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Due to the presence of strong non-linearities (i.e. coulombriz = k12 sgn(w; — wa) T12
friction) some systems change their dynamic dimensionevhil seond order model: First order model:
functioning. Such systems can be found in many applicatipn
fields, such as in automotive and robotics. This paper pegos J1w1 =C1 —ki2sgn(w; —wo) (J1 + J)w=Cy — Cy
a simulation model for this type of systems that we will call @ Jowa=Fk125gn(w; —ws) —Co
“Variable Dynamic Dimension Systems” (VDDS). Particujarl
a VDDS system composed bymasses which slip and interac

together by means of the coulomb friction is analyzed. A cofigure 1: Two different dynamic models for the clutch system
gruent state space transformation is used to obtain a sengle
effective simulation model for the system. The performance

of the model are tested through simulation experimentsegppl'S Proposed. The paper is organized as follows. In Section 2
to an interesting automotive application: a clutch witrstonal the Simulation problem is stated and the typical schemes use
damper-spring. to simulate such problem are presented. The proposed sim-

ulation model is discussed in Section 3. A detailed example
explaining the features of the proposed model is presemgd a

1 Introduction simulated in Section 4. Finally, an interesting applicatto
The typical time-varying nonlinear systems are usually dan automotive system, a clutch with torsional damper-gprin
scribed with the equatiok = f(x,u,t) where x = is described and simulated in Section 5.

(1,2, ...,x,) IS the state vecton = (u1, us, ..., uy,) the in-
put vector and: the time. The dynamic dimension of thes® Problem statement
systems is: and usually it is constant. However when strongh this paper, systems having the framework shown in Fig. 2
non-linearities (i.e. coulomb friction) affect the systelgmam-  gre considered. In the general case,thmasses (or inertias)
ics, it can happen that the system behaves as a lower order $ys j,, ... mn,, move (or rotate) under the action of theex-
tem. We will call such systems as “Variable Dynamic Dimengrnal forces (or torquesyy, Fs,..., F,. Letzy, zs,..., 2, be
sion Systems” (VDDS). A typical example of such systems jge positions (angles) of the masses (inertias). Due torés p
given by a clutch (see Fig. 1). When the clutch is slipping, théce of the coulomb friction, the motion of a single mass de-
two inertias.J; and.J; move independently (one respect to thgends also on the motions of the neighborhood massesi
other) under the action of the torqués andC’, and only the s the coulomb friction between the massesandm, ;. Let
coulomb frictionTy, is exchanged between them. Otherwisg, — i, .. . = i, denote the linear velocities of the
when the clutch is IOCked, the two inertias rotate tOgetlher. masses. The System dynamics is given by the fo”owing differ
this working condition the order of the model is equal to Id arpntjal equations:
it is easily described by a first order model where the torque
C, — C, acts on the inertid; + J-. In many application fields, miv; =F,+71_1;,—7i;41 for i=1..,n (1)
such as in mechanics and in robotics, “variable dynamic dime ) ] o ]
sion systems” have to be handled. The simulation of such syd1€€Ti.i+1 is the amplitude of the coulomb friction given by:
tems is not easy due to the fact that the model changes its orde
This leads to models that are or exact but huge and very com-
plex, or simple but approximated. In this paper a new mode},%];gl: feor st (Fi+7ia)man—(Fn — Toago)m; 2)
the exact simulation of “variable dynamic dimension systém wtt ki i (ms+miga)

if V; = Vi1

ki,i+1 SgIl(’Ui — Ui+1), if (O # Vi1
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Figure 2: Example of a variable dynamic dimension system — Modelm

Selection Module

where k; ;+1 is the coulomb friction coefficient (that is the

maximum absolute value of the coulomb friction). When

v; = vi41, the coulomb friction is equal to the foreg;

that keeps the relative velocity — v;41 equal to zero. The Figure 3: Framework of the multi-subsystem simulation nhode

forcer; ;41 has a limited amplitudet; ;1. When this ampli-

tude is exceeded, the two massesandm,; start to move

at different velocities. Otherwise, whén ;1| < k; .4, the fromthe old model to the new one.

value of the forcer; ;14 is the following, see eq. (2),: ¢) Inputs and outputs of the simulator have to be properly con-
nected to the new model (see Fig. 3).

Tiigl = (Fi 4 7im1,0)miss — (Fien = Togr,ita)mi d) At each instant of the simulation time, the “selection mod-

i + Mit1 ule” has to choose which one, among all the possible models,
In fact, substituting this result in equation (1) one obsain 1S the correct model to be use at that time.
_ For all these reasons, the multi-subsystem simulation mode
(m +mig1)0 = (F5 4 7im13) + (Fig1 — Tis1i42) shown in Fig. 3 is generally huge and very complex to be used
(my + mys1)Vit1 = (Fi + 7im14) + (Fig1 — Tit1,i4+2) when the number of masses is greater than 3.

that is, the two masses; andm,;; mqvg togther (asa single2.2 Sliding mode simulation model
massm,; + m;+1) at the same velocity; = v;41 under the : ]

action of the resulting forcF; + 7,_1.;) + (Fy41 — Tig1.i42)- To cope with the all the_se problems, a c_zllﬁerent approach,
In this condition, the dynamic dimension of the system regucMainly based on the sliding mode theory, is commonly used.
ton — 1. If the coulomb friction between the masses is ablE"€ sliding mode simulation model of the considered system
to keepl relative velocities to zero, the dynamic dimension dfan be obtained from (1)-(2) by replacing the second part of
the system reduces to — I. The coulomb friction between €guation (2) with equation; i1 = kir1sgn(vi — vis1),

the masses influences and is influenced by the dynamics of {ffich is exactly equal to the former part of equation (2). In
whole system. Due to the particular form of the coulomb fridhis case the coulomb friction is seen as a sliding inputze

tion given in (2), the exact simulation of the “variable dyria for the system. When the previous equation is used and the

dimension systems” is particularly difficult. relative velocities are not zero, the dynamic behaviourhef t
system remains the same as when equation (2) is used. On the
2.1 Multi-subsystem simulation model contrary, when the relative velocity —v; ., becomes zero, the

. . - corresponding coulomb friction; ;1 starts switching at infi-
T.h N typlcal schemei u sed_to simulate the varle_lb_le_: dynamrllfte frequency between the two values,; ;1 trying to keep to
dimension systems” is strictly based on the definition of the ; . L )

zero the relative velocity; —v; 1 (see Fig. 2). The continuous-

coulomb friction given in (2). When the system is COMPOSELL, o equivalent value of the sliding variabtg; +; can be eas-

by n masses, there are — 1 relative velocities that have toiI computed as shown in [6], and the corresponding dynamic
be checked to choose which one of the relations of equatig/n P ' P gay

n—1 vee . Pehaviour is fully equivalent to the second relation of equa
(2) has to be used, consequently theresare= 2 differ tion (2). In this case, just one model is used to simulate the

ent possible configurations (see [1]). The block scheme UShaviour of the whole system in every functional condition

in this case in shown in Fig. 3: at each instant the “selecti s o .

. . . . nfortunately, this sliding model can not be “exactly” simu
module” chooses which model has to be used. With this typet . . o
. : . o ated. In fact, all the simulators can not handle an ideahitgi

of simulation model, the following problems arise: o P

] . _switching frequency. Therefore a “finite” switching freqog
a) The numbern of different modelsilmcreases exponentiallys really applied to the model and this introduces a strong ap
with the number. of massesm = 2. proximation, as shown later in Section 4. Moreover, to impro
b) When the system switches from a model to another, the upe simulation accuracy a very small integration step iggec
dating of the initial conditions of the new model is requiredsary and therefore simulation time increases dramaticaty

that is, then state variables of the system must be convertedoid the very high switching frequency of the sliding vates



In out Slipping conditions are:
— T Main Dyn. — )
mi U1:F1 — klg sgn(v1 — Ug)
i 1 my Uo=F5 + k1o sgn(vy — va) — ko sgn(vz — v3) 3)
Rel. Dyn. 1 m3 V3=F3 + ka3 sgn(vy — v3) — k3a sgn(vz — v4)
i i myg V4=Fy 4 k34 sgn(vs — vy)
R;L Dyng. 2 Let us now define the following vectors and matrices:
I S B 1 U1 1
L”;”J***é”‘ F= F2 x = T2 v = V2 _ 1.'2
Rel.Dym.—1 B Ty | vs T3
Selection L Fa T4 Va T4
min 1-10 0 k1
Figure 4:Variable dynamic dimension systendock scheme. M = 2m , D=101-10], K= kas
3 00 1-1 k34
L my
System (3) can be rewritten in matrix form as follows:
and to reduce the simulation time, the sign functieg!()” is Mv=F-DKsgn(Dv) < Mv=F-E (4)

sometimes substituted by the saturation functiest(9)”, but

this solution is even more approximated than the previous. Vectorsw = Dv andE = D'K sgn(Dv) are:

]4312 sgn(vl —’UQ)
k23 sgn(v2 7’03) 71€12 sgn(vl 71)2)
k34 sgn(vs—vy)—kag sgn(ve —vs)
—ks34 sgn(vs—uvy)

3 Proposed simulation model for variable dy- v — Vg

namic dimension systems w=v-vl, E=
The complexity of the variable dynamic dimension systems U3 v
lies in the definition of the coulomb friction given by equati o .
(2). The basic idea of the proposed simulation model, showyStem (3) can be simplified if the following state space con-
in Fig. 4, is the introduction of a proper congruent statecepadruent transformation is considered:
transformatioril that allows to see the system dynamics from a

1 |motmatma msz+mg ma
new perspective that decouples the main system dynamios fro 1 _Bn maBmg ihy
all the other relative dynamics. The transformatibrshows Vv =Tz, T=[T1Ts]= 1 @ _mime oy
that the coulomb frictior; ;1 acts only on the relative dynam- 1 _% _ mlimz _ ml"ﬁAﬂiTHnS

ics given by the relative velocity; — v;1. Consequentlyl
decouples the dynamics of the original system imiadepen- whereA = m;+my+ms+m4. The new state vectarhas the
dent dynamics. The Main Dynamics shown in Fig. 4 describ&glowing physical meaning:

the lower dimensional dynamics of the whole system, namely

1
the dynamics of the system when all the bodies move together. a (Mo +mava +msvs+mavs)

The remainden — 1 submodels describe the- 1 Relative Dy- z = Ty « z — b1 =02
namics among the masses. The Main Dynamics and thel V2 — 3
V3 — Vg

Relative Dynamics are simply obtained by applying the state

space transformatioli’. In the transformed space, the task of this case, theVlain Dynamicsis described by the trans-
the Selection Module is JUSt to add or remove the relative dwrmed Ve'ocityzl (the mean Ve|ocity We|ghted by the masses)’

namics when the dynamic dimension of the system increasegiile the Relative Dynamicsre described by the other three
decreases: theth Relative Dynamics is added when the masg|ative velocities:, z; andzy. By usingv = Tz, system (4)

m; slides on massu; 11, and itis removed whem; andm; 1 transforms adM; z = Fp — Ep:
move together. The use of the transformafibis very simple
and leads to a simulation model much easier than the sotution

w

. /—/\
shown in the previous section. Let us now again consider the IT'MTz=TF - (DT) Ksgn(DTz) 5)
system shown in Fig. 2. Four masses i € {1, 2, 3,4}, move Mr Fr Er

in the z direction subjected to forcel;. The masses interact .

by means of the coulomb friction which, in this case, is Con:r-he new vectorsv = D Tz andEr have now a very simple
pletely described by the friction coefficients,, kos andks,. StUCtUre:

The positions of the four masses are given by the variables 0

Let us denote with, vs, v3 andv, the velocities of the four 22 E k12 sgnzo
massesy, = &1, Vo = 9, V3 = T3, Vg = T4. The differential W= & ’ T = kos sgnzs
Z4

equations describing the dynamics of the considered syistem k34 8gnzy



The benefit of using transformatidl is that now matrices wherel; is the matrix obtained by selecting the rows and the
My = T"MT andM}. are block diagonal matrices. columns of matrixM;% corresponding to the sliding variables
zj = 0; M; is the sub-matrix of matriML;.; obtained by se-

1
g | mlgmz 01 8 Iy lecting the rows corresponding to the sliding variables= 0
M} = o | ™ m R, 1 | = [ OTl l\/ﬁl } and the columns corresponding the other variabjeg 0. The
0 (7)712 mams s T2 main functions of this algorithm are the following:
S ma mamg a) it checks if the relative velocities; are equal to zero;
Let vectorsz, Fr andE be partitioned as follows: b) it computes the possible equivalent contrpl, ; related to
the transformed variables;
z1 Fry 0

% 2 Fry Fry o 0 C) it_ verifies. the sliding mode condition}s;_1 ;| < k;_1,; on
7= P = |: :| ;FT: Frs = |:FT2:| ;ET: B = |: T2:| Vaf-‘lableSZj, . . o
24 Fry E, d) it keeps at zero all the variables that satisfy the slidingleno
conditions; for these variables it imposes),  , = 0;
SinceM is a block diagonal matrix, system (5) can be rewrit) it computes the proper inp(t;), . , for all the variables not

k+1
ten as: satisfying the sliding mode conditions.
Mr121=Fp - 21=M7}Fr1 ©) Note: the proposed algorithm works correctly also when the
Mrozo=(Fro—Er2) 2o=M7to(Fra—Er2) parameterst;_; ; are time-varying. For understanding the
that is: computational method used for solving system (7), let us con
' . sider the following two cases:
2L ="x" 1) The case when all the three variables are equal to zero:
. + 1 zo = 23 = 24 = 0. In this condition asliding modearises
2 T e O Fra=Fkizsenz | (7) in2 the s(3 stem4iff' J
S| = | — L motms 1 Fore —ko- . Y :
<3 ms  Mmams ms T3 23 SgNZ3
24 0 —-L matmal | ks sgnzy |Fra| < k2, |Frs| < kos, |Fra| <kss (8)

m3 m3mq

The state space transformation= T z decouples the original The sgn(z;) functions start switching between the two values
system in two independent parallel systems: variabls not +k,_; ; atinfinity frequency with an average value that, at each
influenced by variables,, z3 andz4 and viceversa. The sec-instant, is equal to the external transformed fafge. If condi-
ond part of system (7) describes the relative dynamics and ¢ins (8) are satisfied, variables, z3, andz, are kept to zero.

be interpreted as a.three .dimensiomfariable St(uctur.e Sys— I1) The case when, # 0 andz; = z4 = 0. Solving system
tem Whenz; = 0, if relation |7;_, ;| < k;_.; is satisfied, (7) with respect to thequivalent controls,; = ko3 sgnzs and

a sliding mode arises in the system;_, ; is theequivalent . _ . senzy one obtains:

controlassociated with the switching tertp_, ; sgn(z;), that
is the time mean value of the terf_; ; sgn(z;), and it is 0
equal to the force that at each instant the two massgs, { }
andm; exchange due to the presence of the coulomb friction.

When all the conditiongr; 1 ;| < k;_1,; are satisfied, in a ipat js:
finite time the system (7) converges towards the sliding manj .
fold 25 = 0, z3 = 0, z4 = 0. When one of the sliding surfaces [723] _ l:FT3:| N {m e } Pi} (Fra—Fkuo sgnz)

z; = 0is reached, aliding modecan arise in the system, thatis| [734| |Fra4 ,,13 % 0 T4 12 SN
the termk;_; ; sgn(z;) can start to switch at infinite frequency, . . - .
keeping tjhe \J/ariablejj at zero. In this condition the dynamichc signals rp3 and 734 satisfy the .S“dmg mode conditions
dimension of the model decreases of one unit. Since matfis| < 23 and|7s| < Ksa, the _vana_bIest ade4 are kept
M, is not diagonal, when one of the sliding variables is equ zero and the dynamics of variahigis described by the fol-

to zero, its equivalent control influences immediately b# t lowing equation:

mo2 Mma2ms m3
0 _ 1 msa+maq
ms3 ms3myq

_ 1 motms _ 1 Fro—ki2sgnz
[ ] Fr3—7o3

Fry—T134

other relative dynamics. To correctly simulate the systém ( Fro — kigsgnzs
the following simulation algorithm has been designed: 232:[ % _m% 0 ] Frs — Tos
Frq— T34
loop (2 =0);_554

If the sliding mode conditions are not satisfied, a differori-
figuration for the sliding variables must be considered {ffier
stancez; # 0, z3 # 0 andz, = 0). All the other cases must be

Tj1g =M [Mi(Fioyi—kio1i sgn(zi)]+Fjo
T < ki,

()51 =0 treated in a similar way.
el se
(4) 1 = M (Ficai — kicvi sgn(z:) . .
ond if 3 k41 4 Simulation results
end | oop The parameters used in simulation arei = mo = m3 =

my = 10 Kg, k1o = 12 N, ko = 10 N, k34 = 13 N and ini-



Equivalent Control: force exchange between the masses
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tial conditionsv(0) = [2, -1, 1, 2] m/s. The forced’; applied
to the masses are sinusoidal functidiis= A; sin(2« f; t) |
with amplitudesA; = [11,11, -8, 8] N and frequencieg; = 175 " YT " o P 05
[.45,1.15,0.85, 1.5] Hz. Note that the amplitudes; are lower g et v
than the friction coefficients;_; ;. This ensures that in finite 1 <71 j ‘ ‘
time the four masses collapse to an unique mass. The velo | .Y2-- "~ |
tiesv; obtained in simulations are shown in Fig. 5. Note thatfo,, . N""*-»,-Ml
t ~ 0.4 s it happens that, = v3, but the exchanged torques U3 U4_ i
is greater than the friction coefficieht; and therefore masses T

mo andms continue to slip. Fort ~ 0.8 s it happens that 'L ‘ ‘ ‘ ]

I I
1.75 1.8 1.85 1.9 1.95 2 2.05

vy = w3, but in this casér;| < ka3, SO the two masses col- Time (sec)

lapse together. This condition persists until about: 1's, Figure 8: Comparison between the proposed simulation model

when the external forces and the inertia dynamic action-oveh the sliding approximated model: the velocities
come the coefficientss, so the two masses start slipping again.

The transformed velocities are shown in Fig. 6. The “Main
Dynamics” is described by velocity while the “Relative Dy- 5  Clutch with Torsional Damper-Spring
namics” are described by the other variablgs:; andz,. Note et us now consider the automotive transmission systemishow
thatfort ~ 0.4sand 0.8 < ¢t <1's, wherwy = v3, the corre- in Fig. 10. The torsional damper-spring is an elastic eldmen
sponding transformed variablg is equal to zero. The equiv-that often is inserted between the clutch disk and the pgimar
alent controlsr;_; ; are shown in Fig. 7. They represent thef the gear shaft with the objective of filtering the torquikep
torques that at each instant the masses reciprocally egehagenerated by the engine. Lét, J, and.J; denote the inertias
When the relative angular velocity is equal to zero, the cor- of the engine shaft, the torsional damper disk and the trasm
responding equivalent contrej_; ; is not saturated, and it be-sion shaft, respectively. The system simulation is criitice to
longs to rangg—k;_1 ;, ki—1,i]. the presence of coulomb frictions between the three ireeftia

) i ) o Jo andJs. The coulomb frictiorkss is assumed to be constant
4.1 Approximated smulations: the sliding mode model while the coulomb frictiork; » is supposed to be modulated by
A simulation model for the considered system is the slidingn external normal forcg,, acting on the disk.
model described by equation (3). A comparison between the
simulation results obtained with this sliding model and the1 Dynamic Model of the clutch with the damper-spring
model proposed in section (2.2) is shown in Fig. 8. The matciihe differential equations describing the system are:
ing is good except for obvious chattering phenomena on the
output velocitiesy; of the sliding approximated model. In the J1w1=C1—by w1 —kia sgn(ws —w2)
sliding model, the mean value of the switching action repre- | Jawo=—baws+k125gn(w1—ws)—ka3sgn(wo—w3 )~ Oa)
sents the torque that at each time is exchanged by two consecu) J3w3=C3 —bs ws + ka3 sgn(wz —ws3 ) + e (0a)
tive massest;_1 ; = k;_1,; sgn(z;). This factis clearly shown 0g=ws —ws
in the lower part of Fig. 9 where the equivalent contrg! ob- ) i
tained with the proposed model is compared with the switghi/n€reCi, Cs are the engine torque and the resistant external
action filtered by a first order Butterworth filter. torque;ws, wy andws are the engine angular velocity, the tor-

m/se

-0.05




sliding actions exchange between m2 and m3
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W1 engine angular velocity(r--), W2 dumper angular velocity(b),W3 transmission angular velocity(g-.)
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Figure 12: Angular velocities (t), wa(t) andws (t).

23 (N)
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- L L L L L = J to increase. Attime ~ 1.6 s all the inertias move together at

Time e the same angular velocity; (t) = wa(t) = w3(¢). Note that
Figure 9: Equivalent contrah; compared with the mean valuews(t) is smoother that. (¢) due to the presence of the torsional
of the sliding actions. damper-spring. When the coefficighat, decreases to zero the
angular velocityw; starts to differ again fromv, andws.

6 Conclusions

In this paper, the problem of finding a simple and effective-si
ulation model for a class of Variable Dynamic Dimension Sys-
tems (VDDS) composed hy masses that reciprocally slip and
interact by means of the coulomb friction, has been predente
This type of systems is very common in mechanics. For sim-
T21 T32 ulating this type of systems, in literature one can foundehug
Figure 10: The clutch with the torsional damper-spring. &1d complex models, or approximated models that give rough
results. In this paper, a particular space state transtozma
that puts in evidence the main dynamics andrithe 1 relative
sional damper disk angular velocity and the transmissiarft shdynamics of the considered system, has been presentedoDue t
angular velocity, respectively; , b, andbs are the viscous fric- this new point of view, the exact simulation of the considere
tion coefficients;k,, andky; are the coulomb friction coeffi- VDDS is easier and faster. Finally, the proposed simulation
cients;p = ¢.(6,) is the elastic torque of the torsional dampermnodel has been applied to a VDDS system of interest in auto-
spring which is a function of the relative positiép = 6, — 63 motive applications: the clutch with “torsional damper”.
between the two inertia$, and.Js.
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