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Abstract

We investigate wavefront solutions in a nonlinear system of two coupled reaction-diffusion equations 
with degenerate diffusivity:

nt = nxx − nb, bt = [Dnbbx ]x + nb,

where t ≥ 0, x ∈ R, and D is a positive diffusion coefficient. This model, introduced by Kawasaki et 
al. (1997) [3], describes the spatial-temporal dynamics of bacterial colonies b = b(x, t) and nutrients 
n = n(x, t) on agar plates. While Kawasaki et al. provided numerical evidence for wavefronts, analyti
cal confirmation remained an open problem. We prove the existence of an infinite family of wavefronts 
parameterized by their wave speed, which varies on a closed positive half-line. We provide an upper bound 
for the threshold speed and a lower bound for it when D is sufficiently large. The proofs are based on sev
eral analytical tools, including the shooting method and the fixed-point theory in Fréchet spaces, to establish 
existence, and the central manifold theorem to ascertain uniqueness.
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1. Introduction and main results

In this article, we are exploring a nonlinear system of two coupled reaction-diffusion equations 
that models the growth of bacteria on agar plates with nutrients. Based on laboratory experi
ments and numerical analyses, it has been observed that bacterial evolution can produce various 
spatiotemporal patterns during bacterial growth, including rings, disks, and dense branching mor
phologies, which depend on the bacterial species and nutrient conditions (see [1--4]). To study 
the evolution of bacteria and nutrients, we consider the reaction-diffusion model as described in 
[3]: {

nt = Dnnxx − nb, (a)
bt = [Dbnbbx]x + nb, (b)

(1.1)

where n = n(x, t) and b = b(x, t) are the concentration of the nutrient and the population density 
of bacteria, respectively, at time t ≥ 0 and space x ∈ R. The parameters Dn and Db are the 
nutrient and bacteria diffusion coefficients, respectively. The diffusivity of bacteria is nonlinear 
and degenerates to model its trend toward reduced mobility when the nutrient or the bacteria 
concentration level is low (i.e., if either n or b tends to zero).

Experimental observations reported in [3] have shown that system (1.1) can generate spa
tiotemporal patterns supported by traveling wave solutions. These solutions are characterized by 
profiles that propagate at a constant speed, specifically represented by:

n(x, t) = η(x − ct), b(x, t) = β(x − ct), (1.2)

where (η,β) represents the profile and c ∈ R denotes the wave speed, which is an unknown of 
the problem. Despite these experimental observations, there is a lack of theoretical proof for the 
existence of traveling wave solutions for system (1.1), nor has there been an analytical study of 
the admissible wave speeds. This work aims to address these theoretical and analytical gaps.

In [5], researchers analyzed the case Dn = 0 and, through both numerical and analytical ap
proaches, indicated that wavefronts display ``sharp'' behavior in the bacteria profile at a critical 
speed (see Definition 1.2). In [6], the studied system is

{
nt = −f (n, b),

bt = [g(n)h(b)bx]x + f (n, b),

where the diffusion term g(n)h(b) degenerates at both n = 0 and b = 0, and the reaction term 
f (n, b) is positive except when n = 0 or b = 0. They established the existence of wavefronts 
for all wave speeds within a closed half-line and, similar to the model in [5], showed that the 
profile exhibits ``sharp'' behavior at the threshold speed. It has been also demonstrated in [6] that 
the profiles for all other speeds are smooth. For the classical non-degenerate case, the analogous 
system studied in literature is:

{
nt = λnxx − f (n, b),

bt = bxx + f (n, b),

where λ ≥ 0. Results depend on different properties of the function f , which is consistently 
assumed to be as before (see, e.g., [7--12]). This model applies to contexts such as modeling an 
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isothermal autocatalytic chemical reaction (where n and b represent the concentrations of the 
autocatalysts) or modeling thermal diffusive combustion (where n is the concentration of the 
reactant and b is the temperature of the mixture). Various results regarding wavefronts have been 
obtained depending on the value of λ and the properties of f . If λ = 0 or λ > 0 and f (n, b) = nb, 
an admissible closed half-line of wave speeds has been demonstrated (see [9,11]). Conversely, 
if λ > 0 and f (n, b) = g̃(n)b with g̃(0) = 0 and g̃(s) > 0 for all s ∈ (0,1], then an admissible 
closed half-line of wave speeds is guaranteed for 0 < λ < 1 (see [12]). For λ > 1, however, the set 
of admissible speeds may be disconnected (see [10]). These results have been further improved 
in [7] to include more general reaction terms f (n, b).

Without loss of generality, in the following, we assume in (1.1) that

Dn = 1 and Db = D > 0.

When introducing the wave coordinate ξ := x − ct , the functions η and β in (1.2) satisfy the 
system

{
η′′ + cη′ − ηβ = 0, (a)(
Dηββ ′)′ + cβ ′ + ηβ = 0, (b)

(1.3)

where ′ = d 
dξ

. The nontrivial stationary solutions associated with (1.3) belong to one of the fol
lowing sets:

{(η,β) : η ≡ Kη, β ≡ 0, with Kη ∈ (0,+∞)},
{(η,β) : η ≡ 0, β ≡ Kβ, with Kβ ∈ (0,+∞)}.

Here, we look for traveling waves of (1.1) that connect nontrivial stationary solutions charac
terized by profiles (η,β) consisting of a pair of strictly monotone functions (i.e., wavefronts). 
In the following, we will consider Kη = 1 = Kβ and look for wavefronts that connect the two 
stationary solutions (0,1) and (1,0). This leads to the boundary conditions:

{
(η(−∞), β(−∞)) = (0,1), (a)
(η(+∞), β(+∞)) = (1,0), (b)

(1.4)

where for any function m(ξ) with a limit at ±∞, we write limξ→±∞ m(ξ) = m(±∞).
Given the presence of a degenerate diffusion term in system (1.1), before stating our results, 

let us point out the solution notion we are seeking (see [13]).

Definition 1.1 (Wavefront and semi-wavefront). Let J ⊆ R be an open interval and c ∈ R. Con
sider two non-constant monotone functions η,β : J →R such that
(i) η is of class C2 and solves (1.3a);

(ii) β is continuous and differentiable a.e. with ββ ′ ∈ L1
loc(J ) and solves weakly (1.3b), namely, 

for every ψ ∈ C∞
0 (J ), it satisfies

∫ [(
Dη(ξ)β(ξ)β ′(ξ) + cβ(ξ)

)
ψ ′(ξ) − η(ξ)β(ξ)ψ(ξ)

]
dξ = 0. (1.5)
J
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• When J = R and (η,β) satisfies (1.4), (n, b) with n(x, t) = η(x − ct) = η(ξ) and b(x, t) =
β(x − ct) = β(ξ) is called (global) wavefront of (1.1).
• When J = (−∞, a) (or J = (a,+∞)) with a ∈ R and (η,β) satisfies (1.4a) (or (1.4b)), (n, b)

with n(x, t) = η(x − ct) = η(ξ) and b(x, t) = β(x − ct) = β(ξ) is called semi-wavefront in J
of (1.1).

In both cases, the pair (η,β) denotes the wave profile of (n, b), whereas c stands for the wave 
speed.

Warning. For conciseness, we will refer also to the profile (η,β) as ``wavefront'' of (1.1) or 
“semi-wavefront'' of (1.1) (satisfying either (1.4a) or (1.4b)).

Definition 1.2 (Classical and sharp wavefront). A wavefront (η,β) is said to be classical if the 
function β is differentiable, ββ ′ is absolutely continuous, and the equation (1.3b) holds a.e. On 
the other hand, a wavefront (η,β) is said to be sharp at the point � ∈ {0,1} if there exists a 
real number ξ� such that β(ξ�) = �, and the function β is classical on the set R \ {ξ�}, but not 
differentiable at the point ξ�.

This work investigates conditions under which wavefronts exist and examines their regular
ity properties. Specifically, we demonstrate the existence and uniqueness of a semi-wavefront 
for each positive wave speed in the negative half-line (−∞,0]. Our approach utilizes shooting 
method and fixed-point theory in Fréchet spaces to establish existence and the central manifold 
theorem to ascertain uniqueness.

Theorem 1.1. Let Dn = 1 and Db = D > 0. For each c > 0, system (1.1) has a unique semi
wavefront in (−∞,0] with wave speed c whose profile (η,β) satisfies (1.4a). Moreover, η′ > 0
and β ′ < 0.

Further, we extend the solution to the positive half-line [0,+∞) and show that sufficiently 
large wave speeds yield a classical global wavefront.

Theorem 1.2. Let Dn = 1 and Db = D > 0. There exists c0 > 0 such that, for every c ≥ c0, 
system (1.1) has a unique wavefront with wave speed c whose profile (η,β) satisfies (1.4). If 
c > c0, the wavefront is classical. Moreover, the following estimates on c0 hold:

max
{

0,
√

D/15 − 1
}

< c0 ≤ 2
√

DeD.

If we assume the conservation of total mass for system (1.1), i.e. that nt (x, t) + bt (x, t) = 0
for every (x, t), the possible wavefront profiles for b(x, t) satisfy the differential equation

(
D(1 − β)ββ ′)′ + cβ ′ + (1 − β)β = 0 (1.6)

obtained by replacing η with 1 − β in (1.3b). Equation (1.6) has infinitely many solutions sat
isfying boundary conditions (1.4) which are parametrized by their speeds in a closed half-line 
[c∗,+∞) (see, e.g., [14]). Moreover, by means of an estimate in [15] (see also [16, (2.8)]) we 
have that
4 
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0 < c∗ ≤ 2
√

D

81 

√
68 + 5

√
10.

Hence, the upper estimate for its admissible speeds is sharper than in Theorem 1.2. This suggests 
that more accurate upper estimates for c0 in Theorem 1.2 could be obtained. On the other hand, 
no positive lower estimate exists, even for large D, for the admissible c of (1.6).

The equation (1.3b) degenerates when β = 0 and, due to the boundary conditions (1.4), also 
when β = 1. We overcome the consequent difficulties by adopting a shooting method in Proposi
tion 3.9 and a first-order reduction (see problem (2.24) in Section 2). It is known that the solutions 
of (1.6) with minimal speed c∗ satisfying boundary conditions (1.4) have a sharp profile at 0. 
This is indeed true for the minimal speed wavefront solution in a wide class of reaction-diffusion 
equations (see, e.g., [14,17]). As a consequence (see [18]), these models exhibit the property of 
finite speed of propagation, making them suitable for describing biological processes. Also, the 
simplified version of (1.1) occurring when Dn = 0 admits wavefronts having a profile β which is 
sharp in 0 as shown in [5,6]. We claim that also problem (1.3)--(1.4) has wavefronts with profile 
β sharp in 0, and this discussion will be included in [19]. At last every wavefront of (1.3)--(1.4)
is such that β < 1 (see Remark 4.3), hence, no sharp behavior happens for β in 1.

The paper is organized as follows. Section 2 presents preliminary properties of sys
tems (1.3)--(1.4) that are essential for further analysis. This section also discusses further for
mulation of the system provided by equation (2.7), which is ensured by the boundary conditions 
and the coupling of the reaction term. The proofs of Theorems 1.1 and 1.2 are detailed in Sec
tions 3 and 4, respectively.

2. Preliminary proprieties

We first describe some properties that wavefront or semi-wavefronts of (1.1) must have. To 
simplify expressions, the following notation is introduced:

η0 := η(0), η′
0 := η′(0), β0 := β(0), β ′

0 := β ′(0). (2.1)

Let (η,β) be a solution of (1.3). It is straightforward to demonstrate that, for every ξ0 ∈ R, the 
shifted pair (η(· + ξ0), β(· + ξ0)) remains a solution of (1.3). So, with no loss of generality, in 
the following, we always assume that

β0 > 0.

Furthermore, if (η,β) is a wavefront of (1.1) or a semi-wavefront of (1.1) (satisfying either (1.4a) 
or (1.4b)), then according to Definition 1.1, the function β is non-constant and monotone decreas
ing. If, moreover, 0 belongs to the domain J of β , then the following quantity

τ := sup{ξ > 0 : β(ξ) > 0}. (2.2)

is straightforwardly well-defined. It is also easy to verify that τ ∈R∪ {+∞}.
The following lemma provides qualitative properties on wavefronts of (1.1).

Lemma 2.1. Every wavefront (η,β) of (1.1) with wave speed c satisfies:
(i) η′(−∞) = 0 and η(−∞)β ′(−∞) = 0;
5 
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(ii) η′(+∞) = 0 and β(τ−)β ′(τ−) = 0;

(iii) c =
τ∫

−∞
η(s)β(s) ds > 0;

(iv) 0 < η′(ξ) < c and 0 < η(ξ) < 1, ∀ξ ∈R;

(v) β ′(ξ) < 0 and 0 < β(ξ) < 1, ∀ξ ∈ (−∞, τ ).

Proof. By Definition 1.1, we notice that η and β are monotone functions. Thus, they are bounded 
functions thanks to the boundary conditions (1.4), namely η(ξ) ∈ [0,1] and β(ξ) ∈ [0,1], for 
every ξ ∈R. By integrating (1.3a) in [ξ,0] with ξ < 0, we have

η′(ξ) = η′
0 + c (η0 − η(ξ)) −

0 ∫
ξ

η(s)β(s) ds, (2.3)

and so we deduce that η′ has limit as ξ → −∞. Since η is bounded, then η′(−∞) = 0. Similarly, 
by integrating (1.3b) in [ξ,0] with ξ < 0, we have

Dη(ξ)β(ξ)β ′(ξ) = Dη0β0β
′
0 + c (β0 − β(ξ)) +

0 ∫
ξ

η(s)β(s) ds,

and so we deduce that η(ξ)β(ξ)β ′(ξ) has limit as ξ → −∞. Hence, η(ξ)β ′(ξ) has limit as 
ξ → −∞ because β(−∞) = 1.

If, by contradiction, η(−∞)β ′(−∞) = l < 0, then

η(−∞)
β ′(−∞)

η(−∞) 
= l

η(−∞)
= −∞,

which is a contradiction since β is bounded. Thus, we have η(−∞)β ′(−∞) = 0 and statement 
(i) is proved.

The proof that η′(+∞) = 0 is analogous and also that β(+∞)β ′(+∞) = 0 when τ = +∞. 
Instead, when τ < +∞, we take ψ ∈ C∞

0 (τ − ε, τ + ε) for some ε > 0 with ψ(τ) �= 0 and 
0 < δ < ε. By Definition 1.1 we have that

0 =
τ+ε∫

τ−ε

[
(Dη(ξ)β(ξ)β ′(ξ) + cβ(ξ))ψ ′(ξ) − η(ξ)β(ξ)ψ(ξ)

]
dξ

= lim 
δ→0+

[
(Dη(ξ)β(ξ)β ′(ξ) + cβ(ξ))ψ(ξ)

]τ−δ

τ−ε

−
τ−δ ∫

τ−ε

[(
Dη(ξ)β(ξ)β ′(ξ)

)′ + cβ ′(ξ) + η(ξ)β(ξ)
]
ψ(ξ) dξ.

Since ψ(τ − ε) = 0 we get
6 
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lim 
δ→0+

[
(Dη(τ − δ)β(τ − δ)β ′(τ − δ) + cβ(τ − δ))

]
ψ(τ − δ) = 0,

implying

lim 
ξ→τ− β(ξ)β ′(ξ) = 0.

This proves (ii).
To prove (iii), let us integrate (1.3a) in [ξ0, ξ ] and pass to the limit when ξ0 → −∞; according 

to (i) we obtain that

η′(ξ) + cη(ξ) =
ξ∫

−∞
η(s)β(s) ds. (2.4)

Hence, by (ii) and (1.4b), when passing to the limit in (2.4) as ξ → +∞, we obtain

c =
+∞∫

−∞
η(s)β(s) ds =

τ∫
−∞

η(s)β(s) ds,

proving (iii).
To prove the first property in (iv), we observe that

(
η′′(ξ) + cη′(ξ) − η(ξ)β(ξ)

)
ecξ = (η′(ξ)ecξ

)′ − η(ξ)β(ξ)ecξ = 0, ∀ξ ∈ R.

Then, thanks to (i), we have

η′(ξ) = e−cξ

ξ∫
−∞

η(s)β(s)ecs ds. (2.5)

The case η(ξ) ≡ 0 in (−∞, ξ) is not possible because it implies η = 0, in contradiction with 
Definition 1.1. Hence we obtain that η′(ξ) > 0, for every ξ ∈ R. Now we prove that 0 < η(ξ) < 1, 
for every ξ ∈ R. Let us suppose by contradiction that there is ξ1 ∈ R such that η(ξ1) = 0. Since 
η(ξ) ≥ 0, for every ξ ∈ R, then η′(ξ1) = 0, which is a contradiction and so η(ξ) > 0, for every 
ξ ∈ R. In a similar way, we can exclude the existence of ξ2 ∈ R such that η(ξ2) = 1. At last 
by (2.4) the function η′ + cη is increasing in R and so, by (ii) and (1.4a), we obtain η′(+∞) +
cη(+∞) = c. This, using (i), implies η′(ξ) ≤ c(1 − η(ξ)) < c for all ξ ∈ R. Accordingly, (iv)

is proved.
To prove the first property in (v), we notice that β is monotone decreasing due to Defini

tion 1.1 and boundary conditions (1.4). Thus, let us suppose by contradiction that β ′(ξ3) = 0, for 
some ξ3 < τ . By introducing the function Λ : R →R defined as

Λ(ξ) = Dη(ξ)β(ξ)β ′(ξ), (2.6)
7 
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we have Λ(ξ3) = 0 and Λ′(ξ3) < 0, thanks to (iv). This way, we obtain that Λ is a strictly 
decreasing function in a neighborhood of ξ3. Moreover, sgn (Λ(ξ)) = sgn

(
β ′(ξ)

)
in a neighbor

hood of ξ3. Then, we deduce that β ′ > 0 in a left-neighborhood of ξ3, which is in contradiction 
with the monotonicity of β . We are left to prove that β(ξ) < 1, for every ξ < τ . Thus, by contra
diction, we assume that there is ξ4 < τ such that β(ξ4) = 1; then it follows β(ξ) = 1, for every 
ξ ≤ ξ4. Consider ξ5 < ξ4, then β(ξ) = 1 for all ξ ∈ (ξ5 − ε, ξ5 + ε) with ε > 0. According to 
Definition 1.1, β satisfies (1.5). Thus, given ψ ∈ C∞

0 (ξ5 − ε, ξ5 + ε), without loss of generality, 
we assume that ψ < 0. Using (iv), we have

0 =
ξ5+ε∫

ξ5−ε

[
Dη(ξ)β(ξ)β ′(ξ) + cβ(ξ)ψ ′(ξ) − η(ξ)β(ξ)ψ(ξ)

]
dξ

=
ξ5+ε∫

ξ5−ε

−η(ξ)ψ(ξ) dξ > 0,

which is a contradiction. Hence, 0 < β(ξ) < 1, for all ξ ∈ (−∞, τ ) and the proof is con
cluded. �
Remark 2.2. Let (η,β) be a semi-wavefront of (1.1) in (−∞, τ ) for some c > 0. It is evident 
from the proof that it fulfills the properties stated in Lemma 2.1 (i). Furthermore, for all ξ < τ , 
we have η(ξ) > 0, η′(ξ) > 0, 0 < β(ξ) < 1, and β ′(ξ) < 0, and when τ is finite, η′(τ ) > 0. 
Additionally, in Remark 2.10, we will demonstrate that β ′(τ−) < 0 is always satisfied when τ is 
finite.

The following lemma highlights an essential property of wavefronts of (1.1) or semi
wavefronts of (1.1) on (−∞, τ ), which plays a significant role in the subsequent analysis.

Lemma 2.3. If (η,β) is a semi-wavefront of (1.1) in (−∞, τ ) for some c > 0, then β ∈
C1(−∞, τ ) and

Dη(ξ)β(ξ)β ′(ξ) + c(β(ξ) − 1) + η′(ξ) + cη(ξ) = 0, ∀ξ ∈ (−∞, τ ). (2.7)

Conversely, if (η,β) is a solution of (1.3a)--(2.7) in (−∞, τ ) satisfying (1.4a) for some c > 0, 
then (η,β) is a semi-wavefront of (1.1) in (−∞, τ ).

Proof. By Definition 1.1, if (η,β) is a semi-wavefront of (1.1) on (−∞, τ ), then it follows 
D(η(ξ)β(ξ)β ′(ξ))′ = −cβ ′(ξ)−η′′(ξ)−cη′(ξ) ∈ L1

loc . Thus the function ξ �→ Dη(ξ)β(ξ)β ′(ξ)

is continuous in (−∞, τ ). By Remark 2.2, since β(ξ) > β(τ) = 0, this implies that β ′ is contin
uous in (−∞, τ ). Now, by taking into account (1.3), we have

η′′(ξ) + cη′(ξ) = η(ξ)β(ξ) = − (Dη(ξ)β(ξ)β ′(ξ)
)′ − cβ ′(ξ), ∀ξ ∈ (−∞, τ ).

By integrating in [ξ0, ξ ] with −∞ < ξ0 < ξ ≤ τ , we obtain
8 
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ξ∫
ξ0

[(
Dη(s)β(s)β ′(s)

)′ + cβ ′(s) + η′′(s) + cη′(s)
]

ds = 0.

By passing to the limit as ξ0 → −∞, the thesis follows thanks to (1.4a), Lemma 2.1 (i) and 
Remark 2.2. Differentiating (2.7) and using (1.3a), the second statement of the lemma follows 
directly. �
Remark 2.4. Every (η,β) semi-wavefront of (1.1) in (−∞, τ ) for some c > 0 satisfies β ∈
C2(−∞, τ ). In fact, in the proof of Lemma 2.3, we showed that β ′ is continuous in (−∞, τ ). 
By (2.7) and the positivity of η (see Remark 2.2), we have that

β ′(ξ) = c(1 − β(ξ))

Dη(ξ)β(ξ) 
− η′(ξ) 

Dη(ξ)β(ξ)
− c

1 
Dβ(ξ)

, ∀ξ < τ.

At last, the conclusion follows thanks to the regularity of η′ (see Definition 1.1).

The following lemma contains some further important properties satisfied by the semi
wavefronts (η,β) of (1.1) in (−∞, τ ) with c > 0.

Lemma 2.5. If (η,β) is a wavefront of (1.1) in (−∞, τ ) for some c > 0, then

(i) lim 
ξ→−∞

η′(ξ)

η(ξ) 
= 2 

c + √
c2 + 4

;

(ii) β ′(−∞) = 0;

(iii) lim 
ξ→−∞

1 − β(ξ)

η(ξ) 
= 2 

c2 + c
√

c2 + 4
+ 1.

Proof. To prove (i), we assume, by a contradiction, that such a limit does not exist. Therefore, 
by using Lemma 2.1 (iv), we have

0 ≤ �1 := lim inf 
ξ→−∞

η′(ξ)

η(ξ) 
< lim sup

ξ→−∞ 

η′(ξ)

η(ξ) 
=: �2 ≤ +∞. (2.8)

For every λ ∈ (�1, �2) there exist two sequences (ξn)n and (μn)n such that ξn → −∞, μn → −∞
as n → +∞, and the following hold

η′(ξn)

η(ξn) 
= η′(μn)

η(μn) 
= λ, ∀n ∈N,

(
η′(ξ)

η(ξ) 

)′ ∣∣∣
ξ=ξn

> 0, ∀n ∈N, (2.9)

(
η′(ξ)

η(ξ) 

)′ ∣∣∣
ξ=μn

< 0, ∀n ∈ N. (2.10)

When computing the derivative in (2.9) we have that η′′(ξn)/η(ξn) > λ2 for all n and then, by 
(1.3a), −cλ+β(ξn) > λ2; passing to the limit as n → +∞ we obtain that λ2 + cλ−1 ≤ 0. Since 
λ is positive by (2.8), this implies
9 
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0 < λ ≤ 2 

c + √
c2 + 4

.

Similarly, when considering (2.10), we obtain

λ ≥ 2 

c + √
c2 + 4

.

It follows that λ = 2 

c + √
c2 + 4

. This is in contradiction with λ arbitrarily taken in (�1, �2), so 

we have proved that the limit exists. Now, let

� := lim 
ξ→−∞

η′(ξ)

η(ξ) 
.

By Lemma 2.1 (iv), we notice that 0 ≤ � ≤ +∞. Due to l’Hôspital role, we have that

lim 
ξ→−∞

1 
η(ξ)

ξ∫
−∞

η(s)β(s) ds = lim 
ξ→−∞

η(ξ)β(ξ)

η′(ξ) 
= 1

� 

with the obvious meaning if � = 0+ or � = +∞. By (2.4)

� = lim 
ξ→−∞

η′(ξ)

η(ξ) 
= lim 

ξ→−∞−c +
∫ ξ

−∞ η(s)β(s) ds

η(ξ) 
= −c + 1

� 
.

This proves that � ∈ (0,+∞) and �2 + c� − 1 = 0. Condition (i) is then satisfied.
To prove (ii), we assume, by a contradiction, that such a limit does not exist and assume the 

existence of b1, b2 satisfying

b1 := lim inf 
ξ→−∞β ′(ξ) < lim sup

ξ→−∞ 
β ′(ξ) =: b2.

By Remark 2.2, we notice that β ′(ξ) < 0 for all ξ ∈ (−∞, τ ). This implies −∞ ≤ b1 < b2 ≤ 0. 
In addition b2 = 0 since, otherwise, we could find ε > 0 and ξ0 < 0 such that β ′(ξ) < −ε, for 
ξ ≤ ξ0 in contradiction with the boundedness of β . Due to (1.4a), we have that

Db1 = lim inf 
ξ→−∞Dβ(ξ)β ′(ξ) < lim sup

ξ→−∞ 
Dβ(ξ)β ′(ξ) = 0.

Hence, for every λ ∈ (Db1,0), there exists a sequence (ξn)n ⊂ (−∞, τ ) with ξn → −∞ as 
n → +∞ such that

Dβ(ξn)β
′(ξn) = λ, and

(
Dβ(ξ)β ′(ξ)

)′ ∣∣∣
ξ=ξn

< 0, ∀n.

By writing (2.7) as
10 
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Dβ(ξ)β ′(ξ) = c(1 − β(ξ))

η(ξ) 
− η′(ξ)

η(ξ) 
− c, ξ ∈ (−∞, τ ), (2.11)

we have, in the whole interval (−∞, τ ),

(
Dββ ′)′ = −cβ ′

η
− c(1 − β)

η

η′

η
− η′′

η
+
(

η′

η

)2

.

According to (1.3a), in (−∞, τ ), we obtain

(
Dββ ′)′ = −cβ ′

η
− c(1 − β)

η

η′

η
+ cη′

η
− β +

(
η′

η

)2

. (2.12)

Moreover, if we restrict to the values of (ξn)n, thanks to (2.11), we have

β ′(ξn) = λ 
Dβ(ξn)

, 
c(1 − β(ξn))

η(ξn) 
= λ + η′(ξn)

η(ξn) 
+ c.

Therefore, by (2.12), it follows

0 >
(
Dβ(ξ)β ′(ξ)

)′ ∣∣∣
ξ=ξn

= − cλ 
Dη(ξn)β(ξn)

−
[
λ + η′(ξn)

η(ξn) 
+ c

]
η′(ξn)

η(ξn) 
+ cη′(ξn)

η(ξn) 
− β(ξn) +

(
η′(ξn)

η(ξn) 

)2

.

Due to property (i) and (1.4a), when passing to the limit as n → +∞, we have that

0 ≥ lim 
n→+∞D(β(ξ)β ′(ξ))′|ξ=ξn = +∞,

which is a contradiction. Thus, the limit β ′(−∞) exists and is necessarily 0, so (ii) is proved.
Property (iii) follows as an immediate consequence of (i) and (ii), thanks to (2.11). �

Proposition 2.6. Every wavefront (η,β) of (1.1) with wave speed c satisfies:

η(ξ) ≥ L(c) (1 − β(ξ)) , ∀ξ ∈R, (2.13)

where L(c) := c2 + c
√

c2 + 4

2 + c2 + c
√

c2 + 4
.

Proof. Firstly, we claim that

η′(ξ)

η(ξ) 
≤ 2 

c + √
c2 + 4

, ∀ξ ∈R. (2.14)

To prove this assertion, we observe that the function η′/η is always positive. Next, we find its 
critical points and, by referring to equation (1.3a), we deduce
11 
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(
η′

η

)′
(ξ) = 0 ⇔

(
η′(ξ)

η(ξ) 

)2

+ c
η′(ξ)

η(ξ) 
− β(ξ) = 0.

This condition is met when

η′(ξ)

η(ξ) 
= 2β(ξ) 

c +√c2 + 4β(ξ)
. (2.15)

Given that the function

ϕ(v) = 2v 

c + √
c2 + 4v

, v ∈ [0,1],

satisfies ϕ′(v) > 0 for all v ∈ [0,1], it follows that

2β(ξ) 

c +√c2 + 4β(ξ)
≤ 2 

c + √
c2 + 4

, ∀ξ ∈R. (2.16)

Employing Lemma 2.5 (i) and noting that

lim 
ξ→+∞

η′(ξ)

η(ξ) 
= 0,

we conclude from (2.15) and (2.16) that the claim (2.14) is valid.
Applying equation (2.7), we derive that

1 − β(ξ)

η(ξ) 
= 1 + η′(ξ) 

cη(ξ)
+ Dβ(ξ)β ′(ξ)

c

< 1 + η′(ξ) 
cη(ξ)

≤ 1 + 2 

c2 + c
√

c2 + 4
, ∀ξ ∈R,

which completes the proof. �
The following result provides a positive lower bound for wavefront speeds of the system (1.1)

under certain conditions on the diffusion coefficient D.

Proposition 2.7. Every wavefront (η,β) of (1.1) with wave speed c satisfies:

c > max
{

0,
√

D/15 − 1
}

.

12 
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Proof. Firstly, we multiply (1.3b) for β and we integrate in (ξ0, ξ1) ⊂ (−∞, τ ), so that we obtain

0 =
ξ1∫

ξ0

(
Dη(s)β(s)β ′(s)

)′
β(s) ds + c

ξ1∫
ξ0

β(s)β ′(s) ds +
ξ1∫

ξ0

η(s)β2(s) ds

=Dη(ξ1)β
2(ξ1)β

′(ξ1) − Dη(ξ0)β
2(ξ0)β

′(ξ0) −
ξ1∫

ξ0

Dη(s)β(s)β ′ 2(s) ds

+ c

(
β(ξ1)

2

2 
− β(ξ0)

2

2 

)
+

ξ1∫
ξ0

η(s)β2(s) ds.

By letting ξ0 → −∞ and ξ1 → τ , and using the boundary conditions (1.4a) along with 
Lemma 2.1, we have

−
τ∫

−∞
Dη(s)β(s)β ′ 2(s) ds − c

2
+

τ∫
−∞

η(s)β2(s) ds = 0. (2.17)

By using Lemma 2.1, we have

τ∫
−∞

η(s)β2(s) ds ≤
τ∫

−∞
η(s)β(s) ds = c,

and so from (2.17) we deduce

τ∫
−∞

Dη(s)β(s)β ′ 2(s) ds ≤ c

2
. (2.18)

Next, we multiply (1.3b) for Dηββ ′ and, by integrating in (ξ0, ξ1) ⊂ (−∞,+∞), we obtain

0 =
ξ1∫

ξ0

(
Dη(s)β(s)β ′(s)

)′
Dη(s)β(s)β ′(s) ds

+ c

ξ1∫
ξ0

β ′(s)Dη(s)β(s)β ′(s) ds +
ξ1∫

ξ0

Dβ ′(s)η2(s)β2(s) ds

=1

2

(
Dη(ξ1)β(ξ1)β

′(ξ1)
)2 − 1

2

(
Dη(ξ0)β(ξ0)β

′(ξ0)
)2

+ c

ξ1∫
Dη(s)β(s)β ′ 2(s) ds +

ξ1∫
Dβ ′(s)η2(s)β2(s) ds.
ξ0 ξ0

13 
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By letting ξ0 → −∞ and ξ1 → τ , and using the boundary conditions (1.4) along with 
Lemma 2.1, we have

c

τ∫
−∞

Dη(s)β(s)β ′ 2(s) ds +
τ∫

−∞
Dβ ′(s)η2(s)β2(s) ds = 0. (2.19)

From (2.18) and (2.19), we deduce

c2

2 
≥ −

τ∫
−∞

Dβ ′(s)η2(s)β2(s) ds. (2.20)

Thanks to Proposition 2.6 and applying inequality (2.13), we obtain

c2

2 
≥

τ∫
−∞

D
(−β ′(s)

)
η2(s)β2(s) ds

≥
τ∫

−∞
D
(−β ′(s)

)
L(c)2 (1 − β(s))2 β2(s) ds

= DL2(c)

1 ∫
0 

(1 − y)2 y2 dy = DL2(c)

30 
,

with L(c) defined in Proposition 2.6. That leads us to conclude that the wave speed c must satisfy 
the following condition:

(
c

L(c)

)2

=
(

2 + c2 + c
√

c2 + 4

c + √
c2 + 4

)2

≥ D

15
. (2.21)

Given that the function c �→ (
c/L2(c)

)
is strictly increasing, it follows that for 0 < D ≤ 15, 

inequality (2.21) is satisfied for all c ≥ 0; hence, c > 0 by Lemma 2.1 (iii). Conversely, for 
D > 15, the inequality (2.21) yields

1 + c >
2 

c + √
c2 + 4

+ c ≥
√

D

15
,

and so c >
√

D/15 − 1. This completes the proof. �
Now, we provide a first-order reduction that will be useful in the following.

Remark 2.8 (Reduction to a singular first-order problem). Let (η,β) be a wavefront of (1.1) for 
some wave speed c > 0. By the strict monotonicity of β in (−∞, τ ) (Lemma 2.1 (v)), we can 
define
14 
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N(β) := η(ξ(β)), 0 < β < 1, (2.22)

where ξ = ξ(β) is the inverse function of β in (−∞, τ ). By Lemma 2.1(iv)--(v), we have

Ṅ(β) = η′(ξ) 
β ′(ξ)

< 0, 0 < β < 1,

where ˙ = d 
dβ

. Moreover, by using (1.4a), we obtain

lim 
β→0+ N(β) = lim 

ξ→τ
η(ξ) = η(τ), lim 

β→1− N(β) = lim 
ξ→−∞η(ξ) = 0.

Hence N can be extended on the closed interval [0,1] and by Lemma 2.5 (iii), it follows

Ṅ(1) = lim 
β→1−

N(β) 
β − 1

= lim 
ξ→−∞− η(ξ) 

1 − β(ξ)
= − c2 + c

√
c2 + 4

2 + c2 + c
√

c2 + 4
.

We set

z(β) := DN(β)ββ ′(ξ(β)), 0 < β < 1. (2.23)

Due to Lemma 2.1 (v), we have z(β) < 0, for all 0 < β < 1. From (1.3b), we obtain ż(β) =
−c − DN2(β)β2/z, for all 0 < β < 1. Moreover, by Lemma 2.1 (i)--(ii), we have that z(0) =
z(1) = 0. Therefore, to each wavefront of (1.1) corresponds the function z(β) defined in (2.23)
satisfying the following first-order singular boundary value problem

⎧⎪⎨
⎪⎩

ż(β) = −c − DN2(β)β2

z(β) , 0 < β < 1, (a)

z(β) < 0, 0 < β < 1, (b)

z(0) = z(1) = 0, (c)

(2.24)

with z ∈ C[0,1] ∩ C1(0,1).

Lemma 2.9. If (η,β) is a wavefront of (1.1), then β ′(τ−) exists and satisfies one of the following 

conditions: β ′(τ−) = 0 or β ′(τ−) = − c

Dη(τ)
.

Proof. Let z(β) be the function defined as in (2.23). By [16, Proposition 8.2] the limit ż(0+) =
lim 

β→0+
z(β)

β
exists and it is either ż(0+) = −c or ż(0+) = 0. We have that

lim 
ξ→τ− β ′(ξ) = lim 

β→0+ β ′(ξ(β)) = lim 
β→0+

1 
DN(β)

z(β)

β

with ξ(β) and N(β) as in (2.22). Since, limβ→0 N(β) = η(τ), the claim is proved. �

15 
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τ

1

η0

ητ
β0

β

η

ξ

τ

1

η0

β0

β

η

ξ

Fig. 1. Admissible wavefronts for (1.1) with profile (η,β) satisfying (1.4). On the top, sharp profile (τ < +∞); on the 
bottom, classical profile (τ = +∞).

Remark 2.10. According to Lemma 2.1 (v), the wavefronts (η,β) of (1.1) satisfy β(ξ) < 1
for every ξ ∈ R, which implies that wavefronts can only be sharp at � = 0 (cf., Definition 1.2). 
Depending on the value of τ , as defined in (2.2), and Lemma 2.9, wavefronts can be of two types: 
classical, if τ = +∞ or τ < +∞ with β ′(τ−) = 0, or sharp, if τ < +∞ with β ′(τ−) = − c

Dη(τ)
. 

In Proposition 2.12, we will show that the case τ < +∞ and β ′(τ−) = 0 can not occur. Fig. 1
illustrates the two types of admissible wavefronts of (1.1). 

First we consider a semi-wavefront (η,β) of (1.1) in (−∞, τ ) and we provide an upper esti
mate for η(τ−) which is independent on c.

Proposition 2.11. If (η,β) is a semi-wavefront of (1.1) in (−∞, τ ) for some c > 0, then

η(τ−) ≤
√

eD. (2.25)

Proof. If η(τ−) ≤ 1, then (2.25) is trivially satisfied. Therefore, suppose that η(τ−) > 1. Then, 
by (1.4a) and since η is strictly increasing in (0, τ ) (see Lemma 2.1 and Remark 2.2), there exists 
ξ0 ∈ (0, τ ) such that η(ξ0) = 1 and η(ξ) > 1 for ξ ∈ (ξ0, τ ). Using (2.7), we obtain

Dβ(ξ)β ′(ξ) = c
1 − β(ξ)

η(ξ) 
− η′(ξ)

η(ξ) 
− c, ∀ξ ∈ (−∞, τ ). (2.26)

Let us fix ξ ∈ [ξ0, τ ). Integrating (2.26) over [ξ0, ξ ], we have

D

ξ∫
ξ0

β(s)β ′(s) ds = c

ξ∫
ξ0

1 − β(s)

η(s) 
ds − lnη(ξ) − c(ξ − ξ0).

Since 1 − β(ξ) < 1 for all ξ ∈ [ξ0, τ ), we obtain that
16 
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D

2 
β2(ξ) − D

2 
β2(ξ0) < c

ξ∫
ξ0

1 
η(s)

ds − lnη(ξ) − c(ξ − ξ0).

Moreover, from Remark 2.2, we know that 0 < β(ξ0) < β(−∞) = 1. Hence, since η(s) > 1 for 
all s ∈ (ξ0, ξ ], we deduce

0 <
D

2 
β2(ξ) <

D

2 
+ c(ξ − ξ0) − lnη(ξ) − c(ξ − ξ0) = D

2 
− lnη(ξ).

Accordingly, we obtain lnη(ξ) < D
2 , for all ξ ∈ [ξ0, τ ). Thus, η(ξ) <

√
eD for all ξ ∈ [ξ0, τ ) and 

so (2.25) follows. �
In the following result, we explore the regularity of semi-wavefronts of (1.1) in (−∞, τ ). 

To achieve this, we will compare with solutions of (2.24a). We say that γ ∈ C1(σ1, σ2), with 

0 ≤ σ1 < σ2 ≤ 1 is a strict upper- solution of (2.24a) in (σ1, σ2) if γ̇ (β) > −c − DN2(β)β2

γ (β) for 
all β ∈ (σ1, σ2). We say that γ is a strict lower-solution of (2.24a) in (σ1, σ2) if the inequality is 
reversed (see, e.g., [20]).

Proposition 2.12. Let (η,β) be a semi-wavefront of (1.1) in (−∞, τ ) for some c > 0. Then, the 
following hold.

(i) If τ = +∞, then (η,β) is a classical wavefront of (1.1).

(ii) If τ < +∞, then (η,β) is a wavefront of (1.1) with

η(ξ) = η(τ) + η′(τ )

c

(
1 − ec(τ−ξ)

)
, β(ξ) = 0, ∀ξ ∈ [τ,+∞), (2.27)

if and only if lim 
ξ→τ−Dη(ξ)β(ξ)β ′(ξ) = 0. Furthermore, if this condition is satisfied, then it is a 

sharp wavefront at 0.

Proof. We divide the proof into two parts by proving the two possible cases separately.

Case (i). Assume τ = +∞. From Remark 2.2, we have η′(ξ) > 0 and β ′(ξ) < 0 for all ξ ∈ R. 
To prove (1.4b), we argue by contradiction and suppose that β(+∞) = l > 0. From (1.3)--(1.4a) 
and since η′

0 > 0, we deduce that

η′(ξ) = η′
0e

−cξ + e−cξ

ξ∫
0 

η(s)β(s)ecs ds > e−cξ

ξ∫
0 

η(s)β(s)ecs ds

> η0le
−cξ

ξ∫
0 

ecs ds = η0l

c
(1 − e−cξ ).

Passing to the limit as ξ → +∞, we have

lim η′(ξ) ≥ lim 
η0l

(1 − e−cξ ) = η0l
> 0,
ξ→+∞ ξ→+∞ c c

17 
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which is in contradiction with the boundedness of η(+∞) stated in Proposition 2.11. Hence 
β(+∞) = 0. It thus remains to show that η(+∞) = 1. According to Remark 2.2 and Propo
sition 2.11, notice that the limit η(+∞) exists and it is finite. Moreover, by (2.5) and the 
boundedness of η, we get also that η′(+∞) exists and it is necessarily 0. From (2.7), we de
duce that

lim 
ξ→+∞Dη(ξ)β(ξ)β ′(ξ) = c (1 − η(+∞)) .

If η(+∞) < 1, then Dη(ξ)β(ξ)β ′(ξ) > 0 for sufficiently large values of ξ , which is in contradic
tion with the sign of the function Dηββ ′. On the other hand, if η(+∞) > 1, then β ′(+∞) = −∞, 
which is in contradiction with the boundedness of β . Hence η(+∞) = 1 and case (i) is proved.

Case (ii). Assume τ < +∞ hence implying that (η,β) is a semi-wavefront of (1.1) in (−∞, τ ). 
Since η ∈ C1(−∞, τ ], we obtain from (2.7) that Dηββ ′ has a finite limit, when ξ → τ− and

λ := lim 
ξ→τ− Dη(ξ)β(ξ)β ′(ξ) = c − η′(τ ) − cη(τ).

Moreover, by Remark 2.2, we have λ ≤ 0. Hence, η′(τ ) = c − λ − cη(τ) and the function η
satisfies η′′ + cη′ = 0 in the half-line (τ,+∞). Therefore

η(ξ) = 1 − λ

c
+
(

λ

c
− 1 + η(τ)

)
e−c(ξ−τ), ξ ≥ τ.

As a consequence η(+∞) = 1 if and only if λ = 0. In this case (η,β) satisfies conditions (2.27)
in the half-line (τ,+∞). Now we prove that, when extended as in (2.27) on (τ,+∞), the couple 
(η,β) is a solution of (1.3)--(1.4). Indeed, β ∈ C2(−∞, τ ) (see Remark 2.4) with β(ξ)β ′(ξ) → 0
as ξ → τ− (see Lemma 2.1 (ii)), hence ββ ′ ∈ L1

loc(R). Moreover, let ψ ∈ C∞
0 (τ −ε, τ +ε) with 

ε > 0 and δ > 0 such that τ − δ > τ − ε. It holds

τ+ε∫
τ−ε

[(
Dη(ξ)β(ξ)β ′(ξ) + cβ(ξ)

)
ψ ′(ξ) − η(ξ)β(ξ)ψ(ξ)

]
dξ

= lim 
δ→0

τ−δ ∫
τ−ε

[(
Dη(ξ)β(ξ)β ′(ξ) + cβ(ξ)

)
ψ ′(ξ) − η(ξ)β(ξ)ψ(ξ)

]
dξ

= lim 
δ→0

[
Dη(ξ)β(ξ)β ′(ξ)ψ(ξ) + cβ(ξ)ψ(ξ)

]τ−δ

τ−ε

− lim 
δ→0

τ−δ ∫
τ−ε

[(
Dη(ξ)β(ξ)β ′(ξ)

)′ + cβ ′(ξ) + η(ξ)β(ξ)
]
ψ(ξ) dξ

= lim 
δ→0

Dη(τ − δ)β(τ − δ)β ′(τ − δ)ψ(τ − δ) = Dη(τ)β(τ)β ′(τ ) = 0.

since Dηββ ′ → 0 as ξ → τ−.
18 
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It remains to show that (η,β) is a sharp wavefront in 0. To this aim, we only need to exclude 
the case when β ′(τ−) = 0. We reason by contradiction and assume that β ′(τ−) = 0. Let β̄ :=
β(ξ̄ ) > 0 for some ξ̄ < τ . We have that

τ = ξ̄ +
0 ∫

β̄

ξ̇ (β) dβ = ξ̄ +
0 ∫

β̄

dβ 
β ′(ξ(β))

= ξ̄ +
0 ∫

β̄

DβN(β)

z(β) 
dβ = ξ̄ +

β̄∫
0 

DN(β)

− z(β)
β

dβ,

with ξ(β), N(β), and z(β) defined in (2.22) and (2.23).
Let ε ∈ (0, c). We claim that there is β0 ∈ (0, β̄) such that

−z(β)

β
<

Dη2(τ )

c − ε 
β, 0 < β < β0. (2.28)

By (1.4a) and Lemma 2.1(v) we obtain that 0 < η̄ := η(ξ̄ ) ≤ N(β) ≤ N(0) = η(τ) < 1 for 
0 < β < β̄ . Hence, if (2.28) is true then

τ > ξ̄ +
β0∫

0 

DN(β)

− z(β)
β

dβ >

β0∫
0 

N(β)(c − ε)

η2(τ )β 
dβ >

β0∫
0 

η̄(c − ε)

η2(τ )β 
dβ = +∞.

Hence, when (2.28) is valid, the case τ < +∞ and β ′(τ−) = 0 produces a contradiction, and then 
it is not possible. Notice that β ′(τ−) < 0 (see Lemma 2.9) and hence the corresponding solution 
is sharp. Now we show (2.28) using a comparison-type argument applied to problem (2.24). Let

γ (β) := −Dη2(τ )

c − ε 
β2, 0 < β < 1,

with ε as above. Since

γ̇ (β) = −2
Dη2(τ )

c − ε 
β → 0, as β → 0+,

while

−c − DN2(β)β2

γ (β) 
= −c + (c − ε)

N2(β)

η2(τ ) 
< −c + c − ε = −ε,

there is β̃ ∈ (0,1) such that

γ̇ (β) > −c − DN2(β)β2

, 0 < β < β̃.

γ (β) 
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Then, γ (β) is an upper-solution to (2.24a) in (0, β̃). With no loss of generality, we can assume 
β̃ < β̄ . Since β ′(τ−) = 0 by the definition of z in (2.23) we have that

0 = lim 
ξ→τ− β ′(ξ) = lim 

β→0+ β ′(ξ(β)) = lim 
β→0+

z(β) 
DN(β)β

implying

lim 
β→0+

z(β)

β
= 0,

since N(β) → η(τ) ∈ (0,1) when β → 0. Corresponding to a decreasing sequence {βn} such 
that βn → 0 as n → +∞, we can find {σn} with 0 < σn < βn for all n satisfying

z(βn)

βn

= ż(σn) = −c − DN2(σn)σ
2
n

z(σn) 
→ 0, as n → +∞.

Therefore lim 
n→+∞

DN2(σn)σ
2
n

−z(σn) 
= c and hence there is ñ such that

DN2(σn)σ
2
n

−z(σn) 
> c − ε, for n ≥ ñ,

again with ε as above. This implies

z(σn) > −DN2(σn)σ
2
n

c − ε 
> −Dη2(τ )σ 2

n

c − ε 
= γ (σn), for n ≥ ñ.

We choose n0 ≥ ñ such that σn0 < β̃ . Notice that z(σn0) > γ (σn0); since, moreover, γ is and 
upper-solution to (2.24a) in (0, σn0) ⊂ (0, β̃) we obtain (see, e.g., [20, Lemma 4.3]) that z(β) >

γ (β) for β ∈ (0, σn0) and (2.28) is proved with β0 = σn0 . �
3. Semi-wavefront on the negative half-line

In this section, we demonstrate Theorem 1.1 by proving the existence of a semi-wavefront 
of (1.1) with positive speed c in the half-line (−∞,0] (as will be shown in Proposition 3.1) and 
its uniqueness (as will be shown in Proposition 3.10).

Proposition 3.1. For every c > 0, there exists a semi-wavefront (η,β) of (1.1) in (−∞,0] with 
wave speed c. Moreover, η′(ξ) > 0 and β ′(ξ) < 0 for all ξ ∈ (−∞,0].

The proof is based on comparison results, i.e., we use upper and lower functions (cf., [21]). 
Let −∞ ≤ a− < a+ ≤ +∞ and let f : (a−, a+)×R×R→R be a continuous function. We say 
that y is a lower function of u′′ = f (ξ,u,u′) if y ∈ C2(a−, a+) and y′′(ξ) ≥ f

(
ξ, y(ξ), y′(ξ)

)
for every ξ ∈ (a−, a+). If the ≥ sign is replaced by ≤, we say that y is an upper function.

We first investigate the solvability of (1.3a) in (−∞,0] with positive c and sufficiently regular 
β and establish some necessary conditions for the existence of semi-wavefronts of (1.1) on the 
half-line (−∞,0].
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Proposition 3.2. Assume β ∈ C(−∞,0] satisfying 0 < m ≤ β(ξ) ≤ M < +∞ for all ξ ∈
(−∞,0]. For every c > 0 and η0 ∈ (0,1) equation (1.3a) has a unique solution such that 
η′(ξ) > 0 for all ξ ∈ (−∞,0] and satisfies η(0) = η0 and η(−∞) = η′(−∞) = 0.

Proof. Let

S1(ξ) := η0e
ν1ξ with ν1 := 2m 

c + √
c2 + 4m

, for ξ ∈ (−∞,0],

and

S2(ξ) := η0e
ν2ξ with ν2 := 2M 

c + √
c2 + 4M

, for ξ ∈ (−∞,0].

Notice that S1 is the solution of

{
η′′(ξ) + cη′(ξ) − mη(ξ) = 0,

η(0) = η0, η(−∞) = 0,

and also an upper function of (1.3a). In fact, S′′
1 (ξ) = −cS′

1(ξ)+mS1(ξ) ≤ −cS′
1(ξ)+β(ξ)S1(ξ), 

for all ξ ∈ (−∞,0]. Analogously, S2 is a lower function of (1.3a), since S′′
2 (ξ) = −cS′

2(ξ) +
MS2(ξ) ≥ −cS′

2(ξ) + β(ξ)S2(ξ), for all ξ ∈ (−∞,0].
Therefore, from the theory of upper and lower functions [21], a solution η to (1.3a) exists 

satisfying

S2(ξ) ≤ η(ξ) ≤ S1(ξ), ∀ξ ∈ (−∞,0]. (3.1)

Moreover, by integrating (1.3a) in [ξ,0], with ξ < 0, we obtain (2.3). Hence, η′(ξ) has limit 
when ξ → −∞, and η′(−∞) = 0, since η is bounded. In particular, we have that

η′
0 + cη0 =

0 ∫
−∞

η(s)β(s) ds. (3.2)

It remains to prove that (1.3a) has a unique solution η satisfying η(ξ0) = η0 and η(−∞) = 0. 
We reason by contradiction and assume the existence of η1 �= η2 solutions to (1.3a) with η1(0) =
η2(0) = η0 and η1(−∞) = η2(−∞) = 0. Since η′

1(0) �= η′
2(0), we take η′

1(0) > η′
2(0), so that, 

by (3.2),

0 > η′
2(0) − η′

1(0) =
0 ∫

−∞
[η2(s) − η1(s)]β(s) ds.

Hence η2 − η1 < 0 in some interval (a, b) ⊂ (−∞,0). The relation between η′
2(0) and η′

1(0)

implies the existence of ξ1 < 0 such that η1(ξ1) = η2(ξ1) and

η2(s) > η1(s), ∀s ∈ (ξ1,0). (3.3)
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Therefore, by applying (2.3) in (ξ1,0) to both η1 and η2, we have that

0 <

0 ∫
ξ1

[η2(s) − η1(s)]β(s) ds + η′
1(0) − η′

2(0) = −η′
2(ξ1) + η′

1(ξ1),

in contradiction with (3.3). Hence the solution of (1.3a) satisfying the boundary conditions is 
unique.

At last, if there is ξ0 ≤ 0 such that η′(ξ0) = 0, by (1.3a) we have η′′(ξ0) = η(ξ0)β(ξ0) > 0, 
hence η has a local minimum in ξ0 in contradiction with the boundary condition at −∞. Hence, 
necessarily, η(ξ) > 0 for all ξ ∈ (−∞,0]. This concludes the proof. �
Remark 3.3. Let (η,β) be a semi-wavefront of (1.1) in (−∞,0] with wave speed c > 0. Using 
similar reasoning as in Proposition 3.2, we can show that

Σ2(ξ) := η0e
σ2ξ ≤ η(ξ) ≤ Σ1(ξ) := η0e

σ1ξ , ∀ξ ∈ (−∞,0], (3.4)

where

σ2 := 2 

c + √
c2 + 4

and σ1 := 2β0

c +√c2 + 4β0
. (3.5)

Moreover, since 0 < σ1 < σ2 < 1, from (3.4), one can deduce

η0σ1 ≤ η′
0 ≤ η0σ2. (3.6)

Proposition 3.4. Let (η,β) be a semi-wavefront of (1.1) in (−∞,0] with wave speed c > 0 and 

η0 ∈ (0,1), then β0 ∈
(

1 − η0(c+σ2)
c

,1
)

.

Proof. We can distinguish between two cases: the first case is when c
c+σ2

≤ η0 < 1, and the 

second case is when 0 < η0 < c
c+σ2

. In the first case, we see that 1 − η0(c+σ2)
c

≤ 0, and thus the 
thesis is trivially satisfied since β0 > 0. As for the second case, by (2.7) and the positivity of β0, 
we have that

β ′
0 = c − cη0 − cβ0 − η′

0

Dη0β0
.

Since η′
0 ≤ η0σ2 (see (3.6)), if β0 ≤ 1 − η0(c+σ2)

c
then β ′

0 ≥ 0, which is in contradiction with 
β ′ < 0 in (−∞, τ ) (see Lemma 2.1(v)). �
Remark 3.5. If η0 ∈

(
0, c

c+σ2

)
, then 1 − η0(c+σ2)

c
> 0. By applying Proposition 3.4, it thus fol

lows β0 > 1 − η0(c+σ2) > 0, and so τ > 0.

c
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3.1. Existence result on the negative half-line for every speed

In this section, we fix c > 0, and η0 ∈
(

0, c
c+σ2

)
, where σ2 is defined in (3.5). Next, we set

κ := 1 − η0(c + σ2)

c
. (3.7)

Then, κ > 0 and, according to Remark 3.5, β0 > κ for every semi-wavefront (η,β) of (1.1) in 
(−∞,0] with wave speed c. We define the following set:

B :=
{
β ∈ C(−∞,0] : κ ≤ β(ξ) ≤ 1, ∀ξ ∈ (−∞,0]

}
.

It is noteworthy that B is a non-empty, closed, and convex subset of the Fréchet space C(−∞,0]. 
Moreover, by Proposition 3.2, for every β ∈ B, it is unique the solution on (−∞,0] to (1.3a) 
with η(0) = η0 and η(−∞) = 0 and it satisfies η′(ξ) > 0 for all ξ ∈ (−∞,0] and η′(−∞) = 0. 
We denote by N the set of all such functions η, namely

N :=
{

solution to

{
η′′(ξ) + cη′(ξ) = β(ξ)η(ξ), ξ ∈ (−∞,0],
η(0) = η0, η(−∞) = 0,

with β ∈B

}
. (3.8)

We consider now the initial value problem

{
y′(ξ) = c(1−y(ξ))−η′(ξ)−cη(ξ)

Dη(ξ)y(ξ) , (a)
y(0) = y0, (b)

(3.9)

with η ∈ N and y0 ∈ (0,1) and show several qualitative properties of its solution before proving 
Proposition 3.1.

Proposition 3.6. Given η ∈N and y0 ∈ (0,1), let y be the solution of (3.9) defined on its maximal 
existence interval I ⊆ (−∞,0]. If there is ξ0 ∈ (−∞,0] such that y′(ξ0) ≥ 0, then y′(ξ) > 0 for 
all ξ ∈ I with ξ < ξ0.

Proof. Let Γ : R→R be the differentiable function defined as

Γ(ξ) := c (y(ξ) − 1) + η′(ξ) + cη(ξ).

Notice that η > 0 in (−∞,0] and y > 0 in I . Hence, by assumption, it follows that Γ(ξ0) ≤ 0. 
Since Γ′(ξ) = cy′(ξ) + η′′(ξ) + cη′(ξ) and η ∈ N, we also have Γ′(ξ0) = cy′(ξ0) + η(ξ0)β(ξ0)

for some β ∈ B, hence Γ′(ξ0) > 0. By contradiction, let us suppose that there exists ξ1 ∈ I

with ξ1 < ξ0 such that Γ(ξ) < 0 for all ξ ∈ (ξ1, ξ0) and Γ(ξ1) = 0. Then, we can infer that 
y′(ξ) > 0 for all ξ ∈ (ξ1, ξ0). Hence, it follows that Γ′(ξ) > 0, for all ξ ∈ (ξ1, ξ0). Accordingly, 
0 = Γ(ξ1) < Γ(ξ2) ≤ 0, which is a contradiction. �
Proposition 3.7. Given η ∈N and y0 ∈ (0,1), let y be the solution of (3.9) defined on its maximal 
existence interval I ⊆ (−∞,0]. If there is ξ0 ∈ (−∞,0] such that y(ξ0) = 1 then I = (−∞,0]
and y(ξ) > 1 for all ξ < ξ0.
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Proof. Since η ∈N and y(ξ0) = 1, from (3.9a) and Proposition 3.2, there exists β ∈B such that 
Dη(ξ0)y

′(ξ0) = −η′(ξ0) − cη(ξ0) < 0, implying y′(ξ0) < 0. By contradiction, let us suppose 
that there exists ξ1 ∈ I with ξ1 < ξ0 such that y(ξ) > 1 for ξ ∈ (ξ1, ξ0] and y(ξ1) = 1. Then, as 
before, we obtain that y′(ξ1) < 0, which is a contradiction. Hence I = (−∞,0] and y(ξ) > 1 for 
ξ < ξ0. �
Corollary 3.8. Given η ∈ N, there is δ > 0 such that for any y0 ∈ (1−δ,1] the solution y of (3.9)
defined on its maximal existence interval I ⊆ (−∞,0] is such that y(ξ0) = 1 for some ξ0 ∈ I .

Proof. Let y̌ be the solution of (3.9) associated with y(0) = 1 defined on its maximal existence 
interval Ǐ . Then, by Proposition 3.7, we have Ǐ = (−∞,0] and y̌(ξ) > 1 for every ξ < 0. Fix 
ξ < 0 and chose ε > 0 such that y̌(ξ) − ε > 1. Using the continuous dependence of the solution 
on initial data we find a corresponding δ > 0 such that for any ρ ∈ (1−δ,1) the solution y of (3.9)
with y(0) = ρ is defined in [ξ,0] and satisfies y̌(ξ) − ε < y(ξ) < y̌(ξ) for every ξ ∈ [ξ,0]. 
Therefore, there must exist ξ0 ∈ (ξ ,0) where y(ξ0) = 1. This completes the proof. �
Proposition 3.9. Let κ be defined as in (3.7). For every η ∈N, there is a unique y0 ∈ (κ,1) such 
that the solution y of (3.9) is defined on (−∞,0], satisfies y(−∞) = 1 and y′(ξ) < 0 for all 
ξ ∈ (−∞,0]

Proof. Let η ∈ N be fixed. Introduce the following set:

A :=
{

y0 ∈ [κ,1] : y solution of (3.9) on I satisfies 

y(ξ0) = 1 for some ξ0 ∈ I

}
.

We aim to prove that A is a non-empty interval such that α := infA > κ . This way, by de
noting with yα the solution of (3.9a) with y0 = α defined on its maximal existence interval 
Iα ⊆ (−∞,0], we can prove that Iα = (−∞,0], and y′

α(ξ) < 0 for all ξ ≤ 0. At last yα is the 
unique solution of (3.9a) satisfying the boundary condition yα(−∞) = 1. We now break the 
proof into four steps.

Step 1: A is non-empty and α > κ . To show that A is non-empty, we observe that by Corol
lary 3.8, there exists some δ > 0 sufficiently small such that (1 − δ,1) ⊆ A. Arguing as in the 
proof of Proposition 3.4, one can prove that the solution y of (3.9) with y(0) = κ yields y′(0) ≥ 0. 
Thus, by Proposition 3.6, κ �∈ A.

Step 2: A is an interval. We can show that A is an interval by proving that if ρ ∈ A, then (ρ,1) ⊆
A. If ρ ∈ A and yρ denotes the solution to (3.9a) with yρ(0) = ρ, there exists ξρ < 0 such that 
yρ(ξρ) = 1. If ρ1 ∈ (ρ,1), the solution yρ1 to (3.9a) with yρ1(0) = ρ1 is defined in [ξρ,1] and 
the uniqueness of the solution of problem of (3.9) guarantees the existence of ξρ1 ∈ (ξρ,0

)
such 

that yρ1(ξρ1) = 1, meaning that ρ1 ∈ A.

Step 3: Existence and asymptotic properties. We aim to show that Iα = (−∞,0]; yα(−∞) = 1; 
and y′

α(−∞) = 0.
First, we claim that yα(ξ) < 1, for every ξ ∈ Iα . Let us suppose by contradiction that there is 

ξ0 ∈ Iα such that yα(ξ0) = 1. From Proposition 3.7, yα(ξ) > 1, for every ξ < ξ0. By arguing as 
in Corollary 3.8 and exploiting the continuous dependence of the solutions by the initial data, we 
can obtain a contradiction with the definition of α.
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Next, we claim that y′
α(ξ) < 0, for every ξ ∈ Iα . We argue by a contradiction and assume 

the existence of ξ1 ∈ (−∞,0] satisfying y′
α(ξ1) ≥ 0. From Proposition 3.6, y′

α(ξ) > 0, for every 
ξ ∈ Iα with ξ < ξ1. Thus, there is ξ2 ≤ ξ1 such that yα(ξ2) < yα(0) = α. By the continuous 
dependence of the solutions by the initial data, there exists δ > 0 such that for every ρ ∈ (α,α+δ)

we have yα(ξ2) < yρ(ξ2) ≤ α < ρ, where yρ is the solution of (3.9a) with yρ(0) = ρ defined on 
its maximal existence interval Iρ ⊃ (ξ2,0]. By the mean value theorem, there is ξ3 ∈ (ξ2,0)

such that y′
ρ(ξ3) > 0. Thanks to Proposition 3.6, we can infer that y′

ρ(ξ) > 0, for every ξ ≤ ξ3. 
Then, ρ �∈ A, which is in contradiction with the definition of α. It follows that Iα = (−∞,0]; 
α ≤ yα(ξ) < 1, implying that α �∈ A and y′

α(ξ) < 0, for all ξ ∈ Iα .
Hence, there is yα(−∞) ∈ [α,1]. When, in particular, yα(−∞) < 1 by (3.9a) we get 

y′
α(−∞) = +∞ in contradiction with the boundedness of yα. It follows that yα(−∞) = 1.

Step 4: Uniqueness. Assume, by a contradiction, the existence of a further solution to (3.9a), 
denoted ŷ, with ŷ(−∞) = 1. Hence, ŷ(0) ∈ (κ,α), by Step 3 and the unique solvability of the 
initial value problem associated to (3.9). Notice that the estimate

c(1 − ŷ(0)) − η′
0 − cη0

Dη0ŷ(0) 
>

c(1 − yα(0)) − η′
0 − cη0

Dη0yα(0) 

is equivalent to η′
0 + cη0 < c. By (3.1), we have that η′

0 ≤ η0ν2 with M = 1, and so η′
0 ≤ η0σ2

with σ2 as in (3.5). This implies η′
0 + cη0 < c since we assumed η0 ∈ (0, c

c+σ2
). According 

to (3.9a) we infer that ŷ′(0) > y′
α(0). The function yα − ŷ is then positive and decreasing in 0. 

By the boundary conditions at −∞ there must exist a value ξ0 < 0 such that

yα(ξ0) > ŷ(ξ0) and y′
α(ξ0) = ŷ′(ξ0). (3.10)

We show that (3.10) leads to a contradiction and then the unique solvability is proved. In fact, 
by (3.9a), the equality y′

α(ξ0) = ŷ′(ξ0) is equivalent to η′(ξ0) + cη(ξ0) = c which is not possible 
since η′′(ξ) + cη′(ξ) = η(ξ)β(ξ) > 0 for all ξ ∈ (−∞,0] implying that η′ + cη is an increasing 
function in (−∞,0] and then η′(ξ0) + cη(ξ0) < η′

0 + cη0 < c. �
We will now prove Proposition 3.1 and establish the existence of a semi-wavefront of (1.1)

in the half-line (−∞,0] using a fixed-point argument. Before doing so, we need to recall some 
basic notions. We note that a subset X of C(−∞,0] is relatively compact if and only if it is 
bounded and their functions are pointwise equicontinuous (see [22]). Additionally, X bounded 
means that there exists a positive continuous function φ : (−∞,0] → R such that |f (ξ)| ≤ φ(ξ)

for all ξ ∈ (−∞,0] and f ∈ X.

Proof of Proposition 3.1. Let us fix c > 0, η0 ∈
(

0, c
c+σ2

)
with σ2 defined as in (3.5), and 

β ∈ B. Then, we define the operator T : B → C(−∞,0] as follows. First, for a given β ∈ B, 
we find the unique solution η of problem (3.8) whose existence and properties are established 
in Proposition 3.2. Then we consider the unique solution to (3.9a) with η as above, satisfying 
y(−∞) = 1; its existence is proved in Proposition 3.9. Formally, we write

T : B → C(−∞,0], T (β) := y, (3.11)

where y is the solution of (3.9) obtained from β as described above. Therefore, the operator T is 
well-defined.
25 



L. Malaguti and E. Sovrano Journal of Differential Equations 444 (2025) 113593 
To prove the existence of a fixed point for T , we will use Schauder’s fixed point theorem. To 
this purpose, we need to show that T (B) ⊆ B and that T is a continuous and compact operator 
with respect to the topology of C(−∞,0]. We will prove these conditions in the following steps.

Step 1: B is invariant for T . This follows directly from Proposition 3.9, particularly given that 
α > κ , y′(ξ) < 0 for all ξ ∈ (−∞,0], and y(−∞) = 1.

Step 2: T is compact. Given β ∈ B, let y = T (β). According to Proposition 3.9, we have that 
κ ≤ y(ξ) < 1 for all ξ ∈ (−∞,0], implying that T (B) is bounded in C(−∞,0]. Now we show 
that the functions in T (B) are equicontinuous in every ξ ∈ (−∞,0]. Let η be the unique solution 
to problem (3.8). As a consequence, we notice that η satisfies (3.4) and in turn (3.6). Since 
η′′(ξ) + cη′(ξ) = η(ξ)β(ξ) > 0, we have that η′(ξ) + cη(ξ) < η′

0 + cη0 for all ξ ∈ (−∞,0]. 
By (3.6), we obtain that η′

0 + cη0 < η0(σ2 + c). Therefore,

0 < −y′(ξ) <
η′(ξ) + cη(ξ) − c(1 − y(ξ))

Dη(ξ)y(ξ) 
<

η0(σ2 + c)

Dη(ξ)κ 
.

According to (3.4), we then obtain

0 < −y′(ξ) <
σ2 + c 
Dκeσ2ξ

, ∀ξ ∈ (−∞,0],

implying that T (B) ⊂ C(−∞,0] is equicontinuous and so T is compact.

Step 3: T is continuous. Assume that (βn)n ⊆ B converges to β ∈B in C(−∞,0] as n → +∞. 
Let yn := T (βn), y := T (β) and denote, respectively, with (ηn)n ⊆ N and η ∈ N the associated 
solutions to the problem in (3.8).

We claim that

ηn → η in C1(−∞,0] as n → +∞. (3.12)

According to Proposition 3.2 and the estimates in Step 2, we have

0 < η′
n(ξ) + ηn(ξ) ≤ η′

n(ξ) + cηn(ξ) + ηn(ξ) < η0(σ2 + c) + η0 < 1 + c,

since η0 < c
c+σ2

. We thus obtain that (ηn)n is bounded in C1(−∞,0]. Moreover, for all n, ηn

satisfies (2.3) and η′
n(−∞) = 0; therefore, by passing to the limit as ξ → −∞, we have that

η′
n(0) =

0 ∫
−∞

ηn(s)βn(s) ds − cη0. (3.13)

Moreover, it follows

|η′′
n(ξ)| = | − cη′

n(ξ) + ηn(ξ)βn(ξ)| ≤ cη′
n(ξ) + ηn(ξ)βn(ξ) ≤ cη′

n(ξ) + ηn(ξ)

< cη′
n(ξ) + ηn(ξ) + c2ηn(ξ) = c

(
η′

n(ξ) + cηn(ξ)
)+ ηn(ξ) < c2 + 1.

Hence every subsequence (ηnp)p ⊆ (ηn)n is equicontinuous and then every (ηnp)p is relatively 
compact in C1(−∞,0]. Therefore, we can extract a subsequence, for simplicity denoted as the 
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sequence, which converges to η̂ in C1(−∞,0]. If we restrict the estimate (2.3) to the sequence 
(η′

np
)p and pass to the limit when p → +∞ we obtain that η̂ satisfies the differential equation 

in (3.8), for every ξ ∈ (−∞,0]. Moreover, η′
np

(0) satisfies (3.13), and so we can pass to the limit 

as p → +∞, since 0 < ηn(ξ)βn(ξ) < η0e
ν1ξ for ξ ∈ (−∞,0] and n arbitrary (see (3.1) with 

m = κ). We thus get

η̂′(0) =
0 ∫

−∞
η̂(s)β(s) ds − cη0,

implying that η̂′(ξ) + cη̂(ξ) → 0, as ξ → −∞. As a consequence, η̂(−∞) = 0, namely η̂ ∈ N. 
Hence, by the uniqueness of the solutions to the problem in (3.8), it follows η̂ = η. By the 
arbitrariness of the subsequence (ηnp)p , we proved (3.12).

Now, we consider the sequence (yn)n. Notice that κ ≤ yn(ξ) ≤ 1 and y′
n(ξ) < 0 for all 

ξ ∈ (−∞,0] and n ∈ N . Since T (B) is relatively compact in C(−∞,0] (see Step 2), from 
every (ynp)p ⊆ (yn)n we can extract a subsequence, again denoted (ynp)p , which converges in 
C(−∞,0] to some ŷ. We prove now that y = ŷ. In fact, by passing to the limit in

ynp (0) − ynp (ξ) =
0 ∫

ξ

c(1 − ynp (s)) − η′
np

(s) − cηnp (s)

Dηnp(s)ynp (s) 
ds

as p → +∞ we have that ŷ satisfies the estimate

ŷ(0) − ŷ(ξ) =
0 ∫

ξ

c(1 − ŷ(s)) − η′(s) − cη(s)

Dη(s)ŷ(s) 
ds

and so ŷ is a solution to equation (3.9a) on the half-line (−∞,0] with ŷ′(0) ≤ 0. By Proposi
tion 3.6, if ŷ′(0) = 0, we arrive to the contradictory conclusion that ŷ is strictly increasing in 
(−∞,0]. Hence ŷ′(0) < 0 and by Proposition 3.9, ŷ(−∞) = 1 and ŷ = y. The arbitrariness of 
the subsequence (ynp)p then implies that (yn)n converges to y in C(−∞,0] and T is continu
ous. �
3.2. Uniqueness result on the negative half-line for every speed

Proposition 3.10. For every c > 0 there is at most one (up to shift) semi-wavefront (η,β) of (1.1)
in (−∞,0] with wave speed c.

Remark 3.11 (Reduction to a desingularized first-order problem). For every c > 0 and η0 ∈(
0, c

c+σ2

)
, let (η,β) be a semi-wavefront of (1.1) in (−∞,0] with wave speed c. We consider 

the function u = Φ(ξ) such that

⎧⎨
⎩Φ′(ξ) = 1 

Dη(ξ)β(ξ)
, ξ ∈ (−∞,0],

Φ(0) = 0.
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Notice that the function Φ is a diffeomorphism with Φ(−∞) = −∞ because Φ′(ξ) > 0 for all 
ξ ∈ (−∞,0]. Hence, we can define

p(u) := −η′ (Φ−1(u)
)

c
− η

(
Φ−1(u)

)
,

q(u) := η
(
Φ−1(u)

)
,

r(u) := β
(
Φ−1(u)

)
+ η

(
Φ−1(u)

)
+ η′ (Φ−1(u)

)
c

− 1.

Then, for every u ∈ (−∞,0], (p, q, r) solves the following first-order problem

⎧⎪⎨
⎪⎩

ṗ(u) = −D
c
q2(u) (p(u) + r(u) + 1)2 ,

q̇(u) = cD (−p(u) − q(u)) (p(u) + r(u) + 1) q(u),

ṙ(u) = −cr(u) + D
c
q2(u) (p(u) + r(u) + 1)2 .

(3.14)

Since Φ−1(−∞) = −∞, it follows that (p, q, r) satisfies the conditions

p(−∞) = 0, q(−∞) = 0 r(−∞) = 0. (3.15)

Moreover, by Lemma 2.1 and Remark 2.2, we deduce that p < 0, 0 < q < 1, −p − q > 0, and 
p + r + 1 > 0 in (−∞,0]; hence, q̇ > 0 in (−∞,0].

On the other hand, since Φ is a diffeomorphism, we can consider the inverse function ξ =
Φ−1(u) in (−∞,0]. Accordingly, if the triple of function (p, q, r) satisfies (3.14)--(3.15), then 
η(ξ) = q (φ(ξ)) and β(ξ) = p (φ(ξ)) + r (φ(ξ)) + 1 satisfy (1.3)--(1.4a).

Proof of Proposition 3.10. Let c > 0 be fixed. It is easy to show that (0,0,0) is an equilibrium 
for (3.14). By evaluating the Jacobian matrix J at this equilibrium, we obtain

J (0,0,0) =
⎡
⎣ 0 0 0

0 0 0
0 0 −c

⎤
⎦ .

Consequently, the eigenvalues of J (0,0,0) are λ1 = λ2 = 0 and λ3 = −c, with corresponding 
eigenvectors e1 = (1,0,0), e2 = (0,1,0) and e3 = (0,0,1). Thanks to the Center Manifold The
orem (see [23, Theorem 3.2.1]), it follows the existence of a possibly non-unique center manifold 
whose tangent space is generated by {e1, e2}, and a unique stable invariant manifold tangent to 
the eigenspace generated by e3. The center manifold has two dimensions, while the stable mani
fold has only one dimension.

Notice that a solution of (3.14) satisfying (3.15) must leave the equilibrium (0,0,0) via the 
center manifold. Therefore, by following the approach in [24], we prove that the center manifold 
is unique. Let us consider two center manifolds W1 and W2 such that

W1 = (p, q, k1(p, q)) , W2 = (p, q, k2(p, q))
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for some C1 functions k1, k2 such that ki(0,0) = ∂
∂p

ki(0,0) = ∂
∂q

ki(0,0) = 0, with i ∈ {1,2}. 
Since W1 and W2 are invariant for the flow associated with (3.14), we have

∂ki

∂p 
(p(u), q(u))

(
− D

c
q(u)2 (p(u) + ki(p(u), q(u)) + 1)2

)

+ ∂ki

∂q 
(p(u), q(u))

(
cD (−p(u) − q(u)) (p(u) + ki(p(u), q(u)) + 1) q(u)

)

= −cki(p(u), q(u)) + D

c
q(u)2 (p(u) + ki(p(u), q(u)) + 1)2 , i ∈ {1,2}.

Let us consider the bounded function

δ(u) = k1(p(u), q(u)) − k2(p(u), q(u)).

Then, it follows

δ̇(u) + cδ(u) = Dq(u)2

c

[
(p(u) + k1(p(u), q(u)) + 1)2

− (p(u) + k2(p(u), q(u)) + 1)2
]
.

By integrating in (−∞, u], we deduce

δ(u) =
u ∫

−∞

D

c
ec(s−u)q(s)2

[
(p(s) + k1(p(s), q(s)) + 1)2

− (p(s) + k2(p(s), q(s)) + 1)2
]

ds

=
u ∫

−∞

D

c
ec(s−u)δ(s)q(s)2 [2p(s) + 2 + k1(p(s), q(s)) + k2(p(s), q(s))] ds.

Since, q(u)2 (2p(u) + 2 + k1(p(u), q(u)) + k2(p(u), q(u)) → 0 as u → −∞, then there is ū <

0 such that for all u < ū, we have

q(u)2 (2p(u) + 2 + k1(p(u), q(u)) + k2(p(u), q(u)) <
1 

2D
.

Therefore, for all u < ū, we deduce

|δ(u)| ≤ 1

2

u ∫
−∞

|δ(s)|e
c(s−u)

c
ds ≤ 1

2
sup 

u∈(−∞,ū]
|δ(u)|.

Then, we have |δ(u)| = 0 for all u < ū, and so r(u) = k1(p(u), q(u)) = k2(p(u), q(u)) which 
lead to W1 = W2. In the following, we denote the unique central manifold by k(p(u), q(u)).
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It remains to show that the system

{
ṗ(u) = −D

c
q(u)2 (p(u) + k(p(u), q(u)) + 1)2 ,

q̇(u) = cD (−p(u) − q(u)) (p(u) + k(p(u), q(u)) + 1) q(u),

has at most one solution satisfying p(−∞) = 0 and q(−∞) = 0. To proceed, we recall that 
q̇ > 0. Thus, due to the strict monotonicity of q , we can define the inverse function u = u(q) of 
q on (−∞, ū) and express p as a function of q , i.e., p = p(q). We then need to prove that

ṗ(q) = q (p(q) + k(p(q), q) + 1)

c2 (p(q) + q)
(3.16)

has at most one solution satisfying limq→0+ p(q) = 0.
Assume, by contradiction, that p1 and p2 are two solutions of (3.16) defined on the same 

interval (0, q0) ⊂ (0,1) such that

lim 
q→0+ p1(q) = 0 = lim 

q→0+ p2(q).

Without loss of generality, suppose p2(q0) < p1(q0). By the uniqueness of solutions of the 
Cauchy problem associated with (3.16), it follows that p1(q) − p2(q) > 0, for all q ∈ (0, q0). 
On the other hand, we compute

ṗ1(q)−ṗ2(q) = q

c2

[
(p1(q) + k (p1(q), q) + 1)

p1(q) + q 
− (p2(q) + k (p2(q), q) + 1)

p2(q) + q 

]

= q

c2

[
(p2(q) − p1(q)) (1 − q) + k (p1(q), q) (p2(q) + q)

(p1(q) + q) (p2(q) + q)

− k (p2(q), q) (p1(q) + q)

(p1(q) + q) (p2(q) + q)

]
.

By adding the term ±(p2(q)+q)k2(p2(q), q) to the numerator on the left-hand side and dividing 
both sides by (p1(q) − p2(q)), we obtain

ṗ1(q) − ṗ2(q)

p1(q) − p2(q)
= A(q)

[
q − 1 − k (p2(q), q))

+ (p2(q) + q)
k (p1(q), q) − k (p2(q), q)

p1(q) − p2(q) 

]
,

where

A(q) = q

c2 (p1(q) + q) (p2(q) + q) (p1(q) − p2(q))
> 0, ∀q ∈ (0,1).

We claim that

lim + q − 1 − k (p2(q), q)) + (p2(q) + q)
k (p1(q), q) − k (p2(q), q) = −1.
q→0 p1(q) − p2(q) 
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Once the claim is proved, since p1(q) − p2(q) > 0 for every q ∈ (0, q0), it follows that there is 
q1 ∈ (0, q0) such that ṗ1(q)− ṗ2(q) < 0 for all q ∈ (0, q1). This implies that p1 −p2 is decreas
ing in (0, q1) and so p1(q) − p2(q) > p1(q1) − p2(q1) for q < q1, leading to a contradiction 
since limq→0+ p1(q) − p2(q) = 0.

To prove the claim, notice that

lim 
q→0+(q − 1 − k(p2(q), q)) = −1,

since k(0,0) = 0. Given that p2(q) + q < 0, for all q ∈ (0,1), it remains to prove that

lim 
q→0+

k(p1(q), q) − k(p2(q), q)

p1(q) − p2(q) 
= 0. (3.17)

Let ε > 0 be given. Since ∂
∂p

k(0,0) = 0, there exists δ = δ(ε) > 0 such that for all |p| < δ and 
|q| < δ, we have ∣∣∣∣ ∂

∂p
k(p,q)

∣∣∣∣< ε. (3.18)

Given that limq→0+ p1(q) = 0 = limq→0+ p2(q), there exists δ1 = δ1(ε) > 0 with δ1 < δ such 
that |q| < δ1 implies |pi(q)| ≤ δ, for i ∈ {1,2}. Therefore, from (3.18), it follows that∣∣∣∣k(p1(q), q) − k(p2(q), q)

p1(q) − p2(q) 

∣∣∣∣=
∣∣∣∣ ∂

∂p
k(p(q), q)

∣∣∣∣< ε,

for some p(q) between p1(q) and p2(q) by the Mean Value Theorem. This proves (3.17) and 
completes the proof. �
Proof of Theorem 1.1. The thesis follows by Propositions 3.1 and 3.10. �
4. Existence of wavefront solutions

In this section, we aim to demonstrate Theorem 1.2. To proceed with the proof of the theorem, 
we first consider the semi-wavefront (η,β) of (1.1) in (−∞,0] with wave speed c > 0, whose 
unique existence is established by Theorem 1.1. Next, we extend this semi-wavefront to the 
interval [0, τ ), where τ is defined as in (2.2). Notably, η′ > 0 and β ′ < 0 hold on (−∞, τ ) (see 
Lemma 2.1 and Remark 2.2), allowing us to define zc(β) for 0 < β < 1, as described in (2.23), 
and consider problem (2.24).

Secondly, we introduce the following auxiliary first-order boundary value problem:

⎧⎨
⎩

ẇ(β) = −σ − g(β) 
w(β)

, 0 < β < 2, (a)
ẇ(β) < 0, 0 < β < 2, (b)
w(0) = w(2) = 0, (c)

(4.1)

where ẇ = dw
dβ and g : [0,2] → R is a continuous function satisfying: g(s) = DeDs2 for all 

s ∈ [0,1], 0 < g(s)/s < DeD for all s ∈ (1,2), and g(2) = 0. We denote with wσ the solution 
of (4.1) associated with the parameter σ and recall the following result.
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Proposition 4.1. (see [20, Theorem 2.6] and [14, Lemma 2.1]) There exists a positive constant 
σ ∗ satisfying 0 < σ ∗ ≤ 2

√
DeD such that problem (4.1) has a unique solution if and only if 

σ ≥ σ ∗. Moreover ẇσ ∗(0) = −σ ∗ and ẇc(0) = 0 for c > σ ∗.

Lastly, in the proof of Theorem 1.2, we make use of the following comparison result between 
solutions of problems (2.24) and (4.1). For what follows, we recall the definitions of the values 
η0, η

′
0, β0, and β ′

0 in (2.1).

Proposition 4.2. Let wσ ∗ be the solution of problem (4.1) associated with the parameter σ ∗. 
Then, for every c ≥ σ ∗ the solution zc of (2.24) satisfies

wσ ∗(β) < zc(β) < 0, ∀β ∈ (0, β0]. (4.2)

Proof. Using the threshold speed σ ∗ from Proposition 4.1 for problem (4.1), let us define

μ := − max 
β̃∈
[

1
2 ,1
]wσ ∗(β̃).

We observe that μ < σ ∗
2 . Indeed, from (4.1a), we obtain that

ẇσ ∗(β) = −σ ∗ + g(β) 
−wσ ∗(β)

> −σ ∗, 0 < β < 2.

Therefore, by integrating in [0, β], we obtain

wσ ∗(β) = wσ ∗(β) − wσ ∗(0) =
β∫

0 

ẇσ ∗(s) ds > −σ ∗β,

which implies max
β∈
[

1
2 ,1
]wσ ∗(β) > −σ ∗

2 .

We take c ≥ σ ∗ and set

η0 = η0(c) := μ 
c + σ2

, (4.3)

with σ2 defined as in (3.5). First of all, we notice that η0 ∈
(

0, c
c+σ2

)
since μ < σ ∗

2 < c. Then, 

from Proposition 3.4, we obtain β0 > 1 − η0(c+σ2)
c

= 1 − μ
c

> 1 − σ ∗
2c . Thus, since c ≥ σ ∗,

1

2
< β0 < 1. (4.4)

Next, we divide the proof into two parts. First, we claim that zc(β0) > wσ ∗(β0). To this pur
pose, we consider

zc(β0) = DN(β0)β0β
′ (ξ(β0)) = Dη0β0β

′ ,
0
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and, by using formula (2.7), we obtain

zc(β0) = Dη0β0β
′
0 = c(1 − β0) − η′

0 − cη0 > −η′
0 − cη0.

Since η′
0 ≤ η0σ2 via (3.6), we get

zc(β0) > −η′
0 − cη0 ≥ −η0(c + σ2) = − μ 

c + σ2
(c + σ2) = −μ.

Hence,

zc(β0) > −μ = max 
β∈
[

1
2 ,1
]wσ ∗(β) ≥ wσ ∗(β0),

where the last inequality follows from (4.4). Thus, the claim is proved.
As for the second part, we suppose by contradiction that there exists a β1 ∈ (0, β0) such 

that zc(β1) = wσ ∗(β1). Without loss of generality, we can assume that zc(β) > wσ ∗(β) for β ∈
(β1, β0]. Since β1 > 0, by Proposition 2.11 we have

N(β1) = η(ξ(β1)) < η(τ) ≤
√

eD.

Therefore, DN2(β1)β
2
1 < DeDβ2

1 = g(β1). Since c ≥ σ ∗,

żc(β1) − ẇσ ∗(β1) = −c + DN2(β1)β
2
1

−zc(β1) 
+ σ ∗ − g(β1) 

−wσ ∗(β1)
< −c + σ ∗ ≤ 0.

Therefore, there exists ε > 0 such that zc(β)−wσ ∗(β) < 0, for all β ∈ (β1, β1 + ε). This contra
dicts the condition zc > wσ ∗ in (β1, β0]. At last the existence of β2 ∈ (0, β0) such that zc(β2) = 0
implies żc(β2) = +∞, in contradiction with zc < 0 in (β2, β0). Hence, (4.2) is satisfied, and the 
proof is complete. �
Proof of Theorem 1.2. Let us define c0 := σ ∗, where σ ∗ is the threshold speed associated 
to (4.1) (see Proposition 4.1). Consider the semi-wavefront (η,β) of (1.1) in (−∞,0] with wave 
speed c ≥ c0 (see Theorem 1.1) and extend it to [0, τ ).

We consider two cases for τ . If τ = +∞, then (η,β) is a classical wavefront of (1.1) with 
wave speed c by Proposition (2.12) (i). On the contrary, if τ < +∞, we consider the function zc

defined in (2.23) which satisfies problem (2.24). By Proposition (4.2) and Lemma 2.1, we have 
that

0 ≥ lim 
ξ→τ− Dη(ξ)β(ξ)β ′(ξ) = lim 

β→0+ zc(β) ≥ lim 
β→0+ wσ ∗(β) = 0;

hence, (η,β) is a wavefront of (1.1) with wave speed c by Proposition 2.12 (ii).
We now show that τ < +∞ is impossible when c > c0. Indeed, let c > c0. Notice that żc(0)

exists (see [14, Lemma 2.1]) and it is żc(0) = 0 or żc(0) = −c. Since ẇσ ∗ = −σ ∗ (see Propo
sition 4.1) the latter case is in contradiction with inequality (4.2). Hence żc(0) = 0 and then, by 
(2.23), we obtain
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lim 
ξ→τ− β ′(ξ) = lim 

β→0+
zc(β) 

Dβη(ξ(β))
= 0,

which is not compatible with τ < +∞ (as showed in the proof of Proposition 2.12 (ii)).
Finally, we will refer to Propositions 2.7 and 4.1 for comparison estimates of c0. This com

pletes the proof. �
Remark 4.3. According to Proposition 3.7 every wavefront (η,β) is such that β(ξ) < 1 for every 
real ξ .

Acknowledgments

The authors are members of the Gruppo Nazionale per l’Analisi Matematica, la Probabi
lità e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM) 
and acknowledge financial support from this institution and the PRIN 2022 project Modeling, 
Control and Games through Partial Differential Equations (D53D23005620006), funded by the 
European Union - Next Generation EU.

The authors thank an anonymous reviewer for their helpful comments, which helped improve 
an earlier version of the manuscript.

Data availability

No data was used for the research described in the article.

References

[1] I. Golding, Y. Kozlovsky, I. Cohen, E. Ben-Jacob, Studies of bacterial branching growth using reaction-diffusion 
models for colonial development, Phys. A 260 (3) (1998) 510--554.

[2] D. Hartmann, Pattern formation in cultures of bacillus subtilis, J. Biol. Syst. 12 (02) (2004) 179--199.
[3] K. Kawasaki, M. Matsushita, T. Umeda, N. Shigesada, Modeling spatio-temporal patterns generated by bacillus 

subtilis, J. Theor. Biol. 188 (1997) 177--185.
[4] M. Mimura, H. Sakaguchi, M. Matsushita, Reaction–diffusion modelling of bacterial colony patterns, Phys. A 

282 (1) (2000) 283--303.
[5] R.A. Satnoianu, P.K. Maini, F.S. Garduno, J.P. Armitage, Travelling waves in a nonlinear degenerate diffusion 

model for bacterial pattern formation, Discrete Contin. Dyn. Syst., Ser. B 1 (3) (2001) 339--362.
[6] E. Muñoz Hernández, E. Sovrano, V. Taddei, Coupled reaction-diffusion equations with degenerate diffusivity: 

wavefront analysis, Nonlinearity 38 (3) (2025) 035002.
[7] S. Ai, W. Huang, Travelling wavefronts in combustion and chemical reaction models, Proc. R. Soc. Edinb., Sect. A 

137 (4) (2007) 671--700.
[8] H. Berestycki, B. Nicolaenko, B. Scheurer, Traveling wave solutions to combustion models and their singular limits, 

SIAM J. Math. Anal. 16 (6) (1985) 1207--1242.
[9] J. Billingham, D.J. Needham, The development of travelling waves in quadratic and cubic autocatalysis with unequal 

diffusion rates. I. Permanent form travelling waves, Philos. Trans. R. Soc. Lond. Ser. A 334 (1633) (1991) 1--24.
[10] A. Bonnet, Non-uniqueness for flame propagation when the Lewis number is less than 1, Eur. J. Appl. Math. 6 (4) 

(1995) 287--306.
[11] E. Logak, Mathematical analysis of a condensed phase combustion model without ignition temperature, Nonlinear 

Anal. 28 (1) (1997) 1--38.
[12] M. Marion, Qualitative properties of a nonlinear system for laminar flames without ignition temperature, Nonlinear 

Anal. 9 (11) (1985) 1269--1292.
[13] B.H. Gilding, R. Kersner, Travelling Waves in Nonlinear Diffusion-Convection Reaction, Progress in Nonlinear 

Differential Equations and Their Applications, vol. 60, Birkhäuser Verlag, Basel, 2004.
34 

http://refhub.elsevier.com/S0022-0396(25)00620-5/bibCA5F51816F88539FF96554A94D0A57CAs1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bibCA5F51816F88539FF96554A94D0A57CAs1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib741B1B71E8BCACFEC6B2C75860F0A9AEs1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bibFE2905D60BD5D0F223829EB00137C8C6s1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bibFE2905D60BD5D0F223829EB00137C8C6s1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib8204136B5369C959CD086CF45DB0D171s1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib8204136B5369C959CD086CF45DB0D171s1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bibEF106EE21EE7EDE6E3780BC916F613F1s1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bibEF106EE21EE7EDE6E3780BC916F613F1s1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib70230F39F1DF10CD139D0EB7CDC2F374s1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib70230F39F1DF10CD139D0EB7CDC2F374s1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bibD3DFD3D49BDFB0065976E7D811DF9C26s1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bibD3DFD3D49BDFB0065976E7D811DF9C26s1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bibA0A2E1F5EAEB4F3275450CD8407E0D1Es1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bibA0A2E1F5EAEB4F3275450CD8407E0D1Es1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib3B76EEC8138B30DA7C97B0FA380FAF5Cs1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib3B76EEC8138B30DA7C97B0FA380FAF5Cs1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib0288FB7608C48B1FEAC47A7E78CFA879s1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib0288FB7608C48B1FEAC47A7E78CFA879s1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib32EF93D46EC9A05705414DA81A7175ADs1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib32EF93D46EC9A05705414DA81A7175ADs1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib74A0D70A509E35D9DCEE98BB726E6FE9s1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib74A0D70A509E35D9DCEE98BB726E6FE9s1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib31897A42B06638B3A9E88D9B25327C36s1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib31897A42B06638B3A9E88D9B25327C36s1


L. Malaguti and E. Sovrano Journal of Differential Equations 444 (2025) 113593 
[14] L. Malaguti, C. Marcelli, Finite speed of propagation in monostable degenerate reaction-diffusion-convection equa
tions, Adv. Nonlinear Stud. 5 (2005).

[15] C. Marcelli, F. Papalini, A new estimate of the minimal wave speed for travelling fronts in reaction-diffusion
convection equations, Electron. J. Qual. Theory Differ. Equ. (2018) 10.

[16] D. Berti, A. Corli, L. Malaguti, Uniqueness and nonuniqueness of fronts for degenerate diffusion-convection reac
tion equations, Electron. J. Qual. Theory Differ. Equ. 66 (2020) 1--34.

[17] D. Berti, A. Corli, L. Malaguti, Wavefronts for degenerate diffusion-convection reaction equations with sign
changing diffusivity, Discrete Contin. Dyn. Syst. 41 (12) (2021) 6023--6046.

[18] B.H. Gilding, R. Kersner, The characterization of reaction-convection-diffusion processes by travelling waves, 
J. Differ. Equ. 124 (1) (1996) 27--79.

[19] L. Malaguti, E. Sovrano, Sharp profiles in degenerate reaction-diffusion systems, 2025, in preparation.
[20] A. Corli, L. Malaguti, Semi-wavefront solutions in models of collective movements with density-dependent diffu

sivity, Dyn. Partial Differ. Equ. 13 (4) (2016) 297--331.
[21] I. Kiguradze, B. Shekhter, Singular boundary-value problems for ordinary second-order differential equations, 

J. Math. Sci. 43 (1988) 2340--2417.
[22] N. Dunford, J.T. Schwartz, Linear Operators. Part I, Wiley Classics Library, John Wiley & Sons, Inc., New York, 

1988, general theory, with the assistance of William G. Bade and Robert G. Bartle, reprint of the 1958 original, 
a Wiley-Interscience Publication.

[23] J. Guckenheimer, P. Holmes, Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector Fields, Ap
plied Mathematical Sciences, vol. 42, Springer-Verlag, New York, 1983.

[24] J.-S. Guo, J.-C. Tsai, Traveling waves of two-component reaction-diffusion systems arising from higher order auto
catalytic models, Q. Appl. Math. 67 (3) (2009) 559--578.
35 

http://refhub.elsevier.com/S0022-0396(25)00620-5/bibFCC27FF04413A0CCAC4A8663B879A00Es1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bibFCC27FF04413A0CCAC4A8663B879A00Es1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib8FA39CCBECE9A75FBD8285C210436359s1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib8FA39CCBECE9A75FBD8285C210436359s1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib871182DED07BD975B97FFB723B9D8896s1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib871182DED07BD975B97FFB723B9D8896s1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bibE4C4F914CF8567EA47710A5B60C7E3DBs1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bibE4C4F914CF8567EA47710A5B60C7E3DBs1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bibDCC15CDE28764D841B1AF92DF41B347Cs1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bibDCC15CDE28764D841B1AF92DF41B347Cs1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib707354872D4E8210A2A573B99721B1FBs1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib707354872D4E8210A2A573B99721B1FBs1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib1845FE34D310892D3F2AC3F0521F6A76s1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib1845FE34D310892D3F2AC3F0521F6A76s1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib328801A1F273566E94951E0A814A22B5s1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib328801A1F273566E94951E0A814A22B5s1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib328801A1F273566E94951E0A814A22B5s1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib41BBA780CC63AD9B326E9B27E503C678s1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib41BBA780CC63AD9B326E9B27E503C678s1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib173CECD4011C5A8BEDCB3EDF2DA65E4Fs1
http://refhub.elsevier.com/S0022-0396(25)00620-5/bib173CECD4011C5A8BEDCB3EDF2DA65E4Fs1

	Wavefronts for a degenerate reaction-diffusion system with application to bacterial growth models
	1 Introduction and main results
	2 Preliminary proprieties
	3 Semi-wavefront on the negative half-line
	3.1 Existence result on the negative half-line for every speed
	3.2 Uniqueness result on the negative half-line for every speed

	4 Existence of wavefront solutions
	Acknowledgments
	Data availability
	References


