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COVERINGS OF COMMUTATORS IN PROFINITE
GROUPS

CRISTINA ACCIARRI AND PAVEL SHUMYATSKY

ABSTRACT. Let w be a group-word. Suppose that the set of all
w-values in a profinite group G is contained in a union of countably
many subgroups. It is natural to ask in what way the structure of
the verbal subgroup w(G) depends on the properties of the cov-
ering subgroups. The present article is a survey of recent results
related to that question. In particular we survey results on finite
and countable coverings of word-values (mostly commutators) by
procyclic, abelian, nilpotent, and soluble subgroups, as well as sub-
groups with finiteness conditions. The last section of the paper is
devoted to relation of the described results with Hall’s problem on
conciseness of group-words.

1. INTRODUCTION

A covering of a group G is a family {S;}ic; of subsets of G such that
G = U,e; Si- When a group G is covered by finitely many subgroups,
it is natural to expect that some structural information about G can be
deduced from the properties of the covering subgroups. In the literature
there are many results in this direction. An important combinatorial
tool for dealing with problems of that kind is B.H. Neumann’s Lemma
[29]: if {S;} is a finite covering of G by cosets of subgroups, then G is
actually covered by the cosets S; corresponding to subgroups of finite
index in G. In other words, we can get rid of the cosets of subgroups
of infinite index without losing the covering property.

In recent years some “verbal” variations of the above questions be-

came a subject of research activity. Given a group-word w = w(z1, ..., Z,),

we think of it primarily as a function of n variables defined on any given
group G. We denote by w(G) the verbal subgroup of G generated by
the values of w. When the set of all w-values in a group G is contained
in a union of finitely many subgroups, it is natural to ask whether the
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structure of the verbal subgroup w(G) depends on the properties of the
covering subgroups.

The questions become even more intriguing when the groups are
profinite. In that case the interplay of algebraic and topological con-
siderations adds a new quality to the obtained results. A profinite
group is a topological group that is isomorphic to an inverse limit of fi-
nite groups. The textbooks [32] and [42] provide a good introduction to
the theory of profinite groups. In the context of profinite groups all the
usual concepts of group theory are interpreted topologically. In partic-
ular, by a subgroup of a profinite group we mean a closed subgroup.
A subgroup is said to be generated by a set S if it is topologically
generated by S. Thus, the verbal subgroup w(G) in a profinite group
G is a minimal closed subgroup containing the set of w-values. One
important tool for dealing with the “covering” problems in profinite
groups is the classical Baire’s category theorem (cf [19, p. 200]): If a
locally compact Hausdorff space is a union of countably many closed
subsets, then at least one of the subsets has non-empty interior. It fol-
lows that if a profinite group is covered by countably many subgroups,
then at least one of the subgroups is open. Thus, in the case of profi-
nite groups we have tools to deal with problems on countable coverings.
Remark however that the Baire category theorem does not provide a
full countable analogue of the Neumann lemma. A profinite group that
is covered by countably many subgroups {H;} is not necessarily cov-
ered by open ones from the family {H;}. For example, let C, denotes
the cyclic group of prime order p and Z, the additive group of p-adic
integers. Then C), X Z,, is a profinite group covered by countably many
procyclic subgroups but of course C), x Z, cannot be covered by open
procyclic subgroups.

The present article is a survey of recent results on finite and countable
coverings of word-values (mostly commutators) in profinite groups. Of
course, finite coverings of abstract groups are also mentioned here since
in many cases they serve as a starting point for the study of coverings
in profinite groups. On the other hand, it must be said that several
important lines of research on the relationship between G,, and w(G)
are not featured in this paper. In particular, the reader will not find
here any discussion of results on the verbal width (cf [34]) and problems
of Waring type (cf [23]).

In Section 2 we describe known results and open problems on profi-
nite groups in which commutators are covered by countably many pro-
cyclic subgroups. Section 3 is devoted to the case where the covering
subgroups are abelian, nilpotent, or soluble. Section 4 provides an ac-
count on coverings of word-values by subgroups with classical finiteness
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conditions — in particular by periodic subgroups, or subgroups of finite
rank. In the last section we discuss a recently discovered phenomenon
closely related to the famous Hall problem whether the verbal subgroup
w(G) must be finite whenever the word w has only finitely many values
in a group G (the problem was solved in the negative by Ivanov [16]).
We describe results showing that in some cases w(G) must be finite
whenever the word w has only countably many values in a profinite
group GG. The paper contains many open problems and conjectures
related to the topic of covering of word-values by subgroups.

We thank the unknown referee for a number of useful suggestions on
the earlier version of the article.

Notation. Given a profinite group G, we denote by 7(G) the set of
prime divisors of the orders of finite continuous homomorphic images
of G. We say that G is a w-group if 7(G) C 7 and G is a 7’-group if
7(G) N7 = (. If m is an integer, then we denote by m(m) the set of
prime divisors of m. If 7w is a set of primes, we denote by O,(G) the
maximal normal mw-subgroup of G and by O./(G) the maximal normal
7’-subgroup.

As usual, the expression “(a,b,c,...)-bounded” means “bounded
from above by some function which depends only on the parameters
a,b,c,...”.

A word w = w(xy, ..., x,) is said to be non-commutator if the sum of
exponents of at least one variable x; involved in w is non-zero. Given
two arbitrary elements x and y of a group G, their commutator is
defined as the element [z,y] = 7'y 'zy. The verbal subgroup of G
corresponding to the word [z, 23] is the commutator subgroup G’. The
lower central words 7, are defined recursively by

Y1 = 21, Yo = [Vk—1, k) = [21,..., %], for k> 2.

The corresponding verbal subgroups v(G) are the terms of the lower
central series of G. Another family of words that generalize the simple
commutator is that of the derived words dj, on 2* variables, which are
defined recursively by

50 = T, 5k = [5k_1(1’1,...,l'gk—l),(sk_l(l’gkﬂ_i_l,...,l’gk)], for k > 1.

The verbal subgroup that corresponds to the word d; is the familiar
kth derived subgroup of G usually denoted by G*).

Many results described in this article deal with so called multilinear
commutators, also known under the name of outer commutator words.
These are the words that have a form of a multilinear Lie monomial, i.e.,
the words that are constructed by nesting commutators. The number
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of indeterminates used in the expression of a multilinear commutator
word w is called the weight of w. For instance the word

Hxlv ‘T?]v [y1, Y2, y3]7 Z]

is a multilinear commutator of weight six. Other examples of multi-
linear commutators are provided by the aforementioned lower central
words 7;, of weight k and derived words d; of weight 2¥. The Engel
word [x1, T9, Tg, o] is an example of a commutator word which is not
a multilinear commutator.

2. COVERINGS BY PROCYCLIC SUBGROUPS

On groups covered by few cyclic subgroups. It was pointed out
by Baer (cf [33] p. 105]) that an abstract group covered by finitely
many cyclic subgroups is either cyclic or finite. Somewhat surpriz-
ingly, it seems that until recently there was no published work on finite
groups covered by few cyclic subgroups. That gap was filled in [3]. In
particular, the article [3] contains the following results.

1. Let GG be a finite noncyclic p-group covered by m cyclic subgroups.
Then the order of G is m-bounded.

2. Let G be a finite group covered by m cyclic subgroups. Then G
has a normal subgroup M of m-bounded order with the property that
G/M is cyclic.

Combining the above results it is not difficult to deduce the following
theorem.

Theorem 2.1. If a finite group G is covered by m cyclic subgroups,
then G is a product of a normal subgroup M of m-bounded order and
a cyclic subgroup H such that (|M|,|H|) = 1. Conversely, assume that
a finite group G is a product of a normal subgroup M and a cyclic
subgroup H such that (|M|,|H|) = 1. Then G is covered by |M|-
boundedly many cyclic subgroups.

Sketch of the proof. Let m > 1 and assume that G is a finite group
covered by m cyclic subgroups. Let us show that G is a product of a
normal subgroup M of m-bounded order and a cyclic subgroup H such
that (|M|,|H|) = 1.

Let K be the maximum of orders of noncyclic Sylow p-subgroups of
G. We know that K is bounded in terms of m only. Further, G has a
normal subgroup N of m-bounded order with the property that G/N
is cyclic. Without loss of generality we assume that N ## 1. Denote by
7 the set of all primes for which the order of a Sylow p-subgroup of G
is at least K|N|[G : Cg(N)]. It follows that for any p € 7 the Sylow
p-subgroup P of G is cyclic and has the property that PN N < Z(N).
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Let N; be the subgroup generated by all Sylow p-subgroups of NV,
where p € 7. It follows that Ny < Z(N) and N; = O,(N). Therefore
N = N1 X NQ, where N2 = OW/(N)

Suppose now that N is actually a p-group for some p € 7. Let
P be the Sylow p-subgroup of G. It is clear that P is normal. We
will now use the fact that whenever T is a cyclic p-group and « a p'-
automorphism of T we either have T'= [T, a| or a = 1. It follows that
in our situation either P < G’ or P < Z(G). The former inclusion
is impossible since |G’| < |N| while |P| > |N|. Thus P < Z(G). It
follows that G is nilpotent. Since G’ < P and P is cyclic, we conclude
that G is actually abelian.

Thus, we showed that if N is a p-group for some p € 7, then G
is abelian. Applying this argument to G/O,(N) for each p € © we
conclude that G’ < N,. Therefore all 7’-elements of G are contained
in O (G). We set M = O (G). It follows from the definition of 7 and
the fact that G’ < M that the order of M is m-bounded and G/M is a
cyclic m-group. By the Schur-Zassenhaus theorem G possesses a cyclic
m-subgroup H such that G = M H.

Now assume that G is a product of a normal subgroup M and a
cyclic subgroup H such that (|M|,|H|) = 1. Let us show that G can
be covered by m cyclic subgroups for some |M|-bounded number m.
Set m = w(M) and denote by X the set of all m-elements in G, by X,
that of 7’-elements, and by X3 the set of elements which are neither -
nor 7m'-elements.

It is clear that X; = M and so this set is covered by at most |M|
cyclic subgroups.

By the Schur-Zassenhaus theorem X, is a union of (cyclic) Hall 7'~
subgroups. Since the Hall 7’-subgroups are conjugate, there are at most
|M| of them and so X, is covered by at most |M| cyclic subgroups.

Choose a generator a of H. Let n be the minimal number such that
a™ € Z(G). Of course, n is bounded by |M|. Set M; = Cys(a?) for each
1 =1,2,.... Of course, M, = M. It is clear that each subgroup of
the form (a’, M;) is covered by at most |M;| cyclic subgroups. Each of
these subgroups has at most [M : M;] conjugates in G. It remains to
observe that each element in X3 belongs to a conjugate of a subgroup
of the form (a’, M;). So the set X3 is covered by |M|-boundedly many
cyclic subgroups. O

On groups in which commutators are covered by few cyclic
subgroups. In [9] Ferndndez-Alcober and Shumyatsky showed that if
G is an abstract group in which the set of all commutators is covered
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by finitely many cyclic subgroups, then the commutator subgroup G’
either is finite or cyclic. Further information on the structure of such
groups was obtained in [11] where the following result was proved.

Theorem 2.2. Let G be a group that possesses m cyclic subgroups
whose union contains all commutators of G. Then G has a character-
istic subgroup M contained in G’ such that the order of M is m-bounded
and G'/M s cyclic.

Of course, the above theorem is meaningful only in the case where
G’ is finite, since otherwise G’ is cyclic. Comparing Theorem 2.2] with
Theorem 2.1] it is natural to wonder whether further details on the
structure of G’ in Theorem can be obtained.

Problem 2.3. Let G be a group that possesses m cyclic subgroups
whose union contains all commutators of G and suppose that G’ is
finite. Is G’ a product of a normal subgroup M of m-bounded order
and a cyclic subgroup H such that (|M|,|H|) =17

Further results on coverings by few cyclic subgroups. The above
results suggest questions on the structure of a group in which the set of
all w-values is covered by finitely many cyclic subgroups. In [6] Cutolo
and Nicotera showed that if w is a non-commutator word and G is an
abstract group in which the set of all w-values is covered by finitely
many cyclic subgroups, then w(G) is finite-by-cyclic. Further, they
showed that if the set of all y,-commutators in G is covered by finitely
many cyclic subgroups, then 4 (G) is finite-by-cyclic. They also showed
that v(G) can be both noncyclic and infinite. It seems reasonable to
expect that the structure of v;(G) depends on the number of cyclic
subgroups covering the set of y,-commutators.

Problem 2.4. Let k be a positive integer and G a group that possesses
m cyclic subgroups whose union contains all vi-commutators. Is v (G)
a product of a normal subgroup M of m-bounded order and a cyclic
subgroup H?

It is also natural to ask if the result in [6] can be extended to arbitrary

multilinear commutators.

Problem 2.5. Let w be a multilinear commutator word and G a group
that possesses finitely many cyclic subgroups whose union contains all
w-values. Is w(G) finite-by-cyclic?

It is clear that the above question has negative answer if we do
not require w to be a multilinear commutator word. The following
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example was given in [6]. Ivanov constructed in [16] a group K that
admits a word v such that v has only one nontrivial value in K while
the subgroup v(K) is infinite cyclic. Let G = K x K. It is clear that
v has only 3 nontrivial values in G and therefore the set of v-values
in G is covered by 3 cyclic subgroups. On the other hand, the verbal
subgroup v(G) is not finite-by-cyclic.

On coprime commutators. The coprime commutators ; and ¢; in
a finite group were introduced in [35]. The definition goes as follows.

Every element of a finite group G is both a 7f-commutator and a
dg-commutator. Now let k£ > 2 and let X be the set of all elements of G
that are powers of 7;_,-commutators. An element g is a v;-commutator
if there exist @ € X and b € G such that g = [a,b] and (|al, [b]) = 1.
For k£ > 1 let Y be the set of all elements of G that are powers of
0;_,-commutators. The element ¢ is a J;-commutator if there exist
a,b € Y such that g = [a,0] and (|al,[b]) = 1. One can easily see
that if N is a normal subgroup of G and x an element whose image in
G/N is a yi-commutator (respectively a d;-commutator), then there
exists a yi-commutator y in G (respectively a J;-commutator) such
that € yN. The subgroups of G generated by all 7;-commutators
and all 6;-commutators are denoted by i (G) and 6;(G), respectively.
It was shown in [35] that for every k£ > 2 the subgroup ~;(G) is pre-
cisely the last term of the lower central series of G (which is usu-
ally denoted by 7,(G)) while for every k > 1 the subgroup 6;(G) is
precisely the last term of the lower central series of §;_,(G), that is,
3(GQ) = Y00(05_1(G)). In other terminology, v;(G) is precisely the
nilpotent residual and §;(G) is precisely the kth term of the lower Fit-
ting series of G.

In the context of the above discussion the following results obtained
in [3] are very natural.

Theorem 2.6. Let k be a positive integer and G a finite group that
possesses m cyclic subgroups whose union contains all y;-commutators
of G. Then v;(G) contains a subgroup M, of m-bounded order, which
is normal in G and has the property that v;(G)/M is cyclic.

Theorem 2.7. Let k > 2 and G be a finite group that has m cyclic
subgroups whose union contains all o;-commutators of G. Then the
order of 6;(G) is m-bounded.

On groups covered by countably many procyclic subgroups.
Using the inverse limit argument the results on finite groups covered by
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few cyclic subgroups can be easily extended to profinite groups covered
by finitely many procyclic subgroups. We therefore have

Theorem 2.8. A profinite group G can be covered by finitely many
procyclic subgroups if and only if G is a product of a normal finite
subgroup M and a procyclic subgroup H such that 7(M)N=w(H) = 0.

This shows that Baer’s result that an abstract group covered by
finitely many cyclic subgroups is either cyclic or finite cannot be ex-
tended to profinite groups. On the other hand, Theorem [2.§ implies
that we have an analogue of Baer’s result for pro-p groups: a pro-
p group covered by finitely many procyclic subgroups must be either
procyclic or finite.

The following theorem obtained in [5] describes profinite groups cov-
ered by countably many procyclic subgroups.

Theorem 2.9. A profinite group G can be covered by countably many
procyclic subgroups if and only if G is finite-by-procyclic.

Thus, we have a pretty clear description of profinite groups covered
by countably many procyclic subgroups and we know when such a
group is actually covered by only finitely many procyclic subgroups.

On groups in which commutators are covered by countably
many procyclic subgroups. Profinite groups in which the set of
commutators is covered by countably many procyclic subgroups were
studied in [5]. The groups were characterized as follows.

Theorem 2.10. Let G be a profinite group. The set of all commutators
of G is contained in a union of countably many procyclic subgroups if
and only if the commutator subgroup G’ is finite-by-procyclic.

Specific questions on the structure of a profinite group in which the
set of commutators is covered by finitely many procyclic subgroups
were addressed in [11], where the following results were proved.

Theorem 2.11. If G is a profinite group in which all commutators are
covered by m procyclic subgroups, then G possesses a finite characteris-
tic subgroup M contained in G’ such that the order of M is m-bounded
and G'/M s procyclic.

Theorem 2.12. If G is a pro-p group in which all commutators are
covered by m procyclic subgroups, then G' is either finite of m-bounded
order or procyclic.
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Several observations come to mind in the context of the above results.
We remark that in the case of pro-p groups there is a clear way to
distinguish between the groups in which the commutators are covered
by finitely many procyclic subgroups and those in which the covering
requires infinitely many ones. This is not so in the profinite case. Based
on our previous experience, we make the following conjecture.

Conjecture 2.13. Let G be a profinite group whose commutator sub-
group 1is finite-by-procyclic. The commutators in G are covered by
finitely many procyclic subgroups if and only if G' is a product of
a normal finite subgroup M and a procyclic subgroup H such that
r(M)Nn(H)=0.

A noteworthy fact that can be easily deduced from Theorem 2.10
is that if the set of commutators in a pro-p group G is contained in a
union of countably many procyclic subgroups of G’, then at least one
of the subgroups is open in G'.

Finally, we remark that if the set of commutators in a profinite group
G is contained in a union of countably many procyclic subgroups, then
the entire commutator subgroup G’ admits a covering by countably
many procyclic subgroups. This follows from Theorems and 2.9
But of course we cannot claim that the family of procyclic subgroups
that covers the set of all commutators is necessarily the same as the
one that covers G'.

3. COVERINGS BY ABELIAN, NILPOTENT, AND SOLUBLE SUBGROUPS

On groups covered by few nilpotent subgroups. Suppose that
a group G is covered by finitely many abelian subgroups. In view of
Neumann’s lemma we can assume that each of the subgroups has finite
index. Therefore their intersection has finite index, too. It is clear that
the intersection lies in the center of G and therefore the group G is
central-by-finite. On the other hand, any group G is covered by the
abelian subgroups of the form (g, Z(G)), where g € G. Therefore if the
center Z((G) has finite index in G, then G is covered by finitely many
abelian subgroups. Thus, a group G admits a finite covering by abelian
subgroups if and only if G is central-by-finite. This observation is due
to Baer (cf [33, 4.16]).

Let Z;(G) denote the ith term of the upper central series of G. It
is easy to check that the subgroup (g, Z;(G)) is nilpotent of class at
most ¢ for any g € GG. Therefore any group for which there exists m
such that Z,,(G) has finite index is covered by finitely many nilpotent
subgroups. In 1992 M. J. Tomkinson proved the converse: if a group G
admits a finite covering by nilpotent subgroups, then there exists some
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positive integer m such that Z,,(G) has finite index in G [39]. In view
of Hall’s theorem [14] it follows that a group G has a finite covering by
nilpotent subgroups if and only if G is finite-by-nilpotent.

The above results apply to both abstract and profinite groups. Re-
cently it was discovered that in the case of profinite groups similar
results hold even with finite coverings replaced by countable ones. The
following theorems were established in [36].

Theorem 3.1. For a profinite group G the following conditions are
equivalent.

(1) The group G is covered by countably many abelian subgroups;
(2) The group G has finite commutator subgroup;
(3) The group G is central-by-finite.

Theorem 3.2. For a profinite group G the following conditions are
equivalent.

(1) The group G is covered by countably many nilpotent subgroups;
(2) The group G is finite-by-nilpotent;
(3) There exists a positive integer m such that Z,,(G) is open in

G.

The proofs of Theorems B.Iland B.2in [36] do not use the correspond-
ing results on finite coverings of abstract groups. As a consequence of
Theorems [B.1] and we can observe that a profinite group G admits
a countable covering by abelian (respectively, nilpotent) subgroups if
and only if G admits a finite covering by subgroups with the respective

property.

On groups in which commutators are covered by countably
many nilpotent subgroups. Profinite groups that are covered by
countably many nilpotent (or abelian) subgroups are understood rea-
sonably well. Now it is time to have a look at groups in which com-
mutators are covered by countably many nilpotent subgroups. The
following theorem was obtained in [36].

Theorem 3.3. Let G be a profinite group. The following conditions
are equivalent.

(1) The set of all commutators in G is covered by countably many
nilpotent subgroups;

(2) The commutator subgroup G’ is finite-by-nilpotent;

(3) There ezists a positive integer m such that Z,,(G") is open in
G
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Remark that no analogue of the above theorem for abstract groups
is known. Thus, the next problem is very natural.

Problem 3.4. Let G be an abstract group in which the commutators
are contained in a union of finitely many nilpotent subgroups. Is G’
finite-by-nilpotent?

Actually, the particular case of the above problem for covering by
abelian subgroups was raised in [9]:

Problem 3.5. Let G be an abstract group in which the commutators
are contained in a union of finitely many abelian subgroups. Is the
second commutator subgroup G" finite?

Further, it is natural to ask whether in case of abelian subgroups
Theorem [3.1] can be made more specific.

Problem 3.6. Let G be a profinite group in which the commutators are
covered by countably many abelian subgroups. Is the second commutator
subgroup G" necessarily finite?

Finally, we formulate the related question for arbitrary multilinear
commutator words.

Problem 3.7. Let w be a multilinear commutator word and G a profi-
nite group in which the w-values are covered by countably many nilpo-
tent subgroups. Is w(G) finite-by-nilpotent?

Coverings by soluble subgroups. Suppose a group G is covered

by finitely many soluble subgroups. By Neumann’s lemma G must be

virtually soluble. On the other hand, suppose that G has a normal

soluble subgroup N of finite index. Then G is covered by finitely many

soluble subgroups of the form (N, g), where g € G. Thus, G is covered

by finitely many soluble subgroups if and only if G is virtually soluble.
The following result was obtained in [2].

Theorem 3.8. Let w be a multilinear commutator word and G a profi-
nite group having countably many soluble subgroups whose union con-
tains the set of w-values. Then G is virtually soluble.

A rather surprising fact that follows from Theorem is that in a
profinite group the set of w-values is covered by countably many soluble
subgroups if and only if the whole group G is covered by finitely many
soluble subgroups.
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4. COVERINGS OF COMMUTATORS BY TORSION SUBGROUPS, OR
SUBGROUPS OF FINITE RANK

Coverings of commutators by torsion subgroups. A group is pe-
riodic (torsion) if each of its cyclic subgroups has finite order. A group
is called locally finite if each of its finitely generated subgroups is finite.
Periodic profinite groups have received a good deal of attention in the
past. In particular, using Wilson’s reduction theorem [41], Zelmanov
has been able to prove local finiteness of periodic compact groups [46].
Earlier Herfort showed that there exist only finitely many primes divid-
ing the orders of elements of a periodic profinite group [15]. It follows
that a periodic profinite group has a normal series of finite length each
of whose factors is either a locally finite pro-p group or a Cartesian
product of isomorphic finite simple groups. It is a long-standing prob-
lem whether any periodic profinite group has finite exponent. Recall
that a group G has exponent e if x¢ = 1 for all z € G and e is the least
positive integer with that property.

If a profinite group is covered by countably many periodic subgroups,
by Baire’s category theorem at least one of the subgroups is open and
so the whole group is periodic. In the present section we will look
at the results that deal with coverings of w-values by countably many
periodic subgroups. The following theorem was proved in [7].

Theorem 4.1. Let w be a multilinear commutator word and G a profi-
nite group that has countably many periodic subgroups whose union
contains all w-values in G. Then w(G) is locally finite.

Of course, under the hypotheses of Theorem (.| all w-values in G
must have finite order. Therefore Theorem [4.1] is related to the con-
jecture that if a profinite group G admits a group-word v such that
all v-values have finite order, then the verbal subgroup v(G) is locally
finite (see special cases stated in [37, 22] and similar problems 15.104
and 17.126 in the Kourovka Notebook [27]). This conjecture is a nat-
ural generalization of the aforementioned Zelmanov’s theorem on local
finiteness of periodic profinite groups. Note that in this conjecture the
orders of v-values are not assumed to be bounded.

Some particular cases of Theorem [4.1] were established in other arti-
cles. The case of Theorem 1] where w = [z, y] was established in [2].
The case where the set of w-values is covered by only finitely many pe-
riodic subgroups was established in [I]. Since a solution to the problem
whether any periodic profinite group has finite exponent is not in sight,
it is natural to study in some detail the situation in which the set of
w-values is covered by countably many subgroups of finite exponent. A
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close inspection of the proof of Theorem 1] in [7] reveals that if G is a
profinite group that has countably many subgroups of finite exponent
whose union contains all w-values, then w(G) has finite exponent as
well. However the proof in [7] provides no clue to the natural question
whether the exponent of w(G) depends on the exponents of covering
subgroups.

Problem 4.2. Let w be a multilinear commutator word and G a profi-
nite group in which all w-values are contained in a union of countably
many subgroups of finite exponent dividing e. Does w(G) necessarily
have an open subgroup of finite exponent dividing e?

While finding appropriate techniques to handle the above problem
remains elusive, we do have quantitative results on the bounds for the
exponent of w(G). The next theorem was proved in [I].

Theorem 4.3. Let e, k, s be positive integers and G a profinite group
that has subgroups G1,Gs, ..., Gs whose union contains all vyi-values
in G. Suppose that each of the subgroups G1,Gs,...,Gs has finite
exponent dividing e. Then y(G) has finite (e, k, s)-bounded exponent.

The proof of Theorem 3] given in [I] is based on the Lie-theoretic
techniques that Zelmanov created in his solution of the restricted Burn-
side problem [44] [45]. Theorem [M.3] naturally suggests the problem
whether a similar result holds for any multilinear commutator.

Problem 4.4. Let e, k, s be positive integers and w a multilinear com-
mutator word of weight k. Suppose that G is a profinite group hav-
ing subgroups G1,Go, ..., G, each of finite exponent dividing e, whose
union contains all w-values in G. Does w(G) necessarily have finite
(e, k, s)-bounded exponent?

Coverings of commutators by subgroups of finite rank. A profi-
nite group is said to have finite rank r if each of its subgroups can be
generated by at most r elements. In the case of abstract groups the
definition is slightly different: an abstract group is said to have finite
rank 7 if each of its finitely generated subgroups can be generated by
at most r elements. It follows from results obtained independently
by Guralnick [12] and Lucchini [26] that a profinite group has finite
rank if and only if there exists an integer r such that each of its Sylow
subgroups is of rank at most r. Pro-p groups of finite rank are now
fairly well understood — the theory of powerful pro-p groups [24, 25]
provides the techniques and methods for handling such groups. In the



14 CRISTINA ACCIARRI AND PAVEL SHUMYATSKY

present subsection we briefly survey results on coverings of commuta-
tors by subgroups of finite rank. The reader will see that currently all
known results are in parallel with the results on coverings by periodic
subgroups.

Theorem 4.5. Let w be a multilinear commutator word and G a profi-
nite group that has countably many subgroups of finite rank whose union
contains all w-values in G. Then w(G) has finite rank.

Theorem 4.6. Let r, k, s be positive integers and G a profinite group
that has subgroups G1,Gs, ..., Gs whose union contains all vi-values
in G. Suppose that each of the subgroups G, Gs, ..., G4 has finite rank
at most . Then ~v(G) has finite (r, k, s)-bounded rank.

Theorems [4.5] and .6l were proved in [7] and [I], respectfully. In the
natural way they suggest open problems analogous to the problems
mentioned in the previous subsection.

Problem 4.7. Let w be a multilinear commutator word and G a profi-
nite group in which all w-values are contained in a union of countably
many subgroups of finite rank at most r. Does w(G) necessarily have
an open subgroup of finite rank at most r?

Problem 4.8. Let r, k, s be positive integers and w a multilinear com-
mutator word of weight k. Suppose that G is a profinite group having
subgroups G1,Gs, ..., G, each of finite rank at most r, whose union

contains all w-values in G. Does w(G) necessarily have finite (r, k, s)-
bounded rank?

Coverings of commutators by subgroups with finiteness con-
ditions. Since the results on coverings of commutators by subgroups
of finite rank are similar to those on coverings of commutators by pe-
riodic subgroups, it is natural to look for a common approach to both.
First of all we remark that both properties — being periodic and being
of finite rank — are so called finiteness conditions, that is, conditions
automatically satisfied by all finite groups. Further scrutiny reveals
other properties common to all locally finite groups and groups of fi-
nite rank playing important role in the context of our subject. It seems
likely that the above results are part of a more general phenomenon.

Indeed, let 3 be a property of profinite groups such that:

1. Every finite group is a X-group;

2. The class of all X-groups is closed under taking subgroups, quo-
tients and extensions;
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3. If a profinite group G is virtually soluble and G/Z(G) is a -
group, then the commutator subgroup G’ is a X-group as well.
The following theorem was established in [1].

Theorem 4.9. Let w be a multilinear commutator word and G a profi-
nite group that has finitely many ¥-subgroups whose union contains all
w-values in G. Then w(G) has the property 3.

In the case where the coverings are finite both Theorem [4.1] and
Theorem can be deduced from Theorem We do not know if
Theorem [A.9remains correct if the hypothesis that the covering is finite
is replaced by a (seemingly weaker) hypothesis that G has countably
many Y-subgroups covering all w-values. We therefore state this as a
conjecture.

Conjecture 4.10. Let X be as above and w be a multilinear commuta-
tor word and G a profinite group that has countably many ¥-subgroups
whose union contains all w-values in G. Then w(G) necessarily has
the property 3.

5. ON CONCISENESS OF WORDS IN PROFINITE GROUPS

A group-word w is said to be concise if whenever the set of its values
in a group G is finite it always follows that the verbal subgroup w(G)
is finite. More generally, a word w is said to be concise in a class of
groups X if whenever the set of its values in a group G € X is finite it
always follows that w(G) is finite. In 1957 P. Hall asked whether every
word is concise and for a period of time this was an open problem
attracting interest of many group-theorists. In 1992 Ivanov proved
that this problem has a negative solution [16] (see also [31], p. 439]).
On the other hand, many relevant words are known to be concise.

For instance, it is an easy observation by P. Hall that every non-
commutator word is concise (see e.g. [33, Lemma 4.27]). It was shown
n [43] that the multilinear commutator words are concise (see also
[10]). Merzlyakov showed that every word is concise in the class of
linear groups [28] while Turner-Smith proved that every word is con-
cise in the class of residually finite groups all of whose quotients are
again residually finite [40]. It was shown in [4] that if w is a multi-
linear commutator word and n is a prime-power, then the word w”"
is concise in the class of residually finite groups. In [13] the words
[ 2]t @a]™, ... zg]™ were shown to be concise in residually finite
groups.

There is an open problem, due to Jaikin-Zapirain [I7], whether every
word is concise in the class of profinite groups. Of course, every word
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that is concise in residually finite groups is also concise in profinite
ones. An interesting phenomenon was discovered in [§]. It suggests that
perhaps the very definition of conciseness in profinite groups should be
relaxed.

Conjecture 5.1. Assume that the word w has only countably many
values in a profinite group G. Then the verbal subgroup w(G) is finite.

It follows easily from [17, Theorem 1.3] that the above conjecture
holds true whenever G is a compact p-adic analytic group. The article
[8] provides further evidence in support of the conjecture. In particular,
the results obtained in [8] confirm the conjecture in the cases where w
is a multilinear commutator, or w = %, or w = [2?, y].

The proof of Conjecture 5.]] for the word w = Jj, is rather short
(modulo some results described in the previous section) and so we give
it here. We require the following simple lemma.

Lemma 5.2. Let m > 1 and k > 0 be integers. There exists a num-
ber t = t(m, k) depending on m and k only, such that if G is an m-
generated profinite group, then every or-commutator in elements of G’
1 a product of at most t elements which are dxy1-commutators in ele-
ments of G.

Proof. We use induction on k. Let H be the commutator subgroup
of G. As G is finitely generated, a theorem of Nikolov and Segal [30]
tells us that every element of H is a product of r commutators where
r depends only on m. So for £ = 0 the result follows.

Assume that £ > 1 and let u be a J;-commutator in elements of H.
Write u = [hy, he] where hy, hy are §_j-commutators in elements of
H. By induction, hj, hy are both product of at most t; = t(m,k — 1)
d-commutators in elements of G. Using the well-known commutator
identities [xy, z] = [z, 2|Y [y, 2], [z, yz] = [z, 2] [z, y]* we can decompose
u as a product of at most t? commutators [a,b] where a and b are
dr-commutators in elements of G. The lemma follows. O

Theorem 5.3. Let k be a nonnegative integer and G a profinite group
with only countably many ,-commutators. Then the kth commutator
subgroup G%) is finite.

Proof. We use induction on k. Of course the result holds when k£ = 0
because infinite profinite groups are uncountable.

By assumption, all d;-values are covered by countably many procyclic
subgroups. Thus, by Theorem &5, G*) has finite rank. If every d;-
value has finite order, then by Theorem E.I, G*®) is locally finite, and
hence finite. So we now assume that there exist elements ay, ..., asx
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such that dx(aq, ..., asr) has infinite order. Without loss of generality
we can assume that G = (aq, ..., am).

As G is finitely generated, by Lemmal5.2l every d;_1-value of H = G’
is a product of boundedly many dx-values in elements of G. Therefore H
has only countably many 6;_;-values and by induction H®*~Y is finite.
In particular dx(aq, ..., aq) has finite order, a contradiction. O

Conjecture [0.1] seems rather hard to deal with. Even the case of the
word w = xP, where p is an odd prime, is unclear. Perhaps the next
conjecture should be more tractable.

Conjecture 5.4. Assume that the word w has only countably many
values in a profinite group G. Then G satisfies a nontrivial group
identity.

As a small step that eventually could be helpful in handling Conjec-
tures [5.1] and [5:4] we will now show that under the above hypotheses
the group G satisfies a coset identity. Recall that a nontrivial word
w = w(z,...,T,) is said to be a coset identity of a profinite group G
if there exists an open subgroup H < G and cosets ¢1H, ..., g,H such
that w(g1 H,...,9,H) = {1}.

Thus, suppose that the word w = w(zy,...,z,) has only countably
many values uy, ug, ... in a profinite group G. For each i set

Si={(g1,.-,90) EG X -+ XG; wW(G1,---,9n) = Us}.

The sets S; are closed in G x - - - X G and cover G X - - - X G. Therefore,
by Baire category theorem at least one of the sets S; has non-empty
interior. It follows that for some k the group G contains an open sub-
group H and elements aq, ..., a, such that w(a1H,...,a,H) = {u}.
Set

(T, .. 2on) = w(T1, . T)W( T, - Ton) L
It follows that the word v(xy, ..., z9,) is a coset identity in G.

We conclude this article by showing that Conjecture [5.4is true when
w = 2P, where p is a prime. Indeed, we argue as above and conclude
that for some £ the group G contains an open normal subgroup H and
an element a such that (ah)? = uy, for all h € H. Let N = (u,%)
be the minimal normal subgroup of G containing uy. By [8, Lemma
3.1], Cg(ug) is open in G and therefore N is central-by-finite. Hence,
it is sufficient to show that G/N satisfies a nontrivial identity and so
we assume that u, = 1. If a € H, then H is of exponent p and the
result is immediate. Therefore we assume that a ¢ H. It follows that
H admits a split automorphism of prime order p. Kegel proved that
finite groups admitting such an automorphism are nilpotent [18]. It
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follows that H is pronilpotent. If x,y € H, we can find an a-invariant
subgroup K < H containing both x and y and generated by at most
2p elements. Khukhro’s theorem [20] (see also |21, Theorem 7.2.1])
tells us that K is nilpotent with class bounded by a function of p only.
Of course, this is sufficient to conclude that H satisfies a nontrivial
identity and so does G.
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