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Preface 
 

In this PhD thesis, three projects are explained that were conducted under the 

supervision of Prof. Ciro Cecconi at Department of Physics, Informatics and Mathematics, 

University of Modena and Reggio Emilia Italy. Two projects, based on single molecule 

manipulation of the protein - human neuronal calcium sensor -1 (NCS-1) using optical 

tweezers, are the result of collaboration with Prof. Birthe B. Kragelund at Structural Biology 

and NMR laboratory, University of Copenhagen, Denmark. The preparation of protein 

samples for single molecule manipulation studies and experiments involving bulk 

measurements in the projects were conducted and analyzed at Structural Biology and NMR 

laboratory University of Copenhagen, Denmark. The single molecule manipulation 

experiments were conducted at optical tweezers lab, Department of Physics, Informatics and 

Mathematics, University of Modena and Reggio Emilia Italy and were analyzed in 

collaboration with Dr. Alessandro Mossa, Department of Physics, University of Bari Italy. 

Another project involving the amyloidogenesis studies of 𝛽𝛽2-Microglobulin was carried out 

in collaboration with Prof. Vittorio Bellotti, Wolfson Drug Discovery Unit, University 

College London. In this project theoretical calculations were done at Department of Physics, 

Informatics and Mathematics, University of Modena and Reggio Emilia Italy. 
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Abstract 
 

The PhD work presented in this thesis is devoted to the understanding of the basic rules 

governing three major biophysical processes – protein folding, protein misfolding and 

amyloidogenesis. We have used a custom-built dual-beam optical tweezers set up to 

investigate the off- and on-pathway trajectories of the protein – human neuronal calcium 

sensor -1 (NCS-1). A novel experimental approach has been used to investigate the effect of 

Ca2+ concentration on the misfolding probability of the protein. The analysis of the single 

molecule data was carried out using advanced statistical tools, such as the hidden Markov 

model, to gain insight into the salient features of the energy landscapes underlying on- and 

off-pathway trajectories of NCS-1.  In a separate project, theoretical models have been 

developed to describe quantitatively the shear and hydrophobic forces acting on a protein in 

a laminar flow, with the aim of elucidating the molecular mechanisms triggering  

amyloidogenesis of the protein 𝛽𝛽2-microglobulin. The work presented in this thesis is 

divided in 5 chapters, includes 16 figures and a total of 163 pages. 
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1.  INTRODUCTION 
 
In the introduction of the thesis an overview has been provided regarding the protein 

folding problem which includes brief discussions on protein misfolding and 

amyloidogenesis of proteins. In the later sections, single molecule manipulation of 

proteins using optical tweezers has been explained which includes the theory of optical 

tweezers set up and the recent progress in its instrumentation. The subsequent section of 

the introduction includes the theoretical models employed in single molecule 

manipulation studies. In last sections, the structure and functionality of the model proteins 

studied in the dissertation work along with the objectives behind each project are 

explained.  

 

1.1  Protein folding problem 

1.1.1   Protein Folding: its relation to structure and functionality of a 

protein. 

 

How biomolecules self assemble and attain a particular structure to carry out their 

respective functions with great precision, is a major mystery for modern science to 

unravel. The mechanism that governs the folding of proteins into unique three 

dimensional structures is a complex phenomenon of biomolecular self assembly. These 

unique structures which protein molecules attain during their folding process, involves 

the assembly of functional groups in close proximity that enable them to carry out 
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numerous biological functions. Moreover, for proteins to be functionally active they need 

to correctly fold into their lowest energy native state configuration and incorrect or 

misfolding of proteins result in many types of  diseases  [1]. The stochastic mechanism by 

which a polypeptide chain, acquire its lowest energy configuration (in a time scale of 

microseconds), among an ensemble of numerous possible structures is still elusive. 

Moreover, if a molecule reaches its lowest energy native state, through all its possible 

conformations then it should take an astronomical amount of time, as stated in the 

Levinthal’s paradox [2]. Understanding this complex phenomenon will not only help in 

the cure of various diseases related to misfolding of proteins but will give us great insight 

into how such tiny molecular machines carry out their functions in our body. The protein 

folding problem can be summarized in terms of two key questions:  (1) for a given 

sequence of amino acids and protein environment what are the factors that determines it’s 

native or functional state configuration? (2) What is the thermodynamics and kinetics of 

the protein folding reaction and how the energy landscape of the protein look like? The 

second problem can be understood from the energy landscape theory of protein folding. 

1.1.2  Energy landscape theory; the funnel view of protein folding: 
 

The Levinthal’s paradox of protein folding [2], encouraged researchers to see this 

problem as two mutually exclusive events – reaching the global minimum state and doing 

that at a fast speed [3]. These two simultaneous events were described as thermodynamic 

and kinetic parameters of protein folding reaction. The thermodynamic viewpoint 

describes the folding process as path independent where the molecule attains its lowest 

free energy state without depending on the initial denaturing conditions while the kinetic 
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viewpoint states that the speed of folding is path dependent and is fast because it depends 

on the initial denatured condition of the protein. The combination of these two processes 

results in the energy landscape theory, that explains the fundamental mechanism of 

structure formation of proteins and nucleic acids [4, 5]. The energy landscape describes 

protein folding as a statistical mechanics process involving an ensemble of allowed 

conformational states of the molecule. In this theory, protein folding can be viewed as a 

stochastic diffusive process, in which the molecule tumbles towards its native state 

defined as the global minimum energy state configuration [6]. This stochastic search of 

the native state takes place over a multidimensional surface representing a configuration 

space with free energy of each possible conformation. Fig 1 (a) describes a 

multidimensional view of the energy landscape with a funnel shaped energy minima, 

involving various parallel pathways towards it [3]. Since the folding of a molecule results 

in a decrease in its entropy, the search for the low energy minima on the energy landscape 

is a competitive process with it.  The multidimensional energy landscape can have many 

local minimas depicting a rugged energy surface, which can slow down the folding of the 

molecules due to the phenomenon of kinetic partitioning [7, 8]. The ruggedness or local 

minimas in the energy landscape occur due to the competitive process of low entropy and 

free energy of the molecules. The energy traps or minimas act as hurdle in the folding 

process resulting in the intermediate states during the native state journey Fig. 1 (A). The 

intermediate states which the protein traverses, can be on pathway towards its native state 

or off pathway misfolded states causing aggregation and resulting in numerous diseases 

subsequently [1]. Fig. 1 (B) depicts the one dimensional representation of the energy 

landscape in which the full multidimensional characteristics are projected onto a single 

reaction coordinate that can possibly define the folding reaction.  The choice of the 
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reaction coordinate depends on the experimental observable that can best explain the 

folding behavior. This simple approach has helped in extracting various features like 

barrier heights, intermediate states, multiple pathways and ruggedness of energy 

landscape of numerous proteins. However the full multidimensional energy landscape of 

a protein is yet to be determined and it is believed that to reconstruct such energy 

landscape, single molecule reaction at atomic scale and with temporal resolution of bond 

rotations will be required [9]. In this thesis two projects have been explained in which the 

energy landscape of both folding and misfolding trajectories of a protein human neuronal 

calcium sensor-1 were reconstructed using single molecule mechanical manipulation.  

 

Figure 1: Energy landscapes governing protein folding reaction. (A) Multidimensional energy 
landscape involving various pathways towards the native state of the protein from its fully unfolded 
state. The local minimas in the trajectories are the intermediate states which slow down the overall 
folding process of the protein [3]. (B) Energy landscape represented on a one dimensional reaction 
coordinate. The choice of the reaction coordinate is made according to the experimental conditions. 
The strategy of one dimensional energy landscape representation is generally used in extracting 
parameters like activation energy barriers, kinetic distances and free energy change of unfolding of 
the protein.   
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1.1.3  Different models of protein folding: 
 

Apart from the energy landscape theory, various models have been proposed in 

understanding protein folding problem such as: a frame work mechanism, hydrophobic 

collapse and nucleation condensation model [10, 11]. In the framework model the protein 

molecule is considered as made of numerous microdomains that search for their 

respective native state configuration. The microdomains in their native states then diffuse 

and collide with each other under the influence of external forces that leads to the 

formation of micro domain pairs which then collapse into the final native state of the 

protein.  In the hydrophobic model, the initial collapse of side chains of the molecule 

takes place due to hydrophobic interactions resulting in a molten globule state which then 

transform into the tertiary structure before the final native state configuration. The 

nucleation condensation model explains the formation of a partially stable nucleus which 

acts as a seed for the formation of other structures around it. 

1.1.4  Forces that govern the folding process of a protein: 

 
The folding process of a protein is initially governed by the hydrophobic collapse of the 

molecule in which the hydrophobic residues get buried resulting in a molten globule like 

structure. This initial collapse is more entropically  driven where the water molecules 

surrounding the protein play crucial role in its structuring [12]. The exact mechanism of 

the initial hydrophobic collapse of the molecule is still elusive however studies have 

shown that hydrophobic effect is the main driving force in the  protein folding reaction 



 16 

[13].  Once the molecule attains this initial molten globule like structure, hydrogen 

bonding within its secondary structures and between other regions comes into play. 

Along with the hydrogen bond formation, van der Waals interactions between atoms, 

electrostatic interactions between charged residues, backbone structuring and orientation 

of bond angles to overcome the loss in entropy due to native state configuration also takes 

place. The forces mentioned above are inversely proportional to the distances between the 

atoms and thus their role becomes significant after the initial hydrophobic collapse of the 

molecule. The details of how these forces act during the folding process are complex in 

nature and considering that the environment of the protein plays a crucial role during its 

folding [12], many forces are thermodynamically driven and are still elusive in the 

explanation of protein folding [14]. 

1.1.5  Protein misfolding: 
 

The funnel view of the multidimensional energy landscape of proteins Fig 1 (A), shows 

numerous pathways towards the native state configuration. As explained before in 

[section (1.1.2)], these pathways include local minimas also known as kinetic traps which 

can be both on pathway to the native state or off pathway misfolded state. The off 

pathway states occur due to wrongly folded molecules having non native contacts. These 

non native contacts happen when the off pathway trajectories become kinetically more 

favorable than their on pathway counterparts. The misfolding of proteins causes several 

diseases such as Alzhiemers’s, Parkinson’s and Cretzfeldt-Jakob’s and thus has gained a 

lot of attention over the years [15]. It has been shown that numerous proteins enter 

misfolded states among which many are not related to any disease [15-18].  Recently lot 
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of studies has been done in understanding the characteristics of the misfolded states; the 

structural studies of misfolded PDZ domain revealed that it consisted of a misfolded 

packed hairpin on a native like scaffold, suggesting that misfolded states can have 

compact shapes [19] . Moreover it is proposed that multi domain proteins are more prone 

to misfolding due to large number of interacting peptide sequences during their folding 

process [20]. However, the initial stages of the misfolding process of proteins is still 

elusive  and factors responsible for the aggregation and amyloidogenesis of several 

proteins, that results into amyloid fibrils formation is still a matter of debate [21, 22]. 

1.1.6  Amyloidogenesis and Amyloid Fibrils: 

 
Amyloidogenesis is a disease in which proteins misfold and aggregate into long insoluble 

structures known as amyloid fibrils that get deposited in organs and cause diseases like 

Parkinson’s, Alzheimer’s and type 2 diabetes [21, 23]. Amyloidogenesis is caused by 

several proteins and peptides such as β2-microglobulin (β2-m), lysozyme, fibrinogen, 

transthyretin (TTR), islet amyloid polypeptide (IAPP), serum amyloid A (SAA) etc [21]. 

A lot of structural studies have been done on the amyloid fibrils using transmission 

electron microscopy, X -ray diffraction and atomic force microscopy. These studies have 

revealed that the fibrils usually contain numerous protofilaments [24] that jointly forms 

structures like long ribbons or rope like fibrils [24-26]. Moreover it is found that in each 

protofilament the protein molecules arrange to form 𝛽𝛽 strands structures, perpendicular to 

the axis of fibrils [26]. Apart from structural studies significant progress has been made in 

understanding the detailed mechanism of the formation of amyloid fibrils. To elucidate 

the aggregation process, numerous models have been proposed such as nucleation growth 
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mechanism, partial unfolding resulting in aggregation of globular proteins, native like 

oligomers formation, interaction of proteins with hydrophobic or hydrophilic surfaces etc 

[21, 22, 27-33]. However the exact mechanism of initial growth of fibrils is still elusive. 

In this thesis the amyloidogenesis of a protein 𝛽𝛽- 2 Microglobulin has been described in 

the paper II [chapter 2]. 

 
 

1.2  Single molecule mechanical manipulation using 
optical tweezers. 

1.2.1  Why single molecule study: Its benefits over bulk studies: 
 

To understand the folding dynamics of a protein, numerous techniques like circular 

dichroism, nuclear magnetic resonance (NMR), fluorescence spectroscopy, Small angle 

X-ray and neutron scattering  etc.  have been employed to give information about the 

structure and functionality of a protein both in its free and bound forms [34-36]. These 

bulk studies have been very informative but often limited to the description of the overall 

properties of a large population of proteins. Due to the ensemble averaging over large 

number of molecules, the measured properties gives no temporal information of the 

processes and they lack details regarding the forces involved in the reactions. Moreover 

thermal fluctuations present in the systems are cancelled out in the bulk measurements. A 

big assumption in the bulk studies is that the studied processes are homogeneous in 

nature, which is very ideal for many systems.  However, with the advent of single 

molecule techniques the above mentioned limitations have been overcome and these 

advanced techniques have revealed unprecedented details of bimolecular processes. 
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Using single molecule techniques, the real-time folding (u) trajectories of individual 

molecules can now be observed in which the details regarding the intermediate states 

involved in the reactions are available, that are generally masked in the ensemble 

averaging of traditional  bulk studies [17, 37]. Research in single-molecule protein 

folding is mainly due to the recent technological advancements in the instrumentation, 

particularly in single-molecule fluorescence (FRET) and mechanical manipulation 

methods like atomic force microscopy (AFM), and optical and magnetic tweezers. The 

applications of single-molecule techniques range from protein and nucleic acid folding 

dynamics to structural studies of protein molecules and biomolecular machines [38]. The 

advancement of single molecule techniques have reached a level where temporal 

information of protein folding processes can now be measured using ultra fast lasers. 

Moreover interaction of proteins with water molecules and the role of water molecules in 

the folding process can now be investigated [39, 40]. Due to the constraint of space, the 

full details about the recent progress in single molecule techniques cannot be provided 

here, however the reader is referred to some latest reviews to learn about the advancement 

in instrumentation and analysis methods in this field [41-43]. Here our focus will be on 

single molecule optical tweezers studies, where I will initially discuss the optical tweezers 

methodology, the experimental procedure of single molecule mechanical manipulation, 

recent advancement of instrumentation in this field and the theoretical methods generally 

applied in the analysis of single molecule manipulation data.     
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1.2.2  Biological significance of protein folding studies using 

mechanical manipulation techniques: 

Protein folding studies using mechanical manipulation techniques like AFM and optical 

tweezers not only give insight into the folding trajectories and energy landscapes of 

molecules but they also provide information about the mechanical stability of proteins. 

The mechanical manipulation of proteins is allowing us to answer many key questions 

relevant to structure and functionality of individual proteins. Some of these questions are 

: Is it true that proteins that carry out mechanical functions like tenascin and titin should 

be more resistant to external forces than non mechanical proteins like enzymes ? How 

mechanical stability dictates the structure of a protein?  How the functionality of a protein 

is related to its mechanical stability? The mechanical stability of proteins play key role in 

many biological processes such as in the translocation of mitochondrial proteins, that 

involves the electrophoresis of the targeting sequence through the membrane channels 

and in subsequent pulling of the target sequence by the proteins, the mechanical stability 

of the proteins dictates their translocation [44]. The translocation of misfolded proteins in 

the ATP dependent proteases 26S proteosome and ClpXP show similar unfolding process 

and dependence of mechanical stability of the degraded protein on the ATP consumption 

rate has been shown [45, 46].  The role of mechanical manipulation is significant in the 

protein folding mediated by GroEl chaperonin, that undergo conformational changes 

during encapsulation process resulting in the unfolding of tethered misfolded proteins 

which helps in their correct folding [47]. For proteins like fibronectin and tenascin, their 

mechanical stability is very significant for their functionality as these proteins extend and 

contract in response to mechanical forces during cell migration in vertebrate embryos 
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[48]. The mechanical properties of giant proteins like titin are of great significance for  

the tension developed by muscle cells during stretching [49]. The mechanical stability of 

many proteins also governs their structures. Proteins with high mechanical stability such 

as titin [50], FN-III domain of tenascin [48] and ubiquitin [51] are usually β-proteins, in 

which hydrogen bonding network protects the tertiary structure of the protein from 

unfolding. Whereas proteins that are prone to unfolding under tension are generally α-

helical in which the only resistance to force is hydrophobic interactions between helices 

such as α-spectrin [52], barnase [53] and T4 lysozyme [54] . 

1.2.3  Protein folding studies using optical tweezers: 
 
Optical Tweezers: 
 

From early 70s  and mid 80s [55-57] , Arthur Ashkin and colleagues published some 

remarkable papers that lead to the  invention  of optical tweezers as a device which can be 

used to manipulate tiny objects with high dielectric constant. They found that these 

particles with high refractive index are attracted to high intensity regions of laser beams 

and thus can be held at a focal point. The basic principle of optical tweezer can be 

explained on the basis that the light interacting with a particle can be seen as both 

refracted and reflected by the particle. Due to the momentum P = hk (where h is Plank's 

constant and k is the wave vector) of light photons impinging on the particle, a reaction 

force is experienced by the particle which is equal and opposite to the change in light 

momentum. When the dimensions of the particle are much greater than the wavelength of 

light (narrow waist or focal point of beam), then the particle will act as positive lens 

which refracts photons in a direction towards its focal point and thus it will be trapped in 
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the light beam. The above phenomenon can be explained by a simple ray diagram Fig. 2 

(A): 

A 

 

B 

 

C 

 

Figure 2: Light momentum effects on a refractive sphere (A). The particle is moved into the intense 
part of the light beam, but it is also pushed away from the light source. (B) The scattering force 
caused by reflected rays is balanced by the refraction of the high angle rays. (C) Dual-beam trap. The 
scattering forces caused by reflected rays are canceled, while the gradient forces are doubled [58]. 
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In the above diagram for the particle with refractive index ‘n’ greater than that of 

surrounding medium ‘nB’ the rays of light either get absorbed or reflected by the object. 

As the net momentum is conserved, the rate of change of momentum of the light caused 

by its interaction with the object must be equal and opposite to the rate of change in 

momentum of the object. For collimated beam of light, with a Gaussian intensity profile 

hitting the particle, for each ray in the beam the components of momentum flux parallel 

and perpendicular to the optical axis are given as [59]. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

=  𝑛𝑛𝐵𝐵 �
𝑊𝑊
𝑐𝑐
� cos(𝜃𝜃)                                                                                               (1.2.1) 

. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

=  𝑛𝑛𝐵𝐵 �
𝑊𝑊
𝑐𝑐
� sin(𝜃𝜃)                                                                                            (1.2.2) 

Where W is the power of the light ray, 𝜃𝜃 is the angle which the rays make with the optical 

axis and c is the speed of light.  

The reaction force (F) experienced by the particle is equal and opposite to the change in 

the light momentum flux summed over all rays passing through the interacting particle is 

given as: 

𝐹𝐹𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 =  −  ��
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
𝑖𝑖𝑖𝑖
− �

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
𝑜𝑜𝑜𝑜𝑜𝑜

                                                                                     (1.2.3) 

Where  �𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
𝑖𝑖𝑖𝑖

 and �𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
𝑜𝑜𝑜𝑜𝑜𝑜

 are the rate of change of momentum flux for entering and 

leaving the trap respectively. The net change of these fluxes can be calculated using 

equation (1.2.1) and (1.2.2). Fig. 2 (A) shows that when the particle in the beam acts as 

converging lens then the rays of light in the central part of the light beam gets refracted 

downwards from the optical axis while rays interacting at the edge of the particle gets 
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refracted towards the axis. Due to the above effect, a force due to change of light 

momentum acts downward on the particle which causes the particle to move towards the 

axis as a reactionary effect. Apart from this, the particle experiences a downward force 

due to scattered rays after refraction. Moreover, the impulsive force due to the reflected 

rays moves the particle forward in the light beam. The net effect of above phenomenon is 

that the particle moves towards the intense part of the light beam and it is moved forward 

due to reflected rays. A better geometry for the trapping of the object is illustrated in Fig 

2 (B) in which a more focused light beam is used in which the impulsive force due to the 

reflected rays is balanced by the scattering force which acts along the optical axis.  The 

dielectric object thus gets trapped slightly downwards of the optical axis where the large 

focal angle of the beam causes strong backward impulsive force due to scattered rays.  

For a single beam trap, thus an objective with high numerical aperture is required such 

that it can collect all the rays in the light beam resulting in efficient trapping of the object. 

However, the above geometry is not very robust when external forces are applied on the 

trapped object and photo detectors are used for measuring the applied force as a function 

of change in momentum of output rays from the trap. In this case, the applied force will 

deflect the output rays from the trap farther off axis then the input rays and objectives 

with even very high numerical aperture will not be able to collect all leaving rays 

resulting in poor measurement of applied forces. A more efficient way of countering the 

above limitations is the use of double beam optical tweezers set up as shown in Fig 2 (C). 

In this setup low beams with high numerical objectives are used such that the trapping 

rays form a narrow cone and the most marginal of output rays can be easily collected by 

the opposite objective. Even when the object is moved from its trapped position due to an 

external force, the deflected rays can be easily collected by the objectives situated near 
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the photodetector. Due to the dual beam geometry, the scattering forces generated by 

reflected rays are canceled, while the transverse gradient forces are doubled resulting in a 

more focused position of the trapped object.  

1.2.4  Force sensor theory: 
 

In this section, how the external forces applied on a trapped particle can be measured 

from the change in light momentum of the impinging beam is described. In Fig (3), the 

geometry of the trapped object is shown. Light with a low beam enters from the left 

through an objective with high numerical aperture and is focused at a spot and the light 

that leaves the trap is collected by a similar objective. When an external force is applied 

on the particle, light exiting the trap has a modified angular distribution due to 

asymmetric refraction of interacting rays. A position sensitive detector (PSD) placed at 

right collects all the light momentum from the trap which is then used to measure the 

force applied on the particle as 𝐹𝐹 = �𝑊𝑊
𝑐𝑐
� ( 𝑥𝑥

𝑅𝑅𝑅𝑅
), where W is the light intensity of the 

collected rays at the PSD, c is speed of light, x is deflection of particle in the trap and RL 

is the focal length of the lens. This method of measuring the external force on the 

molecule from the change in light momentum is developed by Steve Smith [58].   
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Figure 3: Light-momentum force sensor. The laser beam entering from the left passes through the 
bead, is imaged by the right objective, and exit. Application of an external force to the bead causes it 
to equilibrate slightly off center in the trap so that the change in momentum of the deflected beam 
exactly balances the external force. The angular deflection, θ, of a ray leaving the trap is transformed 
by the right objective into an offset distance, x, such that x/RL= nBsin(θ), where nB  is the refractive 
index of the liquid and RL is the local length of the lens. The transverse light force F felt by a bead as 
it deflects a light ray of intensity W through an angle θ is given by F = (nBW/c)sin(θ), where c is the 
speed of light. Therefore F= (W/c)(x/RL) [58]. 
 

The details of the force sensor theory can be understood from the following derivation:  

When light interacts with an object immersed in a transparent liquid of refractive index n1 

the momentum flux of the light waves can be written as [59]: 

𝑑𝑑 �
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� = �

𝑛𝑛1

𝑐𝑐
� 𝑆𝑆.𝑑𝑑𝑑𝑑                                                                                                               (1.2.4) 

Where S is Poynting Vector, dA is element of area normal to S and c is speed of light. 

The force experienced by the object due to the light waves is the difference in momentum 

flux of light waves entering 𝑃𝑃𝑖𝑖𝑖𝑖  and leaving the trap 𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 . This force can be calculated by 

integrating the light intensity 𝑆𝑆𝑖𝑖𝑖𝑖  entering and exiting 𝑆𝑆𝑜𝑜𝑜𝑜𝑜𝑜  a spherical surface with radius 

R>>𝜆𝜆 centered at the focal point. As the incoming waves are normal and the outgoing 
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waves emanates from a point source the surface element dA is normal to 𝑆𝑆𝑖𝑖𝑖𝑖  and 𝑆𝑆𝑜𝑜𝑜𝑜𝑜𝑜 . 

Thus the light force acting on the object can be written as: 

𝐹𝐹 =  
𝑑𝑑𝑑𝑑𝑖𝑖𝑖𝑖
𝑑𝑑𝑑𝑑

−  
𝑑𝑑𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜
𝑑𝑑𝑑𝑑

=  �
𝑛𝑛1

𝑐𝑐
��(𝑆𝑆𝑖𝑖𝑖𝑖 −  𝑆𝑆𝑜𝑜𝑜𝑜𝑜𝑜 )𝑑𝑑𝑑𝑑                                                              (1.2.5) 

To calculate the angular intensity distribution for light entering or leaving the focus we 

can write: 

𝐼𝐼(𝜃𝜃,𝜑𝜑)𝑟𝑟 𝑑𝑑𝑑𝑑 = 𝑆𝑆𝑆𝑆𝑆𝑆                                                                                                                  (1.2.6) 

where 𝜃𝜃 𝑎𝑎𝑎𝑎𝑎𝑎 𝜑𝜑 are angles shown in Fig. 4, 𝑟𝑟 is a unit vector from the focus, and 𝑑𝑑𝑑𝑑 = 

dA/R 2 = 𝑑𝑑𝑑𝑑 sin 𝜃𝜃 𝑑𝑑𝑑𝑑  is an element of the solid angle. 

 

Figure 4: Light ray diagram showing the geometry of the incident beams through the objective and 
the exiting beams after interacting with the trapped object. Using the Abbe sine condition the 
intensity profile entering the detectors can be calculated from the above geometry [58]. 
 

Using the angular distribution of light intensity, the force experienced by the object due to 

light can be written as: 

𝐹𝐹 =  
𝑛𝑛1

4𝜋𝜋𝜋𝜋
�𝐼𝐼(𝜃𝜃,𝜑𝜑)(𝑖𝑖 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 +  𝑗𝑗 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑘𝑘 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)𝑑𝑑𝑑𝑑                                    (1.2.7)  
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Here 𝐼𝐼(𝜃𝜃,𝜑𝜑) is measured in watts/steradian, which is considered negative for rays 

entering the trap and positive for rays leaving it. The value for 𝐼𝐼(𝜃𝜃,𝜑𝜑) can be calculated 

using Abbe sine condition according to which any ray emanating from the principal focus 

of objective lens inclined at angle 𝜃𝜃 to optic axis but still hitting the lens with radius 𝑅𝑅𝐿𝐿  

will exit the image side of the lens at a radial distance r Fig. (4) given by: 

     𝑟𝑟 = 𝑅𝑅𝐿𝐿𝑛𝑛1𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃                                                                                                                    (1.2.8)    

The rays leaving the trap in a small element of solid angle 𝑑𝑑𝑑𝑑
4𝜋𝜋

 can be projected onto an 

area element dA’ (rd 𝜑𝜑dr) on a plane placed at the image side then by conservation of 

energy the net irradiance at dA’ is given by: 

E(𝑟𝑟,𝜑𝜑)𝑑𝑑𝐴𝐴′ =  𝐼𝐼(𝜃𝜃,𝜑𝜑) 
𝑑𝑑𝑑𝑑
4𝜋𝜋

                                                                                                    (1.2.9) 

Here irradiance is used instead of intensity because it is a measurable quantity. Assuming 

that the lenses intercept all the light exiting the trap then equation (1.2.7) can be written 

as  

𝐹𝐹 =  
1
𝑐𝑐
∬ 𝐸𝐸(𝑟𝑟,𝜑𝜑)(𝑖𝑖 

𝑟𝑟
𝑅𝑅𝐿𝐿
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 +  𝑗𝑗 

𝑟𝑟
𝑅𝑅𝐿𝐿
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑘𝑘 �𝑛𝑛1

2 − � 
𝑟𝑟
𝑅𝑅𝐿𝐿

)2� rd𝜑𝜑dr                    (1.2.10)  

Here the integration is done on the image side principal plane of the axis. The transverse 

components (i and j) in the above equation can be measured using position sensitive 

photo detectors at those principal planes. A dual axis detector gives two different signals 

Dx and Dy which is proportional to the sensitivity 𝛹𝛹 of the silicon detectors and to the 

sum of local irradiances E(x,y) weighted by their relative distances 𝑥𝑥
𝑅𝑅𝐷𝐷

 and  𝑦𝑦
𝑅𝑅𝐷𝐷

 from the 

detector center where 𝑅𝑅𝐷𝐷  is the detectors half width. 

Dx =  𝛹𝛹∬𝐸𝐸(𝑥𝑥,𝑦𝑦) � 
𝑥𝑥
𝑅𝑅𝐷𝐷
� 𝑑𝑑𝐴𝐴′ =  𝛹𝛹∬𝐸𝐸(𝑟𝑟,𝜑𝜑) � 

𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
𝑅𝑅𝐷𝐷

� 𝑑𝑑𝐴𝐴′                                       (1.2.11) 
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Dy =  𝛹𝛹∬𝐸𝐸(𝑥𝑥,𝑦𝑦) � 
𝑦𝑦
𝑅𝑅𝐷𝐷
� 𝑑𝑑𝐴𝐴′ =  𝛹𝛹∬𝐸𝐸(𝑟𝑟,𝜑𝜑) � 

𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
𝑅𝑅𝐷𝐷

� 𝑑𝑑𝐴𝐴′                                        (1.2.12) 

Where integrals are over the surface of the detector. Thus the transverse components of 

light force can be measured from above relations as: 

Fx =  
Dx𝑅𝑅𝐷𝐷
𝑐𝑐𝛹𝛹𝑅𝑅𝐿𝐿

 and  Fy =  
Dy𝑅𝑅𝐷𝐷
𝑐𝑐𝛹𝛹𝑅𝑅𝐿𝐿

                                                                                            (1.2.13) 

The above equations show that the transverse force component does not depend on the 

size of the trapped object but it depends only on the instrumental parameters. The force 

experienced by the object along the Z axis can be calculated from the following methods: 

 

Z - Force measurements: 

The Z force component from equation (10) can be written as: 

𝐹𝐹𝑧𝑧 =  
1
𝑐𝑐
∬ 𝐸𝐸(𝑟𝑟,𝜑𝜑)�𝑛𝑛1

2 − � 
𝑟𝑟
𝑅𝑅𝐿𝐿

)2� rd𝜑𝜑dr                                                                        (1.2.14)   

For the above component of force the light intensity should be modulated such that the 

signal from the photo detectors can be converted into force. To carry out the above task a 

transmission filter is used whose transmission pattern T can be expressed as: 

                𝑇𝑇 = �1 − �
𝑟𝑟

𝑛𝑛1𝑅𝑅𝐿𝐿
�

2
}                                                                                             (1.2.15) 

Using the above equation the transmission filter can be used to extract the z force 

experienced by the object.  
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1.2.5  Dual beam optical tweezers set up at University of Modena and 

Reggio Emilia: 

 

The schematic drawing of optical tweezer set up, which we used in our single molecule 

manipulation experiments at Department of Physics, Informatics and Mathematics, 

University of Modena and Reggio Emilia, is shown in Fig. 5 below. We used a custom 

built dual beam set up in which the optical trap is formed using two single beam counter 

propagating diode lasers (845 nm) with 150 mW light power.  The intensity of the laser 

diodes are controlled by two drivers and two temperature controllers are used to monitor 

the heating of the lasers. Inorder to collimate the laser beams to a size of 1.6 mm optical 

fibers are connected to single lens fiber ports. The linear polarization of the beams is 

maintained by feeding the output of fiber ports to a quarter wave plate. The beam then 

enters, a half wave plate that changes the linear polarization of the light such that it can 

enter a Faraday optical Isolator that prevents the entry of any reflected rays which can 

damage the laser diodes. The polarization of the beam is further rotated by a half wave 

plate such that it is perpendicular to the optical table. Further a beam expander is used to 

double the beam waist to a diameter of 3.2 nm. This beam then enters an objective with 

aperture size 8mm, which is large enough to collect all the rays leaving the optical trap 

despite of significant deflection of the beam after interacting with the trapped object. The 

expanded laser beam then enters a polarizing beam splitter objective (PBS) that directs it 

towards a quarter-wave plate (qwp) and a microscope objective lens (OBJ, Nikon Plan 

Apo VC, 60x, 1.2 NA),that focuses the beam to a spot where the bead can be trapped. 

The quarter wave plate restricts the entry of rays that are reflected from the bead in the 
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trap towards the laser. Once the beam leave the trap after interacting with the trapped 

object it is collected by another objective and then it is again transformed into 

horizontally polarized light from where it is directed to position sensitive detectors (PSD) 

via polarizing beam splitter (PBS). A relay lens is then used to reimage the principal 

plane onto the photo-detectors because the PSDs cannot be placed at the output principal 

plane of the objective, which lies inside the objective. Since the detectors measure only 

the light exiting the optical trap, so for each detector only half of the integration required 

in Eq. (1.2.11, 1.2.12) is performed. This problem is solved by aligning the detectors on 

the optical axis so that when no bead is present in the trap, the output beams are centered 

on the detectors and the difference signals vanish, corresponding to zero volts at outputs 

Dx and Dy. Since the introduction of a particle has no effect on the beam entering the trap 

thus only the rays leaving the object in trap should be considered. For measuring all the 

force components, two PSDs are placed at each side of the dual beam optical tweezers. 

The light from the trap enters these detectors after being equally divided by a 50:50 non 

polarizing beam splitter. A transmission filter is placed before the z-direction photo-

detector in order to make the signal voltage output proportional to the z-force component. 

Using this geometry, single molecules are manipulated by placing them between two  

polystyrene beads, one  held in optical trap (3 µm) and another placed at the end of a 

micropipette by suction (2.1 µm) (Fig 5 (b). The changes in the extension of the molecule 

were measured by the movement of the two beads. The position of the bead on the 

micropipette is monitored by a “light lever” system that measures the position of the fluid 

chamber with which the micropipette is attached (Fig 5 (b)). Light emitting diode (LED) 

(465 nm) and a charge-coupled-device (CCD) camera, is used to visualize the bead in the 

trap and the fluid chamber with micropipette. The force sensor of this set up is calibrated 
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for Stokes drag force and thermal fluctuations using the method explained in [58] and the 

force resolution of our set up is 0.1 pN. 
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Figure 5 Block diagram of dual beam optical tweezers at University of Modena and Reggio Emilia 
(A).  Two diode laser beams with vertical linear polarization pass through polarizing beam splitters 
(pbs), quarter-wave plates (qwp) and microscope objective lenses (OBJ). A bead is trapped at their 
common foci in circular polarized light. The exiting beams are collected by the opposite objective, 
converted to horizontal-polarized light and directed to position-sensitive photodetectors. (B) The flow 
chamber comprises two coverslips spaced 200 um apart by Parafilm layers and sealed by heat. The 
pipette is drawn from 100-um glass tubing down to a point with an opening of ∼0.5 um. The light 
lever detection system monitors the position of the fluid chamber.   

1.2.6  General procedure of protein folding studies using optical 

tweezers: 

 

Sample Preparation:  

As the size of biomolecules such as proteins is too small (nm) compared to the 

micrometer sized polystyrene beads, a big issue in the mechanical manipulation of these 

molecules is to prevent the interaction between the tethering surfaces once they come 

close. To solve this problem, a method has been developed in which two DNA molecular 

handles are used for attaching the proteins with the two beads [60]. One end of each DNA 
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handle (500 bp) is covalently attached to the side chain of a cysteine residue and the other 

end is attached to the polystyrene beads as shown in Fig (6). The bead in the trap is 

attached to the end of one of the handle by means of digoxigenin/antibody interactions 

while the end of another handle is attached to the micropipette bead with biotin-

streptavidin interactions. The DNA molecular constructs in this geometry act as spacers 

between the molecule and the beads thereby preventing unspecific interactions during the 

mechanical manipulation experiments. Full details regarding the attachment procedure of 

DNA handles can be attained here [61]. After the first successful application of this 

method in the mechanical manipulation of single protein molecules [37], this  

methodology has been extensively used in various single molecule optical tweezers 

experiments worldwide [17, 62-64].  

 

Figure (6): Experimental strategy of manipulating single protein molecules. Molecule is attached to 
functionalized polystyrene beads by means of 500bp DNA handles. One handle is attached to a 
steptarvidin bead placed at the end of a pipette and another handle is attached to digoxygen bead 
optical trapped. The molecule is pulled and relaxed by moving the pipette downwards and upwards 
respectively. Using this strategy applied force and change in extension of the molecule is recorded 
simultaneously [37].  
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1.2.7  Various methods of single molecule manipulation using optical 

tweezers: 

The mechanical manipulation of proteins can be done using three main experimental 

strategies namely: Force ramp or constant velocity, force jump and constant force or 

hopping experiments. In this section I have explained these methodologies along with the 

references of the recent studies in which they have been employed. 

 
Force Ramp or constant velocity:  
 

In this method, single molecules are pulled and relaxed at constant velocity (nm/sec), 

which results in force extension curves as shown in Fig 7 (A). Here when the molecule is 

pulled, we initially observe a monotonic increase in force with extension, due to 

stretching of the DNA handles and then a sharp rip is observed corresponding to the 

complete unfolding of two state folding (u) molecule. On further pulling, the stretching of 

DNA handles along with the molecule can be observed. The sharp rip during unfolding of 

the protein happens such that the extension of the molecule increases with a drop in force 

due to upward movement of bead in the trap. Similar process is observed when the 

molecule is relaxed back to its native state configuration in which the force increase 

during the refolding transition. The values of the unfolding and refolding forces depend 

on the pulling speeds and distribution of these forces can be attained at different loading 

rates (pN/sec) from several pulling and relaxation cycles.  These distributions of forces 

can then be fitted by a probability density function to extract the rates of folding and 

unfolding at zero force and distance to transition states [see section (1.3)].The above 

methodology has been applied in several recent studies [65, 66].  From the force 
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extension curve, we can also measure the change in contour length between the native 

and unfolded state by fitting the branches before and after the transition with worm like 

chain model [see section (1.3)]. The change in contour length also gives the information 

about the number of amino acids involved in the unfolding and refolding of the protein.  

From these set of data we can also understand whether the protein folds / unfolds at 

equilibrium or away from it. If the folding and unfolding trajectories are reversible then 

the free energy change of unfolding can be directly measured from the area under the 

transition. This value can then be compared with the stability value measured in bulk 

studies after correction for the stretching free energy of the molecule. However if the 

folding/unfolding trajectories are not reversible, we observe hysteresis in the force 

extension curves as shown in Fig 7 (A). For measuring the free energy values from such 

data statistical tools like Crooks fluctuation theorem are used to extract equilibrium 

information [67, 68]  [see section (1.3)].  

 

Constant Force or Hopping experiments:  

In this method, constant force is applied on the molecule by means of force feedback 

mechanism. When a molecule folds/unfolds, the force applied on the molecule increases/ 

decreases with the change in extension of the molecule. The feedback mechanism moves 

the position of the pipette in response to the above changes and thus maintains the force 

at a constant value. The change in extension of the molecule between its different states is 

measured in this process as a function of time. In Fig 7 (B), the hopping of a two state 

molecule at equilibrium is shown at a constant force along with the probability 

distribution of extensions corresponding to the native and unfolded states. From such 

traces, the life times of each state can be extracted ( ԎU and Ԏ N ) and the cumulative 
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distribution of the lifetime values display single exponential behavior, suggesting first 

order kinetics of the reaction; see Fig. 7 (C) [69]. The fitting of these distributions provide 

the rates of folding and unfolding of the molecule at each force value. These rate constant 

values can then be linearly fit using the Bell’s model to extract the rates at zero force and 

the distances to the transition states [see section (1.3)]. However for fast fluctuations of 

the molecule and for multi state folding process the above method of rate constant 

extraction is not very robust.  For such processes, hidden Markov model (HMM) analysis 

is used that can mimic the ultra fast transitions of the molecule and give the full details of 

kinetics of the equilibrium fluctuations [70]. The full details of the HMM method of 

analysis is explained in [section (1.3)].  The method of feedback mechanism has several 

limitations mainly due to the relaxation time of the piezo stage that moves the pipette for 

keeping the force constant. Moreover, when the pipette is moved the feedback requires 

relaxation time for its components to become stable before it can respond to another 

transition of the molecule. Thus the response time of the feedback limits the timescales at 

which the force is kept constant [71]. Moreover, the spatial and temporal resolution of the 

instrument is very significant for extracting the kinetics of short lived states of the 

molecule. 

 

Constant distance experiments:   

In this method, the position of the pipette is kept constant and the force values due to 

movement of bead in the trap in response to folding/unfolding of the molecule is 

acquired. Since the distance between the trap and the pipette is kept constant, the force 

values indirectly describe the different states of the molecule instead of extension values 

in constant force experiments.  In this method the temporal resolution is higher than in 
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constant force traces which depend on the response time of the bead in the trap rather 

than the force feedback mechanism as used in constant force experiments.   

 

Force Jump experiments: 

When the rate of folding and unfolding of a molecule is slow, it becomes difficult to 

acquire lot of transitions in a short amount of time. For such cases, collecting a 

statistically good number of folding and unfolding events requires large amount of time 

which is experimentally very demanding considering the stability of the set up. This 

problem is circumvented by using force jump experiments. In this method, for observing 

the unfolding and folding events, the force is quickly increased (jumped) and decreased 

(dropped) respectively, to a preset force value and is kept constant with the feedback 

mechanism. The force range in these experiments is chosen such that the probability of 

folding and unfolding is high in that range. Fig. 7 (D), depicts a typical force jump trace 

with extension time and force time cycles. Initially, the force is at 6pN and the molecule 

is in its folded state from which it is pulled suddenly by increasing the force to 8.7 pN. 

The force is kept at this value and the corresponding stretching of the DNA handles is 

observed until a sudden transition occurs due to the unfolding of the molecule. Once the 

molecule is unfolded, the force is suddenly dropped to its earlier preset value of 6 pN. 

The relaxation of the DNA handles then takes place at this new force which then 

terminates with a sharp decrease in extension due to refolding of the molecule.  This 

process is repeated for number of cycles until a good number of transitions are acquired.  

The dwell times of the unfolded (Ԏ U) and native states (Ԏ N) are then acquired from these 

cycles and the single exponential fitting of the cumulative distribution of the lifetime 

values then provide the rates of folding and unfolding transitions [69]. 
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Figure 7: Single molecule mechanical manipulation data (A) Force extension curve of a two state 
folding (un) single molecule obtained from force ramp experiments. The unfolding of the protein is at 
high force and refolding occurs at lower forces showing non equilibrium trajectory that depends on 
the pulling speed[65]. (B) Extension time traces recorded using constant force methodology where the 
molecule can be seen as hopping between its two states. (C) Dwell time distributions of each state of 
the molecule depicting single exponential behavior from which the rates of folding an unfolding can 
be calculated. (D) Force jump trace depicting the extension time and force time data. The molecule is 
forced to jump between its different states in a range of forces such that the force is increased or 
decreased quickly to a preset values as the molecule folds or unfolds [69]. 

1.2.8  Recent advancement in optical tweezers instrumentation:  
 

The recent progress in single molecule optical tweezers instrumentation has been focused 

in acquiring more details about the biological processes by improving the temporal and 

spatial resolution of the set up. Particularly, for single molecule protein folding studies, 

stress has been laid in developing ultrafast optical tweezers set ups that can provide more 

details about the complex energy landscape of the molecules [17]. A major change has 

been provided by the development of dual trap optical tweezers set ups, in which the 

thermal drift and fluctuations of the trapped bead is cancelled out due to the dual traps 
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[72]. For single molecule manipulation experiments, novel optical tweezers set ups have 

been developed which can be used to measure new parameters such as angular deflections 

due to applied torque or rotation of molecules [73]. Torques can now be applied to the 

molecules using magnetic tweezers set up which can now reveal details about many 

biological processes like transcription, replication and protein folding [74-76]. The 

magnetic tweezers have been integrated with dual beam optical tweezers that can be used 

in the study of wide range of complex systems such as DNA-DNA interactions, DNA 

bound proteins, intermolecular friction etc [77]. Moreover, the recent combination of 

optical and magnetic tweezers with fluorescence microscopy have recently provided 

unprecedented details regarding DNA supercoiling, dynamics of diffusion, hopping of 

plectonemics in DNA [78, 79].  The development of Quad – trap optical tweezers 

instrument has opened new avenues in which four polystyrene beads could be 

simultaneously trapped independently, with which mechanical manipulation of two 

molecules can be done at the same time [80].   

 
 

1.3  Studying thermodynamics and kinetics of protein 
folding using single molecule force spectroscopy. 

In biochemical reactions the interacting molecules undergo large conformational changes 

which involve both linear and rotational motions. These conformational changes help in 

understanding the progress of the reactions where parameters like end to end distance of 

the molecule acts as a convenient reaction coordinate. In this section the effect of force on 

thermodynamics and kinetics of single molecule protein folding reaction is explained 
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considering the end to end distance of the molecule as the well defined reaction 

coordinate. 

1.3.1  Effect of force on the energy landscape of a molecule: 
 

The change in energy 𝑑𝑑𝑑𝑑 of a molecule when it is stretched using optical tweezers or 

AFM can be explained using the first law of thermodynamics as: 

𝑑𝑑𝑑𝑑 =  𝜕𝜕𝑞𝑞𝑟𝑟𝑟𝑟𝑟𝑟 +  𝜕𝜕𝑊𝑊𝑟𝑟𝑟𝑟𝑟𝑟                                                                                                              (1.3.1) 

𝜕𝜕𝑞𝑞𝑟𝑟𝑟𝑟𝑟𝑟 = 𝑇𝑇𝑇𝑇𝑇𝑇  and 𝜕𝜕𝑊𝑊𝑟𝑟𝑟𝑟𝑟𝑟 = −𝑃𝑃𝑃𝑃𝑃𝑃 +  ∫𝐹𝐹 𝑑𝑑𝑑𝑑 ) are the reversible heat exchange with 

surrounding and reversible work done on or by the molecule in quasi static equilibrium 

conditions. Where 𝑇𝑇 is temperature, 𝑆𝑆 is entropy, 𝑃𝑃 is pressure, 𝑉𝑉 is volume, 𝐹𝐹 is force, 

and 𝑑𝑑𝑑𝑑 is change in extension of the molecule.  Thus equation (1.3.1) can be expressed 

as:  

𝑑𝑑𝑑𝑑 = (𝑇𝑇(𝑑𝑑𝑑𝑑)) +  ( −𝑃𝑃𝑃𝑃𝑃𝑃 +  �𝐹𝐹 𝑑𝑑𝑑𝑑 )                                                                               (1.3.2) 

As 𝑇𝑇 and 𝑃𝑃 are the independent variables in mechanical manipulation experiments the 

change in Gibbs free energy gives more relevant information: 

𝑑𝑑𝑑𝑑 =  −𝑆𝑆𝑆𝑆𝑆𝑆 + 𝑉𝑉𝑉𝑉𝑉𝑉 + �𝐹𝐹 𝑑𝑑𝑑𝑑                                                                                           (1.3.3) 

At constant 𝑇𝑇 and 𝑃𝑃 , if the molecule is pulled a distance ∆𝑥𝑥 in quasi static equilibrium 

conditions then the work done on the molecule will be reversible and will be equal to free 

energy change of the system 

𝑑𝑑𝑑𝑑𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ℎ =  � 𝐹𝐹 𝑑𝑑𝑑𝑑
𝑥𝑥0+∆𝑥𝑥

𝑥𝑥0

                                                                                                      (1.3.4) 
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The energy landscape of a two state protein folding reaction where the molecule goes to 

its native state N from its fully unfolded state U at zero force is shown in Fig 8 (A). The 

two states of the protein occupy local free energy minima, separated by a distance ∆𝑥𝑥 

along the reaction coordinate that is end to end distance of the molecule. 𝑋𝑋𝑓𝑓  and 𝑋𝑋𝑈𝑈 are 

the distance to the transition state from N and U state respectively while ∆𝐺𝐺𝑢𝑢≠ and ∆𝐺𝐺𝑓𝑓≠ 

are the activation energy barriers for the two states of the molecule. The thermodynamic 

free energy change of the molecule is shown as ∆𝐺𝐺0. The free energy change of this two 

state reaction is given by: 

𝛥𝛥𝛥𝛥(𝐹𝐹 = 0) =  𝛥𝛥𝐺𝐺0 + 𝑘𝑘𝐵𝐵𝑇𝑇𝑇𝑇𝑇𝑇 �
𝑃𝑃{𝑈𝑈}
𝑃𝑃{𝑁𝑁}

�                                                                                 (1.3.5) 

In the above equation 𝑃𝑃{𝑁𝑁} and 𝑃𝑃{𝑈𝑈} are the probability of occupying the native and 

unfolded states respectively in single molecule experiments. When force is applied to the 

molecule, to a first approximation, it can be assumed that each point on the energy 

landscape is tilted by an amount proportional to its distance from the native state [81] Fig 

8 (B).  

  

Figure 8: (A) Energy landscape of a two state folding unfolding molecule at Force = 0. The reaction 
coordinate is the end to end distance of the molecule. (B) The energy landscape of the molecule is 
tilted when force is applied, such that each point on the landscape moves downwards proportional to 
its distance from the native state which acts as a pivot [82]. Here it is assumed that the force does not 
affect the positions of the native and unfolded states. 
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Thus equation (1.3.5) can be written as: 

𝛥𝛥𝛥𝛥(𝐹𝐹) =  𝛥𝛥𝛥𝛥0 − 𝐹𝐹(∆𝑥𝑥) + 𝑘𝑘𝐵𝐵𝑇𝑇𝑇𝑇𝑇𝑇 �
𝑃𝑃{𝑈𝑈}
𝑃𝑃{𝑁𝑁}

�                                                                (1.3.6)    

Since at equilibrium 𝛥𝛥𝛥𝛥(𝐹𝐹) = 0 thus 

𝛥𝛥𝛥𝛥0 =  𝐹𝐹(∆𝑥𝑥) −  𝑘𝑘𝐵𝐵𝑇𝑇𝑇𝑇𝑇𝑇�𝐾𝐾𝑒𝑒𝑒𝑒 (𝐹𝐹)�                                                                              (1.3.7) 

Where                          

𝐾𝐾𝑒𝑒𝑒𝑒 (𝐹𝐹) = exp− (𝛥𝛥𝛥𝛥0−𝐹𝐹(∆𝑥𝑥)) 
𝑘𝑘𝐵𝐵𝑇𝑇

                                                                                         (1.3.8)   

is the equilibrium constant of the folding reaction which depends exponentially on the 

applied force F. Thus by varying force the population of the two states of the molecule 

can be changed by shifting the equilibrium to native state by decreasing force and 

towards the unfolded state by increasing the tension as shown in Fig 9 (A). As we pull the 

molecule we can find a force = F ½ at which the molecule can be observed to have equal 

probability of occupying the two states. At this force the equilibrium constant 

𝐾𝐾𝑒𝑒𝑒𝑒 (F ½) = 1 .  

 



 44 

 
 

  

Figure 9: (A) Effect of force on the energy landscape of a two state folding unfolding of a molecule. At 
a particular force F= F ½ the molecule has equal probability of occupying the native and unfolded 
states. The probability of occupation shifts towards the unfolded state if F > F ½ and towards the 
native state for F < F ½ . (B) The force extension curve of a two state folding (un) of a molecule at 
equilibrium. Here the unfolding and refolding trajectories overlap and the molecule folds - unfolds 
reversibly about an equilibrium force. From the force extension curve the area under the transition 
gives the free energy change of unfolding the molecule [83]. 
 

In the above description, an assumption is made that the positions of the N and U states 

are unaffected by the applied force and the energy landscape is tilted with position of 

native state acting as a pivot. However this assumption is not purely valid as we know 

that the position of the U state does change, because at force F  the molecule becomes a 

stretched polypeptide chain from a random coil configuration at force = 0. The shift in the 

position of the states depends on the local curvature of the states where a steeper potential 

well will have lesser change in position.  Thus a correction in free energy change of the 

molecule should be done in equation (1.3.7) with respect to the new position of U state 

where the shift in the N state can be considered as negligible due to more curvature of its 

potential well. 
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𝛥𝛥𝐺𝐺0 =  −𝑘𝑘𝐵𝐵𝑇𝑇 𝑙𝑙𝑙𝑙𝐾𝐾𝑒𝑒𝑒𝑒 (𝐹𝐹) +  𝐹𝐹𝐹𝐹𝑥𝑥 − 𝛥𝛥𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ℎ(𝐹𝐹)                                                           (1.3.9) 

Where                   

      𝛥𝛥𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ℎ(𝐹𝐹) =  � 𝐹𝐹.𝑑𝑑𝑋𝑋𝑈𝑈
𝑋𝑋𝑈𝑈 (𝐹𝐹=𝐹𝐹)

𝑋𝑋𝑈𝑈 (𝐹𝐹=0)
                                                                                (1.3.10) 

At force = F ½ since 𝐾𝐾𝑒𝑒𝑒𝑒 (F ½) = 1 thus equation (9) can be rewritten as: 

𝛥𝛥𝐺𝐺0 = 𝐹𝐹1/2𝛥𝛥𝑥𝑥 − 𝛥𝛥𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ℎ�𝐹𝐹1/2�                                                                                      (1.3.11) 

In the equilibrium conditions, 𝐹𝐹1/2𝛥𝛥𝑥𝑥 can be calculated as the area under the reversible 

folding unfolding transitions of the molecule in the force extension curve as shown in 

(Fig. 9 b) shaded portion. Whereas the 𝛥𝛥𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ℎ�𝐹𝐹1/2� can be calculated from the WLC 

interpolation formula as explained next. 

 

Entropic elasticity of the molecule:  

Inorder to calculate 𝛥𝛥𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ℎ�𝐹𝐹1/2� using equation (1.3.10) various polymer elasticity 

models can be used, however in single molecule manipulation experiments the most 

widely used model is Worm like chain model (WLC) [84, 85]. The WLC model is based 

on the entropic elasticity of polymers. Due to thermal fluctuations, a polymer in solution 

acquires a random coiled configuration with maximum entropy through steps of low 

entropy bends and curves. If the polymer is pulled from this maximum entropy 

configuration then a restoring force is generated known as entropic elasticity force.  The 

WLC model assumes the polymer as a flexible rod of length L that can bend as a result of 

thermal fluctuations. The directional correlation between two segments in the polymer 

decreases exponentially with their separation s according to e(-s/P), where the decay 

length P is the persistence length of the polymer which is proportional to the stiffness of 
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the polymer. Thus the force required to stretch a polymer of contour length L can be 

calculated from WLC interpolation formula as: 

𝐹𝐹𝐹𝐹
𝑘𝑘𝐵𝐵𝑇𝑇

=  
1

4 �1 − 𝑥𝑥
𝐿𝐿�

2 +  
𝑥𝑥
𝐿𝐿
−

1
4

                                                                                    (1.3.12)      

Where x is the end to end distance of the polymer. The 𝛥𝛥𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ℎ�𝐹𝐹1/2� can be calculated 

as the area under the WLC curve generated by integrating equation (1.3.12) from zero to 

extension of the unfolded molecule at 𝐹𝐹1/2 Fig 2 (B). The 𝛥𝛥𝐺𝐺0 calculated after correcting 

for stretching free energy of the molecule can then be compared with values obtained in 

bulk experiments from the equilibrium unfolding of a protein [37, 83]. 

1.3.2  Effect of Force on the kinetics of single molecule reactions: 
 

According to transition state theory, for a two state protein folding reaction the rate of 

folding (kf
0) and unfolding (ku

0) at zero force, depends on the activation energy barriers 

𝛥𝛥𝛥𝛥𝑢𝑢≠and 𝛥𝛥𝛥𝛥𝑓𝑓≠ for unfolding and folding respectively as : 

  𝑘𝑘𝑢𝑢0 = 𝐴𝐴 𝑒𝑒𝑒𝑒𝑒𝑒 �
−𝛥𝛥𝛥𝛥𝑢𝑢≠

𝑘𝑘𝐵𝐵𝑇𝑇
�                                                                                                       (1.3.13)  

  𝑘𝑘𝑓𝑓0 = 𝐴𝐴 𝑒𝑒𝑒𝑒𝑒𝑒 �
−𝛥𝛥𝛥𝛥𝑓𝑓≠

𝑘𝑘𝐵𝐵𝑇𝑇
�                                                                                                       (1.3.14) 

The pre exponential factor A, depends on the rate at which the molecule diffuses to the 

transition state from state N and U [86] as: 

   𝐴𝐴 =  
𝜔𝜔𝑠𝑠𝜔𝜔≠

2𝜋𝜋𝜋𝜋/𝑚𝑚
                                                                                                                       (1.3.15)  

Where 𝜔𝜔𝑠𝑠 is the characteristic potential of the harmonic wells at states N and U, which 

determines the rate at which the molecule approaches the transition state. 𝜔𝜔≠ defines the 
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rate at which the barrier is crossed once it is reached from N and U states. While the ratio 

𝛾𝛾
𝑚𝑚

, of friction coefficient over the mass of the molecule determines the ruggedness of the 

energy landscape. As the applied force tilts the energy landscape of the molecule, the 

Bell’s model [82] states that the activation energy barrier for unfolding 𝛥𝛥𝛥𝛥𝑢𝑢≠ decreases by 

a factor 𝐹𝐹.𝑋𝑋𝑢𝑢  and the activation energy barrier for refolding is increased by a factor 𝐹𝐹.𝑋𝑋𝑓𝑓   

Fig 1b.  Thus the unfolding and refolding rates at a given can be written as: 

𝑘𝑘𝑢𝑢(𝐹𝐹) =  𝐴𝐴 𝑒𝑒𝑒𝑒𝑒𝑒 − �
𝛥𝛥𝛥𝛥𝑢𝑢 − 𝐹𝐹 𝛥𝛥𝑥𝑥𝑢𝑢

𝑘𝑘𝐵𝐵𝑇𝑇
�                                                                                  (1.3.16)  

𝑘𝑘𝑓𝑓(𝐹𝐹) =  𝐴𝐴 𝑒𝑒𝑒𝑒𝑒𝑒 − �
𝛥𝛥𝛥𝛥𝑓𝑓 + 𝐹𝐹 𝛥𝛥𝑥𝑥𝑓𝑓

𝑘𝑘𝐵𝐵𝑇𝑇
�                                                                                   (1.3.17)  

Using equations (1.3.14), (1.3.15) and (1.3.16) (1.3.17) we can write: 

𝑘𝑘𝑢𝑢(𝐹𝐹) =  𝑘𝑘𝑢𝑢0 𝑒𝑒𝑒𝑒𝑒𝑒 �
𝐹𝐹 𝛥𝛥𝑥𝑥𝑢𝑢
𝑘𝑘𝐵𝐵𝑇𝑇

�                                                                                                 (1.3.18)   

𝑘𝑘𝑓𝑓(𝐹𝐹) =  𝑘𝑘𝑓𝑓0 𝑒𝑒𝑒𝑒𝑒𝑒 �
−𝐹𝐹 𝛥𝛥𝑥𝑥𝑓𝑓
𝑘𝑘𝐵𝐵𝑇𝑇

�                                                                                              (1.3.19)    

The ratio of  𝑘𝑘𝑢𝑢(𝐹𝐹) and 𝑘𝑘𝑓𝑓(𝐹𝐹), the equilibrium constant of the reaction at a given force 

can be calculated as: 

𝐾𝐾𝑒𝑒𝑒𝑒 (𝐹𝐹) =  𝐾𝐾𝑒𝑒𝑒𝑒0  𝑒𝑒𝑒𝑒𝑒𝑒 �
𝐹𝐹 𝛥𝛥𝛥𝛥
𝑘𝑘𝐵𝐵𝑇𝑇

�                                                                                               (1.3.20)    

Where 𝛥𝛥𝑥𝑥 =  𝛥𝛥𝑥𝑥𝑢𝑢 +  𝛥𝛥𝑥𝑥𝑓𝑓  is the extension of the molecule and 𝐾𝐾𝑒𝑒𝑒𝑒0   is the equilibrium 

constant at zero force. 

On equating equations (1.3.18) and (1.3.19) we can find a relation for the force 𝐹𝐹1/2 at 

which the molecule will have equal probability of occupying the two states: 

𝑘𝑘𝑢𝑢0 𝑒𝑒𝑒𝑒𝑒𝑒 �
𝐹𝐹1/2 𝛥𝛥𝑥𝑥𝑢𝑢
𝑘𝑘𝐵𝐵𝑇𝑇

�  = 𝑘𝑘𝑓𝑓0 𝑒𝑒𝑒𝑒𝑒𝑒 �
−𝐹𝐹1/2 𝛥𝛥𝑥𝑥𝑓𝑓

𝑘𝑘𝐵𝐵𝑇𝑇
�  
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𝐹𝐹1/2 = −  
𝑘𝑘𝐵𝐵𝑇𝑇
𝛥𝛥𝛥𝛥

ln
𝑘𝑘𝑢𝑢0

𝑘𝑘𝑓𝑓0
                                                                                                              (1.3.21) 

Equations (1.3.18) and (1.3.19) can be linearized by taking the natural log as follows: 

ln�𝑘𝑘𝑢𝑢(𝐹𝐹)� =  ln(𝑘𝑘𝑢𝑢0)  +  
𝐹𝐹 𝛥𝛥𝑥𝑥𝑢𝑢
𝑘𝑘𝐵𝐵𝑇𝑇

                                                                                        (1.3.22)  

ln �𝑘𝑘𝑓𝑓(𝐹𝐹)� =  ln�𝑘𝑘𝑓𝑓0� −  
𝐹𝐹 𝛥𝛥𝑥𝑥𝑓𝑓
𝑘𝑘𝐵𝐵𝑇𝑇

                                                                                         (1.3.23)  

As we can see from above equations, ln�𝑘𝑘𝑢𝑢(𝐹𝐹)� increases linearly with the applied force 

while ln �𝑘𝑘𝑓𝑓(𝐹𝐹)� decreases linearly with increase in tension.  The plots of 

ln �𝑘𝑘𝑢𝑢(𝐹𝐹)𝑜𝑜𝑜𝑜𝑘𝑘𝑓𝑓(𝐹𝐹)� vs force is called chevron plot (Fig. 10) from which rate constants at 

zero force (𝑘𝑘𝑢𝑢0 𝑎𝑎𝑎𝑎𝑎𝑎 𝑘𝑘𝑓𝑓0) can be extrapolated and distance to transition states 

(𝛥𝛥𝑥𝑥𝑢𝑢  𝑎𝑎𝑎𝑎𝑎𝑎 𝛥𝛥𝑥𝑥𝑓𝑓) are evaluated from the slope values.  

 

Figure 10: Plot of log of rate constants of folding and unfolding of the molecule calculated at each 
force. The experimental data is fitted with linearized form of Bell’s model from which the distance to 
transition states and rates at zero force can be calculated.  
 

Using, equations (1.3.13) and (1.3.14) the activation energy barriers 𝛥𝛥𝛥𝛥𝑢𝑢≠ and 𝛥𝛥𝛥𝛥𝑓𝑓≠ can 

then be calculated by approximating the preexponential factor A for the given system. In 

the above kinetic model the position of the transition state is considered as unchanged 
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with the application of force which is a good approximation only for small range of forces 

in which the molecule is manipulated. However experiments in which large range of 

forces are used the transition barrier position will shift with the applied forces and Bell’s 

model with a force independent transition barrier position cannot be used in such cases. 

To account for the shift in the transition state position the dependence of folding and 

unfolding rates on an additional energy barrier associated with changes of bead deflection 

in optical trap or spring constant of AFM cantilever and extension of DNA handles is 

considered as explained in these papers [87, 88]. Apart from these other authors have also 

proposed theoretical methods that account for shift in transition states with force [89-91].  

1.3.3  Energy landscape reconstructions from equilibrium and non - 

equilibrium force manipulation data: 

The experimental data from single molecule mechanical manipulation experiments can be 

divided into two categories – equilibrium and non equilibrium folding (un) of proteins. In 

this section I will talk about these two types of data and the theoretical models generally 

applied to analyze the thermodynamic and kinetic parameters of protein folding reactions 

from them.  

1.3.4  Equilibrium fluctuations in single molecule manipulation 

experiments: 

As discussed in [section (1.2.7)], using constant force technique single molecules can be 

observed hopping between there different molecular configurations at equilibrium. These 

fast fluctuations observed in the extension time traces, [see section (1.2.7)], contain 
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wealth of information about the kinetic and thermodynamics of the folding unfolding 

reaction. On plotting the probability distributions of these traces, by Gaussian fitting, one 

can estimate the change in extensions of the molecule corresponding to transitions 

between different states as shown in Fig. 11 below.  

 

Figure 11: The probability density distributions of the extensions corresponding to the different 
states of the molecule. The Gaussian fit of the data provide the extensions corresponding to the 
transition between the states. The density distribution can also be used to acquire free energy change 
of unfolding using the deconvulation method [87, 92]. 
 

These probability distributions P(x) of extensions can be used to reconstruct the energy 

landscape of the molecule where the free energy function G(x) for the desired energy 

landscape is related to P(x)as [92]: 

𝐺𝐺(𝑥𝑥) =  − 𝑘𝑘𝐵𝐵𝑇𝑇. 𝑙𝑙𝑙𝑙[𝑃𝑃(𝑥𝑥)]                                                                                                    (1.3.24) 

This approach of energy landscape reconstruction has several requirements like high 

resolution optical trapping system and constant load over full temporal bandwidth of the 

folding process. For systems in which the time required to measure the position and 

adjust the force in response is slower as compared to the timescale of transitions the 

above methodology is not applicable. Moreover it is also essential that instrumental 

effects and noise in the experiments be considered, because the dynamics of the molecule 
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are convolved with the dynamics of the force probe. The effect of the force probe can be 

removed by deconvolution methods to recover the intrinsic energy landscape of the 

proteins [87, 93]. The above method helps in extracting not only the on pathway 

trajectories of the protein but also the non native states which the molecule occupies due 

to kinetic traps in the energy landscape, which are also known as misfolded states of the 

protein [18]. However for systems in which multi state transitions take place at 

equilibrium, the above technique may not be feasible and may be applicable for only two 

state or single domain proteins. Proteins having two domains like CaM and NCS-1, are 

observed to show complex fluctuations between multiple states [17, 94] and merely 

characterizing a state on the basis of its extension signal is not feasible in such cases, as 

two states can give same extension values but different kinetics in the traces [17].  

Hidden Markov Modeling (HMM) is another method for analyzing such ultra fast 

fluctuations which is based on probabilistic theory. In this section I will initially discuss 

the basics of HMM   and then its application in the analysis of hopping traces of single 

molecule manipulation experiments. 

1.3.5  Hidden Markov Model 
 

Signals and Signal Models:  

Real world processes produce signals of different types like discrete signals, continuous 

signals, stationary source signals, dynamic source signals, noisy signals etc. In order to 

find a theoretical description of the signal processing system and for understanding the 

properties of the signal source, signal models are used for simulating the source. HMM 

lies in the class of statistical models in which the basic assumption is that the signal is 
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governed by a random or stochastic process whose parameters can be characterized in a 

well defined manner. HMM was first introduced by Baum and his colleagues in late 

1960s and early 1970s and was applied for speech processing applications.  
 

Discrete Markov Process:   

HMM is based on the Markovian theory of signal processing which can be described as 

follows:  

Let us consider a system with N possible states S1, S2,…SN. The transitions between the 

N states, which the system can undergo at discrete interval of time say, can be defined by 

an N x N transition matrix A. Where the probability that the system can switch from its 

present state at time 𝑡𝑡 ∶ 𝑞𝑞𝑡𝑡  =  𝑆𝑆𝑖𝑖  into a new state 𝑞𝑞𝑡𝑡+1 =  𝑆𝑆𝑗𝑗  at time 𝑡𝑡 + 1is defined as: 

𝐴𝐴𝑖𝑖𝑖𝑖 = 𝑃𝑃 �𝑞𝑞𝑡𝑡+1 =  𝑆𝑆𝑗𝑗   �𝑞𝑞𝑡𝑡 =  𝑆𝑆𝑖𝑖  )                                                                                         (1.3.25) 

𝐴𝐴𝑖𝑖𝑖𝑖  is the element of the transition matrix A where for each i,j 𝐴𝐴𝑖𝑖𝑖𝑖 ≥ 0 and  ∑ 𝐴𝐴𝑖𝑖𝑖𝑖𝑁𝑁
𝑗𝑗=1 = 1. 

Moreover eq (1.3.1) implies the assumption: 

𝑃𝑃 �𝑞𝑞𝑡𝑡+1 =  𝑆𝑆𝑗𝑗   �𝑞𝑞𝑡𝑡 =  𝑆𝑆𝑖𝑖 , 𝑞𝑞𝑡𝑡−1 =  𝑆𝑆𝑘𝑘 , … . . ) =  𝑃𝑃 �𝑞𝑞𝑡𝑡+1 =  𝑆𝑆𝑗𝑗   �𝑞𝑞𝑡𝑡 =  𝑆𝑆𝑖𝑖  )                  (1.3.26) 

That the probability of transition to the next state depends only on the present state of the 

system thus it is history independent process. This property of the system is known as 

Markovian. Another assumption in this model is that matrix A is time independent.  The 

above properties describe a first order discrete Markov process. Although a theory of 

continuous Markov process is possible but we will consider only the discrete time 

process.  
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Hidden States and Model:  

The above Markov model is observable, in which the probability of transition between 

the states can be directly measured. However in processes where the states of the system 

are ‘hidden’ and we can only observe a sequence of events, we use HMM to understand 

the dynamics of these states or the underlying process which generates the observable 

events. For such systems we can assume that there is a correlation between the hidden 

states and the observable events where the former causes the latter.  

Model:  

In HMM, we assume that the observation sequence is a probabilistic function of the 

hidden states of the system where HMM is a doubly embedded stochastic process. For a 

discrete time process we can assume that at time 𝑡𝑡 the system is in an unknown or hidden 

state 𝑞𝑞𝑡𝑡  which generates an observation event 𝑂𝑂𝑡𝑡  from a sequence of M possible 

events 𝑂𝑂1,𝑂𝑂2 , …𝑂𝑂𝑀𝑀 . The probability of occurrence of each observation event 𝑂𝑂𝑡𝑡  =

 𝑂𝑂1 ,𝑂𝑂2 , . .𝑂𝑂𝑀𝑀 corresponding to hidden states 𝑞𝑞𝑡𝑡  =  𝑆𝑆1 ,𝑆𝑆2 . . 𝑆𝑆𝑁𝑁  are defined by a NxM 

observation matrix B whose elements are: 

𝐵𝐵𝑖𝑖 (𝑗𝑗) =  𝑃𝑃 (𝑂𝑂𝑡𝑡 = 𝑉𝑉𝑗𝑗  |𝑞𝑞𝑡𝑡 = 𝑆𝑆𝑖𝑖 )                                                                                         (1.3.27) 

The above equation shows that at time  , the probability that the system in state 𝑆𝑆𝑖𝑖  among 

its N states, generates an observable event 𝑉𝑉𝑗𝑗  among the M possible events is given as 

𝐵𝐵𝑖𝑖 (𝑗𝑗) where 𝐵𝐵𝑖𝑖 (𝑗𝑗) ≥ 0 and the sum of  𝐵𝐵𝑖𝑖 (𝑗𝑗) over 𝑗𝑗 must be equal to 1. 
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Figure 12: A general HMM ‘Q’, where the hidden state sequence 𝐪𝐪𝐭𝐭  is related to the observation 
sequence 𝐎𝐎𝐭𝐭  by observation probability matrix B and transition probability matrix A. 
 

The roles of transition matrix A eq (1.3.25) and observation matrix B eq (1.3.27) are 

pictorially described in Fig. 12 Another information which is required for constructing the 

model is the initial conditions of the hidden system at time t = 1. These conditions are 

defined by the vector π where for all  1 ≤ i ≤ N : 

πi = P (q1 =  Si)                                                                                                                  (1.3.28)      

that gives the probability   πi that the hidden system is in state Si at the beginning of the 

considered time interval.  

Thus using equations (1.3.25), (1.3.27) and (1.3.28) we can construct the model as 

λ = ( A, B,π) which can precisely define the statistics related to both the visible and the 

hidden part of the system.  

Three Basic Problems of HMM:  

A big issue with the model discussed above is the method of determining the parameters 

in λ = ( A, B,π) that best describes the observation sequence Ot =  O1 , O2 , . . OM . For 

tackling this issue HMM deals with solving the three problems : 
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(1) For a given observation sequence 𝑂𝑂𝑡𝑡  =  𝑂𝑂1 ,𝑂𝑂2 , . .𝑂𝑂𝑀𝑀 if we assume a model 𝜆𝜆 =

( 𝐴𝐴,𝐵𝐵,𝜋𝜋) that can generate the observation sequence then what is the probability of the 

observation sequence given the model 𝜆𝜆 defined as (𝑂𝑂|𝜆𝜆) ? 

(2) Given an observation sequence 𝑂𝑂𝑡𝑡 =  𝑂𝑂1 ,𝑂𝑂2 , . .𝑂𝑂𝑀𝑀  and a model 𝜆𝜆 = ( 𝐴𝐴,𝐵𝐵,𝜋𝜋) how we 

can choose a sequence of states 𝑄𝑄 =  𝑄𝑄1 ,𝑄𝑄2 , . .𝑄𝑄𝑁𝑁  that best describes the observations or 

is optimal in some sense? 

(3) For the observation sequence 𝑂𝑂𝑡𝑡 =  𝑂𝑂1 ,𝑂𝑂2 , . .𝑂𝑂𝑀𝑀 how we can adjust the model 

parameters to maximize  𝑃𝑃(𝑂𝑂|𝜆𝜆) ?  

Forward- Algorithm:  

For solving problem (1),  HMM applies this algorithm in which given the model 

parameter 𝜆𝜆 , the probability of occurrence of an observation event at each time step is 

computed which is much less computationally demanding than considering all possible 

hidden processes. The procedure makes use of an auxiliary forward variable 𝛼𝛼𝑡𝑡  (𝑖𝑖) which 

is defined as: 

𝛼𝛼𝑡𝑡  (𝑖𝑖) = 𝑃𝑃 ( 𝑂𝑂1 ,𝑂𝑂2 … ,𝑂𝑂𝑡𝑡 , 𝑞𝑞𝑡𝑡   =  𝑆𝑆𝑖𝑖  |𝜆𝜆)                                                                  (1.3.29) 

Which gives the probability that at time, the observation sequence is observed And the 

hidden state is 𝑆𝑆𝑖𝑖  given the model is 𝜆𝜆. The next step is of initialization where the value 

of 𝛼𝛼𝑡𝑡  (𝑖𝑖) at 𝑡𝑡 = 1 is given as     

𝛼𝛼1 (𝑖𝑖)  =  𝜋𝜋𝑖𝑖   𝐵𝐵𝑖𝑖  (𝑂𝑂1);   1 ≤ 𝑖𝑖 ≤ 𝑁𝑁                                                                                  (1.3.30) 
 
Now the values for 𝛼𝛼𝑡𝑡  (𝑖𝑖) at each time step are calculated inductively as: 

Induction step:  

 
      
𝛼𝛼 𝑡𝑡+1 (𝑗𝑗) = �∑ 𝛼𝛼𝑡𝑡  (𝑖𝑖)𝑁𝑁

𝑖𝑖=1 𝐴𝐴𝑖𝑖𝑖𝑖 �𝐵𝐵𝑗𝑗  (𝑂𝑂𝑡𝑡+1);   1 ≤ 𝑡𝑡 ≤ 𝑇𝑇 − 1; 1 ≤ 𝑗𝑗 ≤ 𝑁𝑁                (1.3.31)        
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In the above step all possible ways at time 𝑡𝑡 + 1 are considered, in which the hidden 

states 𝑆𝑆𝑖𝑖  from = 1 𝑡𝑡𝑡𝑡 𝑁𝑁 , can make the transition to state 𝑆𝑆𝑗𝑗   according to the matrix 

elements 𝐴𝐴𝑖𝑖𝑖𝑖  AND state 𝑆𝑆𝑗𝑗   generates the observable 𝑂𝑂𝑡𝑡+1 given by matrix element 

𝐵𝐵𝑗𝑗  (𝑂𝑂𝑡𝑡+1). 

Termination: After calculating 𝛼𝛼 for all 𝑡𝑡 and 𝑗𝑗 values the sum of 𝛼𝛼𝑇𝑇  (𝑗𝑗) over all 𝑗𝑗 will 

give the solution of problem one mentioned before: 

𝑃𝑃 (𝑂𝑂|𝜆𝜆)  =  �𝛼𝛼𝑇𝑇  (𝑗𝑗)
𝑁𝑁

𝑗𝑗=1

                                                                                                         (1.3.32) 

As 𝛼𝛼𝑇𝑇  (𝑗𝑗) gives the probability of observing the sequence 𝑂𝑂1 ,𝑂𝑂2 … ,𝑂𝑂𝑇𝑇 and the hidden 

state at T as 𝑆𝑆𝑗𝑗   the sum over it will include all possible hidden states which are equally 

likely possible to generate the sequence. 

For solving problem (2), it is important to first understand what we mean by optimal state 

sequence. Here optimal means a state sequence 𝑄𝑄 =  𝑞𝑞1 ,𝑞𝑞2 . . 𝑞𝑞𝑇𝑇  which has the maximum 

probability of generating the observation sequence 𝑂𝑂 =  𝑂𝑂1 ,𝑂𝑂2 , . .𝑂𝑂𝑇𝑇 . There are various 

methods for finding such optimal state sequence like one way is to look for all possible 𝑄𝑄 

and choose the one with maximum probability of generating the observations 𝑂𝑂 =

 𝑂𝑂1 ,𝑂𝑂2 , . .𝑂𝑂𝑇𝑇 .  However here we will only discuss the case where we can choose the 

individually most like states. This method maximizes the number of correct states 

corresponding to the target observation sequence O. HMM applies the method of 

backward algorithm to carry out the procedure of finding individually most like states. 

Backward Algorithm:  

here an auxiliary variable is initially defined as : 

𝛽𝛽𝑡𝑡  (𝑖𝑖) = 𝑃𝑃 ( 𝑂𝑂𝑡𝑡+1 ,𝑂𝑂𝑡𝑡+2 … ,𝑂𝑂𝑇𝑇 | 𝑞𝑞𝑡𝑡  =  𝑆𝑆𝑖𝑖  ,𝜆𝜆)                                                                 (1.3.33) 
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The above equation gives the probability of observing the events 

𝑂𝑂𝑡𝑡+1 ,𝑂𝑂𝑡𝑡+2 … ,𝑂𝑂𝑇𝑇 subsequent to time 𝑡𝑡 given that the hidden state is 𝑆𝑆𝑖𝑖  and the model is 

𝜆𝜆. 

The initialization of this algorithm is done as   𝛽𝛽𝑇𝑇  (𝑖𝑖) = 1;    1 ≤ 𝑖𝑖 ≤ 𝑁𝑁  

Next the induction of the variable 𝛽𝛽𝑡𝑡  (𝑖𝑖) is defined as: 

𝛽𝛽𝑡𝑡  (𝑖𝑖) =  � 𝐴𝐴𝑖𝑖𝑖𝑖
𝑁𝑁

𝑗𝑗=1
 𝐵𝐵𝑗𝑗  (𝑂𝑂𝑡𝑡+1) 𝛽𝛽𝑡𝑡+1 (𝑗𝑗) ;   𝑡𝑡 = 𝑇𝑇 − 1,𝑇𝑇 − 2, … 1;  1 ≤ 𝑖𝑖 ≤ 𝑁𝑁    (1.3.34). 

 

The above equation shows that for the system to have been in state 𝑖𝑖 at time 𝑡𝑡 and the 

observation sequence subsequent to time 𝑡𝑡 𝑂𝑂𝑡𝑡+1 ,𝑂𝑂𝑡𝑡+2 … ,𝑂𝑂𝑇𝑇 is taken into account, then 

we have to consider all the possible states at time 𝑡𝑡 + 1 𝑆𝑆𝑗𝑗   given by the transition element 

𝐴𝐴𝑖𝑖𝑖𝑖  and the observation element 𝑂𝑂𝑡𝑡+1 expressed by 𝐵𝐵𝑗𝑗  (𝑂𝑂𝑡𝑡+1) and the probability of those 

subsequent to  𝑡𝑡 + 1 𝛽𝛽𝑡𝑡+1 (𝑗𝑗). To find the most optimal state sequence we define the 

term:  

  𝛾𝛾𝑡𝑡(𝑖𝑖) =  𝑃𝑃 ( 𝑞𝑞𝑡𝑡   =  𝑆𝑆𝑖𝑖  | 𝑂𝑂, 𝜆𝜆)                                                                                            (1.3.35) 
 

Which gives the probability of the hidden state as 𝑆𝑆𝑖𝑖  given the whole observation 

sequence 𝑂𝑂 and the model 𝜆𝜆. This is the actual quantity we are interested in, and which 

we want to maximize. In other words, in our current choice of the “optimality criterion”, 

for each time 𝑡𝑡 we are looking for the state 𝑞𝑞𝑡𝑡    the system is most likely to be found in, 

given our knowledge of the observed sequence 𝑂𝑂. This can be mathematically expressed 

as: 

𝑞𝑞𝑡𝑡   = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎[  𝛾𝛾𝑡𝑡(𝑖𝑖)];              1 ≤ 𝑖𝑖 ≤ 𝑁𝑁;   1 ≤ 𝑡𝑡 ≤ 𝑇𝑇. 

Equation (35) can be written in terms of 𝛼𝛼 and  𝛽𝛽 terms as: 
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  𝛾𝛾𝑡𝑡(𝑖𝑖) =  
𝛼𝛼𝑡𝑡  (𝑖𝑖)𝛽𝛽𝑡𝑡  (𝑖𝑖)
𝑃𝑃 (𝑂𝑂|𝜆𝜆)  =  

𝛼𝛼𝑡𝑡  (𝑖𝑖)𝛽𝛽𝑡𝑡  (𝑖𝑖)
∑ 𝛼𝛼𝑡𝑡  (𝑗𝑗)𝛽𝛽𝑡𝑡  (𝑗𝑗)𝑁𝑁
𝑗𝑗=1  

                                                                   (1.3.36) 

As  𝛼𝛼𝑡𝑡  (𝑖𝑖) accounts for the observations till time 𝑡𝑡 while  𝛽𝛽𝑡𝑡  (𝑖𝑖) accounts for the events 

subsequent to time 𝑡𝑡 + 1 the normalization factor ∑ 𝛼𝛼𝑡𝑡  (𝑗𝑗)𝛽𝛽𝑡𝑡  (𝑗𝑗)𝑁𝑁
𝑗𝑗=1 makes   𝛾𝛾𝑡𝑡(𝑖𝑖) a 

probability measure. Thus using (1.3.36) HMM chooses the individually most likely state 

𝑞𝑞𝑡𝑡    at time 𝑡𝑡. 

Search for the best fitting Model:  

the third problem of HMM is the most difficult one which requires the solution of the first 

two problems. In this problem, given an observation sequence 𝑂𝑂 =  𝑂𝑂1 ,𝑂𝑂2 , . .𝑂𝑂𝑇𝑇 , we 

need to find the model 𝜆𝜆 = ( 𝐴𝐴,𝐵𝐵,𝜋𝜋)  having the maximum probability for the sequence 

𝑂𝑂 to occur. Although there is no efficient way to solve this problem but we can find a 

model 𝜆𝜆 = ( 𝐴𝐴,𝐵𝐵,𝜋𝜋)  such that 𝑃𝑃 (𝑂𝑂|𝜆𝜆) is locally maximized. This procedure is carried 

out using iterative techniques like Baum-Welch method also known as expectation 

modification EM. In this method, in order to begin the iterative procedures we need to 

guess initial model parameter values 𝐴𝐴𝑖𝑖𝑗𝑗 , 𝐵𝐵𝑖𝑖 (𝑗𝑗) and 𝜋𝜋𝑖𝑖  . Also, we have to define the 

number of states of the system N and the number of observation events M. These initial 

choices for modeling must be made after having a prior knowledge of the system under 

study which is subsequently corrected by the expectation maximization procedures. To do 

that we first define a parameter  

𝜀𝜀𝑡𝑡  (𝑖𝑖, 𝑗𝑗) =   𝑃𝑃 � 𝑞𝑞𝑡𝑡   = 𝑆𝑆𝑖𝑖 ,  𝑞𝑞𝑡𝑡+1  =  𝑆𝑆𝑗𝑗     � 𝑂𝑂, 𝜆𝜆)                                                                  (1.3.37) 

Which gives the probability of the system to be in state 𝑆𝑆𝑖𝑖  at time 𝑡𝑡 and state 𝑆𝑆𝑗𝑗  at time 

𝑡𝑡 + 1, given the model and the observation sequence. Eq (1.3.13) is somewhat the two-
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times analogous of the   𝛾𝛾𝑡𝑡(𝑖𝑖) variable defined in eq (1.3.35, 1.3.36).  Thus by using the 

forward 𝛼𝛼𝑡𝑡  (𝑖𝑖) and backward variables 𝛽𝛽𝑡𝑡  (𝑖𝑖) we can rewrite eq (1.3.37) as: 

𝜀𝜀𝑡𝑡  (𝑖𝑖, 𝑗𝑗) =  
𝛼𝛼𝑡𝑡  (𝑖𝑖)𝐴𝐴𝑖𝑖𝑖𝑖 𝐵𝐵𝑗𝑗  (𝑂𝑂𝑡𝑡+1)𝛽𝛽𝑡𝑡+1 (𝑗𝑗)

𝑃𝑃 (𝑂𝑂|𝜆𝜆)                                                                              (1.3.38) 

𝜀𝜀𝑡𝑡  (𝑖𝑖, 𝑗𝑗) =  
𝛼𝛼𝑡𝑡  (𝑖𝑖) 𝐴𝐴𝑖𝑖𝑖𝑖 𝐵𝐵𝑗𝑗  (𝑂𝑂𝑡𝑡+1)𝛽𝛽𝑡𝑡+1 (𝑗𝑗)

∑ ∑ 𝛼𝛼𝑡𝑡  (𝑖𝑖)𝐴𝐴𝑖𝑖𝑖𝑖 𝐵𝐵𝑗𝑗  (𝑂𝑂𝑡𝑡+1)𝛽𝛽𝑡𝑡+1 (𝑗𝑗)𝑁𝑁
𝑗𝑗=1

𝑁𝑁
𝑖𝑖=1

                                                          (1.3.39) 

The studied process involves all the correct observations up to time 𝑡𝑡 together with a 

particular hidden state at 𝑡𝑡, then the transition to another particular hidden state at 𝑡𝑡 + 1 

and finally all the correct observations from 𝑡𝑡 + 1on. From above equations and eq 

(1.3.36) we can see that: 

         𝛾𝛾𝑡𝑡(𝑖𝑖)  =   �𝜀𝜀𝑡𝑡  (𝑖𝑖, 𝑗𝑗)
𝑁𝑁

𝑗𝑗=1

                                                                                              (1.3.40) 

The sums of   𝛾𝛾𝑡𝑡(𝑖𝑖)  and 𝜀𝜀𝑡𝑡  (𝑖𝑖, 𝑗𝑗) over time, represent the expected number of transitions 

from a given hidden state 𝑖𝑖, and the expected number of transitions from a hidden state 𝑖𝑖 

to a hidden state 𝑗𝑗, respectively. Which can be expressed as: 

∑  𝛾𝛾𝑡𝑡(𝑖𝑖)𝑇𝑇−1
𝑡𝑡=1   = expected number of transitions from 𝑆𝑆𝑖𝑖 . 

∑ 𝜀𝜀𝑡𝑡  (𝑖𝑖, 𝑗𝑗)𝑇𝑇−1
𝑡𝑡=1  = expected number of transitions from 𝑆𝑆𝑖𝑖  to 𝑆𝑆𝑗𝑗  

where the summation goes only upto 𝑡𝑡 = 𝑇𝑇 − 1, since 𝑇𝑇 is the maximum time index and 

transition from 𝑇𝑇 to 𝑇𝑇 + 1 are not considered. From above equations we can write a set of 

reestimation formulas for 𝐴𝐴, 𝐵𝐵 and 𝜋𝜋. Where  

𝜋𝜋𝑖𝑖 ′ = expected frequency (number of times) in state 𝑆𝑆𝑖𝑖  at time 𝑡𝑡 = 1=  𝛾𝛾1(𝑖𝑖)        (1.3.41) 
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 𝐴𝐴𝑖𝑖𝑖𝑖 ′ = 
expected  frequency  of  transitions  from  state  Si  to  state  Sj  

expected  frequency  of  transitions  from  state  Si
 = 

∑ 𝜀𝜀𝑡𝑡  (𝑖𝑖 ,𝑗𝑗 )𝑇𝑇−1
𝑡𝑡=1
∑  𝛾𝛾𝑡𝑡(𝑖𝑖)𝑇𝑇−1
𝑡𝑡=1

                                                                                            (1.3.42) 

𝐵𝐵𝑗𝑗  (𝑘𝑘)′ =
expected frequency in state Sj and observing the event 𝑂𝑂𝑘𝑘  

expected frequency in state Sj
  

=     
∑  𝛾𝛾𝑡𝑡(𝑗𝑗 )𝑇𝑇
𝑡𝑡=1

∑  𝛾𝛾𝑡𝑡(𝑖𝑖)𝑇𝑇
𝑡𝑡=1

                                                                               (1.3.43) 

Using an initial guess model 𝜆𝜆 = ( 𝐴𝐴,𝐵𝐵,𝜋𝜋) with elements 𝐴𝐴𝑖𝑖𝑖𝑖 , 𝐵𝐵𝑖𝑖 (𝑗𝑗) and 𝜋𝜋𝑖𝑖   chosen 

according to some prior information about the system, we can carry out the reestimation 

procedure discussed above to find the optimal state sequence which best describes the 

observation events.  However there are two possible solutions: ( a) the initial 𝜆𝜆 is a 

critical point of the system defined by the re-estimation rules above, and thus does not 

change, implying 𝜆𝜆 = 𝜆𝜆′ or (b) the new model 𝜆𝜆′ is more likely than 𝜆𝜆, i.e. 𝑃𝑃 (𝑂𝑂|𝜆𝜆′) > 

𝑃𝑃 (𝑂𝑂|𝜆𝜆). If b) occurs, we can assign 𝜆𝜆 ← 𝜆𝜆′, i.e. the new model becomes the “old” one 

and we can reiterate this procedure from using the reestimation eq (1.3.41, 1.3.42 and 

1.3.43). This goes on until we are satisfied by the level of likelihood 𝑃𝑃 (𝑂𝑂|𝜆𝜆) achieved. 

The final model is called a maximum likelihood estimate of the HMM. 

 

HMM Scaling: 

 The three HMM solutions discussed earlier all involve induction steps requiring products 

of probabilities. From eq (1.3.31) it is evident that, 𝛼𝛼𝑡𝑡  (𝑖𝑖) tends to 0 exponentially as T 

increases. The final result of such chains of operations is likely to be a very small number 

which can be smaller than the machine precision a problem known as underflow. The 
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solution to this underflow problem is to scale the numbers. However, care must be taken 

to insure that the re-estimation formulae remain valid. 

Using eq (1.3.31): 

 
    
  𝛼𝛼𝑡𝑡  (𝑗𝑗) = �∑ 𝛼𝛼𝑡𝑡−1 (𝑖𝑖)𝑁𝑁−1

𝑖𝑖=0 𝐴𝐴𝑖𝑖𝑖𝑖 �𝐵𝐵𝑗𝑗  (𝑂𝑂𝑡𝑡);             0 ≤ 𝑡𝑡 ≤ 𝑇𝑇 − 1; 0 ≤ 𝑗𝑗 ≤ 𝑁𝑁 − 1     

From above equation it looks possible to normalize  𝛼𝛼𝑡𝑡  (𝑗𝑗) by dividing it by its sum over 

𝑗𝑗. To check whether the reestimation formulae remain valid lets assume that at 𝑡𝑡 = 0 

 𝛼𝛼0 (𝑗𝑗)′ =  𝛼𝛼0 (𝑗𝑗) for 𝑗𝑗 = 0,1, …𝑁𝑁 − 1.  If we define a variable 

𝑐𝑐0 =
1

∑  𝛼𝛼0 (𝑗𝑗)′𝑁𝑁−1
𝑗𝑗=0

                                                                                                             (1.3.44) 

And  𝛼𝛼0 (𝑗𝑗)" =  𝑐𝑐0𝛼𝛼0 (𝑗𝑗)′ for 𝑗𝑗 = 0,1, …𝑁𝑁 − 1. Then for each 𝑡𝑡 = 1, 2, …𝑇𝑇 − 1 we can 

do the following:  

(1) For 𝑗𝑗 = 0,1, …𝑁𝑁 − 1 we can compute       𝛼𝛼𝑡𝑡  (𝑗𝑗)" = �∑ 𝛼𝛼𝑡𝑡−1(𝑖𝑖)′𝑁𝑁−1
𝑖𝑖=0 𝐴𝐴𝑖𝑖𝑖𝑖 �𝐵𝐵𝑗𝑗  (𝑂𝑂𝑡𝑡) 

(2) Then if we define :  𝑐𝑐𝑡𝑡 = 1/∑  𝛼𝛼𝑡𝑡  (𝑗𝑗)′𝑁𝑁−1
𝑗𝑗=0  

(3) For  = 0,1, …𝑁𝑁 − 1  𝛼𝛼𝑡𝑡  (𝑗𝑗)" =  𝑐𝑐𝑡𝑡𝛼𝛼𝑡𝑡  (𝑗𝑗)′. 

As  𝛼𝛼0 (𝑗𝑗)" =  𝑐𝑐0𝛼𝛼0 (𝑗𝑗)′ we can write: 

  𝛼𝛼𝑡𝑡  (𝑗𝑗)" =  𝑐𝑐0𝑐𝑐1. . . 𝑐𝑐𝑡𝑡𝛼𝛼𝑡𝑡  (𝑗𝑗)                                                                                                    (1.3.45) 

Then  𝛼𝛼𝑡𝑡+1 (𝑗𝑗)" =  𝑐𝑐𝑡𝑡+1𝛼𝛼𝑡𝑡+1 (𝑗𝑗)′ 

= 𝑐𝑐𝑡𝑡+1  �� 𝛼𝛼𝑡𝑡(𝑖𝑖)"
𝑁𝑁−1

𝑖𝑖=0

𝐴𝐴𝑖𝑖𝑖𝑖 � 𝐵𝐵𝑗𝑗  (𝑂𝑂𝑡𝑡) 

               = 𝑐𝑐0𝑐𝑐1. . 𝑐𝑐𝑡𝑡𝑐𝑐𝑡𝑡+1  �� 𝛼𝛼𝑡𝑡(𝑖𝑖)
𝑁𝑁−1

𝑖𝑖=0

𝐴𝐴𝑖𝑖𝑖𝑖 � 𝐵𝐵𝑗𝑗  (𝑂𝑂𝑡𝑡) = 𝑐𝑐0𝑐𝑐1 … 𝑐𝑐𝑡𝑡+1𝛼𝛼𝑡𝑡+1(𝑖𝑖) 

Thus eq (45) holds due to induction for all 𝑡𝑡 and by using the definitions of  𝛼𝛼𝑡𝑡  (𝑗𝑗)"and 

𝛼𝛼𝑡𝑡  (𝑗𝑗)′ we can write: 
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 𝛼𝛼𝑡𝑡  (𝑗𝑗)" =
𝛼𝛼𝑡𝑡(𝑗𝑗)

∑  𝛼𝛼𝑡𝑡  (𝑖𝑖)′𝑁𝑁−1
𝑖𝑖=0

                                                                                              (1.3.46) 

Which gives  𝛼𝛼𝑡𝑡  (𝑗𝑗)" as the required scaled values of 𝛼𝛼𝑡𝑡(𝑗𝑗). From eq (1.3.45 and 1.3.46) it 

can be concluded that  

∑ 𝛼𝛼𝑇𝑇−1(𝑖𝑖)"𝑁𝑁−1
𝑖𝑖=0 = 1 and ∑ 𝛼𝛼𝑇𝑇−1(𝑖𝑖)"𝑁𝑁−1

𝑖𝑖=0 = 𝑐𝑐0𝑐𝑐1. . . 𝑐𝑐𝑇𝑇−1 ∑ 𝛼𝛼𝑇𝑇−1(𝑖𝑖)𝑁𝑁−1
𝑖𝑖=0   

      = 𝑐𝑐0𝑐𝑐1. . . 𝑐𝑐𝑇𝑇−1𝑃𝑃 (𝑂𝑂|𝜆𝜆) 

Using these results we can write :  

𝑃𝑃 (𝑂𝑂|𝜆𝜆) =  
1

∑  𝑐𝑐𝑗𝑗𝑇𝑇−1
𝑗𝑗=0

 

We can avoid underflow in the computation by using the log of above equation as: 

𝑙𝑙𝑙𝑙𝑙𝑙[𝑃𝑃 (𝑂𝑂|𝜆𝜆)] =  −� 𝑙𝑙𝑙𝑙𝑙𝑙 𝑐𝑐𝑗𝑗

𝑇𝑇−1

𝑗𝑗=0

                                                                                         (1.3.47) 

Similarly we can scale 𝛽𝛽𝑡𝑡  (𝑗𝑗) variables by using  𝑐𝑐𝑡𝑡  such that 𝛽𝛽𝑡𝑡  (𝑗𝑗)" = 𝑐𝑐𝑡𝑡  𝛽𝛽𝑡𝑡  (𝑗𝑗). We can 

thus replace 𝛼𝛼𝑡𝑡(𝑗𝑗) ,  𝛽𝛽𝑡𝑡  (𝑗𝑗) by  𝛼𝛼𝑡𝑡  (𝑗𝑗)", 𝛽𝛽𝑡𝑡  (𝑗𝑗)" for calculating 𝛾𝛾𝑡𝑡(𝑖𝑖) and 𝜀𝜀𝑡𝑡  (𝑖𝑖, 𝑗𝑗) in eq 

(1.3.36) and (1.3.39) respectively. Moreover, since in the reestimation formulae 𝑃𝑃 (𝑂𝑂|𝜆𝜆) 

get cancelled thus eq (1.3.47) is used to check whether 𝑃𝑃 (𝑂𝑂|𝜆𝜆) is increasing in every 

iteration. 

1.3.6  Application of HMM in single molecule force spectroscopy: 
 

The hopping of single molecule between its different molecular states is a typical 

phenomenon observed in single molecule force spectroscopy experiments [17, 37, 63, 64, 

87, 94].  In these experiments step like transitions of the molecule are observed with 

respect to time. The observables in these hopping traces can be extension of the molecule 
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in constant force measurements or the force values in constant distance experiments.  

These observable values are characterized by some probability distributions which are 

generally assumed as Gaussian [92]. To characterize the kinetics and thermodynamics of 

these fast fluctuations of molecules, HMM is considered as the most efficient statistical 

tool [70, 95]. The basic assumption in the HMM analysis of single molecule data is that 

each state of the molecule is a discrete variable evolving under Markovian dynamics [96] 

with a constant transition probability matrix 𝐴𝐴 eq (1.3.25).  The matrix of observation 

sequence 𝐵𝐵 eq (1.3.27) corresponding to each state of the molecule is deduced from the 

Gaussian signals from extension or force time traces. The initialization of the HMM is 

done by feeding a rough estimate of the transition matrix 𝐴𝐴 and the observation matrix 𝐵𝐵 

which is based on finding the initial guess of the number of states in the extension time 

traces. The HMM algorithm then deduces the maximum likelihood estimate of the 

transition matrix 𝐴𝐴 and the observation matrix 𝐵𝐵 (characterizing the mean and variance of 

each state) from the hopping traces. The transition matrix is then used for calculating the 

rates of transitions between different states of the molecule. The rates are calculated using 

the equation  

 𝑘𝑘𝑖𝑖𝑖𝑖 =   
ln( 𝑇𝑇𝑖𝑖𝑖𝑖 )
∆𝑡𝑡

                                                                                                                       (1.3.48) 

Where ∆𝑡𝑡 is the data acquisition time of the system. The transition matrix 𝐴𝐴 and the 

observation matrix 𝐵𝐵 is optimized using the equations (1.3.42) and (1.3.43) respectively. 

The observation matrix evaluated by HMM can then be used to calculate the change in 

extension of the molecule at each force in constant force measurements. The HMM 

algorithm provides an idealized trace of extension values, which can be fitted to the 
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experimental data in order to check the robustness of the model used, as shown below 

(red curve). 

 

Figure 13: HMM fitting using a three state model for characterizing the kinetics of a multi state 
extension time trace. The red line shows the idealized trace generated by HMM. 
 

From HMM analysis the lifetimes of each state can be calculated from which the 

probability of unfolding curves for each state can be generated (Fig. 14). For a two state 

reaction the probability of unfolding can be fitted with sigmoidal function as [83] : 

𝑃𝑃𝑈𝑈(𝐹𝐹) =  
1

(1 + exp(∆𝐺𝐺 − 𝐹𝐹∆𝑥𝑥
𝑘𝑘𝐵𝐵𝑇𝑇

))
                                                                                       (1.3.49) 

Where ∆𝐺𝐺 and ∆𝑥𝑥 are the fitting parameters as shown below: 

 

Figure 14: Probability of unfolding of a two state system. The experimental data can be fitted with a 
sigmoidal function from which the extension of the molecule and free energy of unfolding can be 
calculated [83]. 
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1.3.7  Energy landscape reconstruction from Equilibrium 

measurements: 

An advantage of equilibrium measurements of protein folding is that, the sum of 

transition state distances (𝛥𝛥𝑥𝑥𝑓𝑓  and 𝛥𝛥𝑥𝑥𝑢𝑢  ) as measured from the linearized forms of Bells 

model equations (1.3.22 and 1.3.23) give the extension of the molecule at F1/2. Since the 

folding and unfolding trajectories in equilibrium measurements are identical, the energy 

landscape of the molecule at zero force can be reconstructed by keeping the change in 

extensions as the reaction coordinate [94] where the positions of the activation energy 

barriers are described by the kinetic distances 𝛥𝛥𝑥𝑥𝑓𝑓  and 𝛥𝛥𝑥𝑥𝑢𝑢  . For calculating the height of 

the activation energy barriers, equations (1.3.13) and (1.3.14) can be solved as:  

𝛥𝛥𝛥𝛥𝑢𝑢≠ =   𝑘𝑘𝐵𝐵𝑇𝑇 (ln𝐴𝐴 − ln 𝑘𝑘𝑢𝑢0)                                                                                               ( 1.3.50)  

𝛥𝛥𝛥𝛥𝑓𝑓≠ =   𝑘𝑘𝐵𝐵𝑇𝑇 (ln𝐴𝐴 − ln𝑘𝑘𝑓𝑓0)                                                                                               (1.3.51)  

Where the values for 𝑘𝑘𝑢𝑢0  and 𝑘𝑘𝑓𝑓0 are extracted from HMM analysis and the chevron plot 

(Fig. 3) and the pre exponential factor A, should be considered depending upon the 

experimental conditions. 

1.3.8  Extracting kinetic parameters from force distributions: 
 

When the rate at which force is applied on a molecule is faster than its slowest relaxation 

rate, the unfolding and refolding processes occur out of equilibrium. For such type of 

systems, generally force ramp and force jump methodologies [see section (1.2.7)] are 

used to extract the kinetics and thermodynamics of the folding/unfolding behavior of the 

molecule. In force ramp optical tweezers experiments [see section (1.2.7)], the rate at 
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which the force is applied on the molecule, loading rate r (dF/dt in units of pN/s), 

typically becomes constant above 3-4 pN [37, 83]. For constant velocity data the kinetics 

of the folding reaction can be extracted using the model proposed by Evans and Ritchie 

[97].  For a first order reaction with negligible refolding rate, the probability that the 

molecule has not unfolded is [98]. 

𝑑𝑑𝑃𝑃𝑓𝑓(𝑡𝑡)
𝑑𝑑𝑑𝑑

=  − 𝑘𝑘𝑢𝑢(𝑡𝑡)𝑃𝑃𝑓𝑓(𝑡𝑡)                                                                                                      (1.3.52) 

If force varies linearly with time t as F = r t, where r is the loading rate, then variable t 

can be changed to F in the above equation as 

𝑑𝑑𝑑𝑑𝑓𝑓(𝐹𝐹)
𝑑𝑑𝑑𝑑

=  −  
𝑘𝑘𝑢𝑢(𝐹𝐹)
𝑟𝑟

𝑃𝑃𝑓𝑓  (F)                                                                                           (1.3.53) 

Integrating the above equation from 0 to F and using equation (1.3.18) we get 

 𝑙𝑙𝑙𝑙�𝑃𝑃𝑓𝑓(𝐹𝐹)� =
𝑘𝑘𝑢𝑢0𝑘𝑘𝐵𝐵𝑇𝑇
𝑟𝑟𝑥𝑥𝑢𝑢

�1 − 𝑒𝑒𝑒𝑒𝑒𝑒(𝐹𝐹𝐹𝐹𝑢𝑢 𝑘𝑘𝐵𝐵𝑇𝑇⁄ )�                                                             (1.3.54) 

From equation (1.3.54), the probability of unfolding as a function of force (Pu(F)) can be 

derived as 

𝑃𝑃𝑢𝑢(𝐹𝐹) = 1 − 𝑃𝑃𝑓𝑓(𝐹𝐹) = 1 −  𝑒𝑒𝑒𝑒𝑒𝑒 �−  
𝑘𝑘𝑢𝑢0𝑘𝑘𝐵𝐵𝑇𝑇
𝑟𝑟𝑥𝑥𝑢𝑢

( 𝑒𝑒𝑒𝑒𝑒𝑒(𝐹𝐹𝐹𝐹𝑢𝑢 𝑘𝑘𝐵𝐵𝑇𝑇⁄ ) − 1)�         (1.3.55) 

By differentiating Pu(F), which is a sigmoidal function of force, we can calculate the 

probability density as  

𝑑𝑑𝑑𝑑𝑢𝑢
𝑑𝑑𝑑𝑑

=  
𝑘𝑘𝑢𝑢0

𝑟𝑟
𝑒𝑒𝑒𝑒𝑒𝑒(𝐹𝐹𝐹𝐹𝑢𝑢 𝑘𝑘𝐵𝐵𝑇𝑇⁄ ) ∗ 𝑒𝑒𝑒𝑒𝑒𝑒 �−  

𝑘𝑘𝑢𝑢0𝑘𝑘𝐵𝐵𝑇𝑇
𝑟𝑟𝑥𝑥𝑢𝑢

( 𝑒𝑒𝑒𝑒𝑒𝑒(𝐹𝐹𝐹𝐹𝑢𝑢 𝑘𝑘𝐵𝐵𝑇𝑇⁄ ) − 1)�         (1.3.56) 

The distance to the transition states measured from the above analysis is inversely 

proportional to the width of force distribution whereas 𝑘𝑘𝑢𝑢0  determines the unfolding force 
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required for loading rate r. From equation (1.3.56) we can calculate the relation for the 

most probable force for the unfolding of the molecule at which  𝑑𝑑𝑑𝑑𝑢𝑢
𝑑𝑑𝑑𝑑

= 0 as: 

 𝐹𝐹𝑚𝑚𝑚𝑚 =  
𝑘𝑘𝐵𝐵𝑇𝑇
𝑥𝑥𝑢𝑢

𝑙𝑙𝑙𝑙(
𝑟𝑟. 𝑥𝑥𝑢𝑢
𝑘𝑘𝐵𝐵𝑇𝑇𝑘𝑘𝑢𝑢0

)                                                                                          (1.3.57) 

The above relation shows that 𝐹𝐹𝑚𝑚𝑚𝑚  increases logarithmically with the loading rate. 

Following similar steps the probability density function for the refolding force can be 

calculated as : 

𝑑𝑑𝑑𝑑𝑓𝑓
𝑑𝑑𝑑𝑑

=
𝑘𝑘𝑓𝑓0

𝑟𝑟
𝑒𝑒𝑒𝑒𝑒𝑒�−𝐹𝐹𝐹𝐹𝑓𝑓 𝑘𝑘𝐵𝐵𝑇𝑇⁄ � ∗

𝑒𝑒𝑒𝑒𝑒𝑒 �−
𝑘𝑘𝑓𝑓0𝑘𝑘𝐵𝐵𝑇𝑇
𝑟𝑟𝑥𝑥𝑓𝑓

�exp(−
𝐹𝐹𝐹𝐹𝑓𝑓
𝑘𝑘𝐵𝐵𝑇𝑇

) − 1��

𝑒𝑒𝑒𝑒𝑒𝑒 ��−  
𝑘𝑘𝑓𝑓0𝑘𝑘𝐵𝐵𝑇𝑇
𝑟𝑟𝑥𝑥𝑓𝑓

� − 1)�
                     (1.3.58)  

Normalized distributions of the unfolding and refolding forces of a molecule manipulated 

at constant loading rate can be fit to equations (1.3.57) and (1.3.58) in order to estimate 

rate constants at zero force (ku
0, kf

0) and distances to the transition state (xu, xf)  [65, 66]. 

Often however, experimental force distributions are analyzed with a slightly different 

method. When exp(Fxu/kBT) > 10, which is usually the case with biomolecules, equation 

(1.3.54) can be written as 

  𝑙𝑙𝑙𝑙�𝑃𝑃𝑓𝑓(𝐹𝐹)� =  −
𝑘𝑘𝑢𝑢0𝑘𝑘𝐵𝐵𝑇𝑇
𝑟𝑟𝑥𝑥𝑢𝑢

�𝑒𝑒𝑒𝑒𝑒𝑒(𝐹𝐹𝐹𝐹𝑢𝑢 𝑘𝑘𝐵𝐵𝑇𝑇⁄ )�                                                               (1.3.59) 

which can then be linearized as 

 𝑙𝑙𝑙𝑙�𝑟𝑟 𝑙𝑙𝑙𝑙�1 𝑃𝑃𝑓𝑓(𝐹𝐹)⁄ �� = 𝑙𝑙𝑙𝑙
𝑘𝑘𝑢𝑢0𝑘𝑘𝐵𝐵𝑇𝑇
𝑥𝑥𝑢𝑢

+ (𝑥𝑥𝑢𝑢 𝑘𝑘𝐵𝐵𝑇𝑇)⁄ 𝐹𝐹                                                      (1.3.60) 

 
Through similar considerations, for the refolding process, we have  
 

 𝑙𝑙𝑙𝑙{−𝑟𝑟 𝑙𝑙𝑙𝑙(1 𝑃𝑃𝑢𝑢(𝐹𝐹)⁄ )} = 𝑙𝑙𝑙𝑙
𝑘𝑘𝑓𝑓0𝑘𝑘𝐵𝐵𝑇𝑇
𝑥𝑥𝑓𝑓

+ (𝑥𝑥𝑓𝑓 𝑘𝑘𝐵𝐵𝑇𝑇)⁄ 𝐹𝐹                                                  (1.3.61) 
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Equations (1.3.60) and (1.3.61) are often used to fit ln[rln[1/N]] and ln[-rln[1/U]] vs. 

force graphs, where N and U are the folded and unfolded fractions, respectively, which 

are calculated  by integrating the histograms of the force distributions over the 

corresponding range of forces [65, 66]. The above method assumes that the shift in the 

position of transition state barrier due to an applied force is negligible, however new 

theoretical models have improved the above formalism to include the shift in transition 

state positions. The probability density distribution of the unfolding forces are described 

by the Dudko model [99] which includes transition barrier which move with the applied 

force as:  

𝑑𝑑𝑑𝑑𝑢𝑢
𝑑𝑑𝑑𝑑

=  
𝑘𝑘(𝐹𝐹)
𝑟𝑟

∗ 𝑒𝑒𝑒𝑒𝑒𝑒� 
𝑘𝑘𝑢𝑢0𝑘𝑘𝐵𝐵𝑇𝑇
𝑟𝑟𝑥𝑥𝑢𝑢

−  
𝑘𝑘(𝐹𝐹).𝑘𝑘𝐵𝐵𝑇𝑇

𝑟𝑟𝑥𝑥𝑢𝑢
� 1 −  

𝐹𝐹. 𝑥𝑥𝑢𝑢
𝛥𝛥𝛥𝛥𝑢𝑢≠

 𝑣𝑣�
1−1

𝑣𝑣
�                        (1.3.62)  

𝑘𝑘(𝐹𝐹) =  𝑘𝑘𝑢𝑢0  � 1 −  
𝐹𝐹. 𝑥𝑥𝑢𝑢
𝛥𝛥𝛥𝛥𝑢𝑢≠

 𝑣𝑣�
1
𝑣𝑣−1

exp�
𝛥𝛥𝛥𝛥𝑢𝑢≠

𝑘𝑘𝐵𝐵𝑇𝑇
�1 − �1 −  

𝐹𝐹. 𝑥𝑥𝑢𝑢
𝛥𝛥𝛥𝛥𝑢𝑢≠

 𝑣𝑣�
1
𝑣𝑣
��                  (1.3.63) 

Where 𝑣𝑣 defines the shape of the landscape like 𝑣𝑣 = 2/3 gives linear cubic potential, 

𝑣𝑣 = 1/2 gives cusp shape and 𝑣𝑣 = 1 gives equation (1.3.56). Using the above equations, 

new parameters like diffusion constant D and the transition path time Ԏ𝑡𝑡𝑡𝑡  over the barrier 

can also be extracted [100] which are defined as: 

                   𝐷𝐷 =  
𝜋𝜋
3
�

[𝑘𝑘𝑢𝑢0𝑥𝑥𝑢𝑢 ]2

𝛽𝛽𝛥𝛥𝛥𝛥𝑢𝑢≠
� exp(𝛽𝛽𝛥𝛥𝛥𝛥𝑢𝑢≠)                                                           (1.3.64) 

                    Ԏ𝑡𝑡𝑡𝑡 =     
ln( 2𝛽𝛽 exp⁡(𝛾𝛾)𝛥𝛥𝛥𝛥𝑢𝑢≠

2𝜋𝜋𝑘𝑘𝑢𝑢0√
kb
kw

                                                            (1.3.65) 
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Where kw  is the stiffness (curvature) of the potential well, kb  the stiffness of the barrier 

and 𝛾𝛾 is the eulers constant. 

1.3.9  Extracting equilibrium information from non equilibrium 

single molecule manipulation data: 

When a molecule is pulled and relaxed at a speed faster than its slowest relaxation rate, 

we observe hysteresis in its force extension curves [see section (1.2.7)], the size of which 

is proportional to the loading rate of pulling and relaxing the molecule. From second law 

of thermodynamics, we know that the work done on a system that is moved from one 

equilibrium state to another is related to free energy change of the system as ΔW ≥ ΔG 

and for a cyclic process ΔW ≥ 0. For a two state folding/ unfolding molecule out of 

equilibrium we can write  

WU  ≥  ΔG = GU - GF 

WF  ≥  - ΔG = GF – GU 

Which shows that:  -WF ≤ ΔG ≤ WU . Here the equalities are attained if and only if the 

process is reversible.  From the above relation we can write that Wcyclic = WF  + WU ≥ 0.  

If the cyclic process of folding and unfolding is repeated many times we get different 

values of work due to thermal fluctuations and role of water molecules in the process. As 

at microscopic level these fluctuations are not negligible, we can also observe rare events 

in which Wcyclic < 0 thus the second law should be used in terms of expectation values of 

work done. Thus the above relations can be written in terms of average values of work 

done in folding ˂WF ˃ and unfolding ˂WU ˃ as:                                                         

˂-WF ˃ ≤  ΔG  ≤   ˂WU˃. and 
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˂Wcyclic ˃   =    ˂ WF  + WU ˃    ≥ 0 

Here average values of work are realized by many repetitions of folding unfolding cycles. 

Based on the thermal fluctuations of the work values, various fluctuation theorems have 

been developed to extract the free energy change of unfolding a molecule from the 

average work done in the microscopic processes [101, 102] . The first of these theorems 

which was successfully applied in single molecule force spectroscopy was Jarzynski’s 

equality[103]. For a system with states positioned at 0 and z along a reaction coordinate, 

the free energy change between the states ΔG (z) , is related to the Boltzmann weighted 

work values obtained by repeated irreversible switching of the system between its states 

by the Jarzynski’s equality as: 

 exp[−𝛽𝛽∆𝐺𝐺(𝑧𝑧)] = 𝐿𝐿𝐿𝐿𝐿𝐿𝑁𝑁𝑁𝑁→∞ < exp[−𝛽𝛽 𝑤𝑤𝑤𝑤(𝑧𝑧, 𝑟𝑟)] >𝑁𝑁                                             (1.3.66) 

where < > denotes averaging over N work trajectories, wi(z,r) represents the work of the i-

th of N trajectories, and r is the switching rate. The above equality was first successfully 

verified, in the single molecule manipulation of P5ab RNA hairpin out of equilibrium 

using optical tweezers [104]. However, since the above equality includes Boltzmann 

averaging of work thus only low work values will contribute which demands extensive 

number of experiments and many pulling cycles. This method is convenient to apply for 

molecules like P5ab RNA, that (un) folds close to equilibrium however in far from 

equilibrium systems, Jarzynski’s equality is hampered by large statistical uncertainties 

due to the exponential averaging of low work values [105]. A more robust method for 

extracting thermodynamic free energies of molecules that unfold far from equilibrium is 

the Crooks Fluctuation theorem (CFT) [106]. CFT state that if PU(W) and PR(W) denote 

the probability distributions of the work performed on a molecule that is pulled (U) and 
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relaxed (R) an infinite number of times, then the work done on the molecule is related to 

free energy change as: 

𝑃𝑃𝑈𝑈(𝑊𝑊)
𝑃𝑃𝑅𝑅(𝑊𝑊)

= exp �
𝑊𝑊 −  𝛥𝛥𝛥𝛥
𝑘𝑘𝐵𝐵𝑇𝑇

�                                                                                            (1.3.67) 

To apply CFT in single molecule manipulation experiments it is important that  the 

molecule should be pulled and relaxed with same speeds (time reversal symmetry) and 

the molecule is always pulled from an equilibrium position (native state) and relaxed 

from an equilibrium unfolded state. CFT states that although PU(W) and PR(W) depends 

on the pulling protocol their ratio depends only on 𝛥𝛥𝛥𝛥. The point of intersection of the 

two distributions then give the 𝛥𝛥𝛥𝛥 of the molecule. CFT has already been applied in 

several single molecule manipulation studies, as in [68, 87, 107]. It can be shown that the 

Jarzynski’s equality is a consequence of the CFT by multiplying equation (1.3.67) by a 

generic function Φ (W) and integrating over W to get: 

 exp[−𝛽𝛽∆𝐺𝐺]   =   
< Φ (W) exp[−𝛽𝛽 𝑊𝑊] >𝑈𝑈

˂Φ (−W)˃𝑅𝑅
                                                        (1.3.68) 

If we put Φ (W) = 1, then we get the Jarzynski’s equality eq (1.3.64) from above. Since 

CFT utilizes only the local behavior of work distributions around 𝛥𝛥𝛥𝛥 thus it is not an 

accurate estimator of free energy change and for non overlapping distributions due to 

systems far from equilibrium the uncertainties in the calculated values are high. For such 

cases Bennet’s function [108] should be used in equation (1.3.68) to minimize the 

statistical variance in the estimator.   

 Φ (W)   =  {1 + 
𝑛𝑛𝑢𝑢
𝑛𝑛𝑓𝑓

 exp �
𝑊𝑊 −  𝛥𝛥𝛥𝛥
𝑘𝑘𝐵𝐵𝑇𝑇

�}−1                                                            (1.3.69)   
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Where 𝑛𝑛𝑢𝑢  and 𝑛𝑛𝑓𝑓  are the number of forward and reverse events respectively [109]. For 

systems in which the molecule occupies partially equilibrium states, CFT has been 

modified into extended fluctuation theorems [110] and these methods have been 

successfully verified in single molecule optical tweezers experiments recently [67]. 

1.4   Model Proteins. 
 
To understand how mechanical force and changes in the environment of proteins effect 

their folding (unfolding) behavior and cause misfolding, we chose human neuronal 

calcium sensor 1 (NCS-1) and 𝛽𝛽-2 Microglubulin as our model systems. Considering that 

a lot of studies have been done on these proteins, information regarding their structure 

and functionality was available for us to correlate with our results. Particularly, studies 

done in bulk on NCS-1 allowed us to directly match our single molecule data and confirm 

the validity of our conclusions. Using optical tweezer set up we performed single 

molecule manipulation experiments on NCS-1 molecule in presence of Mg2+ and in apo 

form (no divalent ions). Whereas forces involved in the amyloidogenesis of 𝛽𝛽-2 

Microglubulin were theoretically studied by us. In this section the structure and functions 

of the model proteins studied are discussed. 

1.4.1  Neuronal calcium sensor 1 (NCS-1): Structure and Functions 

Structure: 
 

NCS-1 is an EF hand protein with 190 residues, which belongs to the family of Ca2+ 

binding proteins such as GCAP,  troponin C, CaM, and recoverin [111]. Fig. 15 depicts 

the structure of NCS-1 in presence of Ca 2+ in which the molecule has two domains – the 
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N and C domain [112]. The N domain consist of two EF hand motifs EF 1 and EF 2 while 

the C domain consist of EF 3 and EF 4 motif hands. The EF hand motifs are basically two 

𝛼𝛼 helices that are linked by a short loop consisting of 12 amino acids that can bind with 

divalent ions like Ca2+ and Mg2+. EF 1 motif hand does not bind with any ions due to a 

conserved cys /pro mutation. EF 2 and EF 3 motifs bind with both Ca2+ and Mg2+ ions 

and they are known as structural sites whereas EF4 motif bind with only Ca2+ and is 

known as sensory site [94, 113]. NCS-1 in presence of Ca2+ acquires an open structure 

revealing large amount of hydrophobic patches which allows it to interact with target 

proteins for carrying out its functions [112]. Recently our single molecule studies have 

confirmed that the folding of NCS-1 in presence of Ca 2+ takes place sequentially, where 

the C domain folds first followed by the complete folding of the N domain [94]. 

Moreover the folding process corresponds to the binding of the Ca2+ ions to the EF hand 

motifs, such that Ca 2+ binds first with EF3 and then EF 4 resulting in the complete 

folding of  C domain and finally to EF2 that causes the folding of the N domain.  The 

structure of NCS-1 in presence of Ca2+ has been studied in great details using X ray 

crystallography and NMR [112, 114-116] however bulk studies have shown that NCS-1 

can also exist as two other conformers - Mg2+ bound and apo form (no divalent ions) at 

physiological conditions of cells [113]. The structures of these conformers are still elusive 

and only few details are available from NMR studies where it is proposed that the apo 

form of NCS1 has a molten globule like structure [117] while in presence of Mg 2+ NCS-

1 adopts a very closed form revealing almost no hydrophobic patches [118]. 
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Figure 15: Structure of NCS-1 with two domains N (in green) and C (in blue) in presence of Ca 2+. 
The N domain has EF hands motifs EF 1 and EF2 and C domain has EF 3 and EF 4 motif hands 
[112]. 
 

Functions:  

NCS-1 belongs to the family of neuronal calcium sensor (NCS) proteins that are 

expressed inside neurons and photoreceptor cells [119, 120]. NCS-1 carries out diverse 

neuronal functions such as membrane trafficking, neuro transmitter release, learning and 

neuronal growth [119].  NCS-1 on binding with Ca2+ undergoes large conformational 

changes which allow it to bind with different target proteins for carrying out its functions 

[121]. At present 22 binding partners of NCS-1 has been reported [119, 122]. Moreover 

NCS-1 also binds with many target proteins in its Mg2+ bound and apo form conformers 

and it is proposed that these conformers are also responsible for many neuronal functions 

[119]. NCS-1 interacts with dopamine receptor D2 [123] and in the activation of P14K𝛽𝛽 

[124] in its Mg2+ bound form.  Moreover NCS-1 is also responsible for many neuronal 

disorders such as Schizophrenia, bipolar disorder and autism [119, 125]. Since Ca2+ levels 

frequently fluctuates inside neurons [126] it is believed that these disorders are related to 

the varying Ca2+ levels. In this thesis one project has been explained in which the 

misfolding mechanisms of NCS1 are studied at single molecule level at different Ca2+ 

concentrations. 
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1.4.2   𝛽𝛽 -2 Microglobulin (𝛽𝛽-2 M) 
 

Structure: 

𝛽𝛽-2 M is the light chain constituent of the class I human lecocyte antigen (HLA class I). It 

has 99 residues and its structure is similar to the Ig family having a seven 𝛽𝛽 stranded 

structure [127]. Till now about 80 crystal structures of 𝛽𝛽-2 M bound to HLA complex 

have been reported and they all display the seven stranded 𝛽𝛽 sandwitched native state (see 

Fig. 16) [128]. Among the seven 𝛽𝛽 strands four of them comprise one 𝛽𝛽 sheet while the 

remaining three forms the second 𝛽𝛽 sheet in the structure. The structure is stabilized by a 

single disulphide bond linking the two 𝛽𝛽 sheets [129]. The structure of monomeric 𝛽𝛽-2 M 

studied using X ray diffraction combined with NMR [130] revealed  distinct changes 

compared to the HLA 𝛽𝛽-2 M [127] and the structure of monomeric 𝛽𝛽-2 M studied in 

solution [131]. These changes correspond to a 𝛽𝛽 bulge that serves as separation between 

two 𝛽𝛽 strands resulting in a structure comprising of  six 𝛽𝛽 strands at one side of the 

protein [130]. Moreover these structural changes are also proposed to be responsible for 

making monomeric 𝛽𝛽-2 M more prone to aggreagtion [130, 132]. 

 

Figure 16: Structure of 𝛽𝛽-2 M  having a seven 𝛽𝛽 strands that forms two 𝛽𝛽 sheets.  
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Amyloidogenesis of 𝛽𝛽-2 M : 

In adults, 𝛽𝛽-2 M is produced at a rate of 200mg/day and it continuously dissociates from 

cell surface into the serum and from where it is then cleared by the kidneys. In patients 

with long term dialysis or renal failure, the concentration of  𝛽𝛽-2 M in the  serum 

increases by 60 fold [133] resulting in the aggregation of  free 𝛽𝛽-2 M molecules into 

amyloid fibrils. The amyloid fibrils get deposited in bones and joints causing serious 

problems like arthropathy and bone cysts which is known as disorder dialysis related 

amyloidogenesis [21]. Several studies have been done in understanding the strcuture and 

function of 𝛽𝛽-2 M however the mechansim of its amyloid fibril formation and the forces 

responsible for it are still elusive [134]. 
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1.5  Objectives 

 
To gain more information about how proteins fold and misfold, we have used single 

molecule mechanical manipulation using optical tweezers [see section (1.2)], as our 

experimental strategy for studying the model protein NCS-1 [see section (1.4.1)]. Two 

projects (papers 1,3 ) are explained in this thesis in which the folding and misfolding 

trajectories of NCS-1 were studied in varying ionic conditions. Using single molecule force 

spectroscopy and advanced statistical tools like hidden Markov model the full energy 

landscapes of folding and misfolding trajectories of NCS-1 were studied in these projects. In 

another project the amyloidogenesis of 𝛽𝛽-2 Microglubulin, [see section (1.4.2)] has been 

explained in which we have theoretically calculated the forces responsible for the amyloid 

fibril formation of 𝛽𝛽-2 Microglubulin in laminar flow and in presence of hydrophobic 

surfaces paper2. The objectives behind each of these projects are listed below: 

1.5.1  Direct observation of calcium-dependent misfolding in single 

Neuronal calcium sensor-1 molecules: 

As discussed in [see section (1.4.1)], NCS-1 is associated with various neuronal disorders 

such as Schizophrenia, bipolar disorder and autism [119, 125]. Moreover inside neurons it 

has been shown that the concentration of Ca 2+ varies frequently  [126]  and it is believed 

that these varying Ca2+ levels could be responsible for the misfolding of NCS-1 resulting in 

the diseases mentioned above. The mechanism by which protein molecules enter off 

pathway trajectories and by non native interactions forms misfolded structures is an 

important subject to understand [see section 1.1.5]. Recently single molecule mechanical 
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manipulation has helped in understanding the misfolding behavior of several proteins [18, 

64, 135]. In this project our objective is to study the off pathway trajectories of NCS-1 at 

varying calcium concentrations similar to in vivo conditions. Moreover in this project we 

planned our experiments to characterize the thermodynamic and kinetics of the misfolding 

transitions two Ca2+ concentrations (10mM and 10 µM). From the kinetics and 

thermodynamic information we can reconstruct the possible energy landscapes of the off 

pathway transitions which will help in understanding the factors responsible for the 

misfolding of NCS-1 due to variation in calcium concentrations in cells. 

1.5.2  Structure, folding dynamics, and amyloidogenesis of D76N 𝛽𝛽2-

microglobulin. Roles of shear flow, hydrophobic surfaces and 𝛼𝛼 

crystalline: 

This project was devoted in understanding the factors responsible for the amyloidogenesis of 

the model protein 𝛽𝛽2-Microglobulin see sections 1.4.2. Numerous studies have been done in 

elucidating the structure and function of 𝛽𝛽2-Microglobulin [129-131] and the structural 

characteristics of its amyloid fibrils [136], however little is known about the early events of 

its fibrillization process. In this study, the effect of factors like shear flow and interaction 

with hydrophobic surfaces on the rate of fibrillization of 𝛽𝛽2-Microglobulin and its structural 

variant D76N 𝛽𝛽2-Microglobulin [137] were investigated. Considering that in cells the 

proteins do interact with various hydrophobic surfaces and there are conditions involving 

laminar flows [138], it is interesting to experimentally study what roles these factors play in 

the early events of fibrillization of 𝛽𝛽2-Microglobulin. Moreover, since the WT 𝛽𝛽2-

Microglobulin has a more stable native state than its variant D76N, this study will help in 
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elucidating the role of the thermodynamic stability of the molecule in its fibrillization 

process [139]. In this study theoretical calculations were done to estimate the range of the 

shear and hydrophobic forces involved in the destabilization of the native state of 𝛽𝛽2-

Microglobulin. The estimation of the forces will elucidate the most dominant factor in the 

early events of the fibrillzation process. 

1.5.3  Single-molecule folding mechanisms of the apo- and Mg2+-

bound forms of human Neuronal Calcium Sensor-1: 

Neuronal calcium sensor 1 (NCS-1) is the primordial member of the NCS family and is well 

studied for various functional roles such as regulating neuronal ion channels, membrane 

traffic, learning and neuronal growth [119]. NCS-1 interacts with multiple target proteins in 

executing these functions [111]. In vitro, NCS-1 has been experimentally observed to have 

three conformers – Ca2+ bound, Mg2+ bound and in apo form. It is believed that these 

conformers exist in nature in different cell conditions [113, 117, 140]. In neurons, calcium 

binds with NCS proteins and plays a major role in actuating neurotransmitter release [141, 

142]. However due to chemical similarity and high intracellular concentrations, Mg2+ has 

been found as a major competitor for Ca2+ binding sites in Ca2+ sensor proteins [140, 143]. 

Although, extensive studies have been done on the Ca2+ bound state [144, 145] little is 

known about the structure and functionality of NCS-1 - Mg2+ bound and apo form 

conformers. Recently we have examined the folding (un) behavior of Ca2+ bound form of 

NCS1 and reconstructed its full energy landscape [94].  In this project we have used optical 

tweezers to study the folding mechanism of NCS-1 in Mg2+ bound and apo-form states at 

single molecule level. Our objective in this study was to understand the folding mechanisms 
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and reconstruct the energy landscapes of Mg2+ bound and apo-form states of NCS-1. The 

comparison of energy landscapes of each NCS-1 conformer will not only help in elucidating 

their respective physiological roles but will also give us insight into the effect of varying 

environmental conditions of a protein on its folding behavior.  
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2.  PAPERS AND MANUSCRIPTS 
The manuscripts of the research projects carried out in this PhD work are arranged in the 

following order: 

Paper 1 : Direct Observation of Calcium-dependent Misfolding in Single Neuronal Calcium 

Sensor-1 Molecules. 

Paper 2 : Structure, Folding Dynamics, and Amyloidogenesis of D76N 𝛽𝛽2-Microglobulin. 

Roles of shear flow, hydrophobic surfaces and 𝛼𝛼 crystalline. 

Paper 3 : Single-molecule folding mechanisms of the apo- and Mg2+-bound forms of human 

Neuronal Calcium Sensor-1. 
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ABSTRACT 
 

Neuronal calcium sensors-1 (NCS-1) is the primordial member of a family of proteins 

responsible primarily for sensing changes in neuronal Ca2+ concentration. NCS-1 is a 

multi-specific protein interacting with a number of binding partners in both calcium-

dependent and independent manners, and acting in a variety of cellular processes in 

which it has been linked to a number of disorders such as schizophrenia and autism. 

Despite extensive studies on the Ca2+-activated state of NCS proteins, little is known 

about the conformational dynamics of the Mg2+-bound and apo states, both of which are 

populated, at least transiently, at resting Ca2+ conditions. Here we used optical tweezers 

to study the folding behavior of individual NCS-1 molecules in the presence of Mg2+ and 

in the absence of divalent ions. Under tension, the Mg2+-bound state of NCS-1 unfolds 

and refolds in a three-state manner by populating one intermediate state comprising a 

folded C-domain and an unfolded N-domain. The interconversion at equilibrium 

between the different molecular states populated by NCS-1 was monitored in real time 

through constant-force measurements and the energy landscapes underlying the observed 

transitions were reconstructed through hidden Markov model analysis. Differently from 

what has been observed with the Ca2+-bound state, the presence of Mg2+ allows both the 

N- and C-domain to fold through all-or-none transitions with similar refolding rates. In 

the absence of divalent ions, NCS-1 unfolds and refolds reversibly in a two-state 

reaction involving only the C-domain, whereas the N-domain has no detectable 

transitions. Overall, the results allow us to trace the progression of NCS-1 folding along 

its energy landscapes and provide a solid platform for understanding the conformational 

dynamics of similar EF-hand proteins.   
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INTRODUCTION 

 

EF-hand calcium sensor proteins respond to cellular variations in calcium 

concentrations through conformational changes leading to activated states that interact 

with a large array of binding partners. Calcium binding in vivo occurs in the presence of 

a relatively constant thousand-fold-excess of Mg2+ ions and, perhaps unsurprisingly, 

many calcium-binding proteins also bind Mg2+ under non-activating concentrations of 

calcium (1, 2). The role of Mg2+ binding has been investigated for several EF hand 

proteins. In the invertebrate sarcoplasmic calcium-binding proteins and troponin C, Mg2+ 

binding to structural sites has been shown to be important for maintaining the structure 

of the molecules at any calcium concentrations (3). Mg2+ binding has also been 

suggested to modulate Ca2+ binding affinity of different proteins (4-6) and to switch off 

calcium-dependent signaling at resting Ca2+ levels (2). Importantly, it is becoming 

increasingly clear that the Mg2+-bound states of many EF-hand proteins have direct 

functional roles independent of calcium, underscored by the observation that the single 

EF-hand of the cytoplasmic C-terminal domain of the cardiac CaV1.2 channel binds 

only magnesium (7). The Mg2+-bound state of the EF-hand protein DREAM 

(downstream regulatory element antagonist modulator) binds DNA targets in a 

sequence-specific manner whereas binding of Ca2+ disrupts this interaction (8). The 

Mg2+-bound state of GCAP1 has been shown to activate retinal guanylyl cyclase 
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(RetGC) in rod and cone cells (9). Moreover, and of relevance to the current study, the 

interactome of neuronal calcium sensor-1 (NCS-1) has been proposed to be modulated 

by ions, suggesting possible roles of the Mg2+-bound state as well as of the apo state in 

neuronal functions (10). 

Neuronal calcium sensor (NCS) proteins are a family of EF-hand calcium 

binding proteins expressed primarily in neurons, and NCS-1 is its primordial member. 

NCS-1 comprises four EF-hand motifs organized in two domains, where the N-domain 

consists of EF1 and EF2, and the C-domain of EF3 and EF4 (11). Nuclear magnetic 

resonance (NMR) spectroscopy and isothermal titration calorimetry (ITC) have been 

used to confirm that EF2 and EF3 bind Ca2+ and Mg2+ and they are therefore identified 

as structural sites, whereas EF4 binds only Ca2+ and is identified as a regulatory site (4). 

EF1, on the other hand, is unable to bind ions due to a conserved Cys-to-Pro mutation 

(2). In humans, NCS-1 can interact with multiple and seemingly unrelated target proteins 

during the execution of its functions, both in a calcium-dependent and independent 

manner (12). The molecular basis of this multi-specificity, exemplified by an 

interactome of more than twenty interaction partners reported to date, is currently 

unknown but suggests that NCS-1 can go through significant molecular rearrangements 

to accommodate different binding partners. NCS-1 has well-established functional roles 

such as regulating ion channels and G-protein coupled receptors (13-15), membrane 

trafficking (16), and learning and neuronal growth (10). Several of these functions 

involve the Mg2+-bound state, which interacts for example with the dopamine receptor 

D2 (13) and mediates the activation of P14Kβ at resting cell conditions (17). Despite 

their obvious physiological importance, however, the structural features and 
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conformational dynamics of the apo- and Mg2+-bound states of NCS-1 are still poorly 

understood.  

The Ca2+-bound state of NCS-1 is well studied in terms of structure and has been 

shown, by X-ray crystallography and NMR spectroscopy, to have an open structure 

exposing large hydrophobic patches that mediate the interaction of the molecule with 

most of its target proteins (18-20). Likewise, the folding mechanism of NCS-1 in the 

presence of Ca2+ has been studied extensively using both traditional ensemble methods 

(4, 19) and single molecule optical tweezers experiments (11, 21). Through mechanical 

manipulation, we have recently characterized the energy landscape of the Ca2+-bound 

state of NCS-1. These experiments revealed a sequential folding process where the C-

domain first collapses into a partially folded structure and then undergoes a minor 

rearrangement to transit into its native conformation prior to the folding of the N-domain 

(11). We also showed that NCS-1 can become transiently kinetically trapped in two 

distinct misfolded states where pathologically high calcium concentrations increased the 

lifetimes of the misfolded structures (21). While significant information is available on 

the structure, stability, and folding of NCS-1 in its Ca2+-bound state, little is still known 

about its structural and dynamical properties in the absence of Ca2+. Previous studies 

have suggested that the structure of the apostate of NCS-1 resembles that of a molten 

globule (22), and that upon Mg2+ binding the protein adopts a closed form in which 

almost all hydrophobic regions are buried (4, 23). Apart from this marginal information, 

however, the structural details of NCS-1 in the absence of divalent ions are still elusive 

and our mechanistic understanding of the conformational dynamics of the apo- and 

Mg2+-bound states is highly limited.  
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Single-molecule techniques, such as optical tweezers, have proven powerful for 

dissecting the folding mechanisms of protein molecules, providing non-averaged 

information inaccessible to more traditional bulk techniques (24, 25). Through 

mechanical manipulation it is nowadays possible to monitor in real time the dynamics of 

single proteins as they follow different routes and populate different intermediate states 

on their journey to the native structure (26-28). Analysis of the experimental data with 

advanced statistical methods allows the characterization of the kinetics and 

thermodynamics of the observed molecular transitions, and ultimately the reconstruction 

of the energy landscape of the protein (11, 26, 29, 30). These studies have lately proved 

very useful for the description of the conformational dynamics of different proteins, 

revealing crucial information for a better understanding of the molecular mechanisms 

underlining their biological function (11, 26, 29-33). 

Here we use optical tweezers to characterize the folding processes of the apo- 

and Mg2+-bound states of NCS-1 at the single molecule level. In the presence of Mg2+, 

NCS-1 folds into an intermediate state comprising a properly folded C-domain, and at 

lower forces it then transits to the native state through the folding of its N-domain. In 

contrast, in the absence of divalent ions, NCS-1 folds in a reversible two state reaction 

involving only the C-domain with no observable transitions of the N-domain. Through 

constant-force measurements and hidden Markov model analysis the energy landscapes 

underlining the observed folding reactions were reconstructed. The results reported in 

this paper shed light on the ion-dependent dynamics of NCS-1 and provide insights into 

the molecular basis of its conformational plasticity.  

 

 



 115 

RESULTS 

 

Folding mechanism of the Mg2+-bound state of NCS-1 

Single NCS-1 molecules were manipulated as depicted in Fig. 1A. DNA handles were 

attached to cysteine residues engineered at position 4 and 188 and the protein was 

stretched and relaxed by moving the pipette relative to the optical trap. A typical force 

vs. extension cycle is depicted in Fig.1B.  

 

Figure 1.Folding transitions of the Mg2+-bound state of NCS-1. A) Sketch of the 
experimental setup. Single NCS-1 molecules were manipulated with functionalized 
polystyrene beads, as previously described (29, 34). B) Force vs extension cycle 
acquired by stretching (red, 100 nm/sec) and relaxing (blue, 20 nm/sec) a NCS-1 
molecule in presence of 10 mM Mg2+. The native state (N) transits into the unfolded 
state (U) by populating an intermediate state (I), which is visited by the protein also 
during refolding. During the slow relaxation process fast fluctuations between U and I 
are detectable in a narrow range of forces. Color-coded arrows indicate the pulling (red) 
and relaxing (blue) directions. The stretching trace was fit to the WLC model (dashed 
lines) to estimate the changes in contour length associated to each unfolding transition. 
C) Extension vs time traces for the Mg2+-bound state of NCS-1, acquired at three 
different constant forces. The molecule hops between N, I and U at equilibrium, with the 
unfolded state being increasingly populated at higher forces. A close-up view of the 
transitions in the dashed box is shown, along with the corresponding fit based on HMM 
(red line). D) Probability density distributions (symbols) of the extensions of traces 
acquired at different constant forces. The distributions were fitted to triple-Gaussian 
functions (lines) to estimate a change in extension of 16 ± 2 nm for the N-I transition and 
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of 15 ± 2 nm for the I-U transition. 
 

During both stretching and relaxation, at a force of about 10 pN, the molecule populates 

an intermediate state I, located by extension half way between the native (N) and the 

unfolded (U) states. At slow relaxation speed, fast fluctuations between U and I can be 

observed in a narrow range of forces. The C- and N-domains of NCS-1 comprise a 

similar number of residues and in the Ca2+-bound state they unfold and refold 

sequentially (11). It is thus conceivable that the transitions observed in our experiments 

are the result of the sequential unfolding and refolding of the two domains. To confirm 

this, we analyzed 110 stretching traces with the worm-like-chain model of polymer 

elasticity (29, 35, 36) to estimate the change in contour length (∆Lc) associated with the 

different transitions. This analysis provided a ∆Lc of 30 ± 3 nm for the N-I transition, 

and a ∆Lc of 31 ± 2 nm for the I-U transition. These values are very close to the nominal 

∆Lc for the unfolding of the C-domain (ΔLc
0 = 33 nm) and N-domain (ΔLc

0 = 30 nm) of 

the Ca2+-bound state of NCS-1 (11) and are thus consistent with a sequential unfolding 

of the two domains in the Mg2+-bound state. Nonetheless, the measured ΔLc values are 

undistinguishable within the experimental errors and cannot be used for structural 

assignment. We thus investigated the behavior of two NCS-1 variants, NCS-110Gly and 

NCS-138-188, where the size of the two domains was selectively altered. In NCS-110Gly the 

size of the C-domain was increased by ~10 % by inserting 10 glycine residues into an 

unstructured loop connecting EF-3 and EF-4. In NCS-138-188 one handle is attached to 

position 38 and force is applied to only 56 residues of the N-domain (from Ser38 to 

Arg94), effectively reducing the size of the N-domain by ~ 40%. Compared to NCS-14-

188, both for unfolding and refolding, the high force transitions were longer in NCS-110Gly 
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and the low force transitions shorter in NCS-138-188 (Fig.S2). These data, along with the 

WLC-model fitting results, suggest that the C-domain is mechanically more stable than 

the N-domain, and unfolds and refolds at higher forces. This behavior is consistent with 

that of the Ca2+-bound state of NCS-1 (11). 

 

Equilibrium unfolding/refolding transitions of the Mg2+-bound state of NCS-1 

The equilibrium unfolding/refolding processes of the Mg2+-bound state of NCS-1 were 

characterized through constant force experiments, where the applied tension is kept 

constant by a feedback mechanism while the extension of the protein, as it jumps 

between different conformations, is monitored over time (Fig.1C). We acquired 50 

extension-time traces in the force range between 6.7 pN and 8.0 pN using 20 different 

molecules, and we analyzed each trace with a three-state HMM (37-39) to determine the 

force-dependent transition rates. The resulting data were fit to a linearized form of the 

Bell’s model (40) to estimate the position of the transition states along the reaction 

coordinate and the zero force rates (Fig. 2A). This analysis yielded a kinetic distance of 

15 ±1 nm between N and I, and a kinetic distance of 13 ±1 nm between I and U (Table 

1).  
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Figure 2. Energetics and kinetics of the Mg2+-bound state of NCS-1. A) Unfolding (red) 
and refolding (blue) rate constants for the N-I (left panel) and I-U (right panel) 
transitions estimated from extension-time traces acquired at different forces. Error bars 
represent standard deviations. The data were fit to the Bell’s model (solid lines) to 
estimate the positions of the transition states and the zero force rates. B) The dwell time 
distributions of the N, I and U states follow single exponential distributions. C) Force-
dependence of the occupation probability of the N, I and U states (color coded), and their 
corresponding fits based on a two-state model (Supporting Material). The best fit values 
for the differences in extension and free energy between N and U, ΔXN-U = 31.2 ± 2.6 nm 
and ΔGN-U  =16.6 ± 2.8 kcal/mol, are in agreement with the results of the HMM analysis, 
Table 1 and 2. The equilibrium force (F1/2=7.4 pN) corresponding to a probability of 
0.33 is indicated. D) Sketch of the free energy landscape of the Mg2+-bound state of 
NCS-1 at F1/2. The positions and free energies of the U, I, N and transition states 
(dagger1 and dagger2) states are shown. 
 

 
Transition xu  xf  k0

u (s-1) k0
f (s-1) k1/2 (s-1) ΔG‡

1/2/  

N-I 5.4±0.8 9.5±0.8 2(±0.8)x10-5 5.4(±0.8) x106 0.31(±0.8) 10.8±  

I-U 6.2±0.5 7±0.5 1.1(±1) x 10-4 1.1(±1) x 106 4.98(±0.2) 7.5±0.  

 
Table 1.Kinetic parameters of the folding reactions of the Mg2+-bound state of NCS-1. 
The positions of the transition state for the unfolding and refolding reactions (xu and xf, 
respectively), and the rates at zero force (k0

u and k0
f, respectively) were estimated from 
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the force-dependence of the transition rates. The transition rate and the activation free 
energy at F1/2 are indicated as k1/2 and ΔG‡

1/2, respectively. Errors are estimated from fit 
parameters' uncertainties. kBT = 0.6 kcal/mol. 
 
 

NCS-1 variant ΔGN-U  (kcal/mol) ΔXN-U   
Mg2+-bound NCS-14-188 16.6 ± 2.8 31.2 ± 2.6 

Apo NCS-14-188 8.5 ± 1.4 15 ± 1.5 
Apo NCS-195-188 5.96 ± 0.94 14.8 ± 2.3 

 
Table 2. Thermodynamic parameters of the folding reactions of the apo and Mg2+-bound 
states of NCS-1. The change in free energy and extension between the folded and 
unfolded states (ΔGN-U and ΔXN-U, respectively) were estimated from the force-
dependence of the occupation probabilities of the different molecular states. Errors are 
estimated from fit parameters' uncertainties 
 
 

These distances compare well with the jumps in the molecule’s extension observed in 

our constant-force traces (Fig. 1D), showing the overall consistency of our HMM 

analysis. The dwell time distributions of the N, I and U states as determined from the 

HMM analysis could be well fitted to single exponentials, in agreement with the kinetics 

of two consecutive two-state processes (Fig.2B). To further characterize the 

thermodynamics of the observed transitions we analyzed the force-dependence of the 

occupation probability of each molecular state, Fig. 2C (see Supplementary information 

for details). The results of this analysis (the equilibrium force F1/2, the change in free 

energy ∆G, and the distances between the states) are in agreement with those of the 

HMM analysis (Table 2). From the rates and transition state positions, the salient 

features of the energy landscape of the Mg2+-bound state of NCS-1 at the equilibrium 

force F1/2 were reconstructed (Fig. 2D). The total change in free energy between N and U 

at zero external force (∆GN-U), calculated by taking into account the free energy 

reduction of the unfolded state due to tethering (11, 41), is -16 ± 3 kcal/mol (Supporting 
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Material). This value compares well with the ∆GN-U of -11 ± 2 kcal/mol measured in bulk 

experiments (Fig. S1) and with the ∆GN-U of -16 ± 3 kcal/mol determined from the force-

dependence of the occupation probabilities (Fig. 2C, Supporting Material), showing the 

overall consistency of our analysis.   

 

Folding mechanism of the apo state of NCS-1 

In order to investigate the effect of Ca2+ and Mg2+ on the folding process of 

NCS-1 we performed constant-velocity experiments in the absence of divalent ions. 

Remarkably, under these experimental conditions, the apo-protein unfolds and refolds 

reversibly in a two-state process near 6.5 pN, displaying fast fluctuations between two 

different molecular extensions, Fig. 3A.  

 

Figure 3. Folding transitions of the apo state of NCS-1. A) Force-extension cycle 
acquired by stretching (red) and relaxing (blue) a NCS-1 molecule in presence of no 
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divalent ions. Around 6.5 pN the molecule displays bistability, fluctuating between two 
different molecular conformations. The associated changes in contour lengths (ΔLc= 31 
± 2 nm) indicate that the discontinuities (rips) observed in the recorded traces are due to 
the unfolding and refolding of only half of the protein, the rest of the molecule giving 
rise to no detectable transitions. B) Time-extension traces acquired at the indicated 
constant forces. The protein hops at equilibrium between a compact (folded) and an 
extended (unfolded) conformation, with the latter one being favored at higher forces. 
The data were analyzed with a two-state HMM, which produced idealized state 
transition traces like the one shown in red at 6.5 pN. C) Extension probability density 
distributions of traces acquired at four different forces, and their corresponding double-
Gaussian fittings (solid lines). The folded and unfolded states of the apo state of NCS-1 
differ in extension by 14 ± 1 nm, and are equally populated at 6.5 pN. D) Dwell-time 
distributions of the unfolded and folded states at 6.2 pN and their corresponding single 
exponential fittings. E) Force-dependence of the occupation probability of the folded 
state and the corresponding two-state fitting. The best fit values, ΔXN-U = 15 ± 1.5 nm 
and ΔGN-U  = 8.5 ± 1.4 kcal/mol, are in agreement with the results of the HMM analysis, 
Table 2 and 3. The equilibrium force (F1/2 = 6.5 pN) corresponding to a probability of 0.5 
is indicated. F) Unfolding (red) and refolding (blue) rate constants at different forces as 
determined from the HMM analysis, and fits with the Bell model (solid lines). Error bars 
represent standard deviations. G) Sketch of the free energy landscape of NCS-1 at F1/2 in 
presence of no divalent ions, reconstructed using the HMM analysis. 
 

The change in contour length associated with the unfolding/refolding events is 31 ±2 

nm, suggesting that only half of the protein, possibly only one domain, gives rise to the 

observed transitions. The thermodynamics and kinetics of the bi-stability displayed by 

the molecule around 6.5 pN was analyzed through constant force experiments (Fig. 3B). 

Fifty two extension-time traces from 12 different molecules were acquired in the force 

range between 5.7 and 7.2 pN. In each trace, the protein hops between two distinct 

conformations differing in extension by 14 ±1 nm (Fig. 3C). The more extended one 

(unfolded) is favored by high forces. The life time distributions of both conformations 

can be well fit by single exponentials (Fig. 3D), and the unfolding probability displays a 

sigmoidal dependence on force (Fig. 3E); these data are consistent with a two-state 

unfolding/refolding mechanism. The transition rates and position of the transition state 
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were estimated by fitting each time-extension trace with a two-state HMM (Fig. 3B, 

Table 3). 

 

NCS-1 
variants xu xf  ku

0(s-1) kf
0(s-1) k1/2 (s-1) ΔG‡

1/2/kBT 

NCS14-188 3.13 ± 0.4 11.1± 0.6 0.02 (±0.6) 8.9 (±1) x 107 2.72(±0.3) 8.4 ± 0.6 
NCS195-188 3.3 ± 0.4 10.7 ± 0.7 0.01 (±0.6) 3.9 (±1) x 107 2.0(±0.3) 8.7 ± 0.6 
 
Table 3. Kinetic parameters of the folding transitions of the apo state of NCS-1. The 
kinetic quantities were measured from the force-dependence of the transition rates. 
Errors are estimated from fit parameters' uncertainties. kBT = 0.6 kcal/mol. 
  

From the position of the transition state we deduced a difference in extension between 

the folded and unfolded states of 14 ±1 nm, which compares well with the experimental 

values (Fig. 3C). Using the kinetic parameters of Table 3 we reconstructed the energy 

landscape of the molecule at F1/2. After correction for the free energy loss of the 

unfolded state due to tethering (Supporting Material), we estimated a ∆GU-N of 7±1 

kcal/mol, which compares well with the ∆GU-N of 6±1 kcal/mol measured in bulk 

experiments (Fig. S3), and with the ∆GU-N of 8.5±1.4 kcal /mol estimated from the 

unfolding probability (Fig. 3E), thereby supporting the robustness of the HMM analysis.  

The C-domain of NCS-1 has proved to be mechanically more resistant (11) and 

thermodynamically more stable (19) than the N-domain, and it is thus conceivable that 

the reversible fluctuations observed in Fig. 3A originate from the unfolding and 

refolding of the C-domain only. To test this hypothesis we pulled on the mutant NCS-

195-188, where the cysteine at position 4 is moved to position 95 to effectively apply force 

only on the C-domain. The resulting force-extension traces show reversible two-state 

unfolding/refolding transitions near 6.5 pN that closely resembled those observed when 
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pulling on the entire molecule (Fig. 4A), with very similar changes in contour length 

(∆Lc = 32 ± 2).  

 

Figure 4. Folding transitions of NCS-195-188 in absence of divalent ions. A) Under these 
experimental conditions, when stretched (red trace) and relaxed (blue trace), NCS-195-188 

displays reversible two-state fluctuations A) that closely resemble those observed with 
NCS-14-188. In fact, when held at constant force B), NCS-195-188 hops between two 
molecular conformations that are equal within experimental error to those described in 
Figure 3, in terms of extensions C), dwell time distributions D), force-dependent 
unfolding probability E), and transition rates F), Table 2 and 3. Error bars represent 
standard deviations. It follows that, in absence of divalent ions, the energy landscape of 
NCS-195-188 G) is nearly identical to that of NCS-14-188. 
 

In fact, the unfolded and folded states of NCS-195-188 in the constant force measurements 

(Fig. 4B) showed the same extensions (Fig.4C), energies (Fig. 4E) and transition rates 

(Fig. 4F) of the corresponding states of NCS-14-188, revealing nearly identical energy 

landscapes for the two variants in the absence of divalent ions (Fig. 4G). These results 

clearly show that the unfolding and refolding events displayed by NCS-1 in the absence 



 124 

of divalent ions originate only from the C-domain, suggesting that under these 

experimental conditions the N-domain is either unstructured, or only loosely folded, and 

when stretched it unravels through transitions that are not detectable in our recordings. 

These data are quite similar to those obtained with the apo state of calmodulin, where 

only one domain exhibits reversible two-state transitions that can be easily observed in 

the force-extension curves, while the other gives rise to a signal that can only be vaguely 

inferred at very low forces (33). 

 

DISCUSSION 

Many members of the vast superfamily of EF-hand calcium binding proteins 

populate Mg2+-bound states. Some of these states have distinct structural roles, where 

the binding of Mg2+ maintains the structure in the absence of Ca2+ and presumably 

protects against aggregation or premature degradation, whereas others have a direct 

functional role. In the case of NCS-1, the Mg2+-bound state is the primary interacting 

conformation for many of its targets (10, 11) and its ion-dependent conformational 

dynamics therefore represents an important part of its functional repertoire. Our 

characterization of the folding of NCS-1 in the Mg2+-bound and apo-states re-iterates our 

previous results obtained on the Ca2+-bound state and show that the two EF-domains 

appear to fold as separate units regardless of ionic conditions. Using our results, we can 

now start to trace the progression of fold for NCS-1, from the likely transiently 

populated apo state, to resting Ca2+-levels in a predominantly Mg2+-bound state, to a 

fully Ca2+-activated molecule during transient or sustained calcium elevation in neurons. 

The C-domain can already fold under apo conditions and is stabilized further by binding 

of Mg2+, forming an intermediate state followed by Mg2+-assisted folding of the N-
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domain into the Mg2+-bound conformation. During transient or sustained elevation of 

Ca2+, the molecule goes through a conformational change from a Mg2+-bound state into a 

Ca2+-activated state, where the largest structural changes are likely to be a consequence 

of the binding of Ca2+ into the ion free EF4 which could involve a reorientation of the 

structural domains for tighter coupling to expose the hydrophobic crevice, as in the 

related NCS protein recoverin (42). Whether or not this involves unfolding and 

subsequent Ca2+-assisted refolding or conformational changes within a competitive ion-

exchange process is not known from our current data. Nonetheless, as shown in this 

paper, the energy landscape of the protein significantly changes depending on the ionic 

environment to which it is exposed.  

 

The Mg2+-bound state of NCS-1 

Our results indicate that Mg2+ promotes even more structuring than was previously 

proposed from NMR experiments (4). These latter studies suggested that Mg2+ binding 

led to considerably less structuring than Ca2+ binding as significant signal broadening 

was observed in the heteronuclear single-quantum coherence (1H-15N-HSQC) spectrum 

of NCS-1 and many peaks were missing, indicating conformational exchange (4). 

Remarkably, in this respect, the near-UV CD spectrum of NCS-1, which reports 

primarily on tertiary structure, does not change much upon Mg2+ binding to the apo 

state, whereas Ca2+ binding causes drastic changes (4). It is therefore quite surprising 

that our results indicate that the entire N-domain obtains structure upon Mg2+ binding, at 

least it is compacted to a state similar in shape as the Ca2+-loaded state with unknown 

heterogeneity. However, even though the N-domain is unfolded under apo conditions in 

our accessible experimental force range (>2 pN), it cannot be excluded that it folds to a 
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compact state at forces approaching zero. The mechanical properties of the Mg2+-bound 

state closely resemble those of the Ca2+-bound state. The N- and C-domains unfolds at 

forces (9 ± 1.2 pN and 12 ± 1.5 pN, respectively) that are only slightly lower than those 

observed with NCS-1 in the presence of Ca2+ (10.6 ± 0.6 pN and 13.8 ± 1 pN, 

respectively), and the associated changes in contour length are equal within the 

experimental error in the two cases. These data suggest that Mg2+ binding leads to a 

compact structure for NCS-1. It might also be that Mg2+ binding leads to a closed 

conformation that resembles that sampled by the apo state of NCS-1, at least with the C-

domain. Mg2+ likely restricts the conformational space of the N-domain, but the 

dynamics of the ion-free EF4 could still lead to conformational exchange, reconciling at 

least some of the conflicting results obtained with NCS-1. In fact, almost 75% of the 

expected peaks are visible in the 1H-15N-HSQC of myristoylated NCS-1 (120 out of 174, 

(4)), consistent with one out of four EF-hands experiencing conformational exchange. 

We envision that Mg2+ binding leads to a fully compact globular yet dynamic structural 

ensemble with a partially open binding site and Ca2+ binding leads to reorientation and 

docking of the two domains adding an additional stability term, and exposing fully the 

binding site. This is discussed further below. 

The folding reactions of the Mg2+- and Ca2+-bound states of NCS-1 share 

common features, but also display remarkable differences.  In both cases, the N-domain 

folds via a two-state process, crossing transition-state barriers located at comparable 

positions along the reaction coordinate (11). Conversely, the C-domain follows quite 

different folding pathways depending on the ionic environment. In the presence of Mg2+, 

the C-domain folds through a single all-or-none reaction, with a rate constant (k0
f) of ~ 

106 s-1. In contrast, in the presence of Ca2+, the C-domain folds first into a partially 



 127 

folded conformation and then transits into its native state through a rate-limiting 

transition (k0
f ~ 38 s-1) that involves calcium binding into the EF4 site. This latter process 

slows down the overall folding rate by several orders of magnitude and is linked to NCS-

1’s misfolding (21). These data suggest that in neurons, NCS-1 folds into its native 

structure more efficiently and safely at resting Ca2+-levels in a predominantly Mg2+-

bound state, compared to its folding occurring during Ca2+elevation. 

 

The apo state of NCS-1 

Our results suggest that in absence of divalent ions NCS-1 has a folded C-domain 

and an unstructured N-domain. One obvious difference between the two domains is a 

conserved Cys–Pro mutation in the N-domain that renders EF1 unable to bind divalent 

ions (19). It is well-known that EF-hands are commonly found in pairs and binding of 

ions makes the EF-domain pair stable. For NCS-1, however, the folding or unfolding of 

the EF-hand pairs seems conserved even in the absence of ions, as the EF hands of the 

N- and C-domains are either both folded or unfolded, displaying a considerable crosstalk 

between them. 

In the apo-state, NCS-1 has been previously shown to have significant secondary 

structure yet little tertiary structure, and the 1H-15N HSQC spectrum has been shown to 

be severely signal-broadened, suggesting lack of stable structures (4, 22). Our 

equilibrium unfolding data (Fig. S3) shows an early decrease in fluorescence intensity at 

very low denaturant concentration. This decrease occurs gradually, lacking a pre-

transition baseline, and indicates the unfolding of a structure with only marginal tertiary 

interactions, followed by a cooperative unfolding transition. These data acquired in 

bulk appear to be consistent with our single molecule data. In fact, under tension and in 
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absence of divalent ions, NCS-1 unfolds and refolds through reversible two-state 

transitions that involved only the C-domain. The collapsed state of the N-domain 

suggested by the equilibrium unfolding experiments may be too unstable to be 

observable in the force range used in our experiments. We notice that the behavior under 

tension of the apo state is clearly different from that displayed by the Mg2+- and Ca2+-

bound states of NCS-1 and by other native state structures stabilized by tertiary contacts, 

which unfold and refold out of equilibrium through transitions accompanied by 

hysteresis (11, 30, 43, 44). On the basis of our data, we speculate that the apo state of 

NCS-1 consist of a highly dynamic ensemble of similar structures, stabilized by weak 

interactions, which interconvert on intermediate NMR timescales, giving rise to the 

observed signal broadening in the HSQC spectrum (4), and to the reversible transitions 

in single molecule experiments. Thus, similar to intrinsically disordered proteins (45) 

and to that of the calcium binding S100 proteins (46), neural calcium sensors may 

exploit ligand-driven folding-upon binding to drive the thermodynamics for binding and 

the selection of binding partners. 

 

Functional, ion-dependent dynamics of NCS-1 

NCS-1 has a broad interactome currently consisting of more than 20 reported 

binding partners (47). The different protein partners can be bound predominantly in 

either domain or both at the same time, in either a calcium-dependent or independent 

manner. This multi-specificity requires a certain degree of conformational plasticity that 

is poorly understood on the molecular level. The different stabilities and folding rates of 

the two domains may reflect the conformational heterogeneity needed to allow for 

accommodation of multiple different ligands in the binding pocket, which spans through 
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both domains. In addition, NCS-1 can gain functional versatility not only through the 

full or partial folding or unfolding of the two EF-domains but also through their coupling 

or decoupling, which affects their relative orientation and dynamics. This allostery may 

fine-tune the exposure of the binding sites for the various interaction partners of NCS-1.  

The interaction of NCS-1 with the D2 dopamine receptor (D2R) is believed to 

include both the Mg2+-bound and Ca2+-bound states (13). NCS-1 interacts with the C-

terminal tail residues of D2R independent of calcium and upon calcium activation it 

binds the G-protein coupled receptor kinase (GRK2) and partially inhibits it from 

phosphorylating the third intracellular loop of D2R, thus being responsible for its 

desensitization (13). Presumably, D2R and GRK2 are bound to separate NCS-1 

domains. No detailed structural information on the interactions are available but 

biochemical and structural models have suggested different scenarios regarding the 

stoichiometry and domain involvement in binding (48, 49). Our results indicate that the 

extension and folding rate of the N-domain is similar in its Mg2+-bound and Ca2+-bound 

states It could therefore be speculated that the N-domain is responsible for binding D2R 

since its properties may not change much when transiting from Mg2+ to Ca2+ conditions. 

Upon calcium activation, the N-domain-D2R interaction may become tighter and the 

conformational changes of the C-domain, mostly through binding of calcium into EF4, 

enable further coupling with the N-domain, which may fully expose the second binding 

site for GRK2. This would be consistent with evidence which suggest that occupancy of 

calcium in EF2 is sufficient for the NCS-1-D2R interaction (49). In this respect, an 

important next step to understand these processes in detail will be to directly observe and 

characterize the activation of NCS-1 from a predominantly Mg2+-bound state to the fully 

calcium-bound state. This would elucidate for example whether it is possible to traverse 
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directly from an Mg2+-bound state to a Ca2+-bound state, or whether partial or full 

unfolding is a prerequisite for calcium activation. This will be especially important for 

the D2R-NCS-1 interaction as it has been suggested as a potential target for 

antipsychotic drug development (50). To this end our results on the conformational 

dynamics of NCS-1 may form a platform for drug design. 

In conclusion, we have determined the salient features of the folding free energy 

landscapes of the Mg2+-bound and apo states of NCS-1. We found these states to have 

distinct folding properties from the calcium-bound state, where NCS-1 in presence of 

magnesium folds each domain separately through all-or-none transitions whereas it in 

the apo state only folds its C-domain while the N-domain remains unfolded or highly 

destabilized. We found that the Mg2+-bound state is more structured than previously 

described, displaying mechanical properties, cooperativity and end-to-end distances that 

closely resemble those of the Ca2+-bound state. Our results represent an important 

detailed decomposition of states for the deciphering of the complete conformational as 

well as functional dynamics of NCS-1. 

 

EXPERIMENTAL PROCEDURES 

 

Protein –DNA chimera preparation 

To manipulate NCS-1 with optical tweezers we engineered double-cysteine 

constructs using either a wild-type pET-16b or a pseudo-wild-type pET-16b expression 

plasmid (with Cys38 replaced by serine), by standard genetic techniques. The E. coli 

strain BL21 (DE3) was used to express un-myristoylated each NCS-1 construct, and 

cells were grown at 37 °C in Luria-Bertani medium. The protein was purified as 
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described elsewhere (19, 51), and attachment of DNA to proteins and coupling of 

protein-DNA chimeras to beads was performed exactly as in previous work (34). 

 

Force Spectroscopy Measurements 

All measurements were carried out using a custom-built dual-beam optical 

tweezers set up that operates by direct measurement of light momentum (43, 52). 

Measurements were performed either in 10 mM Tris, 250 mM NaCl, 10 mM MgCl2, pH 

7.0 or, to study the apo state of NCS-1, in the same buffer without MgCl2 and with 0.5 

mM ethylene glycol tetraacetic acid (EGTA). The DNA-protein chimeras were 

manipulated with a 3.10 μm antidigoxigenin coated bead (Spherotec) held in the optical 

trap, and a 2.18 μm streptavidin-coated bead (Spherotec) held at the end of a 

micropipette by suction. The molecules were stretched and relaxed by moving the 

pipette toward the optical trap or away from it, respectively, by means of a piezoelectric 

flexure stage (MAX311/M, Thorlabs, Newton, NJ). Only those molecules displaying the 

characteristic DNA overstretching transition at 67 pN were used for acquiring data (29). 

In constant-speed experiments the data were acquired at a rate of 40 Hz, while in 

constant-force experiments at a rate of 100 Hz (43). 

 

Hidden Markov Model Analysis 

 We use a hidden Markov model (HMM) algorithm (53, 54) to reconstruct from 

the constant-force hopping traces of our experiments the distribution (which we assume 

to be Gaussian) of the extension of each state and the transition probabilities between 

different states. The transition rate matrix K is computed from the transition probability 

matrix T by means of the relation K = (ln T) / Δt, where Δt = 0.01 s for our data 
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acquisition system. By collecting data obtained at different values of the force, we derive 

the chevron plots shown in Figs. 2A, 3F, 4F, which we interpret according to the 

Kramers-Bell theory (40, 55) to deduce the free energy differences among the states and 

the position of the barriers. The thermodynamics and kinetics information obtained in 

this way are summarized by the free-energy landscape sketch in Fig. 2D. Further details 

and references about HMM and the landscape reconstruction procedure are given in the 

Supporting Material.  
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Hidden Markov Model analysis and landscape reconstruction 

 

Hidden Markov Model (HMM) techniques are a powerful statistical tool to 

analyze time series. The problem, frequently encountered in data analysis, is the 

following: assume that the system under investigation can be reasonably well 

approximated by a Markov chain with n states and time-independent transition matrix Tij 

(i, j = 1,…,n). Experiments made on the system can not directly assess which state the 

system is in (it is hidden), but each state emits a characteristic signal (either discretely or 

continuously distributed) which can be detected. From a sufficiently long time series of 

observations one can infer both the transition matrix elements and the characteristics of 

the signal emitted by each state, and then assign to each data point the most likely state 

of the system at that time. The algorithms to perform these reconstructions were first 

developed by mathematicians in the ‘60s (1) and then widely applied to artificial 

intelligence problems, notably speech recognition (2). Lately they have been adopted by 

the biophysical community as the tool of choice for analyzing data from single-molecule 

experiments, at first fluorescence (3) and then optical tweezers (4) 

In our case, the states are N, I, U and the signal is the normally distributed end-to-end 

extension of the molecular construct protein + handles. From our HMM reconstruction, 

we estimate the elements of the transition matrix Tij, which can be translated into 

transition rates using the formula Kij = (ln M)ij/Δt, where Δt is the time interval between 

two consecutive measurements (in our experiment, 0.01 s). By collecting rates at 

different force values we obtain the chevron plots in Figs. 2A, 3F, 4F. Such plots are 

interpreted according to the Kramers-Bell theory (5) in the simplified version of (6) (see 

also (7) for a proof of the validity of this approximation):  
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From the slopes of the linear fits (in semi-log scale) performed in the chevron plots we 

can therefore deduce the position of the barriers, while the intercepts give access to the 

free energy difference between the states. In order to present a free energy landscape like 

the one in Fig. 2D we need one more data: the pre-exponential factor km, which we 

cannot directly measure with our experimental apparatus. We adopt the value 1.2 ×10-4 

Hz, which has been experimentally measured in a setting very similar to ours, albeit with 

a different protein (8). 

 

Thermodynamic Analysis of a three state system 

If we have a three state system with phases N, I and U then the partition function 

(equation 45 in reference (9) can be written as: 

 

𝑍𝑍 =
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� + 𝑒𝑒𝑒𝑒𝑒𝑒 �− ∆𝐺𝐺𝐼𝐼(𝑇𝑇 ,𝑥𝑥𝐼𝐼)−𝐹𝐹𝑥𝑥𝐼𝐼
𝑘𝑘𝐵𝐵𝑇𝑇

� + 𝑒𝑒𝑒𝑒𝑒𝑒 �− ∆𝐺𝐺𝑁𝑁 (𝑇𝑇,𝑥𝑥𝑁𝑁 )−𝐹𝐹𝑥𝑥𝑁𝑁
𝑘𝑘𝐵𝐵𝑇𝑇

�   (1) 

Where 𝑥𝑥𝑈𝑈 , 𝑥𝑥𝐼𝐼, 𝑥𝑥𝑁𝑁  are the  average extensions of the three states at temperature T, 

atmospheric pressure and applied force F, while 
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∆𝐺𝐺𝑈𝑈 =  𝐺𝐺𝑈𝑈 − 𝐺𝐺0                                                                                                                                            

(2)                                                                                                                                     

∆𝐺𝐺𝐼𝐼 =  𝐺𝐺𝐼𝐼 − 𝐺𝐺0                                                                                                                                               

(3) 

∆𝐺𝐺𝑁𝑁 =  𝐺𝐺𝑁𝑁 − 𝐺𝐺                                                                                                      

(4) 

are the thermodynamic free energies at constant temperature, pressure and average 

extensions of the three states measured with respect to an arbitrary reference state. From 

the above relations the probability of a single molecule of being in state N, I and U at 

temperature T and force F are: 

𝑃𝑃𝑈𝑈 =  1
𝑍𝑍

exp �− ∆𝐺𝐺𝑈𝑈 (𝑇𝑇 ,𝑥𝑥𝑈𝑈 )−𝐹𝐹𝑥𝑥𝑈𝑈
𝑘𝑘𝐵𝐵𝑇𝑇

�                                                                                 

(5) 

𝑃𝑃𝐼𝐼 =  1
𝑍𝑍

exp �− ∆𝐺𝐺𝐼𝐼(𝑇𝑇,𝑥𝑥𝐼𝐼)−𝐹𝐹𝑥𝑥𝐼𝐼
𝑘𝑘𝐵𝐵𝑇𝑇

�                                                                                     

(6) 

𝑃𝑃𝑁𝑁 =  1
𝑍𝑍

exp �− ∆𝐺𝐺𝑁𝑁 (𝑇𝑇,𝑥𝑥𝑁𝑁 )−𝐹𝐹𝑥𝑥𝑁𝑁
𝑘𝑘𝐵𝐵𝑇𝑇

�                                                                                 

(7) 

If we choose the reference state as I, then the partition function in Eq. (1) can be written 

as: 

𝑍𝑍 = exp�− ∆𝐺𝐺𝑈𝑈 (𝑇𝑇 ,𝑥𝑥𝑈𝑈 )−𝐹𝐹𝑥𝑥𝑈𝑈
𝑘𝑘𝐵𝐵𝑇𝑇

� + exp�𝐹𝐹𝑥𝑥𝐼𝐼
𝑘𝑘𝐵𝐵𝑇𝑇

� + exp �− ∆𝐺𝐺𝑁𝑁 (𝑇𝑇,𝑥𝑥𝑁𝑁 )−𝐹𝐹𝑥𝑥𝑁𝑁
𝑘𝑘𝐵𝐵𝑇𝑇

�                       

(8)                                 From which we can rewrite the equilibrium probabilities as: 
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𝑃𝑃𝑈𝑈  = �1 + exp�∆𝐺𝐺𝑈𝑈𝑈𝑈 −𝐹𝐹∆𝑥𝑥𝑈𝑈𝑈𝑈
𝑘𝑘𝐵𝐵𝑇𝑇

� + exp�∆𝐺𝐺𝑈𝑈𝑈𝑈 −𝐹𝐹∆𝑥𝑥𝑈𝑈𝑈𝑈
𝑘𝑘𝐵𝐵𝑇𝑇

��
−1

                                          

(9) 

𝑃𝑃𝐼𝐼 =  �1 + exp �− ∆𝐺𝐺𝑈𝑈𝑈𝑈 −𝐹𝐹∆𝑥𝑥𝑈𝑈𝐼𝐼
𝑘𝑘𝐵𝐵𝑇𝑇

� + exp�∆𝐺𝐺𝐼𝐼𝐼𝐼−𝐹𝐹∆𝑥𝑥𝐼𝐼𝐼𝐼
𝑘𝑘𝐵𝐵𝑇𝑇

��
−1

                                        

(10) 

𝑃𝑃𝑁𝑁 = �1 +  exp �− ∆𝐺𝐺𝐼𝐼𝐼𝐼−𝐹𝐹∆𝑥𝑥𝐼𝐼𝐼𝐼
𝑘𝑘𝐵𝐵𝑇𝑇

� + exp �− ∆𝐺𝐺𝑈𝑈𝑈𝑈 −𝐹𝐹∆𝑥𝑥𝑈𝑈𝑈𝑈
𝑘𝑘𝐵𝐵𝑇𝑇

��
−1

                                                        

(11) 

where we have defined the convenient shorthand notations:  

∆𝐺𝐺𝑈𝑈𝑈𝑈 =  𝐺𝐺𝑈𝑈 − 𝐺𝐺𝐼𝐼= −∆𝐺𝐺𝐼𝐼𝐼𝐼  ;   ∆𝑥𝑥𝑈𝑈𝑈𝑈 =  𝑥𝑥𝑈𝑈 − 𝑥𝑥𝐼𝐼 =  −∆𝑥𝑥𝐼𝐼𝐼𝐼  

∆𝐺𝐺𝑁𝑁𝑁𝑁 =  𝐺𝐺𝑁𝑁 − 𝐺𝐺𝐼𝐼= −∆𝐺𝐺𝐼𝐼𝐼𝐼  ;  ∆𝑥𝑥𝑁𝑁𝑁𝑁 = 𝑥𝑥𝑁𝑁 − 𝑥𝑥𝐼𝐼 =  −∆𝑥𝑥𝐼𝐼𝐼𝐼  

∆𝐺𝐺𝑈𝑈𝑈𝑈 = 𝐺𝐺𝑈𝑈 − 𝐺𝐺𝑁𝑁 = −∆𝐺𝐺𝑁𝑁𝑁𝑁 ;∆𝑥𝑥𝑈𝑈𝑈𝑈 =  𝑥𝑥𝑈𝑈 − 𝑥𝑥𝑁𝑁 =  −∆𝑥𝑥𝑁𝑁𝑁𝑁  

 

The fit to the occupation probabilities in Fig. 2C was obtained by fixing ∆𝑥𝑥𝑈𝑈𝑈𝑈  = 31 nm 

from the extension distributions in Fig. 1D while treating all the other quantities as 

adjustable parameters. The best fit was achieved with the values ∆𝑥𝑥𝑈𝑈𝑈𝑈  = 15 ± 2 nm, ∆𝑥𝑥𝑁𝑁𝑁𝑁  

= 16 ± 1 nm, ∆𝐺𝐺𝑈𝑈𝑈𝑈  = 16 ± 3 kcal/mol, ∆𝐺𝐺𝑁𝑁𝑁𝑁  = 17 ± 1 kcal/mol, and ∆𝐺𝐺𝑈𝑈𝑈𝑈  = 32 ± 3 

kcal/mol. 

 
Zero-force free energy for NCS-1 conformers 
 

The comparison between the free energy differences calculated in single 

molecule experiments and in bulk experiments requires an estimate of the free energy 

needed for stretching the protein. If we indicate by F1/2 the force at which states U and N 

have the same free energy, the zero-force free energy difference is (9, 10) 
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∆𝐺𝐺𝑈𝑈𝑈𝑈0 =  𝐹𝐹1
2
∆𝑥𝑥𝑈𝑈𝑈𝑈 −  ∆𝐺𝐺𝑆𝑆𝑆𝑆 =  𝐹𝐹1

2
∆𝑥𝑥𝑈𝑈𝑈𝑈 −  ∫ 𝐹𝐹(𝑥𝑥′)𝑑𝑑𝑥𝑥′𝑋𝑋𝑈𝑈

0                                        

(12) 

The elastic response of the protein is customarily represented by the worm like chain 

(WLC) model (11, 12) in which the relation between the force F applied to a molecule 

and its elongation x is given by 

𝐹𝐹𝐹𝐹
𝑘𝑘𝐵𝐵𝑇𝑇

=  1

4�1−𝑥𝑥𝐿𝐿�
2 + 𝑥𝑥

𝐿𝐿
− 1

4
                                                                                            

(13) 

Where P = 0.65 nm is the persistence length and L is the contour length, nominally 

computed as 0.36 nm per residue. Observe that 𝑥𝑥𝑈𝑈 = 𝑥𝑥𝑁𝑁 + ∆𝑥𝑥𝑈𝑈𝑈𝑈 ,  so for finding the 

zero-force free energy we need to know the length of the native state (𝑥𝑥𝑁𝑁) of the protein. 

As such information is not available, we have used corresponding values from the Ca2+ 

bound state of NCS-1, whose structure is known (13), confiding in the fact that the 

resulting systematic error is likely to be small in comparison with other sources of 

uncertainty. An alternative approach is to directly estimate 𝑥𝑥𝑈𝑈  by solving Eq. (13) at the 

force F1/2: these two ways of estimating 𝑥𝑥𝑈𝑈  agree reasonably well, as we show in the 

following results. In the case of the Mg2+-bound state of NCS-1 the handles are attached 

to residues 4 and 188, so we have L = 66.2 nm while 𝑥𝑥𝑁𝑁  = 3.5 nm from X-ray 

reconstruction of the Ca2+-bound state. From Fig. 2C we get F1/2  = 7.3 pN and from Fig. 

1D we find ∆𝑥𝑥𝑈𝑈𝑈𝑈  = 31 nm. With these numbers, Eq. (12) gives ∆𝐺𝐺𝑈𝑈𝑈𝑈0  = 16 ± 3 kcal/mol, 

to be compared with the bulk value of 11 ± 2 kcal/mol. For the apo state only the C-

domain (residues 95-188) is folded in the native state, so we set L = 33.5 nm and 𝑥𝑥𝑁𝑁  = 

1.32 nm. Using the values F1/2 = 6.5 pN and ∆𝑥𝑥𝑈𝑈𝑈𝑈  = 14 nm from Figs. 3E and 3C, 
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respectively, Eq. (12) yields ∆𝐺𝐺𝑈𝑈𝑈𝑈0  = 7.0 ± 1 kcal/mol, in good agreement with the bulk 

result 6 ± 1 kcal/mol. The alternative estimate of 𝑥𝑥𝑈𝑈  from inversion of Eq. (13) at force 

F1/2 yields 𝑥𝑥𝑈𝑈  = 32.3 nm for the Mg2+-bound state (compare with 𝑥𝑥𝑁𝑁 +  ∆𝑥𝑥𝑈𝑈𝑈𝑈  = 34.5 nm) 

and 𝑥𝑥𝑈𝑈  = 15.1 nm for the apo state (while 𝑥𝑥𝑁𝑁 + ∆𝑥𝑥𝑈𝑈𝑈𝑈  = 15.3 nm). 

 

Equilibrium unfolding experiments 

We monitored the denaturation of NCS-1 by incubating in guanidine 

hydrochloride (GuHCl) followed by measuring intrinsic tryptophan fluorescence 

emission spectroscopy using a Perkin-Elmer LS50B spectro fluorimeter. Samples of 1-5 

µM protein were prepared in 10 mM Tris, 250 mM NaCl, 10mM MgCl2, 1 mM 

dithiothreitol, pH 7.0 with GuHCl concentrations in the range 0 - 8 M. The exact 

denaturant concentration of each sample was determined with a digital refractometer. All 

experiments were performed at ambient temperatures with excitation at 295 nm 

monitoring emission at 325 nm. The fraction of folded protein was calculated from the 

maximum and minimum intensities, and plotted against the concentration of denaturant. 

The data were fitted to three-state transitions as described (14). 

𝑓𝑓(𝑥𝑥) =  
(𝑎𝑎0+𝑎𝑎1𝑥𝑥)+ (𝑎𝑎2+𝑎𝑎3𝑥𝑥)∗exp (𝑚𝑚1∗(𝑥𝑥−𝐶𝐶𝐶𝐶 1)

𝑅𝑅𝑅𝑅 )

1+exp �𝑚𝑚1∗ 𝑥𝑥−𝐶𝐶𝐶𝐶 1
𝑅𝑅𝑅𝑅 �

 +  

 
(𝑎𝑎2+𝑎𝑎3𝑥𝑥)+ (𝑎𝑎4+𝑎𝑎5𝑥𝑥)∗exp (𝑚𝑚2∗(𝑥𝑥−𝐶𝐶𝐶𝐶 2)

𝑅𝑅𝑅𝑅 )

1+exp (𝑚𝑚2∗(𝑥𝑥−𝐶𝐶𝐶𝐶 2)
𝑅𝑅𝑅𝑅

(14) 

                                                                          

where a0, a1, a2, a3, a4 and a5 are the linear influence of denaturant on the different 

states, N, [DNNC], D, respectively. At least 60 data points were used in each experiment. 
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Supplemental Figures 

 
 
Figure S1.Equilibrium unfolding profile of wild type NCS-1 in 10mM MgCl2.The solid 

line represents the best fit of the data to Eq. 14. The fitting of the data gave a global free 

energy change of unfolding of 11.0 ± 2.0 kcal/mol. 
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Figure S2. Asignment of unfolding/refolding transitions to individual domains. 

Stretching and relaxation traces for NCS-14-188 and two mutants designed to alter the size 

of the N- and C-domain individually. A) Superimposed stretching traces (100 nm/sec) 

acquired by pulling on NCS-14-188 (red) and NCS-1 38-188 (blue). B) Superimposed 

relaxation traces (20 nm/sec) acquired by manipulating NCS-14-188 (red) and NCS-1 38-

188. Both in A) and B) the low force transition is smaller for NCS-1 38-188. C) 

Superimposed stretching traces (100 nm/sec) acquired by pulling on NCS-14-188 (red) and 

NCS-110 Gly (blue). D) Superimposed relaxation traces acquired by manipulating NCS-14-

188 (red) and NCS-110 Gly. Both in C) and D) the high force transition is larger for NCS-

110 Gly. 

 

 
 
Figure S3.Equilibrium unfolding profile of wild type NCS-1 in absence of divalent ions. 

The solid line represents the best fit of the data to Eq. 14. The fitting of the data gave a 

global unfolding free energy change of 6.0 ± 1.0 kcal /mol. 
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4. CONCLUSIONS 
 
This thesis is based on the single molecule folding and misfolding mechanisms of NCS-1 

protein and the amyloidogenesis of the protein 𝛽𝛽-2 Microglubulin. The conclusions drawn 

from the experimental results of these projects (see: paper 1, paper 2 and paper 3) are as 

follows: 

 

Direct observation of calcium-dependent misfolding in single 
Neuronal calcium sensor-1 molecules. 
 

In this project (see paper: 1) the misfolding trajectories of NCS-1 were studied at single 

molecule level using dual beam optical tweezer set up. Our results have shown that NCS-1 

enters off pathway or misfolded states from its on pathway intermediate state I2, which acts 

as a checkpoint between its native state and the misfolding trajectories. By doing force ramp 

experiments at various Ca2+ concentrations (0.5 µM to 10mM) it is shown that the 

probability of NCS-1 to enter the misfolding trajectories increases with increase in Ca2+ 

concentrations and pulling speeds. Using constant force method and hidden Markov model 

analysis we analyzed the kinetic and thermodynamic of the equilibrium fluctuations of NCS-

1 between the I2 state and the misfolded states at 10mM and 10 µM concentrations. At 

10mM concentration, we have characterized two misfolded states of NCS-1 - M1 and M2 

while at 10 µM concentration only the M2 state was observed. The energy landscapes 

governing the misfolding trajectories were reconstructed in this study. Moreover, using 

mutants experiments:  EF- 2 knockout, in which the Ca 2+ binding site in EF-2 was removed 
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by site directed mutagenesis and similarly for EF - 4 knockout, we have proposed that 

misfolded states (M1 and M2) are populated due to improper Ca2+ binding at both EF-2 and 

EF-4 binding sites of NCS-1.  These results show that in vivo Ca2+ binding is responsible for 

both NCS-1 functions and disorders. This study will prove significant in understanding the 

mechanism of NCS-1 related neuronal disorders and in the development of new drugs.   

Structure, folding dynamics, and amyloidogenesis of D76N 𝛽𝛽2-

microglobulin. Roles of shear flow, hydrophobic surfaces and 𝛼𝛼 

crystalline. 

 

In this study the factors responsible for the amyloidogenisis of the protein 𝛽𝛽-2 

Microglubulin were investigated. The results have shown (paper II) that the rate of 

fibrillization of the structural variant D76N of 𝛽𝛽 -2 Microglubulin, increases as the protein 

interacts with hydrophobic surfaces in presence of shear flow. However no significant 

change in the fibrillization of WT 𝛽𝛽-2 Microglubulin was observed in the above conditions. 

Since the WT 𝛽𝛽2-Microglobulin has a more stable native state than its variant D76N, this 

study shows that the thermodynamic stability of the molecule plays a crucial role in the 

fibrillization process and the initial step of the fibril formation is the partial denaturation of 

native state of the protein.  The theoretical estimation of forces involved in the fibrillization 

of the protein has shown that hydrophobic effect plays a dominant role in the initial 

denaturation of the protein whereas shear forces help in the diffusion of the molecules from 

the bulk to the hydrophobic surfaces.  
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Single-molecule folding mechanisms of the apo- and Mg2+-bound 

forms of human Neuronal calcium sensor-1. 

In this project (see paper: 3) the folding (un) trajectories of NCS-1 protein were investigated 

in presence of Mg2+ and apo form (no divalent ions). NCS-1 Mg2+ bound form displayed a 

three state folding (un) behavior involving an intermediate state, half way between its native 

and fully unfolded states. As previously observed in presence of Ca2+ [94] the folding (un) of 

NCS-1 in Mg2+ takes place sequentially in which the N – domain unfolds first followed by 

the complete unfolding of the C domain. At a given force, using hidden Markov model 

analysis, the energy landscape of NCS-1 in Mg2+ was reconstructed.  Our results have 

shown that NCS-1 in Mg2+ has lower thermodynamic stability than its Ca2+ bound form and 

the mechanical strength of the two conformers are same.  Moreover, NCS-1 acquires a more 

compact structure in presence of Mg2+ then previously reported.  In presence of no divalent 

ions (apo form), NCS-1 folds (un) reversibly in a two state manner. On pulling the C - 

domain of NCS -1 in apo form (NCS-1 95-188 mutant) our results show that NCS-1 apo form 

has a compact C domain and an unstructured N domain, with least thermodynamic stability 

among the three conformers of NCS-1.  This study will prove significant in deciphering the 

full conformational dynamics of NCS-1 as a function of changes in its ionic conditions. 
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