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ABSTRACT

B-coloring is a problem in graph theory at the basis of several real
applications and also used to improve solution methods for the
classical coloring problem. Enhanced solutions for the classical
coloring problem have in turn impacts on several other practical
applications in scheduling, timetabling and telecommunications.
Namely, given a graph G = (V, E), the b-coloring problem consists
of maximizing the number of colors used while assigning a color to
every vertex in V such that no pair of adjacent vertices receive the
same color and every color has a representative, called a b-vertex.
A vertex can be a b-vertex if it is adjacent to vertices colored with
all the colors apart from the one assigned to it.

In this paper we present a novel Iterative Matheuristic Algo-
rithm based on considerations about the structure of promising
solutions and a mathematical programming model. A vast section
of computational experiments shows how the approach is able to
find high quality solutions for commonly established datasets from
the literature. In particular, the method we propose is able to im-
prove the best known heuristic solution for 38 instances of the 137
considered. The optimality of the bounds previously known for
another 5 instances has also been proved by running the approach
we propose exhaustively.
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1 INTRODUCTION

Given an undirected graph G = (V, E), a b-coloring with K colors
is a function that assigns to each vertex i of V a colour ¢(i) € C =
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Figure 1: Example of a graph and an associated optimal b-
coloring with 4 colors (top left of each vertex). Vertices with
the name in bold are the b-vertices.

{1,2,...,K} in such a way that c(i) # c(j) for every (i, j) € E and
for each k € C there exists a vertex i € V with ¢(i) = k and such that
N@)N{j € Vle(j) = h} # 0 Vh € C\{k}, where N(i) = {j|(i,) € E}
is the neighbourhood of i. In other words, in a b-coloring for each
color k used there is a vertex assigned to color k such that every
other color used is assigned to at least one of its neighbors. The
b-coloring problem consists of finding a proper b-coloring using the
maximum possible numbers of colors. The b-chromatic number of
a graph G, X, (G), is consequently defined as the maximum number
of colors for which G admits a b-coloring. An example of an optimal
b-coloring is provided in Figure 1.

In [11] it is proved that the problem of finding X}(G), and con-
sequently the b-coloring problem itself, are NP-hard problems. The
difference between the optimal solution values of the classical col-
oring problem ([16]) and b-coloring for the same graph G can be
arbitrarily large, as shown in [15]. The authors of [3] showed that
the b-coloring problem can be largely influenced by the girth (length
of a shortest cycle) of the graph. A property that is often exploited
by constructive and enumerative methods for the coloring problem
is the fact that one can have solutions with the number of colors
ranging from the chromatic number to the cardinality of the ver-
tex set. An important property, proved in [1] is that a b-coloring
with k colors does not necessarily exist for every integer k ranging
from the minimum number for which a b-coloring exists up to the
b-chromatic number.

The authors of [6] proposed a hybrid evolutionary algorithm
for the b-coloring problem. Some of the instances originally pro-
posed for other graph problems in [12] are also considered here
as a testbed for b-coloring. A first integer linear programming for-
mulation for the b-chromatic index X;(G), the edge version of the
problem, is introduced in [14]. A branch and cut algorithm based
on the same formulation is provided in [13]. Results are however
presented only for random graphs in both studies. Matheuristic
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approaches to the problem were finally discussed in [17], together
with an effective new mixed integer linear programming model,
on which the algorithms previously mentioned are actually based.
Experiments on a large number of instances from [12] are reported.
B-coloring concepts are at the basis of several applications. It is
worth mentioning here the works [7] and [8], where b-coloring is
used within postal mail sorting systems. A new approach for address
block localization that assists the software for address recognition,
is presented. A novel clustering technique based on b-coloring is
used by the French healthcare system to detect a new typology of
hospital stays, as described in [5]. The authors of [2] presented an
indirect practical motivation for attacking the b-coloring problem,
namely, finding an upper bound for the b-algorithm which is a
heuristic approach for the classical coloring problem, which in turn
is a problem with several important practical applications such as
scheduling [20], timetabling [4] and telecommunications [9, 18, 19].
Fast and effective methods for solving the b-coloring problem are
therefore likely to have practical effects on such domains.

2 AN INTEGER PROGRAMMING MODEL

The model discussed in this section was originally proposed in [17].
The model uses a set of variables x such that x;; = 1 if vertex j is
coloured with the colour of the representative vertex i, 0 otherwise.
Note that if vertex i is a representative, then x;; = 1. Let N(i) =
V\ {{i} U N(i)} be the anti-neighbourhood of i.

(BO) max ) xis o)
iev
xij <xi 1€V;jeN@G);PkeN@G):(,k)€E (2)
Z Xik 2 x5 +xj;—1 ,j€V;(i,j) ¢ E (3)
keN(j),
keN(i)
Z xji=1i€eV o
JEN(i)
Xij + Xjp < Xij ieV;jkeN(G(;(,k)€E (5)
xij €{0,1} i,jeV 6)

The objective function (1) maximizes the number of represen-
tative vertices, which are the b-vertices. Constraints (2) guarantee
that a vertex can only give a color if it is a representative (notice
that if this constraint is removed, a vertex that has a stable set as
anti-neighborhood is allowed to represent all its anti-neighborhood
without being a representative). Constraints (3) are the b-coloring
restrictions which imply that if both vertices i and j are b-vertices,
then there must be a neighbor of j which is represented by i. This is
achieved due to the fact that if both i and j are representatives, the
right-hand side is equal to one, implying that the summation in the
left-hand side, which is composed by the neighbors of j that can be
represented by i, should be at least one. Constraints (4) ensure that
every vertex must have a color. Constraints (5) force the coloring
to be proper. Constraints (6) ensure the integrality requirements
on the variables.
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3 AN ITERATIVE MATHEURISTIC
ALGORITHM

One of the heuristic methods proposed in [17] is based the model
BC presented in Section 2, and works by taking as input a feasible
b-coloring solution, and setting the variables x;; corresponding to b-
vertices to 1 into the model. By solving the model modified in such
a way, the feasible solution will be expanded to a local optimum
containing the starting input set of b-vertices and potentially others.

The method we propose adopts the same strategy of iteratively
setting the value of some b-vertices into an integer program, which
is consequently solved. The main differences with respect to the
method discussed in [17] are:

e we transform the BC model into a feasibility checker, only
asking for a final solution with at least T b-vertices, with
this parameter set therefore to a target on the number of
b-vertices we want to achieve;

e at each iteration we set to 1 the variables x;; corresponding
to a subset of V, but without checking in advance if they
lead to any feasible solution;

e we iterate by ideally analyzing all possible sets of T potential
b-vertices.

Note that if all the sets of b-vertices can be enumerated, then the
method is able to answer the question whether a solution with T
colors exists at all for the b-coloring problems on the given graph.
In practice, it is rarely possible to run such an extensive search (at
least without some form of pruning) so we prefer to classify the
method as a heuristic that stops after a given amount of running
time has elapsed. The new algorithm we propose will therefore be
referred to as the Iterative Matheuristic Algorithm (IMA) in the rest
of the paper.

3.1 Selection of the potential b-vertices

The first step of the algorithm we propose is the selection of the
vertices that can potentially take the role of b-vertices. Given a
minimum target T for the number of colors, it is straightforward to
see that only vertices i € V with at least T — 1 neighbours in G can
potentially be b-vertices. We can therefore safely consider the set
of potential b-vertices as P = {i € V||N(i)| = T — 1}. This set will
be at the basis of the algorithm we propose.

3.2 Ordering the potential b-vertices

The algorithm we propose works by iteratively selecting elements
of the set P defined in Section 3.1 and imposing them as b-vertices
in a model derived from the one discussed in Section 2. In order to
speed up the convergence of the method, it is important to consider
the most promising sets of b-vertices first. In practice, it is likely
not possible to have a computationally exact selection of the T
most promising vertices with low computational effort (selecting
b-vertices is the most challenging task in the solution of b-coloring).
Consequently, heuristic criteria to sort the elements of P from the
most promising to the least one have to be considered. In this
section we describe the one we adopted.

The elements of the candidate set P are ordered by non-increasing
number of neighbours N(i) (with ties broken at random). The ratio-
nale behind the choice is that promising candidates for a b-vertex
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role are vertices with many neighbours. In the remainder of the
section we will indicate with p(i) the position of vertex i € P in this
heuristic order.

3.3 An integer programming model for the
decision version of b-coloring

Formally, after having decided a target value T for the objective
function (1) and having selected S C P as the set of T candidate
b-vertices, the method we present operates on a decision model
DBC(S) obtained from BC by neglecting the objective function (1)
and by adding the following constraints:

ini >T (7)

ieV
xij=11i€S (8)
The constraint (7) implies that we accept only feasible solutions
with at least T b-vertices. Constraints (8) set to 1 the variables
corresponding to the b-vertices imposed by the current set S .
The rationale behind the new model is that the new constraint
(7), paired with the elimination of the objective function, leads to a
model DBC(S) that is experimentally substantially easier to solve
than BC, and consequently suitable to be used within an iterative
framework. In comparison with most of the methods that previously
appeared in the literature, the idea we propose has the burden of
having to set a bound on the target T for the number of colors of
b-coloring solutions. This requires either a pre-existing knowledge
of each instance, or the preliminary calculation of lower and upper
bounds to calibrate the parameter itself.

3.4 The overall algorithm

The elements presented in the previous sections are now combined
into the overall algorithm we propose. The main idea is to work on
sets S of candidate b-vertices, superimposing them in a sequence
of models DBC(S), and solving the decision problems so obtained.
This idea is iteratively repeated for all possible combinations of T
elements out of P, or until a maximum allowed computation time
has elapsed. Note that if the first condition is met, the method is
exact and allows us to claim whether a b-coloring solution with at
least T colors exists or not. Otherwise, the method is heuristic, and
given the combinatorial explosion of the possible subsets S, this is
the normal outcome of the current algorithm. We will however see
in Section 4 how IMA can sometimes also produce exact solutions
for some particular instances.

The order in which the combinations of S are examined is im-
posed by the function o (see Section 3.2), in such a way that the
most promising subsets are examined first, increasing the rate of
(early) success. Formally, a set ‘W of possible subsets of P with T
elements not yet examined is considered, and the next subset S to
be examined is selected as follows:

S= argvrvrg(rh/ {I;V o(z)} )
Note that in our implementation the set ‘W is not generated ex-
plicitly, but its elements are dynamically generated in the order
given by (9) through a textbook procedure to produce all possible
combinations of a given set.
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Algorithm 1 Iterative Matheuristic Algorithm (IMA)

Input: The information that has to be provided to the algorithm:
e agraph G = (V,E);
e a target number of colors T;
e A policy to rank the b-vertex candidates;
e a maximum allowed computation time TM.
Output: Three possible alternative outcomes are possible:
e a b-coloring of G with at least T colours;
e a proof that a coloring with more than T — 1 colors does not
exist;
e an inconclusive outcome in case the method runs out of time.

: P « candidates for the role of b-vertices (see Section 3.1);

: 0 « ranking of the elements of P (see Section 3.2);

: W « all possible combinations of T elements out of P;

: while ‘W # 0 and the computation time elapsed is less than
TM do

N O Y

5: S « element of ‘W selected according to (9);

6: W — W\{S};

7: Solve the model DBC(S) (see Section 3.3);

8: if DBC(S) is feasible then

9 x < optimal solution of DBC(S);

10: T" « Yiev xiis

11: Conclusive computation: return the b-coloring solution
with T’ colours identified by variables x;

12: exit;

13: end if

14: end while

15: if ‘W = 0 then

16: Conclusive computation: no b-coloring solution with at
least T colours exists for G;

17: else

18: Inconclusive computation due to maximum computation
time TM elapsed;

19: end if

A pseudocode for the algorithm IMA is presented in Algorithm
1. The preprocessing phase selects the set S of vertices that are can-
didates for acting as b-vertices and sorts them by non-decreasing
values of the number of neighbors. All the possible combinations
of T vertices out of S are then calculated and stored in “W. The
iterative part of the algorithm is entered, and the elements of ‘W
are evaluated in turn until W is empty or the maximum time has
elapsed. At each iteration, a set S is considered and it is checked
whether a feasible solution exists for DBC(S). The process is re-
peated until a feasible solution is found, it is proved that no solution
exists, or the maximum computational time allowed has elapsed.

4 EXPERIMENTAL RESULTS

A campaign aiming at improving the results presented in [17], taken
here as reference results, is presented. The 137 instances consid-
ered for the experiments are based on the DIMACS benchmark set
originally proposed for the minimum coloring and the maximum
clique problems in [12]. We attempt to run the algorithm IMA with
values of T strictly greater than the best known results presented
in [17] for each instance, and incrementally enlarge them until no
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improvement is found. In such a context, the method we propose
can be seen as an incremental step to be run after another algorithm
is used to provides initial upper bounds for the value of T. Another
way of running IMA could be to use it in a binary search fashion
for each graph G, starting from proper lower and upper bounds for
the value of X} (G). We have not investigated this solution in the
present study.

The method IMA has been coded in ANSI C, and all the experi-
ments reported have been run on a computer equipped with an Intel
Core i5 processor running at 1.6 GHz and 4 GB of RAM. For each
run an overall maximum computation time TM of 1800 seconds
has been allowed.

The Mixed Integer Program DBC(S) is iteratively solved by
Gurobi 9.1 [10] running on one thread only and with a maximum
allowed computation time of 180 seconds for each iteration. After
such a time has passed without finding a solution, it is assumed
(heuristically) that the current set S (see Section 3.4) does not pro-
vide a feasible b-coloring.

The improved results found over the 78 maximum clique in-
stances adopted in [17] are reported in Table 1. Namely, the 17
instances (21.8% of the total) for which an improved solution was
retrieved are reported in the table. Columns contain, for each in-
stance, the following information:

e V:number of vertices of the graph;

o E: number of edges of the graph;

e m(G): upper bound on the value of X} (G) (calculated as
described in [17]);

e Melo et al. [17]: number of colors of the best heuristic solu-
tion reported in [17];

o IMA: number of colors of the improved solution retrieved by
algorithm IMA (with the relative percentage improvement
reported in brackets).

From Table 1 we can observe how instances with different size
and characteristics have been improved by IMA with respect to
the state of the art. It is currently not possible to clearly identify
on which instances the new method is performing better than the
previous one, since there is no correlation between the results and
typical characteristics of the graphs (even taking edge density into
account).

Table 2 reports the same information as the previous table, but
for the minimum coloring problem instances already adopted in
[17], for which an improved solution was retrieved. In total, 21
instances out of 59 (35.6%) were improved.

We carried out a final test, aiming at showing how IMA can be
effectively used as an exact algorithm by changing the maximum
time allowed to solve each Integer Program DBC(S) encountered
from 180 seconds to unlimited. In such a way the algorithm is
able to certify that no b-coloring solution exists with more than
T colors when the exhaustive search of all possible candidate b-
vertices is completed without finding any feasible solution. With
such a technique it was possible to certify for the first time the
optimality of some solutions previously reported in the literature.
The 5 instances closed for the first time are summarized in Table 3,
where most of the columns have the same meaning as before, while
column named [17] X3(G) contains the old ranges for the optimal
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number of colors, and column IMA X3 (G) contains the values we
found.

5 CONCLUSIONS

B-coloring is a problem in graph theory. In this paper we presented
a solution approach based on some considerations about the struc-
ture of promising solutions and on an integer linear programming
model.

Experimental results showed how the new method is able to find
high quality solutions for commonly established datasets from the
literature. In particular, the method we propose was able to improve
the best known upper bound for 38 instances of the 137 considered
in previous work. The first optimality proof for the solutions of
another 5 instances was finally provided.

Future work will be in the direction of enhancing the techniques
described in this paper, which has in our opinion vast room for
refinements and improvements. In particular, one crucial factor
for the method we propose to perform efficiently as a heuristic,
is the order in which candidate b-vertices are examined. Such a
decision would strongly benefit from the use of machine learning
techniques able to predict promising vertices based on complex
structures otherwise hidden. Similar techniques have recently been
applied successfully to other optimization problems.
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Table 1: Improved solution costs for clique instances from [12].

Instance Melo et al. IMA

Name V] |[E| m(G) [17]

brock200_1.clq 200 14834 146 73 76 (+4.1%)
brock200_3.clq 200 12048 120 57 60 (+5.3%)
brock200_4.clq 200 13089 129 63 66 (+4.8%)
hamming8-4.clq 256 20864 164 48 52 (+8.3%)
hamming10-4.clq 1024 434176 849 157 165 (+5.1%)
johnson16-2-4.clq 120 5460 92 37 38 (+2.7%)
keller4.clq 171 9435 106 48 52 (+8.3%)
p_hat300-1.clq 300 10933 91 39 47 (+20.5%)
p_hat300-2.clq 300 21928 149 71 82 (+15.5%)
p_hat300-3.clq 300 33390 209 113 117 (+3.5%)
p_hat500-1.clq 500 31569 152 57 72 (+26.3%)
p_hat500-2.clq 500 62946 252 114 127 (+11.4%)
p_hat700-1.clq 700 60999 208 74 83 (+12.2%)
p_hat700-2.clq 700 121728 353 153 157 (+2.6%)
p_hat700-3.clq 700 183010 487 201 210 (+4.5%)
p_hat1000-3.clq 1000 371746 694 271 288 (+6.3%)
sanr400_0.5.clq 400 39984 201 74 80 (+8.1%)

Table 2: Improved solution costs for coloring instances from [12].

Instance Melo et al. IMA

Name V] |[E|  m(G) [17]

dsjc1000.1.col 1000 49626 112 44 45 (+2.3%)
dsjc125.5.col 125 3891 63 35 39 (+11.4%)
dsjc250.1.col 250 3218 33 20 24 (+20.0%)
dsjc500.1.col 500 12458 59 36 38 (+5.6%)
flat300_20_0.col 300 21375 144 56 61 (+8.9%)
flat1000_60_0.col 1000 245830 493 152 153 (+0.7%)
flat1000_76_0.col 1000 246708 494 153 154 (+0.7%)
le450_15a.col 450 8168 57 35 40 (+14.3%)
le450_15b.col 450 8169 56 34 40 (+17.6%)
le450_15c.col 450 16680 93 41 54 (+31.7%)
le450_15d.col 450 16750 92 46 54 (+17.4%)
le450_25a.col 450 8260 63 41 54 (+31.7%)
le450_25b.col 450 8263 60 39 52 (+33.3%)
le450_25c.col 450 17343 101 48 59 (+22.9%)
le450_25d.col 450 17425 99 48 60 (+25.0%)
le450_5a.col 450 5714 34 24 28 (+16.7%)
le450_5b.col 450 5734 34 22 28 (+27.3%)
le450_5c.col 450 9803 52 32 35 (+9.4%)
le450_5d.col 450 9757 52 26 36 (+38.5%)
schooll.col 385 19095 117 58 70 (+20.7%)
school1_nsh.col 352 14612 101 49 59 (+20.4%)
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