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ELLIPTIC EQUATIONS IN DIMENSION 2 WITH
DOUBLE EXPONENTIAL NONLINEARITIES

MARTA CALANCHI, BERNHARD RUF AND FEDERICA SANI

ABSTRACT. A boundary value problem on the unit disk in R? is considered, in-
volving an elliptic operator with a singular weight of logarithmic type and non-
linearties which are subcritical or criticlal with respect to the associated gradi-
ent norm. The existence of non-trivial solutions is proved, relying on variational
methods. In the critical case, the associated energy fucntional is non-compact. A
suitable asymptotic condition allows to avoid the non-compactness levels of the
functional.

1. INTRODUCTION
In this article we study the solvability of problems of the form

{L = —div(w(z)Vu) = f(z,u) in B (1.1)

u>0 in B, u =0 on 0B

where B is the unitary disk in R?, and the function f(|z],s) has a mazimal growth
in s with respect to the weighted gradient norm, where the radial positive weight
w(z) is of logarithmic type and will be specified below.

In some recent papers, the influence of weights on limiting inequalities of Trudinger-
Moser type (for short, TM-inequalities) has been explored in some detail. In [3], [4],
[6], [5], the interest is devoted in particular to the impact of weights in the Sobolev
norm.

More precisely, let 2 C RY be a bounded domain. If w € L*(€2) is a non-negative
function, we introduce the weighted Sobolev space

Hy(Q,w) = cl{u € C5°(9) ; /Q|Vu|2w(x)dx < oo} (1.2)

A general embedding theory for such weighted Sobolev spaces has been developed
in Kufner [16].

It turns out that for weighted Sobolev spaces of form (1.2) logarithmic weights
have a particular significance, since they concern limiting situations of such em-
beddings. However, to obtain interesting results, one needs to restrict attention to
radial functions. So let us consider the subspace of radial functions, i.e.

Hua(Bew) = el € CirB) ¢ ulli= [ [VaPuia)ds < o)
1
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with the specific weight
e
w(zr) = log — (1.3)
||

On the space of radial functions Hg (B, w), the weight has a relevant impact on
the corresponding embedding inequalities. In fact, the well-known Trudinger-Moser
growth e is drastically increased: in [4] the following double exponential inequality
was proved.

Theorem A (Calanchi-Ruf [4]). Let w be given by (1.3). Then

w2

/ee dr < +oo , VueH;),(Bw) (1.4)
B
and
‘rru2

sup /6682 dr < 400 <— <2 (1.5)
u€ Hg,,.(B,w) JB
luflw <1

We remark that if we consider the supremum in (1.5) on the whole Sobolev space
H}(B), then the weight w has no effect and we remain with the standard Trudinger-
Moser growth (see [19], [20], [22]). Indeed, as a consequence of the standard TM-
inequality and [4, Proposition 8], we have:

2
sup /eo‘“dx<oo<:>a§47r
uw€ H}(B,w) /B

flullw <1

Returning to equation (1.1), and in view of inequality (1.5), we say that f has
subcritical growth at +oo if for all o > 0

@)
Jm ety O (16)

and f has critical growth at +oo if there exists oy > 0 such that

|/ (z, 5)|

—— %y = 0, Va > Qo ; lim |f(l', S)l
s—+oo exp {2e25” }

— = Vo < 1.7
s—-+oo exp {2e25* } oo, Va<ag (17)

Remark 1. Note that, if there exist ag > 0 and [y > 0 such that

400 for 0 < a < ag

FQl

[t| =400 €x eat” 1
> exp{ 6o } 0 for a > «y
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then
400  for 0 < a < ag

)]

|t|]—=-+oo €x cat?
= exp{f } 0 for a >

forall >0 :

Therefore the choice of 5 > 0 in the previous formulas has no influence. For convenience, we choose

B=2.

Problems of the above type in the non weighted case have been widely studied
by several authors, see. e.g. [1],[2], [7], [8], [9], [12], [13], [14], [18], [21]. To our
knowledge, the case with weighted Sobolev norm has not been considered, except
for some particular applications of the above inequalities which can be found in [4],

6].

More precisely, in this paper we consider nonlinearities which have subcritical and
critical growth in the sense of (1.6) and (1.7). We make the following assumptions
throughout this paper:

(E1) f: B xR — Ris continuous, radial in z, and f(z,t) =0 for t <0
(E2) There exist tg > 0 and M >0 such that

t
0<F(x,t):/f(x,s) ds < M|f(x,t)|, forall t>t, VreB
0

(E3) 0<F(:v,t)§%f(x,t)t, Vt>0, VreB

2F (x,t
(E4) limsup M < A1, uniformly in x € B, where A\; > 0 is the first eigen-

t—0 tz
value associated to (L, Hj ,qq(B, w))
(E5) lim L&D

7 > (uniformly in z), with ~ >

2
t—-+oo expq2e0t ape?

Remark 2. Apparently, Remark 1 seems to downplay the importance of the critical exponent
Bo = 2. However, its crucial role is restored by assumption (E5) which is the counterpart, in our
weighted framework, of the growth condition [9, (HT)].

We prove the following results

Theorem 1.1. Assume (E1), (E2), (E3), (E4) and that f has a subcritical growth
at +00. Then problem (1.1) has a nontrivial radial solution.

Theorem 1.2. Assume (E1), (E2), (E3), (E4), (E5) and that f has a critical
growth at +00. Then problem (1.1) has a nontrivial radial solution.
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2 A
Ezample 1. Let f = F', where F(t) =k <62(8 - 1) for t >0, and k < Zl Then
f satisfies the hypotheses of Theorem 1.2, with ap = 1.

The proof in both cases uses a variational approach and follows the schemes of [9].
In order to apply the classical Mountain Pass theorem of Ambrosetti-Rabinowitz,
we first need to prove some geometric estimates. Theorem 1.1 then follows in a
standard way, since we can prove compactness due to the subcritical growth. The
proof of Theorem 1.2 is more delicate, since compactness is lost due to the critical
growth of the nonlinearity. First, we show that the non-compactness levels of the
functional are “quantized”, i.e. they occur at discrete levels, and we determine the
first such level. Then we prove, using a logarithmic concentrating sequence (Moser
sequence) that the mountain-pass level of the functional avoids this non-compactness
level, which requires new and delicate estimates. In this step the crucial assumption
(E5) is used.

We recall that in [10] and [11] (see also [15]) existence of solutions for elliptic
equations with TM type nonlinearities were proved in the (slightly) supercritical
regime, using the Lyapunov-Schmidt reduction method. We expect that with such
methods solutions may be found also for the double exponential equation (1.1) in
non-symmetric domains €0 C R?, near the non-compactness level.

2. PRELIMINARIES ON THE VARIATIONAL FORMULATION

Let us consider the space H := Hg,,4(B,w) endowed with the norm

e 1/2
|ul| = (/B |Vu|210g|?| d:c) , YueH,

and note that || - || comes from the inner product
e
(u,v)y = / Vu - Vv logﬁdx, Yu,v € H .
B x

Let ®: H — R be the functional defined by
1
D(u) = §||u||2 —/ F(z,u) dx, YueH. (2.1)
B

This functional is of class C?, since the hypothesis on the growth of f (subcritical
or critical growth) ensures the existence of positive constants ¢ and C' such that

|f(z,t)] < Cexp{e’”}, VaeB, VteR (2.2)

First, we prove that the functional ® has a mountain-pass geometry.
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Proposition 2.1. (Local minimum inuw = 0). Assume (E1), (E2), (E3) and (E4).
Then there exist a > 0 and p > 0 such that

O(u) >a Vu: ||ul| =p.
Proof. From (FE4), we have the existence of g5 € (0,1) and dy > 0 such that

1
F(z,t) < §A1(1 —go)t?  for [t| < do.

From (2.2), we obtain that for ¢ > 2 there exists a constant C; > 0 such that

ct2
F(z,t) < Ci|t|%e® VY [t] > b,
so that 1 ,
Fz,t) < gh(l = et + Cylt)%e™ | VieR.

Therefore, since Ay ||ul|3 < [Jul]?,

]. Cu2
®u) 2 geallll = C [ e fult do
B

1 cu 1/2 1/2
> —eollul? —C’1</ e dx) (/ || d:c)
2 B B

Now, one can choose ¢ > 0 such that co? < 27 so that
2 u 2
256“2 o QECHUH <W> : o
e dr= [ e dr < Cy, Yu € H with ||ul| = o,
B B

in virtue of the weighted TM-inequality (1.5). Moreover, since |jullz, < Csl|ull
(which follows easily by the radial Lemma in [4]), one has

1
®(w) > geollull® = Cullull*, Vo € H with [|uf| =0,

provided o > 0 satisfies co? < 2.
Finally, choose p > 0 as the point where g(o) = %600'2 — (40 assumes its maxi-

mum on [0, /27/c] and a = ®(p). O
To complete the geometric requirements of the Mountain Pass Theorem we need

the following Proposition:

Proposition 2.2. Suppose (E1) and (E2) hold. Then there exists u, with ||ul| > p,
such that ®(u) < 0.

Proof. Let ug € H N L*>®(B) such that ||ug|lc = 1. Let us define
2

t
W(t) := D(tug) = §||u0||2 —/ F(z,tup) dx.
B
From (F1) and (E2), by integration, there exists a constant C' such that
F(z,t) > Centll V|t >t
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In particular, for p > 2, there exists C' such that
F(z,t) > C|t|P —=C, VteR, x € B.
Therefore ,
9(t) < Slluoll = 1 ol — Cs = —oo, for £~ +oo,

and the result easily follows. 0

3. THE COMPACTNESS LEVELS.

In this section we prove a compactness result (Proposition 3.2). We first need a
Lions’ type result [17] concerning an improved TM-inequality for weakly convergent
sequences, adapted to the double exponential case.

Lemma 3.1. Let {uy}r € H be such that ||ug|| = 1. If up — w in H and u # 0 then

2mp ui
sup / e dr < +00
k B

for any 1 < p < P where

1
—  if |Jull <1
oo =
+00 if |ull =1
Proof. First, we recall the following elementary inequality
a P | ’ 1 1
2" < 2 o2t +—/626qb Va, beR, ¢>1 and -+ — =1 (3.1)
q q qa q
which is a direct consequence of Young’s inequality. In fact,
628a+b _ 628a8b S 62( % eqa_;'_% eq’b) _ egeqaeﬁeq’b S 1 626(1,1 4 l/ ezeq/b
q q
Also, we may estimate
1
uiz(uk—u%—u)z§(1+€)(uk—u)2+<1+g)u2 Ve >0 (3.2)

Therefore, for any p > 1, we have

27rpu2 ]_ 27pg(14e)(u 7u)2 ]. 2mpq’ (1+%) u?
/ A —/ e e+ = [ e dx
B 4B 4 JB

where we used (3.2) and (3.1). Since by (1.4)

9 27rpq'(1+%)u2
e dr < 400,
B

the proof is complete if we show that when 1 < p < P then

2mpq(1+e) (uy, —u)2
su1p/62‘2 PR < 40 (3.3)
k B
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for some € > 0 and ¢ > 1.
We assume ||u|| < 1, the proof in the case |ju|| = 1 is similar. When ||u|| < 1, for

1
p<P=—"
L= lull?
there exists 9 > 0 such that

p(1 = [lul)(1+8) <1 (3.4)
We have
lim |Jup —ul|* =1+ [Jul|* =2 lim (ug,u) =1 — ||Jul]?
k—4o00 k—+o0
and for any € > 0 there exists k = k(¢) > 1 such that
lur —ul* < (L +e)(1 = [Jul?) VE>k
Then, for g =1+¢ withe :== /146 —1 > 0, and for any k > k
pa(l +e)llu — ull* < p(1+€)*(1 = [[uf*) = p(1+8)(1 — [lul*) < 1

Thus
2
Y
/ 6262ﬂpq(1+5)(uk7u)2 dx _ / 6282ﬂpq(l+5)”uk I (H“I]z*u”) dl.
B B
7|"U2 -
< sup /6282 dr < +oo0 Vk >k
ve, o<1 JB
and this yields (3.3) in the case ||u|| < 1. O

Next, we identify the first non-compactness level of the functional ®.

Proposition 3.2. The functional ® satisfies the Palais-Smale condition at level c,
i.e. the (PS).-condition, for any ¢ < o

Proof. Let {u,}, C H be a (PS). — sequence, i.e.
1
®(u,) = §||un||2 —/ F(z,u,) dx — ¢, n— 400 (3.5)
B

and

|D' (u,) - v| = ‘(un,w —/Bf(x,un)v dr | <eu||vl|, Yve H (3.6)

where ¢, — 0, as n — +oc.
From (E2) it follows that for any € > 0 there exists . > 0 such that

F(z,t) <etf(z,t), V[|t| >t., uniformly in z € B. (3.7)
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Then, for any € > 0,

1
WWWSC+/F@mwm
2 B

§C’—|—/ F(z,uy,) dx—l—e/ f(z,uy)u, dr
{lunl<te} B
< Co + € enl|unl| + elfunl?

where we also used (3.5) in the first inequality and (3.6) in the last one. Therefore

1
(5= 2) huali® < Co + ecalluall,

so that {u,} is bounded in H, and hence u,, — u weakly in H and strongly in L9(B)
for any ¢ > 1.
Moreover, from (3.5), (3.6) and (3.8)

@ | [ £ do] < el + < €
(b) ’/BF(x,un) d:c‘ SC'O—I—»S’/Bf(x,un)un dz| < C

and applying Lemma 2.1 of [9]
f(z,u,) — f(z,u), in L' (B) as n— +oo, (3.8)
Since
0< F(x,t) < M|f(x,t)|, V|t| > to, uniformly in z,

we may apply the generalized Lebesgue dominated convergence Theorem to conclude
that

F(z,u,) — F(x,u) in LY(B) as n— +oo. (3.9)
From (3.5) we have

1
lim = ||lu,||* = c+/ F(z,u) dz
n—oo 2 B

and by (E3) and (3.6)

lim 2/ F(z,u,) de < lim [ f(z,u,)u, de= 2<c+/ F(z,u) d:c) (3.10)
B B

n—oo n— oo B

so that ¢ > 0. Moreover, from (3.6) and (3.8),

(&

/ Vu- Vv log — dr = / flz,u)v de Vv e C5°(B) (3.11)
B B

|z]
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and u is a weak (and strong, via standard regularity results) solution of the problem.
In particular, testing the equation with v = u,

/|Vu|2 log% dr = /f(x,u)u dx > Q/F(x,u), which implies ®(u) > 0.

We will distinguish three cases according to
(I) ¢=0

(II) ¢>0,u=0

(II1)c>0, u>0

Case (I): ¢ = 0. We prove that u,, — wu strongly in H. Indeed,

1
0 <P(u) = §||u||2 - / F(z,u) dx
B

n—oo

1
< liminf = ||lu,||* — / F(z,u) do = liminf ®(u,) =0
n—oo 2 B
1
which implies that §||uH2 = / F(x,u) do and [Ju,| — ||Ju|.
B

Case (I11): ¢ > 0, u = 0. In this case, (3.5) and (3.6) read as

lim [[u,|®* =2c and lim [ f(z,u,)u, dv=2c
n—oo n—o0 B

We show that this case cannot happen.

We begin by assuming that there exists ¢ > 1 such that
/ |f(z,up,)|? de < C. (3.12)
B
Then using (3.6) with v = u,

)||un||2 _ /f(:c,un)undx‘ < Ce,

which implies

|un||* < Ce, + (/ | f (2, up,)|? dx) (/|un|q) —>0, as n — +o00,

where ¢ and ¢ are conjugate exponents with ¢ > 1. The strong convergence u,, — 0
in H leads to ¢ = 0, which contradicts the assumption ¢ > 0.
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So it remains to prove (3.12). Since f has a subcritical or critical growth, for
every € > 0 and ¢ > 1 there exist ¢, > 0 and C,, > 0 such that

|f(z,t)|? < C. exp {26“0(1+E)t2} , Y |t| > t., uniformly in x . (3.13)

Therefore

n qd — , Up qd s Unp qd
/B|f<:c,u )¢ de /{unlqs}lf(:vwl :c+/ () o

{lun|>te}

<7 max |f(z,s)]?+ Ce,q/ exp {260‘0(”6)“%} dx
B

Bx[—te,te]
We have to estimate this second integral.
Since 2¢ < 2%, there exists 0 € (0,1/2) such that 2¢ = (1 — 25)%. Therefore,

07
since [Jup||* — 2¢, there exists n; such that ||lu,[|* < (1 —6)2F, n > n;, and
ap(1 + &)||un|* < (1 +¢)(1 — 6)2r. Now, choosing ¢ > 0 sufficiently small, we
see that ap(1 + €)||un]|*> < 27. The integral which we have to estimate can be
rewritten as

/exp {2eao(l+a>nunn2(m)2} dr < / oxp {26%(32”)2} "
B B

which is uniformly bounded in view of the weighted TM-inequality (1.5).

Case (I1II): ¢> 0 and u # 0. We will prove that ®(u) = ¢ and this yields

lim [|un|? = 2<c—|—/F(x,u) das) - 2<(I>(u)+/F(x,u) d:v) — Jlulf?

n—-4o0o

To prove that ®(u) = ¢, note that
1
®(u) < = liminf ||u,[? —/ F(z,u)de =c
92 n—oo B
We argue by contradiction assuming that ®(u) < ¢, or equivalently

ul? < 2<c+/BF(93,u) das) (3.14)

Let v, = 2= and
l[unl]
U

- \/Q(C—I—fBF(x,u)d:c)

Since v, — v weakly in H, v # 0, ||[v,]| = 1 and [jv|| < 1, we may apply the
Lions-type Lemma (Lemma 3.1) to obtain

7\'1}2
sup/ 27 g < +oo, for 1<p<
B

n

1—jo]?



DOUBLE EXPONENTIAL NONLINEARITIES 11

Next, we estimate the L%norm of {f(z,u,)} with ¢ > 1. We have, using (3.13)

as above,
/ Flau)lt = / )l + / 1, wn)|*de
B {Jun|<t<} {lun|>te}

<C.+ C&,q/ exp {260‘0(”5)”“””2”’%} dx < C
B

provided that ag(1 + ¢)||lu,||* < 27p, for some 1 < p < W . Indeed, note that by
the definition of v

1 2t [RF(ruwdy) ot [ Fz,u)de
L=l 2c+2 [, F(z,u)dr — |lul]> c— ®(u)
Since
. 2
nl_1>IJIrloo | n | —2<c+/BF(x,u)dx>
we have

21+ 9)lun? < S22 +20)2 <c+/ F(z, u)dz)

27 B
and, to obtain the desired estimate, it is enough to show that we can choose € > 0
sufficiently small such that

(7)) 1
%(1 +26)2 < )
that is
(1+2¢)(c — D(u)) < &i (3.15)

Since ®(u) > 0, and ¢ < -, it is indeed possible to choose € > 0 such that (3.15) is
valid.

From the boundedness of {f(z,u,)} in LY(B) for ¢ > 1, we will deduce that
u, — u strongly in H. In fact

tn, — wl|* = (U, ty — 1) — (u,up — 1) = (Up, up —u) + o(1)
Moreover, from (3.6)

st = )] < ety =l + | [ 7o) = ) ]

1/q
< Ce, + </ |f(x,un)|qu> |lun, — ully — 0, as n — +o0
B

Therefore
2<c+/F(:c,u) d:c) — lim u]f? = ||ul?
B n—-+o0o

which contradicts (3.14). O
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4. PROOF OF THEOREMS 1.1 AND 1.2.

The proof in the subcritical case follows easily from an application of the Mountain
Pass Theorem, since in this case the functional satisfies the (PS).-condition for all
ceR.

To conclude the proof of Theorem 1.2 we have to show that the mountain-pass
level ¢ satisfies ¢ < o and for this it is sufficient to show that there exists w € H,

with ||w|| = 1, such that

max {P(tw) : ¢ >0} < -
Qo

To this aim, we consider the functions wy = wy(z) defined by means of the identity
Ur(t) = V2rwy(z), with |z|=e"
where {1}, is the Moser-type sequence introduced in [4]. More precisely,

logA+8) g
Ui(t) = { log*(1 + k) - (4.1)
log2(1+k) , t>k

Then
+00
() wel? = / O+ )t = 1

+oo
(ii) lim exp{ 26>k }dz = lim 27?/ exp{ 2eVk — 2t }dt
0

k—+o0 B k—+o0

that is wg(t) is a normalized sequence which tends pointwise and weakly to zero in
H (and likewise for ¢ (s)), and which blows up in 0 (at +oo, respectively). In the
following Lemma 4.1 we calculate the limit in (ii), which will be crucial in the proof
of Theorem 1.2. It also shows that the integral in (ii) (and hence in (1.5)) is not
weakly continuous in 0, since in w = 0 the value of the integral in (ii) is we?, while
the following Lemma 4.1 shows that the limit in (ii) is 3me?.

Lemma 4.1. Let ¢y, as in (4.1). Then

400 3
lim exp{ 2e%k — 2t bt = 3 e? (4.2)

k——+o0 0
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Proof. Performing the changes of variable s =14t and j = k + 1, we may rewrite

oo w2 62 k
expy 2e¥r — 2t dtz——i—/
| e bar=5+ [

2

k+1 log s
= — / exp{ 2sPs0+0 — 2(s — 1) } ds
1

log(1+t)
exp{ 2(1 + t)Teirn — 2t ) dt

o ®

e, [’ log s
:§+6/exp{25105j—28}d8
1

and, to complete the proof of (4.2), we need to show that
‘j log s
lim exp{ 2sTegi — 2s } ds =1

j——+oo 1

For any fixed j > 4, let n;(s) := 9stors — 25 with s > 1, and split the interval [1, j]
as
(L) = [LVi) U Vi = Vil U = Vi)

Xp,v(8) €M) < V52 e LI([1, 400))

Since

and

% for a.e. s € [1,4+00), as j — 400,

X1v7)(5) €76 — e
the Lebesgue dominated convergence theorem yields

—+o00

J og s
lim exp{ 9sTo8s — 2s }ds = lim X[, (5) e ds =

J—=+o J1 J—=+oo Ji

(4.3)

Next, we will study the limit of the integrals on [\/7,7 — /7] and [j — /7, 7],
respectively. To this aim, we begin by computing

1
Vi) ==2vi(1l-—=
and we observe that

(Vi) <—Vi . vji=>2! (4.4)
Also,

ool -3} 1]

and we conclude that for any € € (0, 1) there exists j. > 1 such that

(i — Vi) < —200—e)5 , Vi>j. (4.5)
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Let us fix j > 1 and assume j is sufficiently large. A qualitative study of 7; on
[1,+00) shows that there exists a unique s; € (1, 7) such that 7j(s;) = 0 and hence

i
/ ) ds < (j — 21/) e VD m G-V}
Vi

Moreover, from (4.4) and (4.5) with e = £, we deduce
maX{ 0 (\V3)s 07 = V/4) } <=V

provided j is sufficiently large. Therefore, there exists 7 > 1 such that

i—V3 , B
/ e ds < (j—24/f)eT Vi
.

and hence
J—V7 log s
lim expy 2sTosi — 2s tds = () 4.6

Next, note that for fixed j > 1 sufficiently large, n; is convex on [j — /7, +00).
Using this and the fact that n;(j) = 0, we may estimate

ni(s) <= mG = V5 s s €=V 4]

Vi
In view of (4.5), if ¢ € (0,1) and j > j., we have
ni(s) <21=e)s =), s€l—+/iJl (47)

On the other hand, the convexity of 7; on [j —+/j, +00) and the fact that n}(j) = 2
yields

ni(s) = m;() + 15D (s —3) =25 =), s €[ — Vi) (4.8)
Hence, combining (4.7) and (4.8), we get
1 ] 1
— < lim ei(®) dg <
2 j—+oo j—\/j 2(1 — E:)
and, since ¢ € (0, 1) is arbitrarily fixed, we conclude
im [ {2555 95 Y ds = & (4.9)
ogj — = — .
A j_\/jexp s sypds=3
Joining (4.3), (4.6) and (4.9) we conclude. O

Lemma 4.1 will play a crucial role to derive the following estimate

max {®(twy) : t>0} < . for some k > 1 (4.10)
Qo

To prove (4.10), we argue by contradiction assuming
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max {®(twy,) : tZO}Z&l . VE>1
0

Then, for any k£ > 1, there exists ¢, > 0 satisfying
1
ozlo < rgaoxtb(twk) = O(tpwy) = Qti - /B F(z, tywy) dz

and

d
dt t=ty, B

Hence, we have

2
> T and = / [z, tywy, ) tywy, do (4.11)
Qg B

The growth condition (E5), i.e.
flz,t)t 1

> v, uniformly in x, with >
t—+00 exp{2e20t’} =0 v o ape?

will be be crucial to reach a contradiction. Note that from (£5), for any fixed € > 0,
we deduce the existence of t = t(¢) > 0 such that

f(z, )t > (70 — &) exp{ 2e0% } V|| =1, uniformly in x (4.12)

First, (£'5) will enable us to show that the sequence {tx} is bounded. To this
aim, using (4.11) and the definition of wy,, we estimate

- (0 (e
t2—/ x, twg ) tpwyg doe > 2 / (e_s,t r )t e % ds

As a consequence of the definition of ¢, and (4.11), we have

e, ((log(L4h) :_ (log(1+k) 2
"or  f o ag

Therefore, for any k > k with k = k() > 1 sufficiently large, we may apply (4.12)

to deduce that
e Y Y
2 > 27r/ <e_8,t —k> th—e ™% ds
b= k / i \ 2 i \ 2

" e 20 ()’
> 271 (o — g)/ exp{ 2™\ ver)  — 2 } ds (4.13)
k

=7( —¢) exp{ etk lo8(1+k) _ o }
In particular,
1> m(v —¢) exp{ ezt los(1+k) _ o 2log ty, } . YE>k
and thus {¢; }; must be bounded.
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Note also that, if

27
. 2 =
kl_l>£I_loo tp > i (4.14)

then (4.13) would yield a contradiction with the boundedness of {t; };. Hence, (4.14)
cannot hold and, this together with (4.11) gives

We will use this information to reach a contradiciton with condition (E5). For
this reason, we introduce the sets

Ak:{xEBkak(:c)Zf} and Ck:B\Ak
where ¢ = #(¢) > 0 is given by (4.12). By construction,

t2 :/f(x,tkwk)tkwkd:c
B

> (v — 5)/ exp{ 20t Wi }dx + f(z, tpwy ) tpwy dz
Ay, Cr

= (70— 8)/ exp{ e 0tk }d:c — (0 — 5)/ exp{ 2e 0wk }dx
B Ch

Ck

Since wy — 0 a.e. in B and x¢, — 1 a.e. in B, applying Lebesgue’s dominated
convergence theorem, we get
o lim # > (v —¢) lim / exp{ eCotk vk }dm — (y0 — &) é?
Qo k— 400 k= 0 k—=+oo Jp 0
In view of (4.11) and Lemma 4.1, we have
lim exp{ 20tk } dr > lim exp{ 262k } dr = 3me?

and hence we conclude that

But € > 0 is arbitrarily fixed and we can pass to the limit as ¢ — 0, reaching a
contradiction with (Eb5).

This concludes the proof of Theorem 1.2.
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