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Abstract

We investigate wavefront solutions in a nonlinear system of two coupled reaction-diffusion equations
with degenerate diffusivity:

ng =nyxy —nb, by =[Dnbby]y + nb,

where t > 0, x € R, and D is a positive diffusion coefficient. This model, introduced by Kawasaki et
al. (1997) [3], describes the spatial-temporal dynamics of bacterial colonies b = b(x,t) and nutrients
n = n(x,t) on agar plates. While Kawasaki et al. provided numerical evidence for wavefronts, analyti-
cal confirmation remained an open problem. We prove the existence of an infinite family of wavefronts
parameterized by their wave speed, which varies on a closed positive half-line. We provide an upper bound
for the threshold speed and a lower bound for it when D is sufficiently large. The proofs are based on sev-
eral analytical tools, including the shooting method and the fixed-point theory in Fréchet spaces, to establish
existence, and the central manifold theorem to ascertain uniqueness.
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1. Introduction and main results

In this article, we are exploring a nonlinear system of two coupled reaction-diffusion equations
that models the growth of bacteria on agar plates with nutrients. Based on laboratory experi-
ments and numerical analyses, it has been observed that bacterial evolution can produce various
spatiotemporal patterns during bacterial growth, including rings, disks, and dense branching mor-
phologies, which depend on the bacterial species and nutrient conditions (see [1-4]). To study
the evolution of bacteria and nutrients, we consider the reaction-diffusion model as described in

[3]:

ny = Dnnxx —}’lb, (a) (1 1)
b; = [Dpnbby ]y +nb, (b) ’

where n =n(x,t) and b = b(x, t) are the concentration of the nutrient and the population density
of bacteria, respectively, at time ¢ > 0 and space x € R. The parameters D, and D, are the
nutrient and bacteria diffusion coefficients, respectively. The diffusivity of bacteria is nonlinear
and degenerates to model its trend toward reduced mobility when the nutrient or the bacteria
concentration level is low (i.e., if either n or b tends to zero).

Experimental observations reported in [3] have shown that system (1.1) can generate spa-
tiotemporal patterns supported by traveling wave solutions. These solutions are characterized by
profiles that propagate at a constant speed, specifically represented by:

nx,t)y=nkx—ct), blx,t)=px—ct), (1.2)

where (1, B) represents the profile and ¢ € R denotes the wave speed, which is an unknown of
the problem. Despite these experimental observations, there is a lack of theoretical proof for the
existence of traveling wave solutions for system (1.1), nor has there been an analytical study of
the admissible wave speeds. This work aims to address these theoretical and analytical gaps.

In [5], researchers analyzed the case D, = 0 and, through both numerical and analytical ap-
proaches, indicated that wavefronts display “sharp” behavior in the bacteria profile at a critical
speed (see Definition 1.2). In [6], the studied system is

ng=—f(n,b),

by =[g(mh(D)bi]x + f(n, D),
where the diffusion term g(n)h(b) degenerates at both n = 0 and b = 0, and the reaction term
f(n,b) is positive except when n = 0 or b = 0. They established the existence of wavefronts
for all wave speeds within a closed half-line and, similar to the model in [5], showed that the
profile exhibits “sharp” behavior at the threshold speed. It has been also demonstrated in [6] that
the profiles for all other speeds are smooth. For the classical non-degenerate case, the analogous
system studied in literature is:

ny=Anyx — f(n, b),
by =byx + f(n,b),

where A > 0. Results depend on different properties of the function f, which is consistently
assumed to be as before (see, e.g., [7—12]). This model applies to contexts such as modeling an
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isothermal autocatalytic chemical reaction (where n and b represent the concentrations of the
autocatalysts) or modeling thermal diffusive combustion (where n is the concentration of the
reactant and b is the temperature of the mixture). Various results regarding wavefronts have been
obtained depending on the value of A and the properties of f.If A =0or A > 0 and f(n, b) =nb,
an admissible closed half-line of wave speeds has been demonstrated (see [9,11]). Conversely,
if A >0and f(n,b) = gn)b with g(0) =0 and g(s) > 0 for all s € (0, 1], then an admissible
closed half-line of wave speeds is guaranteed for 0 < A < 1 (see [12]). For A > 1, however, the set
of admissible speeds may be disconnected (see [10]). These results have been further improved
in [7] to include more general reaction terms f (1, b).
Without loss of generality, in the following, we assume in (1.1) that

D,=1 and Dp=D >0.

When introducing the wave coordinate & := x — ct, the functions n and 8 in (1.2) satisfy the
system

{n +cn' =B =0, (a) (13)

(Dnpp’) +cB' +np =0, (b)

where ' = %. The nontrivial stationary solutions associated with (1.3) belong to one of the fol-
lowing sets:

{(n,B): n=K,, =0, with K, € (0, +00)},
{(n,B): n=0, B=Kg, with Kg € (0, +00)}.

Here, we look for traveling waves of (1.1) that connect nontrivial stationary solutions charac-
terized by profiles (n, B) consisting of a pair of strictly monotone functions (i.e., wavefronts).
In the following, we will consider K, =1 = Kg and look for wavefronts that connect the two
stationary solutions (0, 1) and (1, 0). This leads to the boundary conditions:

{(n(—OO),ﬂ(—OO))=(0, D, @ 14
(n(400), B(+00)) = (1,0), (b) '
where for any function m () with a limit at +o00, we write limg_, 100 m(§) = m(£00).

Given the presence of a degenerate diffusion term in system (1.1), before stating our results,
let us point out the solution notion we are seeking (see [13]).

Definition 1.1 (Wavefront and semi-wavefront). Let J C R be an open interval and ¢ € R. Con-
sider two non-constant monotone functions 7, 8: J — R such that

(i) nisofclass C? and solves (1.3a);
(i) B iscontinuous and differentiable a.e. with 88" € L }0 - (J) and solves weakly (1.3b), namely,
for every ¥ € C3°(J), it satisfies

/ [(Dn)BEB ) +cBE) ¥ (E) —nE)BE)Y(©E)] d& =0. (1.5)

J
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e When J =R and (7, B) satisfies (1.4), (n, b) with n(x,t) = n(x —ct) =n(€) and b(x,t) =
B(x —ct) = B(&) is called (global) wavefront of (1.1).
e When J = (—o00,a) (or J = (a, +00)) with a € R and (5, B) satisfies (1.4a) (or (1.4b)), (n, b)
with n(x,t) =n(x —ct) =n() and b(x,t) = B(x — ct) = B(&) is called semi-wavefront in J
of (1.1).

In both cases, the pair (1, 8) denotes the wave profile of (n, b), whereas ¢ stands for the wave
speed.

Warning. For conciseness, we will refer also to the profile (5, 8) as “wavefront” of (1.1) or
“semi-wavefront” of (1.1) (satisfying either (1.4a) or (1.4b)).

Definition 1.2 (Classical and sharp wavefront). A wavefront (1, 8) is said to be classical if the
function B is differentiable, BB’ is absolutely continuous, and the equation (1.3b) holds a.e. On
the other hand, a wavefront (1, 8) is said to be sharp at the point £ € {0, 1} if there exists a
real number &, such that §(&,) = ¢, and the function g is classical on the set R \ {&}, but not
differentiable at the point &;.

This work investigates conditions under which wavefronts exist and examines their regular-
ity properties. Specifically, we demonstrate the existence and uniqueness of a semi-wavefront
for each positive wave speed in the negative half-line (—oo, 0]. Our approach utilizes shooting
method and fixed-point theory in Fréchet spaces to establish existence and the central manifold
theorem to ascertain uniqueness.

Theorem 1.1. Let D, = 1 and Dy = D > 0. For each ¢ > 0, system (1.1) has a unique semi-
wavefront in (—o0, 0] with wave speed ¢ whose profile (n, B) satisfies (1.4a). Moreover, n > 0
and B’ <O.

Further, we extend the solution to the positive half-line [0, +o00) and show that sufficiently
large wave speeds yield a classical global wavefront.

Theorem 1.2. Let D, = 1 and D, = D > 0. There exists co > 0 such that, for every ¢ > cy,
system (1.1) has a unique wavefront with wave speed ¢ whose profile (n, B) satisfies (1.4). If
¢ > co, the wavefront is classical. Moreover; the following estimates on cq hold:

max [o, JD/15 — 1} <co<2vVDePD.

If we assume the conservation of total mass for system (1.1), i.e. that n;(x,t) + b;(x,¢) =0
for every (x, t), the possible wavefront profiles for b(x, t) satisfy the differential equation

(DA - B)BB) +cB +(1—B)B=0 (1.6)

obtained by replacing n with 1 — g in (1.3b). Equation (1.6) has infinitely many solutions sat-
isfying boundary conditions (1.4) which are parametrized by their speeds in a closed half-line
[c*, +00) (see, e.g., [14]). Moreover, by means of an estimate in [15] (see also [16, (2.8)]) we
have that
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2D
0<c*< %\/684—5\/10.

Hence, the upper estimate for its admissible speeds is sharper than in Theorem 1.2. This suggests
that more accurate upper estimates for cp in Theorem 1.2 could be obtained. On the other hand,
no positive lower estimate exists, even for large D, for the admissible c of (1.6).

The equation (1.3b) degenerates when 8 = 0 and, due to the boundary conditions (1.4), also
when B = 1. We overcome the consequent difficulties by adopting a shooting method in Proposi-
tion 3.9 and a first-order reduction (see problem (2.24) in Section 2). It is known that the solutions
of (1.6) with minimal speed ¢* satisfying boundary conditions (1.4) have a sharp profile at 0.
This is indeed true for the minimal speed wavefront solution in a wide class of reaction-diffusion
equations (see, e.g., [14,17]). As a consequence (see [18]), these models exhibit the property of
finite speed of propagation, making them suitable for describing biological processes. Also, the
simplified version of (1.1) occurring when D,, = 0 admits wavefronts having a profile 8 which is
sharp in 0 as shown in [5,6]. We claim that also problem (1.3)—(1.4) has wavefronts with profile
B sharp in 0, and this discussion will be included in [19]. At last every wavefront of (1.3)—(1.4)
is such that 8 < 1 (see Remark 4.3), hence, no sharp behavior happens for 8 in 1.

The paper is organized as follows. Section 2 presents preliminary properties of sys-
tems (1.3)—(1.4) that are essential for further analysis. This section also discusses further for-
mulation of the system provided by equation (2.7), which is ensured by the boundary conditions
and the coupling of the reaction term. The proofs of Theorems 1.1 and 1.2 are detailed in Sec-
tions 3 and 4, respectively.

2. Preliminary proprieties

We first describe some properties that wavefront or semi-wavefronts of (1.1) must have. To
simplify expressions, the following notation is introduced:

no=n©), ny:=n'©).  fo=p0), f5:=p0). @1

Let (1, B) be a solution of (1.3). It is straightforward to demonstrate that, for every &y € R, the
shifted pair (n(- + &p), B(- + &p)) remains a solution of (1.3). So, with no loss of generality, in
the following, we always assume that

,3()>O.

Furthermore, if (1, B) is a wavefront of (1.1) or a semi-wavefront of (1.1) (satisfying either (1.4a)
or (1.4b)), then according to Definition 1.1, the function B is non-constant and monotone decreas-
ing. If, moreover, 0 belongs to the domain J of 8, then the following quantity

T:=sup{§ > 0: B() > 0}. 2.2)

is straightforwardly well-defined. It is also easy to verify that T € R U {4-00}.
The following lemma provides qualitative properties on wavefronts of (1.1).

Lemma 2.1. Every wavefront (n, B) of (1.1) with wave speed c satisfies:
(i) n'(—00) =0 and n(—o0)p'(—00) = 0;
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(ii) n'(+00)=0and B(r7)B'(x7) =0;
T

(iii) c= / n(s)B(s)ds > 0;
(iv) 0<n'(§) <cand0<n) <1, VE eR;
() B'()<0and0 < B(&) <1, V& € (—o00, T).

Proof. By Definition 1.1, we notice that  and 8 are monotone functions. Thus, they are bounded
functions thanks to the boundary conditions (1.4), namely 1n(§) € [0, 1] and B(&¢) € [0, 1], for
every £ € R. By integrating (1.3a) in [£, O] with £ < 0, we have

0
') =mng+c(mo—nE) — / n(s)B(s)ds, (2.3)
§
and so we deduce that " has limit as &£ — —o0. Since 7 is bounded, then n’(—o0) = 0. Similarly,
by integrating (1.3b) in [£, 0] with & < 0, we have
0

Dn(S)ﬂ(é)ﬂ’@)=Dnoﬁoﬂ6+6(ﬂo—ﬂ($))+/n(S)/3(S)ds,
&

and so we deduce that n(£§)B(£)B'(€) has limit as & — —oo. Hence, n(§)8'(¢) has limit as
& — —oo because f(—o0) = 1.
If, by contradiction, 7(—00)8’(—00) =1 < 0, then

Bl(—o0) I

n(=e0) n(—o0)  n(—o0)

which is a contradiction since B is bounded. Thus, we have n(—00)8’(—o0) = 0 and statement
(7) is proved.

The proof that n’'(4+00) = 0 is analogous and also that B(+00)8’(+00) = 0 when T = +00.
Instead, when 7 < +o00, we take ¥ € Cgo(r — &, 7+ ¢) for some ¢ > 0 with {(t) # 0 and
0 < § < e. By Definition 1.1 we have that

T+e

0= / [(DnE)BEB E) + cBENY ) —nE)BE)V ()] dé
= lim [(Dn©BEF'E) +BEOWE];,
T—§

- [ [oropen©) + @ +nepe]ve e

Since ¥ (t —e) =0 we get
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SEI& [(Dn(r = 8)B(x =8B (x = 8) + Bz — )] ¥ (r = 8) =0,
implying
Jim BE'E) =0,

This proves (ii).
To prove (iii), let us integrate (1.3a) in [&p, £] and pass to the limit when &y — —o0; according
to (i) we obtain that
&
n'(€) +en€) = / n(s)B(s)ds. 24

—0o0

Hence, by (ii) and (1.4b), when passing to the limit in (2.4) as £ — +00, we obtain

+00 T
c= / n(s)B(s)ds = / n(s)B(s)ds,

proving (iii).
To prove the first property in (iv), we observe that

(0" (&) +cn'(€) — nE)BE)) e = (' ©)eF) —n(E)BE)eE =0, VEeR.
Then, thanks to (i), we have

&
nE) =e f n(s)B(s)e ds. 2.5)

—00

The case n(§) =0 in (—oo, &) is not possible because it implies n = 0, in contradiction with
Definition 1.1. Hence we obtain that n'(£) > 0, for every & € R. Now we prove that 0 < n(¢) < 1,
for every & € R. Let us suppose by contradiction that there is £ € R such that n(£;) = 0. Since
n(&) > 0, for every & € R, then n'(£;) = 0, which is a contradiction and so 7(&¢) > 0, for every
& € R. In a similar way, we can exclude the existence of & € R such that n(§;) = 1. At last
by (2.4) the function i’ 4 ¢n is increasing in R and so, by (ii) and (1.4a), we obtain n’(400) +
cn(+00) = c. This, using (i), implies (&) < c(1 — n(&)) < c for all & € R. Accordingly, (iv)
is proved.

To prove the first property in (v), we notice that § is monotone decreasing due to Defini-
tion 1.1 and boundary conditions (1.4). Thus, let us suppose by contradiction that g’(¢3) = 0, for
some &3 < 7. By introducing the function A: R — R defined as

AE) =Dn(E)BE)B®), (2.6)

7
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we have A(&3) =0 and A’(&3) < 0, thanks to (iv). This way, we obtain that A is a strictly
decreasing function in a neighborhood of &3. Moreover, sgn (A(§)) = sgn (,3’ (é)) in a neighbor-
hood of &3. Then, we deduce that 8’ > 0 in a left-neighborhood of &3, which is in contradiction
with the monotonicity of 8. We are left to prove that 8(§) < 1, for every £ < t. Thus, by contra-
diction, we assume that there is &4 < 7 such that 8(&1) = 1; then it follows §(§) = 1, for every
& < &4. Consider &5 < &4, then B(&§) =1 for all & € (&5 — ¢, &5 + ¢) with ¢ > 0. According to
Definition 1.1, g satisfies (1.5). Thus, given ¢ € Cgo (&5 — €, &5 + ¢), without loss of generality,
we assume that ¥ < 0. Using (iv), we have

&s5+e

0= / [DnE)BE)B (&) + cBEW () —nE)BE)V ()] dE
§s—e
&s+e

= / —n&)yY(§)ds >0,

&5—¢

which is a contradiction. Hence, 0 < 8(§) < 1, for all £ € (—o0, ) and the proof is con-
cluded. O

Remark 2.2. Let (1, 8) be a semi-wavefront of (1.1) in (—o0, 7) for some ¢ > 0. It is evident
from the proof that it fulfills the properties stated in Lemma 2.1 (i). Furthermore, for all £ < 7,
we have n(§) > 0, n'(§) > 0,0 < B(¢) < 1, and B'(¢§) < 0, and when 7 is finite, '(t) > 0.
Additionally, in Remark 2.10, we will demonstrate that 8'(7~) < 0 is always satisfied when 7 is
finite.

The following lemma highlights an essential property of wavefronts of (1.1) or semi-
wavefronts of (1.1) on (—o0, 7), which plays a significant role in the subsequent analysis.

Lemma 2.3.If (n, B) is a semi-wavefront of (1.1) in (—oo, t) for some ¢ > 0, then B €
Cl(—o0, 1) and

DnE)BE)B'E) +c(BE) — D+ ') +enE) =0, V& e (—00,1). 2.7)

Conversely, if (n, B) is a solution of (1.3a)—(2.7) in (—o0, ) satisfying (1.4a) for some ¢ > 0,
then (n, B) is a semi-wavefront of (1.1) in (—o0, 7).

Proof. By Definition 1.1, if (n, 8) is a semi-wavefront of (1.1) on (—o0, T), then it follows
D(E)BE)B (&) =—cB'(E)—n" () —cn'(€) € L}, Thus the function & — Dn(£)B(E)B'(£)

is continuous in (—oo, t). By Remark 2.2, since B(£§) > B(t) = 0, this implies that 8’ is contin-
uous in (—o0o, ). Now, by taking into account (1.3), we have

0 (€) +cn'(€) =nE)BE) =— (DnEBEB ) —cp/€), VEe(—00,1).
By integrating in [&p, £] with —o0 < &) < & < 7, we obtain

8
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&
[ {1988 ©) + 861416+ en')] as =0,
0
By passing to the limit as &y — —oo, the thesis follows thanks to (1.4a), Lemma 2.1 (i) and

Remark 2.2. Differentiating (2.7) and using (1.3a), the second statement of the lemma follows
directly. O

Remark 2.4. Every (1, 8) semi-wavefront of (1.1) in (—oo, ) for some ¢ > 0 satisfies 8 €
Cz(—oo, 7). In fact, in the proof of Lemma 2.3, we showed that 8 is continuous in (—o0, T).
By (2.7) and the positivity of 1 (see Remark 2.2), we have that

c1-BE) W@ 1
DyE)BE) Dn@pE  DRE)

At last, the conclusion follows thanks to the regularity of n’ (see Definition 1.1).

B'(€) = VéE < 1.

The following lemma contains some further important properties satisfied by the semi-
wavefronts (, 8) of (1.1) in (—o0, ) with ¢ > 0.

Lemma 2.5. If (n, B) is a wavefront of (1.1) in (—o0, T) for some ¢ > 0, then
e n(®) 2
1 — :
2 oo ) e+ V214
(ii) B'(=00)=0;
@iy tim —PE) _ 2
g>—oc0  1(§) 2+cV2+4

Proof. To prove (i), we assume, by a contradiction, that such a limit does not exist. Therefore,
by using Lemma 2.1 (iv), we have

+ L

0< e = limint 78 < limsup 1€ =
g>—00o n(§) 500 N(E)

14y < +o0. (2.8)

For every A € (£1, £2) there exist two sequences (£,), and (u,), such that &, — —oo, u, - —o0
as n — 400, and the following hold

n'(&n) _ n'(Un) _

= =A, VneN,
1) n(n)
(’7(5)) ‘ ~0, VneN, (2.9)
77(5) Ezgn
(’7/@> ‘ <0, VneN. (2.10)
77(5) E:ﬂn

When computing the derivative in (2.9) we have that n”(&,)/n(&,) > 22 for all n and then, by
(1.3a), —cA+ B(&y) > A%; passing to the limit as n — +00 we obtain that A2 4cr—1<0. Since
A is positive by (2.8), this implies
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O<A<—mF—.
c+c2+4

Similarly, when considering (2.10), we obtain

2
A>—
c+Vc2+4
It follows that A = ——————. This is in contradiction with A arbitrarily taken in ({1, £3), so
c+c2+4
we have proved that the limit exists. Now, let
_ n'(§)
= lim .
t—>—o0 1n(§)

By Lemma 2.1 (iv), we notice that 0 < £ < +o00. Due to I’Hdspital role, we have that

£
o n©BE© 1
1 — ds= 1 —_— =
i [ rwpea= i TR -

with the obvious meaning if £ = 0% or £ = +o00. By (2.4)

e _ Lan@prds 1

£= lim = lim —c+———— —.
t>—0co n(§)  E—>—o00 n(€) ¢

This proves that £ € (0, 400) and 02+ ¢¢ — 1 =0. Condition (i) is then satisfied.
To prove (ii), we assume, by a contradiction, that such a limit does not exist and assume the
existence of by, by satisfying

by :=liminf B’ (§) < limsup B’ (£) =: b;.
§—>—00 E—>—00
By Remark 2.2, we notice that 8/(§) < 0 for all £ € (—oo, t). This implies —00 < by < by <O0.

In addition b, = 0 since, otherwise, we could find ¢ > 0 and &y < O such that B/(§) < —e, for
& <& in contradiction with the boundedness of 8. Due to (1.4a), we have that

Db = liminf DAE)B'(€) < limsup DB(E)'(€) =0,

Hence, for every A € (Dby,0), there exists a sequence (§,), C (—oo, 1) with &, - —o0 as
n — +oo such that

<0, Vn.

DRENF' E)=h.  and  (DBOF'E) |

By writing (2.7) as

10
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c1=pE) n'E)

D, ") =
B(E)B(E) n®) ®)

¢, &e(—o0,71), (2.11)

we have, in the whole interval (—o0, 7),

According to (1.3a), in (—o0, T), we obtain

l _ / 1 I\ 2
(Wﬂ)’=—%—¥%+%—ﬁ+(%) : 2.12)

Moreover, if we restrict to the values of (§,),, thanks to (2.11), we have

’ A C(l - ,B(sn)) n/(én)
n) = , — =+ — te
PEO=Dpe, ) e ¢
Therefore, by (2.12), it follows
0> (DBEF )|,
e 0 (£n) n(ED)  cn' (&) (€D
=2 — B(&, :
DB [ TG “] nE) 0 m”(n(sn))

Due to property (i) and (1.4a), when passing to the limit as n — 400, we have that
0> lim D(BE)B () |g=¢, = +00,
n——+00

which is a contradiction. Thus, the limit 8’(—o0) exists and is necessarily 0, so (i{) is proved.
Property (iii) follows as an immediate consequence of (i) and (i7), thanks to (2.11). O

Proposition 2.6. Every wavefront (n, 8) of (1.1) with wave speed c satisfies:

nE) = L)1 -p©&)), VEeR, (2.13)

A+ +4
242 +c/Z+4

Proof. Firstly, we claim that

where L(c) :=

e _ 2
nE) T c+/2+4

To prove this assertion, we observe that the function n’/n is always positive. Next, we find its
critical points and, by referring to equation (1.3a), we deduce

VE eR. (2.14)

11
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C
n n() n()

This condition is met when

e _ 2B
&) c+J2+4BE)

Given that the function

2v
()= ——F—, vel0,1],
c+c2+4v
satisfies ¢’ (v) > 0 for all v € [0, 1], it follows that
2 2
B(&) - . VECR.

e+ EHABE)  c+V/2+4

Employing Lemma 2.5 (i) and noting that

n' )

im =0,
g—>+oo n(§)

we conclude from (2.15) and (2.16) that the claim (2.14) is valid.
Applying equation (2.7), we derive that

1—B() _q n'&)  DBEL &)
n() cn(€) c
nE) _ 2

<14+ < ,
cn(é) 2+t +4

which completes the proof. O

N ’ 2 ’
(2) ©=0e (L) +c28 - e -0

1+ ——— VéeR,

(2.15)

(2.16)

The following result provides a positive lower bound for wavefront speeds of the system (1.1)

under certain conditions on the diffusion coefficient D.

Proposition 2.7. Every wavefront (n, B) of (1.1) with wave speed c satisfies:

c>max{0,\/W—l}.

12
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Proof. Firstly, we multiply (1.3b) for 8 and we integrate in (g, 1) C (—00, T), so that we obtain

&1 &1 &1
0= [ (DrB©E ®) perds e [ e s+ [ a6 ds
o & &o
&1
=Dn(&)B*ENB (1) — Dn(€0) B> (o) B (§o) — / Dn(s)B(s)B'*(s) ds
&

&
2 2
éo

By letting §y — —oo and & — 7, and using the boundary conditions (1.4a) along with
Lemma 2.1, we have

T T

- / Dn(s)ﬁ(s)ﬂ’2<s)ds—§+ / n(s)B%(s)ds =0. (2.17)

—00 —00

By using Lemma 2.1, we have

f n(s)B%(s)ds < / n(s)B(s)ds =c,

and so from (2.17) we deduce

T

/ Dn(s)B(s)B'*(s)ds <

—00

(2.18)

NN oY

Next, we multiply (1.3b) for DnBB’ and, by integrating in (&g, &1) C (—00, +00), we obtain

&1
0= / (Dn()B$)B'(5)) Dn(s)B(s)B(s) ds
&
& &
e / B'(5) D (s)B(s)B'(5) ds + / DB (5)n*(s)B%(s) ds
o &

1 1
3 (Dn(ENBENL (1)) — 3 (Dn(E0)B(E0)B (50))’

& &
+c / Dn(s)B(s)B'*(s)ds + / DB’ (s)n*(s) B> (s) ds.
& &

13



L. Malaguti and E. Sovrano Journal of Differential Equations 444 (2025) 113593

By letting §y — —oo and & — 7, and using the boundary conditions (1.4) along with
Lemma 2.1, we have

{/Dmnmwﬁ%nm+:/Dﬁ@m%nﬁ@ym=Q (2.19)

From (2.18) and (2.19), we deduce

2 T
% - / DB’ (s)n*(s)B*(s) ds. (2.20)

—00
Thanks to Proposition 2.6 and applying inequality (2.13), we obtain

B T

<> / D (—B()) i2(s)B%(s) ds

o

—00

T

> / D (=B'()) L) (1 — B(s))? B(s) ds

—0o0

DL%(c)
30

1
=DL2(c>/<1 YRy =

with L(c) defined in Proposition 2.6. That leads us to conclude that the wave speed ¢ must satisfy
the following condition:

2
( c)z_(2+&+fv&+4) D
N ~ 15

—_— —. 2.21
L(©) civara ) © 2D

Given that the function ¢ — (c / Lz(c)) is strictly increasing, it follows that for 0 < D < 15,
inequality (2.21) is satisfied for all ¢ > 0; hence, ¢ > 0 by Lemma 2.1 (iii). Conversely, for
D > 15, the inequality (2.21) yields

l4+¢c> ——— oL ch— \/7
and so ¢ > 4/D/15 — 1. This completes the proof. O
Now, we provide a first-order reduction that will be useful in the following.
Remark 2.8 (Reduction to a singular first-order problem). Let (1, B) be a wavefront of (1.1) for
some wave speed ¢ > 0. By the strict monotonicity of 8 in (—oo, t) (Lemma 2.1 (v)), we can

define

14
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N(B):=nEB), 0<B<l, (2.22)

where £ = £(p) is the inverse function of 8 in (—oo, 7). By Lemma 2.1(iv)—(v), we have

/
N(B) = ",(é) <0, 0<pB<l,
B’ (&)
where = %. Moreover, by using (1.4a), we obtain

lim N(B) = lim n(§) =n(7), lim N(B)= lim n(§)=0.
p—0+ E—1 B—1- £—>—00
Hence N can be extended on the closed interval [0, 1] and by Lemma 2.5 (iii), it follows

W= tim N _ o n® A4
p—>1-B—1 t—>-oc0 1—p(&) Tt 2t ird

We set

2(B):=DNBBB'(EPB), 0<p<L (2.23)

Due to Lemma 2.1 (v), we have z(8) < 0, for all 0 < 8 < 1. From (1.3b), we obtain z(8) =
—c — DN?(B)B?/z, for all 0 < B < 1. Moreover, by Lemma 2.1 (i)—(ii), we have that z(0) =
z(1) = 0. Therefore, to each wavefront of (1.1) corresponds the function z(8) defined in (2.23)
satisfying the following first-order singular boundary value problem

dp)=—c—PNBE o p1, ()
72(B) <0, 0<pB<l, (b) (2.24)

z(0) = z(1) =0, (c)
with z € C[0, 11N CL(0, 1).

Lemma 2.9. If (n, B) is a wavefront of (1.1), then B’ (1 ™) exists and satisfies one of the following
conditions: B'(t7)=0o0r B/ (7)) =—

Dn(t)

Proof. Let z(8) be the function defined as in (2.23). By [16, Proposition 8.2] the limit z(0") =
m 2P exists and it is either z(0T) = —c or z2(0T) = 0. We have that
p—ot p

. / 1 / =l ! @
[Jim €)= lim &8 = lim o=
with £(8) and N (B) as in (2.22). Since, limg_.o N () = n(r). the claim is proved. ©J

15
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0
_d/ B
&

Fig. 1. Admissible wavefronts for (1.1) with profile (1, B) satisfying (1.4). On the top, sharp profile (r < +00); on the
bottom, classical profile (t = +00).

Remark 2.10. According to Lemma 2.1 (v), the wavefronts (n, 8) of (1.1) satisfy B(£§) < 1
for every £ € R, which implies that wavefronts can only be sharp at £ = 0 (cf., Definition 1.2).
Depending on the value of 7, as defined in (2.2), and Lemma 2.9, wavefronts can be of two types:
classical, if T = +00 or T < +0o with 8/(t~) =0, or sharp, if T < +oo with /(7)) = —%.
In Proposition 2.12, we will show that the case T < +o00 and 8'(r~) = 0 can not occur. Fig. 1
illustrates the two types of admissible wavefronts of (1.1).

First we consider a semi-wavefront (n, 8) of (1.1) in (—o0, ) and we provide an upper esti-
mate for n(7 ) which is independent on c.

Proposition 2.11. If (n, B) is a semi-wavefront of (1.1) in (—o0, T) for some ¢ > 0, then

n(r7) <veb. (2.25)
Proof. If n(t7) < 1, then (2.25) is trivially satisfied. Therefore, suppose that (z~) > 1. Then,
by (1.4a) and since 7 is strictly increasing in (0, ) (see Lemma 2.1 and Remark 2.2), there exists

& € (0, 7) such that n(§y) =1 and n(¢) > 1 for & € (&, 7). Using (2.7), we obtain

1-BE) 0@
GG

Let us fix &€ € [&, 7). Integrating (2.26) over [&p, £], we have

DBEB'(E)=c

¢, V&e(—oo,1). (2.26)

& &

1 —

D/ﬁ(s)ﬁ/(s)ds=0/ %ds —1Inn(§) —c(§ —éo).
o o

Since 1 — B(§) < 1 for all & € [&p, T), we obtain that

16
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3ﬂ é) - 3/3 (Eo)<Cf—ds—lnn($)—6(§'—$o)-
n(s)
o

Moreover, from Remark 2.2, we know that 0 < 8(&y) < B(—o0) = 1. Hence, since n(s) > 1 for
all s € (&9, &£], we deduce

D , D D
0< 5P () < 5 Tc@ —&0) —Inn(§) —c(§ —4o) = 5 —Inn(§).

Accordingly, we obtain Inn(§) < %, for all £ € [&, 7). Thus, n(£) < veP forall £ € [&, T) and
so (2.25) follows. O

In the following result, we explore the regularity of semi-wavefronts of (1.1) in (—oo, 7).
To achieve this, we will compare with solutions of (2.24a). We say that y € C Y51, 02), with

0 <01 <0y <1 is a strict upper- solution of (2.24a) in (o1, 03) if y(B8) > —c — DN (BB for
all B € (01, 02). We say that y is a strict lower-solution of (2.24a) in (o1, 02) if the inequality is
reversed (see, e.g., [20]).

Proposition 2.12. Let (n, B) be a semi-wavefront of (1.1) in (—o0, T) for some ¢ > 0. Then, the
following hold.
(@) If t =+o0, then (n, B) is a classical wavefront of (1.1).

@ii) If T < 400, then (n, B) is a wavefront of (1.1) with

1=+ (1-09) per=0, Veelrtoo, 2D

if and only ifslim Dn(£)B(E)B'(§) = 0. Furthermore, if this condition is satisfied, then it is a
—>T

sharp wavefront at 0.

Proof. We divide the proof into two parts by proving the two possible cases separately.

Case (i). Assume T = +00. From Remark 2.2, we have n'(¢§) > 0 and B'(§) < O for all £ € R.
To prove (1.4b), we argue by contradiction and suppose that f(4+00) =/ > 0. From (1.3)—(1.4a)
and since 1, > 0, we deduce that

& &
0(E) = e + % / n($)B()e ds > e / n()B(s)e ds
0 0

&
l
> nole™¢ /e“ ds = ni(l — e~ %E).
c
0

Passing to the limit as £ — 400, we have

! _ I
lim 7/(6)> lim (1 —e 6 ="1% 2,
+00 E—>+4o0 C Cc

17
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which is in contradiction with the boundedness of 1(400) stated in Proposition 2.11. Hence
B(+00) = 0. It thus remains to show that 1(400) = 1. According to Remark 2.2 and Propo-
sition 2.11, notice that the limit n(+o00) exists and it is finite. Moreover, by (2.5) and the
boundedness of 7, we get also that n’(400) exists and it is necessarily 0. From (2.7), we de-
duce that

SETOO Dn(E)BE)B(E) =c (1 —n(+00)).

If n(+00) < 1, then Dn(§)B(£)B' (&) > 0 for sufficiently large values of &, which is in contradic-
tion with the sign of the function DnBB’. On the other hand, if n(400) > 1, then B/(+00) = —o0,
which is in contradiction with the boundedness of 8. Hence 7(+400) = 1 and case (i) is proved.

Case (ii). Assume T < +o00 hence implying that (1, 8) is a semi-wavefront of (1.1) in (—o0, 7).
Since 1 € Cl(—00, 7], we obtain from (2.7) that DnpBp’ has a finite limit, when & — v~ and

A :=€£Hfl_ DnBEB'(¢) =c—n'(r) —en(D).

Moreover, by Remark 2.2, we have A < 0. Hence, 7'(t) = ¢ — A — ¢n(t) and the function 7
satisfies n” + cn’ = 0 in the half-line (t, +00). Therefore

A A (E_
n<s>=1—;+(;—1+n<r))e R 7

As a consequence 7(400) = 1 if and only if A = 0. In this case (1, B8) satisfies conditions (2.27)
in the half-line (7, +00). Now we prove that, when extended as in (2.27) on (z, +00), the couple
(n, B) is a solution of (1.3)—(1.4). Indeed, B € C?(—00, 7) (see Remark 2.4) with BEB (E)—>0
asé — 1~ (see Lemma 2.1 (ii)), hence BB’ € L' (R).Moreover, let Ve Cgo (t —€, T4€) with

loc

€>0and§ >0suchthat t —§ > v — €. It holds

T+e€

/ [(Dn&)BEB ) +cBE) ¥ (E) —nE)BE V)] d&

T—€

T8
= lim [ [(Dn&BEF @ +B©) W' &)~ n©)pEWE)] ds
= lim [Dy©)BEF ©V ) +BEOVE]. !
76
- lim f [(Dn®BEB'©) +c8'& +n©BE) | ¥(©) dt

= lim Dn(z —§)p(x — B (t = )Y (r = 8) = Dyn(n)B(1)p'(z) = 0.

since DnBp’ — 0as & — 1.

18
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It remains to show that (», B) is a sharp wavefront in 0. To this aim, we only need to exclude
the_case when B’ (r__) = 0. We reason by contradiction and assume that 8'(z7) = 0. Let 8 :=
B(&) > 0 for some & < t. We have that

0

—£4+ | £(B)d
: s+jsm>ﬂ /’(ﬁm)
B
; DEN) | * DN )
W@ e
B o F

with §(B8), N(B), and z(B) defined in (2.22) and (2.23).
Let ¢ € (0, ¢). We claim that there is By € (0, 8) such that

z2(B)  Dn*(r)
<

B c—¢

B, 0<pB<po. (2.28)

By (1.4a) and Lemma 2.1(v) we obtain that 0 <7 := nE) < N(B) < N©) = n(r) <1 for
0 < B < B. Hence, if (2.28) is true then

Bo
= /DN(,B)d N(ﬁ)(c d > /77(0 dB = oo,

St T %ﬂﬂ eY:
B 0

Hence, when (2.28) is valid, the case T < +00 and 8'(t ™) = 0 produces a contradiction, and then
it is not possible. Notice that 8'(7~) < 0 (see Lemma 2.9) and hence the corresponding solution
is sharp. Now we show (2.28) using a comparison-type argument applied to problem (2.24). Let

D 2
i =-"T0g 0cpa,
with ¢ as above. Since
2
y(B) = —ZDW_(;);B -0, asp—0",
while
DN*(B)B> N%(B)
—C—W—— c+(c—e) 720 <—CcH+c—e=—¢,
there is ,3 € (0, 1) such that
2 2
ywnww—e%%?i,0<ﬂ<g

19



L. Malaguti and E. Sovrano Journal of Differential Equations 444 (2025) 113593

'I:hen,_ y (B) is an upper-solution to (2.24a) in (0, ,3). With no loss of generality, we can assume
B < B. Since B/(t7) = 0 by the definition of z in (2.23) we have that

It / _ 1 ! =1 ﬂ
0= lim p'6)= lim f'&(B) = lim oors
implying
B—0t :B ’

since N(B) — n(r) € (0, 1) when 8 — 0. Corresponding to a decreasing sequence {8,} such
that 8, — 0 as n — +o00, we can find {0, } with 0 < 0,, < B, for all n satisfying

DN2 2
z(bn) =z(0p) =—c— ﬂ — 0, asn— +oo.
Bn z(on)
DN2 2
Therefore lim M = ¢ and hence there is 7 such that
n—+oco  —z(oy)
DNz(Un)an2

c—eg, forn>n,
—z(on)

again with ¢ as above. This implies

DN2(<7n)crn2 Dnz(t)crn2
- —

c—¢€ c—¢€

z(oy) > — =y(o,), forn>n.

We choose ng > 7 such that o, < B Notice that z(0y,) > v (0y,); since, moreover, y is and
upper-solution to (2.24a) in (0, 0,,,) C (0, B) we obtain (see, e.g., [20, Lemma 4.3]) that z(8) >
y (B) for B € (0, 0,,) and (2.28) is proved with By = 0,,. O

3. Semi-wavefront on the negative half-line

In this section, we demonstrate Theorem 1.1 by proving the existence of a semi-wavefront
of (1.1) with positive speed c in the half-line (—oo, 0] (as will be shown in Proposition 3.1) and
its uniqueness (as will be shown in Proposition 3.10).

Proposition 3.1. For every c > 0, there exists a semi-wavefront (n, 8) of (1.1) in (—o0, 0] with
wave speed c. Moreover, ' (§) > 0 and B'(§) < 0 for all § € (—o0, 0].

The proof is based on comparison results, i.e., we use upper and lower functions (cf., [21]).
Let —oco <a_ <ay <+4ooandlet f: (a_,a;) x R x R — R be a continuous function. We say
that y is a lower function of u” = f(&,u,u’) if y € C*(a_,ay) and y"(§) > f (E,y(é),y’(é))
for every & € (a—, a4). If the > sign is replaced by <, we say that y is an upper function.

We first investigate the solvability of (1.3a) in (—oo, 0] with positive ¢ and sufficiently regular
B and establish some necessary conditions for the existence of semi-wavefronts of (1.1) on the
half-line (—o0, 0].
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Proposition 3.2. Assume B € C(—00,0] satisfying 0 <m < B(§) < M < +o0o for all & €
(—00,0]. For every ¢ > 0 and no € (0,1) equation (1.3a) has a unique solution such that
7' (&) > 0 for all § € (—o0, 0] and satisfies n(0) = no and n(—o0) = n'(—o0) = 0.

Proof. Let
S1(&) :=noe"* with vy := o for £ € (—o00, 0]
c+NE+4m’ T
and
bt o oM
S (&) :=npe"® withvy .= ————,  for& € (—o0,0].
c+Ne2+4M

Notice that Sy is the solution of

n" &) +cen'(E) —mnE) =0,
n(0) =mno, n(-00)=0,

and also an upper function of (1.3a). In fact, §7(§) = —cS](§) +mS1(§) < —cS1(E)+B(E)S1(§),
for all & € (—o0,0]. Analogously, S> is a lower function of (1.3a), since S)(§) = —cS5(§) +
MS>(&) > —cS5(&) + B(£)S2(8), for all & € (—o0, 0].

Therefore, from the theory of upper and lower functions [21], a solution 7 to (1.3a) exists
satisfying

$2(6) =n(€) = S1(6), V& e (=00,0]. (3.1

Moreover, by integrating (1.3a) in [, 0], with & < 0, we obtain (2.3). Hence, n’(§) has limit
when & — —o0, and 1’'(—00) = 0, since 7 is bounded. In particular, we have that

0

no+cmo = / n()B(s) ds. (3.2)

—00

It remains to prove that (1.3a) has a unique solution 7 satisfying n(§y) = no and n(—o0) = 0.
We reason by contradiction and assume the existence of 11 # 1, solutions to (1.3a) with 1 (0) =
1m2(0) = np and 11 (—00) = n2(—00) = 0. Since 7/ (0) # n,(0), we take 1} (0) > 15(0), so that,
by (3.2),

0
0> ny(0) — 1} (0) = / [12(s) — 11 ()] B(s) ds.

Hence 7, — 11 < 0 in some interval (a, b) C (—00,0). The relation between 75(0) and 7/ (0)
implies the existence of £ < 0 such that 1 (1) = n2(&1) and

n2(s) >ni(s), Vs e (§1,0). (3.3)
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Therefore, by applying (2.3) in (&1, 0) to both n; and 72, we have that

0
0< / [72(s) — n1()]1 B(s) ds + 0} (0) — 15(0) = —n5(51) + 77 (§1),
&1

in contradiction with (3.3). Hence the solution of (1.3a) satisfying the boundary conditions is
unique.

At last, if there is & < 0 such that n’(&) = 0, by (1.3a) we have " (&) = n(&0)B(&o) > 0,
hence 71 has a local minimum in &y in contradiction with the boundary condition at —oc. Hence,
necessarily, n(¢) > 0 for all £ € (—o0, 0]. This concludes the proof. O

Remark 3.3. Let (1, 8) be a semi-wavefront of (1.1) in (—oo, 0] with wave speed ¢ > 0. Using
similar reasoning as in Proposition 3.2, we can show that

(&) :=10e” <n(E) < 1) :=noe™®, VE € (—00,0], (3.4)
where

2 2p0
o) =———— and o]:=

c++c2+4 c+\/c2+4/30.

Moreover, since 0 < o] < 03 < 1, from (3.4), one can deduce

(3.5)

n0o1 < Ny < 1M002. (3.6)

Proposition 3.4. Let (n, B) be a semi-wavefront of (1.1) in (—oo, 0] with wave speed ¢ > 0 and
Mo € (0, 1), then g € (1 — 22 1),

Proof. We can distinguish between two cases: the first case is when Jfgz <no < 1, and the

second case is when 0 < g < ﬁ;g In the first case, we see that 1 — M < 0, and thus the

thesis is trivially satisfied since Bg > 0. As for the second case, by (2.7) and the positivity of Bo,
we have that

b — ¢ —cno — cPo — 1
0 Dnopo '

Since 1y, < noo2 (see (3.6)), if fo <1 — M then B, > 0, which is in contradiction with
B <0in (—o0, 1) (see Lemma 2.1(v)). O

Remark 3.5. If ng € (O, Hff‘z), then 1 — M > 0. By applying Proposition 3.4, it thus fol-

M>O,andsor>0.

lows Bo > 1 —
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3.1. Existence result on the negative half-line for every speed

In this section, we fix ¢ > 0, and ng € (0, ﬁ), where o7 is defined in (3.5). Next, we set

_ Nolc +02)
—

k=1 3.7

Then, « > 0 and, according to Remark 3.5, By > « for every semi-wavefront (1, 8) of (1.1) in
(—o0, 0] with wave speed c. We define the following set:

B = {,3 € C(—00,0]: k < B(E) <1, V& e(—oo,O]].

It is noteworthy that B is a non-empty, closed, and convex subset of the Fréchet space C(—oo, 0].
Moreover, by Proposition 3.2, for every § € ‘B, it is unique the solution on (—o0, 0] to (1.3a)
with 1(0) = ng and n(—o0) = 0 and it satisfies ’(§) > 0 for all £ € (—o0, 0] and ' (—00) = 0.
We denote by D1 the set of all such functions 1, namely

n"(€) +cn'(§) = BEME), § € (—00,0],

1(0) = 9, 1(~00) =0, with pe Bl (3.8)

N .= {solution to {

We consider now the initial value problem

regy — cd=yE)—n"(E)—=cn(é)
Y€)= Dn(§)y(&) . @ (3.9)
y(0) = yo, (b)

with € 9 and yp € (0, 1) and show several qualitative properties of its solution before proving
Proposition 3.1.

Proposition 3.6. Given n € 9t and yg € (0, 1), let y be the solution of (3.9) defined on its maximal
existence interval I C (—o0, 0]. If there is & € (—00, 0] such that y' (&) > 0, then y'(§) > 0 for
allE e I with & < &.

Proof. Let I': R — R be the differentiable function defined as

L&) :=cyE —D+n'E) +en@).

Notice that n > 0 in (—oo, 0] and y > 0 in /. Hence, by assumption, it follows that I'(§y) < 0.

Since I''(§) = cy'(§) + 0" (§) + cn'(§) and n € N, we also have I'(§o) = ¢y’ (&) + n(50) B (40)
for some B € B, hence I''(§9) > 0. By contradiction, let us suppose that there exists & € I

with &1 < &p such that I'(§) < O for all £ € (§1,&p) and I'(§;) = 0. Then, we can infer that
y'(§) > 0 for all £ € (&1, &y). Hence, it follows that I''(§) > 0, for all £ € (&1, &). Accordingly,
0=T(&) < T'(§) <0, which is a contradiction. O

Proposition 3.7. Given n € 9t and yg € (0, 1), let y be the solution of (3.9) defined on its maximal
existence interval I C (—oo, 0]. If there is &y € (—o0, 0] such that y(&y) = 1 then I = (—o0, 0]
and y(&) > 1 forall £ < &.
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Proof. Since n € 9t and y(§p) = 1, from (3.9a) and Proposition 3.2, there exists 8 € B such that
Dn(&9)y (&0) = —n' (&) — cn(&o) < 0, implying y'(&9) < 0. By contradiction, let us suppose
that there exists & € I with &1 < &g such that y(§) > 1 for & € (§1,&p] and y(§1) = L. Then, as
before, we obtain that y’(&1) < 0, which is a contradiction. Hence I = (—o0, 0] and y (&) > 1 for

§<é. O

Corollary 3.8. Given n € N, there is § > 0 such that for any yy € (1 — 8, 1] the solution y of (3.9)
defined on its maximal existence interval I C (—o0, 0] is such that y(&y) = 1 for some &y € 1.

Proof. Let y be the solution of (3.9) assomated with y(0) = 1 defined on its maximal existence
interval 1. Then, by Proposition 3.7, we have I= (—00,0] and y(&) > 1 for every & < 0. Fix
& < 0 and chose € > 0 such that y(£) — € > 1. Using the continuous dependence of the solution
on initial data we find a corresponding 6 > 0 such that for any p € (1 —4, 1) the solution y of (3.9)
with y(0) = p is defined in [£,0] and satisfies Y(£) — € < y(£) < ¥(£) for every £ € [£,0].
Therefore, there must exist £ € (£, 0) where v(&p) = 1. This completes the proof. O

Proposition 3.9. Let « be defined as in (3.7). For every n € N, there is a unique yg € (k, 1) such
that the solution y of (3.9) is defined on (—o0, 0], satisfies y(—o0) = 1 and y'(§) < 0 for all
§ € (—00,0]

Proof. Let n € 21 be fixed. Introduce the following set:

Yo € [«, 1]: y solution of (3.9) on [ satisfies

y(&p) = 1 forsome &y € 1 '
We aim to prove that A is a non-empty interval such that « := inf A > «. This way, by de-
noting with y, the solution of (3.9a) with yg = « defined on its maximal existence interval
Iy € (—00, 0], we can prove that I, = (—00, 0], and y/,(§) < O for all £ <0. At last y, is the
unique solution of (3.9a) satisfying the boundary condition y,(—o0) = 1. We now break the
proof into four steps.

Step 1: A is non-empty and o > k. To show that A is non-empty, we observe that by Corol-
lary 3.8, there exists some § > 0 sufficiently small such that (1 — §, 1) C A. Arguing as in the
proof of Proposition 3.4, one can prove that the solution y of (3.9) with y(0) = « yields y’(0) > 0.
Thus, by Proposition 3.6, x & A.

Step 2: A is an interval. We can show that A is an interval by proving thatif p € A, then (p, 1) C
A.If p € A and y, denotes the solution to (3.9a) with y,(0) = p, there exists &, < 0 such that
vo(é,) =1.1If p1 € (p, 1), the solution y,, to (3.9a) with y,, (0) = p; is defined in [£,, 1] and
the uniqueness of the solution of problem of (3.9) guarantees the existence of &, € (E 0 0) such
that y, (§,,) = 1, meaning that p; € A.

Step 3: Existence and asymptotic properties. We aim to show that Iy, = (—o0, 0]; yu(—0o0) = 1;
and y/,(—00) =0

First, we claim that y, (&) < 1, for every & € I,,. Let us suppose by contradiction that there is
&o € 1, such that y, (§9) = 1. From Proposition 3.7, y4 (§) > 1, for every & < &y. By arguing as
in Corollary 3.8 and exploiting the continuous dependence of the solutions by the initial data, we
can obtain a contradiction with the definition of «.
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Next, we claim that y, (£) < 0, for every & € I,. We argue by a contradiction and assume
the existence of & € (—o0, 0] satisfying y/,(£;) > 0. From Proposition 3.6, y, (§) > 0, for every
& € I, with & < &. Thus, there is & < &; such that yy(§) < y4(0) = «. By the continuous
dependence of the solutions by the initial data, there exists 6 > 0 such that for every p € (o, « +96)
we have y,(£2) < y,(§2) < a < p, where y,, is the solution of (3.9a) with y,(0) = p defined on
its maximal existence interval I, D (&2, 0]. By the mean value theorem, there is &3 € (§2,0)
such that y;) (&3) > 0. Thanks to Proposition 3.6, we can infer that y;) (&) > 0, for every & < &3.
Then, p &€ A, which is in contradiction with the definition of «. It follows that I, = (—o0, 0];
o < yy(&) <1, implying that o & A and y/,(§) <0, forall £ € I,.

Hence, there is y,(—00) € [«, 1]. When, in particular, y,(—00) < 1 by (3.9a) we get
., (—00) = 400 in contradiction with the boundedness of yq . It follows that y,(—00) = 1.

Step 4: Uniqueness. Assume, by a contradiction, the existence of a further solution to (3.9a),
denoted ¥, with y(—o0) = 1. Hence, y(0) € (k, «), by Step 3 and the unique solvability of the
initial value problem associated to (3.9). Notice that the estimate

c(1=3O) =y —eno _ el = ya(0) — 1 — o
Di3(0) D110ya (0)

is equivalent to 1( + cno < c. By (3.1), we have that 1, < nov, with M = 1, and so 7, < 1o
with o2 as in (3.5). This implies n6 + cno < ¢ since we assumed 1o € (0, - f@). According
to (3.9a) we infer that §'(0) > y,,(0). The function y, — J is then positive and decreasing in 0.

By the boundary conditions at —oo there must exist a value &y < 0 such that

Yo (§0) > $(§0) and y, (§0) = I’ (o). (3.10)

We show that (3.10) leads to a contradiction and then the unique solvability is proved. In fact,
by (3.9a), the equality y, (50) = 3’ (%) is equivalent to (&) + ¢n (&) = ¢ which is not possible
since n” (&) + cn/(§) = n(&)B (&) > 0 for all & € (—oo, 0] implying that n’ + cn is an increasing
function in (—o0, 0] and then 7'(§o) + cn(§0) < ny+cno <c. O

We will now prove Proposition 3.1 and establish the existence of a semi-wavefront of (1.1)
in the half-line (—oo, 0] using a fixed-point argument. Before doing so, we need to recall some
basic notions. We note that a subset X of C(—o0,0] is relatively compact if and only if it is
bounded and their functions are pointwise equicontinuous (see [22]). Additionally, X bounded
means that there exists a positive continuous function ¢ : (—oo, 0] — R such that | f(§)]| < ¢ (&)
for all £ € (—o0,0] and f € X.

Proof of Proposition 3.1. Let us fix ¢ > 0, ng € (O, ﬁ) with o, defined as in (3.5), and
B € PB. Then, we define the operator 7 : B — C(—o0, 0] as follows. First, for a given 8 € B,
we find the unique solution 7 of problem (3.8) whose existence and properties are established
in Proposition 3.2. Then we consider the unique solution to (3.9a) with n as above, satisfying

y(—o00) = 1; its existence is proved in Proposition 3.9. Formally, we write

T:9B — C(—00,0], TB):=y, @3.11)

where y is the solution of (3.9) obtained from B as described above. Therefore, the operator 7T is
well-defined.
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To prove the existence of a fixed point for 7, we will use Schauder’s fixed point theorem. To
this purpose, we need to show that 7 (B) € B and that 7 is a continuous and compact operator
with respect to the topology of C(—oo, 0]. We will prove these conditions in the following steps.

Step 1: B is invariant for T. This follows directly from Proposition 3.9, particularly given that
a>k,y (§) <0forall £ € (—o0,0], and y(—o0) = 1.

Step 2: T is compact. Given € B, let y = T (8). According to Proposition 3.9, we have that
k <y(€) <1 forall & € (—oo, 0], implying that 7 (*8) is bounded in C(—o00, 0]. Now we show
that the functions in 7 (23) are equicontinuous in every & € (—o0, 0]. Let 1 be the unique solution
to problem (3.8). As a consequence, we notice that n satisfies (3.4) and in turn (3.6). Since

n"(&) +cn' (&) = n)B(E) > 0, we have that n'(§) 4 cn(§) < n + cno for all & € (o0, 0].
By (3.6), we obtain that 1, 4+ cno < 10(02 + ¢). Therefore,

n'(€)+cn(E) —c(l — y(&)) - no(o2 +¢)

0<—y .
es D)) D&
According to (3.4), we then obtain
, oy +c¢
0 <=y (S) < DICeUZS ) VE € (—OO, 0]7

implying that 7 (%8) C C(—o0, 0] is equicontinuous and so 7 is compact.

Step 3: T is continuous. Assume that (8,), € B converges to 8 € B in C(—o0, 0] as n — +o0.
Let y, :==T(Br), y := T (B) and denote, respectively, with (1,), € 91 and n € I the associated
solutions to the problem in (3.8).

We claim that

e — 1 in C'(—o0,0] as n — +oo. (3.12)

According to Proposition 3.2 and the estimates in Step 2, we have

0 <1, (&) +1a(§) <mp(€) +cnp€) +nu(§) <mo(oa+c¢)+no <1+,

C
c+oy "
satisfies (2.3) and 17, (—o0) = 0; therefore, by passing to the limit as & — —oo, we have that

We thus obtain that (,), is bounded in C 1(—oo, 0]. Moreover, for all n, n,

since 1o <

0

1, (0) = / M ($) B (s) ds — cno. (3.13)

Moreover, it follows
@) = | — cn(€) + 1 (E)Bu(E)] < cnly(€) + 1u(E)Ba(E) < enly(E) + 1 (€)
< enp(E) + 10 E) + €)= ¢ (,(E) + cnu(®)) + na(E) <* + 1.

Hence every subsequence (1, p) p € (M)n 1s equicontinuous and then every (1, p) p s relatively
compact in C!(—o0, 0]. Therefore, we can extract a subsequence, for simplicity denoted as the
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sequence, which converges to 7 in C 1(—00, 0]. If we restrict the estimate (2.3) to the sequence
(r/;,p) » and pass to the limit when p — 400 we obtain that 7 satisfies the differential equation

in (3.8), for every & € (—o0, 0]. Moreover, 77;/11, (0) satisfies (3.13), and so we can pass to the limit

as p — 400, since 0 < 1,(£)Bn(€) < noe*'é for & € (—oo,0] and n arbitrary (see (3.1) with
m = k). We thus get

0

7'(0) = / n(s)B(s)ds — cno,

—00

implying that 7' (§) + ¢(§) — 0, as £ — —o0. As a consequence, 7j(—o00) = 0, namely 7 € .
Hence, by the uniqueness of the solutions to the problem in (3.8), it follows / = n. By the
arbitrariness of the subsequence (1, p) p» we proved (3.12).

Now, we consider the sequence (y,),. Notice that ¥ < y,(&§) <1 and (&) < 0 for all
& € (—00,0] and n € N. Since 7 (28) is relatively compact in C(—o0, 0] (see Step 2), from
every (v, p) p € (Yu)n We can extract a subsequence, again denoted (y, ],) p» which converges in
C(—00, 0] to some y. We prove now that y = y. In fact, by passing to the limit in

0) - ®) _/0 c(d - y”P(S)) o n'/ll’(S) — iy ® d
Ynp Ynpl&) = J Dy, (s)yn, (s) ’

as p — +o0o we have that y satisfies the estimate

0

5(0)— 5(&) = /
3

c(1=3(s) —n'(s) —en(s) ds
Dn(s)y(s)

and so ¥ is a solution to equation (3.9a) on the half-line (—oo, 0] with y’(0) < 0. By Proposi-
tion 3.6, if '(0) = 0, we arrive to the contradictory conclusion that y is strictly increasing in
(—00, 0]. Hence y(0) < 0 and by Proposition 3.9, y(—o0) = 1 and y = y. The arbitrariness of
the subsequence (y, p) p» then implies that (y,), converges to y in C(—00, 0] and 7 is continu-
ous. O

3.2. Uniqueness result on the negative half-line for every speed

Proposition 3.10. For every ¢ > 0 there is at most one (up to shift) semi-wavefront (n, 8) of (1.1)
in (—o00, 0] with wave speed c.

Remark 3.11 (Reduction to a desingularized first-order problem). For every ¢ > 0 and ng €

(O, ﬁ), let (n, B) be a semi-wavefront of (1.1) in (—oo, 0] with wave speed c. We consider

the function u = ® (&) such that

ol =) —00, 0],
©=onepe
®(0) = 0.
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Notice that the function @ is a diffeomorphism with ®(—o00) = —oc because ®'(£) > 0 for all
& € (—o0, 0]. Hence, we can define

/ (I)—l
pi= =) (1),
c
g =n (o7 w).
_ . ) ' (@' w)
r ) ._,3(@ (u))+n(<l> (u)) 1
Then, for every u € (—oo, 0], (p, g, r) solves the following first-order problem

pu) =—242w) (pw) +r@w) + 1?2,
Gu) =cD (—p@) —q) (p(u) +rw) + 1) qu), (3.14)
Fu) = —cru) + 2¢%w) (pu) +r) + 1)

Since ! (—00) = —o0, it follows that (p, q,r) satisfies the conditions

p(—00) =0, ¢(—00)=0 r(—00)=0. (3.15)

Moreover, by Lemma 2.1 and Remark 2.2, we deduce that p <0,0<¢g <1, —p —¢q > 0, and
p+r+1>0in(—o0,0]; hence, g > 0 in (—oo0, 0].

On the other hand, since @ is a diffeomorphism, we can consider the inverse function & =
& L(u) in (—o0, 0]. Accordingly, if the triple of function (p, g, r) satisfies (3.14)—(3.15), then
NE) =q @) and BE) = p ($(€) +r (@ (&) + 1 satisty (1.3)~(1.4a).

Proof of Proposition 3.10. Let ¢ > 0 be fixed. It is easy to show that (0, 0, 0) is an equilibrium
for (3.14). By evaluating the Jacobian matrix J at this equilibrium, we obtain

00 O
J(©0,0,00=(0 0 O
0 0

—C

Consequently, the eigenvalues of J(0,0,0) are A1 = A» =0 and A3 = —c, with corresponding
eigenvectors e; = (1,0, 0), e = (0, 1, 0) and e3 = (0, 0, 1). Thanks to the Center Manifold The-
orem (see [23, Theorem 3.2.1]), it follows the existence of a possibly non-unique center manifold
whose tangent space is generated by {eq, e2}, and a unique stable invariant manifold tangent to
the eigenspace generated by e3. The center manifold has two dimensions, while the stable mani-
fold has only one dimension.

Notice that a solution of (3.14) satisfying (3.15) must leave the equilibrium (0, 0, 0) via the
center manifold. Therefore, by following the approach in [24], we prove that the center manifold
is unique. Let us consider two center manifolds W and W, such that

le(p1Q$kl(psQ))v WZZ(PanIQ(PvC]))
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for some C' functions ki, k» such that k; (0, 0) = %ki 0,0) = %ki 0,0) =0, with i € {1, 2}.
Since Wy and W are invariant for the flow associated with (3.14), we have

dok; D 2 2
SE (P, q@)( = Zq@? (p@) +ki(pw). g@) +1)?)
p c
ok;
+ E(”(“)’ q(u))(cD (—p) —q) (pu) + ki (p(u), g () + 1)q<u>)
D
= —cki(p(u), q(u)) + ;q(u)2 (p) +ki(pQw), qw)) +1)*, ie{l,2}).
Let us consider the bounded function

S(u) =ki(p(u),qg(u)) —ka(p(u), q(u)).

Then, it follows

Dq(u)?

$(u) + 5 u) = [ (p@ + ki (p@), qw) +1)*

— (pw) + ka(p(u), g(w)) + 1)2].

By integrating in (—oo, u], we deduce

[ D
s = [ e g6 (06) +hi(p(s). (s + 17

— (p(s) + ka(p(s), q(s)) +1)° ] ds

D
= / ;e‘“—“%S(s)cz(s)2 [2p(s) + 2+ k1 (p(s), g(s)) + ka(p(s), q(s))] ds.

—00

Since, q(u)2 Cpw)+2+ki(pm),qm)) +ka(p(u), g(u)) — 0 as u — —oo, then there is u <
0 such that for all # < u, we have

1
q@)? 2pu) + 2+ ki (p(w), q)) + ka(p(u), q(u)) < D
Therefore, for all u < u, we deduce

ec(s—u)

1
ds < 3 sup |[§(u)].

c ue(—oo0,i]

1 u
51 < 5 / 15(5)]

—00

Then, we have [6(u)] =0 for all u < u, and so r(u) = k1 (p(u), qu)) = ko(p(u), g(u)) which
lead to W1 = W,. In the following, we denote the unique central manifold by k(p(u), g(u)).
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It remains to show that the system

p) =—Lqw)? (pw) +k(pw), gw)) + 1)*,
Gu)=cD (—p) —q@)) (pu) +k(pw),qw)) + 1) q @),

has at most one solution satisfying p(—oo0) = 0 and g(—o00) = 0. To proceed, we recall that
g > 0. Thus, due to the strict monotonicity of ¢, we can define the inverse function u = u(q) of
q on (—oo, u) and express p as a function of ¢, i.e., p = p(g). We then need to prove that

_4 (p(q) +k(p(q),q)+1)
2 (p(@)+9)

(@) (3.16)
has at most one solution satisfying lim,_, o+ p(g) = 0.

Assume, by contradiction, that p; and p; are two solutions of (3.16) defined on the same
interval (0, go) C (0, 1) such that

lim pi(q) =0= lim p2(q).
qg—07t q—0t

Without loss of generality, suppose p>(qo) < p1(qo). By the uniqueness of solutions of the
Cauchy problem associated with (3.16), it follows that p1(q) — p2(q) > 0, for all g € (0, gp).
On the other hand, we compute

. oo qa (@ +k(pi@. 9+ 1D (p2g) +k(p2(g).g9) + 1
Pi(g@)—p2(g) = -

c? P1(@) +q p2(@) +q
_4 [(pz(q) —p1(@) 1 —g)+k(p1(). 9 (P2(9) + q)

c? (P1(@) +9) (p2(9) +q)
_k(p2(9). @) (p1(q) +q)]

(P1(q) +q) (p2(q) +q)

By adding the term £(p2(q) +¢q)k2(p2(q), g) to the numerator on the left-hand side and dividing
both sides by (p1(g) — p2(g)), we obtain

pi1(g) — p2(g) _

—AQ[qg—1-k ,
P1@) — p2(@) (@P (P2(q). 0))

k(p1(q),q) —k(p2(q), q)]

T +a) p1(q) — p2(q)

where

q

A(g) = >
2 (p1(@) +q) (p2(g) + ) (p1(q) — p2(q))

0, Vge(,1).

We claim that

k(p1(@). @) —k(p2(9).q) _
p1(q) — p2(q)

q£r8+ qg—1-k(p2(q),q) + (p2(g) +q)
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Once the claim is proved, since pi(g) — p2(q) > 0 for every g € (0, qp), it follows that there is
q1 € (0, qo) such that pi(q) — p2(g) <O for all g € (0, g1). This implies that p; — p> is decreas-
ing in (0, q1) and so pi(g) — p2(q) > p1(q1) — p2(q1) for g < g1, leading to a contradiction

since lim,_, o+ p1(q) — p2(q) =0.
To prove the claim, notice that

lim (g —1—k(p2(9),9)) =—1,
q—07t

since k(0, 0) = 0. Given that p2(g) + g < 0, for all g € (0, 1), it remains to prove that

y k(pi1(q).q) —k(p2(q),q)
im =0.
q—0% p1(q) — p2(q)

(3.17)

Let ¢ > 0 be given. Since %k(o, 0) =0, there exists 6 = 8(¢) > 0 such that for all |p| < § and
lg| < 8, we have

<e. (3.18)

9
—k(p,q)
ap

Given that lim,_, o+ p1(g) = 0 = lim,_, o+ p2(q), there exists §; = §;(¢) > 0 with §; < J such
that |g| < &1 implies |p;(g)| <6, for i € {1, 2}. Therefore, from (3.18), it follows that

<e,

‘k(Pl(C])» q) —k(p2(q), q)
p1(q) — p2(q)

9
= 'a—k(p(q), q)
p

for some p(g) between pi1(q) and p>(q) by the Mean Value Theorem. This proves (3.17) and
completes the proof. 0O

Proof of Theorem 1.1. The thesis follows by Propositions 3.1 and 3.10. O
4. Existence of wavefront solutions

In this section, we aim to demonstrate Theorem 1.2. To proceed with the proof of the theorem,
we first consider the semi-wavefront (1, 8) of (1.1) in (—oo, 0] with wave speed ¢ > 0, whose
unique existence is established by Theorem 1.1. Next, we extend this semi-wavefront to the
interval [0, ), where t is defined as in (2.2). Notably, n” > 0 and 8’ < 0 hold on (—o0, 7) (see
Lemma 2.1 and Remark 2.2), allowing us to define z.(8) for 0 < 8 < 1, as described in (2.23),
and consider problem (2.24).

Secondly, we introduce the following auxiliary first-order boundary value problem:

() =—0—£6. 0<p<2, (
w(p) <0, 0<pB<2, (b) 4.1
w(0)=w(2) =0, (c)

where w = ‘31—:;’ and g: [0,2] — R is a continuous function satisfying: g(s) = DePs? for all

se€[0,1,0<g(s)/s < DeP for all s € (1,2), and g(2) = 0. We denote with w, the solution
of (4.1) associated with the parameter o and recall the following result.
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Proposition 4.1. (see [20, Theorem 2.6] and [14, Lemma 2.1]) There exists a positive constant
o* satisfying 0 < o* < 2/ DeP such that problem (4.1) has a unique solution if and only if
o > o*. Moreover wy+(0) = —o™* and w.(0) =0 for ¢ > o*.

Lastly, in the proof of Theorem 1.2, we make use of the following comparison result between
solutions of problems (2.24) and (4.1). For what follows, we recall the definitions of the values

10, 10 Bo, and B in (2.1).

Proposition 4.2. Let w,+ be the solution of problem (4.1) associated with the parameter o*.
Then, for every ¢ > o™ the solution z. of (2.24) satisfies

wo+(B) <zc(B) <0, VB e (0, fol. 4.2)
Proof. Using the threshold speed o* from Proposition 4.1 for problem (4.1), let us define

M= — max wg*(ﬁ).
Be[%,l

We observe that u < "7* Indeed, from (4.1a), we obtain that

ﬂ>—a*, 0<pB<2.

e = B

Therefore, by integrating in [0, 8], we obtain
B
Uh%ﬂ)=uh%ﬂy—wa%®=i/dh%®ds>—ﬂ*ﬁ
0

which implies maxﬂe[%’l] wex(B) > —"2—*,

We take ¢ > o* and set

no =no(c) := 4.3)

C+O’27

(2

with o defined as in (3.5). First of all, we notice that ng € (O ) since u < 7* < c¢. Then,

_c
> c+or

noletor) _ g
c

.. . * .
from Proposition 3.4, we obtain By > 1 — — % >1-— ‘5—( Thus, since ¢ > o*,

%<m<1 (4.4)

Next, we divide the proof into two parts. First, we claim that z.(80) > wg=*(B0o). To this pur-
pose, we consider

z¢(Bo) = DN (Bo) BoB’ (§(Bo)) = DnoPoBy.
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and, by using formula (2.7), we obtain

ze(Bo) = DnoBoBy = c(1 — Po) — ny — cno > —ng — cno.

Since 1, < noo2 via (3.6), we get

nw
ze(Bo) > =1 — cno = —no(c +02) = — (c+02)=—pu.
c+or

Hence,

Ze(Bo) > —p = max_wgx(B) = ws=(Bo),
Be %1]

where the last inequality follows from (4.4). Thus, the claim is proved.

As for the second part, we suppose by contradiction that there exists a B; € (0, Bp) such
that z.(B81) = we+(B1). Without loss of generality, we can assume that z.(8) > wq+(8) for g €
(B1, Bol- Since B1 > 0, by Proposition 2.11 we have

N(B) =nEB) < (1) <eP.

Therefore, DN*(1)B7 < DeP 7 = g(B1). Since ¢ > o,

DN*BB? . gBD)
- +0- —_
—2:(B1) —we+(B1)

Therefore, there exists ¢ > 0 such that z.(8) — wq*(8) < 0, for all 8 € (B1, B1 + ¢). This contra-
dicts the condition z. > wq+ in (B1, Pol. At last the existence of B, € (0, Bp) such that z.(82) =0
implies z.(82) = 400, in contradiction with z. < 0 in (82, Bp). Hence, (4.2) is satisfied, and the
proof is complete. O

Ze(B1) — Wex(B1) = —c + <—c+0o"<0.

Proof of Theorem 1.2. Let us define ¢y := o*, where o* is the threshold speed associated
to (4.1) (see Proposition 4.1). Consider the semi-wavefront (n, 8) of (1.1) in (—oo, 0] with wave
speed ¢ > ¢ (see Theorem 1.1) and extend it to [0, 7).

We consider two cases for t. If Tt = 400, then (n, 8) is a classical wavefront of (1.1) with
wave speed ¢ by Proposition (2.12) (/). On the contrary, if T < 400, we consider the function z,
defined in (2.23) which satisfies problem (2.24). By Proposition (4.2) and Lemma 2.1, we have
that

0> lim Dn(§)BE)B ()= lim z.(8) = lim wy+(B) =0;
£t B—0t B—0t

hence, (n, B) is a wavefront of (1.1) with wave speed ¢ by Proposition 2.12 (ii).

We now show that t < 400 is impossible when ¢ > cg. Indeed, let ¢ > c¢. Notice that z.(0)
exists (see [14, Lemma 2.1]) and it is z.(0) = 0 or z.(0) = —c. Since wy+ = —o™* (see Propo-
sition 4.1) the latter case is in contradiction with inequality (4.2). Hence z.(0) = 0 and then, by
(2.23), we obtain
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. / . Zc(ﬁ)
1 =1 — =0,
A PO = e DB

which is not compatible with T < 400 (as showed in the proof of Proposition 2.12 (i7)).
Finally, we will refer to Propositions 2.7 and 4.1 for comparison estimates of cg. This com-
pletes the proof. O

Remark 4.3. According to Proposition 3.7 every wavefront (1, 8) is such that 8(£) < 1 for every
real &.
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