is necessary for
an accurate analysis of the mechanical behavior of graphene, because it can easily
experience strains larger than 15-20% prior to failure. The results allow therefore to
deepen the understanding of the mechanics of deformation of graphene and provide
insights into its complex mechanical behavior.



Sommario

Le strutture reticolari con non linearità geometriche e materiali vengono spesso
analizzate mediante approcci numerici. Soluzioni dell’equilibrio in forma chiusa si
trovano solamente per casi semplici di riferimento e sotto l’ipotesi di materiale elas-
tico lineare. Tale ipotesi non è consistente con l’effettivo comportamento di solidi
reali soggetti a grandi deformazioni. Pertanto, il lavoro di tesi riporta una formu-
lazione analitica interamente non lineare per il problema dell’equilibrio e stabilità di
strutture reticolari.

Le aste della struttura reticolare sono riguardate come solidi iperelastici di ma-
teriale omogeneo, comprimibile e isotropo. I campi di spostamento e deformazione
sono considerati grandi, senza alcuna restrizione. Il problema a valori al contorno
viene risolto, ricavando così le equazioni che governano l’equilibrio. Di conseguenza,
la stabilità delle configurazioni di equilibrio viene studiata attraverso un criterio
energetico. La formulazione è dapprima sviluppata per il traliccio di von Mises
(arco a tre cerniere), il quale rappresenta il caso più semplice di struttura retico-
lare. Nonostante la sua apparente semplicità, tale sistema esibisce diversi tipi di
comportamento post-critico, tra cui snap-through e biforcazione. La trattazione
viene poi estesa al caso della struttura reticolare a tre aste, la quale rappresenta un
importante problema di riferimento, poichè mostra diversi punti critici e configu-
razioni di equilibrio stabili non simmetriche. Si riportano alcune applicazioni della
teoria a materiali polimerici, utilizzando il modello di Mooney-Rivlin per l’energia
di deformazione elastica delle aste della struttura. I risultati hanno particolare im-
portanza per quanto concerne la validazione di simulazioni agli elementi finiti o di
altre procedure numeriche.

La trattazione non lineare per l’analisi di strutture reticolari in elasticità finita
si applica anche allo studio del comportamento meccanico di materiali nanostrut-
turali. Nello specifico, in questo lavoro si analizza il grafene soggetto a grandi
deformazioni piane. Gli atomi del reticolo cristallino esagonale rappresentano nodi
connessi tra loro da elementi strutturali continui, le cui caratteristiche sono determi-
nate attraverso un’equivalenza energetica con il potenziale interatomico dei legami
chimici. L’equilibrio viene risolto per i casi di carico uniassiale e equibiassiale. I
risultati del lavoro dimostrano l’isotropia del grafene per piccole deformazioni, pro-
prietà che viene persa per grandi deformazioni dando origine a un comportamento
anisotropo. Si osservano inoltre soluzioni multiple e instabili dopo valori critici di
deformazione.

A differenza di molti altri studi in letteratura, il modello presentato in questo
lavoro di tesi tiene conto delle non linearità geometriche e materiali. Ciò è necessario
per una modellazione accurata del comportamento meccanico del grafene, in quanto
questo materiale può raggiungere deformazioni a rottura superiori a 15-20%. I risul-
tati dello studio permettono quindi di approfondire la comprensione dei meccanismi
di deformazione del grafene e del suo complesso comportamento meccanico.
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v̄ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2.2 Homogeneous deformation of the bar Bγ (γ = α,β) and surface trac-
tions deriving from the external load p. Each bar is subjected to a
pure deformation and a rigid rotation, expressed by the rotation angle
ψγ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.3 Constitutive law of the bar composed of Mooney-Rivlin material with
b̄= 1, c̄= 5. The graph shows normalized traction f̂ = f/a vs. longi-
tudinal stretch λz . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.4 Primary branch of equilibrium of the von Mises truss subjected to
a vertical load for the case of Mooney-Rivlin material (v̂ = v̄/H and
p̂ζ = pζ/a) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.5 Equilibrium paths of the von Mises truss subjected to a vertical load
for the case of Mooney-Rivlin material . . . . . . . . . . . . . . . . . 17

2.6 Dimensionless elastic stored energy function . . . . . . . . . . . . . . 17
2.7 Second derivative of the dimensionless elastic stored energy function 18
2.8 Eigenvalues of the Hessian matrix of the total potential energy for

the vertical load case . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.9 Primary branch of equilibrium for the case of vertical load and Mooney-

Rivlin material (stable solutions: continuous lines, unstable solutions:
dashed lines) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.10 Equilibrium paths of the von Mises truss subjected to a vertical load
for the case of Mooney-Rivlin material (stable solutions: continuous
lines, unstable solutions: dashed lines) . . . . . . . . . . . . . . . . . 20

2.11 Equilibrium paths of the von Mises truss subjected to a horizontal
load for the case of Mooney-Rivlin material (stable solutions: contin-
uous lines, unstable solutions: dashed lines) . . . . . . . . . . . . . . 22

2.12 Large scale view of load pη along û, which shows the asymptotes û=±1 22
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Chapter 1

Introduction

The nonlinear analysis of truss structures often requires the use of numerical ap-
proaches. Closed-form solutions are given only for simple benchmark problems,
among which the most famous is certainly the von Mises truss [2, 3] (or two-bar
truss). The only closed-form solutions that can be found in the literature are based
on the assumption of linear elastic material [1, 4–6], which is not proper for solids
subjected to large deformations.

In this thesis, an analytical formulation of the equilibrium and stability of planar
truss structures is presented. Unlike the other models, both geometric and mate-
rial nonlinearities are taken into account. The formulation is entirely developed in
three-dimensional finite elasticity, with the assumption of isotropic and hyperelastic
material. Exact descriptions of both kinematics and equilibrium are given. In this
way, critical and post-critical behaviors of truss structures are accurately analyzed.

The analytical model for truss structures can be also applied to the analysis of
the mechanical behavior of nanostructured materials subjected to large plane defor-
mations. The case of graphene is studied in this thesis [7]. The original contribution
lies in the fact that, differently from the other studies found in the literature, a fully
nonlinear analytical approach to this problem is presented.

The thesis is structured as follows. In Chapter 2, the solution of the equilibrium
and stability of the von Mises truss is presented. Applications and comparisons
with others models are also given. Experimental and numerical analyses of the von
Mises truss are carried out in Chapter 3. This provides a validation of the analytical
approach presented in this thesis. The case of the three-bar truss is analyzed in
Chapter 4, with a final application to the representative cell of the honeycomb
nanostructure of graphene. The transition from macroscopic truss structures to
nanostructures is completed in Chapter 5, where a molecular mechanics model for
graphene subjected to large in-plane deformations is presented. Conclusions are
drawn in Chapter 6.
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Chapter 2

Equilibrium paths for the von
Mises truss in finite elasticity

The equilibrium of the symmetric planar truss composed of two shallow bars and
subjected to a concentrated load on its apex node (Fig. 2.1) represents a benchmark
in the analysis of structural systems stability. This problem is classically known
as the von Mises truss, referring to the scientist who first analyzed its structural
stability [2].

In the present chapter, the basic concepts regarding the von Mises truss are
introduced. The kinematics of the system is described by assuming two degrees of
freedom for the apex node (horizontal and vertical components of displacement),
from which the expressions of the longitudinal stretches of the bars are determined.
The finite displacement fields and deformation gradients are derived regarding the
bars as three-dimensional bodies and assuming homogeneous deformations, which
implies that the Eulerian buckling is neglected. The boundary-value problem for
the bodies subjected to uniaxial tractions is then formulated. The Piola-Kirchhoff
and Cauchy stress tensors are computed and the relations governing the equilibrium
of each body are derived. Consequently, the global equilibrium of the apex node of
the truss in deformed configuration is expressed and the stability of the equilibrium
solutions is assessed through the energy criterion.

Applications are performed by assuming the compressible Mooney-Rivlin law
for the stored energy function of the bodies. Comparisons of the results with other
models found in the literature are reported. Lastly, the whole finite theory proposed
for the von Mises truss is linearized with the hypotheses of infinitesimal displacement
and strain fields. Thereby, the classical linearized solution for the two-bar truss is
recovered.

2.1 The von Mises truss
The von Mises truss is a bistable system and thus it is used to obtain structures
with multiple stable configurations [8–11]. Applications can be found in different
fields of engineering, such as lattice truss structures [12] and metamaterials [13,14].

2
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Figure 2.1: The von Mises truss in undeformed and deformed configurations. Central
node C undergoes displacement s, with components ū and v̄

Structural morphing applications are also of great interest [15–19]. For instance,
Moser et al. [20] used a centrifugally actuated von Mises truss for the morphing
mechanism of helicopter rotor blades.

When a vertical load is applied on the von Mises truss, the dominant form of
instability is the snap-through [21], which does not involve any bifurcation of the
equilibrium path. In fact, the von Mises truss has often been analyzed considering
only one degree of freedom for the apex node, disregarding asymmetric deformations
(see, among the others, Bellini [22], Savi et al. [23], Psotny [24] and Bazzucchi et
al. [25]). However, Pecknold et al. [4] examined also the case of horizontal and
combined vertical-horizontal loading condition. It was found out that the behavior
of the truss drastically changes, showing a bifurcation instability.

Recently, formulations including more degrees of freedom for the apex node were
developed. In particular, Ligarò and Valvo [5] analyzed an elastic space truss with
the shape of a regular pyramid. Closed-form solutions under the hypotheses of lin-
ear material law, moderate axial deformation and large nodal displacements were
found, considering different loading conditions. It was discovered that these systems
may show various post-critical responses, not exhausted by the snap-through and
bifurcation phenomena. For instance, the equilibrium paths may involve neutral
branches, which are entirely composed of bifurcation or limit points. On the ba-
sis of the theory developed in [5], Kwasniewski [1] applied the same procedure to
the planar von Mises truss, obtaining the complete equilibrium paths and study-
ing the stability through the energy criterion. As a result, the primary branch is
always the only path where stable solutions can be found. Instead, all the sec-
ondary equilibrium paths, which describe asymmetrical deformations, are unstable.
Rezaiee-Pajand and Naghavi [6] found the solutions of eight individual trusses un-
der various loading conditions, adopting the same assumptions of the works cited
above. They also performed a validation of the results through a comparison with
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the solutions obtained via the numerical arc-length technique.
The equilibrium solutions obtained in [1,4–6] are derived considering large nodal

displacements. Nevertheless, it is assumed that the axial components of strain are
relatively small. This is done by adopting the Green-Lagrange strain measure and a
linear constitutive behavior of the material. Instead, in this work, a fully nonlinear
finite theory for the von Mises truss is derived. Differently from the aforementioned
works, both displacements and deformations are large, without any restriction. The
bars are regarded as hyperelastic bodies composed of a general homogeneous com-
pressible isotropic material. Thus, the hypothesis of linear constitutive law is not
introduced.

2.2 Preliminaries and kinematics
Consider a von Mises truss consisting of two equal straight bars, denoted by the
symbols α and β. The two bars are connected at the apex node C through a hinge
and the truss is loaded by a dead force [p] = [pη,pζ ]T , as shown in Fig. 2.1. Node C
undergoes the displacement s = [ū, v̄]T .

The lengths of the bars in the initial configuration are

Lα = Lβ = L=
√
B2 +H2,

whereas the lengths of the bars in deformed configuration become

lα =
√

(B+ ū)2 + (H+ v̄)2,

lβ =
√

(B− ū)2 + (H+ v̄)2.
(2.1)

The principal stretches of the bodies are indicated with the symbols λγj , γ =α,β and
j = x,y,z. The superscript represents the body while the subscript represents the
local reference system for the γ-th body (Fig. 2.2), which is principal. Therefore,
the longitudinal stretches are expressed by the following relations:

λαz = lα
L

=
√

(B+ ū)2 + (H+ v̄)2

B2 +H2 ,

λβz = lβ
L

=
√

(B− ū)2 + (H+ v̄)2

B2 +H2 .

(2.2)

The equilibrium in deformed configuration reads

pη−nαcα+nβcβ = 0,
pζ −nαsα−nβsβ = 0,

(2.3)

where

cα = cosθα = B+ ū√
(B+ ū)2 + (H+ v̄)2 , sα = sinθα = H+ v̄√

(B+ ū)2 + (H+ v̄)2 ,

cβ = cosθβ = B− ū√
(B− ū)2 + (H+ v̄)2 , sβ = sinθβ = H+ v̄√

(B− ū)2 + (H+ v̄)2 ,

(2.4)
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Figure 2.2: Homogeneous deformation of the bar Bγ (γ = α,β) and surface tractions
deriving from the external load p. Each bar is subjected to a pure deformation and
a rigid rotation, expressed by the rotation angle ψγ

and nα, nβ are the axial forces acting on the bars. Note that, in the system (2.3), the
dependence with respect to the displacement components ū and v̄ has been omitted
for simplicity.

The two bars of the truss are regarded as three-dimensional bodies that are
composed of the same homogeneous hyperelastic material, which is assumed frame-
indifferent and isotropic [26, 27]. A material coordinate system Xγ ,Yγ ,Zγ with the
origin in the corresponding node 1 and 2 is defined for each body (Fig. 2.2). The
two bodies are identified by the closure of the regions

Bγ =
{

(Xγ ,Yγ ,Zγ) : |Xγ |<
t

2 , |Yγ |<
h

2 ,0< Zγ < L

}
, γ = α,β,

of the three-dimensional Eucledian space E . The quantities t, h and L respectively
indicate width, height and length of each body. The boundaries ∂Bγ are Lipschitz-
continuous and the domain Bγ is nonempty, connected and bounded. Note that the
cross sections of the bodies are assumed to be rectangular for the sake of simplicity,
but the formulation can be easily extended to general shapes.

The undeformed configurations Bγ are considered as reference configurations,
while the deformed configurations are obtained through the deformations ϕγ : Bγ→
V1, which are smooth enough, injective and orientation-preserving vector fields [28,
29]. The deformations are assumed to be homogeneous, namely the deformation
gradients are constant, as actually occurs to bars subjected to axial forces.

1V indicates the vector space associated with E .
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Body forces are disregarded and it is supposed that the bodies are maintained
in equilibrium under the sole action of surface tractions, which are the result of the
application of the dead force p to the node C. The surface tractions are assumed
to be uniformly and orthogonally distributed on the basis of the bodies Bα and Bβ.
Being p a dead force, it does not depend on the deformation of the truss. On the
other hand, the axial forces nα and nβ depend on the configuration assumed by the
truss through the displacement components ū and v̄.

The deformation of a material point P belonging to a body is expressed by the
well-known relationship

ϕγ(P ) = id(P ) +uγ(P ), γ = α,β, (2.5)

where id(P ) is the position vector and uγ(P ) is the displacement vector with scalar
components uγ(P ), vγ(P ) and wγ(P ). By applying the material gradient operator
D(·) to (2.5) we obtain

Fγ = I+Hγ , γ = α,β, (2.6)

where Fγ : Bγ → Lin+ and Hγ : Bγ → Lin are the deformation and displacement
gradients2, respectively, while I is the identity tensor [30].

The displacement field of the γ-th body due to the deformation ϕγ (Fig. 2.2) is
the following: 

uγ =Xγ (λγx cosψγ−1) +Zγλ
γ
z sinψγ

vγ = Yγ
(
λγy −1

)
wγ =−Xγλ

γ
x sinψγ +Zγ (λγz cosψγ−1) , γ = α,β,

(2.7)

where the angle ψγ describes the rigid rotation of the γ-th body and it can be
expressed as a function of ū and v̄. The material gradient of the displacement field
(2.7) gives

[Hγ ] =

λγx cosψγ−1 0 λγz sinψγ
0 λγy −1 0

−λγx sinψγ 0 λγz cosψγ−1

 , γ = α,β.

Using (2.6), the components of the deformation gradient are easily obtained

[Fγ ] =

 λγx cosψγ 0 λγz sinψγ
0 λγy 0

−λγx sinψγ 0 λγz cosψγ

 , γ = α,β. (2.8)

The deformation gradient of the γ-th body (2.8) can be expressed through the polar
decomposition [31,32] as the product of the rotation tensor,

[Rγ ] =

 cosψγ 0 sinψγ
0 1 0

−sinψγ 0 cosψγ

 , (2.9)

2Lin+ is the set of all the second order tensors with positive determinant.
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by the stretch tensor,

[Uγ ] =

λγx 0 0
0 λγy 0
0 0 λγz

 , γ = α,β.

2.3 The boundary-value problem
Under the assumptions of frame-indifference and isotropy, the stored energy function
ωγ of the γ-th body depends only on the principal invariants ıγj (j = 1,2,3) of the
left Cauchy-Green deformation tensor Bγ = FγFT

γ . Thus, ωγ = ω̂γ(ıγ1 , ı
γ
2 , ı

γ
3). The

(first) Piola-Kirchhoff stress tensor [33] related to the γ-th body is expressed by the
constitutive equation [34]

TRγ (Fγ) = ∂ωγ
∂Fγ

= 2
[(
∂ωγ
∂ıγ1

+ ıγ1
∂ωγ
∂ı2

)
Fγ−

∂ωγ
∂ıγ2

BγFγ + ıγ3
∂ωγ
∂ıγ3

F−Tγ
]
, γ = α,β,

(2.10)
where

ıγ1 = ‖Fγ‖2 = (λγx)2 +
(
λγy

)2
+ (λγz )2 ,

ıγ2 =
∥∥∥F∗γ∥∥∥2

=
(
λγxλ

γ
y

)2
+ (λγxλγz )2 +

(
λγyλ

γ
z

)2
,

ıγ3 = (detFγ)2 =
(
λγxλ

γ
yλ

γ
z

)2
,

(2.11)

in which ‖Fγ‖ = tr
(
FT
γFγ

)1/2
and F∗γ = (detFγ)F−Tγ denotes the cofactor of the

deformation gradient Fγ .
In the absence of body forces, the equilibrium of each body is locally satisfied if

the following vectorial equation holds [35]:

DivTRγ (Fγ) = o, γ = α,β, (2.12)

while the boundary conditions require that

TRγ nγX = o,
TRγ nγY = o,
TRγ nγZ = fγ , γ = α,β,

(2.13)

where fγ is the surface traction acting on the basis of the γ-th body in undeformed
configuration (Fig. 2.2) and nγj , with j = X,Y,Z, are the outward unit normals of
the γ-th body relative to the faces with positive normal. Note that every quantity
in (2.13) depends on ū and v̄.

System (2.12) is trivially satisfied since the deformations are assumed to be ho-
mogeneous. The outward unit normals in deformed configuration

(
nγj
)′

are obtained
through a rigid rotation of the unit normals in reference configuration(

nγj
)′

= Rγ nγj , γ = α,β and j =X,Y,Z, (2.14)
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where the rotation tensor Rγ is expressed by (2.9). Being the external surface
traction f ′γ coaxial with the zγ axis, using (2.14), the boundary conditions (2.13)
can be rewritten as

TRγ nγX = o,
TRγ nγY = o,
TRγ nγZ = fγ sinψγ nγX +fγ cosψγ nγZ , γ = α,β,

(2.15)

where fγ = ‖fγ‖.
The constitutive relation (2.10) and the boundary conditions (2.15) provide

TRγ = 2
[
(ωγ,1 + ıγ1ωγ,2)Fγ−ωγ,2FγFT

γFγ + ıγ3ωγ,3F−Tγ
]

= Sγ , (2.16)

where

[Sγ ] =

0 0 fγ sinψγ
0 0 0
0 0 fγ cosψγ

 (2.17)

and ωγ,j = ∂ωγ
∂ıγj

, for γ = α,β and j = 1,2,3. Substituting (2.8) into (2.16), the

following system of equations is obtained:

2cosψγ
[
(ωγ,1 + ıγ1ωγ,2)λγx−ωγ,2 (λγx)3 + ıγ3ωγ,3 (λγx)−1

]
= 0,

2sinψγ
[
(ωγ,1 + ıγ1ωγ,2)λγx−ωγ,2 (λγx)3 + ıγ3ωγ,3 (λγx)−1

]
= 0,

2
[
(ωγ,1 + ıγ1ωγ,2)λγy −ωγ,2

(
λγy

)3
+ ıγ3ωγ,3

(
λγy

)−1
]

= 0,

2cosψγ
[
(ωγ,1 + ıγ1ωγ,2)λγz −ωγ,2 (λγz )3 + ıγ3ωγ,3 (λγz )−1

]
= fγ cosψγ ,

2sinψγ
[
(ωγ,1 + ıγ1ωγ,2)λγz −ωγ,2 (λγz )3 + ıγ3ωγ,3 (λγz )−1

]
= fγ sinψγ , γ = α,β.

(2.18)
System (2.18) must hold for every value of the displacement components ū and v̄,
and therefore for every rotation angle ψγ . Thus, it reduces to the three equations

(ωγ,1 + ıγ1ωγ,2)λγx−ωγ,2 (λγx)3 + ıγ3ωγ,3 (λγx)−1 = 0,

(ωγ,1 + ıγ1ωγ,2)λγy −ωγ,2
(
λγy

)3
+ ıγ3ωγ,3

(
λγy

)−1
= 0,

2
[
(ωγ,1 + ıγ1ωγ,2)λγz −ωγ,2 (λγz )3 + ıγ3ωγ,3 (λγz )−1

]
= fγ , γ = α,β,

(2.19)

which correspond to the result obtained by Lanzoni and Tarantino [36], who analyzed
the equilibrium configurations of a damaged body under uniaxial tractions. In fact,
for every configuration of the truss (ū, v̄), the two bodies are subjected to a pair of
equal and opposite surface forces that act normally and are uniformly distributed
on the two basis (traction problem).

We demonstrate now that the transversal stretches λγx and λγy are equal. Suppose
that the three principal stretches are different (i.e., λγx 6= λγy 6= λγz ). The first two
equations of the system (2.19) may be simplified dividing them by (λγx−λγy) and



Chapter 2. Equilibrium paths for the von Mises truss in finite elasticity 9

(λγx + λγy), respectively. Then, (λγz )2 can be derived from the first equation and
replaced in the second one, obtaining

ωγ,1ωγ,3−ω2
γ,2 = 0,

which obviously cannot be satisfied by a generic stored energy function. Therefore,
we conclude that, in general, the problem does not admit solutions with λγx 6= λγy .
Note that, in the linear theory, the hypothesis of isotropy is sufficient to impose
λγx = λγy , while in our case (finite elasticity) this comes as a results of the equilibrium.

Since the transversal stretches are equal, we can write that λγx =λγy =λγ , γ=α,β.
System (2.19) reduces to

ωγ,1 +
[
(λγz )2 + (λγ)2

]
ωγ,2 + (λγ)2 (λγz )2ωγ,3 = 0, (2.20)

2λγz
[
ωγ,1 + 2(λγ)2ωγ,2 + (λγ)4ωγ,3

]
= fγ , γ = α,β. (2.21)

Equations (2.20) and (2.21) provide the equilibrium configurations of the γ-th body
of the von Mises truss.

The boundary-value problem described above is referred to the undeformed con-
figuration. Thus, a Lagrangian analysis has been performed, where the consistent
stress measure is given by the Piola-Kirchhoff stress tensor. Now, switching to the
deformed configuration, the Cauchy stress measure will be adopted. The Cauchy
stress tensor is obtained from the Piola-Kirchhoff stress tensor by the transformation

TRγ = TγF∗γ , γ = α,β. (2.22)

Substituting (2.17) into (2.22), we obtain the Cauchy stress tensor related to the
γ-th body

[Tγ ] =


fγ sin2ψγ

(λγ)2 0
fγ sinψγ cosψγ

(λγ)2

0 0 0
fγ sinψγ cosψγ

(λγ)2 0
fγ cos2ψγ

(λγ)2

 , γ = α,β. (2.23)

The boundary conditions in deformed configuration are

Tγ (nγX)′ = o,
Tγ (nγY )′ = o,
Tγ (nγZ)′ = f ′γ (nγZ)′ , γ = α,β,

(2.24)

where f ′γ is the modulus of the surface traction acting on the basis of the body
in deformed configuration. The following relation between the traction acting on
undeformed and deformed configuration holds:

f ′γ = fγ∣∣∣F∗γnγZ ∣∣∣ = fγ

(λγ)2 , γ = α,β. (2.25)
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Note that, by substituting (2.23), (2.25) and (2.14) into (2.24), the corresponding
boundary conditions in undeformed configurations (2.13) are retrieved.

Since the surface tractions are assumed to be uniformly distributed over the cross
sections, the modulus of the axial force acting on the γ-th body is

nγ = f ′γA
′
γ , γ = α,β, (2.26)

where A′ is the area of the basis of the γ-th body in deformed configuration. Ap-
plying the Nanson’s formula for the transformation of the area element dA(

nγj
)′
dA′γ = F∗γn

γ
j dAγ , γ = α,β and j =X,Y,Z, (2.27)

the following relation is obtained:

A′γ = (λγ)2A= (λγ)2 th, γ = α,β, (2.28)

being A= th the area of the basis of each body in undeformed configuration. Hence,
using (2.28) and (2.25), the expression of the axial force (2.26) becomes

nγ = fγth, γ = α,β. (2.29)

The eigenvalues of the Cauchy stress tensor, that represent the principal stresses,
are evaluated as roots of the characteristic polynomial. Consequently, the Cauchy
stress tensor (2.23) can be expressed in diagonal form through its spectral decom-
position

[Tγ ] =


0 0 0
0 0 0

0 0
fγ

(λγ)2

 , γ = α,β.

The following matrix is determined:

[Dγ ] = 1√
1 + tan2ψγ

cotψγ 0 tanψγ
0

√
1 + tan2ψγ 0

−1 0 1

 , γ = α,β,

whose columns are the eigenvectors associated to the eigenvalues. These eigenvectors
represent the principal directions, along which the principal stresses take place.
Note that the three principal directions

(
cotψγ√

1+tan2ψγ
,0,− 1√

1+tan2ψγ

)
, (0,1,0) and(

tanψγ√
1+tan2ψγ

,0, 1√
1+tan2ψγ

)
correspond to the directions xγ , yγ and zγ of the local

reference system of the γ-th body.

2.4 Equilibrium equations and stability analysis
From equation (2.20), the transversal stretch can be expressed as a function of the
longitudinal stretch

λγx = λγy = λγ =

√√√√−ωγ,1 + (λγz )2
ωγ,2

ωγ,2 + (λγz )2
ωγ,3

, γ = α,β. (2.30)
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Note that, in general, ωγ,j (j = 1,2,3) is a function of λγ . Hence, equation (2.30)
does not provide an explicit expression for λγ and the existence of a solution is not
ensured for an arbitrary (isotropic) stored energy function. Therefore, it is assumed
that the constitutive response of the material is such as to ensure the existence of a
unique solution to equation (2.30).

Substituting (2.30) into (2.21) and using (2.29), the following relation is derived:

nγ =−
2thλγz

(
ω2
γ,2−ωγ,1ωγ,3

)[
ωγ,1 + 2(λγz )2ωγ,2 + (λγz )4ωγ,3

]
[
ωγ,2 + (λγz )2

ωγ,3
]2 , γ = α,β. (2.31)

Using (2.31) and the geometrical relations

cα = B+ ū

λαzL
, sα = H+ v̄

λαzL
, cβ = B− ū

λβzL
, sβ = H+ v̄

λβzL
,

the equilibrium equations of the von Mises truss (2.3) become

pη + 2th
L

[Gα (B+ ū)−Gβ (B− ū)] = 0,

pζ + 2th
L

(Gα+Gβ)(H+ v̄) = 0,
(2.32)

where

Gγ =

(
ω2
γ,2−ωγ,1ωγ,3

)[
ωγ,1 + 2(λγz )2ωγ,2 + (λγz )4ωγ,3

]
[
ωγ,2 + (λγz )2

ωγ,3
]2 , γ = α,β.

The equilibrium of the system can be also derived through the total potential
energy. Being the deformation homogeneous, the determination of the internal de-
formation energy of the γ-th body is immediate

Wγ = Vγωγ = thLωγ , γ = α,β,

where Vγ denotes the volume of each body in undeformed configuration. The total
potential energy of the system is then defined by the following functional:

Π(ū, v̄) =
∑
γ

Wγ−p · s = thL
∑
γ

ωγ−pηū−pζ v̄, γ = α,β.

The equilibrium equations are obtained from the stationarity of the total potential
energy. Hence, the partial derivatives of Π(ū, v̄) are

∂Π
∂ū

= thL
∑
γ

∂ωγ
∂ū
−pη,

∂Π
∂v̄

= thL
∑
γ

∂ωγ
∂v̄
−pζ , γ = α,β,

(2.33)
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where the derivatives of the stored energy function ωγ with respect to the displace-
ment components ū and v̄ can be computed using the chain rule

∂ωγ
∂ū

=
3∑
j=1

ωγ,j
∂ıγj
∂ū

=
3∑
j=1

ωγ,j
∑
k

∂ıγj
∂λγk

∂λγk
∂ū

,

∂ωγ
∂v̄

=
3∑
j=1

ωγ,j
∂ıγj
∂v̄

=
3∑
j=1

ωγ,j
∑
k

∂ıγj
∂λγk

∂λγk
∂v̄

,

γ = α,β and k = x,y,z.

(2.34)

From (2.2), the following derivatives of the longitudinal stretches are computed:

∂λαz
∂ū

= B+ ū

λαzL
2 ,

∂λβz
∂ū

=−B− ū
λβzL2

,
∂λαz
∂v̄

= H+ v̄

λαzL
2 ,

∂λβz
∂v̄

= H+ v̄

λβzL2
. (2.35)

Being the transversal stretches expressed as functions of the longitudinal stretches
through (2.30), the following derivatives can be evaluated:

∂λγx
∂ū

=
∂λγy
∂ū

= ∂λγ
∂ū

= ∂λγ
∂λγz

∂λγz
∂ū

,
∂λγx
∂v̄

=
∂λγy
∂v̄

= ∂λγ
∂v̄

= ∂λγ
∂λγz

∂λγz
∂v̄

, γ = α,β.

(2.36)

The derivatives of the invariants with respect to the stretches
∂ıγj
∂λγk

(γ = α,β, j =

1,2,3 and k= x,y,z) are computed through (2.11). At this point, substituting (2.35)
and (2.36) into (2.34), it is straightforward to verify that the stationarity of the total
potential energy (2.33) corresponds to the equilibrium equations (2.32).

The solutions of system (2.32) represent the equilibrium paths. In this section,
the stability of the equilibrium paths will be assessed employing the energy criterion,
which states that a deformation is locally stable if it renders the total potential en-
ergy a minimum among a class of neighboring deformations [37,38]. In other terms,
an equilibrium configuration is stable if the Hessian matrix K of the total potential
energy Π(ū, v̄) is positive definite [39–42]. Thus, the stability of the equilibrium
paths can be analyzed through the eigenvalues of the matrix K, which is defined as

[K] =


∂2Π
∂ū2

∂2Π
∂ū∂v̄

∂2Π
∂v̄∂ū

∂2Π
∂v̄2

 . (2.37)

Note that the load potential energy has a linear dependence with the displacement
components ū and v̄, therefore K does not depend on the load vector.

In the following part of this section, the displacement components ū and v̄ will
be replaced by the symbols u1 and u2, in order to express the derivatives with a
more compact form. Given the above, the second partial derivatives of the total
potential energy read

∂2Π
∂uj∂ui

= thL
∑
γ

∂2ωγ
∂uj∂ui

, γ = α,β and i, j = 1,2. (2.38)
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Applying the Faà di Bruno’s formula [43] for the second derivative, the following
expression is obtained:

∂2ωγ
∂uj∂ui

=
3∑

h=1

3∑
k=1

ωγ,kh
∂ıγk
∂uj

∂ıγh
∂ui

+
3∑

h=1
ωγ,h

∂2ıγh
∂uj∂ui

, i, j = 1,2, (2.39)

where ωγ,kh = ∂2ωγ
∂ıγk∂ı

γ
h

. Using the chain rule and again the Faà di Bruno’s formula,

(2.39) assumes the form

∂2ωγ
∂uj∂ui

=
3∑

h=1

3∑
k=1

ωγ,kh

(∑
l

∂ıγk
∂λγl

∂λγl
∂uj

)(∑
p

∂ıγh
∂λγp

∂λγp
∂ui

)

+
3∑

h=1
ωγ,h

(∑
r

∑
s

∂2ıγh
∂λγs∂λ

γ
r

∂λγs
∂uj

∂λγr
∂ui

+
∑
r

∂ıγh
∂λγr

∂2λγr
∂uj∂ui

)
,

i, j = 1,2 and l,p,r,s= x,y,z.

(2.40)

Substituting (2.40) into (2.38), the following result is achieved:

∂2Π
∂uj∂ui

= thL
∑
γ

[ 3∑
h=1

3∑
k=1

ωγ,kh

(∑
l

∂ıγk
∂λγl

∂λγl
∂uj

)(∑
p

∂ıγh
∂λγp

∂λγp
∂ui

)

+
3∑

h=1
ωγ,h

(∑
r

∑
s

∂2ıγh
∂λγs∂λ

γ
r

∂λγs
∂uj

∂λγr
∂ui

+
∑
r

∂ıγh
∂λγr

∂2λγr
∂uj∂ui

)]
,

γ = α,β, i, j = 1,2 and l,p,r,s= x,y,z.

(2.41)

Equation (2.41) expresses the scalar components of the Hessian matrix (2.37). Once
computed these components, the characteristic equation is expressed as

det(K− τI) = 0, (2.42)

where I is the identity tensor. Note that (2.42) is a second degree polynomial
equation. Therefore, an equilibrium configuration characterized by a certain pair
of values for ū and v̄ is stable if both the roots τ1(ū, v̄) and τ2(ū, v̄) of (2.42) are
positive.

2.5 Application to Mooney-Rivlin materials
In this section, the Mooney-Rivlin constitutive law will be employed for both the
bars of the von Mises truss. Thus, the equilibrium equations will be specialized to
the case of a Mooney-Rivlin material. Afterwards, numerical applications for two
relevant loading conditions (i.e. vertical and horizontal loads) will be presented.
The equilibrium paths and the stability of the solutions will be analyzed.

The stored energy function for a compressible Mooney-Rivlin material is [44–49]

ω(ı1, ı2, ı3) = aı1 + bı2 + Γ(µ) , (2.43)
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where µ=√ı3 = det F = λxλyλz and Γ is a convex function which satisfies a growth
condition for both µ→ 0+ and µ→∞+. Ciarlet and Geymonat [50] proposed the
following expression:

Γ(µ) = cµ2− q lnµ. (2.44)
Constants a, b, c and q are positive scalars. Substituting (2.44) into (2.43), the
expression of the stored energy function turns into

ω(ı1, ı2, ı3) = aı1 + bı2 + cµ2− q lnµ.

A constant term is added so that the stored energy in undeformed configuration
vanishes3

ω(ı1, ı2, ı3) = aı1 + bı2 + cµ2− q lnµ− (3a+ 3b+ c). (2.45)
By computing the derivatives of the stored energy function (2.45) as

ω,1 = a, ω,2 = b, ω,3 = c− q

2µ2 (2.46)

and by substituting them into (2.30), the relation between longitudinal and transver-
sal stretches becomes

λ=

√√√√−(a+ bλ2
z) +

√
(a+ bλ2

z)
2 + 2q (b+ cλ2

z)
2(b+ cλ2

z)
. (2.47)

In order to have λ= 1 when no longitudinal deformation occurs (λz = 1), the constant
q is set as

q = 2(a+ 2b+ c) . (2.48)
This provides also that f = 0 when λ = λz = 1 (see equation (2.21)). Accordingly,
relation (2.47) becomes

λ=

√√√√−(a+ bλ2
z) +

√
(a+ bλ2

z)
2 + 4(a+ 2b+ c)(b+ cλ2

z)
2(b+ cλ2

z)
. (2.49)

Through (2.48) and dividing by the scalar a, equations (2.45) and (2.46) are
rewritten in dimensionless form

ω = ω

a
= 2λ2 +λ2

z−3 +
(
λ4 + 2λ2λ2

z−3
)
b̄+

(
µ2−1

)
c̄−2(1 + 2b̄+ c̄) lnµ, (2.50)

ω,1 = 1, ω,2 = b̄, ω,3 = c̄− 1 + 2b̄+ c̄

µ2 , (2.51)

where b̄= b/a and c̄= c/a. The relation between longitudinal and transversal stretch
given by (2.49) takes the form

λ=

√√√√√√−
(
1 + b̄λ2

z

)
+
√(

1 + b̄λ2
z

)2
+ 4

(
1 + 2b̄+ c̄

)(
b̄+ c̄λ2

z

)
2
(
b̄+ c̄λ2

z

) . (2.52)

3This position does not affect the equilibrium solutions and it is often employed in literature
[51–55].
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In the following applications, both bars are composed of a Mooney-Rivlin mate-
rial, therefore both the stored energy functions ωγ , γ = α,β, are expressed by (2.43).
By substituting equations (2.51) and (2.52) into (2.32), the following global equilib-
rium equations of the von Mises truss for the case of a compressible Mooney-Rivlin
material are derived:

p̂η + 2th
L

[Qα (B+ ū)−Qβ (B− ū)] = 0,

p̂ζ + 2th
L

(Qα+Qβ)(H+ v̄) = 0,
(2.53)

where

Qγ =

(
b̄2− c̄+Pγ

)[
2b̄(λγz )2 + (λγz )4 (c̄−Pγ) + 1

]
[
(λγz )2 (c̄−Pγ) + b̄

]2 ,

Pγ =
4(2b̄+ c̄+ 1)

[
c̄(λγz )2 + b̄

]2
(λγz )2

{
−
√

4(2b̄+ c̄+ 1)
[
c̄(λγz )2 + b̄

]
+
[
b̄(λγz )2 + 1

]2
+ b̄(λγz )2 + 1

}2 ,

with γ = α,β and p̂η = pη/a, p̂ζ = pζ/a.
Hereinafter, a numerical application is performed assuming the following geo-

metrical parameters for the von Mises truss:

B =H = 10 cm, t= h= 1 cm.

In addition, the values of the constitutive parameters c̄ and b̄ must be chosen. The
more c̄ is high the more the constitutive model involves less volume variations, until
the limit situation c̄→∞, which represents the condition of internal incompress-
ibility (detFγ = 1). For this application, the values c̄= 5 and b̄= 1 are considered,
which are common values adopted in literature [56]. The corresponding constitutive
relation between longitudinal stretch and dimensionless external surface traction
f̂ = f/a is shown in Fig. 2.3. Although variations of b̄ and c̄ lead to quantitatively
different results, the qualitative aspects regarding the behavior of the system remain
unchanged.

It is convenient to define the dimensionless displacement components as

û= ū

B
, v̂ = v̄

H
.

The dimensionless elastic stored energy function of the truss is then defined as

ω = ω

a
=
∑
γ

ωγ , γ = α,β.

and the dimensionless total potential energy density is expressed by

π = 1
V

Π
a

=
∑
γ

ωγ−
p̂ζ
bhL

v̄, γ = α,β.
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Figure 2.3: Constitutive law of the bar composed of Mooney-Rivlin material with
b̄= 1, c̄= 5. The graph shows normalized traction f̂ = f/a vs. longitudinal stretch
λz

Figure 2.4: Primary branch of equilibrium of the von Mises truss subjected to a
vertical load for the case of Mooney-Rivlin material (v̂ = v̄/H and p̂ζ = pζ/a)

2.5.1 Vertical load
The case of vertical load (pη = 0) is here analyzed. Fig. 2.4 shows the primary
branch of equilibrium, which is obtained by solving the equilibrium equations (2.53)
with ū = 0, while Fig. 2.5 shows the complete equilibrium paths. The stability
of the equilibrium solutions is assessed by specializing the derivatives of the total
potential energy (2.41) for a compressible Mooney-Rivlin material. Subsequently,
the sign of the eigenvalues of the characteristic equation (2.42) is analyzed.

As already pointed out, the stability of the equilibrium solutions is not influenced
by the load potential energy. Thus, the first considerations about the stability of
the primary branch of equilibrium can be done looking at Fig. 2.6, which shows the
dimensionless elastic stored energy density ω along the vertical direction (ū = 0).
It can be observed that ω presents a concave middle region and two lateral convex
regions. The convex parts represent areas where the equilibrium is stable, while in
the middle area it is unstable.

Fig. 2.7 shows the second derivative of ω along the vertical direction. It can be
observed that there is a middle region of the primary branch where ∂2ω/∂v̂2 assumes
negative values, which means that the equilibrium is unstable. In particular, that
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(a) Three-dimensional view (û = ū/B, v̂ = v̄/H and p̂ζ = pζ/a)

(b) Top view (c) Lateral view

Figure 2.5: Equilibrium paths of the von Mises truss subjected to a vertical load for
the case of Mooney-Rivlin material
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Figure 2.6: Dimensionless elastic stored energy function
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Figure 2.7: Second derivative of the dimensionless elastic stored energy function

region is identified by v̂2 =−1.455< v̂ <−0.545 = v̂1. The values of the critical loads
corresponding to the configurations v̂1 and v̂2, where the equilibrium of the system
loses its stability, are p̂ζ1 =−2.952 cm2 and p̂ζ2 = 2.952 cm2, respectively. Note also
that ∂2ω/∂v̂2 assumes positive values everywhere, except for that particular range.
Thus, we can conclude that the primary branch of equilibrium is always stable apart
from that middle region.

At this point, the behavior of the system inside the range v̂2 < v̂ < v̂1 has to be
investigated. In other words, we must understand if stable solutions can be found
only along the vertical direction or if other solutions, among the equilibrium paths
shown in Fig. 2.5, are also stable. With this aim, the characteristic equation (2.42)
is solved numerically, obtaining the eingevalues τ1 and τ2.

Fig. 2.8 shows the values assumed by the eigenvalues along the equilibrium paths
of Fig. 2.5. We observe that, along the vertical direction (ū = 0), both eigenvalues
are always strictly positive except for a middle range that is the unstable region,
where τ1 assumes negative values. Note that this region corresponds to that where
∂2ω/∂v̂2 is negative, namely v̂2 < v̂ < v̂1. This confirms that, within this range, the
Hessian matrix is indefinite. Hence, this portion of the primary branch of equilibrium
is unstable. Fig. 2.8 shows also that, along the other two symmetric branches of
the equilibrium paths, τ1 is always negative and τ2 is always positive. Therefore,
the equilibrium solutions along these two branches are unstable, which means that
they can not be observed in laboratory tests.

The combination of the results of equilibrium and stability analyses are shown
in Figs. 2.9 and 2.10. We can conclude that, for v̂ positive, the equilibrium is
always stable and the load p̂ζ follows the primary branch of equilibrium shown in
Fig. 2.4. Instead, for v̂ negative, when the system reaches the configuration v̂1 (that
corresponds to the first critical load p̂ζ1) the loss of stability occurs by the snap-
through phenomenon. Thus, in that configuration, a small perturbation produces a
jump of the apex node from position v̂1 to position v̂2.

The two critical points (0, v̂1, p̂ζ1) and (0, v̂2, p̂ζ2) are listed in Tab. 2.1. It is
worth mentioning that both critical points 1 and 2 are limit points, which means
that they represent the stationary points for the external load. This implies that
the instability occurs as buckling, which in the case of the von Mises truss is the so
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(a) Three-dimensional and lateral views of the first eigenvalue

(b) Three-dimensional and lateral views of the second eigenvalue

Figure 2.8: Eigenvalues of the Hessian matrix of the total potential energy for the
vertical load case

Figure 2.9: Primary branch of equilibrium for the case of vertical load and Mooney-
Rivlin material (stable solutions: continuous lines, unstable solutions: dashed lines)

Table 2.1: Critical points for the von Mises truss subjected to a vertical load in case
of Mooney-Rivlin material

Critical point û v̂ p̂ζ(cm2)
1 0 -0.545 -2.952
2 0 -1.455 2.952
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(a) Three-dimensional view

(b) Top view (c) Lateral view

Figure 2.10: Equilibrium paths of the von Mises truss subjected to a vertical load
for the case of Mooney-Rivlin material (stable solutions: continuous lines, unstable
solutions: dashed lines)
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Table 2.2: Critical points for the von Mises truss subjected to a horizontal load in
case of Mooney-Rivlin material

Critical point û v̂ p̂η(cm2)
1 1.958 -0.289 3.737
2 2.193 -1 3.733
3 1.958 -1.711 3.737

called snap-through.
The application to Mooney-Rivlin materials revealed that in case of vertical

load the only actual instability is the snap-through, while secondary asymmetric
branches are unstable. However, more complex stored energy functions may lead to
qualitatively different unstable phenomena. In such circumstance, stable solutions
after bifurcation may be observed.

2.5.2 Horizontal load
The case of horizontal load (pζ = 0) is now analyzed. The equilibrium paths are
obtained as solution of the equilibrium equations (2.53) and the stability analysis
is carried out in the same way as the previous application. Namely, the eigenvalues
are evaluated along the equilibrium configurations and their sign is investigated.

For the sake of brevity and clarity, the plots of the eigenvalues are not given. Al-
together, the solution of equilibrium and stability analyses provides the equilibrium
paths of Fig. 2.11. The critical points 1, 2 and 3 are listed in Tab. 2.2.

When a horizontal load is applied, central node C moves along the first branch
of equilibrium, which has a shape of an ellipse that has been pinched along the
semi-minor axis. The first critical point (û1, v̂1, p̂η1) presents itself as a limit point.
In fact, load p̂η is maximum and, in this configuration, buckling takes place. The
system jumps to the second critical point (û2, v̂2, p̂η2), which is a bifurcation point.
From here, the equilibrium is again stable and node C follows a second branch of
equilibrium, characterized by v̂ =−1.

The equilibrium paths are symmetric with respect to both η and ζ axes. There-
fore, critical point (û1, v̂3, p̂η3) takes place in a symmetric configuration with respect
to point (û1, v̂1, p̂η1). It is also interesting to observe that along the second branch
of equilibrium there are two asymptotes, namely axes û= 1 and û=−1 (Fig. 2.12).
Specifically, these configurations are the ones where, hypothetically, one bar of the
truss degenerates to a point. Note also that the second branch passes through point
(0,-1,0) and is always unstable, except from the external regions characterized by
û <−û2 and û > û2.

The problem of the von Mises truss subjected to a horizontal load was already
analyzed by Pecknold et al. [4] by assuming a linear constitutive law for the bars.
In this case, the primary path was an ellipse and the secondary path was a cubic
curve. Comparisons with such results will be presented in the following.
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(a) Three-dimensional view (û = ū/B, v̂ = v̄/H and p̂η = pη/a)

3 3

(b) Top view (c) Lateral view

Figure 2.11: Equilibrium paths of the von Mises truss subjected to a horizontal load
for the case of Mooney-Rivlin material (stable solutions: continuous lines, unstable
solutions: dashed lines)

Figure 2.12: Large scale view of load pη along û, which shows the asymptotes û=±1
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2.6 Comparison with other models
The theories proposed by Kwasniewski [1] and Pecknold [4] are based on the assump-
tion of linear constitutive law. It is thus interesting to show a comparison between
the equilibrium solutions of the present work, which are based on a Mooney-Rivlin
law, and the ones obtained by using those theories. It is stressed that their solutions
are derived by assuming large nodal displacements and relatively small deforma-
tions, which is inconsistent in the context of finite elasticity. Furthermore, a linearly
elastic constitutive law is not appropriate for the response of bodies subjected to
large deformations.

The formulation provided by the aforementioned authors will be briefly outlined
and applied to the case analyzed in Section 2.5. Consequently, a comparison with
the results of the fully nonlinear theory presented in this work will be provided.

The Green-Lagrange measure for the axial components of strain adopted in [1,4]
is defined as

εγz =
l2γ−L2

2L2 , γ = α,β. (2.54)

The axial components of stress are thus given by the linear relationship

σγz = Eεγz , γ = α,β, (2.55)

where E is the Young’s modulus. Using (2.54) and (2.55), the axial forces are
computed as

nγ = σγzA= bhE
l2γ−L2

2L2 , γ = α,β, (2.56)

from which we can define a normalized axial stress σ̂γz = σγz
a
. The red curve of Fig.

2.13 shows normalized axial stress σ̂γz vs. longitudinal stretch, which represents
the constitutive behavior of the bars of the truss. The black curve of Fig. 2.13
represents instead the constitutive behavior of the Mooney-Rivlin material, which
was employed in the applications of Section 2.5.

Equation (2.56) expresses a linear relation between σγz and εγz (Green-Lagrange
strain measure). However, in Fig. 2.13, σγz is plotted as a function of the longitudinal
stretch λγz . This explains the nonlinearity of the red curve. Note also that the two
curves correspond only for small axial deformations (λγz ≈ 1). For large contractions
(λγz < 1), the linear constitutive law (red curve) exhibits softening, which is not
consistent with the behavior of real materials. The condition of λγz = 0, for which the
bar degenerates into a point, is reached with a finite and relatively low value of axial
stress. This is also not representative for the behavior of real bodies subjected to
axial contractions. From Fig. 2.13 we also note that, for large elongations (λγz > 1),
the red curve shows a monotonic hardening, which is usually not observed in common
materials.

The formulation provided in [1] is retrieved by substituting (2.56) into (2.3),
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Figure 2.13: Dimensionless traction σ̂z = σz/a vs. longitudinal stretch of the bar in
the formulation of Kwasniewski [1] (red curve) and comparison with the Mooney-
Rivlin case (black curve). Note that σz is a linear function of the Green-Lagrange
strain εz, but here it is plotted in function of the longitudinal stretch λγz . This is
why the red curve is nonlinear

from which the following equilibrium equations are derived:

pη
2L2

bhE
− cα(l2α−L2) + cβ(l2β−L2) = 0,

pζ
2L2

bhE
−sα(l2α−L2)−sβ(l2β−L2) = 0.

(2.57)

An application will be presented in the following. The geometry of the truss is
the one reported in Section 2.5. In order to compare the results, the value of the
elastic constant E is computed by introducing c̄ = 5 and b̄ = 1 into (2.74), which
represents a correlation between the constitutive parameters of the Mooney-Rivlin
material and the Young’s modulus E. Note that relation (2.74) is derived through a
linearization of the nonlinear theory. Thus, it establishes a correspondence between
the Mooney-Rivlin constitutive law and the linear elastic law that holds for small
displacements and displacement gradients. It goes without saying that, for large
deformations, the two constitutive behaviors are different.

2.6.1 Vertical load
The solution of the equilibrium equations (2.57) is represented in Fig. 2.14. Differ-
ently from the case of Mooney-Rivlin constitutive law, no other solutions are found
except from the primary branch of equilibrium. For this reason, Fig. 2.14 shows
only the p̂ζ = pζ/a vs. v̂ plot. In the same figure, we can observe the comparison
with the primary branch obtained with the nonlinear formulation presented in this
paper (equation (2.53)).

As expected, for low values of vertical displacement the curves are consistent.
As the magnitude of displacement increases, the discrepancy between results rises.
This is a consequence of the use of a different strain measure and a different consti-
tutive law. The present fully nonlinear theory provides an exact description of the
kinematics of the system, while the linear constitutive behavior is appropriate only
for small deformations.
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Figure 2.14: Comparison between the primary branch of equilibrium provided by
the present theory (Mooney-Rivlin law) and the one provided by the formulation of
Kwasniewski [1] (Linear law) for the von Mises truss subjected to a vertical load

Table 2.3: Critical points for the von Mises truss subjected to a vertical load in case
of linear elastic constitutive law (Kwasniewski [1])

Critical point û v̂ p̂ζ(cm2)
1 0 -0.423 -1.905
2 0 -1.577 1.905

The critical configurations and critical loads of the fully nonlinear theory are
reported in Tab. 2.1. Instead, the unstable region in case of linear constitutive
law is identified by the critical points given in Tab. 2.3. Since snap-through takes
place when the axial deformation of the bars is relatively large, there is a sensible
gap between the critical configurations of the two simulations (Mooney-Rivlin law
and linear law). In particular, the relative errors committed on v̂1 and v̂2 are,
respectively, 8.42% and 22.47%. The relative error committed on critical loads p̂ζ1
and p̂ζ2 is 35.48%.

We remark that the relative errors committed are highly influenced by the geom-
etry of the truss. If the inclination of the truss is very low, the resulting deformations
of the bars would be relatively small and the discrepancy between the results of the
models would not be so evident. However, in a general case, it is not true that the
deformations are small enough to assume a linear constitutive law. Therefore, for an
accurate analysis of equilibrium and stability of truss structures, it is recommended
that a fully nonlinear model is employed.
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(a) Three-dimensional view (û = ū/B, v̂ = v̄/H and p̂η = pη/a)

(b) Top view (c) Lateral view

Figure 2.15: Equilibrium paths of the von Mises truss subjected to a horizontal load
for the case of linear elastic material [1] (stable solutions: continuous lines, unstable
solutions: dashed lines)

2.6.2 Horizontal load
The equilibrium equations (2.57) are now solved for the horizontal load case. Again,
for the sake of brevity and clarity, the plots of the eigenvalues are not given. Alto-
gether, the solution of equilibrium and stability analyses provides the equilibrium
paths of Fig. 2.15.

We notice that there are a number of differences with respect to the fully non-
linear simulation given in Fig. 2.11. Firstly, the projection of the first equilibrium
path on the û-v̂ plane has the shape of an ellipse, without showing pinching along
the semi-minor axis. This is due to the linear constitutive behavior of the bars.
Secondly, there are two discontinuities along the secondary branch of equilibrium
(which is characterized by v̂ = −1). The discontinuities take place in the config-
urations û = ±1, v̂ = −1. This happens because, in the model proposed in [1, 4],
the strain measure adopted is such that the condition of λγz = 0 (degeneration of
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Table 2.4: Critical points for the von Mises truss subjected to a horizontal load in
case of linear elastic constitutive law (Kwasniewski [1])

Critical point û v̂ p̂η(cm2)
1 -1.731 -1 -11.417
2 1.731 -1 11.417

Figure 2.16: Comparison between the solutions provided by the present theory
(Mooney-Rivlin law) and the formulation of Kwasniewski [1] (Linear law) for the
von Mises truss subjected to a horizontal load

the bar into a point) is reached with a finite value of axial stress, as shown in Fig.
2.13. Thus, along v̂ = −1 and inside the region û = ±1, the secondary branch is
continuous. When configurations û=±1, v̂ =−1 are reached, the axial force acting
on the bar in compression changes its sign, causing a jump in the equilibrium path.

The stability of the equilibrium solutions provides two critical points along the
secondary branch of equilibrium, given in Tab. 2.4. The two critical configurations
take place as bifurcation points, whereas buckling phenomena are not observed. The
scenario of solutions is thus less complex than the one derived from the solution of
the fully nonlinear formulation (Fig. 2.11). In that case, an interaction between
snap-through (buckling) and bifurcation was observed.

Fig. 2.16 shows a comparison of load p̂η along direction û. As expected, the two
curves agree only for small deformations, namely when û is close to zero. As the de-
formation increases, the fully nonlinear model shows a behavior that is less stiff than
the linear one. This because the Mooney-Rivlin material displays softening when
subjected to tension, reducing thus its stiffness. Instead, the linear elastic behavior
responds with its initial stiffness (Young’s modulus) regardless of the deformation
that the bar is experiencing.

In conclusion, the hypothesis of linear constitutive law leads to solutions that are
both quantitatively and qualitatively different. The linear behavior of the material
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and the strain measure adopted lead to inconsistencies, such as discontinuity in the
equilibrium path.

2.7 Linearization of the fully nonlinear theory
The linearized theory is derived from the finite theory by introducing the hypothesis
that both displacements and displacement gradients are small.

The longitudinal stretches (2.2) are developed in Taylor series as functions of
ū and v̄. Truncating these series at the first order, the following expressions are
obtained:

λαz
∼= 1 + Bū+Hv̄

L2 +o(ū) +o(v̄) ,

λβz
∼= 1− Bū−Hv̄

L2 +o(ū) +o(v̄) .
(2.58)

Introducing (2.58) into the constitutive relation between longitudinal and transversal
stretch for the case of a Mooney-Rivlin material (2.52), the approximated expressions
for the transversal stretches become

λα ∼= 1− (Bū+Hv̄)(b̄+ c̄)
L2(1 + 3b̄+ 2c̄)

+o(ū) +o(v̄) ,

λβ ∼= 1 + (Bū−Hv̄)(b̄+ c̄)
L2(1 + 3b̄+ 2c̄)

+o(ū) +o(v̄) .
(2.59)

The rigid rotations of the bodies are described by the angles ψγ , γ = α,β. Using
the geometrical relations (2.4), the following expressions for the rigid rotations ψα
and ψβ hold:

ψα = θ0−θα = arccos
(
B

L

)
−arccos

(
B+ ū√

(B+ ū)2 + (H+ v̄)2

)
,

ψβ = θβ−θ0 = arccos
(

B− ū√
(B− ū)2 + (H+ v̄)2

)
−arccos

(
B

L

)
.

(2.60)

Developing (2.60) in Taylor series and truncating them at the first order, the lin-
earized rigid rotations assume the form

ψα ∼=
Hū−Bv̄

L2 +o(ū) +o(v̄) ,

ψβ ∼=
Hū+Bv̄

L2 +o(ū) +o(v̄) .
(2.61)

At this point, substituting (2.58), (2.59) and (2.61) into (2.7), the linearized dis-
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placement fields are derived

uα ∼= Z
Hū−Bv̄

L2 −X (Bū+Hv̄)(b̄+ c̄)
L2(1 + 3b̄+ 2c̄)

+o(ū) +o(v̄)

vα ∼=−Y
(Bū+Hv̄)(b̄+ c̄)
L2(1 + 3b̄+ 2c̄)

+o(ū) +o(v̄)

wα ∼=X
Bv̄−Hū

L2 +Z
Bū+Hv̄

L2 +o(ū) +o(v̄) ,

uβ ∼= Z
Hū+Bv̄

L2 +X
(Bū−Hv̄)(b̄+ c̄)
L2(1 + 3b̄+ 2c̄)

+o(ū) +o(v̄)

vβ ∼= Y
(Bū−Hv̄)(b̄+ c̄)
L2(1 + 3b̄+ 2c̄)

+o(ū) +o(v̄)

wβ ∼=−X
Hū+Bv̄

L2 −ZBū−Hv̄
L2 +o(ū) +o(v̄) .

(2.62)

The material gradients of (2.62) are

[Hα] =


−(Bū+Hv̄)(b̄+ c̄)

L2(1 + 3b̄+ 2c̄)
0 Hū−Bv̄

L2

0 −(Bū+Hv̄)(b̄+ c̄)
L2(1 + 3b̄+ 2c̄)

0

−Hū−Bv̄
L2 0 Bū+Hv̄

L2


,

[Hβ] =



(Bū−Hv̄)(b̄+ c̄)
L2(1 + 3b̄+ 2c̄)

0 Hū+Bv̄

L2

0 (Bū−Hv̄)(b̄+ c̄)
L2(1 + 3b̄+ 2c̄)

0

−Hū+Bv̄

L2 0 −Bū−Hv̄
L2


.

(2.63)

The application of the theorem of additive decomposition to the displacement gra-
dients (2.63) allows to compute the symmetric tensors of infinitesimal strain and the
skew-symmetric tensors of infinitesimal rigid rotation

[Eγ ] =
[1

2
(
Hγ +HT

γ

)]
=



εγx
1
2
γγxy

1
2
γγxz

1
2
γγxy εγy

1
2
γγyz

1
2
γγxz

1
2
γγyz εγz


,

[Wγ ] =
[1

2
(
Hγ−HT

γ

)]
=

 0 −ωγz ωγy
ωγz 0 −ωγx
−ωγy ωγx 0

 , γ = α,β,
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where

εαz = Bū+Hv̄

L2 , εβz =−Bū−Hv̄
L2 ,

εαx = εαy =− b̄+ c̄

1 + 3b̄+ 2c̄
εαz , εβx = εβy =− b̄+ c̄

1 + 3b̄+ 2c̄
εβz ,

γαxy = γαxz = γαyz = γβxy = γβxz = γβyz = 0, ωαx = ωαz = ωβx = ωβz = 0,

ωαy = Hū−Bv̄
L2 , ωβy = Hū+Bv̄

L2 .

(2.64)

Let us focus on the stress components in the linearized theory. Substituting the
linearized expressions of the stretches (2.58) and (2.59) into the constitutive relation
(2.21) and neglecting the terms of order greater than one in the components ū and
v̄, the following approximated forms are computed:

f̂α ∼=
4(Bū+Hv̄)(1 + b̄)(1 + 4b̄+ 3c̄)

L2(1 + 3b̄+ 2c̄)
+o(ū) +o(v̄) ,

f̂β ∼= −
4(Bū−Hv̄)(1 + b̄)(1 + 4b̄+ 3c̄)

L2(1 + 3b̄+ 2c̄)
+o(ū) +o(v̄) .

(2.65)

The linearized Piola-Kirchooff stress tensor for the γ-th body becomes

[
TRγ

]
=

0 0 fγ sinψγ
0 0 0
0 0 fγ cosψγ

∼=
0 0 0

0 0 0
0 0 fγ

 , γ = α,β,

where fγ = f̂γ a and ψγ are given by (2.65) and (2.61), respectively.
The linearization of the Cauchy stress tensor for the γ-th body yields

[Tγ ] =


fγ sin2ψγ

(λγ)2 0
fγ sinψγ cosψγ

(λγ)2

0 0 0
fγ sinψγ cosψγ

(λγ)2 0
fγ cos2ψγ

(λγ)2


∼=


0 0 0
0 0 0

0 0
fγ

(λγ)2

 , γ = α,β. (2.66)

Using expressions (2.59) and (2.65), the only nonvanishing component of the Cauchy
stress tensor become

Tα3 = fα

(λα)2
∼=

4a(Bū+Hv̄)(1 + b̄)(1 + 4b̄+ 3c̄)
L2(1 + 3b̄+ 2c̄)

[
1− (Bū+Hv̄)(b̄+ c̄)

L2(1 + 3b̄+ 2c̄)

]−2

∼=
4a(Bū+Hv̄)(1 + b̄)(1 + 4b̄+ 3c̄)

L2(1 + 3b̄+ 2c̄)
+o(ū) +o(v̄) = fα, (2.67)

Tβ3 = fβ

(λβ)2
∼= −

4a(Bū−Hv̄)(1 + b̄)(1 + 4b̄+ 3c̄)
L2(1 + 3b̄+ 2c̄)

[
1 + (Bū−Hv̄)(b̄+ c̄)

L2(1 + 3b̄+ 2c̄)

]−2

∼= −
4a(Bū−Hv̄)(1 + b̄)(1 + 4b̄+ 3c̄)

L2(1 + 3b̄+ 2c̄)
+o(ū) +o(v̄) = fβ. (2.68)
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Therefore, the components of the Piola-Kichhoff and the Cauchy stress tensors
match. Indeed, it is common knowledge that in the infinitesimal theory the two
stress measures coincide.

The stress components (2.65) are derived using the constitutive law of a Mooney-
Rivlin material. Thus, they do not coincide to those of the usual linearized theory,
which are referred to an isotropic linear elastic constitutive law. Although, relations
for the constitutive parameters b̄ and c̄ can be provided, in order to replicate the
stresses given by the Navier’s inverse relationships

T̄γ = 2GĒγ + λ̄(trĒγ)I, γ = α,β, (2.69)

where G and λ̄ are the Lamé constants and trĒγ = εγx + εγy + εγz . The tensor T̄γ is
diagonal and, from (2.69), its components are

σαx = σαy =
(Bū+Hv̄)

[
λ̄(1 + b̄)−2G(b̄+ c̄)

]
L2(1 + 3b̄+ 2c̄)

, (2.70)

σαz =
(Bū+Hv̄)

[
λ̄(1 + b̄) + 2G(1 + 3b̄+ 2c̄)

]
L2(1 + 3b̄+ 2c̄)

, (2.71)

σβx = σβy =
(Bū−Hv̄)

[
−λ̄(1 + b̄) + 2G(b̄+ c̄)

]
L2(1 + 3b̄+ 2c̄)

, (2.72)

σβz =−
(Bū−Hv̄)

[
λ̄(1 + b̄) + 2G(1 + 3b̄+ 2c̄)

]
L2(1 + 3b̄+ 2c̄)

. (2.73)

A linear system of two equations is obtained by imposing the equivalence of σαx
(or σαy ) and σαz , expressed respectively by (2.70) and (2.71), with the corresponding
components of the linearized Cauchy stress tensor Tα, given by (2.66) and (2.67).
Note that the same linear system can be obtained by the equivalence of the com-
ponents of T̄β, expressed by (2.72) and (2.73), with the corresponding components
of Tβ, given by (2.66) and (2.68). The solution of this linear system leads to the
following relations:

G= 2(a+ b),
λ̄= 4a(b+ c).

In the infinitesimal theory, it is common to use the elastic constants E and ν. Thus,
the conversion is

E = G(3λ̄+ 2G)
λ̄+G

= 4(a+ b)(a+ 4b+ 3c)
a+ 3b+ 2c , (2.74)

ν = λ̄

2(λ̄+G)
= b+ c

a+ 3b+ 2c . (2.75)

Note that relations (2.74) and (2.75) correspond to those reported in [54], where the
authors analyzed the problem of a Mooney-Rivlin solid subjected to finite bending.
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The components of the strain tensor Eγ , expressed by (2.64), and the elastic
constants E and ν, given by (2.74) and (2.75), are introduced into (2.69), deriving
the following expressions for the components of the tensor T̄γ :

σγx = σγy = 0, σγz = Eεγz , γ = α,β. (2.76)

In addition, substituting (2.75) into (2.64), the following relation is obtained:

εγx = εγy =−νεγz , γ = α,β. (2.77)

These results show that, starting from the finite solution for the von Mises truss,
the linearization process correctly leads to the well-know solution of the linearized
problem.

The expression of the longitudinal strain rate εγz , γ = α,β, is computed perform-
ing the equilibrium in undeformed configuration, whose solution is

nα = L(pηH+pζB)
2BH , nβ = L(pζB−pηH)

2BH . (2.78)

Substituting (2.78) into the linear constitutive law εγz = nγ
EA

for beams subjected to
uniaxial force, the following expressions are derived:

εαz = L(pηH+pζB)
2EABH , εβz = L(pζB−pηH)

2EABH . (2.79)

Transversal components of strain and axial components of stress can be finally de-
rived by substituting relations (2.79) into (2.76) and (2.77). This concludes the
linearization process of the finite solution for the von Mises truss.

2.8 Further considerations
This chapter presented an analytical formulation of equilibrium and stability of the
von Mises truss in finite elasticity for the case of isotropic, homogeneous and hyper-
elastic material. The formulation was then specialized for a compressible Mooney-
Rivlin material and applications for both vertical and horizontal load cases were
given.

The theories developed by Ligarò and Valvo [5], Kwasniewski [1] and Pecknold et
al. [4] assumed moderately small deformations and a linear constitutive law for the
material. The original contribution of the formulation presented in this chapter is
that both displacement and deformation fields are considered large. Therefore, the
kinematics of the system is exactly described, without having recourse to hypotheses
that could be in contrast with the actual behavior of the truss. Moreover, the
equilibrium equations are written for a general stored energy function. Thus, this
theory can be applied for any homogeneous and isotropic hyperelastic material. For
instance, it can be specialized using sophisticated models for compressible rubber-
like materials, such as those proposed by Ogden [57] and Gent [58].

In the next chapter, experimental and numerical investigations on the von Mises
truss will be presented. This will provide a validation of the theoretical formulation
given in the present chapter.



Chapter 3

Experimental and numerical
studies of the equilibrium of the
von Mises truss

In this chapter, the equilibrium of the von Mises truss subjected to a vertical load
is analyzed from both experimental and numerical points of view [59]. The aim is
to validate the analytical approach presented in Chapter 2. A rubber material is
employed, so that large deformations can be experimentally observed. The materials
classically employed in constructions, such as concrete and steel, hardly experience
large deformations when subjected to compression. This is the reason why in the
literature there is lack of experimental tests involving both large displacements and
deformations.

The constitutive parameters of the Mooney-Rivlin law are identified by means of
a genetic algorithm that fits experimental data from uniaxial tests on rubber spec-
imens. The numerical analysis is performed through a finite element (FE) model.
Differently from the analytical and FE simulations that can be found in the litera-
ture, the models presented in this work are entirely developed in three-dimensional
finite elasticity.

Experiments are conducted with a device that allows the rubber specimens to
undergo large axial deformations. For the first time, snap-through is observed ex-
perimentally on rubber materials. The analytic, experimental and numerical equi-
librium paths are compared in order to demonstrate the soundness of the methods
proposed.

This chapter is organized as follows. Firstly, the analytical formulation intro-
duced in Chapter 2 is adjusted according to the characteristics of the von Mises truss
of the experiment. Consequently, the uniaxial tests for rubber characterization and
the experimental investigation of the von Mises truss are described. Then, a de-
scription of the FE models for the numerical analysis is given and the strategy for
fitting the constitutive model to experimental data is outlined. Finally, analytical,
experimental and numerical results are presented and discussed, giving also some
insights into the effect of Eulerian buckling on the solution.

33
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(a) Kinematics of the truss, where the rigid parts represent the
space occupied by the undeformable steel hinges of the experimen-
tal device (Section 3.2.2)
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(b) Rubber bodies (rectangular prisms) with corresponding mate-
rial and principal reference systems

Figure 3.1: The von Mises truss and its configuration in the experiment

3.1 Analytical model
The von Mises truss of Fig. 3.1 consists of two equal rubber bars connected through
a hinge at node C. The bars are composed of an inner deformable material, while
the terminal parts are rigid elements. The length of the terminal parts is Lr and
it represents the space occupied by the hinge in the experimental device, which is
presented in Section 3.2.2. The length of the inner deformable part is Lm.

As shown in Fig. 3.1a, the apex node C is loaded by the external dead force P ,
acting in the Z direction of the global reference system XY Z with origin in node 1.
Under the effect of the external load, node C undergoes the vertical displacement v̄.
Note that, for reasons of convenience, v̄ is assumed positive in downward direction
(in Chapters 2 it was assumed positive in upward direction). The horizontal degree
of freedom of control point C is not considered here. This because the results
presented in Section 2.5.1 demonstrated that stable solutions can be found only
along the vertical degree of freedom.

The entire length of both bars in reference configuration is L=
√
B2 +H2, while

in deformed configuration l =
√
B2 + (H− v̄)2. The length of the deformable part
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of the bars in reference configuration is

Lm =
√

(B−2Lrcosθ0)2 + (H−2Lrsinθ0)2,

whereas in deformed configuration

lm =
√

(B−2Lrcosθ)2 + (H− v̄−2Lrsinθ)2,

where
cosθ0 = B

L
, cosθ = B

l
, sinθ0 = H

L
, sinθ = H− v̄

l
, (3.1)

being θ0 and θ the inclination angle of the truss in reference and deformed configu-
rations, respectively.

The bars are three-dimensional bodies with a rectangular cross section of width
t and height h, as shown in Fig. 3.1b. It is assumed that the material is homoge-
neous, isotropic and hyperelastic. The deformation of the bodies is assumed to be
homogeneous.

The fixed material coordinate systems XγYγZγ (γ = α,β) are defined. In addi-
tion, the coordinate systems xγyγzγ are established in deformed configuration. As
depicted in Fig. 3.1b, the reference systems xγyγzγ follow the rigid rotation ψ of
the bodies, thus they are principal.

Due to symmetry, the two bars undergo the same deformation field, which means
that the stretches are equal. The expression of the longitudinal stretch of both bars
is

λαz = λβz = λz = lm
Lm

=

√
(B−2Lrcosθ)2 + (H− v̄−2Lrsinθ)2√
(B−2Lrcosθ0)2 + (H−2Lrsinθ0)2

.

The equilibrium in deformed configuration is expressed by

P + 2nsinθ = 0, (3.2)

where n is the axial force acting on the bars.
As reported in Section 2.4, the solution of the boundary value problem leads to

the following relations:

λx = λy =
√
−ω,1 +λ2

zω,2
ω,2 +λ2

zω,3
, (3.3)

n=−2thλz
(
ω2
,2−ω,1ω,3

) ω,1 + 2λ2
zω,2 +λ4

zω,3

(ω,2 +λ2
zω,3)2 , (3.4)

where ω,j = ∂ω/∂ıj (j = 1,2,3). By introducing equations (3.1), (3.3) and (3.4) into
(3.2), the global equilibrium equation of the von Mises truss becomes

P −4thλz
H− v̄√

B2 + (H− v̄)2

(
ω2
,2−ω,1ω,3

) ω,1 + 2λ2
zω,2 +λ4

zω,3

(ω,2 +λ2
zω,3)2 = 0. (3.5)



Chapter 3. Experimental and numerical studies of the equilibrium of the von Mises truss 36

Equation (3.5) provides a direct relation between external load P and vertical dis-
placement of the apex node v̄, namely the equilibrium path.

The equilibrium equation can be alternatively obtained by introducing the total
potential energy

Π(v̄) = 2thLmω−P v̄

and its first derivative

dΠ
dv̄ = 2thLm

3∑
j=1

∑
k

ω,j
∂ıj
∂λk

∂λk
∂v̄
−P, k = x,y,z.

It is straightforward to verify that the stationarity condition dΠ/dv̄ = 0 corresponds
to the equilibrium equation (3.5).

Similarly to what we did in Chapter 2, the stability of the equilibrium solutions
is assessed through the energy criterion. In this case, the second derivative of the
total potential energy reads

d2Π
dv̄2 = thLm

 3∑
j=1

3∑
k=1

ω,kj

(∑
p

∂ık
∂λp

∂λp
∂v̄

)(∑
q

∂ıj
∂λq

∂λq
∂v̄

)
+

3∑
r=1

ω,r

(∑
s

∑
t

∂2ır
∂λt∂λs

∂λt
∂v̄

∂λs
∂v̄

+
∑
s

∂ır
∂λs

∂2λs
∂v̄2

)]
,

with l,p,r,s= x,y,z. An equilibrium configuration is stable if the sign of the second
derivative of Π(v̄) is positive.

Since Eulerian buckling is neglected, the unstable phenomenon that takes place
in the von Mises truss of Fig. 3.1 is the snap-through. Namely, when the external
load reaches its maximum value, the system snaps to a non-adjacent equilibrium
configuration.

Fig. 3.2 defines five characteristic configurations: (0) reference configuration,
where no external load is applied; (I) first critical point, where the load reaches its
maximum value PI and the snap-through activates; (II) self-equilibrated load-free
configuration, where the equilibrium takes place in absence of external load even
though the stresses in the bars are non-zero; (III) second critical point, where the
load reaches the value PIII = PI and the equilibrium is again stable; (IV) specular
undeformed configuration.

The characteristic configurations listed above allow to distinguish four regions:
(a) compressive loading region; (b) snap-through region where the equilibrium is
unstable; (c) unloading region where the bars are compressed; (d) tension region
where the bars are subjected to tension.

As already pointed out, the constitutive behavior of the rubber specimen is
described by the compressible Mooney-Rivlin (MR) law. Hence, the equilibrium
equation (3.5) is now specialized to the case of compressible MR material. We recall
that the MR constitutive law is characterized by the stored energy function

ω(ı1, ı2, ı3) = aı1 + bı2 + cµ2−2(a+ 2b+ c) lnµ− (3a+ 3b+ c), (3.6)
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Figure 3.2: Characteristic configurations and regions: (a), (c) and (d) are the stable
regions, while (b) is the snap-through region

where a, b and c are positive constants. The derivatives of the stored energy function
(3.6) with respect to the invariants are computed and, by substitution into (3.5),
the equilibrium equation in case of compressible MR material becomes

P̂ − 4th
L
Q(H− v̄) = 0, (3.7)

where

Q=
(
b̄2− c̄+G

) 1 + 2b̄λ2
z +λ4

z (c̄−G)[
b̄+λ2

z (c̄−G)
]2 ,

G=
4(1 + 2b̄+ c̄)

(
b̄+ c̄λ2

z

)2

λ2
z

[
1 + b̄λ2

z−
√

4(1 + 2b̄+ c̄)
(
b̄+ c̄λ2

z

)
+
(
1 + b̄λ2

z

)2
]−2

,

and P̂ = P/a, b̄= b/a, c̄= c/a.

3.2 Experimental investigation
In this section, the experimental activities are presented. The material used is
a synthetic neoprene rubber with shore hardness 70± 5 produced by FIP through
polymerization of chloroprene (https://www.fipitaly.it). Experimental uniaxial tests
are carried out in order to characterize its behavior when subjected to tension and
compression.

The uniaxial tests are briefly described in the following. Afterwards, the experi-
mental device for the test on the von Mises truss is presented in detail. Finally, the
digital image correlation (DIC) strategy for the monitoring of the experiment on the
von Mises truss is described.
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Figure 3.3: Cylindrical and dog-bone specimens used respectively for uniaxial com-
pression and tensile tests

(a) Compression test (b) Tensile test

Figure 3.4: Uniaxial tests for rubber characterization

3.2.1 Uniaxial tests for rubber characterization
The rubber characterization is performed by carrying out separately uniaxial com-
pression and tension tests. The testing machine is the Instron 5567, equipped with
a 30 kN load cell for the compression test and a 1 kN load cell for the tension test.

Three squat cylindrical specimens of 28.85 mm diameter and 10.56 mm thickness
are tested under compression. Three dog-bone specimens of 83.43 mm2 cross section
area and 65.25 mm effective length are tested under tension (Fig. 3.3). The dis-
placement rate is 0.5 and 50 mm/min for compression and tensile tests, respectively.
The setup of both compression and tensile tests is depicted in Fig. 3.4.

Nominal (Piola-Kirchhoff) stress and stretch are computed for each test. The
nominal stress vs. stretch curves in compression and tension are merged and the
three resulting experimental curves are named S1, S2 and S3. These experimental
results are used in Section 3.5.1 to estimate the best fitting parameters of the MR
constitutive law.
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Figure 3.5: Experimental device for the test on the von Mises truss

3.2.2 Experimental device for the von Mises truss
The experimental device of Fig. 3.5a is designed specifically to simulate the von
Mises truss subjected to a vertical load. The device is composed of three steel
guides fixed on a supporting table. Control point C is forced to slide along the
vertical guide, allowing only the vertical degree of freedom v̄. Nodes 1 and 2 are
placed on the horizontal guides and their distance can be adjusted according to the
geometry of the problem (Fig. 3.5b).

The hinges of the truss are realized with steel blocks that rotate around the
corresponding nodes. The hinge in node C is connected to the hinges in 1 and 2
using two steel rods that avoid relative rotations. Namely, the terminal faces of
the steel blocks are forced to remain parallel to one another. As shown in Fig.
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Table 3.1: Geometry of the von Mises truss and rubber specimen

Parameter Value Unit
θ0 20 deg
L 146.5 mm
Lm 90 mm
Lr 28.25 mm
t 10 mm
h 20.5 mm

3.5a, the steel rods slide through hollow cylindrical guides. This allows the axial
deformation of the prismatic rubber specimen, which is glued to the hinge blocks
with an adhesion primer for steel-rubber connection.

The theoretical formulation of the equilibrium presented in Section 3.1 does not
include Eulerian buckling of the specimens. In order to adhere as much as possible
with this, two hollow cylinders made of nylon are inserted in the steel rods. The
function of the cylinders is to confine the rubber specimen so as to limit its bending
deformation and prevent buckling.

The contact between cylinder and rubber specimen affects the deformation of
the rubber. For this reason the cylinders are carved in a way to ensure only three
contact points with the specimen. A free space of 0.2 mm between cylinder and
specimen is left in order to minimize the influence on the lateral deformation of the
rubber.

The concentrated load P is applied through two synthetic fishing lines with a
load capacity of 200 N. One end of both the lines is tied to the central hinge C, while
the other ends are connected to containers where the load is manually placed. Two
pulleys are placed on the two opposite sides of the vertical guide, between hinge C
and the load containers. Each line slides through the corresponding pulley. In this
way, the vertical load can be applied in both upward and downward directions.

Three pairs of specimens are tested. All the specimens have the same geometry,
which is given in Tab. 3.1. The test consists in the application of a load that is
gradually increased by adding weight in the container. For each load increment, the
vertical displacement of node C is monitored by means of digital image correlation
(DIC).

The test starts from the initial configuration (0). The load is applied downwards
and the compression of the specimens increases as the load increases, until critical
point (I) is reached and snap-through activates downwards. At this point the system
is unloaded and the truss attains the specular undeformed configuration (IV). The
load is then applied downwards and both specimens are subjected to tension. No
unstable phenomena take place. The system is again unloaded and the truss comes
back to configuration (IV). The load is now applied upwards and both specimens
are subjected to compression until the truss attains critical point (III), where snap-
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Figure 3.6: Set up of the DIC instrumentation during the experimental test on the
von Mises truss

XX
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CC’’

CC’’
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Figure 3.7: View of the DIC cameras with the masks (white dashed frames) moni-
tored during the experimental test

through takes place in the upward direction. The entire equilibrium paths are finally
obtained by repeating this procedure for each pair of specimens.

3.2.3 DIC monitoring of the experiment
The displacement field during the experimental test is acquired by means of DIC
technology. The instrumentation used is Dantec Dynamics Q400. The DIC mon-
itoring is performed in stereo mode [60] by placing two cameras above the truss
(Fig. 3.6). The displacement field is thus captured on the XZ plane at Y = −t/2.
The optical device calibration and pre-processing operations are such to ensure a
resolution of ±20 µm.

The upper surfaces of the rubber specimens, the hinge blocks and a portion
of the vertical guide are painted with a random pattern for the DIC monitoring.
Two masks are then defined for the displacement field monitoring. The investigated
masks are shown in Fig. 3.7 with framed white dashed areas. One mask is set on the
vertical guide to acquire the displacement of control point C. The other mask traces
the margins of the left rubber specimen and it is used to obtain the displacement
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Figure 3.8: FE models for rubber characterization: Prismatic specimen under ten-
sion and cylindrical specimen under compression

field of the specimen itself. Note that, given the symmetry of the problem, only the
displacement field of the left rubber specimen is monitored.

The DIC cameras acquire a single frame for each load step. The data resulting
from the DIC monitoring of the experimental tests are discussed in Section 3.5.2.

3.3 Finite element (FE) analysis
The FE models are realized by using the FE code COMSOL Multiphysics® v.5.5 [61].
Four different FE models are created: two for the rubber characterization, one for
compression and one for tension; two for the von Mises truss, which differ only in
an internal solid constrain. A detailed description of each model is given in the
following.

3.3.1 Models for rubber characterization
The FE constitutive curve is obtained by reproducing compression and tension tests
on cylindrical and dog-bone specimens respectively. The rubber specimens are mod-
eled in agreement with the samples geometries described in Section 3.2.2.

For the tension test, only the effective length of the dog-bone is modeled. Due to
symmetry conditions, only one fourth of the specimen is modeled, as shown in Fig.
3.8. The displacement component normal to each plane of symmetry is neglected.

The material is defined by setting the MR stored energy function (3.6) in the
user defined material. Tetrahedral elements are used for compression while hexag-
onal elements for tension. In both cases, quadratic serendipity shape functions are
employed.

A nonlinear incremental analysis is performed by applying a displacement in
the z direction at the final cross section of the solid, as shown in Fig. 3.8. The
incremental steps are -0.005 and 0.5 mm for compression and tension respectively.
The inertial load is not taken into account.
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Figure 3.9: Details of the FE models: mesh, centers of rotation (CoR) and deformed
configurations with contour plot of stretch λz. The deformed configuration at point
(II) shows that Eulerian buckling takes place in model 2 but not in model 1

3.3.2 Models for the von Mises truss
Two FE models are built for the simulation of the von Mises truss. The first model,
named model 1, does not include Eulerian buckling of the rubber specimen. This
model simulates the condition of the experimental test performed in this work, where
the confinement cylinders prevent buckling phenomena. The second model, named
model 2, simulates the response of the system without confinement cylinders. In
this circumstance buckling plays an important role, which is discussed in detail in
Section 3.5.3. Model 1 differs from model 2 only for an added constraint in order to
avoid Eulerian buckling.

In both FE models, the MR material is defined in the same way of the previous
section. The specimen geometries are set according to Tab. 3.1. Hexagonal elements
with quadratic serendipity shape functions are used for the mesh.

Two symmetry conditions are employed. Firstly, only one bar is modeled be-
cause of the symmetry with respect to the vertical axis through the central node C.
Secondly, only half of the bar is modeled thanks to the symmetry with respect to
the XZ plane at Y = 0.

The hinge blocks are accounted for by using the feature rigid connector of the
FE code. The rigid connector is a COMSOL constraining tool which attributes to a
surface domain the rigid constraint associated to a moving or fixed center of rotation.
The offset of the center of rotation with respect to the centroid of the surface element
is Lr, which is the size of the hinge block. The final cross sections of the rubber
specimen are constrained through two rigid connectors that are associated to the
points 1 and C of Fig. 3.9.

A lower rigid connector is applied to the lower final cross section of the rub-
ber specimen and associated to the fixed center of rotation 1. Likewise, an upper
rigid connector is attributed to the final cross section of the rubber specimen and
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associated to the moving center of rotation C.
A nonlinear incremental analysis is performed by applying a vertical displace-

ment v̄ at the upper center of rotation C. The incremental displacement step is
−0.1 mm, ranging in the interval v̄ ∈ [0,−3H]. In addition, both rigid connectors
are constrained to rotate of the rigid rotation ψ(v̄) around the corresponding center
of rotation. This constraint ensures that the final cross sections of the specimen
remain coaxial during the deformation.

As previously pointed out, model 1 contains an additional constraint to the
ones described above. Specifically, also the middle cross section of the specimen is
constrained to rotate by ψ(v̄) around the lower center of rotation 1. This kinematic
constraint of model 1 ensures the absence of Eulerian buckling in the solution. In
fact, the deformed configurations of Fig. 3.9 show that at the characteristic point
(II) only model 2 is affected by buckling.

3.4 Fitting of the constitutive model
Stress and stretch data obtained from the uniaxial tests are used to perform a
nonlinear fitting of the MR constitutive parameters a, b and c.

The parameters are collected into the parameter vector q = [a, b, c]T . The fitting
function f(λz,q) is the nominal stress vs. stretch relation for a compressible MR
material, which is obtained by writing the expression of the axial force (3.4) in case
of MR material and diving by the cross section area th. The objective function
obj(q) is defined as the averaged sum of normalized square error between simulated
and experimental data, namely

obj(q) =
√∑m

i [f(λzi, q)−fi]2∑m
i f(λzi, q)2 , (3.8)

where m is the number of data points, fi and λzi are experimental nominal stress
and stretch respectively, while f(λzi, q) is the fitting function sampled at the data
points.

The minimization of the objective function (3.8) is performed via a genetic algo-
rithm [62]. Specifically, the fitting procedure is implemented in a MATLAB® code
by using the ga function of the global optimization toolbox.

At first, an unconstrained optimization was carried out. The optimal value of
parameter c provided by the algorithm was six orders of magnitude larger than pa-
rameters a and b (c̄ ≈ 106). Although the stress vs. stretch curve was accurately
depicted, this result was treated with suspicion. In fact, an application to the non-
linear bending theory [55] led to unsatisfying results. Therefore, a constrained opti-
mization was later carried out. The following lower and upper bounds of parameters
were set:

a ∈ [102,104], b ∈ [102,104], c ∈ [103,2×105],

where the values are expressed in kPa.
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Table 3.2: Best fitting parameters of the Mooney-Rivlin material

Const. Experimental curve Mean± Dev.St
param. S1 S2 S3

a (kPa) 442 461 468 457±13
b (kPa) 391 366 386 381±13
c (kPa) 35092 30211 29971 31758±2889
obj(q) (%) 6.04 5.12 5.10 -

3.5 Results and discussion
The first part of this section presents the experimental results of the rubber char-
acterization, which are also put in comparison with analytic and FE constitutive
behaviors of the rubber. Subsequently, the results of the test on the von Mises truss
are presented and compared with analytical and FE simulations. Finally, further
considerations on Eulerian buckling are given.

3.5.1 Results of the rubber characterization
The constrained optimization is carried out for the three experimental stress vs.
stretch curves S1, S2 and S3 resulting from the experimental uniaxial tests. The
best fitting parameters obtained are listed in Tab. 3.2.

The values of the objective function are around 5−6%, which indicate that the
results of the optimization are accurate. Tab. 3.2 shows also mean value and stan-
dard deviation of each parameter over the three simulations. The standard deviation
of parameter c is not very low, but its variations do not influence much the consti-
tutive response, therefore this result is still considered reliable. The mean values of
constitutive parameters a, b and c are thus chosen as optimal set of parameters.

The optimal set of parameters is introduced into the fitting function and into
the FE model. The resulting analytic and FE stress vs. stretch curves are shown in
Fig. 3.10, along with the experimental one.

Analytic and FE curves are both derived with homogeneous deformations and
MR constitutive law, thus they perfectly overlap. Well agreement is also found with
the experimental data in compression, while in tension it is evident that the MR
constitutive law is not capable of accurately describe the constitutive behavior of
the rubber. However, the stretch of the rubber specimen during the experimental
test on the von Mises truss ranges in the gray area of Fig. 3.10. Within this range,
both compression and tension are satisfactorily depicted by both analytic and FE
curves.

Although in the range of interest the result is accurate enough, some consid-
erations must be made. The detail of Fig. 3.10 shows that, for relatively small
contractions of the bars, the experimental constitutive behavior is stiffer than the
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f

f
Figure 3.10: Experimental, analytic and FE constitutive behaviors (nominal stress
f vs. stretch λz) obtained with the mean values of the best fitting parameters, given
in Tab. 3.2

analytic one. On the contrary, small extensions are well described by the analytic
constitutive law. However, while the extension increases, the accuracy of the analytic
law with respect to the experimental data decreases. In particular, the experimental
curve is less stiff.

3.5.2 Results of the test on the von Mises truss
The equilibrium paths derived from experimental tests, analytic model and FE sim-
ulation are shown in Fig. 3.11. Displacement v̄ is normalized with respect to the
height H of the truss and load P is normalized with respect to the Eulerian buckling
load of the system in undeformed configuration, expressed as

Pbk = 8π2EIx
L2
m

sin(θ0), (3.9)

where Ix is the cross section’s moment of inertia with respect to axis x and E is the
Young’s modulus of the rubber, which is computed using (2.74)

E = 4(a+ b)(a+ 4b+ 3c)
a+ 3b+ 2c . (3.10)

Note that the rubber specimens are considered clamped to the hinge blocks. Ac-
cordingly, relation (3.9) is derived introducing the buckling load of a double-clamped
beam nbk = 4π2EIx/L2

m into (3.2).
Overall, there is a good agreement between experimental, analytic and FE equi-

librium paths. The three main reasons of discrepancy between results are discussed
in the following.

Firstly, the equilibrium equation (3.7) is based on the hypothesis of homogeneous
deformation. However, for both FE model and experimental test this is not true.
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P
P

Figure 3.11: Experimental, analytic and FE equilibrium paths of the von Mises truss
subjected to a vertical load

In both cases the final cross sections of the specimen are clamped to the rigid hinge
blocks. This influences the deformation of the areas near the hinges.

Secondly, as shown in Fig. 3.10, the experimental constitutive behavior is sen-
sibly stiffer than the analytic one for relatively small contractions of the bars. This
explains why for both regions (a) and (c) of Fig. 3.11 the experimental data show
higher stiffness. On the contrary, small extensions are well described by the ana-
lytic constitutive law. Indeed, experimental data in region (d) fit well the analytic
curve. However, as the extension increases, the discrepancy between experimental,
analytic and FE results increases as well. This because the accuracy of the analytic
constitutive law decreases for large extensions.

Lastly, geometric imperfections and friction in the guides of the experimental
device play a role on accuracy of the data. Although friction is reduced by using
lubricant, its contribute is not negligible for low values of load. In fact, it contributes
to increase the stiffness of the experimental curve close to points (0) and (IV).

Four reference steps in terms of applied load are selected and reported in Fig.
3.11. The values of normalized displacement v̂ = v̄/H of node C are given in Tab.
3.3, for each reference step and for critical points (I) and (III). Relative errors of
FE simulation and experimental tests with respect to the analytic solution are also
given.

The highest experimental errors are committed close to critical points (I) and
(III) because it is hard to catch the exact configuration where snap-through takes
place. Indeed, the reference load steps with highest errors are step 1 and step 2,
due to their proximity to the critical points. Overall, the results are satisfactory
and the errors are very low. The maximum error committed is 13%, which is largely
acceptable.
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Table 3.3: Normalized displacement v̂ = v̄/H and relative error er = |1− v̂/v̂Analytic|

Step Analytic FEM Experimental
S1 S2 S3

v̂ v̂ er(%) v̂ er(%) v̂ er(%) v̂ er(%)
1 0.291 0.280 3.78 0.293 0.546 0.280 3.87 0.264 9.27
2 1.71 1.72 0.431 1.78 3.92 1.74 1.68 1.74 1.96
3 2.12 2.11 0.331 2.11 0.0916 2.10 0.775 2.11 0.188
4 2.28 2.26 0.702 2.30 0.930 2.28 0.147 2.30 0.837

Char.pts. v̂ v̂ er(%) v̂ er(%) v̂ er(%) v̂ er(%)
(I) 0.459 0.399 13.0 0.415 9.59 0.442 3.77 0.440 4.15
(III) 1.54 1.60 3.61 1.66 7.68 1.58 2.59 1.60 4.03
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Figure 3.12: Line plots and contour plot at load increment 8 of displacement com-
ponent u1 in the principal reference system x1y1z1 for the specimen S3

3.5.3 Considerations on Eulerian buckling of the rubber specimens
The experimental device described in Section 3.2.2 is specifically designed to avoid
Eulerian buckling of the rubber specimen. Fig. 3.12 shows a contour plot of the
transversal displacement component u1 at load increment 8 and the line plots of
u1(0,−t/2, z1).

From Fig. 3.12, it is clear that a slight bending deformation occurred during the
tests, but it was contained by the nylon cylinders. In particular, the values of u1 at
load increments 1 and 2 are less than the DIC accuracy (±20 µm). This indicates
that actual buckling phenomena took place presumably between load increments
3 and 5, for an applied load between 17.5 N and 27.5 N. After load increment 5,
the transversal displacement profiles are much closer to each other. This reveals
that the specimen is crushing against the cylinder and the confinement effect acti-
vates, limiting the bending deformation and ensuring a behavior as close as possible
to a homogeneous deformation. The necessity of the confinement cylinders in the
experimental tests is thus confirmed.

The experimental evidence of buckling is supported by the simulation provided
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P'

Figure 3.13: Equilibrium paths of the FE models and analytic Eulerian buckling
load computed in deformed configuration

by FE model 2, the outcome of which is shown in Fig. 3.13. The load paths of
model 1 and model 2 perfectly agree until the critical buckling load is reached at
v̄bk,FE = 12.97 mm (v̂bk,FE = 0.259). At this point, model 2 experiences buckling and
deviates from model 1. This would be the behavior of the truss in the event that
the confinement cylinders are removed.

From an analytic point of view, buckling occurs at the intersection between
equilibrium path and Eulerian buckling load [25]. The Eulerian buckling load of the
system in deformed configuration is computed as

P ′bk(v̄) = 8π2EIx
l2m

sinθ (3.11)

and it is represented with the gray curve in Fig. 3.13. Equation (3.11) shows
dependence on the constitutive parameters through E, which is given by (3.10), and
on the geometry of the system through lm and Ix.

The intersection between analytic equilibrium path, given by (3.7), and ana-
lytic Eulerian buckling load, expressed by (3.11), takes place at v̄bk = 11.78 mm
(v̂bk = 0.235). There is a relative error of 10.2% between analytic critical displace-
ment v̄bk and FE critical displacement v̄bk,FE. This mismatch is mainly due to the
linearization of the constitutive behavior. In fact, since the constitutive behavior of
rubber is nonlinear, the value of E in equation (3.11) should be updated while the
configuration of the truss changes. It is worth mentioning that also Ix undergoes
slight changes while the specimen deforms, but this contribution is also neglected.
Despite the above simplifying assumptions, buckling predicted analytically is still in
good agreement with the FE simulation.

As previously mentioned, during the experimental test buckling took place with
a load between 17.5 N and 27.5 N, and it was then contained by the confinement
cylinders. The critical load of the FE simulation is 25.66 N, which in some way
agrees with the experimental observation. Clearly, buckling in the experimental test
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arose earlier than the FE prediction because of the geometrical imperfections of
specimens and device. Note that, since the confinement cylinders promptly stopped
buckling phenomena during the test, its effect on the experimental equilibrium path
is almost negligible.

3.6 Comments on the validity of the proposed analytical
model

Both experimental results and FE simulation agree well with analytical results. This
provides a validation of the theoretical formulation presented in this thesis, which
is entirely developed in the context of finite elasticity. The analytical model gives
an accurate description of equilibrium and post-critical behavior of truss structures,
therefore it represents an important tool for the validation of numerical simulations.

The confinement cylinders of the experimental device ensure that Eulerian buck-
ling is promptly stopped, thus allowing to observe the classical snap-through instabil-
ity. In the event that the confinement cylinders are removed, the system experiences
buckling and the equilibrium path deviates from the analytical one. This interaction
between snap-through and Eulerian buckling will be further examined in forthcom-
ing research. Theoretical formulations will be developed and new experimental tests
will be carried out.



Chapter 4

Equilibrium paths for the
three-bar truss in finite
elasticity with an application to
graphene

In this chapter, we extend the nonlinear formulation developed in Chapter 2 to the
case of the three-bar truss, which is depicted in Fig. 4.1. Based on the formulation
provided by Kwasniewski [1], Rezaiee-Pajand and Naghavi [6] derived the analytical
solution of this problem for the vertical load case. It was found out that, differently
from the von Mises truss, the presence of the upper bar renders the system always
stable. Cengiz Toklu et al. [63] analyzed the same three-bar truss using a total
potential optimization algorithm. The equilibrium was solved for three levels of
vertical load, showing that the system undergoes a snap-through. In both the works
[6] and [63] asymmetrical equilibrium configurations were not detected. However,
such apparently simple results are affected by the assumptions of moderately small
strains and linear constitutive law. In this work, such hypotheses are removed and
an exact formulation in finite elasticity is provided.

An application assuming a compressible Mooney-Rivlin material is reported. It
is discovered that, taking into account both geometric and material nonlinearities,
the three-bar truss analyzed shows unexpectedly complex responses. In particular,
for both vertical and horizontal load cases, primary and secondary branches of equi-
librium are detected, showing interesting post-critical behaviors involving multiple
critical points and stable asymmetric configurations. Exact closed-form solutions of
this nonlinear problem have great importance as benchmark tests for finite element
simulations and other numerical procedures.

The truss structure considered in this chapter is also representative for the anal-
ysis of the in-plane mechanical behavior of the representative cell of the hexagonal
nanostructure of graphene [7], which has gained tremendous interest in the research
on innovative materials. It is widely known that, under a generic state of tension
at room temperature, this material can experience strains larger than 15-20% prior
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Figure 4.1: The three-bar truss in undeformed and deformed configurations. Central
node C undergoes displacement s, with components ū and v̄

to failure [64–67]. In light of this, an exhaustive analysis of the mechanical behav-
ior of graphene should account for finite deformations and material nonlinearities,
considering also possible unstable phenomena.

The general formulation of the equilibrium of the three-bar truss is therefore
specialized to the geometry of the representative cell of graphene. The C-C (cova-
lent) bonds are viewed as bars of the truss structure. It goes without saying that
this chapter is not focused on the accurate description of the mechanical behavior
of graphene subjected to finite deformations, which will be investigated in the next
chapter. In fact, the bars describe only the covalent bonds between carbon atoms,
while angular and long range interactions are not taken into account. Nevertheless,
this application allows interesting conclusions on the interactions among atoms in-
side the graphene honeycomb lattice, which can influence the macroscopic behavior
of this material. Moreover, the simple applications reported in this chapter show
complex behaviors that are not usually observed in ordinary structures.

The chapter is structured as follows. Kinematic quantities and equations express-
ing the global equilibrium of the system are introduced. The longitudinal stretches
of the bars are derived considering two degrees of freedom for the central node
(horizontal and vertical components of displacement). Displacement fields and de-
formation gradients of the bars are expressed. As for the von Mises truss, the bars
are regarded as three-dimensional bodies subjected to homogeneous deformations.
Again, this assumption implies that the Euler load of each bar is large enough to
avoid buckling phenomena. The boundary-value problem for the bars subjected to
uniaxial tractions is then formulated and the equilibrium equations of each body
are derived. Thanks to this result, the global equilibrium equations of the three-bar
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truss for a general homogeneous, hyperelastic and isotropic material are written.
Applications to compressible Mooney-Rivlin materials and to the representative cell
of the graphene sheet are presented. For both cases, the equilibrium equations are
specialized by introducing the corresponding strain energy functions. Consequently,
the equilibrium paths are presented, including the stability analysis.

4.1 Preliminaries and basic equations
The three-bar truss of Fig. 4.1 is composed of three equal straight bars, denoted
by the symbols α, β and γ. The three bars are hinged at the central node C and
the truss is loaded by a dead force [p] = [pη,pζ ]T , where η and ζ are the axes of the
global Cartesian reference system. The joints located at the vertices are identified
by 1, 2 and 3, following a counter-clockwise order. All the joints are assumed to
behave as frictionless hinges. Therefore, the bars experience only axial forces.

The lengths of the bars in the initial (undeformed) configuration are

Lδ = L=
√
B2 +H2, δ = α,β,γ,

where B and H are the projections of both bars α and β along the η and ζ axes,
respectively. The central node C undergoes the displacement [s] = [ū, v̄]T . Hence,
the lengths of the bars in deformed configuration become

lα =
√

(B+ ū)2 + (H+ v̄)2, (4.1)

lβ =
√

(B− ū)2 + (H+ v̄)2,

lγ =
√
ū2 + (L− v̄)2.

The three bars are regarded as three-dimensional bodies composed of the same
homogeneous and isotropic hyperelastic material. The principal stretches are de-
noted by λδj (δ = α,β,γ and j = x,y,z). The superscript represents the body while
the subscript indicates the local reference system of the body itself, which is principal
(Fig. 4.2). The longitudinal stretches are thus expressed as

λαz = lα
L

=
√

(B+ ū)2 + (H+ v̄)2

L
,

λβz = lβ
L

=
√

(B− ū)2 + (H+ v̄)2

L
,

λγz = lγ
L

=
√
ū2 + (L− v̄)2

L
.

(4.2)

The equilibrium of the three-bar truss in deformed configuration reads

pη−nαcα+nβcβ−nγcγ = 0,
pζ −nαsα−nβsβ +nγsγ = 0,

(4.3)
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t

Figure 4.2: Representation of local reference systems of the bodies (rectangular
prisms), deformation and surface tractions

where nα, nβ and nγ are, respectively, the axial forces acting on the bars α, β and
γ, while

cα = cosθα = B+ ū

lα
, sα = sinθα = H+ v̄

lα
,

cβ = cosθβ = B− ū
lβ

, sβ = sinθβ = H+ v̄

lβ
,

cγ = cosθγ = ū

lγ
, sγ = sinθγ = L− v̄

lγ
,

(4.4)

in which θα, θβ and θγ are the angles between the bars and the axis η, as shown in
Fig. 4.1.

4.2 Displacement field and deformation
A material coordinate system Xδ,Yδ,Zδ (δ = α,β,γ) with the origin in the corre-
sponding node 1, 2 and 3 is defined for each body (see Fig. 4.2). For the sake of
simplicity, the bodies have the shape of rectangular prisms with t, h and L that
denote width, height and length, respectively. The formulation can be readily ex-
tended to generic cross sections. The deformation of each body is assumed to be
homogeneous, namely the deformation gradient is constant, as occurs to non-slender
bars subjected to axial forces. The Euler’s critical load is considered large enough
to avoid buckling phenomena.

The bodies are subjected to surface tractions only, whereas body forces are disre-
garded. The surface tractions are the consequence of the application of the external
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force p to the central node C and are assumed to be uniformly and orthogonally
distributed on the basis of the bodies in the deformed configuration. As for the von
Mises truss, p is considered as a dead force and does not depend on the configuration
assumed by the structure after the deformation. However, the axial force nδ acting
on the δ-th bar depends on the configuration assumed by the bar itself. Accordingly,
nδ is a function of the displacement components ū and v̄.

Position vector id(P ) and displacement vector uδ(P ) are defined as

id(P ) =Xδiδ +Yδjδ +Zδkδ,
uδ(P ) = uδ(P )iδ +vδ(P )jδ +wδ(P )kδ,

where iδ, jδ and kδ are the unit vectors of the material coordinate system Xδ,Yδ,Zδ.
The deformation ϕδ of the δ-th body consists of a rigid rotation ψδ around the
corresponding hinged joint and a pure deformation, described by the longitudinal
and transversal stretches. By summing these two contributions, the displacement
field reads 

uδ =Xδ

(
λδx cosψδ−1

)
+Zδλ

δ
z sinψδ

vδ = Yδ
(
λδy−1

)
wδ =−Xδλ

δ
x sinψδ +Zδ

(
λδz cosψδ−1

)
, δ = α,β,γ.

(4.5)

It is obvious that the displacement field of the bodies of the three-bar truss (4.5)
corresponds to that of the bodies of the von Mises truss, expressed by (2.7).

The material gradient of the displacement field (4.5) yields

[Hδ] =

λδx cosψδ−1 0 λδz sinψδ
0 λδy−1 0

−λδx sinψδ 0 λδz cosψδ−1

 , δ = α,β,γ,

from which the expression of the deformation gradient is obtained

[Fδ] =

 λδx cosψδ 0 λδz sinψδ
0 λδy 0

−λδx sinψδ 0 λδz cosψδ

 , δ = α,β,γ.

4.3 Equilibrium configurations of the three-bar truss
In this section, the equilibrium equations of the fully nonlinear problem for the
three-bar truss are obtained. Firstly, the boundary-value problem is formulated,
thereby providing the equations governing the equilibrium of each body of the truss.
Subsequently, the global equilibrium equations of the central node in the deformed
configuration are written.

The boundary-value problem is formulated in the same way as done in Section
2.3. Hence, we assume that the material is frame-indifferent and isotropic. The
stored energy function ωδ of the δ-th body depends only on the principal invariants
ıδj (j = 1,2,3) of the left Cauchy-Green deformation tensor Bδ. The (first) Piola-
Kirchhoff stress tensor is given by the constitutive equation (2.10). Local equilibrium
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and boundary conditions are expressed according to equations (2.12) and (2.13),
respectively.

The constitutive relation for the Piola-Kirchhoff stress tensor along with the
boundary conditions provide the following equations governing the equilibrium of
the δ-th body [36,56]:

ωδ,1 +
[(
λδz

)2
+
(
λδ
)2
]
ωδ,2 +

(
λδ
)2(

λδz

)2
ωδ,3 = 0, (4.6)

2λδz
[
ωδ,1 + 2

(
λδ
)2
ωδ,2 +

(
λδ
)4
ωδ,3

]
= fδ, δ = α,β,γ, (4.7)

where ωδ,j = ∂ωδ
∂ıδj

(j = 1,2,3) and λδ = λδx = λδy, as a consequence of the isotropy of the
material. Since kinematics and assumptions are the same as the case of the bodies
composing the von Mises truss, equations (4.6) and (4.7) correspond to equations
(2.20) and (2.21). Equation (4.6) gives the relation between transversal stretch and
longitudinal stretch

λδ =

√√√√−ωδ,1 + (λδz)
2
ωδ,2

ωδ,2 + (λδz)
2
ωδ,3

, δ = α,β,γ.

The surface tractions acting on deformed and undeformed configurations are
related through expression (2.25) and the transformation of the area element dAδ
from undeformed to deformed configuration (dA′δ) is expressed by the Nanson’s
formula (2.27). Combining these relations (see Section 2.4), the modulus of the
axial force acting on the δ-th body in deformed configuration is computed as

nδ =−
2bhλδz

(
ω2
δ,2−ωδ,1ωδ,3

)[
ωδ,1 + 2

(
λδz

)2
ωδ,2 +

(
λδz

)4
ωδ,3

]
[
ωδ,2 + (λδz)

2
ωδ,3

]2 , δ = α,β,γ. (4.8)

Through (4.8) and the geometrical relations (4.4), the equilibrium equations of
the three-bar truss (4.3) assume the following form:

pη + 2bh
L

[Gα (B+ ū)−Gβ (B− ū) +Gγ ū] = 0,

pζ + 2bh
L

[(Gα+Gβ)(H+ v̄)−Gγ (L− v̄)] = 0,
(4.9)

where

Gδ =

(
ω2
δ,2−ωδ,1ωδ,3

)[
ωδ,1 + 2

(
λδz

)2
ωδ,2 +

(
λδz

)4
ωδ,3

]
[
ωδ,2 + (λδz)

2
ωδ,3

]2 , δ = α,β,γ.

The stability of the equilibrium solutions is assessed through the energy criterion,
which was already explained in detail in Section 2.4. The total potential energy of
the system is

Π(ū, v̄) = bhL
∑
δ

ωδ−pηū−pζ v̄, δ = α,β,γ,
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from which the components of the Hessian matrix, expressed by (2.37), are computed
by applying the chain rule twice

∂2Π
∂uj∂ui

= bhL
∑
δ

[ 3∑
h=1

3∑
k=1

ωδ,kh

(∑
l

∂ıδk
∂λδl

∂λδl
∂uj

)(∑
p

∂ıδh
∂λδp

∂λδp
∂ui

)

+
3∑

h=1
ωδ,h

(∑
r

∑
s

∂2ıδh
∂λδs∂λ

δ
r

∂λδs
∂uj

∂λδr
∂ui

+
∑
r

∂ıδh
∂λδr

∂2λδr
∂uj∂ui

)]
,

δ = α,β,γ, i, j = 1,2 and l,p,r,s= x,y,z.

(4.10)

The displacement components ū and v̄ have been replaced by u1 and u2, in order to
express the derivatives in a more convenient form.

Once computed the scalar components of the Hessian matrix, the eigenvalue
problem is stated and the characteristic equation

det(K− τI) = 0 (4.11)

is solved. Being (4.11) a second degree polynomial equation, an equilibrium config-
uration (ū, v̄) is stable if both the eigenvalues τ1(ū, v̄) and τ2(ū, v̄) are positive.

4.4 Application to Mooney-Rivlin materials
The equilibrium equations are now specialized to the case of a compressible Mooney-
Rivlin material. Consequently, numerical applications for the vertical and horizontal
loading conditions are performed and the stability of the equilibrium paths is as-
sessed.

The stored energy function for a compressible Mooney-Rivlin material is given by
(2.50) and its derivatives are expressed by (2.51). The relation between longitudinal
and transversal stretch is (2.52). By substituting equations (2.51) and (2.52) into
(4.9), the following global equilibrium equations of the three-bar truss for the case
of a compressible Mooney-Rivlin material are derived:

p̂η + 2bh
L

[Qα (B+ ū)−Qβ (B− ū) +Qγ ū] = 0,

p̂ζ + 2bh
L

[(Qα+Qβ)(H+ v̄)−Qγ (L− v̄)] = 0,
(4.12)

where

Qδ =

(
b̄2− c̄+Pδ

)[
2b̄
(
λδz

)2
+
(
λδz

)4
(c̄−Pδ) + 1

]
[
(λδz)

2 (c̄−Pδ) + b̄
]2 ,

Pδ =
4(2b̄+ c̄+ 1)

[
c̄
(
λδz

)2
+ b̄

]2

(λδz)
2
{
−
√

4(2b̄+ c̄+ 1)
[
c̄(λδz)

2 + b̄
]

+
[
b̄(λδz)

2 + 1
]2

+ b̄(λδz)
2 + 1

}2 ,

with δ = α,β,γ and p̂η = pη/a, p̂ζ = pζ/a.
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Figure 4.3: Primary branch of equilibrium for the case of vertical load and Mooney-
Rivlin material (stable solutions: continuous lines, unstable solutions: dashed lines)

4.4.1 Vertical load
The first loading condition considered is the vertical load, which is expressed by
pη = 0 and pζ 6= 0. The following numerical values are adopted for the geometry of
the three-bar truss:

B =H = 10 cm, b= h= 1 cm.

In addition, the constitutive parameters are set as b̄ = 1 and c̄ = 5, as it was done
in Section 2.5. The corresponding constitutive relation between longitudinal stretch
and dimensionless external surface traction f̂ = f/a is shown in Fig. 2.3. Note
that Variations of b̄ and c̄ produce results that are quantitatively different, but from
a qualitative point of view the global scenario remains unchanged. Finally, the
dimensionless displacement components are introduced

û= ū

B
, v̂ = v̄

H
.

Hereinafter, the equilibrium solutions are represented using continuous lines to
indicate stable configurations and dot lines to indicate unstable configurations. The
stability is assessed as described in Section 4.3. Namely, the eigenvalues τ1 and τ2
are computed by solving equation (4.11). The sign of τ1(ū, v̄) and τ2(ū, v̄) determines
whether the configuration (ū, v̄) is stable or not.

The equilibrium equations (4.12) are firstly solved for ū = 0, obtaining the pri-
mary branch of equilibrium shown in Fig. 4.3, while the complete solutions of the
equilibrium are represented in Fig. 4.4. The primary branch of the equilibrium
configurations involves three critical points, as reported in Tab. 4.1. Another critical
point can be found along asymmetric branches.

When the applied load is negative and the system reaches the first critical point,
the loss of stability occurs as a snap-through phenomenon. Hence, an application
of a small perturbation produces an abrupt transition of node C from configuration
(0, v̂2) to (0, v̂1). At first glance, this behavior is quite unexpected. In fact, the
presence of the bar γ subjected to a tensile load tends to ensure the stability of the
system when the bars α and β are compressed. However, when the longitudinal
stretch reaches relatively high values, the energy required to stretch a bar composed
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(a) Three-dimensional view (û = ū/B, v̂ = v̄/H and p̂ζ = pζ/a)

(b) Top view (c) Lateral view

Figure 4.4: Equilibrium paths of the three-bar truss subjected to a vertical load
for the case of Mooney-Rivlin material (stable solutions: continuous lines, unstable
solutions: dashed lines)

Table 4.1: Critical points for the three-bar truss subjected to a vertical load in case
of Mooney-Rivlin material

Critical point û v̂ p̂ζ(cm2)
1 0 -1.389 -2.332
2 0 -0.651 -6.111
3 0 0.396 8.076
4 ±0.587 0.539 7.412
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of a Mooney-Rivlin material is significantly less than the one required to compress
it by the same amount (Fig. 2.3). Consequently, at some point the contribution of
the bar γ is negligible and the three-bar truss undergoes a snap-through instability.
Indeed, this behavior is commonly observed in the two-bar (or von Mises) truss [56].

Fig. 4.4 shows that, when the load is positive and the system reaches the config-
uration (0, v̂3), the truss experiences a bifurcation instability. The primary branch is
no longer stable and the central node jumps to one of the two asymmetric configu-
rations (±û4, v̂4). This behavior is again a consequence of the nonlinear constitutive
law of the material. When the bar γ is compressed, the presence of the stretched
bars α and β renders the system stable. Although, when their contribution becomes
unimportant the stability is no more ensured and the system undergoes a bifurcation
phenomenon.

It is interesting to observe that portions of the asymmetric equilibrium paths are
stable, which means that they can be observed during laboratory tests. This does
not happen without the contribution of the bar γ. In fact, in Section 2.5.1 it was
demonstrated that, for the case of the von Mises truss subjected to a vertical load,
asymmetric equilibrium solutions are always unstable (Fig. 2.10).

Other authors [6, 63] analyzed the three-bar in the case of vertical load. Mod-
erately small deformations and a linear constitutive law were assumed. This leads
to a single equilibrium path that is always stable, without showing snap-through
or bifurcation phenomena. However, the hypothesis of linear elastic behavior is not
suitable to describe the response of bodies subjected to large deformations. On the
contrary, as demonstrated by the above application, the introduction of a nonlinear
constitutive law provides a wider scenario of equilibrium solutions, involving unsta-
ble phenomena and asymmetric configurations. In Section 4.5, comparisons with
the model employed in [6, 63] will be presented.

4.4.2 Horizontal load
The second loading condition considered is the horizontal load, which is expressed by
pη 6= 0 and pζ = 0. The same geometry and constitutive parameters of the previous
application are assumed.

The results of the solution of the equilibrium equations (4.12) along with the
stability analysis are represented in Fig. 4.5. In this case, the behavior of the
system is extremely different from the case of the vertical load. In fact, a single
stable primary path is found, while the other two branches are always unstable.
Therefore, when a horizontal load is applied, the central node follows the primary
branch without encountering any critical point. Fig. 4.5b shows that the projection
of the primary branch on the (û, v̂) plane is not a horizontal line. This is due to the
asymmetry of the truss with respect to the horizontal axis û.

In conclusion, the system does not experience any unstable phenomenon and
the only observable equilibrium path is given by the primary branch of equilibrium.
Note that this relatively simple behavior may not be encountered if a more complex
stored energy function is adopted.

It should be pointed out that the analysis has been limited to the range û ∈
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cm

(a) Three-dimensional view (û = ū/B, v̂ = v̄/H and p̂η = pη/a)

(b) Top view (c) Lateral view

Figure 4.5: Equilibrium paths of the three-bar truss subjected to a horizontal load
for the case of Mooney-Rivlin material (stable solutions: continuous lines, unstable
solutions: dashed lines)
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[−2,2] and v̂ ∈ [−2,2]. This because the remarkable features of the behavior of the
three-bar truss with Mooney-Rivlin material are observed inside these ranges. It
is straightforward to expand the results for wider ranges of û and v̂, but from a
physical point of view it is not of interest.

4.5 Comparison with other models
Also for the case of the three-bar truss it is interesting to provide a comparison
between the equilibrium solutions derived in the present work and the ones obtained
with other theories based on simplifying assumptions. In particular, Rezaiee-Pajand
and Naghavi [6] used the formulation developed by Kwasniewski [1] to obtain an
analytical solution of this problem for the vertical load case. It was found out that
the presence of the upper bar renders the system always stable. In the present
work, we found instead that adopting a nonlinear constitutive law for the material
(Mooney-Rivlin law) a complex scenario of solutions arises, with a combination of
snap-through and bifurcation instability.

The analytical formulation reported in [1] was already outlined in Section 2.6.
The Green-Lagrange strain measure is adopted and the axial component of stress
is expressed through a linear relation with the axial component of strain. The
comparison between the constitutive laws assumed in the present work and in the
simplified theories mentioned above is given in Fig. 2.13. The equilibrium equations
of the three-bar truss obtained using the formulation of Kwasniewski [1] read

pη
2L2

bhE
− cα(l2α−L2) + cβ(l2β−L2)− cγ(l2γ−L2) = 0,

pζ
2L2

bhE
−sα(l2α−L2)−sβ(l2β−L2) +sγ(l2γ−L2) = 0.

(4.13)

An application will be presented in the following. The geometry of the truss is
the one reported in Section 2.5. The value of the elastic constant E is computed by
introducing c̄ = 5 and b̄ = 1 into (2.74), which represents a correlation between the
constitutive parameters of the Mooney-Rivlin material and the Young’s modulus E.

4.5.1 Vertical load
The solution of the equilibrium equations (4.13) is represented in Fig. 4.6. For
negative values of load p̂ζ , the equilibrium is always stable. This result was expected
because in this case the contribution of the bar γ, subjected to a tensile load, ensures
the stability of the system when bars α and β are compressed. This happens because
it is assumed that the bars behave following a linear elastic constitutive law. The
contribution of bar γ is therefore not negligible and snap-through does not take place.
However, assuming a nonlinear and more realistic constitutive law, snap-through is
likely to be observed (see the application presented in Section 4.4.1).

For positive values of load p̂ζ , the system reaches configuration (0, v̂1) and the
truss experiences a bifurcation instability. A secondary branch appears, showing
stable asymmetric equilibrium solutions. When configuration (0, v̂2) is reached, the
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(a) Three-dimensional view (û = ū/B, v̂ = v̄/H and p̂ζ = pζ/a)

(b) Top view (c) Lateral view

Figure 4.6: Equilibrium paths of the three-bar truss subjected to a vertical load for
the case of linear elastic material [1] (stable solutions: continuous lines, unstable
solutions: dashed lines)
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Table 4.2: Critical points for the three-bar truss subjected to a vertical load in case
of linear elastic constitutive law (Kwasniewski [1])

Critical point û v̂ p̂ζ(cm2)
1 0 0.951 19.363
2 0 1.765 30.338

Figure 4.7: Comparison between the primary branch of equilibrium provided by
the present theory (Mooney-Rivlin law) and the one provided by the formulation of
Kwasniewski [1] (Linear law) for the three-bar truss subjected to a vertical load

solution becomes again unique and follows the primary branch of equilibrium. The
critical points are listen in Tab. 4.2.

Fig. 4.7 shows a comparison between the primary branches of equilibrium of the
fully nonlinear formulation with Mooney-Rivlin constitutive law and the formulation
of Kwasniewski [1]. The two solutions correspond for low values of displacement v̂,
for which the deformation of the bars is still small. Due to differences in constitutive
laws and strain measures, the solutions differ significantly for large values of v̂. When
load p̂ζ is negative, the solution obtained with a linear constitutive law is sensibly
stiffer than the fully nonlinear one (Mooney-Rivlin law). This because, adopting a
linear constitutive law, when bar γ is stretched its contribution is much higher than
the case of a Mooney-Rivlin law. On the contrary, for positive values of load p̂ζ , the
fully nonlinear solution is stiffer because the contributions of compressed bars α and
β are greater.

4.5.2 Horizontal load
The solution of the equilibrium equations (4.13) for the case of horizontal load is
represented in Fig. 4.8. Only one branch of equilibrium is found. Instead, using the
fully nonlinear theory also other solutions are found, but they are all unstable (Fig.
4.5).

From a qualitative point of view, there is not much difference between the two
results. However, since the constitutive laws of the bars are different, the values
of load applied in order to deform the truss are significantly different (Fig. 4.9).
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(a) Three-dimensional view (û = ū/B, v̂ = v̄/H and p̂η = pη/a)

2

22

(b) Top view (c) Lateral view

Figure 4.8: Equilibrium paths of the three-bar truss subjected to a horizontal load
for the case of linear elastic material [1] (stable solutions: continuous lines, unstable
solutions: dashed lines)
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Figure 4.9: Comparison between the solutions provided by the present theory
(Mooney-Rivlin law) and the formulation of Kwasniewski [1] (Linear law) for the
three-bar truss subjected to a horizontal load

As in all the other cases, the equilibrium paths correspond for small deformations.
For large deformations the solution obtained with the linear constitutive law is
considerably stiffer. Again, this is due to the fact that the bars subjected to tension
provide a higher contribution with respect to the case of Mooney-Rivlin constitutive
law.

This last comparison with the results of other models found in the literature
proved again the importance of the assumptions on the constitutive behavior of the
material. A linear elastic law should not be employed in the nonlinear analysis of
truss structures. The results obtained under this assumption are misleading and
inconsistent.

4.6 Application to the crystal structure of graphene
In the present section, the nonlinear formulation proposed in this work is applied
to the representative cell of the hexagonal nanostructure of graphene (Fig. 4.10).
The carbon atoms are seen as material points (hinged nodes) and the chemical C-C
bonds are simulated as the bars of the three-bar truss. The link between the real
atomic structure and the elastic truss structure is established by incorporating a
proper interatomic potential into the constitutive law of the bars [68].

Both vertical and horizontal load cases are analyzed. Note that, as shown in
Fig. 4.10, the vertical load corresponds to a load applied along the direction of
the armchair configuration, while the horizontal load corresponds to a load applied
along the direction of the zigzag configuration.

As already mentioned, this application is not intended to give an accurate de-
scription of the mechanical properties of graphene, which will be instead analyzed
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l
l

l

Figure 4.10: Graphene lattice geometry and three-bar truss as representative cell

in the next chapter. In this case we will consider only the direct (covalent) bonds
between carbon atoms, without taking into account angular and long range in-
teractions. Another limit of this application is that the external nodes are fixed.
Therefore, the interaction with adjacent cells inside the graphene haxagonal lattice
is not envisaged.

The goal of the present application is mainly to give an idea of the influence
of the constitutive behavior of the bars on the global response of the structure. In
fact, the highly nonlinear potential employed for the covalent bonds leads to a very
complex scenario of solutions and unstable phenomena.

4.6.1 Interatomic potential, equilibrium equations and stability
Many functions for the interatomic potential describing the C-C bond can be found
in literature. Most of the works regarding the simulation of the mechanical properties
of graphene are based on the Tersoff-Brenner interatomic potential [69, 70], which
has a complex analytical form and a significant number of parameters.

Genoese et al. [71] pointed out that, using the Tersoff-Brenner potential, the
values of Young’s modulus and Poisson’s ratio obtained through advanced homog-
enization approaches (around 0.7 TPa and 0.4, respectively) are less accurate than
those provided by the standard Cauchy-Born rule [72–79] (around 1 TPa and 0.16,
respectively). This fact indicates that such potential requires a not straightforward
reparametrization. Instead, the modified Morse potential [80] has a relatively simple
form and it involves a limited number of parameters, allowing a simple adjustment
on the basis of the results given by atomistic simulations. In light of this, Genoese
et al. [71] proposed a new set of values for the parameters of the modified Morse
potential, which is considered for this application. It has to be said that many works
in literature (see, e.g, [81–86]) showed that, when the Morse potential is employed,
the prediction of the mechanical properties of graphene is consistent with the results
of ab-initio and molecular dynamics simulations.

The modified Morse potential is expressed as a function of the relative position
of the carbon atoms

V (∆L) =De

[(
1−e−κ∆L

)2
−1
]
, (4.14)

where ∆L= l−L is the bond length variation, with l and L= 0.142 nm that indicate



Chapter 4. Equilibrium paths for the three-bar truss in finite elasticity with an application to
graphene 68

Figure 4.11: Constitutive behavior of the bar in case of Modified Morse potential,
represented as normalized axial force n̂= n/De vs. longitudinal stretch λz

deformed and undeformed bond lengths, respectively. Genoese et al. [71] proposed
the values De = 7.90×1010 N nm and κ= 21.67 nm−1, which are considered in the
present work. The following relation between bond length variation and longitudinal
stretch holds:

∆L= L(λz−1) .

The modified Morse potential (4.14) can be thus expressed as a function that depends
solely on the longitudinal stretch λz. Thereby, the dimensionless stored energy
function of the δ-th bar of the three-element truss becomes

ωδ
(
λδz

)
=
V
(
λδz

)
De

=
[
1−e−κL(λδz−1)]2−1. (4.15)

From now on, the lengths of the bars of the three-bar truss in deformed configuration
are indicated as lδ, with δ = α,β,γ.

The normalized axial force acting on the δ-th bar is determined as

n̂δ = dωδ
d(∆Lδ)

= dωδ
dλδz

dλδz
d(∆Lδ)

=

2κe−κL(λδz−1) [1−e−κL(λδz−1)] , δ = α,β,γ. (4.16)

Fig. 4.11 shows the constitutive law resulting from the adoption of the modified
Morse potential. Note that the derivation of equation (4.16) is much simpler than
what has been done in Section 4.3. This because the elastic stored energy is now
a function of the longitudinal stretch only, while in the general theory of three-
dimensional bodies the transversal stretches are also involved. It is also noted that
the modified Morse potential does not meet the requirement of isotropy, which is
necessary for the validity of the constitutive equation (2.10). However, this does
not raise any problem, since relation (4.16) is derived independently from equation
(2.10).

The equilibrium equations of the representative cell are obtained by substituting
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Figure 4.12: Application to the graphene representative cell: primary branch of
equilibrium for the vertical load case (stable solutions: continuous lines, unstable
solutions: dashed lines)

(4.16) into (4.3)

p̂η + 2κe−κL(λδz−1) [1−e−κL(λδz−1)](−cα+ cβ− cγ) = 0,

p̂ζ + 2κe−κL(λδz−1) [1−e−κL(λδz−1)](−sα−sβ +sγ) = 0,
(4.17)

where p̂η = pη/De, p̂ζ = pζ/De and the kinematic quantities cδ and sδ, with δ =
α,β,γ, are given by (4.4).

The stability of the equilibrium solutions is assessed through the energy criterion,
as described in Section 4.3. However, in the modified Morse potential there is
no dependence on the transversal stretches. Thus, equation (4.10) assumes the
simplified form

∂2Π
∂uj∂ui

=
∑
δ

∂2ωδ

∂ (λδz)
2
∂λδz
∂uj

∂λδz
∂ui

+
∑
δ

∂ωδ
∂λδz

∂2λδz
∂uj∂ui

, δ = α,β,γ and i, j = 1,2,

(4.18)
where Π = Π

De
and the displacement components ū and v̄ have been replaced by u1

and u2 for the sake of clarity. The longitudinal stretch λδz, the dimensionless stored
energy function ωδ and their derivatives can be easily computed using (4.2) and
(4.15). Note that the crystal structure of graphene is composed of regular hexagons,
therefore

θ0 = π

6 , B =
√

3
2 L= 0.123 nm, H = L

2 = 0.071 nm.

4.6.2 Vertical load
The equilibrium equations (4.17) are solved for the vertical load case, namely pη = 0
and pζ 6= 0. As already pointed out, this particular case corresponds to the appli-
cation of a load along the direction of the armchair configuration. The stability
analysis is performed using (4.18). Fig. 4.12 shows the primary branch of equilib-
rium, while the complete equilibrium paths are represented in Fig. 4.13. Tab. 4.3
lists the critical points resulting from the stability analysis.
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6 6

(a) Three-dimensional view (û = ū/B, v̂ = v̄/H and p̂ζ = pζ/De)

(b) Top view (c) Lateral view

Figure 4.13: Application to the graphene representative cell: equilibrium solutions
for the vertical load case (stable solutions: continuous lines, unstable solutions:
dashed lines)

Table 4.3: Application to the graphene representative cell: critical points of the
equilibrium paths for the vertical load case

Critical point û v̂ p̂ζ(nm-1)
1 0 -1.524 7.696
2 0 -0.501 -22.321
3 0 0.351 63.410
4 ±0.785 0.724 -16.530
5 ±1.090 1.416 11.923
6 0 -2.829 -16.128
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Qualitatively, the behavior of the system is similar to the one of Mooney-Rivlin
materials, analyzed in Section 4.4.1. For negative values of the load, the primary
branch is stable until the central node reaches the configuration (0, v̂2). In this
circumstance, a snap-through instability occurs and the node jumps to the config-
uration (0, v̂1). Differently from the case of Mooney-Rivlin materials, the system
presents another unstable phenomenon when the configuration (0, v̂6) is reached.
More precisely, as revealed by Fig. 4.13b, the equilibrium solutions become unsta-
ble and a bifurcation of the primary branch takes place.

Note that the critical point 6 is defined by v̂6 = −2.829, which means that this
behavior occurs at a very large elongation of the bars. It is reasonable to consider
that what happens outside the regions û ∈ [−3,3] and v̂ ∈ [−3,2] is not relevant. In
addition, it is difficult to conceive that such a scenario would take place when the
representative cell is introduced in the hexagonal lattice of a graphene sheet. In
view of the above, it is wise to treat this result with suspicion.

For positive loads, the equilibrium follows the primary branch until the critical
point 3, where a bifurcation occurs and the truss assumes one of the two asymmetric
configurations (±û4, v̂4). Subsequently, the equilibrium remains stable until the
system attains one of the critical points (±û5, v̂5). Hence, for a moderate deformation
of the bars (representing the bonds between carbon atoms) the response of the
representative cell of a graphene sheet is symmetric, while for large a deformation
(v̂ > v̂3) the system is capable of assuming an asymmetric equilibrium configuration.
This information could be useful to explain and predict the behavior of a graphene
sheet when subjected to large deformations. Further comments on the results of this
application are presented in Section 4.6.4, giving qualitative comparisons with other
works.

It is worthwhile to notice that inside the region analyzed there are three sta-
ble self-equilibrated configurations, as displayed in Figs. 4.12 and 4.13c. In such
configurations, the equilibrium takes place in absence of applied loads. By solving
the equilibrium equations (4.17) with pη = 0 and pζ = 0 and considering only the
stable solutions, the three self-equilibrated points (0,−1.937) and (±0.969,0.969) are
detected.

4.6.3 Horizontal load
In this last case, equations (4.17) governing the equilibrium are solved with pζ = 0,
which corresponds to the application of a load along the zigzag configuration. The
solutions are shown in Fig. 4.14 and the critical points resulting from the stability
analysis are listed in Tab. 4.4.

Unlike the case of Mooney-Rivlin materials reported in Section 4.4.2, the system
exhibits a rich variety of behaviors. The strongly nonlinear constitutive law deriving
from the modified Morse potential leads to a very complex scenario of equilibrium
solutions, composed of a primary and a secondary branch of equilibrium. Both of
them include stable and unstable solutions.

As clearly visible in Fig. 4.14b, starting from the undeformed configuration,
the central node follows an inclined direction along which the total potential en-
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(a) Three-dimensional view (û = ū/B, v̂ = v̄/H and p̂η = pη/De)

(b) Top view (c) Lateral view

Figure 4.14: Application to the graphene representative cell: equilibrium solutions
for the horizontal load case (stable solutions: continuous lines, unstable solutions:
dashed lines)

Table 4.4: Application to the graphene representative cell: critical points of the
equilibrium paths for the horizontal load case

Critical point û v̂ p̂η(nm-1)
1 ±0.259 0.205 ±26.261
2 ±0.760 0.779 ±8.949
3 ±1.310 1.001 ±11.798
4 ±2.112 -0.360 ±2.930
5 ±2.409 -0.954 ±11.229
6 ±0.162 -2.204 ±17.296
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ergy is minimum. The equilibrium turns then unstable and a sudden transition
from (±û1, v̂1) to (±û2, v̂2) takes place. This unexpected behavior occurs because
the contribution of the stretched bars α and β becomes irrelevant with respect to
the compressed bar γ and their effect on the stability of the truss vanishes. This
consideration is made clear by looking at the constitutive law of the bars, shown
in Fig. 4.11. For large longitudinal deformations, the energy required to compress
a bar (i.e. to bring the carbon atoms closer to each other) is much higher than
the one required to stretch the bar by the same amount. The same happens for
Mooney-Rivlin materials, as pointed out in Section 4.4.1. However, in the case of
the modified Morse potential this phenomenon is more pronounced and leads to
unusual results. In fact, when the longitudinal stretch approaches the value 2, the
bond between carbon atoms is almost broken and the energy needed to keep stretch-
ing the bond is very low. Instead, the bar composed of a Mooney-Rivlin material
preserves a significant stiffness also for higher values of the longitudinal stretch.

Another instability of the same kind occurs along the primary branch when the
node reaches one of the positions (±û3, v̂3). Consequently, the equilibrium solu-
tions are unstable until (±û4, v̂4). Then, when one of the configurations (±û5, v̂5) is
achieved, the equilibrium turns again unstable.

It goes without saying that the most interesting part of the solutions obtained
is the one close to the origin, where the deformation is still contained. It gives a
qualitative idea of the directions of minimum energy, along which a graphene sheet
could deform when subjected to horizontal loads. Instead, the subsequent intricate
behavior along the primary branch allows concluding that the post-critical response
of the representative cell of the hexagonal lattice is not exhausted by the usual
unstable phenomena affecting truss structures. Further comments are reported in
the next section.

The stable self-equilibrated configurations are obviously the same as the ones
detected in the vertical load case (Section 4.6.2), because both self-equilibrated con-
figurations and stability analysis do not depend on the applied load. In particular,
the secondary branch starts from the configuration (0,−1.937), which occurs in ab-
sence of applied loads. A single stable region is found until the positions (±û6, v̂6) are
reached. The other configurations along the secondary branch are not experienced
by the system.

4.6.4 Further considerations
This modest application showed the influence of the potential adopted for the con-
stitutive law of the bars. As observed, the behavior of the truss changed completely
for both vertical and horizontal load cases. Moreover, the application gave some
insights into the mechanical behavior of the representative cell of a graphene sheet
subjected to applied loads, which is rather complex. It goes without saying that the
results here presented are not representative of the behavior of the entire structure
of a graphene sheet. However, the following general considerations can be made:

(i) as observed by other authors, for infinitesimal in-plane deformations graphene
behaves as an orthotropic material (often referred as nearly isotropic). For
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instance, Ni et al. [87] performed molecular dynamics simulations on a square-
shaped graphene sheet, computing an average Young’s modulus of 1.13 TPa
and 1.05 TPa along armchair and zigzag directions, respectively. Gao and Hao
[88] used quantum mechanics and quantum molecular dynamics approaches ob-
taining similar results in terms of elastic properties. Xu et al. [89] applied the
density functional theory on zigzag and armchair graphene sheets, confirming
that for small uniaxial deformations graphene is nearly isotropic. However,
all the aforementioned studies agree on the fact that, when the in-plane de-
formation gets large, graphene becomes highly anisotropic. From the results
obtained in the present application, it can be clearly noticed that for finite
deformations the behavior in the armchair and zigzag configurations are ex-
tremely different, which reflects the anisotropy of the system. On the other
hand, by looking at Figs. 4.12 and 4.14c, one can infer that for small defor-
mations the stiffness of armchair and zigzag configurations is similar, which
agrees with what has been said above;

(ii) Lu and Huang [90] and Singh and Patel [91] modeled the graphene sheet as an
equivalent continuum, considering the Tersoff-Brenner potential and a plane
stress condition for the derivation of the elastic in-plane properties. The tan-
gent stiffness coefficients under finite extensional in-plane deformations were
computed and it was shown that the material displays a softening behavior
for finite deformations. Consistently, looking at Figs. 4.12 and 4.14c, it can
be noticed that also in the present application the system tends to possess a
softening behavior. The only exception takes place for the vertical load case,
when the central atom C gets closer to the upper atom 3 (see Fig. 4.12). In
this circumstance, the strong compressive stiffness of the C-C bond leads to a
hardening behavior. However, this case would represent a contraction of the
graphene sheet, which is not in the interest of this discussion;

(iii) it is widely known that for noncentrosymmetric crystals a continuum model
must account for the discrete nature of the atomic structure inside the cells.
While the deformation is homogeneous at the representative cell level, the
single atoms do not follow the same rule, otherwise the internal equilibrium
would not be satisfied [68]. Several authors [92–94] accounted for this effect
by introducing an internal lattice relaxation and maintaining a homogeneous
deformation at the macroscopic scale. Instead, the application presented in
this work is based on a discrete formulation and it includes the analysis of the
stability of the equilibrium configurations assumed by the atoms. As previ-
ously observed, for both vertical load (Fig. 4.13a) and horizontal load (Fig.
4.14a) cases the critical points are manifold. Thus, while the deformation
of a hypothetical continuum cell proceeds, such internal unstable phenomena
occur, affecting the macroscopic behavior of the material.

The above considerations are solely intended to provide an overall idea of the
complex mechanical phenomena taking place within a graphene sheet and to high-
light some possible issues that are worthy of consideration. The analysis of the
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stability of the equilibrium configurations assumed by the atoms showed that inter-
nal unstable phenomena may take place for both vertical and horizontal load cases.
Their implications on the global response of a graphene sheet should be accounted
for in mechanical models.

Some interesting comments were made after having observed the results of this
application. However, given the limitations of the application, only qualitative con-
siderations about the behavior of graphene can be draw. In the next chapter, an
accurate nonlinear model for the in-plane mechanical behavior of graphene will be
presented.



Chapter 5

A nonlinear molecular
mechanics model for graphene
subjected to large in-plane
deformations

The formulation for three-dimensional bodies subjected to uniaxial tractions in finite
elasticity was applied to investigate equilibrium and stability of the three-bar truss.
An application by assuming geometry and interatomic potential of graphene was
presented in Section 4.6. The limitations of the application are: long range and
angular interactions are neglected; the influence of adjacent cells is not taken into
account because the external nodes are fixed. In this chapter, the truss model is
extended by introducing elements that allows to give an accurate description of the
mechanics of graphene [95,96].

5.1 Graphene and molecular mechanics approach
Graphene attracted a lot of interest due to its excellent mechanical, thermal and
electrical properties [97–102]. Indeed, numerous applications can be found in dif-
ferent research fields. For instance, graphene is used for micro-and nano-electronic
devices [103–107], energy generation and storage [108, 109], biomedicine [110] and
composite materials [111–116]. Graphene nanocomposites had a great impact on
new technologies [117] because a small amount of graphene produces a significant
enhancement of the mechanical properties. Rafiee et al. [118] reported that, in
case of epoxy matrix, the Young’s modulus increased by 31% just by adding 0.1
wt% of graphene and the tensile strength was enhanced by 40%. Fang et al. [119]
added 0.9 wt% of graphene in polystyrene sheets, obtaining an increase of 57.2% in
Young’s modulus. These examples give an idea of the capabilities of this material
for advanced engineering applications.

The potentialities of graphene can be fully exploited only with a deep under-
standing of its mechanical behavior. To this regard, few experimental tests were

76
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carried out [64, 120–122]. The lack of experimental results is due to the technical
difficulties connected to the extremely small scale of the problem. Reliable models
for the simulation of the mechanical behavior of graphene are thus necessary.

The modeling techniques can be distinguished mainly in three categories: atom-
istic, equivalent continuum and molecular mechanics. Atomistic simulations, such as
molecular dynamics (MD) and ab initio, are the most physically accurate. However,
they require a large computational effort, which makes them suitable only for sys-
tems with a small number of atoms. Continuum models are based on the assumption
that the discrete nature of the lattice structure can be neglected by viewing the sys-
tem as a continuum medium [123]. For instance, the mechanical properties of CNTs
were investigated by using the theory of continuum shells in [124–128]. Although
continuum modeling is the simplest approach, some parameters such as the effective
thickness of CNTs (or graphene) are not well established in continuum mechanics.
Yakobson et al. [129] fitted the results of a MD simulation with the ones of a con-
tinuum shell model and estimated an effective thickness of 0.066 nm. Odegard et
al. [130] developed a truss model and proposed a thickness of around 0.65 nm, while
Zhou et al. [131] proposed a value of 0.71 nm. In addition to this issue, it is still not
clear how to properly incorporate size effects into an equivalent continuum model.

Molecular mechanics formulations are probably the best compromise for the
modeling of nanostructures. In this case, the atoms of the lattice structure are
viewed as nodes connected by continuum elements, whose properties are determined
through an energy equivalence with the interatomic potential of the chemical bonds
[132–136]. Of particular importance was the idea of Chang and Gao [137], who
developed the stick-and-spring model. Stick elements represent the covalent C-C
bonds and spring elements account for bond angle variations. The constitutive
behavior of sticks and springs is often described by harmonic potentials and the
elastic constants of graphene in linear elasticity are evaluated under the assumption
of small displacements and deformations [137–140]. However, it is widely known
that, graphene can experience large values of strain prior to failure. In light of this,
an accurate analysis of the mechanical behavior of graphene should account for large
deformations and material nonlinearities.

Some recent formulations assume nonlinear constitutive behaviors for both sticks
and springs by adopting proper interatomic potentials [141,142]. This approach al-
lows to investigate the response of graphene when subjected to large in-plane defor-
mations. Nevertheless, significantly different results can be found in the literature
even for the simplest case of pristine graphene. This indicates that there are still
challenges that need to be addressed in order to establish reliable approaches.

In this chapter we present a fully nonlinear stick-and-spring model for graphene
subjected to large in-plane deformations. Geometric nonlinearity is accounted for
by writing the equilibrium of the graphene representative cell in deformed config-
uration, where the displacements of the nodes are assumed to be large. Material
nonlinearity is introduced by adopting the modified Morse potential for the sticks
and a nonlinear bond angle potential for the springs. The equilibrium equations are
solved in the cases of uniaxial tensile load along zigzag and armchair directions. The
case of equibiaxial load is also analyzed, which is an important test for the character-
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armchairθ

Figure 5.1: Graphene sheet regarded as a stick-and-spring system and representative
cell obtained by placing fictitious atoms at the midpoints of the sticks

ization of graphene that have been scarcely investigated [143]. The stability of the
equilibrium configurations is assessed using an energy criterion. The discrete results
obtained from the stick-and-spring approach are homogenized in order to provide a
comparison with previous results in the literature, which are often given in terms of
engineering stress and strain.

In the following, basic assumptions and interatomic potentials for the repre-
sentative cell of the graphene sheet are described. Consequently, kinematics and
equilibrium of the stick-and-spring model are discussed. The equilibrium equations
are solved in the cases of uniaxial tensile load along zigzag and armchair directions
and in the case of equibiaxial tensile load. The stability of the equilibrium con-
figurations is assessed and the results are presented and discussed. Comparisons
with other works in the literature are also given. Finally, we present the lineariza-
tion of the nonlinear formulation of the equilibrium, which is derived by assuming
that the displacements of the nodes (atoms) are small. By doing so, the analytical
expressions of Young’s modulus and Poisson’s ratio are obtained.

5.2 Preliminaries
The carbon atoms are regarded as hinged nodes of the planar hexagonal lattice of
Fig. 5.1. The reference configuration is stress-free and the atoms can only move
in the lattice plane. The undeformed bond length is L = 0.142 nm and, since the
crystal structure of graphene is composed of regular hexagons, the undeformed bond
angle is θ = 2π/3.

The interaction between two adjacent carbon atoms is modeled through elastic
stick elements. It is natural to consider that the C-C bond always remains straight
regardless of the applied load, therefore we assume that each stick has infinite bend-
ing and shear stiffness. In addition, in order to account for the bond angle bending
energy, rotational spring elements are incorporated into the model (Fig. 5.1). The
link between real atomic structure and stick-and-spring model is established by using
proper interatomic potentials for the constitutive laws of sticks and springs.
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5.2.1 Interatomic potentials
The interatomic potential should account for both short and long range interactions
between atoms. Long range interactions are less significant and thus usually ne-
glected in molecular mechanics models [84,130,137]. In addition, given the assump-
tion of plane problem, only the contributions of bond length and angular variations
are considered in this work. Hence, in its general formula, the molecular potential
energy is written as

V =
∑

Vr +
∑

Vθ,

where Vr and Vθ are the terms related to bond length and bond angle variations,
respectively.

As reported in Section 4.6.1, many works in literature showed that the mod-
ified Morse potential provides reliable predictions of the mechanical properties of
graphene. Therefore, the modified Morse potential, expressed by (4.14), is assumed
for the sticks. For reasons of convenience, its expression is given again in the follow-
ing:

V (∆L) =De

[(
1−e−κ∆L

)2
−1
]
, (5.1)

with parametrization De = 7.90×10−10 N nm and κ= 21.67 nm−1, as discussed in
Section 4.6.1. Here we indicate the deformed length of the covalent bond with L′,
thus the length variation is ∆L= L′−L. The axial constitutive law of the sticks is
obtained by deriving (5.1). Namely,

n= dV (∆L)
d(∆L) = 2Deκe

−κ∆L
(
1−e−κ∆L

)
,

in which n is the axial force acting on the stick.
According to Belytschko et al. [80], the bond angle energy is expressed as

Vθ (∆θ) = 1
2kθ∆θ

2
(
1 +ks∆θ4

)
,

where the bond angle variation ∆θ is defined as ∆θ = θ′− θ, with θ′ that indicates
the bond angle in deformed configuration. We assume the bond angle rigidity kθ =
1.42×10−9 N nm rad−2, which was derived by Chang and Gao [137] by fitting the
elastic constants of a graphene sheet. In accordance with Belytschko et al. [80], the
value of parameter ks is 0.754 rad−4. The nonlinear constitutive relation for the
spring, which links bending moment and angle variation, is the following:

m= dVθ (∆θ)
d(∆θ) = kθ∆θ

(
1 + 3ks∆θ4

)
, (5.2)

where m is the bending moment acting on the spring.

5.2.2 Representative cell of the graphene sheet
The analysis is focused on the representative cell of Fig. 5.1, which is obtained by
cutting the sticks at their midpoints, where fictitious atoms are placed. After the
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Figure 5.2: Constitutive behavior of the elements of the stick-and-spring model

deformation, sticks α, β and γ are subjected to a length variation that is half the
length variation of the whole stick. Therefore, their potential is adjusted as

V (∆Li) = 1
2De

[(
1−e−2κ∆Li

)2
−1
]
, i= α,β,γ,

from which
ni = 2Deκe

−2κ∆Li
(
1−e−2κ∆Li

)
, i= α,β,γ. (5.3)

In this way it is ensured that the force acting on each stick of the representative
cell is the same as the one that arises on the whole stick, viewed in the context of a
graphene sheet. Constitutive equation (5.3) can be written as

ni = 2Deκe
−2κLi(λi−1)

[
1−e−2κLi(λi−1)

]
, i= α,β,γ,

where λi = L′i/Li is the stretch of the corresponding stick.
The bond angle variations of the representative cell are equal to the bond angle

variations of the entire graphene sheet. Thus, no adjustment of the potential Vθ is
required and the constitutive law of the springs is given by (5.2). Figs. 5.2a and
5.2b show the constitutive law of the sticks and the rotational springs, respectively.

5.3 The stick-and-spring model
In this section, kinematics and equilibrium equations of the representative cell are
presented. Firstly, the equilibrium equations are written for the most general kine-
matics, displayed in Fig. 5.3a. The deformation of the representative cell involves
two degrees of freedom for each of the nodes 1, 2, 3 and 4. In order to avoid rigid
motions, the three degrees of freedom u1, v1 and u2 are suppressed by introducing
proper restraints.

This general formulation of the equilibrium allows investigating the response of
graphene in the event that there are initial imperfections. For instance, this may
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(a) Reference and deformed configurations.
Each node has two degrees of freedom and re-
straints are introduced to avoid rigid motions
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Figure 5.3: Analysis of the representative cell subjected to large in-plane deforma-
tions

be done by considering a non-zero initial value for a certain degree of freedom.
The formulation can be also generalized for other lattice structures with different
geometries.

In this paper we focus on the case of pristine graphene. Hence, in the second
part of the present section, the general formulation is simplified by assuming that
the system deforms maintaining its symmetry with respect to the horizontal axis
through nodes 3 and 4. This appears to be the most reasonable assumption for the
kinematics of the system in case that there are no initial imperfections.

5.3.1 Kinematics and equilibrium
The lengths of the sticks in reference configuration are

Lα =
√

(x3−x1)2 + (y3−y1)2, Lβ =
√

(x3−x2)2 + (y3−y2)2,

Lγ =
√

(x4−x3)2 + (y4−y3)2,

while in deformed configuration

L′α =
√

(x′3−x′1)2 + (y′3−y′1)2, L′β =
√

(x′3−x′2)2 + (y′3−y′2)2,

L′γ =
√

(x′4−x′3)2 + (y′4−y′3)2,
(5.4)
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where (xj ,yj) and (x′j ,y′j) are the coordinates of the nodes in reference and deformed
configurations, respectively. The length variations are expressed as

∆Li = L′i−Li, i= α,β,γ,

which provide

∆Lα =

√(
B

2 +u3

)2
+
(
H

2 +v3

)2
− L2 ,

∆Lβ =

√(
B

2 +u3

)2
+
(
H

2 +v2−v3

)2
− L2 ,

∆Lγ =

√(
L

2 −u3 +u4

)2
+ (v4−v3)2− L2 ,

where B = L/2 = 0.071 nm and H =
√

3L/2 = 0.123 nm.
As shown in Fig. 5.3a, the angles of the sticks with respect to axis x are δi and δ′i

in reference and deformed configurations, respectively. Underformed and deformed
bond angles are indicated with θi and θ′i. In reference configuration, δ1 = δ2 = π/3
and δ3 = 0, while θ1 = θ2 = θ3 = 2π/3. In such circumstance, the rotational springs
do not produce bending moments on the sticks. In deformed configuration, angles
δ1, δ2 and δ3 become

δ′1 = arctan
(
y′3−y′1
x′3−x′1

)
= arctan

(
H+ 2v3
B+ 2u3

)
,

δ′2 = arctan
(
y′2−y′3
x′3−x′2

)
= arctan

(
H+ 2v2−2v3
B+ 2u3

)
,

δ′3 = arctan
(
y′4−y′3
x′4−x′3

)
= arctan

( 2v4−2v3
L−2u3 + 2u4

)
,

and the bond angles are computed as

θ′1 = δ′1 + δ′2, θ′2 = π− δ′2− δ′3, θ′3 = π− δ′1 + δ′3.

The bond angle variations are therefore obtained as follows:

∆θ1 = θ′1−θ1 = arctan
(
H+ 2v2−2v3
B+ 2u3

)
+arctan

(
H+ 2v3
B+ 2u3

)
− 2

3π,

∆θ2 = θ′2−θ2 =−arctan
(
H+ 2v2−2v3
B+ 2u3

)
−arctan

( 2v4−2v3
L−2u3 + 2u4

)
+ π

3 ,

∆θ3 = θ′3−θ3 =−arctan
(
H+ 2v3
B+ 2u3

)
+arctan

( 2v4−2v3
L−2u3 + 2u4

)
+ π

3 .

(5.5)

The bond angle variations ∆θi (i = 1,2,3) produce the bending moments m1, m2
and m3 acting on the corresponding sticks, according to the constitutive relation
(5.2).

The loads are considered concentrated on the nodes and they reproduce the in-
teractions with adjacent cells of the graphene sheet. The concentrated loads are
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indicated with symbol pjk, where j = 1,2,3,4 and k = x,y, denoting node and di-
rection respectively. Note that loads p3x and p3y are equal to zero, because central
node 3 does not have a direct interaction with other nodes outside the representative
cell. Its interactions with nodes 1, 2 and 4 are represented by the internal actions
(axial forces and bending moments) of sticks and springs.

In deformed configuration, axial forces nα,nβ and nγ arise on the sticks due to
axial deformations. In addition, shear forces arise from the bending moments m1,
m2 and m3 generated by the springs due to bond angle variations (Fig. 5.3b). By
combining the contributions of concentrated loads, axial forces and shear forces, the
global equilibrium of the representative cell in deformed configuration reads∑
i

f i1x = nαc1−
s1
L′α

(m1−m3) +p1x = 0,

∑
i

f i1y = nαs1 + c1
L′α

(m1−m3) +p1y = 0,

∑
i

f i2x = nβc2−
s2
L′β

(m1−m2) +p2x = 0,

∑
i

f i2y =−nβs2−
c2
L′β

(m1−m2) +p2y = 0,

∑
i

f i3x =−nαc1−nβc2 +nγc3 +m1

(
s1
L′α

+ s2
L′β

)
−m2

(
s2
L′β

+ s3
L′γ

)
−m3

(
s1
L′α

+ s3
L′γ

)
= 0,∑

i

f i3y =−nαs1 +nβs2 +nγs3−m1

(
c1
L′α
− c2
L′β

)
−m2

(
c2
L′β

+ c3
L′γ

)
+m3

(
c1
L′α

+ c3
L′γ

)
= 0,∑

i

f i4x =−nγc3 + s3
L′γ

(m2 +m3) +p4x = 0,

∑
i

f i4y =−nγs3 + c3
L′γ

(m2−m3) +p4y = 0,

(5.6)

where
ci = cosδ′i, si = sinδ′i, i= 1,2,3, (5.7)

while axial forces and bending moments are expressed by (5.3) and (5.2), respec-
tively. Note that the equilibrium is written as a system of eight scalar equations in
the eight unknown variables v2, u3, v3, u4, v4, p1x, p1y, p2x.

5.3.2 Simplified kinematics: symmetric deformation
It is now assumed that the system deforms maintaining its symmetry with respect to
the horizontal axis through nodes 3 and 4. Under this assumption, the deformation
of the cell is represented in Fig. 5.4a. The kinematics is fully described by the three
components of displacement v2, u3, and u4.
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Figure 5.4: Representative cell in case of symmetric deformation

The lengths of the sticks in deformed configuration are computed using (5.4)

L′α = L′β = L′ =

√(
B

2 +u3

)2
+
(
H

2 + v2
2

)2
, L′γ = L

2 +u4−u3, (5.8)

The length variations are therefore expressed as

∆Lα = ∆Lβ = ∆L=

√(
B

2 +u3

)2
+
(
H

2 + v2
2

)2
− L2 , ∆Lγ = u4−u3.

Due to symmetry, δ′1 = δ′2 = δ′ and δ′3 = 0. The bond angle variations, expressed by
(5.5), assume the form

∆θ1 = 2arctan
(
H+v2
B+ 2u3

)
− 2

3π, ∆θ2 = ∆θ3 = ∆θ= π

3 −arctan
(
H+v2
B+ 2u3

)
. (5.9)

Since L′α = L′β and ∆θ2 = ∆θ3, the corresponding axial forces and bending mo-
ments are equal, namely nα = nβ = n and m2 = m3 = m. The internal actions in
deformed configuration are shown in Fig. 5.4b. Stick γ is only subjected to axial
force because the bending moments deriving from the springs cancel each other out.

The equilibrium of the representative cell is analyzed in case of load applied in
armchair and zigzag directions. As shown in Fig. 5.5, the armchair and zigzag load
cases correspond to a load applied in x and y directions, respectively. In particular,
load p4x reproduces the interaction of the cell with adjacent cells in the case that
an external load is applied on the graphene sheet along the armchair direction.
Similarly, load p2y reproduces the interaction of the cell with adjacent cells in case of
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Figure 5.5: Analysis of the representative cell, armchair and zigzag load cases

an external load applied along the zigzag direction. It is straightforward to conclude
that in the armchair load case p1x = p2x = −p4x/2 and p1y = 0, while in the zigzag
load case p1x = p2x = 0 and p1y =−p2y.

Under the assumption of symmetric deformation, the global equilibrium equa-
tions (5.6) reduce to the following system of three equations:

∑
i

F i2y =−nsinδ′−m1−m
L′

cosδ′+p2y = 0,

∑
i

F i3x =−2ncosδ′+nγ + 2m1−m
L′

sinδ′ = 0,∑
i

F i4x =−nγ +p4x = 0,

(5.10)

where

cosδ′ =
[
1 +

(
H+v2
B+ 2u3

)2]− 1
2

, sinδ′ = H+v2
B+ 2u3

[
1 +

(
H+v2
B+ 2u3

)2]− 1
2

. (5.11)

The equilibrium equations (5.10) can be also derived by imposing the stationarity
of the total potential energy

Π(u3,u4,v2) =
∑
i

V (∆Li) +
∑
j

Vθ (∆θj)−p4xu4−p2yv2, i= α,β,γ, j = 1,2,3.

(5.12)
For the sake of clarity, here we indicate u3, u4, and v2 with ū1, ū2, and ū3, re-
spectively. The partial derivatives of the total potential energy (5.12) are written
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as
∂Π
∂ūk

=
∑
i

∂V (∆Li)
∂ūk

+
∑
j

∂Vθ (∆θj)
∂ūk

− ∂

∂ūk
(p4xū2−p2yū3)

=
∑
i

ni
∂ (∆Li)
∂ūk

+
∑
j

mj
∂ (∆θj)
∂ūk

− ∂

∂ūk
(p4xū2−p2yū3) ,

i= α,β,γ, j = 1,2,3.

(5.13)

We recall that ∆Lα = ∆Lβ = ∆L, ∆θ2 = ∆θ3 = ∆θ, nα = nβ = n and m2 =m3 =m.
The following differential relations hold:

∂ (∆L)
∂ū1

= cosδ′, ∂ (∆Lγ)
∂ū1

=−1, ∂ (∆L)
∂ū2

= 0, ∂ (∆Lγ)
∂ū2

= 1,

∂ (∆L)
∂ū3

= sinδ′
2 ,

∂ (∆Lγ)
∂ū3

= 0,

∂ (∆θ1)
∂ū1

=−2sinδ
′

L′
,

∂ (∆θ)
∂ū1

= sinδ′
L′

,
∂ (∆θ1)
∂ū2

= ∂ (∆θ)
∂ū2

= 0,

∂ (∆θ1)
∂ū3

= cosδ′
L′

,
∂ (∆θ)
∂ū3

=−cosδ′
2L′ .

(5.14)

The equilibrium equations (5.10) are retrieved by introducing relations (5.14) into
(5.13) and imposing the stationarity condition ∂Π/∂ūk = 0 for k = 1,2,3. This gives
a further support to the correctness of the formulation presented in this section.

5.3.3 Stability of the equilibrium
The Hessian matrix of the system is defined as

[K] =



∂2Π
∂ū2

1

∂2Π
∂ū1∂ū2

∂2Π
∂ū1∂ū3

∂2Π
∂ū2∂ū1

∂2Π
∂ū2

2

∂2Π
∂ū2∂ū3

∂2Π
∂ū3∂ū1

∂2Π
∂ū3∂ū2

∂2Π
∂ū2

3


,

where the displacement components u3, u4, and v2 have been again replaced by
ū1, ū2, and ū3 for the sake of clarity. The second partial derivatives of Π can be
computed by applying the chain rule twice:

∂2Π
∂ūk∂ūh

=
∑
i

∂2V (∆Li)
∂ūk∂ūh

+
∑
j

∂2Vθ (∆θj)
∂ūk∂ūh

− ∂2

∂ūk∂ūh
(p4xū2−p2yū3)

=
∑
i

∂2V (∆Li)
∂ (∆Li)2

∂ (∆Li)
∂ūk

∂ (∆Li)
∂ūh

+
∑
i

ni
∂2 (∆Li)
∂ūk∂ūh

+
∑
j

∂2Vθ (∆θj)
∂ (∆θj)2

∂ (∆θj)
∂ūk

∂ (∆θj)
∂ūh

+
∑
j

mj
∂2 (∆θj)
∂ūk∂ūh

, i= α,β,γ, j = 1,2,3.
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The solution of the characteristic equation

det(K− τI) = 0 (5.15)

provides the eigenvalues τ1(ū1, ū2, ū3), τ2(ū1, ū2, ū3) and τ3(ū1, ū2, ū3) and the stabil-
ity analysis is carried out by studying their sign.

5.4 Results and discussion
Numerical solutions of the equilibrium equations are provided for the case of uniax-
ial load applied in both armchair and zigzag configurations. In addition, the case
of equibiaxial load is analyzed. Results are given assuming that the thickness of
graphene is t= 0.335 nm, which is the experimental value of the interlayer spacing
between graphene sheets in the graphite structure [144, 145]. This is a common
assumption in recent molecular mechanics models [91].

5.4.1 Uniaxial loads: armchair and zigzag load cases
The equilibrium equations (5.10) are solved numerically by increasing step by step a
kinematic control parameter. For the armchair load, control parameter is u4. For the
zigzag load, control parameter is v2. It is recalled that this simulation is performed
under the hypothesis that symmetry is mantained during deformation, as discussed
in Section 5.3.2.

In the literature, the mechanical properties of graphene are usually given in terms
of engineering stress and strain, referring thus to a continuum. The nanoscopic re-
sults of the equilibrium are therefore homogenized in order to provide a comparison
with previous results in the literature. The results are obtained in the context of
nonlinear elasticity and thus the elastic quantities introduced with the homogeniza-
tion are functions of the deformation. However, we will adopt the notation of the
classical theory of linear elasticity, where the equilibrium is written in reference con-
figuration and the elastic constants do not depend on the deformation. This notation
is used with the sole purpose of providing straightforward comparisons with other
results in the literature.

The homogenization of the discrete solution is performed by defining an equiva-
lent continuum of base B̄ =B/2+L/2 and height H̄ =H. The deformation (strain)
components are then obtained as

εx = u4
B̄
, εy = v2

H̄
, (5.16)

and the Poisson’s ratio along armchair configuration is computed as νxy =−∂εy/∂εx,
while along zigzag configuration νyx =−∂εx/∂εy.

The stress components are computed by introducing the influence lengths of the
applied loads, which are displayed in Fig. 5.6. The influence lengths of the loads in x
and y directions are, respectively, 2H̄ and 2B̄. The stress components are computed
as follows:

σx = p4x
2H̄t

, σy = p2y
2B̄t

. (5.17)
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Figure 5.6: Influence lengths defined to compute the stress acting on the equivalent
continuum

Finally, the expressions of tangent extensional stiffness in x and y directions are

kx = ∂σx
∂εx

t, ky = ∂σy
∂εy

t.

Fig. 5.7 shows the equilibrium paths, namely relation between σx and εx for
armchair configuration and relation between σy and εy for zigzag configuration. The
results demonstrate that, in both cases, the graphene representative cell displays
a softening behavior. The values of longitudinal strains and stresses at the limit
configurations are

εx,lim = 19.40%, σx,lim = 103.89 nN
nm2 ,

εy,lim = 27.78%, σy,lim = 132.66 nN
nm2 .

These values are very close to the ones obtained by Genoese et al. [142], where the
computational approach is also based on the stick-and-spring model with modified
Morse potential and the homegenization is numerically performed through a strategy
based on the least-squares method. Tab. 5.1 shows that good agreement is also
found with other molecular mechanics (MM) and atomistic simulations, such as
MD, density functional theory (DFT) and ab initio. The comparison of the results
is given in terms of normalized stress, which is computed as stress multiplied by
thickness t. In this way the results are compared consistently, irrespective of the
value of thickness assumed for the graphene sheet. It is worth mentioning that a
surprisingly good agreement is found with the experimental work carried out by Lee
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Figure 5.7: Equilibrium paths for the armchair and zigzag uniaxial loads

et al. [64], which provided an ultimate stress in zigzag direction of 130 GPa (43.55
nN/nm) at deformation 25%.

The sensible variability of the limit values given in Tab. 5.1 is due to different
computational methods and interatomic potentials used for the interactions between
carbon atoms. Furthermore, a certain potential with different set of parameters can
lead to significant changes in the results [71]. It goes without saying that the aim
of this work is not to analyze these issues, but they still deserve consideration. It is
hard to say which potential and set of parameters is the best one, but the quite good
agreement of the present solution with other works in the literature is encouraging.
The modified Morse potential with parameters given in Section 5.2.1 may not be
the best choice, but it is certain that it provides reliable results.

The kinematics of the system in case of armchair load is shown in Figs. 5.8a, 5.8c
and 5.8e. In particular, Fig. 5.8c indicates that the elongation of the equivalent con-
tiuum affects mainly stick γ. Therefore, the constitutive response of the continuum
is qualitatively similar to the one derived from the Morse potential (Fig. 5.2a) and
employed for the sticks. This explains the softening behavior of the representative
cell subjected to a uniaxial load along the armchair configuration.

Figs. 5.8b, 5.8d and 5.8f show the kinematics of the system in case of zigzag load.
For obvious reasons of equilibrium, stick γ does not experience any deformation
while sticks α and β undergo the same length variation (Fig. 5.8d). Sticks α and
β are inclined with respect to the load direction (y axis). Therefore, the elongation
corresponding to the maximum stress is achieved for a deformation εy,lim higher than
εx,lim. Moreover, the maximum stress σy,lim is higher than σx,lim. This happens
because in this case the whole deformation is absorbed by the two sticks α and
β, while in the zigzag load case the sole stick γ undergoes the largest part of the
deformation. Hence, the contribution of both sticks α and β add up by making
graphene stronger in zigzag configuration.

The tangent extensional stiffness is depicted in Fig. 5.9a. The trend in both
armchair and zigzag directions remarks the softening behavior of graphene. We
notice that the initial value of both kx and ky is 360.29 nN/nm, which indicates
that graphene is isotropic for small deformations. This property vanishes with the
increase of deformation and graphene becomes anisotropic, as already observed in
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(a) Armchair load: displacements (b) Zigzag load: displacements

(c) Armchair load: length variations (d) Zigzag load: length variations
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Figure 5.8: Kinematics of the representative cell subjected to uniaxial load
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(a) Tangent extensional stiffness (b) Poisson’s ratio

Figure 5.9: Trend of elastic properties of the equivalent continuum with the increas-
ing of the deformation

other works [87,142,155].
The stiffness coefficients computed by Singh and Patel [91] applying the Cauchy-

Born rule show the same trend of Fig. 5.9a. However, there is a sensible difference in
the numerical values because different interatomic potentials were adopted. Specifi-
cally, in [91], the Tersoff-Brenner potential with two distinct set of parameters pro-
vided the values of stiffness 184.40 and 339 nN/nm. The use of second generation
REBO potential produced an extensional stiffness of 354.55 nN/nm. A part from
the first of these three values, the other two agree with the initial stiffness 360.29
nN/nm, computed in the present work.

The trend of Poisson’s ratio with longitudinal deformation is represented in Fig.
5.9b, for armchair and zigzag cases. The initial value of both νxy and νyx is 0.159,
which again points out the isotropy of graphene for small deformations. As the
deformation increases, anisotropy of Poisson’s ratio appears. It is interesting to
observe that graphene exhibits a negative Poisson’s ratio (NPR) after the critical
values of deformation 19.39% and 9.45%, for armchair and zigzag cases respectively.
This behavior is explained by Figs. 5.8a and 5.8b. Fig. 5.8a shows that, while
control parameter u4 increases, the variation of v2 is negative at first, but after the
critical deformation its variation becomes positive, which causes a NPR. The same
happens in Fig. 5.8a, but in this case control parameter is v2 and the transversal
displacements are u3 and u4.

This behavior was already observed in previous works [156–159] and it is ex-
plained by analyzing the interaction between the two in-plane deformation modes
of graphene, which correspond to bond angle variations and bond length variations
(Fig. 5.10). The first yields a positive Poisson’s ratio, while the second causes a
NPR. Jiang et al. [156] carried out atomistic simulations and observed that the con-
tribute of bond angle variations is relevant when the deformation is relatively small.
However, when the critical deformation is reached, bond length variations become
dominant and graphene exhibits a NPR. Indeed, Figs. 5.8c, 5.8d, 5.8e and 5.8f show
that the length variations increase monotonically with increasing deformation, until
their contribute exceeds that of the bond angle variations and produces a NPR.

Although the mechanisms of the NPR phenomenon are the same, different ranges
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Figure 5.10: Deformation modes of the representative cell and corresponding effects
on the Poisson’s ratio of the equivalent continuum

of critical deformation were obtained in literature. For instance, Wang et al. [158] re-
ported critical deformations ranging between 6% and 17% changing tensile direction
while Qin [157] derived the values 18% and 17% in armchair and zigzag directions,
respectively. The discrepancies between the values of critical deformation are due
to different computational methods and different potentials for the interactions be-
tween carbon atoms.

5.4.2 Equibiaxial load
The equibiaxial load is characterized by σx = σy = σ. This condition is obtained by
imposing p2y =

√
3p4x/2. As done previously, the equilibrium equations (5.10) are

solved numerically. The solution is unique until the limit configuration

εx,lim = εy,lim = εlim = 22.50%, σx,lim = σy,lim = σlim = 103.89 nN
nm2 ,

after which three separate solutions are found.
The first solution (Fig. 5.11a) is obtained by assuming v2 or equivalently u4 as

control parameter. As v2 or u4 increases, the solution of the equilibrium equations is
unique. However, after the limit configuration, other solutions are found depending
on the control parameter considered. In detail, considering v2 as control parameter,
not only the first solution is found after the limit configuration, but also the second
solution depicted in Fig. 5.11b exists. Considering u4 as control parameter, the first
solution is again not the only one after the limit configuration, but also the third
solution given in Fig. 5.11c is found. Hence, depending on the control parameter,
multiple solutions of the equilibrium are discovered.

The first solution preserves the isotropy regardless of the magnitude of deforma-
tion. In fact, both stress and strain along x and y directions coincide. The second
solution after the limit configuration follows a second branch of equilibrium. Along
this branch, the deformation of the equivalent continuum is non-symmetric. Specif-
ically, the longitudinal strain along y axis is greater than the one along x axis. This
means that the continuum undergoes a non-isotropic deformation despite the sym-
metry of the load. The third solution after the limit configuration follows a third
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(a) First solution (b) Second solution

(c) Third solution

Figure 5.11: Equilibrium paths for the case of equibiaxial load. The solution is
unique until the limit configuration (εlim,σlim), after which three separate solutions
are found
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(a) Displacements (b) Length variations and constitutive law of the
sticks, which shows that in each configuration
they are subjected to the same axial forces

Figure 5.12: Kinematics of the representative cell subjected to equibiaxial load

branch of equilibrium. The deformation along x axis increases, while the deforma-
tion along y axis decreases following the loading path backwards. Also in this case
the continuum experiences a non-isotropic deformation.

Figs. 5.12a and 5.12b show the displacements of the nodes and the length varia-
tions of the sticks, respectively. It is again observed that the solution is unique only
before the limit configuration. The bond angle variations are not reported because
they are equal to zero for all three solutions. The configurations of minimum energy
are therefore those where no bending moments arise on the sticks. This is not a
surprise for the first solution, for which the behavior is isotropic. In this case, for a
given deformed configuration, all the sticks undergo the same length variations and
thus the same axial forces (nα = nβ = nγ).

Regarding the second and third solutions, the geometry does not maintain the
symmetry and therefore the axial strains εx and εy assume different values. Indeed,
for a given deformed configuration, the length variations of the sticks assume dif-
ferent values as well. The gray curves of Fig. 5.12b represent the constitutive law
of the sticks, expressed by (5.3). We notice that, in each configuration, the length
variations are such that the sticks are subjected to the same axial forces. In other
words, although the sticks undergo different length variations, their axial forces are
equal. This explains why also for the second and third solutions the equilibrium is
satisfied without bending moments on the sticks.

Non-isotropic responses of graphene when subjected to symmetric loads are
somewhat surprising, but this behavior is also observed in other circumstances. For
instance, the case of an isotropic and hyperelastic square membrane stretched by a
double symmetric load was investigated in [49,160,161]. It was discovered that, de-
pending on the stored energy function employed, the system may admit asymmetric
solutions in addition to the expected symmetric one. Another similar result was
obtained for the case of a cube subjected to equitriaxial dead-load tractions [37].
Again, when certain stored energy functions are adopted, symmetric loads may give
rise to asymmetric deformations. The same conclusion is drawn from the results of
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the present work, where asymmetric solutions appear because the Morse potential
is employed for the sticks. In the event that a harmonic potential is adopted instead
of the Morse potential, it is certain that such solutions do not exist. The present
result gives an example of atomistic origin of multiple equilibrium solutions in the
continuum theory.

5.4.3 Stable equilibrium configurations
The stability of the solutions obtained is now assessed by solving numerically the
characteristic equation (5.15). The equilibrium paths for zigzag and armchair loads
are given in Fig. 5.13a, where stable solutions are displayed with continuous lines
and unstable solutions with dashed lines. The values of longitudinal strains and
stresses at the critical configurations are

εx,cr = 33.29%, σx,cr = 77.90 nN
nm2 ,

εy,cr = 27.78%, σy,cr = 132.66 nN
nm2 .

For the zigzag load, the critical configuration takes place when the load reaches
its maximum value. As expected, the softening branch is unstable. An unexpected
result is instead obtained in case of armchair load, where the critical configuration
(εx,cr,σx,cr) does not match with the limit configuration (εx,lim,σx,lim) and a portion
of the softening branch is stable. The explanation for this unusual result is that we
are analyzing a discrete structural system, but the results are reported referring to an
equivalent continuum. Strictly speaking, this equivalence is not entirely consistent
and both stress and strain components are conveniently defined in order to provide
comparisons with other results found in the literature. This leads to the unexpected
behavior mentioned above, which should be rather investigated in terms of discrete
results of the stick-and-spring system.

In the case of equibiaxial load the solution of the equilibrium is stable until the
critical configuration

εcr = 22.50%, σcr = 103.89 nN
nm2 ,

which corresponds to the limit point (εlim, σlim). After this critical configuration,
the three solutions are unstable, as shown in Fig. 5.13b. The fact that the three
softening branches are unstable does not mean that they can not be observed. If
a displacement controlled test is performed, such solutions can be potentially de-
tected. Note that this analysis is limited to the representative cell of graphene. It
goes without saying that this is not necessarily representative of the behavior of an
entire graphene sheet composed of a certain number of atoms, where size effects and
possible defects might influence its response. However, the present results provide
interesting insights into the mechanical behavior of pristine graphene.
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(a) Uniaxial loads along armchair and zigzag di-
rections

(b) Equibiaxial load

Figure 5.13: Stable (continuous lines) and unstable (dashed lines) solutions of the
equilibrium

5.5 Linearized solution of the equilibrium
The equilibrium equations are now linearized by introducing the hypothesis of small
displacements. The linearization of the constitutive response of sticks and springs,
given respectively by (5.3) and (5.2), reads

ni = 2kL∆Li, i= α,β,γ,

mj = kθ∆θj , j = 1,2,3,
(5.18)

where kL = 2Deκ
2 = 742 nN/nm, which corresponds to the stiffness of the covalent

bond given by Chang and Gao [137]. The stiffness of the sticks is 2kL because the
length variation is half the one of the entire covalent bond, as already pointed out
when we introduced the constitutive relation (5.3).

The lengths of the sticks, expressed by (5.8), assume the linearized form

L′α = L′β = 1
2

(
L+u3 + 1

2
√

3v2

)
, L′γ = L

2 +u4−u3,

and their variations become

∆Lα = ∆Lβ = 1
2

(
u3 + 1

2
√

3v2

)
, ∆Lγ = u4−u3. (5.19)

The kinematic quantities in (5.11) turn into

cosδ′ = 2L+ 6u3−
√

3v2
4L , sinδ′ = 2

√
3L−2

√
3u3 +v2

4L , (5.20)

and the bond angle variations, experssed by (5.9), assume the form

∆θ1 = v2−2
√

3u3
L

, ∆θ2 = ∆θ3 =−∆θ1
2 . (5.21)



Chapter 5. A nonlinear molecular mechanics model for graphene subjected to large in-plane
deformations 98

The axial forces and bending moments are derived by substituting (5.19) and (5.21)
into (5.18). Consequently, using (5.20), the linearized form of the equilibrium equa-
tions (5.10) is obtained

2
√

3u3
(
6kθ−kLL2

)
−3v2

(
kLL

2 + 2kθ
)

+ 4L2p2y = 0,

2u3
(
kLL

2 + 18kθ
)

+
√

3v2
(
kLL

2−6kθ
)
−2L2p4x = 0,

p4x−2kL (u4−u3) = 0.

(5.22)

The solution of the system of equations (5.22) in the armchair load case (p2y = 0)
is

u3 =
(
2kθ +kLL

2)p4x
32kLkθ

, u4 = 1
32

(
18
kL

+ L2

kθ

)
p4x, v2 =−

(
kLL

2−6kθ
)
p4x

16
√

3kLkθ
,

from which, using (5.16), the following deformation components are obtained:

εx =
( 3

4kLL
+ L

24kθ

)
p4x, εy =−

(
L

24kθ
− 1

4kLL

)
p4x, νxy = 1− 24kθ

kLL2 + 18kθ
.

Stress component σx is computed through (5.17) and the expression of the Young’s
modulus in armchair direction is derived

Ex = σx
εx

= 8
√

3kLkθ
(kLL2 + 18kθ) t

.

The solution of the system of equations (5.22) in the zigzag load case (p4x = 0)
is

u3 = u4 =−
(
kLL

2−6kθ
)
p2y

16
√

3kLkθ
,

v2 = 1
24

(
18
kL

+ L2

kθ

)
p2y,

from which, using (5.16), the following deformation components are obtained:

εx =−
(
kLL

2−6kθ
)
p2y

12
√

3kLkθL
, εy =

(
kLL

2 + 18kθ
)
p2y

12
√

3kLkθL
, νyx = 1− 24kθ

kLL2 + 18kθ
.

Stress component σy is computed through (5.17) and the expression of the Young’s
modulus in zigzag direction is derived

Ey = σy
εy

= 8
√

3kLkθ
(kLL2 + 18kθ) t

.

We notice that Ex = Ey = E and νxy = νyx = ν, which confirm the isotropy of
graphene for small deformations.

The analytical expressions of Young’s modulus and Poisson’s ratio derived with
the linearization of the nonlinear formulation correspond to the ones reported in
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Table 5.2: Comparison of Young’s modulus and Poisson’s ratio with previous stud-
ies in the literature. The Young’s modulus is multiplied by t to compare results
regardless of the assumptions on the graphene thickness

Method E t (nN/nm) ν

Present work MM 360.29 0.159
Chang and Gao [137] MM 360.29 0.159
Meo and Rossi [83] MM 321.30 -
Genoese et al. [71] MM 386.58 0.195
Alzebdeh [162] MM 408.00 0.195

Milowska et al. [163] DFT 357.00 0.169
Liu et al. [154] ab initio 357.00 0.186

Kudin et al. [164] ab initio 337.96 0.149
Shao et al. [153] ab initio 350.01 -
Lee et al. [64] Experimental 333.54 -

Koenig et al. [122] Experimental 347 -

Refs. [137, 139]. This provides a further support to the approach presented in this
work. By substituting the values of the constitutive constants into the expressions
of Young’s modulus and Poisson’s ratio we obtain E = 1075.5 GPa and ν = 0.159.

A comparison with the values given by other studies is reported in Tab. 5.2.
Although different methods and potentials are employed in the literature, the re-
sults show good agreement. However, as pointed out in Section 5.4.1, variations in
the parametrization of the potentials may cause sensible changes in the solution.
In particular, the influence on the Poisson’s ratio is the most significant. In fact,
Genoese et al. [71] obtained ν = 0.345 with the parameters of the Morse potential
proposed by Belytschko et al. [80], while with the parameters of the present work
they obtained the elastic constants given in Tab. 5.2 (ν = 0.195). This large dif-
ference in the results reveals the importance of the parametrization of the potential
adopted. Once again we remind that the scope of this work is not to analyze this
issue and try to state which potential and parameters are the most proper. This
should be probably addressed by analyzing carefully experimental data and simula-
tions available in the literature. Nevertheless, the good match between the elastic
constants given in Tab. 5.2 gives confidence in the results of the present work.

5.6 Concluding remarks on the results of the analysis
A fully nonlinear stick-and-spring model for graphene subjected to in-plane defor-
mations was presented. The modified Morse potential and a nonlinear bond angle
potential was used for the atomic interactions. The equilibrium equations were writ-
ten in deformed configuration and numerical solutions was provided for uniaxial and
equibiaxial loads. A good agreement was found between the present results and the
ones reported in other works. The stability of the equilibrium solutions was also
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investigated using an energy criterion.
It was discovered that graphene is isotropic only for small deformations, while it

exhibits a strong anisotropy and a softening behavior when subjected to large defor-
mations. A negative Poisson’s ratio was found after critical values of deformation,
which is explained by the interaction between the two in-plane deformation modes
of graphene. In the case of equibiaxial load, the solution is unique until a limit
configuration is reached. At this point, three separate equilibrium paths appear.
Specifically, graphene can experience non-isotropic deformations when symmetric
loads are applied.

The nonlinear formulation of the equilibrium was linearized with the assump-
tion of small displacements of the nodes. The expressions of Young’s modulus and
Poisson’s ratio reported in [137, 139] were retrieved, providing a further support to
the results presented in this work.



Chapter 6

Conclusions and perspectives

This thesis presented a formulation for equilibrium and stability of truss structures
in finite elasticity. Unlike the other models that can be found in the literature,
both displacement and deformation fields are considered large. The kinematics is
exactly described, without having recourse to hypotheses that are in contrast with
the behavior of solids subjected to finite deformations. The equilibrium equations
are derived for a general stored energy function. In this way, the equilibrium can be
specialized for any isotropic material with a certain nonlinear constitutive response.

Applications and comparisons with other models found in the literature demon-
strated that it is necessary to take into account both geometric and constitutive
nonlinearities. The assumption of linear elastic material leads to results that are
not consistent with the actual behavior of truss systems.

The validation of the proposed formulation was done through a comparison with
experimental and numerical results. It was demonstrated that the model provides an
accurate description of equilibrium and post-critical behavior of the von Mises truss,
and therefore of truss structures in general. Hence, the model presented contributes
to deepen the understanding of the nonlinear behavior of truss structures when
subjected to large displacements and deformations.

The fully nonlinear formulation for truss structures presented in this thesis is not
only valid for macroscopic systems, but also for nanostructures. In fact, the three-
bar truss analyzed in Chapter 4 is representative for the analysis of the in-plane
mechanical behavior of graphene. The modified Morse potential was employed for
the constitutive behavior of the bars. In this way, the covalent bonds between carbon
atoms are properly simulated. It was shown that the highly nonlinear constitutive
behavior leads to a complex scenario of equilibrium solutions that includes multiple
critical points, snap-through and bifurcation.

In the application of the three-bar truss to the graphene nanostructure, we ne-
glected long range and angular interactions. Therefore, in Chapter 5, the truss model
was extended by introducing nonlinear rotational springs. This allowed to give a
complete and accurate description of the mechanics of graphene for large in-plane
deformations. It was discovered that graphene is isotropic for small deformations,
while it exhibits anisotropy when subjected to large deformations. A negative Pois-
son’s ratio was observed after critical strains and, in the case of equibiaxial load,
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multiple solutions of the equilibrium were found.
The main ideas and perspectives for future developments are listed in the fol-

lowing:

• The molecular mechanics model for graphene presented in this thesis is limited
to the study of the representative cell of graphene. A future aim of the research
is the extension of the formulation to a whole graphene sheet composed of a
variable number of cells. Simulations of the mechanical behavior of graphene
sheets with different size will allow to investigate the size effect on the global
response and thus the transition from atomistic to continuum theory;

• An anisotropic stored energy function for graphene will be defined. A contin-
uum model in finite elasticity that includes the size effect will be thus developed
(for instance a membrane theory);

• Additional experimental tests on the von Mises truss will be carried out.
Various loading conditions will be studied and the interaction between snap-
through and Eulerian buckling will be further examined.
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