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1 | INTRODUCTION

The generating graph I'(G) of a finite group G is the graph defined on the elements of G in such a way that two distinct
vertices are connected by an edge if and only if they generate G. It was defined by Liebeck and Shalev in [22], and has
been further investigated by many authors: see for example [4-8, 10, 20, 25, 27, 28, 31] for some of the range of questions
that have been considered. Many deep structural results about finite groups can be expressed in terms of the generating
graph, but of course I'(G) encodes significant information only when G is a 2-generator group. The aim of this paper is
to introduce and investigate a wider family of graphs which encode the generating property of G when G is an arbitrary
finite group.

We introduce the following definition. Assume that G is a finite group and let a and b be nonnegative integers. We define
an undirected graph T, ,(G) whose vertices correspond to the elements of G* U G and in which two tuples (xl, s xa)
and (yl, ,yb) are adjacent ifand only (x;, ..., X4, ¥1, ..., ¥p) = G. Notice thatI'; ;(G) is the generating graph of G, so these
graphs can be viewed as a natural generalization of the generating graph.

There may be many isolated vertices in the generating graph I'(G) of a finite group G (for example if N is a normal
subgroup of G and G/N is not cyclic, then all the elements of N correspond to isolated vertices). However, [10] consid-
ers the subgraph I'*(G) of I'(G) that is induced by all of the vertices that are not isolated and it is proved that if G is a
2-generator soluble group, then I'*(G) is connected. This result is equivalent to saying the “swap conjecture” is satisfied
by the 2-generator finite soluble groups. Recall that the swap conjecture concerns the connectivity of the graph Z;(G) in
which the vertices are the ordered generating d-tuples and two vertices (x;, ..., x4) and (y;, ..., y4) are adjacent if and only
if they differ only by one entry. Tennant and Turner [34] conjectured that the swap graph is connected for every group.
Roman’kov [33] proved that the free metabelian group of rank 3 does not satisfy this conjecture but no counterexample
is known in the class of finite groups. There is a strong relation between the properties of the swap graph Z,,,(G) and
those of the graph FZ’ »(G), obtained from T’ ,(G) by deleting the isolated vertices. In particular we prove that if Z,,,(G)

is connected, then I‘Z b(G) is also connected (see Lemma 2.6). Recently [10, 15] it has been proved that Z;(G) is connected
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ifeither d > d(G) or d = d(G) and G is soluble (where d(G) is the minimum number of generators of G). This can be used
to prove the connectivity of I'’ , (G) in many cases: the graphs T, , (G) are connected, except possibly when a + b = d(G)

and G is not soluble (see Corollary 2.7).
Once is known that the graphs T', |, (G) are connected in most cases, the next step is to investigate their diameters. When

G is soluble and 2-generated, it has been recently proved [24] that the graph I'*(G) has diameter at most 3: this bound is
best possible, but it can be improved to 2 if G satisfies the following additional property: |Endg (V)| > 2 for every non-
trivial irreducible G-module V which is G-isomorphic to a complemented chief factor of G (which is true for example if
the derived subgroup of G is nilpotent or has odd order). In this paper we prove a more general result (see Theorem 3.10):

Assume that G is a finite soluble group and that (X1, ..., xp) and (y, ..., ys) are non-isolated vertices of T, ,(G): if either
a # 1 or |Endg(V)| > 2 for every non-trivial irreducible G-module V which is G-isomorphic to a complemented chief factor
of G, then there exists (zy, ...,2,) € G® such that G = (2, ..., Zg, X1, e, Xp) = (Z1, e Zgs Y1, > Vb )-

We will give an example showing that when a = 1 the previous statement does not remain true if we drop the assump-
tion on the order of the endomorphism group of the complemented chief factors. But in any case the previous result allows

us to conclude that diam(l‘(’;, b(G)) < 4 whenever G is soluble and a + b > d(G) (see Corollary 3.11). These results lead also
to a better understanding of the swap graph. For example we deduce that if G is soluble and |Ends (V)| > 2 for every non-
trivial irreducible G-module V which is G-isomorphic to a complemented chief factor of G, then the diameter of the swap
graph £;(G) is at most 2d — 1 (see Theorem 3.13).

The bound diam(l“z’b (G)) < 4 that we prove for finite soluble groups cannot be generalized to an arbitary finite group.
Assume that S is a finite non-abelian simple group and, for d > 2, let 74(S) be the largest positive integer r such that
S" can be generated by d elements. In Section 4 we will prove that if a and b are positive integers, then F;b (Sfu+b(s)) is
connected, however
lim diam(T? , (SL.(2,27) %)) = oo,

p—o0

In Section 5 we investigate how one can deduce information on G from the knowledge of the graphs Fz’b(G) for all the
possible choices of a and b. More precisely we will denote by A*(G) the collection of all the connected components of the
graphs Fz’b(G), for all the possible choices of a, b in N. However for each of the graphs in this family, we do not assume
to know from which choice of a, b it arises. Roughly speaking, we can think that we packaged all the graphs Fz,b(G) in
a (quite spacious) box but that we did not pay enough attention during this operation and we lost the information to
which group G these graphs correspond and the labels a, b: do not panic, a big amount of the lost information can be
reconstructed! We prove that from the knowledge of A*(G) we may recover d(G), |G| and the labels a, b, at least when
a + b > d(G) (see Propositions 5.9, 5.14 and 5.13). Moreover, considerations on the number of edges of the graphs in A{G)
allow us to determine, for every t € N, the number ¢(¢) of the ordered generating ¢-tuples of G. Philip Hall [21] observed
that the probability ¢;(¢)/|G|" of generating a given finite group G by a random ¢-tuple of elements is given by

Poy = Y, 2
neN

where a,(G) = ZI G:Hl=n Ug(H) and u is the Mobius function on the subgroup lattice of G. In other words, for a given
finite group G, there exists a uniquely determined Dirichlet polynomial P;(s) (Where s is a complex variable) with the
property that for t € N the number Pg(¢) coincides with the probability of generating G by ¢ randomly chosen elements.
The reciprocal of P;(s) is the “probabilistic zeta function” of G, studied by N. Boston [2], A. Mann [30] and the second
named author [13]. We prove that Ps(s) can be determined from A(G) (see Theorem 5.15) and consequently we may also
recover from A{G) all the information that can be determined from P;(s), taking advantages from a series of available
results in the literature, about the relation between the arithmetic properties of the Dirichlet series P;(s) and the structure
of G. In particular we may deduce whether G is soluble or supersoluble and, for every prime power n, determine the
number of maximal subgroups of G of index n. But we also prove that from A{G) we may deduce whether G is nilpotent
and the order of the Frattini subgroup (information that cannot be recovered from P(s)). A possible development of this
investigation could be to minimize the number of graphs in A*(G) that have to be considered in order to obtain information
about G. From this point of view, we notice that all the above mentioned properties of G could be deduced taking into
account only the graphs of the form Fib(G) for b € N.

The graphs I'; ,(G) play also a central role in the last section of the paper. In [8] an equivalence relation =, has been
introduced, where two elements are equivalent if each can be substituted for the other in any generating set for G. This
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relation can be refined to a new sequenc of equivalence relations by saying that x = =0 Y if each can be substituted for

the other in any r-element generating set. The relations Efn) become finer as r increases, and in [8] the authors study the
value ¥(G) of r at which they stabilise to =,,. Indeed results about =,,, Eg}) and ¥(G) can be reformulated and reinterpreted
in terms of properties of the graphs I'; ,(G). A significant role in this investigation is played by the groups G with the
property that (g) is not isolated in the graph I'y 4(5)—1(G) for every g # 1 (generalising a terminology used for 2-generator
groups, we say that G has non-zero spread if it satisfies such property). In [3], Breuer, Guralnick and Kantor make the
following remarkable conjecture: “A 2-generated finite group has non-zero spread if and only if every proper quotient is
cyclic.” This conjecture has been recently proved by Burness, Guralnick and Harper [7]. In the final part of the paper we
generalize this result, proving that a finite group G has non-zero spread if and only if d(G/N) < d(G) for every non-trivial
normal subgroup N of G.

2 | THE GRAPHST,,(G)ANDT" (G)

In this section we give the definition of the graphs T'; ,(G) and I' b(G) associated to a finite group G and a pair (a, b) of
nonnegative integers. Firstly we explore some properties of these graphs that follow easily from their definitions and then
we investigate their connection with the so called “swap graph”. In particular we use this connection in order to deduce
results about the connectivity of I'; ,(G) and Fz’b(G).

Let G be a finite group. We will denote by d(G) the smallest cardinality of a generating set of G. Moreover, givend € N,
we will denote by @5(d) the set of the ordered generating d-tuples of G and by ¢;(d) the cardinality of this set.

Definition 2.1. Assume that G is a finite group and let a and b be nonnegative integers with a < b. We define an undi-
rected graph I, ,(G) whose vertices correspond to the elements of G* UG? and in which two tuples (xi,...,x,) and
(yl, ,yb) are adjacent if and only (xq, ..., X4, Y1, -, Vp) =G

Clearly if a + b < d(G), then I'; ,(G) is an empty graph, so in general we will implicitly assume a + b > d(G).
Definition 2.2. Fz’b(G) is the graph obtained from T, ;,(G) by deleting the isolated vertices.

In the particular case when a = 0, the graph I b(G) is a star with one internal node, corresponding to the 0-tuple, and
¢ (b) leaves, corresponding to the ordered generating b-tuples of G. Notice that if a > d(G), then T'; ,(G) contains loops:
if G = (g, ...,8,) then we have a loop around the vertex (g1, ..., g,)-

Letd =a+b.Ifa # bthenT, ;,(G) and Fz’b(G) are bipartite graphs with two parts, one corresponding to the elements

of G and the other to the elements of G®. We will use the notations V, and V}, for the vertices of I, (G) corresponding,

respectively, to elements of G¢ and G?. In particular Iy 5(G)has|G|* + |G |> vertices and there exists a bijective correspon-
dence between ®(d) and the set of the edges of ', ,(G): indeed if (g, ..., g4) = G, then (gy, ..., &, ) and (gg41, ..., &q) are
adjacent vertices of the graph. Hence the number of edges of I'; , (G) (which coincides with the number of edges of I') | (G))

is ¢ (d). The situation is different if a = b. In that case T, ,(G) has |G|* vertices, ¢;(a) loops and other (¢G (d) — ¢ (a)) /2
edges connecting two different vertices (in other words if e is the the number of edges, excluding the loops, and [ is the
number of loops, then 2e + | = ¢5(d)); indeed the two elements (g, ..., 84> 8a+1> -84 ) and (8a41, > 8d» 815 > &a) BiVe
rise to the same edge in I'; ,(G).

Lemma 2.3. Let G be any non-trivial finite group and let a be any positive integer. Then any edge, which is not a loop, of the
graph T, ,(G) lies in a 3-cycle, except when a = 1 and G = C,.

Proof. Take any edge in I'; ,(G), which is not a loop, and let us call x = (xl, s xa) andy = (yl, ,ya) its vertices. If x
and y are different from the tuple (1, ..., 1), then both vertices are adjacent to a third vertex z = (xlyl, s xaya) and we
are done. Next assume that one vertex, let us say y, has all trivial entries. This implies that x is a generating a-tuple for G,
so the vertex x is adjacent to all other vertices of T; ,(G). If (a, G) # (1,C,), then there exists a generating a-tuple for G
different from x, and this is adjacent to both x and y. This concludes the proof. [
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From the previous lemma it follows that no connected component of I'; ,(G) is bipartite since a graph is bipartite if and
only if it contains no odd cycles. Observe that if G = 1, then, for every a € N, the graph T'; ,(G) consists of a unique vertex
with a loop, so it is not bipartite either. In the case where G is isomorphic to C, and a = 1, the graph Fl*’l(G) is again not
bipartite since we have a loop on the vertex corresponding to the unique generator of G.

Lemma 2.4. If |G| > 3, then FZ ,(G) contains a vertex x of degree 1if and only if a = 0, b > d(G) and x is one of the ¢5(b)
leaves of the star Tj , (G) = K ¢ (p)-

Proof. Assume that x is a vertex of degree 1in I' , (G) and that a > 0. We may assume x = (xl, s x,) with r € {a, b}.
Let s = a + b — r. Then there exists (yl, ,ys) such that G = (xq, ..., X, Y1, ..., Vs). If x; # 1 for some i € {1, ..., r}, then x
is also adjacent to the tuple (xl- V15 Y25 oo ,ys), a contradiction. So x = (1, ..., 1) and consequently y = (yl, ,ys) is a tuple

of generators for G. For every 7 € Sym(s), the element y, = (ylﬂ, ,ym) is adjacent to x. Since x has degree 1, we must
have y; = --- = y;, G = (¥1) and y; is the unique element generating G: this implies |G| < 2. O

The Mébius function g is the function defined on the lattice of subgroups of G by ), K>H uc(K) =6y g, wheredg g =1
and 6y ¢ = 0if H # G. The following is a consequence of [23, Sect. 3].

Lemma 2.5. Let a and b be nonnegative integers. Let x = (xl,...,xr) € G" with r € {a, b} and set K = (xq, ..., X,),
s=a+b—randletd, (x) be the degree of x in T, ;,(G). We have

Sap(X) = Y, uo(H)|H]".

K<H

In particular |K|* divides the degree 8, ,(x) of x in T ,(G).

Recall that for a d-generator finite group G, the swap graph Z;(G) is the graph in which the vertices are the ordered
generating d-tuples and in which two vertices (xy,...,x4) and (y;,...,y4) are adjacent if and only if they differ only by
one entry.

Lemma 2.6. If X, ,(G) is connected, then FZ b(G) is connected.

Proof. Letd = a + b. We write any generating d-tuple w in the form w = (a, 8), with &« € G% and 8 € G’. Now let o, o*
be two non-isolated vertices of I'* b(G) there exist two generating d-tuples w = (a, 8) and w* = (a*, f*) with o € {a, £}
and o* € {a*, f*}. Since Z4(G) is connected there exists a path in Z;(G) joining w to w*. In order to complete our proof,
it suffices to prove that if

W) = (al’ﬁl)a"" Wy = (au’ﬁu)

is a path in Z4(G), then the vertices a4, 81, &3, 82, .. » Ay, By, belong to the same connected component of I‘Z b(G). We prove
this claim by induction on u. The sentence is clearly true when u = 1. Assume u > 2. By induction «,, 3, ..., a,, 5, belong
to the same connected component of FZ b(G); so it is enough to show that a4, 81, a5, 5, belong to the same connected

component. Since (ay,8;) and (ay,8,) differ for only one entry, either a; = a, or §; = f,. The graph '}, (G) contains
the path 8, a; = a5, 3, in the first case and the path o, 8; = 35, a, in the second case. O

The swap conjecture states that X;(G) is connected for every finite group G and every d > d(G). In [11] it was proved that
this conjecture is true if d > d(G), while in [16] it is proved that it is true also when d = d(G) and G is soluble. So we have:

Corollary 2.7. If G is a finite group and either a + b > d(G) or a + b = d(G) and G is soluble, then FZ ,(G) is connected.
It remains an open problem to decide whether I'* b(G) is connected when a + b = d(G) and G is unsoluble. We conjec-

ture that the answer is positive. However we think that proving results in this direction would be quite difficult and would
require deep information about the generation properties of the finite almost simple groups.
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We conclude this section, with the following result, that will be used later.

Lemma 2.8. Let N be a normal subgroup of a finite group G and let a and b be nonnegative integers and assume that
a+b2d(G). If T}, (G) is connected, then T , (G/N) is connected too.

This lemma is an easy consequence of the following result due to Gaschiitz [17].

Theorem 2.9. Let G be any group that can be generated by d elements and let N be any finite normal subgroup of G.
Let n : G - G = G/N be the natural homomorphism given by n : g - § = Ng for all g € G. Then for any generating
d-tuple (yl,yz, ,yd) of elements of G/N there exist elements x1, X», ..., Xq € G such that (x1,%5,...,xXq) = G and X; = y;
for1<i<d.

3 | BOUNDING THE DIAMETER OF I‘:’; b(G) WHEN G IS SOLUBLE

In [24] itis proved that if G is a 2-generator finite soluble group, then the graph I'} ; (G) obtained from the generating graph
by removing the isolated vertices has a very small diameter: indeed diam(I‘T 1(G)) < 3. Moreover, diam(l‘i‘ 1(G)) <2if

G has the property that |End;(V)| > 2 for every non-trivial irreducible G-module V which is G-isomorphic to a com-
plemented chief factor of G. The aim of this section is to bound diam(FZ’b(G)> for arbitrary values of a and b when G
is soluble.

Before dealing with the general case of a soluble group G, we need to collect in the next four lemmas a series of results
in linear algebra. Denote by M,.(F) the set of the r X s matrices with coefficients over the field F.

Lemma 3.1. [10, Lemma 3] Let V be a finite dimensional vector space over the field F. If W, and W, are subspaces of V with
dim W, = dim W,, then V contains a subspace U such thatV =W, U =W, @ U.

Lemma 3.2. Assume that a and b are nonnegative integers. Let V be a vector space of dimension & over a finite field F and let
x = (v1,..,0) and y = (wy, ..., w,) be two elements of V* with dimp(vy, ...,v,) > 6 — b and dimp(wy, ...,w,) > § — b.
Then there exists z = (zy, ..., zy) € V? such that (vy, ..., V4, 21, .. Zp) = (W, o, Wy, Z1, . Zp) = V.

Proof. Let U; = (U1,...,0q), Uy =(w1,...,w,) and s = min{dimF U;,dimp Uz}. Clearly we may assume s < 0.
We prove our claim by induction on s. If s=0, then b>J and it suffices to choose zj,..,z, so that
(Z1y...,2p) =V. Assume s§#0. Notice that b+s>35. Let 0p,..,0; be linearly independent elements of U,
and W, ..., W linearly independent elements of U,. Moreover, let U, = (0,,...,0,) and U, = (i, ..., W). Since
|U, uU,| <2|F|* —1< |F|°, there exists Z€ V \ (U, UU,). Consider %= (0y,..,0;,2) and § = (Wy,..., W, 2).
Since (s+1)+(b—1) >3 and dimg(0,, ..., 0, Z) = dimp(0y, ..., W, Z) = s + 1, by induction there exist Z;,...,Z,_;
such that (0y,..., 05, 2, 21, .., Zp_1) = (W1, .., Wy, 2, 21, .., Zp_1) = V. Clearly z = (2,2, ..., £,_; ) satisfies the conditions
(U152 s Ugs Z, 215 v s Zp—1) = (W1 oo s Wy 2,215 e s Zp_1) = V. O

Lemma 3.3. Let F be a finite field and assume a < . Given R € My, g(F) and S € My, (F) consider the matrix (R S) S

M gx(B+y)- Assume that rank(R S) = a and let g s be the probability that a matrix Z € M,,g(F) satisfies the condition
rank(R + SZ) = a. Then

Proof. There exist m < min{a, y}, X € GL(«, F) and Y € GL(y, F) such that

XSY = < Im Omx(y—m) > ,
O(cx—m)xm O(a—m)x(y—m)
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where I,, is the identity element in M,,,,,(F). Since

a =rank(R §) = rank<X (RS) < Te 0ﬁx7>> = rank(XR XSY)
rxg

and

rank(R + SZ) = rank(X(R + SZ)) = rank(XR + XSZ) = rank(XR + XSY (Y~'Z)),

it is not restrictive (replacing R by XR, S by XSY and Z by Y~'Z) to assume

S = < I Omx(y—m) > )
O(zx—m)xm O(oc—m)x(y—m)
Denote by vy, ..., U, the rows of R and by z;, ..., z, the rows of Z. The fact that the rows of (R S) are linearly independent

implies that v,,1, ..., U are linearly independent vectors of F#. The condition rank(R + SZ) = « is equivalent to asking
that

U1+ 21,0, Uy + Zyy, U415 -5 Ug

are linearly independent. The probability that zy, ..., z,, satisfy this condition is

a—m a—m+1 a—m+(m—1)
<1_q ><1_q ) T M |
qf q” qf
qoc—m ) < qrx—m+1 > qoc—m+(m—1)
nR’S=<1— 1- P [ -
g q* q”

qa—m(1+q+'”+qm—l)
q°
a—m m_l a
LA it} >1-—1
gflg-1) 7flg-1)

Hence

>1-

=1-

(]

Lemma 3.4. Let F be a finite field. Given positive integers u, v, n, t satisfying n < min{u,v}andt + n = u + v, suppose that
A1, Ay € M,y (F), B € My, (F), D1,D, € My, (F) with the property that

rank(B  A,) =rank(B A,) =n,

rank <A1> = rank<A2> =u.
Dy D,
Then there exists C € My, (F) such that

B A, B A,
det<c D1> #0 and det<c D2> #0,

except when |F| = 2, n = v and detB # 0.
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Proof. Letr = rank(B). There exist X € GL(n,F) and Y € GL(v, F) such that

XBY = ( Iy Orx(v—r) > ,
O(n—r)xr O(n—r)x(u—r)

where I, is the identity element in M, (F). Let A1, Ay € M, (F) and A;,, Ay € M,y (F) such that

A A
XA1:< “), XA2=< 21).
A12 A22
Fori € {1, 2}, since

n=rank(B A;)= rank<X (B A) < Y OUX")) = rank< I Orx(v—r) Ail) ,
Ouxv I, O(n—r)xr O(n—r)x(v—r) A

it must be rank (Aiz) = n — r. In particular there exists Z; € GL(u, F) such that

A; A A
XAZ; = <All> Z = (0 i1 ; 12> ,
i2 (n—r)xu—(n—r) n—r

with A7} € My (n—r)(F) and A%, € M, (,_(F). Notice that

XBY XA Z X 0 B A Y 0 B A,
d =d nxt : vxu ) ) = det(X) det(Y) det(Z;) d i),
t( cY D1Z1> et<<0t><n Il ><C Di) <0u><v Zi >> et( ) et( ) et( l) et<c Di>

This means that it is not restrictive to assume

B = < I Orsx(o—r) > A = < ATI A?z)
O(n—r)xr O(n—r)x(v—r) ’ ' O(n—r)xu—(n—r) In—r ’

with A;kl € eru—(n—r)(F)’Ai*z € er(n—r)(F)' Let Cl € Mtxr(F)’ C2 € Mtxv—r(F)s Dil € Mtxu—(n—r)(F)!DiZ € Mtx(n—r)(F)
such that
(Cl C2) =C and (Dil Di2) = Di'

Notice that

= (=1)"" det

B A IV OVX(U—V) A?l A?Z
det<c D: ) det O(n —r)Xxr O(n —r)X(v—r) O(n—r)xu—(n—r) Iy
G 65} Dy Di,
I A*
_( 1)n rdet< r r><(v r) l]>
(6] Dy
1 0 —A*
I A* r rx(v—r) il
= (=1)"""det <Cr VX(U ) D%1> Ow—r)xr Iy Ow—r)xu—(n—r)
1 il O 0 I
u—(n—r)xr u—(n—r)x(v-r) u—(n-r)

Ir r><(v r) Orxu—(n—r)
o] D;; — C1A?

= (-1)""det(C, Dj—CiA}).
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Assume that we can find C; such that
rank(Du - ClAikl) = rank<D21 - CIAZ‘I) =u—(n-—r)

and let W, W, be the subspaces of F’ spanned, respectively, by the columns of the two matrices D;; — C A}, and
D,; — C1A%,. By Lemma 3.1, there exists a subspace U of F!such that F' =W, @ U = W, @ U. If C, is a matrix whose
columns are a basis for U, then

det( C, Dy —CA%, ) +0and det( C, Dy —CAL ) £0
and C = (C; C,) is a matrix with the desired property. Set

R, =DIl, R, =D, S, =AT

— A*T T
A8, =4, 2=l

11° 21° 21°

The previous observation implies that a matrix C with the requested properties exists if, and only if, there exists
Z € M,;(F) such that

rank(R; + S1Z) =rank(R, + S,Z) =u— (n—r). 3.1
Notice that Ry, R, € My,_n—r)x:(F), S1, S5 € My_(4,—)x,(F) are such that
rank(R, S;) =rank(R, S;)=u—(n—r).
Ifeither |F| =g > 2oru — (n —r) < t, then, by applying Lemma 3.3 witha =u—(n—r), =t,y = r, we have

RS > and TR,.S, >

2 2
and this is sufficient to ensure that a matrix Z with the requested property exists. Therefore we may assumeu — (n —r) =t
and g = 2. This implies that v = r, and so that v = n = r, i.e. det B # 0. This concludes the proof. O

The main ingredient in the proof of our results about the diameter of I b(G) is the theory of crowns, introduced by
Gaschiitz in [19]. We recall some properties of the crowns of a finite soluble group. Let G be a finite soluble group, and
let V; be a set of representatives for the irreducible G-groups that are G-isomorphic to a complemented chief factor of G.
For V € Vg let Rg(V) be the smallest normal subgroup contained in C;(V) such that C5(V)/Rs(V) is G-isomorphic to a
direct product of copies of V and it has a complement in G/Rg(V). The factor group C5(V)/Rs(V) is called the V-crown
of G. The nonnegative integer (V) defined by C;(V)/Rg(V) = V() is called the V-rank of G and it coincides with
the number of complemented factors in any chief series of G that are G-isomorphic to V. If §5(V') # 0, then the V-crown
is the socle of G/Rz(V).

Proposition 3.5. [25, Proposition 2.4] Let G and V; be as above. Let Xi,..,x, be elements of G such that
(X1, s Xy, Rg(V)) =G forany V€ V. Then (x1,...,x,) =G

Lemma 3.6. [1, Lemma 1.3.6] Let G be a finite soluble group with trivial Frattini subgroup. There exists a crown C /R and a
non-trivial normal subgroup U of G such that C = R x U.

Lemma 3.7. [15, Proposition 11] Assume that G is a finite soluble group with trivial Frattini subgroup and let C,R, U be as
in the statement of Lemma 3.6. f HU = HR = G, then H = G.

Now let V be a finite dimensional vector space over a finite field of prime order. Let K be a d-generated linear soluble
group acting irreducibly and faithfully on V and fix a generating d-tuple (k, ..., kq) of K. For a positive integer u we
consider the semidirect product G,, = V* X K, where K acts in the same way on each of the u direct factors. We will use
the aforementioned properties of the crowns, in particular Proposition 3.5 and Lemmas 3.6 and 3.7, to essentially reduce
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the study of the graph Fz’b (G) to the particular case when G = G,,. Put F = Endg (V). Let n be the dimension of V over F.
We may identify K = (ky, ..., k;) with a subgroup of the general linear group GL(n, F). In this identification k; becomes an
n X n matrix X; with coefficients in F; denote by A; the matrix I,, — X;. Let w; = (vi’l, s vi,u) € V*. Then every v; j can be
viewed as a 1 X n matrix. Denote the u X n matrix with rows v; 1, ..., v;,, by D;. The following result is proved in [9, Sect. 2].

Proposition 3.8. The group G,, = V* X K can be generated by d elements if and only if u < n(d — 1). Moreover,

1 rank(A; .. Ay)=n

A . A
2. {kywy, ..., kqwg) = V* X K ifand onlyifrank( ! d> =n+u
D, .. Dy

The next result may seem rather technical, but it provides crucial information on the graph I'; ,(G) when G = V9 XK.

Proposition 3.9. Let K be a non-trivial d-generator linear soluble group acting irreducibly and faithfully on V and consider
the semidirect product G = V® X K with § < n(d — 1), where n = dimgpq V. Let a and b be nonnegative integers such that
a+b=d, s e€{a,blandt =d —s. Assume that (t, |F|) # (1,2) and there exist, fori € {1,2}, x;1, ..., Xjs and yy, ..., y; in K,
and w;y, ..., w; in V? such that

1 (xnwu, s xlswls) and (x21w21, . szwZS) are non-isolated vertices belonging to V; in the graph FZ b(G),

2. <x11, ,xls,yl, ’y[> = <y1, ’y[’ le, ceey x25> =K.

Then there exist wy, ..., w, € V° with

(X115 oo s X156 V1WT, oo, YeW; ) = (Y1W1, oo, YWy, X1, oon, Xog ) = G

Proof. Since V® X K is an epimorphic image of V"@-1 x K, it suffices to prove the statement in the particular
case where G = V"4~ 5 K. We may identify the elements x;q, ..., X;5, y1, ..., ¥, With matrices X;;, ..., X5, Y1,..,Y; €
GL(n, F), respectively, where F = Endg(V) and wj, ..., Wig, Wy, ..., w; € V™@=1 with matrices D;;, ..., D;; and Cy, ..., C;
in M, (q—1)xn(F), respectively. We now apply Proposition 3.8. Let

Ajj =1, — Xjj, fori € {1,2}and j € {1,...,s},

Bk =In —Yk, for k E{l,...,t}.
Conditions (1) and (2) imply that
rank(All Als Bl B[) = I‘ank(A21 AZS Bl Bt) =n
and
A A Ay .. A
rank( 1 ls> = rank( 21 25) = ns.
Dll e Dls D21 e Dzs
Moreover, our statement is equivalent to saying that there exist ¢ matrices Cy, ..., C; € My(g_1)x,(F) with

Ay ... Ay Bj .. B[> <31 .. By Ay .. A2S>
det #0, det # 0.
(Dll oo Dls Cl e Ct Cl e C[ Dzl “ee D2S

Put, fori € {1,2}
A = (Aj1 . Ajg) € Myyps(F),
D; = (Dil Dis) € Mn(d—l)xns(F)f

B=(By ... B;) € Myyu(F).
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The existence of C = (C; ... C;) € My (4_1)xn:(F) such that

A, B B A,
det(D1 C>¢O,det<c D2>;é0

is ensured by Lemma 3.4. Notice that the fact that K is a non-trivial subgroup of GL(n, F) implies that n > 2 if |F| = 2.
Moreover, if |F| = 2 and rank B = rank(B; ... B;) = nt, we necessarily havet =d —s = 1. O

We are now ready to prove the main result of this section.

Theorem 3.10. Let G be a finite soluble group, let a and b be nonnegative integers, let s € {a,b} andt = a + b — 5. Assume
that eithert # 1 or G has the following property: if A is a non-trivial irreducible G-module G-isomorphic to a complemented
chief factor of G, then |Endg(A)| > 2 (this holds in particular when the derived subgroup of G is either nilpotent or of odd
order). Then in the graph Fz,b(G) given any two vertices x;, X, € V, there exists y € V, which is adjacent to both x; and x,.

Proof. Wemayassumed := a + b > d(G). We argue by induction on the order of G. Choose two vertices x; = (xu, s xls)
and x, = (X1, ..., Xa) in V. Let F = Frat(G) be the Frattini subgroup of G. Clearly x;F = (x1,F, ..., x;,F) and x,F =
(x21F, ..., x55F) are vertices of the graph I“Z’b(G /F).IfF # 1, then, by induction, there exists a t-tuple yF = (y,F, ..., y,F)
which is simultaneously adjacent to x; F and x, F in the graph Fz’b (G/F). This implies that G = (X1, ... s X155 V1 s Vi) F =

(X215 eee s X055 V15 s VOF = (X115 o0, X156, V15 oo s Vi) = (X215 s X255, Y1, -5 Ve), hence y = (yy,...,¥) is a t-tuple adjacent to
both x; and x, in I, , (G). Therefore we may assume F = 1. In this case, by Lemma 3.6, there exist a crown C /R of G and

a normal subgroup U of G such that C = R x U. We have R = R;(A) where A is an irreducible G-module and U ~; A°
for § = 55(A). By induction, in the graph I"" , (G/U), there exists a t-tuple yU = (yl U,.. ,th) which is adjacent to both

xU = (x1U, ..., x;5U) and x,U = (x,U, ..., xp,U). In particular, we have

<X11, e s X155 V15 oee ,y[>U = <XZ1, cee s X2gs Y15 oee ,y[>U =G. (32)

We work in the factor group G = G/R. We have C = C/R = UR/R = U = A% and either A = Cp is a trivial G-module

and G & (Cp)‘5 or G =U X H =~ A° XK where K = H acts in the same way on each of the & factors of A% and this
action is faithful and irreducible. Since G is d-generated, we have § < d if A is a trivial G-module, § < n(d — 1), where
n= dimgyq,4) A otherwise.

By Lemma 3.2 in the first case and by Proposition 3.9 in the second case, there exist u, ..., u, € U with

(X110 oo s X1 1815 oo Py ) = (Frlhy oees Pl X1 omes X5 ) = G,
ie.
<x11, s X155 Y1UT5 -0 5 ViUt >R = <y1u1, s ViU X215 eee s X2S>R =G. (33)

In view of Lemma 3.7, from (3.2) and (3.3), we obtain

<X11, ey X195 Y1 U -on ,ytut> = <y1u1, s ViU X015 eee s XZS> =G.

Now from Theorem 3.10 and [24, Thm. 1] we easily deduce the following result.

Corollary 3.11. Let G be a finite soluble group and let a and b be nonnegative integers. Then

diam(T? ,(6)) < 4.
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Moreover,

1. assume a = b. If either G has the property that |Endg(V)| > 2 for every non-trivial irreducible G-module V which is
G-isomorphic to a complemented chief factor of G or a # 1, then diam (T, ,(G)) < 2. Otherwise diam (T, ,(G)) < 3.

2. assume a < b. If either G has the property that |Endg(V')| > 2 for every non-trivial irreducible G-module V which is
G-isomorphic to a complemented chief factor of G or a # 1, then diam(FZ’b(G)> <3

In the remaining part of this section we want to prove that Theorem 3.10 does not remain true, when ¢ = 1, if we
drop out the assumption that G has the property that |[End;(A)| > 2 whenever A is a non-trivial irreducible G-module
G-isomorphic to a complemented chief factor of G. Indeed we want show that, for every d > 2, it can be constructed

a d-generator soluble group G with the property that FI d—1(G) contains two distinct vertices a; = (gl’l, s gl,d_l) and

a, = (gz,l, s gz,d—1) without a common adjacent vertex. First we note that Proposition 3.8 has the following corollary.

Corollary 3.12. Let d be a positive integer with d > 2, let V =F, xXF,, where F, is the field with 2 elements
and let T= GL(2,2) X V* with u=2(d—1). Assume that (ky,..,kg) = GL(2,2) and let y; = ki(V11,...,01), .,
Ya = ka(Vg1s .., Vay ) in T. We have T’ = (yy, ..., ¥q) if and only if

1-k; .. 1-—ky
%51 Ud1 £0
Uiy Udy

Now let H = GL(2,2) X GL(2,2) and let
W = (Vll X oee- XVlu) X (V21 X oeee XVZM)

be the direct product of 2u 2-dimensional vector spaces over the field F, with two elements. We define an action of H on

W by setting
()
<(vu, s ULy ) (021,...,02u)> = ((vi‘l, ...,vfu), (vgl,...,vgu)>

and we consider the semidirect product G = H X W. Let

N, :=C5(Vy) = -+ = C5(Vy,) = {(k, 1) | k € GL(2,2)},

N, 1= Co(Vyy) = -+ = Co(Vy,) = {(1,K) | k € GL(2,2)}.

A set of representatives for the G-isomorphism classes of the complemented chief factors of G contains precisely 5 ele-
ments:

* Z, a central G-module of order 2, with R;(Z) = G’ = SL(2,2)*> X W;
* U, anon-central G-module of order 3, with R5(U;) = N, X W;

* U,, anon-central G-module of order 3, with R5(U,) = N; X W;

* Vi With Rg(Vip) = Vi X - X Vo X Ny;

* Vo, withRg(V,1) = Vi X - X Vi, X Ny

Let

(xl,h) <(U111, e Ullu)’ (U121, e UlZu)) = 815

(xdﬁyd) <(vd113 cee sy Udlu), (Ud21, ) UdZM)) = 8d-
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We want to apply Proposition 3.5 to check whether ( g1s - ,gd> = G. The three conditions

(g1, ,81)Re(Z) = G, (g1, .84 )Re(Uy) = G, {g1,,84)Re(U,) = G
are equivalent to (gy, ..., g4 )W = G, i.e.to ((x1,31), .., (X4, ¥a) ) = H. Moreover, (g, .., g4 )Rs(V11) = G if and only if
(%1 (V1115 w5 V110 ) s > X (Va1 o> V) ) = (Vi1 X =+ X V) X GL(2, 2),
(g1,--,84)Rc(V1) = G if and only if
(V101215 5 V120) s s Va (Vans o5 Vatzu) ) = (Var X -+ X Vi) XU GL(2,2).

Applying Corollary 3.12 we conclude that

<g1’-“ ’gd> =G

if and only if the following conditions are satisfied:

)
((x1,91)> - (Xa»¥4) ) = H = GL(2,2) X GL(2,2),
)
1—-x; 1—x4
det U111 Ud11 £0,
U11u Udiu
(3)
1-y 1-y4
det U121 Ud21 £0.
U12u Udou

Consider the following elements of GL(2, 2):

1 0 ,
1 1)

X :

and the following elements of [F%:

0=1(0,0), e; =(1,0), e,=(0,1).
Let
ap; := (x,x)((0,e,,0,...,0),(0,€,,0,...,0)),
ay; :=(x,x)((e1, €20, ...,0), (e, €,,0,...,0)),
a; :=((0,0,ey,6,,0,...,0),(0,0,e,¢,,0,...,0)),
ag—1 = ((0,...,0,el,e2), (O,...,O,el,ez)),
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b, :=(,2)((e1,0,...,0), (e},0,...,0)),

b, :=(¥,2)((0,...,0), (e;,0,...,0)).

It can be easily checked that either a1, a5, ..., a4_1, by as apa, as, ..., a4_1, b, satisfy the three conditions (1), (2), (3) and
therefore

(a11,02,..,a4-1,b1) = (a1, 05,...,a4-1,b,) =G.
Now we want to prove that there isno b € G with
(au,az,...,ad_l,b> = <a12,a2,...,ad_1,b> =G.
Let b= (hy,hy)((vi1,s014), (V2155 02)), and assume by contradiction that (aj;,ay,..,a4-1,b) =
(a2, a3, ..., a4_1,b) = G. We must have in particular that condition (1) holds, i.e. <(x, X), (hl, h2)> = H. Since (x, x) has

order 2 and H cannot be generated by two involutions (otherwise it would be a dihedral group) at least one of the two
elements hy, h, must have order 3: it is not restrictive to assume h; = y. Let

O o0 O .. O
A= (1 — X 02)(2 02)(2) = (1 0 0 0> N
0 1
B=1-y= ,
=)
0 O 1 O
0ysey— 0oy

Cl — 0 1 2Xu—2 , C2 — 0 1 2Xu—2 ,

Ou—2x2 Ty Ou—2x2 Ty

v}l D1 . a
D= : = with D2 S MM—ZXZ([FZ) and Dl =
Dz y

o ™
N—

U1y

Condition (2) must be satisfied, hence we must have

A B A B
det(c1 D)-det<c2 D>_1'

However
0 O 0 1
Lo Oz g 0 0 0 1
A B 1 0 1 1
det =det|0 O = det =a,
¢ D o 1 Y22 Di 0 0 a g
0 1 y &
Ou—2x2 Iy Ds
0 0 1
N g Oz, | 0 0 0 1
det 4 B =det|1 O = det Lo 11 =a+1
c; D) o 1 Yxu—2 Di B 1 0 a B| '
0 1 y &

Ou—2xo Iu—z Dy
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However, since a € [, eithera = 0ora + 1 = 0,sothereisno b € Gwith (a;;,a,,...,a4_1,b) = (a2, ay,...,a4_1,b) = G.
We conclude this section noticing that Theorem 3.10 can be applied to bound the diameter of the swap graph.

Theorem 3.13. Suppose that a finite soluble group G has the following property: if A is a non-trivial irreducible G-module
G-isomorphic to a complemented chief factor of G, then |Endg(A)| > 2 (this holds in particular when the derived subgroup
of G is either nilpotent or of odd order). If d > d(G), then the diameter of the swap graph Z,(G) is at most 2d — 1.

Proof. Assume that G = (ay,...,aq) = (by,..., bq ). By Theorem 3.10, there exists x; € G such that G = (xy,0a,,...,a4) =
(x1,by, ..., by ). Applying d — 1 times Theorem 3.10, we find elements x;, for 1 < i < d — 1, satisfying

G = <x1, ey X1 X Qjg1s eee s ad> = <x1, e s Xi—15 X5 bi+17 ey bd >
Hence Z;(G) contains the following path of length 2d — 1:

(ay,...,aq),
(x1,a2,...,a4),
(x1, %2, a3, ..., aq),

(xl, ey Xd_l, ad)’
(xl, e s Xd—1> bd)’
(Xl, e s Xd—1> bd—l: bd),

(xl, b2, . bd),
(B b).

Since this path has length 2d — 1, we are done. O

4 | DIRECT POWERS OF SIMPLE GROUPS

In this section we will try to generalize some results proved in [11] concerning the generating graph of direct powers of
non-abelian simple groups. As a by-product, we will see that the bounds on the diameter of the graphs Fz’b(G), proved
in Section 3, does not remain true if we drop the solubility assumption: for every positive integer » and every pair a, b of
positive integers, a finite group G can be constructed such that d(G) = a + b and F;b(G) is connected with diameter at
least 7.

Let S be a non-abelian finite simple group and denote by A the automorphism group Aut(S) of S. As usual we identify
S with the subgroup of A consisting of the inner automorphisms. Let d > 2 be a positive integer and define 7 = 7,4(S) to be
the largest positive integer r such that S, the direct product of » copies of S, can be generated by d elements. Notice that the
group S” cannot be generated by d elements whenever r is larger than the number of A-orbits on the set of d-tuples gen-
erating S. Actually, 7 is equal to the number of A-orbits on ordered d-tuples of generators for S and, for arbitrary elements
X1 = (X105 00 X10 )5 e s Xg = (X1, > X0 ) Of ST, we have ST = (xy, ..., X4) if and only if the d-tuples (x; ;, ..., x4; ) are dis-
tinct representatives for these orbitsfor 1 <i < r.Let K = Aut(S?). Recall thatK =~ A 2 Sym(7). ClearlyK < Aut (Fa,b(ST))
for every a, b with a + b = d. The following easy remark will play a crucial role in our discussion.

Lemma 4.1. Assume ST = (xy,...,x4). If ST = {y1,...,yq ), then there exists k € K such that (y,, ..., yq) = <x’1‘, ...,xZ).

Proof.  Assume X; = (X;1,..., %), ¥j = (¥j1,-,¥jc) for 1<i,j<d. Both (x11,..,%41)sr (X1,755%q,) and
(}’1,1» s )’d,1), s (yl,f, s yd,r) form a set of representatives for the A-orbits of the set of generating d-tuples for S. So
there exist 7 € Sym(z) and (ay, ..., a;) € A" such that (; iz, .., Vaiz) = (X1 ...,xd,i)ai for each i € {1, ..., 7}. It follows

that (y1,...,Yq4) = (x{‘, ...,xZ) for k = (ay,...,a;)T € K. O
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Corollary 4.2. Let = 74,,(S). Then the graph " | (S7) is edge-transitive.

Now we will introduce other notations, useful to study the graph I'; ;,(S). Fix a vertex x = (xl, s xa) in the part V,
of FZ, ,(S7) corresponding to the (a)-tuples and a vertex y = ( Vi oo ,yb) in the part V, corresponding to the (b)-tuples and
let C = Cg(x) and D = Cg(y). To describe more precisely C we need the following information. Let sy, ..., s, be a set of
representatives for the A-orbits of S that can be completed to a generating d-tuple of S. Every vertex x € V, can be viewed
asan a X T matrix (xi’ j) with x; ; € S. Denote by 7; the number of columns of x that are A-conjugate to s;. By Corollary 4.2
this number is independent on the choice of x. In particular x is K-conjugate to X with

X = Sl"“’Sl’SZ"“’SZ"“’SLH“"SM .

7; terms r, terms 7, terms

It follows that C = Cx(X) = [],.,.,, Ca(si) 2 Sym(z;). Clearly we have a similar description for D = C(y), with the only
difference that the role of s, ..., s, will be played by a set of representatives t,, .., t, for the A-orbits of S® that can be
completed to a generating d-tuple of S.

Lemma 4.3. Assume 1 < a < bwith (a,b) # (1,1). Foreveryi # 1, there exists y; € V, such that
1. x and y; have a common neighbour in T, , (S7).
2. The first column of y; is A-conjugate to s;.

3. X and y; differ only for 2-columns.

Proof. Since b > 2 and d(S) = 2, there exists i such that s; = (1, ..., 1). Hence we may assume s; = (1,...,1). Let z € V}, be
adjacent to x in ", »(S7). We identify z with a matrix (tl, s tr) where t; € SP for every j. The columns of the matrix

£ <s1 - OS] Sy Su>
R S
are a set of representatives of the A-orbits on the generating d-tuples of S. Since s; = (1, ..., 1), t; must be a generating

b-tuple of S, so (s;,t;) (being a generating d-tuple of S) is A-conjugate to the j-th column of E for some 7; < j < 7. This
means that the j-th column of E is
(%)
o

for some o € A. It follows that if we replace the first column of E with

and the j-th column with

()

we get a matrix E*, corresponding to an edge in I , (S7) between z and an element J;, obtained from X by replacing the

first column with sl.c‘_1 and the jth-column with s;. O

Theorem 4.4. Let T = 7,,,(S). Then the graph Fz’b(S’) is connected.
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Proof. Clearly the star I'; , (S) is connected and I'} | (S7) is connected by [11, Thm. 3.1], so we may assume 0 < a < b and
(a,b) #(1,1). In part1cular b > 2. Let W, be the set of the elements of V', which belong to the connected component of
I‘Z ,(S7) which contains the vertex x. The set W, is a block for the action of K on V. In particular the setwise stabilizer H of

W, in K contains the point stabilizer C = Cg(x) = H1 <i<y Ca(s) ¥Sym(z;). We identify K with A 2 Sym(7): in particular

every element k € K can be written in the form k = (al, s a,)a with a; € Aand o € Sym(r) and themap 7 : k — ois
a group homomorphism from K to Sym(z).
Since C < H, we have C* =[], _,_, Sym(z;) < H”. The orbits of C™ are

O ={L..n}, L={n+L.,0+0} ., Q={t—1,+1,..,7}.

Let j € {2,...,u} and choose y; as in Lemma 4.3. It follows from Corollary 4.2 that y; = xXi for some k ; € K. In particular

k; . . k; . sy .
yj € WonW,’ so, since W, is a block, W, = W,’ and k; € H. Let 0; = k;.f : we have 0; = (1,i;) with i; € Q;. This
means that

Sym(r) = (03, ...,04,Sym (11),...,Sym (7,,) ) < (ks, ..., ky, C)™ < H”,

hence H” = Sym(t). We identify S with Inn(S) < A. Let z € A and consider k = (z,1, ..., 1) € K. Clearly XX = %, hence
k € H. But then H contains (z, 1, ..., 1) for every z € A: being H” = Sym(7), this implies that H = K.
Now we have V,, = xX = ¥ < W, hence W, = V, and I, (S7)is a connected graph. O

Let S = SL(2,2P) with p > 3. We are going to prove that

lim dlam(I‘* (Swa(S))) = o0,

p—0oo

for every pair a, b of positive integer. Let ¢ = 2P. We have |S| = (q2 - l)q and A = Aut(S) = S X (¢) with ¢ the Frobenius
automorphism. Note that, since p # 3, then p does not divide |S|; in particular (¢) is a Sylow p-subgroup of A. Given
k = (uy,..,u;)m € K < ArSym(t), let o) be the number of i € {1,..., 7} with u; & S.

Lemma4.5. Letk € K.

1L Ifk € C, then

S b
6% - % ifa+#1,
o
‘ 54! .
3. W otherwise.
2. Ifk € D, then
[S]¢ .
60 - ifb#1,
7= |S|€f—1
3. I otherwise.

Proof. It suffice to prove (1) (the argument for (2) is the same). Assume that s € S has the property that |C4(s)| is divisible
by p. By the Sylow theorem, ¢ € C4(5)* = C4(s%) for some a € A. It follows that s* € Cg(¢) = SL(2,2) = Sym(3). In
particular, exactly three of the representatives #y, ..., 7, for the A-orbits of S satisfy the condition that p divides |C4(#;)|.
More precisely we may assume:

Lm=1L
2. [pl=2and |Cs(m)| =p-q;
3. Insl =3and [C4s(m3)| =p-(q+1).
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First assume a # 1. We order the elements sy, ..., s, € S® in such a way that C4(s;) £ Sifand only ifi < 1. If i <[ and
$; = (21,24 ), then we may assume {zy, ..., 2, } C Cs(¢) = Sym(3). Hence

I <e6“. 4.1)

Moreover, if (s;,¢) and (s;,t*) are generating d-tuples for S which are not A-conjugate, then ¢ and ¢* belong to different
orbits for the action of C(s;) on S?, so fori € {1, ..., [}

NK S|P S|P
7; < 151 < 1517 and o <6%-. L (4.2)
[Ca(s))l p D

The case a = 1 follows with a similar argument, noticing thatifi < I, thens; € {771, 72, 173} and that [C4(n;)| < |S|/pq for
jef1,2,3} O

Theorem 4.6. Let S = SL(2,2P) with p > 3, assume that a < b are positive integers and let T = 7, (S).

1 Ifa # 1 and p is large enough, then

di * T |S|a_1
1am(I‘a,b(S )) > 760

2. Ifa = 1and p is large enough, then
di * T 2P
1am<1“1’b(S )) > Y 1.

Proof. By [22], the probability P(S) of generating a simple group with 2 elements tends to 1 as |S| tends to infinity. In
particular if p is large enough, then

S|4 |54t
T2 —— =
~ 2|A| 2p

(4.3)

Case 1: a # 1. First assume a # b. Let (%, y) be an edge of T'; ,(S7) with x € S** and y € SPT and let C = Cx(X),
D = Cg(y). We may identify the elements of V, with the right cosets of C in K and the elements of V;, with the right
cosets of D in K : there is an edge between Cx and Dy if and only if Cx N Dy # @. Assume in particular that our graph
contains the path (Cx;, Dy, Cx,): there exist ¢;, ¢, € C and d;,d, € D with

axp =diy, ©x;=dyy,
hence
X, = ¢, dyy = ¢;'dyd e X € CDCx;.

More generally if there exists a path of length 2r from Cx; to Cx, then

X, € CcDC..DC X1.
N—_——m—

r terms
Assume diam (T, ,(S7)) > 2r. By the previous paragraph
K=CDC..DC,
N—_— —

r terms



ACCIARRI AND LUCCHINI MATHEMATISCHE 1661

and in particular there exist ¢y, ..., ¢, € C and d,, ..., d,_; € D such that
(@,...,9) =codg ... cp_1dy_1Cp. (4.4)
However, by Lemma 4.5
cody - o1 dr_1¢p = (Wy, .o, w1 )

with w; & S for at most

b a 2 1)- 6% - b
(r+1)<6a-ﬂ>+r<6b-ﬂ>s(r+ )6 18]
P P P

choices of i. Hence

. Ra . b d-1
2r+1)-6%-|S| ZTZ|S|

p 2-p

and this implies

|S|a—1
2-69°

2r+1>

Now assume a = b. We may choose % = (x,...,x;) and y = (yy,...,y;) with the property: if (x;,y;) and (y;,x;) are not
A-conjugate, then there exist i* such that x; = y; and y; = x;. NowletJ = {i | (x;,y;) and (;, x;) are not A-conjugate }.
We have already noticed that there exists k = (al, s ar)a € K such that y = x¥ and X = y¥. Clearly k can be chosen so
that:

1. ifi € J, thenic =i*and q; = 1;
2. ifi ¢ J, then ic = iand (xi,yi)ai = (v, x;).

a? a?
Ifi ¢ J, then x;' = x; and y," = y;, hence, since S = (x;,y;), we have al.2 = 1. Since 2 does not divide |A/S| = p, it
must be a; € S. We can conclude that a; € S for each i € {1, ..., 7}. By [11, Cor. 5.2], there exist r < diam(FZ,a(ST)) and
¢; = (U, ..., uir)o; € C such that (¢, ..., ) = cokcy ... ke,. On the other hand, by Lemma 4.5

cokey ... ke, = (wy, ..., wr)p

with w; & S for at most

(r+1)-64
choices of i. Hence
|S|* |S|4-1
(r+1)-6%- >T>
p 2p
and this implies
r+1> lsla_l
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Case 2: @ = 1. The case a = b = 1 is considered in [12, Thm. 5.4] so we may assume a # b. The argument is similar to the
one used in Case 1. Indeed again we can say that (¢, ..., ) = cody ... ¢,_1d,_;1 ¢, and so, by Lemma 4.5,

S|d-1 S 2r+1)-3-|S|91
(r+1)<3-| | >+r<6d1-u>s(r+ )3 15]
pq p pq

choices of i. Hence

(2r+1)-3-|s]4! |S]9-1
2T 2
pq 2-p
and this implies
q
> =.
2r+12> 3

We conclude this section with the following application of Theorem 4.4.

Theorem 4.7. Assume that G is a direct product of finite non-abelian simple groups and let a, b nonnegative integers with
a+b > d(G). Then FZ b(G) is connected.

Proof. Assume G = S'fl X --- X S/ with Sy, ..., S, pairwise non isomorphic nonabelian finite simple groups. We prove our
statement by inductiononr.Letd = a+ bandletr; = 74 (Si ) We have that Sl."i is an epimorphic image of S:i, so il follows
from Theorem 4.4 and Lemma 2.8 that I" | (Si""> is connected. In particular our statement is true if r = 1. Suppose that
r>2andletl’; = Fng (Sf Tx e x Sf:‘ll ) and T, = Fng (S:L " ) By induction I'y and I, are connected graphs. If a = b, then

I'; and I'; are not bipartite, so by [35, Thm. 1] we conclude that I' , (G) = I'; X I'; is connected. Suppone a # b. In this
’ a b
case I'; is a connected bipartite graph, with two parts A C (S'l1 XX Sfff) and B C <S;1 XX Sfff) and T, isa

a
connected bipartite graph, with two parts C C <S:l " ) and D C (S;1 " ) . It can be easily seen that I, , (G) can be identified

with the subgraph of I'; X I'; induced by (A X C) U (B X D). Now let (x,y) be an edge of I';, with x € A and y € B. The
subgraph of I‘Z b(G) induced by ({x} x C) U ({y} x D) is isomorphic to I',, hence is connected. Since this is true for every
egde of I'; and I'; is connected, we immediately conclude that PZ b(G) is connected as well. O

5 | PROPERTIES OF G THAT CAN BE RECOGNIZED FROM THE GRAPHS FZ b(G)

In this section we will denote by A(G) the collection of all the connected components of the graphs I, ,(G), for all the
possible choices of a < b in N. However, for each of this graph we don’t assume to know from which choice of a, b it arises.
In particular A(G) contains lot of graphs just consisting of only one vertex and with no edge. From these graphs we cannot
recover any information, so we may restrict our attention to the collection A*(G) of all the connected components of the
graphs Fz’b(G), for all a, b € N. We deal with two questions:

Question 5.1. Given a graph I' € A*(G), can we determine the integers a, b such that I is a connected component of
r* (G)?
a,b

Question 5.2. Which information on G can be deduced from the knowledge of A*(G)?

We already noticed that a graph T' € A*(G) can contain loops: we will denote by I the graph obtained from I by deleting
the loops. In this way we produce a new collection A*(G) of graphs. In this section we will also prove that A*(G) can be
reconstructed from the knowledge of A*(G) which means that we do not lose information if we remove all the loops from
the graphs (see Corollary 5.7).
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Since a bipartite graph has a unique partition (up to switching the two sets) if and only if it is connected, Corollary 2.7
tell us that when a # b, each connected component I'’ | (G) is a bipartite graph whose unique partition has two parts,

namely V, and V, corresponding to elements of G* and G respectively. Note that if a + b = d(G) and G is not soluble,
then we do not know whether I‘Z,b(G) is connected.

The generating properties of cyclic groups are quite peculiar and exceptional from many points of view. As a result of
this, one is immediately able to decide from the knowledge of A*(G) whether G is cyclic.

Proposition 5.3. From the knowledge of either A*(G) or A*(G) we may recognize whether G is cyclic, and, when G is cyclic,
determine |G]|.

Proof. The case G = 1 is uniquely characterized by the fact that A*(G), and consequently A*(G), contains infinitely many
copies of the complete graph K,: indeed F;, b (G) = K, for every positive integer b. Now assume that G is a non-trivial cyclic
group: only in this case A*(G) contains two stars (corresponding to F(*)’l(G) and FS’Z(G), respectively) with the property
that there is no bipartite graph in A*(G) with the same number of edges. If we imagine removing the loops, then we can
still recognize the cyclic groups since we have two situations: either we see only two stars of type K ;, or we still see two
stars with no bipartite graphs with the same number of edges. In the former case the group is C, and in the latter one it
is any other cyclic group of order greater than two. Once we know that G is a non-trivial cyclic group, we consider all the
stars in A*(G) sorted by the increasing number of leaves u;, for i > 0: they correspond to the graphs Fg’i +1(G). Note that
FT’Z(G) is the only bipartite graph in A*(G) with u, edges and |G| is the cardinality of the smallest set in the partition of

I, (G). O

Since we can identify the cyclic groups, from now on we assume, without lost of generality, that d(G) > 2. By Lemma 2.3
a graph I € A*(G) is either bipartite or contains a 3-cycle. There is a loop around a vertex x = (xl, s xr) if and only if
G = (X, ..., x,) and I is not bipartite. In this case x is adjacent to all other vertices of I'; ,(G). We want to analyse in which
other cases a vertex of a graph in A*(G) can have this last property.

Theorem 5.4. Let G be a non-cyclic finite group. Assume that there exists I' € A*(G) containing a 3-cycle and a vertex x
which is adjacent to all the other vertices of T. Then either there is a loop in T around x or d(G) = 2 and G is isomorphic either
to the Klein group or to the dihedral group D, for some odd prime p.

Proof. Assume that x = (xl, X5y e xr). Since T contains a 3-cycle, it is a connected component of F;k,,(G), forr > 1.In

particular there exists y = (yy, ..., ;) such that G = (X1, X3, ..., Xy, Y1, e, Vr ).
First assume r > 2. If x has at least two distinct entries, say x; and x; with i < j, then

x* = (xl;--- ’xja ’xi"" ’xr)

is also a vertex of I, since it is adjacent to y. Hence x is adjacent to x* and G is generated by the r elements x1, ..., x,: in this
case we have a loop around x. If x; = --- = x, and x; # 1, then again x* = (xl, 1,.., 1) is adjacent to y and consequently
to x and this implies that G is cyclic. Finally if x = (1, ..., 1), then any tuple of type (z, 1, ..., 1), with z € G, is adjacent to
¥ and consequently to x and again G is cyclic.

Now assume r = 1. As a consequence I' is a connected component of the generating graph Pf’l(G) and d(G) = 2. Since x
is a non-isolated vertex, there exists y such that G = (x, y). First of all observe that x must have order 2, otherwise also x !
would be adjacent to y and, in particular to x, contradicting the fact that G is 2-generated. If x is not the unique involution
in T, then G is generated by two involutions and so it is a dihedral group. Otherwise, since the element x” also generates
G with y, we have x = x”. Therefore x belongs to x € Z({x,y)) = Z(G) and, consequently, G is abelian and ' = Fil(G).
Since G is not cyclic, we must have that (x) has a cyclic complement, say H, in G and that |H| is even: but in this case H
contains an involution, say z, such that xz is a non-isolated involution, contradicting the uniqueness of x.

We have so proved that G is isomorphic to the semidirect product of (x) ~ C, with (t) ~ C,,, for some integer m. If
a prime p divides m, then the element xt? generates G together with ¢. This implies x = xt? (otherwise xt? would be
adjacent to x). Hence tP = 1and n = p. If p = 2, then G = C, X C,, otherwise G = D,,.

Note, conversely, that if either G = C, X C, or G = D), then any involution of G is adjacent to all the other vertices of

[11(6). (|
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Corollary 5.5. Let G be any non-cyclic group which is isomorphic neither to C, X C, nor to Dy, for any odd prime p, and let

I' € A*(G). There is a loop around a vertex x of T if and only if T contains a 3-cycle and x is adjacent to all the other vertices

of T.

Due to the exceptional behavior of the loops in I' € A*(G) when G is either C, X C, or D,), it is useful to be able to
determine from A*(G) whether or not we are in one of these cases.

Proposition 5.6. From the knowledge of either A*(G) or A*(G) we may recognize whether G is isomorphic either to the Klein
group or to the dihedral group D, for some odd prime p, and, in that case, determine |G|.

Proof. Tt follows from Theorem 5.4 that G is either the Klein group or the dihedral group D, ifand only ifevery I' € A*(G)
containing a 3-cycle contains also a vertex adjacent to all the other vertices. In this case G is the Klein group if and only if
A*(G) contains the complete graph K. If K3 is not in A*(G), then G = D), for some p. In order to determine p, we consider
all the stars in A*(G) : they correspond to FS’V(G) = Ky g, (r)» With r > 2: so we may determine ¢¢(2) = min,»;, ¢5(r). On

the other hand
1 1
—an2(1_2% _ =

which is an injective function on p, whenever p > 2. Hence by the knowledge of ¢5(2) we recognize p and
consequently |G]|. O

Corollary 5.7. Let G be a finite group. We may determine A*(G) from the knowledge of A(G).

Proof. By Propositions 5.3 and 5.6 we may assume that G is neither cyclic nor dihedral of order 2p. But then, by Corol-
lary 5.5, assuming that we have removed all loops in advance, we can easily recognize which vertices have a loop around
and put them back. O

Definition 5.8. Given I' € A*(G), let e(I') be the number of edges, excluding the loops, I(T') be the number of loops and
set »(T') = 2e(T") + I(T') if T contains a 3-cycle, »(I') = e(T") otherwise.

Proposition 5.9. Let G be a finite group. We may determine d(G) from the knowledge of A*(G).

Proof. By Proposition 5.3 we may assume d = d(G) > 2. We consider all the stars in A*(G) sorted by the increasing number
of leaves u;, for i > 0: they corresponds to the graph FS’ d( G)H(G) fori € N. If I" is a connected component of Fz,b(G) and
a+b=d, then »(I') < uy. On the other hand if a + b > d, then, by Corollary 2.7, T = Fz,b(G) is connected and
v(T) =ugyqp—_g- Let Q be the subfamily of A*(G) consisting of the graphs I' with »(I') = u;. Depending on the parity of

d + 1 we have the following two situations:

1. Qcontains Fo*, d +1(G) = Ko, > other bipartite x = [%] graphs not isomorphic to the star K, ,,, and no graph containing

a 3-cycle.

0,d+1
containing a 3-cycle.

2. Qcontains I’y ;. ,(G) = K, , other bipartite x = [%] graphs not isomorphic to the star K, ,,, and exactly one graph

In the former case d + 1 is odd and d = 2x. In the second case d + 1 is even and d = 2x + 1. O
The following definition is useful to deal with Question 5.1.

Definition 5.10. Let G # 1 be a finite group and let I' € A*(G). We say that T has level ¢ if there exist a, b such that
t = a+bandT is aconnected component of T , (G).

The following lemma says that this is a good definition.
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Lemma 5.11. Let G # 1 be a finite group. If T € A*(G), then the level of T is uniquely determined.

Proof. Put d = d(G) and assume that T'; , +i(G) has u; leaves for i > 0. Let I' € A*(G). If »(I') < uy, then I has level d.
Otherwise v(I') = u; for some positive integer i and I has level d + i. O

Lemma 5.12. Let G # 1 be a finite group. Let a + b > d(G) and let V, and V}, be the two parts of the bipartite graph T, , (G)
corresponding to elements of G* and G?, respectively. Ifa < b then |V,| < |Vp|.

Proof. Forany x = (xy,...,X,) € V,,, there exists a generating (a + b)-tuple z = (21, ..., Z44) for G such that x; = z; for
1<i<a.Wehavey = (z),...,2,) € V), since its entries generate G together with the a-tuple (zp1, ..., Zy4p ). We define
an injective map ¢ : V, — V}, by setting ¢(x) = y. Assume by contradiction that ¢ is surjective. It can be easily seen that
this implies that every x € V, has degree 1in I‘Z’b(G). By Lemma 2.4 this is possible only when G = 1. [

Now we can give the following answer to Question 5.1.

Proposition 5.13. Let G # 1 bea finite group. If T € A*(G) haslevel at least d(G) + 1, then there exists a uniquely determined
paira < b such that T = I‘Z b(G).

Proof. Letd = d(G) and assume that T has level r = d + i with i > 1. We easily recognize the star I'j .(G) and, if r is even,
r o /2(G) which is the unique graph, at that level, containing a 3-cycle. Now we want to sort somehow all the bipartite
graphsI"” (G),with1l <a <r/2andb =r — a.Inthiscase I} | (G) is a bipartite graph with the unique partition given by
the two sets V, and V}, and, as we have seen in the previous lemma [Val < [Vp]. We claim that |V, | < |V 41| whenever
2a < r — 2. Itis enough to construct ¢ : V, — V,,; which is injective but not surjective. For any x = (xl, a) eV,
there exists y = (y1,...,¥y) € V}, such that G = (x, ..., X4, Y1, ... , ). Therefore the (a + 1)-tuple (xy, ..., x4, ;) is obvi-
ously an element of V', 1, since it generates G with the tuple ( Yoy s Vb ) We set p(x) = (xl, s X V1 ) The map ¢ defined
in this way is clearly injective. As in the proof of the previous lemma, it can be easily seen that ¢ is not surjective. O

The remaining part of this section is devoted to collect answers to Question 5.2.
Proposition 5.14. Let G be a finite group. We may determine |G| from the knowledge of A*(G).
Proof. By Proposition 5.9 we may determine d = d(G). Moreover by Lemma 5.11 and Proposition 5.13, we may identify
the graph I' = F* 4(G), which is a bipartite graph with a unique partition in two parts. The two parts are V; and V. By
Lemma 5.12 |G| = |V;]| < |V4l. O
An immediate consequence of the results in this section is:

Theorem 5.15. Let G be a finite group. We may determine P(s) from the knowledge of A*(G).

Corollary 5.16. Let G be a finite group. From the knowledge of A*(G) we may determine whether G is soluble, whether G is
supersoluble and, for every prime power n, the number of maximal subgroups of G of index n.

Proof. If we know A*(G), then we know Ps(s) and so we may deduce whether G is soluble ([13, Thm. 5]), whether
G is supersoluble ([14, Cor. 6]) and for every prime power n, the number of maximal subgroups of G of index n
([14, Cor. 18]). O

Although several properties of G can be recognized by the knowledge of the coefficients of the Dirichlet polynomial
P;(s), this is not always the case. For example we cannot deduce from P (s) whether G is nilpotent. Consider for example
G; = C¢ X C3 and G, = Sym(3) X Cs. It turns out that

wirenn (-3)(-4)(-3)
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We want to show that nevertheless A*(G) encodes enough information to decide whether G is nilpotent. Before proving
this result, we need an auxiliary lemma.

Lemma 5.17. Leta = (ay,...,a, ), B = (by, ..., bs) be two sequences of prime integers, with a; < --- < a, and by < --- < by.

If

then a = .

Proof. By induction on r + s. We have
Tl ® -1 =]]@-v]]b; (5.)

Let p = max{ay,..,a,,by,..,bs}, r* =max{i| a; # p}, s* =max{j | b; # p}. Since p does not divides a; — 1, b; — 1,
divides q; if and only if i > r* and divides b; if and only if j > s, we deduce that r — r* is the multiplicity of p in the left

term of (5.1) and s — s* is the multiplicity of p in the right term of (5.1). In particularr — r* = s —s*and a;+,; = --- = a, =
bg,1 = --- = by = p. But then
)=I(C-5)
1-—)= 1-—),
and we conclude by induction. [l

Theorem 5.18. Let G be a finite nilpotent group. If H is a finite group and X{H) = A*(G), then H is nilpotent.

Proof. Let G be a finite nilpotent group. For every p € 7(G) let d, = d(P) where P is a Sylow p-subgroup of G. For every
nonnegative integer & consider the Dirichlet polynomials

Qs = [I (1—%) 0ps® =[] <1—%>.

0<i<o-1 1<i<é

We have

Pos)= [] Qpa, -

pen(G)

Since A(H) = A*(G), it follows from Theorem 5.15 and Corollary 5.16 that Py (s) = Pg(s) and that H is a finite supersoluble
group with d(H) = d(G) = d. By Lemma 5.11 and Proposition 5.13 in A{H) = A*(G) we may uniquely identify the graph
A= F;‘, d(G) = F’lk’ d(H ): it is a bipartite graph whose partition has two parts V; and V; such that |V;| = |G| = |H|. We are
going to use the knowledge of the degrees of the vertices of V; to deduce that H must be nilpotent.

Since H is supersoluble, H = H/ Frat(H) can be written in the form
H = H/ Frat(H) ~ (W{1 X oo X W{’) X X,

where X is abelian, [W;| = p; for a suitable prime p; and each W; is non-central. For every p € 7(X), let§, = d(Q), where
Q is a Sylow p-subgroup of H. By [18, Satz 2], we have

Pu)= [ @ps,® [] Qo (®-

pen(X) 1<i<t
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Let 7 = {py,..., pz}. Since Pg(s) = Py(s), by [14, Lemma 16] we deduce that the primes p;, ..., p; are pairwise distinct,
d, =ri+1landé, =1forl <i <t Moreoverd, =6,if p € n(G) \ 7.

Ifw= (gl, ,gd) € GY corresponds to a non-isolated vertex of A, then the degree of w in A is &, = |G|P5(S, 1), with
S =(gy,..-,8q) (here we denote by P5(S, 1) the probability than a randomly chosen element of G generates G together
with S). Notice that P;(S, 1) = Pg(S Frat(G), 1) = Pg /s pray(c)(1) S0 there exists a subset 7, of 7(G) such that

5,=161 T] (1-%) -vi 1 <1—%>. (5.2)

pEm, pemr,

In order to conclude that H is nilpotent, it suffices to prove that 7 = { Dis - pt} = @. Assume, by contradiction, 7 # @,
and let ¢ = p;. We have X = Y X Q, where Q, the Sylow g-subgroup of X, is cyclic. Let K be a subgroup of H such that

X = K/ Frat(H) = (W;I_l X oo xW{f> X Y.

It can be easily seen that d(K) < d(H) =d. So there exists (hy,...,h;) € H? such that K = (h,, ..., hy) FratH. Let
a = (hy,...,hy). We have

2
_ 1
8 = |H|Py ((hyy o hg)s1) = V1 |P5 (K,1> - |V1|<1 - E) :

We deduce from (5.2) that there exists 7 C 7(G) such that

I(C-5)-0-3)

in contradiction with Lemma 5.17. O

Another piece of information that we cannot recover from the knowledge of |G| and P(s) is the order of Frat(G). For
example consider

G =(x,y|x=1y*=1,x" =x?)
and

Gy=(x,y|x*=1y*=1,x" =x*).
We have |G| = |G;,| = 20 and

however Frat (G;) = 1 and Frat (G,) = (x?). This motivates the following proposition.
Proposition 5.19. Let G be a finite group. We may determine | Frat(G)| from the knowledge of A*(G).

Proof. Since G is finite, there exists § € N such that d(H) < 6 for every H < G. Let t > § and consider the graph Fit(G)
(we may identify this graph by Lemma 5.11 and Proposition 5.13). In V; there are some vertices (the ones corresponding
to the generating t-uples of G) that are adjacent to all the vertices in V. We remove these vertices and the edges starting
from them. We obtain a new bipartite graph in which some vertices of V; are isolated: let Q; be the set of these vertices.
Notice that (g) € Q, if and only (g, x1, ..., X;) # G whenever (X, ..., X;) # G. Since d(H) < t for every H < G, we deduce
that (g) € Q;, if and only (g, H) # G whenever H # G. In other words (g) € Q, if and only if g € Frat(G). We conclude
that we may determine n = | Frat(G)| from the fact that |Q;| = n if ¢ is sufficiently large. O
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Corollary 5.20. Let G be a finite non-abelian simple group. If H is finite group and N(H) = A*(G), then H = G.

Proof. By Theorem 5.15 Pg(s) = Py(s), hence H/ Frat(H) = G by [32, Thm. 1]. Moreover, by the previous proposition,
| Frat(H)| = | Frat(G)| = 1, hence H = G. [l

Lemma 5.21. Assume that A*(G) is known and let a,b be a pair of nonnegative integers. If either a + b > d(G) or
a+ b = d(G) and G is soluble, then we may determine the graph T'; ;, (G / Frat(G)).

Proof. Let f = | Frat(G)|. Under our assumptions we know that Fz,b(G) is connected. First assume a # b : Fz’b(G) isa
bipartite graph with |V, | 4 |V}| vertices, while I'; ,(G) has |G| + |G|? vertices. In particular, 'y »(G) is uniquely deter-
mined from Fz’b(G): it suffices to add |G|* — |V,| + |G|? — |V, isolated vertices. Similarly, if a = b, then I'yp(G) can
be obtained from Fz,b(G) by adding |G|® — |V| isolated vertices to the set V of the vertices of Fz’b(G). In both cases we
note thatif (x;, ..., X4, y1, > ¥p) = G, then (x,ay, ..., XqQq4, Y11 -, YuPp) = G forevery a;, §; € Frat(G). We may consider
the following equivalent relations in I'; ,(G) : w; ~; w, if and only if w; and w, have the same neighbourhood in the
graph; w; = (xy,...,x,) ~3 (¥1,--,¥,), wWithy € {a, b}, ifand only if for any j there exists f; € Frat(G) with y; = x; f;. For
every vertex x = (xp, ..., xy) of T (G), the equivalence class Q, = [x]., is the disjoint union of |Q,|/f7 ~,-equivalence
classes: we obtain I'; ,(G/ Frat(G)) from I, ,(G), by deleting from every equivalence class Q, precisely |Q,|(1 —1/f7)
vertices. |

By the previous results, at least in the case of finite soluble groups, the knowledge of A*(G) is equivalent to the knowl-
edge of A{G/ Frat(G)) and | FratG|.
From what we proved in this section, a question naturally arises:

Question 5.22. Assume that G is a (soluble) group with Frat(G) = 1. Is G uniquely determined from A*(G)?

The answer is negative. Indeed, consider the following example. Let C; = {(x;) and C, = (x,) be two cyclic groups of
order 5 and let V; = (ay, by), V, = (a,, b,) be two vector space over the field with 11 elements. We define an action of C;
on V; in which x; takes a; to 3a; and b; to 4b;, and an action of C, on V, in which x, takes a, to 3a, and b, to 5b,.
The semidirect products G; = V; X C; and G, = V, X C, are both of order 605. It is easy to see that G; 2 G,, since every
element of C; has determinant 1 while this is not true for C,. For j = 1,2 let Wy ; = (a;), W, ; = (b;) and let 7; ; be the
projection G; — G;/W; ;. We now construct a bijection 7 : G; — G, in the following way:

» weset7((aa, + by )x]) = (aa, + Bb,)x} ify = 0,1 mod 5;
* letg = (axa, + Bb;)x] withy # 0 mod 5. There exist a*, 8* (depending on a, 8,) such that g = ((a*a, + ,B*bl)xl)y.
, , %
We set g7 = ((a*ay + B*by)x,)".

Fori € {1,2}, r induces a bijection 7; : G;/W;; = G,/W;,. We have

<gf7fz,2> = <g”i,1>fi_ (5.3)

We claim that <g1, ,gd> = G; if and only if <g{ ,g2> = G,. Clearly this claim implies that 7 induces a graph
isomorphism between T, ,(G;) and Ty, (G,) for every pair a,b of nonnegative integers. To prove the claim notice
that (y;,...,yq) = G; if and only if <yfi’j,...,y§i’j> =G;j/W,; for i €{1,2} and that <yfi’j,...,ygi‘j> =G;/W,; if and
only if there exist k;, k, with <yl7;u> + <yl7;u> So assume (g, ...,84) = G; and fix i € {1,2}. There exist k;, k, with

<g,7;i’1> # <g]7;i’1 > It follows from (5.3) that

T; T;
Tﬂi,Z _ 77.'1"1 t ﬂi,l t _ Tﬂi,Z
(o) = () # () = (e
and so we conclude <g{ ,gé) = G,.

We conclude by observing that most of the arguments in this section use only part of the information given by the
family A*(G). In particular it seems a natural question to ask whether a smaller family of graphs can efficiently encode
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the generating property of G. In some crucial steps of the proofs of our results (for example in the proof of Theorem 5.18
and Proposition 5.19) a decisive role is played by the graphs I} ,(G). So a good candidate to consider seems to be the family

AJ(G) of the connected components of the graphs I"f’t(G) for t € N. We assume AT(G) = {Ak } reny’ where the graphs are
enumerated in such a way that v(Ay) < v(Ag4, ) for every k € N.

Theorem 5.23. Assume that the family AT(G) is known. We may determine |G|, d(G), P¢(s) and | Frat(G)|. Moreover, we
may recognize whether or not G is soluble, supersoluble, nilpotent.

Proof. If G is cyclic, then Ay = I'] [(G) is a non-trivial connected graph containing a vertex of degree 1, while, by Lemma 2.4,

if G is not cyclic none of the graphs {Ak} ren €30 contain a vertex of degree 1. So we may recognize from Aj(G) whether
G is cyclic. Therefore, from now on we will assume that G is not cyclic.

Let d = d(G). There exists 7 € N such that A, ..., A, are the connected components of Ff 4—1(G). By Corollary 2.7, for
k > v we have A = F‘i d+k—r—1(G). We need to recognize 7. Notice that if k > 7, then A is a bipartite graph with one of
the two parts consisting precisely of |G| vertices and the second part containing a subset of ¢5(d + k — 7 — 1) vertices
connected to all the vertices of the first part. We claim that A, does not behave in this way whenever k < 7. If d = 2, then
none of the connected components of I'; ;(G) is bipartite. So we may assume d # 2. Assume by contradiction that there
exists a connected component of F’f’ 4—1(G), say A, which is a bipartite graph with two parts A and B such that |A| = G and
at least one vertex in B is connected to all the vertices in A. Since (1) is an isolated vertex of 'y ;_1(G), it mustbe A C Gi-1

and B C G. Let (x) € B be a vertex connected to all the vertices of A. Fix (gl, ,gd_l) € A. Since

(x,gl,...,gd_1> = (x,glx,gz,...,gd_1> = <g1’g1x’g2’---’gd—1> = (gl,x,gz,...,gd_1>

we have (X, g3, ..., 84-1) € A, hence (x) and (x, g, ..., g4—1 ) are adjacent, but this would imply G = (X, g5, ..., g4_1 ), hence
d(G) < d — 1, a contradiction.

Once 7 has been determined, we have that |G| is the cardinality of the smaller part in the bipartite graph A, for any
choice of k > 7. Alternatively, we may notice that

- v(At1) _ o $ed+k—T+1)
k—o0 V(Ak) k—co ¢o(d+k—1)

=[G

We can also determine d(G), since v(Ak) =¢o(d+k—1) ~ |G| ifkis large enough and so
d = lim logig (v(Ak)) —k+.

But now we know Pg(k) for every positive integer k # d(G) and this is enough to determine the Dirichlet polynomial
Ps(s). In particular we may recognize whether G is soluble, supersoluble, nilpotent (for this we repeat the argument in
Theorem 5.18). Moreover we may determine |Frat(G)| (same proof as Proposition 5.19). O

6 | GENERALIZING SOME DEFINITIONS AND RESULTS FROM [7]

The following equivalence relation =, was introduced in [8, Sect. 2]: two elements are equivalent if each can be substituted
for the other in any generating set for G. By [8, Prop. 2.2], x =, y if and only if x and y lie in exactly the same maximal
subgroups of G. We then refine this to a sequence EEQ of equivalence relations by saying that, for any positive integer r,
x s;? y if and only if

(Vzy,.nz1 €G) (((x,21,.,2,-1) = G) © (¥, 21, ... 2,-1) = G)).

Notice that x EST? y if and only if (x) and (y) have the same neighbours in the graph I'; ,_;(G). In particular, I'; ,_1(G)

determines the number of classes for the equivalence relation z;? and the sizes of these classes. The relations zg? become

)
-—m

finer as r increases. We define a group invariant (G) to be the value of r at which the relations stabilise to =,. If
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G is soluble then ¥(G) € {d(G), d(G) + 1} (see [8, Cor. 2.12]). Furthermore, in general d(G) < ¥(G) < d(G) + 5 (see [8,
Cor. 2.13]), however no example is known of a finite group G for which ¥(G) > d(G) + 1. For r > 1(G), we have that (x)
and (y) have the same neighbours in the graph I'; ,_;(G) if and only if x =, y. In particular from the knowledge of the
family of graphs {Fl’r_l(G)}reN we may determine the precise value of (G).

Given a subset X of a finite group G, we will denote by dx(G) the smallest cardinality of a set of elements of G generating
G together with the elements of X. In [8, Def. 2.15] the following notion is also introduced: a finite group G is efficiently
generated if for all x € G, d(,;(G) = d(G) implies that x € Frat(G).

Proposition 6.1. Assume that the family Aj(G) = {FT r—l(G)} is known. We may deduce whether G is or not effi-
’ reN
ciently generated.

Proof. First, by Theorem 5.23, we may determine d(G), |G| and |Frat(G)|. Moreover, inside the family A](G), we may iden-
tify the connected components of Fi d(G)—l(G) and consequently we may count how many of the vertices of I'y 4(5)-1(G)
corresponding to 1-tuples are isolated. Let w be the number of these vertices: G is efficiently generated if and only

|Frat(G)| = w. O
Corollary 6.2. Assume that the family AT(G) is known. If G is soluble, then we may determine (G).

Proof. Assume that G is a finite soluble group. By [8, Cor. 2.20], (G) = d(G) if G is efficiently generated, (G) = d(G) + 1
otherwise, so the conclusion follows immediately from the previous proposition. O

Generalizing a definition given in [8] for 2-generator groups, we say that a finite G has non-zero spread if (g) is not
isolated in the graph I'y 4()-1(G) for every g # 1. Moreover we define an equivalence relation = on the elements of G
by the rule x =p y if (x) and (y) have the same set of neighbours in the graph I'y 45)-1(G). The following statements
generalize [8, Prop. 4.5] and [8, Thm. 4.6] and can be easily proved.
Proposition 6.3. Let G be a finite group. Then the relations =r and Eg)
is equal to =r if and only if P(G) < d.

on G coincide; hence =, is a refinement of =r, and

Theorem 6.4. Let G be a finite group with d(G) = d.

(1) G has non-zero spread if and only if G is efficiently generated and has trivial Frattini subgroup.
(2) If G is soluble and has non-zero spread, then P(G) = d.

Assume that G is a finite group with non-zero spread and let d = d(G). If N is a non-trivial normal subgroup of G, then
d(G/N) < d (otherwise we would have d;,,,(G) = d for every y € N). So G has the following property:

(%) every proper quotient can be generated by d — 1 elements, but G cannot.

When d(G) = 2, groups with non-zero spread are also called Z—generated. In [3], Breuer, Guralnick and Kantor make

the following remarkable conjecture: a finite group is g-generated if and only if every proper quotient is cyclic. In our
terminology we could propose the following more general conjecture:

Conjecture 6.5. A finite group G has non-zero spread if and only if G satisfies the property ().
The groups with this property (x) have been studied in [13]. By [13, Thm. 1.4 and Thm. 2.7], there exists a monolithic
primitive group L and a positive integer ¢ such that G = L, and d(L,_;) < d(L,) (setting L, = L/ soc(L)). This motivates

the following question:

Question 6.6. Let L be a finite monolithic primitive group and t € N. Assume that G = L, and d(L,_;) < d(L;). Does G
have non-zero spread?
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The remain part of this section will give an affirmative answer to the previous question.

First assume that N = socL is nonabelian. If t =1 then by [29, Thm. 1.1] d = d(G) = d(L) = max(d(L/N),2) <
max(d — 1,2), hence d = 2 and Question 6.6 has an affirmative answer by Theorem 1 in [7]. Suppose ¢ # 1 (and con-
sequently d # 2) and let x = (I,In,, ..., In;), with | € L, n; € N, be a non-identity element of G = L,. Since d(L,_,) < d,
thereexist y; = (I, imy 2, o, imyy—1)s s Va1 = (la—1, la—1Ma—12, > lg—1Mg_1 -1 ) such that L,_; = (y1,..., y4_1). This
is equivalent to say that the rows of the matrix

L L, Iy
A= Limy, Lm,, lg_img_1,
hmy, oy bmy g o lgoimgq

are generating (d — 1)-tuples of L which belong to distinct orbits with respect to the conjugacy action of C = Cpy.(L/N).
Since x is a non-identity element of G, there exist i € {2,...,t} and n in N such that [" # In;. Up to reordering, we may

assume i = t. Let )71 = <119 llml,z, ey llml’,_l, l?), wee sy j}d—l = <ld_1, ld_lmd_l’z, . ld_ln’Id_Lt_l, lg_1>. We claim that Lt =

(P15 - » Vda—1,X). This is equivalent to say that the rows of the matrix

L L, ly_q l
3 Limy Lm,, li_ymg_q, In,
A= : : : :
hmyy bmy, oy o lgoymgq,q Ingy
l;‘ l;‘ ls_l In,

are generating d-tuples of L which belong to distinct orbits with respect to the conjugacy action of C = Cpy1(L/N).
The way in which A has been constructed ensures that the first t — 1 rows of A satisfy the requested properties. We
have only to prove that the last row cannot be C-conjugate to one of the first t — 1 rows. Suppose i € {2,...,t — 1} : since

(L, Ly, s lg—1) and (Iymy 4, Lmy g, ... lg_ymy_y ;) are not C-conjugate and n € C we deduce that also (lf 0.0, ln,)
and (llml,,-, Lmy, . ly_ymg_q, lnl-) are not C-conjugate. Finally assume by contradiction that there exists y € C with

(... 0, n) = (ll,...,ld_l,l)y. Since (I, ...,l4_1) = L, we have C¢(1ly,...,1;_1) = 1, hence n = y and consequently

In, = 1", a contradiction. So we have proved that Question 6.6 has an affirmative answer when soc(L) is nonabelian.
Now assume that N =socL is abelian. We have L = N X H, where H is an irreducible subgroup of Aut(N) and

d(H)=d(L/N) <d—1.Asusual,let F = Endy N, q = |F|,n = dimg(N), m = dimp(Der(H, N)). Let 6, ..., §,,, be a basis

of Der(H, N) as an F-vector space. For each h € H consider the matrix A, € M,,»,,(F) defined by setting
61(h)
Ah = .
Sm(h)
The following is an immediate consequence of [26, Prop. 5].

Lemma 6.7. Suppose that H = (hy, ..., hy.) and let u be a positive integer. Let w; = (wi,l, s wi’u) € N'with1 <i<kand
let

The following are equivalent.

1. L, = N' X H = (hwy, ..., hwy);
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Ay .. Ay
2. k ! k) = t.
ran (31 . B, > m+

In particular, d(L;) < k ifand only if m + t < kn.

In our case d(G) = d(L;) =d but d(L,_,) <d -1, since L,_; is a proper epimorphic image of L, : by the previous
lemma we musthavem +t —1=(d — 1)ni.e.,

t=(d-1Dn—-m+1.

Now assume that x := h(vl, s vt) is a non-identity element of L,. Fix hy, ..., hy_; such that H = (hy, ..., hy_;). There
exist w; € N'=!, for1 <i <d —1,such that L,_; = (hyWy, ..., hy_W4_, ), in other words

A . Ay )
det( ha-1) 20, 6.1
<31 w By, ©.D

We claim that there exist u, ..., uy_; € N such that

L[ = <h(vl, ey UI)’ hl (Lf)l, ul), ey h’d—l (wd_l, ud_l) > (62)
Set
U1
B=| :
U1

By Lemma 6.7, (6.2) is equivalent to

A A A
rank| B B, .. Bygl=d-Dn+1=m+t. (6.3)
U U Ug—1
Since x # 1, we have
Ay
X:=|B |40
Ut

In particular, at least one column of X is a non-zero element of M, 1(F). Let us write such a column in the form

()

Ap . A >
Z L= _ 1 - d-1 .
< B, .. By,
By (6.1), C is a linear combination of the columns of Z. If y # 0, then

det<c Z>;é0,
y O

withC € M, 11(F)andy € F. Let
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so we are done if we choose u; = --- = uy_; = 0. If y = 0, then C is a non-zero matrix, so, denoting by Z; the i-th column
of Z, there exists (0, ..., 0) # (1, ..., Ag-1)n) € F4™V" such that ¥, 1,Z; = C. Choose (a;, ..., &(g-1)) € F{471" such that
2 Ao # 0. If we choose

u, = (Cfl, wee sy OCn), U, = (CC,,H_l, 70‘2}’[)’ ey Ugq = (a(d_z)n+1, . C((d_l)n),
then

VA

det<C > #0.
0 Ug—1

Summarizing we proved:
Proposition 6.8. The answer to Question 6.6 is affirmative. As a consequence Conjecture 6.5 is true.
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