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NONLINEAR STARK-WANNIER EQUATION

ANDREA SACCHETTI

ABSTRACT. In this paper we consider stationary solutions to the nonlinear
one-dimensional Schrodinger equation with a periodic potential and a Stark-
type perturbation. In the limit of large periodic potential the Stark-Wannier
ladders of the linear equation become a dense energy spectrum because a
cascade of bifurcations of stationary solutions occurs when the ratio between
the effective nonlinearity strength and the tilt of the external field increases.

Ams classification (MSC 2010): 35Q55, 81Qxx, 81T25.

1. INTRODUCTION

The dynamics of a quantum particle in a periodic potential under an homoge-
neous external field is one of the most important problems in solid-state physics
and, more recently, in the theory of Bose Einstein Condensates (BECs). Because
of the periodicity of the potential, it is expected the existence of families of station-
ary (metastable) states with associated energies displaced on regular ladders, the
so-called Stark-Wannier ladders [I5] 17, 27], and the wavefunction would perform
Bloch oscillations.

Quantum dynamics becomes more interesting when we take into account the in-
teraction among particles. In fact, in the framework of BECs accelerated ultracold
atoms moving in an optical lattice [4l [5] 22] 26] 29] has opened the field to multiple
applications, as well as the measurement of the value of the gravity acceleration
g using ultracold Strontium atoms confined in a vertical optical lattice [I1} 21],
direct measurement of the universal Newton gravitation constant G [24] and of the
gravity-field curvature [25].

Motivated by such physical applications we study, as a model for a confined
accelerated BECs in a periodic optical lattice under the effect of the gravitational
force, the nonlinear one-dimensional time-dependent Schrédinger equation with a
cubic nonlinearity, a periodic potential V' and an accelerating Stark-type potential
w
oy R? 0% 1

5 = g gez T VU Wt aslule, (1)

in the limit of large periodic potential, i.e. 0 < ¢ < 1; that is equation is the
so called Gross-Pitaevskii equation. Here, A is the Planck’s constant, m is the
mass of the atom and «y is the strength of the nonlinearity term; the real valued
parameters m, fi, a1 and g are assumed to be fixed. In particular W(x) is a Stark-
type potential with strength «q, that is it is locally a linear function: W(x) = x
for any x belonging to a fixed interval large enough.
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We name equation nonlinear Wannier-Stark equation. The well-known
Wannier-Stark equation, where as = 0, has been extensively studied since the
papers by Bloch [3] and Zener [37]. Assuming that the periodic potential V' is
regular enough, then the spectrum of the associated operator covers the whole real
axis. On the other side, if we neglect the coupling term between different bands,
then it turns out that the spectrum of such a decoupled band approximation con-
sists of a sequence on infinite ladders of real eigenvalues [30, B1]. The crucial point
is to understand what happen to these eigenvalues when we restore the interband
coupling term [32, 35 [36]. This question has been largely debated and it has been
proved that these ladders of real eigenvalues will turn into ladders of quantum reso-
nances, the so-called Wannier-Stark resonances (see [27] and the references therein).
Analysis of the nonlinear Wannier-Stark equation, where as # 0, is a completely
open problem and it is motivated by recent experiments of BECs in accelerating
optical lattices.

By means of a simple recasting we swap the limit of large potential ¢ < 1 to
a semiclassical equation (see eq. below) where the strength of the Stark-type
potential and the nonlinearity strength will depend on a semiclassical parameter
h. In the semiclassical limit of h — 0 we will show that the time-independent
nonlinear Schrédinger equation may be approximated by means of a discrete time-
independent nonlinear Schrodinger equation which stationary solutions may be ex-
plicitly calculated. In particular, a cascade of bifurcations occurs when the ratio
between the nonlinearity strength and the strength of the Stark-type potential in-
creases; in the opposite situation, that is when this ratio goes to zero, we recover a
local Wannier-Stark ladders picture.

Existence and computation of stationary solutions to equation has been al-
ready considered by [13] [19] 20] when «; = 0; in these papers the authors reduce
the problem of the existence and calculation of stationary solutions to the one re-
lated to a discrete nonlinear Schrédinger equation. In this latter problem has
been observed by [2] that stationary solutions may bifurcate when some parame-
ters of the model assume critical values. Here, we extend such analysis to the case
where an external Stark-type potential is present, that is when a3 # 0. To this
end we must introduce some technical assumptions on W, that is W must be a
locally linear bounded function with compact support; in fact in the case of a true
Stark potential where W (z) = x some basic estimates useful in our analysis don’t
work because W is not a bounded operator. Some results, like the occurrence
of a cascade of bifurcations for the discrete nonlinear Schrédinger equation in the
anticontinuous limit has been already announced in a physics-oriented paper [2§]
without mathematical details. We should also mention a recent paper [14] where
bifurcations are observed in rotating Bose-Einstein condensates.

The paper is organized as follows: in §2] we introduce the model and we state
our assumptions; in §3| we recall some technical results obtained by [13]; in §4| we
derive the discrete nonlinear Schrodinger Wannier-Stark equation; in 5 we compute
the finite-mode stationary solutions of the discrete nonlinear Schréodinger Wannier-
Stark equation in the anticontinuous limit, it turns out that a bifurcation tree
picture occurs; in §6| we prove the stability of these stationary solutions when we
recover the discrete nonlinear Schrodinger Wannier-Stark equation; finally, in
we prove that stationary solutions to the complete equation @ can be approximated
by means of the finite-mode solutions derived in
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Notation. By (£ we denote the space of vectors ¢ = {¢,}nez € ¢P(Z) such that
¢n, € R are real valued. Similarly,

LE ={¢ € L? : 1) is a real valued function}.

Let f and g two vectors belonging to a normed space with norm | - ||, and
depending on the semiclassical parameter h. By the notation f = g+O (6*50/ h), as
h — 0, we mean that for any p € (0, Sy) there exist a positive constant C := C, > 0
(independent of h) such that

If =gl < Ce™ o=/ h e (0,h7),
for some h* > 0. By the notation f ~ g, as h — 0, we mean that lim;_,o+ 5 =C
for some C' € (0,400). By the notation f = O(h?), as h — 0, we mean that there
exists h* > 0 and a positive constant C' independent of h such that |f| < Ch? for
any h € (0, h*).

By C we denote a generic positive constant independent of A whose value may
change from line to line.

2. DESCRIPTION OF THE MODEL AND ASSUMPTIONS

Here we consider the nonlinear Schrodinger equation where the following
assumptions hold true.

Hyp.1 V(x) is a smooth, real-valued, periodic and non negative function with
period a, i.e.

V(z)=V(z+a), Ve eR,
and with minimum point g € [—%a, —l—%a) such that

V(z) > Vi), Vo € [—;a,—i—;a) \ {z0}.

For argument’s sake we assume that V(xo) =0 and xg = 0.
In the following let us denote by z,, = x¢ + na.

Remark 1. In physical experiments [11, 21] on accelerated BECs in optical lattices
the periodic potential has the form V (z) = Vysin®(kpx) for some Vg, kr > 0; hence
V(z) has a unique minimum point xg = 0 in the interval —ﬁ, +ﬁ) Howewver,

we could, in principle, adapt our treatment to a more general case where V(x) has
more than one absolute minimum point in such interval.

Hyp.2 W(z) is a smooth real-valued function such that
W(z)=2 if |z| < Na,
for some N € N.  Furthermore W has compact support Q O [—Na, Na).

Remark 2. We require that W (z) is a bounded function with compact support for
technical reasons; indeed, this assumption will play a crucial role in order to prove
the results given in @ @ @ However, in practical experiments [I1), 21] on accel-
erated BECs in optical lattices it is expected that BECs perform Bloch oscillations
in a finite region; hence, a model where the external field W has a compact support
and it is locally linear in the finite region where Bloch oscillations occur would fit
the physical device.
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By recasting

F=ceay, h="Hhe/2m, T =t/\/€/2m and n = eay (2)

then the above equation takes the form

L0 0% 2
ih— = —h* 25 4+ Vi FW 4 + [ (3)

and the limit of large periodic potential ¢ — 07 is equivalent to the semiclassical
limit A~ — 01 where

n~F ~h? as h goes to zero. (4)

We recall here some results by [7, 8, [9] concerning the solution to the time-
dependent nonlinear Schrédinger equation . Let Hp be the Bloch operator
formally defined on L%(R,dz) as

d2

Hp:=-h*— +V. 5
B P + (5)
For any N € N, N > 0, the linear operator H, formally defined as

H=Hg+ FW

on the Hilbert space L?(R,dz), admits a self-adjoint extension, still denoted by
H. The following estimate hold true (see Proposition 2.1 by [9]): let (¢,r) be an

admissible pair % = % - % with 2 < ¢,7r < 4o00. Let T > 0, then there exists
C :=C(q,T,h) such that

e

|

In order to discuss the local and global existence of solutions to (3) [9] introduced
the following set in a more general situation where the potential is not bounded

S={v e H'R) : [[Wlls = [[¥llz@ + I(V + FW)| 2@ < oo} -
Then (see Theorem 4.2 by [9]), if ©g € ¥ there exists a unique solution ¥ €
C([-T,T]; %) to with initial datum g, such that
W, 0. (V + FW), 0,0 € L¥([-T, T]; L*(R)),
for some T > 0 depending on ||¢g]|s. We must underline that in our case ¥ =
HY(R) because V and W are bounded functions.

In fact, this solution is global in time for any n € R because 1 < 2/d, where
d =1 is the spatial dimension, and enjoys the conservation of the mass

l9( )2 @) = 1Yo()ll2w)

—iTH/h ‘

<C ., Yo € L*(R).
LT Tl ®)) 19l 2wy » Vo (R)

and of the energy
E(W) = E(o)

where
EW) = (HE,)+ 2[4
= B0 ey + (V) + FOW,0) + D)

We may remark that such results hold true even when the Stark-type potential is
replaced by an actual Stark potential, i.e. W(z) = z. In such a case ¥ C H}(R).
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Here, we look for stationary solutions to equation of the form

Y(w,m) = e N/ M(x)
for some energy A € R and wave function ¢(x). Hence, equation takes the form

Hy + |y = M. (6)

Remark 3. We must underline that when a stationary solution 1 to equation (@
is regular enough then 1 is, up to a phase factor, a real-valued function (see Lemma
3.7 by [18] adapted to @) Hence, equation (@ can be replaced by the following
equation

Hip + i = M. (7)
where 1 is real-valued.

Our aim is to look for real-valued stationary solutions ¢ € H' to @ with
associated energy A € R.

Remark 4. Let (T,¢) (x) = (x—a) be the translation operator. Since [Hp,T,] =
0 and [Fx,T,] = Fa then the stationary solutions to (@ when W is a Stark poten-
tial, i.e. W(z) = x, have associated energies A displaced on regular ladders; that
is, if Y(z) is a solution to (1) associated with X, then (z — a) is a solution to
the same equation associated with A\ + Fa. From this fact we expect that, under
some circumstances, the dominant term of the energies A associated to stationary
solutions to @ are displaced on ladders for some range of values of \, even when
W (zx) is a Stark-type potential satisfying Hyp.2.

3. PRELIMINARY RESULTS. BLOCH FUNCTIONS IN THE SEMICLASSICAL LIMIT

3.1. Bloch Decomposition and Wannier functions. Here, we briefly resume
some known results by [6l 23] concerning the spectral properties of the self-adjoint
realization, still denoted by Hp, of the Bloch operator formally defined on L?(R, dz)
as . Its spectrum is given by bands. Let B =R/bZ = (—%b, —I—%b], where b = 27”
and a is the period of the periodic potential V', be the Brillouin zone, the elements
of the Brillouin zone are denoted by k and they are usually named quasi-momentum
(or crystal momentum) variable.

Let (2, k) denote the Bloch functions associated to the band functions E;(k),
l € N. Here, we collect some basic properties about the Bloch and band functions.
The band and Bloch functions satisfy to the following eigenvalues problem

Hpp=Eyp (8)
with quasi-periodic boundary conditions
- 0 k e 00(0, K
©(a, k) = e*p(0,k) and 790(%(;’ ) = elkaiwéfv’ ) .

The Bloch functions ¢; may be written as
oi1(z, k) = e** 0y (x, k)

where ©;(z, k) is a periodic function with respect to z: ©;(x + a, k) = ©;(z, k).
For any fixed k € B the spectral problem has a sequence of real eigenvalues

Ei(k) < By(k)<--- < Ey(k) < -,
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such that lim;_, o, Fj(k) = 400. As functions on k, both Bloch and band functions
are periodic with respect to k:

E (k) = Ei(k+0b) and ¢i(z, k) = ¢i(z,k +b),

and they satisfy to the following properties for any real-valued k:

oi(z,—k) = pi(z, k) and E;(-k)=Ek).
Furthermore, if V(x) is an even potential, i.e. V(—z) = V(z), then ¢;(—z,k) =

vi(z, k), ¢i(z,0) are even functions while ¢;(x,b/2) are odd functions. The band
functions Ej(k) are monotone increasing (resp. decreasing) functions for any k €
[0, %b] if the index [ is an odd (resp. even) natural number. The spectrum of Hpg

is purely absolutely continuous and it is given by bands:
o(Hp) = Uen|E}, Ef] where [E}, Ej] = {Ei(k), k € B}.
In particular we have that

B { Ei(0) for odd ! E;(b/2) forodd!l
b=

E;(0) for even [

t _
Ei(b/2)  for even | and By = {

The intervals (Elt,Ele) are named gaps; a gap (Ef,Ele) may be empty, that is
Eb 1= E}, or not. It is well known that, in the case of one-dimensional crystals,
all the gaps are empty if, and only if, the periodic potential is a constant function.
Because we assume that the periodic potential is not a constant function then one
gap, at least, is not empty. In particular when A is small enough then we have
that the following asymptotic behavior [16] 33, [34]

1
Gh<E:i—E <Ch (9)

holds true for some C > 0; hence,the first gap between E? and E} is not empty in
the semiclassical limit. Furthermore, the first band turns out to be exponentially
small, i.e.

E! — EY = O(e=“/") for some C > 0; (10)

in we will give an expression for such a constant C'.
The Bloch functions are assumed to be normalized to 1 on the interval [0, al:

27 [ ——

— / ;(x, k)pi(z, k)de = 5; ,

a Jo
where 65 = 1 when j = [ and 6! = 0 when j # [ (see Eq. (4.1.8) by [6]). Further-
more, the Bloch functions are such that (see Eq. (4.1.6a) by [6])

/ vz, k)pi(z,q)de = 5;—5(]6 —q)

R

and (see Eq. (4.1.10) by [6])

3 / @ B (e, K)dk = 3 — o),

leN

where §(-) denotes the Dirac’s §. From the Bloch decomposition formula it follows
that any vector 1 € L? can be written as (see Eq. (5.1.5) by [6] or Theorem XIIT.98
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by [23])
P(x) =Y /B o1(x, k)i (k)dk .

leN

The family of functions {¢;(k)}ien is called the crystal momentum representation
of the wave function 1 and it is defined as

o) = [ ol Ryl
By construction any function ¢;(k) is a periodic function and the transformation
¢ € L*(R,dz) — U := {¢}ien € H := ®RienL?(B, dk) (11)
is unitary:
11 gy = D It (5.
IEN

Let Wi(x) be the basic Wannier function associated to the I-th band, that is

Wite) = /5= [ it

We define a family of Wannier functions {W; ,,(z)}iennez as

a .
Wl,n(x) = VVI(‘T - na) = \/;/ @l(x, k)e—znakdk )
B

Basically, in the semiclassical limit of h small, the Wannier function W ,, is localized
on the n-th well, that is in a neighborhood of x,,. The following properties hold
true

/ Wi (@)W (2)dz =67, > Win(@)Wia(2') =6z - 2')
R IEN, nez
and we have the following relation between the Wannier and the Bloch functions:
a .
QDZ(I, k‘) = \/;%elnazmm(x) .

If we set
i = [ Wil (@)is
R
then we may represent a wave function v as

w E L2 —> W’lp == {Cln}lEN, neZ G ZQ(N X Z)
Such a transformation W is unitary
[o)7: = > e
IEN, nez
with inverse

)= Y Wia(z). (12)

lEN, neZ
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Remark 5. The standard “tight binding” model is obtained by substituting (@
mn (@, and it reduces (@ to a discrete nonlinear Schrodinger equation. In fact,
in order to improve the estimate of the remainder terms of the discrete nonlinear
Schrédinger equation we decompose the wave function v (x) on a different base where
the vectors of such a base are obtained by means of the single well semiclassical
approzimation described in §3.2

3.2. Semiclassical construction. Here we restrict our attention to just one band,
say the first one [E?, Et]. By assuming h small enough then the gap between the
first band and the remainder of the spectrum is open, see equation @ Let II
be the spectral projection of Hg on the first band; by [10] we can find a “good”
orthonormal basis {up }nez of II [L*(R)].

In one dimension let

date) = [ VT

be the Agmon distance between x and y (associated to the energy level correspond-
ing to the minimum value V' (xg) = 0 of the potential V' (x)) and let
S() = dA(xn,$n+1) (13)

be the Agmon distance between two adjacent wells; by periodicity of the potential
V(z) then Sy is independent of the index n.

Here we summarize some important properties of {u,, }nez (see [I0] and Appendix
A by [13]). Let V be the “single well potential” obtained by filling all the well, but
one; that is V(z) = V(z) + 6(x) where #(x) is a smooth and non negative function
such that 6(z) = 0 in a small neighborhood (zg — 8,29 + &) of zg and 6(z) > ¢
for any z ¢ (20 — 20,20 + 26) for some € > 0 and 0 < § < %a is fixed. Then the

operator H = —h2% + V has discrete spectrum in the interval [0,¢] and we call
such eigenvalues single well states. We denote by A; the first one, the so called
“single well ground state”, and by wq(x) the associated eigenvector.

Remark 6. By means of semiclassical arguments it follows that [16}, B3] [34]
dist (Ay, [E?, E)) = O (e—so/h) .
Furthermore,
EY— Ay >Ch
for some C > 0.

If we denote wy, () = wo(z —na) then the family {w, }nez is a family of linearly
independent vectors localized on the n—th well. Then, taking their projection
Mw,, on II [L2 (]R)] and orthonormalizing the obtained family we finally get the
base {un tnez of I [L*(R)].

Lemma 1. The vectors u,, of the orthonormal base of II[L*(R)] are such that:
i. The matriz with real-valued elements (un,, Hpu,) can be written as

((tm, Hpup)) = M1 — BT + D,

where T is the tridiagonal Toeplitz matriz, i.e.,

0 ifm—n| 1
(T)m’"{l if lm—-n|=1"
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B > 0 is such that for any p > 0 then

ée—(som/h < B < Ce(Son)/h (14)

for some positive constant C' := C, > 0, and the remainder term Disa
bounded linear operator from (P(Z) to ¢P(Z) with bound

D £(ep—sewy < Ce™S0FM 1 p e 1, 400], (15)

for some positive constant ( > 0 independent of h and p, and for some
positive constant C which depends only on p.

ii. Let T, be the translation operator (Tyy)) (z) = (x — a), where a is the
period of V.. Then, w, =T ug.

iii. All the functions u, can be chosen to be real-valued by means of a suitable
gauge choice.

iv. For any p', p” > 0 and for some positive constant C > 0 independent on
the indexes n and m, we have that

[ttt || 1 < CemlSomeDlm=nl=p"l/h "y oty
v. There ezists a constant C > 0 independent of h such that

> lunl

neEZ

<Ch V2,

LOC
vi. For any p € [2,00], ||un||zr < Ch=P=2/%  and Hd;;’ ||L2
the constants C > 0 are independent of h and n.

< C’h‘1/27 where

4. CONSTRUCTION OF THE DISCRETE NONLINEAR STARK-WANNIER EQUATION
Let II the projection operator associated to the first band [EY, Et] of Hp (see
§3.1) and let IT; =1 —II. Let
Y =11+, whereyy =1l and ¢, =11,7. (16)

By the Carlsson’s construction resumed in we may write ;1 by means of a
linear combination of a suitable orthonormal base {u, }nez of the space IT [L?(R)],
that is

P1(z) = Z Cntin () . (17)
nez
where u,, € H*(R) and
Cc= {Cn}nEZ S é]%%(z)

because 1, and then 1, is a real-valued function by Remark [3|and w,, are real valued
too since Lemma [T}iii. In fact, when we make use of the fixed point argument in
§7 and when we prove the existence result of stationary solutions in §8 we work
with vectors ¢ € £}(R); then in the sequence we may assume that ¢ € (P(R) for any
p € [L,+oc].

Remark 7. By construction

§ Cpln

neEZ

[Yiller = < D lenlmax|lug||ze < [le]ler fuol| e
Ly nez

O/ c]

IN
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by Lemma[1} i and Lemma[1] vi.

Remark 8. We must underline that the standard tight-binding model is constructed
by making use of the Wannier functions (see (@) instead of (@ and . In
fact, the decomposition @ turns out to be more natural and it has the advantage
to work for any range of h; decompositions (@ and are more powerful than
(@ in the semiclassical regime of h < 1 and they have the great advantage that the
vectors u, are explicitly constructed by means of the semiclassical approrimation
(see Lemmal)).

By inserting and in equation then it takes the form

Xen = (Un, HW) + Flup, W) + n{un, ¥3), n € Z
My = T Hpy+ FIL W + nll 4 ’

where ¢ € (2 and ¢ are such that

191172 = llellz + 1Lz -
The following result immediately follows by Lemma

(18)

Lemma 2. We have that
(un, Hp) = Arcp — B(Cny1 +cn1) +17,
where B satisfies and

n.__ 2
)= E Dy mcm

meEZ

where ﬁn,m s defined by Lemma .z' and it satisfies to the following estimate for
some ¢ > 0: let 1 = {r'}nez and ¢ = {cntnez € Oy, then

Iealler < Ce™ SO el , Wp € [1, +oc],
for some positive constant C' := C, > 0.

Let da(x,y) be the Agmon distance between two points z,y € R and let Sy :=
da(Tn,Zni1), n € Z, be the Agmon distance between the bottoms x,, and 41
of two adjacent wells of the periodic potential V' (for further details see §3.2); by
periodicity Sy does not depend on the index n.

Lemma 3. We have that
(tn, W) = ag(n)cy + 15 + 1%,
where for any p > 0 there exists C' := C), such that
ezl < Cem o= Mjc||n
and there exists C' > 0 such that
Iraller < CllepL]lze -

Furthermore, |£(n)| < C for any n because W 1is bounded, and

En) = <2 1 g(n) + 0 (=) (19)

where £(n) is a bounded function such that

ay
Em)=mn if|In|] <N, and Cp :/ x|uo(x)|*dx

a—
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where ay are such that a_ < zg = 0 < ay and da(a_, o) = d(zo,a+) = 350; by
construction ay —a— = a.
Proof. By inserting and in (up, W) one gets
<U/n7 W’(/}> = <un7 W’(/}1> + <un7 WwJ_>
= <un7 Wun>cn + Z <un7 Wum>cm + <un7 W¢L> .
m#n
Now, we set

ry = Z (s Witk ) » 75 = (U, Wep1 ) and €(n) = é(un,Wunf
m#n
Estimates of ro = {rf},cz and r3 = {r}},cz directly come from the properties
collected in Lemma[ll Indeed

[t , W) | < [W oo [untim [ 21 < Ce~(So=plm=nl=¢"I/h
for any p’, p”” > 0 and some C > 0, because W is bounded; hence the estimate
ezl <> W, W) |em| < Ce™ 5072/ c||
n m#n

follows. Similarly,

Iealles = D [{un, Wp1)| < <Z|un|st,|W%>

Clli L2

where xq is the characteristic function and where (2 is the compact support of W.
Concerning estimate we consider the term (u,, Wu,) when |n| < N; let

IN

na-+a4
(s W) = [ Wiaun (o) e +
na+ta_
na+ta_ “+oo
—|—/ W(m)|un(x)|2daz+/ W () |un (z)*dz
— 0o na-+a4
where
na-+a4 na+a4
/ W (@) un (2)2de = / ol (2) 2z
na+ta_ na+ta_

= Cp+na /a+ luo(y)*dy = Co + na [1 +0 (est/h)}

because u,(y + na) = uo(y), Lemma [I}ii and Lemmata 4.iii and 7 by [13]. More
precisely, let Qo =R\ [a_, a4 ] then

/MMMW@llémmm%mm%y

where yq, is the characteristic function on Q. Then (the properties below con-
cerning wy are given in Lemma 4.iii by [I3], where wq(z) is the single well ground

state defined in §3.2))
Ixaotollz < Ilxeswollze + xqo (uo — wo)| 12 < O(e™50/2") + O(e=/M)

= O(e=0/2h),
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Hence,

a+ ~
/ o () 2dy = 1 — O(e=50/")

Concerning the estimate of the remainder terms we have that

na+a_ i
/ W (z)|un (2z)|*dz| < C/ X%—oo,na+a,)($)|un(x)\2dm -0 (efso/h)
R

because W is bounded and by making use of the same arguments as before. Simi-
larly we get the same estimate for f+oo W (z) |un () > dx. O

nata4

Remark 9. By construction and since ug is normalized to one it follows that
|Co| < C for some positive constant C > 0 independent of h.

Finally, concerning the nonlinear term we recall the following result which follows
by [13] (where we choose o = 1, for the purpose of completeness the detailed proof
is given in a separate appendix).

Lemma 4. We have that
(U, V%) = Cre3 + 77,
where
C1 = [Junlli = [luollz
and
i = ((un, ¥?®) — Cic})

satisfies to the following estimate: let vqg = {r} }nez, then for any p > 0 there exists
C :=C, such that

[rallp <C [h*”QIImII?{l +lele loliz, + lelfh™ 4oL llm + IICII?le’(S"’p)/h]

Remark 10. By Lemma .m' it follows that Cy ~ h='% as h goes to zero.
Therefore, equation takes the form

Xen = (A1 + FCy)en — Blens1 + en—1) + F&€(n)ac, +nCicd + 1™, (20)
XNpy = Hppy + FII, W + Il >
where
n n n n n n n e CO
=0+ F(ry +ry) +nrf + Fry, r5 =a f(”)—f(”)—j Cn, - (21)

Definition 1. We define the discrete nonlinear Stark-Wannier equation (hereafter
DNLSWE) as

AGn = (Al + FCO)gn - B(gn-i-l + gn—l) + Fg(n)a’gn + 770192 (22)
where g = {gn }nez € (2(Z).

As already explained in Remark 2 we expect that the solutions to equation
are displaced, when £(n) = n (corresponding to the case W(x) = z), on regular
ladders, that is the solutions X are of the form A\; = Ag + jFa for some A\p € R
and any j € Z. We will call, hereafter, the value \; as the j-th rung of the
ladder connected to Ag. In the case that W (x) is a linear function on an interval
[-Na, Na], according with Hyp. 2, then we will see that the structure of the ladder
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locally occurs, so even in such a case we may speak of rungs of such a kind of ladders
of stationary solutions.
5. ANTICONTINUOUS LIMIT OF THE DNLSWE

Let us set
Ai=A— (A +FCy), v:=nCy, f:=Fa (23)
where
f~R, v~h?? and =0 (e_so/h> (24)

since Remark [[0] and Lemma [T]i. For argument’s sake, we assume that f, v > 0.
Hence takes the form

Agn = =B (gns1 + gn-1) + fE()gn + v, - (25)
and in the anticontinuous limit  — 0 then becomes
(A= vl2) dy = f&()dn ,d = {dn}nez € B (2). (26)

5.1. Finite-mode solutions to the anticontinuous limit equation (26]). Here,
we look for stationary solutions d € ¢ to under the normalization condition

Idlif = > di=1.

ne”Z

Definition 2. We say that the anticontinuous limit equation (@, under the nor-
malization condition ||d||;2 = 1, has a one-mode solution if there exists a set S C Z,
hereafter called solution-set, with finite cardinality, a real value p° and a normalized

vector d¥ = {d5} ez € (2(Z) where p° and d° solve
(15 —vd2)d, = fE()dy,, withd, #0 ifneS (27)

and where d5 = 0 if n ¢ S. The real value p® is hereafter called the “energy”
associated to the stationary solution d°.

When v = 0 then we simple recover a (kind of) Stark-Wannier ladder, that
is the solution-sets are given by simple sets of the form S = {j} for any j € Z
and we have a family of admitted “energies” u® = f£(j) with associated stationary
solutions d = {531}71 ¢z Infact, it is an exact Stark-Wannier ladder when {(n) = n.

Assume now that the effective nonlinearity strength is not zero, that is v > 0
for argument’s sake. In such a case, equation (27) has finite mode solutions d* =
{d?} ez, associated to sets S C Z with finite cardinality ' = 4S < oo, given by

; 0 ifn¢s
= { e A ST =
with the condition
p’ —fé(n) >0, nes, (29)

because we have assumed that d7 € R and v > 0. The normalization condition
reads

5 _ n
= S = Yo = Y0 (30)

nes nes
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In the case N =1 then S = {j} again for any j € Z and reduces to

e =v+fe)

where condition holds true because we have assumed that v > 0; the associated
stationary solution d* takes the form:

nT 4l ifn=j

That is we recover a kind of (perturbed) Stark-Wannier ladder.

Remark 11. From this fact we can conclude that the anticontinuous limit (@)
always admits a ladder-type family of normalized one-mode solutions.

5.2. Finite-mode solutions to equation (27]) associated to solution-sets S
with finite cardinality bigger that 1. In order to look for finite-mode solutions
with A/ > 1 the normalization condition implies that

S:£+izg(n) with max&(n) < E (31)
g N NnES nes f .

5.2.1. Ezistence of finite-mode solutions. Stationary solutions d° associated to the
energy are given by

0 ifn¢s
1/2
{i[b+WQZMﬁa@—§ﬂm} ifnes

In the case N =2 let S = {4,j + ¢1} with £; > 0. The eigenvalue equation
becomes

d; =

n

(32)

u5=§+§EUHfU+&M (33)

S
where condition max,eg§(n) < £ becomes

FEG +0) < gv+ 3TIEG) +EG + )]

that is

0<[E(+4)—E0U)] < (34)

~| R

In conclusion, if
- % < [60 +41) = £(j)] then is not satisfied and there are no station-
ary solutions associated to solution-sets of the form S = {j + ¢1,j} with
cardinality 2;
-0 < [€(+41) —€(5)] < % we have a family of two-mode solutions associ-
ated to solution-sets S = {4, j + 1} with p° given by and where

0 1/2 lfn#ij'i_gl
s E[Frileire) -6 itn=j
1/2
c[L- i+ -] T itn=j+a

Finally, we can extend such an argument to any integer number A/ > 1 obtained
the following result.
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FIGURE 1. In the left panel we plot the 4 solutions d5* corre-
sponding to the solution-set S; = {0,3,4}. In the right panel we
plot the solutions d°* and d®> given by with sign 4+, corre-
sponding to the solution-sets S; and Se = {0, 2,5}; both solutions
are associated to the same value of the energy pu.

Theorem 1. Let S ={j+ Lo, j+1,...,j+ -1}, withj €Z and 0 =y < {1 <
ly < ... < lp_1 positive integer numbers such that

EG+iv-1) < 7+ 37 2 6+ 6) (35)

Then S is a solution-set connected to the j-th rung of a (kind of) Stark-Wannier
ladder and equation has a N-mode solution with

—+—Z§ k) (36)

and associated normalized stationary solutwn given by (@

Remark 12. We should underline that some of such a solution may be associated
to the same “energy” u°. For instance let N > 5 and let us consider the sets
S1 = {0,3,4} and Sy = {0,2,5}. Recalling that £ is a linear function in both
sets S1 and S then they are associated to the same value (where we assume, for
argument sake, that a =1 and Cy = 0) of energy

1 7

In Figure|l| - left panel - we plot the 4 solutions corresponding to the set Si.
In Figure|1| - right panel - we plot the solutions with sign +, corresponding to

the sets S1 and Ss.

Remark 13. If the solution-set S = {0,41, ..., by—1} C [-N,+N] then &,(¢),
e S, is linear and thus we locally recover a Stark-Wannier ladder structure. That
isS" ={j,j+0, ..., jH+En_1} is a solution-set too, provided that |j|, |j+Llan—1]| <
N, and usl — S =jf. We will say that u° is connected with the 0-th rung of the
ladder, and that usl is connected with the j-th rung of the ladder.
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Remark 14. In the limit of h small enough then % = 7;9; ~ O ~ h™2 since

Remark|10 and ; therefore the stationary solutions d° takes the value d5 = 0 if
n¢ S and dS ~ £1 ifn € S, and the energy u® belongs to an interval with center
v~ Ch3/2, for some C > 0, and with amplitude of order hZ.

5.2.2. Bifurcation of stationary solutions. We consider solution-sets S associated
to a given rung of the (kind of) Stark-Wannier ladder satisfying the condition
S C [~N,+N] where £(n) is a linear function. That is we consider energies y i
the interval [v— fN,v+ fN]. We can see that stationary solutions to equation
associated to such solution-sets S may bifurcate when the ratio v/f is a positive
integer number.

In order to count how many stationary solutions we have let us introduce the
following function (see Abramowitz and Stegun [I], p. 825).

Definition 3. Let Q(n), n € N, be the number of ways of writing the integer
number n as a sum of positive integers without regard to order, with the constraint
that all integers in a given partition are distinct.

Eg:Q(1)=1,Q(2)=1,Q(3)=2and Q(4) =2

Theorem 2. When v/ f takes the value of a positive integer number then stationary
solutions to , associated to solution-set S C [—N, N, bifurcate. Furthermore,
the total number of solutions-sets S associated to a given rung of the (kind of)
Wannier-Stark ladder, assuming that all these sets S are contained in the interval
[—N,+N], is given by

M/f)= > Q). (37)

0<n<v/f

Proof. First of all, because the stationary problem is translation invariant
n— n+ £ and p¥ — pS — f¢, provided that the solution-sets are contained in the
interval [—N, N, then we can always restrict ourselves to the 0-th rung of the ladder
such that min.S = 0, that is the solution-set has the form S = {0,¢1, ..., a1}
with 0 < £1 <l < ... < fn_1 < N positive and integer numbers. Hence,

becomes
e dy
ees

and condition implies the following condition on the solution-set S
K>NmaXS—Z€:Z max S — {] > Z 0 (38)
f ces Les £reS*

where
S*={*=maxS—¢ : LeS}.

Let S*(v/f) be the collection of sets S* satisfying (38), and let Q*(n) be the
collection of sets of all non negative integer numbers, including the number 0,
which sum is equal to n, without regard to order with the constraint that all
integers in a given partition are distinct; e.g. O*(1) = {{0,1}}, 9@*(2) = {{0,2}}
and Q*(3) = {{0,3}, {0,1,2}}. Hence, by construction

S*(n+1) = 8*(n) U Q*(n).
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FIGURE 2. Here we plot the values of p/f associated to station-
ary solution-sets S such that minS = 0 and where N’ = 1,2, 3;
we can see a cascade of bifurcations when v/f increases. Full
line represents the solution corresponding to the 0-th rung of the
Stark-Wannier ladder localized on the O-th cell (A = 1), broken
lines represent the solutions of the same rung of the Stark-Wannier
ladder localized on two cells (M = 2), and finally point lines rep-
resent the solutions of the same rung of the Stark-Wannier ladder
localized on three cells (N = 3).

In conclusion, we have shown that the counting function M (v/f) defined as the
number of solution-sets S of integer numbers satisfying the conditions and
such that min S = 0, is given by

Mw/f)= Y Q).

o<n<v/f

Theorem [2] is so proved. O

Remark 15. A cascade of bifurcation points, when v/f takes the value of any
positive integer, occurs; indeed, when the ratio v/f becomes larger than a positive
integer n then Q(n) new stationary solutions appear. This fact can be seen in
Figure[3, where we plot the values of p/ f, when v/ f belongs to the interval [0,10],
associated to solution-sets S such that minS = 0, that is we plot the value of
energies associated to the 0-th rung of the (kind of) Wannier-Stark ladder. By
translation u — p+ jf, j € Z, and thus this picture occurs for each rung of the
ladder and then the collection of values of p associated to stationary solutions is
going to densely cover intervals of the real axis.
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Remark 16. One can see that M(v/f) grows quite fast, indeed the following as-
ymptotic behavior holds true [1]:

e n/3

Hence

X mTn 1/2
M(n) ~ Lerfi [Va(n/3)] ~ W

asn goes to infinity, where erfi(x) = —i erf(ix) is the imaginary error function. In
particular, because (see Remark % ~ Cy ~ h~ Y2 then we have that the energy

w lies in an interval [v — fN,v + fN] with center at v ~ h3/2 and amplitude of
order h%, and the number of stationary solutions is of order

M (;) ~ BB s goes to zero,

for some positive constant C'. That is the energy spectrum densely fill the interval
[v— fN,v+ fN] when h goes to zero.

Remark 17. Since we assumed that the parameters h, m, ay and as are fized and
that € < 1 then the rescaling (@ immediately implies that the effective nonlinear
coupling strength parametern is of order h?, where h plays the role of a semiclassical
parameter. Hence, the bifurcation parameter is such that

v nCi —1/2
—=-—n~h 1
f Fa >

and we have a dense energy spectrum. One can also consider the case where the
parameters depend on €; a similar approach has been used, e.g., by [12]. If the
nonlinear coupling strength parameter as depends on some power by € then n ~ h*
for some power u and

v _ nCy ~ pu5/2
f  Fa '

Ifu < g then we have a dense energy spectrum as in the case above; if u > g then

we have a single Stark-Wannier ladder; if u = g then we observe the bifurcation

phenomenon.

5.2.3. When do N -mode stationary solutions arise from (N — 1)-mode stationary
solutions? If one looks with more detail the bifurcation cascade one can see that
we have A-mode solutions for any value of A/, provided that S C [—N, N] for some
N large enough. Let us restrict our analysis, for sake of simplicity, to solution-sets
S contained in the interval [—N, N| where £(n) is a linear function.

As said above, N-mode stationary solutions are associated to solution-sets of the
form

S:{j’]+€17a]+€/\f—l} (39)
under condition . Now, let us consider, as a particular family of A -mode
solutions, solution-sets of the form for any j € Z and £,.;1 — ¢, = 1, assuming
that [j],]7 + N — 1| < N. They are associated to

s_V o e
0 —N+fy+2f(N 1)
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and then condition (29)) implies that
NWN-=-1) v
— <

2 f

Hence, we can observe a second bifurcation phenomenon: stationary solutions as-
sociated to solution-sets with A/ elements arise from stationary solutions associated
to solution-sets with A" — 1 elements when v/f becomes bigger than the critical

value AN (N —1).

We can summarize such a result as follows

Theorem 3. If v/f < N(N —1)/2 then stationary solutions to (26), associated
to solution-sets S C [—N,+N]|, are localized on a number of sites less than N, at
v/f=NWN —1)/2 a stationary solution localized on N' — 1 sites bifurcates and a
new stationary solution localized on N sites arises.

6. EXISTENCE OF SOLUTIONS TO THE DNLSWE

Let 1 and d b a finite-mode solution to associated to a solution-set S
given by Theorem [ Now, we will prove, by a stability argument, that this
solution becomes a solution to when S is small enough. To this end we have
to remind that 3 goes to zero when h goes to zero according with Lemma [T]i.

Theorem 4. Let % ¢ N. Let S be a solution-set to with associated energy

w® and normalized stationary solution d° given by . We assume that S C

[—N,N]. Then, if B is small enough there exists a stationary solution g° € (% to
the DNLSWE associated to A = u° and such that

g —d%||n =O <e*SO/h) and g%l =1+0 (efso/h> .

Proof. First of all let us recall that from Remark [14] then p% ~ Ch3/2 # 0. In the
following let us omit the upper letters S in d° and g° for sake of simplicity. If we

Cav2, a2, ] s e
rescale g, = [V g, and d, = |2 d',, and if we set 8/ = B/X and f' = f/A
(25

then equations (25 and take the form

(1=9%) 80 = B(g e +9ucr) + FEMG (40)
with anticontinuous limit
(1=d3)dn = fem)d,. (41)

Therefore, any solution X and g to is associated to a solution g’ to , and
all the solutions d’ to associated to the values A = p” given by Theorem [1|are
isolated in #! by construction when there are no bifurcations, that is for % ¢ N.

Let Fy : (—6,+0) x £4(Z) — €4(Z) be the map defined as

(F1(8',g"), =— (1 - g'i) 9w+ B i 9 1) + )G

We are going to look for solutions g'(8’) to equation Fi(8’,g’) = 0; where we
already know that equation F;(0,d’) = 0 has solutions d’ associated to the ones
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given by Theorem We may extend the solutions to (41)), obtained in the anti-
continuous limit 8’ — 0, to the solutions to equation (40) for 8’ small enough if
the tridiagonal matrix

T(8') == (Dg F1) (8,¢)) = tridiag(8', f'6(n) — 1+ 3¢, 8.
obtained deriving the previous equation by ¢’,,, is not singular at 8’ = 0, where ¢/,

takes the value of a solution d’,, to obtained for 8/ = 0. The linearized map
(Dg' F1) (0,d") can be written as diag(7},), where

fé(n) : 2 _ [0 nes
T, =15 ~1+3d, and d), = vt e S

(42)

“w

Hence

_ fE(Z)S—HS ifn ¢ S
— S
" —o Lo ifpe s

L

Lemma 5. Let h be small enough, then it follows that
1
inf |T,,| > =.
rllrelzl | 2

Proof. Assume at first that A" = 1. In this case S = {j} for any j € Z such that
l7] < N and

) ) C ~( _
WS = v+ fEG) = v fi+ f=+ O (e70)
as h goes to zero, because of Lemma[3] Hence
T, = flé(n) —g(j)] LA, (efso/h> .
7
Recalling now that v = nCy ~ h*/2? and f = Fa ~ h? then T,, ~ —1. Similarly,
we can easily extend such arguments to any integer number A/ > 1. In this case

S={j,j+0,....5 +lny_1}, for j € Z and ¢ € N such that |j|, [j + k| < M,
k=1,...,N —1. Then

1 f Co
S= —v4+ 2N 04 f2 ~h32
[ N”*N; +f ;

hence
FNEM) = 3 peg b — M) — v
Nus

The proof of the Lemma is so completed.

T, = ~ —1,Yn.

O

Now we are ready to conclude the proof of Theorem [l Indeed, by Lemma
the linearized map (Dg F1) (0,d’) is invertible with inverse uniformly bounded.
Therefore, by the Implicit Function Theorem, there exists a neighborhood U of 0
such that if 5’ belongs to such a neighborhood U then there exists a unique solution
g = g/(B') to equation F; (8’,g’') = 0 in a ¢-neighborhood of d’, where d’ is an
isolated solution to i (0,d’) = 0 because bifurcations occur at % € N.  Since
g =0 (e‘sﬂ/h)7 for any h small enough, then §’ € U for any h € (0,h*) for
some h* > 0. From this fact and because the map B — g’(8') is C' then we
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can conclude that when h is small enough then there exists a solution g’ € £} to
equation F; (8',g’) = 0 such that

g~ 'l = O (e=5o/") . (43)

By construction it follows also that when A = 1 then

1/2 1/2
12 12
Jdle =1, 140e = () and [gle=(Z)  lele

[lgllee =1 < llg = dlle> < llg = dllr = O (e75/)
from . Then the proof of the Theorem is given. O

hence

Remark 18. Since we can always normalize g° to 1 by means of suitable rescaling
of the nonlinearity parameter v we can conclude that g° is a normalized solution to
associated to p° for some v = v+ O (e’sﬂ/h). Furthermore, by construction
(see §3.2), the map v — p®(v) is C* when we are far form the bifurcation points
% € N; then we can conclude that for any v fized and such that % ¢ N then
equation has a solution X and g% where g5 is normalized and it satisfies
and X = w4+ @) (e_SO/h).

7. FIXED POINT ARGUMENT

Here, we go back to equation and, at first, we justify the existence of 1
by means of a fixed point argument. Recalling that A\ = A + (A; + FCp) and
A= u5 + O(e=%/") where ¥ € [v — fN,v + fN] and where |Cy| < C, then the
value of A corresponding to p° is such that A = A; +v+O(h?). Hence, we consider

the second equation of for X in a neighborhood of A; with width of order h3/2.
Theorem 5. Let % ¢ N, =+ € L2, where ¢y = IIyp = > nez Cnln and
vy = M v, let h > 0 small enough. Let 69 > 0 be any fized real and positive
number, then for any ¢ = (¢y)nez € ly(Z), with ||c|lp(z) < do, there exists a unique
smooth map

by 0y (Z) — HY(R)

such that ¢, = 'IZJJ_(C) is a solution to the second equation of (@ for small h > 0.
Moreover, 1 (c) is small as h — 0 in the sense that there exists a positive constant
C > 0, dependent on &y and independent of h, such that

[P0 (c)]|m < ChY2. (44)

Proof. We make use here of same ideas already developed by [13] adapted to the
case of a tilted periodic potential. Let A; be defined as in §3.2land let E € R be
fixed. Note that the operator Hp +FW — (A1 —T'E) on I1, L? has inverse operator
for h sufficiently small provided that

I =0(h*?)

and thanks to the fact that the dist[A1,o(IIL Hp)] = O(h), that W is a bounded
operator, and that F' = O(h?) from . Precisely, there exists a constant C' > 0
independent of h such that

|[Hp + FW — (Ay —TE)] 'L || g2 mry < Ch™L.
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Then the second equation of may be written as

Y1 = Fa(b1), (45)
where ¢ € £}, is fixed and where we set A; = A+ T'E, ) =1 + 1, and
Fo(p)=11, [Hg + FW — (A1 — I‘E)r1 I, {—771/)3 — FW?/Jl} . (46)

We are going to show that F> is a contraction map in
Ky ={¢ € H'(R)NILLL*(R) : [¢o]lm <}
for some v > 0. Indeed, let ¢, ¢ € K, and let ¢ =1+, and ¢ =Y + ¢,

we have

[F2 ()l

IN

F
& W+ Z g

c
< 09 aligs + 101 12e) + Ol

since Remark [7] and (4). Then, by the Gagliardo-Nirenberg inequality, it follows
that

loLlzs < ClozpLllze 9Lz < C°
since ¢, € K, and because by Remark [7 and Lemma [T} vi
[1]l7e < CR™2|c)f < CR™Y253
Hence
1P ) llm < Cai= Ca(h) = C [Inlh~2 + lh~'y* + B] = CRV/2 < 5
for some h small enough. Furthermore
Fo(tpr) — Fo(pr) = —nIlL [Hp + FW — (A, —TE)] 'L (v° - ¢°) ,

hence

In|C

1Fws) = Falou)llmr < 5= (1613 + 813.) Ihos = o

< Clplh™ (9 lzs + oz + enla) o — b llan
< Clnlh™ (100 L 12N LIS + 1006 15710 155 + h2/463) s = ol

< Clnlh (Y2 + h=463) 191 = 6 [l

<C3lvr — ¢ullm
where

O3 := Cs(h) = Cln|h="/* <1
since
n=0(h?).

Then there exists a unique solution 1/} 1L = 1& 1 (c) € K, to equation for small
h > 0. Moreover, by construction the solution %, is given by

o0

by = Z(l/u_,j —1j-1)+Yi0

Jj=1
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where d)L,j = .Fg(l/}ld_ﬁ and wL,O = 0. Hence
Vi =il = [F2(@rj-1) — Fa(¥rLj—2)llm

< GallYrj—1 — Yo j-2lm
< O M — drolla < 20§
and thus
- C
n Jj—1 2 1/2
lsllm <3 CaCi™ = 3= < Ch
j=1
for some positive constant C. This fact completes the proof. O

We must underline that ¢, linearly depends on ¢ and thus the map ¢ — zﬁ 1(c)
is a smooth map. In particular the following result holds true.

Lemma 6. Let ¢ € £} be such that ||c||;n < 8o, where 8 is any fired and positive

number. Then for any q such that |[c+qlle, < o then P1(c+q) there ezists and
it is such that

1 (c+a) = (c)|m < Chllale -
Proof. Indeed, equation becomes
Vi +Pq = F2 (i + 1) (47)

where we set

¢y =1, (c) and pg = bi(c+q)—1i(c).

A straightforward computation gives that

Fo(Yr+vy) =Fa (1) +R

where
R = I, [Hg+FW — (A —TE)] 'L, x
. {—77 (303 0+ 36102 + 42) — FW (z q> }
nez
and reduces to
Yg=TR. (48)

The same arguments used in the proof of Theorem [5]yields to the following estimate

gl = [Rlm
o [ o 2 IF)
7 (illze + 1L oe gl + llgllz) gllze + == llalle:

Ch?|[bgllmr + Chllall e

because |91 || g1, [|¢gllgr < ChY/? and . Then ||¢4 g1 < Chllq||p immediately
follows. O

IN

IN

Remark 19. From Lemma @ it follows that the linear map Dc(lﬂJ_) satisfies the
estimate

| Detein)| < Ch.

L —HT)
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8. EXISTENCE OF STATIONARY SOLUTIONS

Theorem 6. Let % ¢ N and let h > 0 small enough. Let d° be a finite-mode nor-
malized solution associated to a solution-set S satisfying the assumption of Theorem
. Then there exists a stationary solution 1S to equation (@ such that

1/15 - Z dgun

nes

< Ch'/*.

H
Proof. Let us omit, for the sake of simplicity, the upper letter S. We have to
consider the first equation of where A, f and v are defined by :

Aen = =B(cnr1 +cnmr) + fE()en + el + 1" (49)
where 7, is defined by and where the map

(1) €Ly x H' = v ={r"} ez € (5(Z)

is norm bounded by (see Lemma Lemma equation , Lemmaand Theorem
o)
[ealler + [F] [livzller + lleslle] + Inl lIraller + [Flles[[er
Ce™SrOMle|| g+ Cpe™ S~/ Mje||p + O F|RY? +
+Cplelffre™ 0= Clnlh V4 |elf7y + Cpe™ S0 M el
for some ¢ > 0 and for any p € (0,.5)), where C' is a positive constant and C, is a

positive constant depending on p.
Now, let us consider the following mapping

(c, k) € lx(Z) xR = G(c, k) = {Gn(c, K)},ep, € (r(Z)
defined as
Gn(c, k) = Aen + Blcnt1 + en—1) — f€(n)cn — I/Ci — kh™ 2" (50)

where r := r(c) = r(c,¢.) and where ¢, = 1, (¢) is the solution to the second
equation of for small h > 0 given by Theorem

By construction, G, (c,0) = 0 coincides with the discrete nonlinear Schrodinger
equation DNLSWE , while G,,(c, h?) = 0 coincides with equation .

lefle <
<

Lemma 7. G is a C' map in (c,k). In particular:
i. for any fized p € (0,S0) there exists a positive constant C := C, > 0 such
that: he map ry : £} — €} satisfies

| (Ders) (©)llcger ey < O+ 2 e S0/ (51)
ii. the maps ra: 0y — €& and vy : 0 — (L are linear maps such that
| (Dexj) ()l ey = O (7" j=2,5. (52)
iii. the map r3: Hy — (L does not directly depend on c and it is such that
|(Dexs) (41(0)) |, < Cn (53)

for any c € £} such that |c||p < .
iv. the map vy : (& x H' — 0§ satisfies

H(Dcr4) (c, (m(c))) < ChY4 |1 . (54)

H£(£1—>£1)
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In conclusion
IDer(e)llcsesy < € [/ ¥l + A% + (1 + [l )=/

Proof. Estimate has been already proved (see estimate (37) by [13]). Con-
cerning ro we recall that it is the linear map defined in Lemma [3] hence D.rs is
independent of ¢ and such that (see Lemma iv): [|[Derallr = O (e_SO/h), Simi-
larly for r5 as defined by . Concerning r3 we recall that is is defined in Lemma
and it does not directly depend on ¢, furthermore the estimate on the ¢'-norm
comes from the fact that r3 linearly depends of ¢, and from Lemma[6] Concerning
the term r4 it is defined as 7§ = (uy,,%?®) — ¢3C1; then immediately follows that

the map ¢ — ry (c, ’(/AJ L(c)) is smooth. Furthermore, a straightforward calculation
yields to the following expression
i = (e 0, vn) = (s, ¥ + (U, 0F) + B(un, ¥ (cnun +91)%) +
+3<una (Cnun + wl)wi> + 3<una Ciu?«ﬂ/)l) + 3<una Cnun¢%>
where we set 1/;1 =1 — Cplly = Zm;ﬁn Cm . Since unz/;l = @(e*SO/h) by Lemma
iv then the leading term in 7} is given by
TZ(Cv 07 1/)L) = <una 1/&) + 3Ci<un7 ¢¢Ui> + 30n<una UMﬁ) .
From this fact and because || ||z < Ch'/? (Theorem, ||DCL/;J_||L(@1_>H1) <Ch

(Remark, ltn|| L < Ch~Y/* (Lemma Vi) and Lemma V then it follows that
the leading term in Dcr, is estimated by

6lleller max ||un |72 ][ Ltn| = < CRY4lc]er -

By collecting all these facts and since the the proof follows. O
Now, we fix dy > 1, then
sup |rlle < CRY* and  sup || Der|lp < CRO%. (55)
lell ;1 <do lell ;1 <do

Lemma 8. Let g° and X\ be a solution to equation G(g%,0) = 0, as given by
Theorem ' the linear map D.G(g%,0) is one-to-one and onto.

Proof. Again, let us omit the upper letter S when this does not cause misunder-
standing. By construction, the linear map

ch(gS,O) : ﬁ]ﬁ — Eﬂlg

is associated to a tridiagonal matrix defined as
tridiag (8,1 — f&(n) - 3vg2, )

Here, we make use of the result given in Appendix A by [2]; in particular, because
[ is exponentially small as h goes to zero we only have to check that

)X — fe(n) —3¢2v| > CR3¥2 > 0 (56)

uniformly holds true with respect to n, where g is close to d5 and X is close to
w5, Indeed, the left hand side of turns out to be close to |AT,|, where T, is
given by and, by Lemma [5] it is such that |T},| > % for any n; furthermore
A ~ h3/2. From this fact and from the argument given in Appendix A by [2] then
the linear map D.G(g*,0) is one-to-one and onto. O
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Now, we are ready to conclude the proof of Theorem @ Le g° be the solution
to associated to the finite-mode solution d° satisfying the assumptions of
Theorem|[6] By the Implicit Function Theorem, there exist an h-independent § > 0
such that if || < & then there exists a unique solution c(x) in a ¢!-neighborhood
of g satisfying G(c,x) = 0. Then we can conclude that there exists h* > 0 such
that for any h < h* there is a unique solution ¢ € £} to G(c,h?) = 0, and it is
such that

le® — g%l = O(RY*) (57)

since |T,| > Ch?/? and . Then the Theorem follows where 1 = ¢7 + 7,
Vi =3 ez Chuy, and ¥ = ¥, (¢®), furthermore

|¢S BT IREPRNETI FEN o FEN
n H1 n H1
< N3 + Z(Cﬁ — dY)uy,
n H
< ||7/}i||H1 + [HCS - gSHp =+ HgS - dSHgl] HUOHH1
< Ch?yc [ty (e*SO/h)] B2 < opt/A

because of Theorems equation and Lemma Vi. T heorem@ is so proved.
O
APPENDIX A. PROOF OF LEMMA [

Let us recall that ¢ = v + ¢, satisfies to the following estimates (see (28) and
(29) in [13])

V1]l z2 < Ch™Y2c]|n
and
1]l < CR™Y4lc]|a -
Moreover, from Lemma 1, the following inequalities hold true:

tomtin|| 2 < Ce[So=plm=nl=p"I/h "y £

D lunl
n

tn|lzr < Ch™P=2/4P vy € 2 00] and ||V, |2 < Ch™Y2.

Furthermore, we recall also the following Sobolev inequality (see Theorem 8.8 in
Brezis)

< Ch—1/2

S

||u||Loo(R) < CHUHHl(R) R Yu € HI(R) .
Now, let
i = (un, %) — Cic) = fI' + f3
where we set

f = (un,y?) = Cic;,
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and

By the proof of Lemma 3 in [I3] we have that for any p € (0,Sp) there exists
C := C, > 0 such that the vector f; = { f{'}nez can be estimated as follows

IE2ller = D17 < Clle|[freSom)/m,

For what concerns the term fy = {f3'},,cz we observe that

f; = <un7 (’Lpl + %.)3 - T/’%> = <Um¢i> + 3<Um¢i¢1> + 3<una wﬂﬂ%)

where

2 lual
n

IN

IN

I LlIZe el < Ch™Y2 LI,
LOO

Z}Wm’é/ﬁ?/hﬂ < Z|Cm| |<Umum¢i>|

n n,m

< 3 el s

n,m

< Z |lem] luntim | 22 ||¢J-||%11
n,m

< 3 el [Z ||unumm] oL 2
m n

< Clelle vl

S b)) < Y leml leel [(untimue, 1)
n n,m,t
< Do lealPual Jal) +2) leal D leel(uellunl, L) +
n n l#n
+> > leml leel{fum| un] Jucl, [41])
n ml#n
< mane [[un 3 l2=] 3 el o +
n
+2) leal Y leel lunuell o uell oo 11 [l o +
n l#n
+3 ) leml leellluntimll o l|uell s 1901 2
n ml#n
< lelfh™ Ll + 2llelfe S0 R gy g+
Hlelfh AT =M g
< Clelfah™ L lm
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Therefore
Ialler < © [B 2003, + el I3, + lelBh 4] -

Hence,

IN

[f1ller + [[f2]|e
c [h*”zllﬂullil +lelle vl + el 4L m + ||C||27’167(S"7p)/h] .

[ralle

IN
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