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ABSTRACT: We examine how the existence of a population of primordial black
holes (PBHs) influences cosmological gravitational particle production (CGPP) for
spin-0 and spin-1 particles. In addition to the known effects of particle production
and entropy dilution resulting from PBH evaporation, we find that the generation of
dark matter (DM) through CGPP is profoundly influenced by a possible era of PBH
matter domination. This early matter dominated era results in an enhancement
of the particle spectrum from CGPP. Specifically, it amplifies the peak comoving
momentum k, for spin-1 DM, while enhancing the plateau of the spectrum for min-
imally coupled spin-0 particles for low comoving momenta. At the same time, the
large entropy dilution may partially or completely compensate for the increase of the
spectrum and strongly mitigates the DM abundance produced by CGPP. Our results
show that, in the computation of the final abundance, CGPP and PBH evaporation
cannot be disentangled, but the parameters of both sectors must be considered to-
gether to obtain the final result. Furthermore, we explore the potential formation of
PBHs from density fluctuations arising from CGPP and the associated challenges in
such a scenario.


mailto:enrico.bertuzzo@unimore.it
mailto:yuber.f.perez-gonzalez@durham.ac.uk
mailto:gabriel.massoni.salla@usp.br
mailto:zukanov@if.usp.br 

Contents

1 Introduction

2 Gravitational particle production of bosonic Dark Matter

2.1
2.2

Background cosmological evolution
Cosmological gravitational particle production
2.2.1 Spin-0 dark matter

2.2.2  Spin-1 dark matter

3 Primordial black holes

4 Results

4.1
4.2

4.3

Effect on the CGPP abundance of the inflationary potential
Effect of a PBH population on the final DM abundance
4.2.1 Spectrum

4.2.2 Abundance from CGPP

4.2.3 Total abundance and constraints

Production of PBHs from CGPP

5 Conclusions

A CGPP of a Conformally coupled scalar: analytical and numerical

computations

A.1 Approximate analytical solutions

A.1.1 Inflation
A.1.2 Reheating
A.1.3 Radiation domination

A.1.4 Expressions for na®

A.2 Numerical results with PBHs

B Power spectrum for inflationary curvature perturbations

© oo ot W W

11

16
16
18
18
20
21
23

24

26
26
27
28
29
30
32

32

1 Introduction

It is a distinct possibility that Dark Matter (DM) only has gravitational interactions.

This would explain why all the evidence we have for DM existence are either of cos-

mological or astrophysical nature, with any other type of search (direct and indirect



detection, as well as collider) giving null results. If this is the case, the DM abun-
dance could be set via Cosmological Gravitational Particle Production (CGPP), first
proposed in Refs. [1-3] and later explored, for instance, in Refs. [4-29], see also the
recent reviews [30, 31]. In a nutshell, this production mechanism is based on the fact
that, during and after inflation, the cosmological expansion causes the vacuum state
to evolve with time, due to the time dependence of the DM field Hamiltonian. This
implies that, even if we start in a “zero particle” vacuum very early during inflation,
as time evolves the field will find itself in a state that is no longer the vacuum: a
certain amount of particles will have been created. The phenomena continues until
the particle becomes non-relativistic, after which the vacuum varies only adiabati-
cally with time and CGPP ceases to be effective. It is important to observe that
this production mechanism only requires the expansion of the universe to work and
is unavoidable, in the sense that it cannot be switched off.

Given that an abundance of DM particles will unavoidably be produced from
CGPP, it is thus interesting to understand what happens to this mechanism once
other gravitational phenomena that can occur in the early universe are considered.
Since CGPP starts already during inflation, in this paper we will focus on what
happens when it takes place in the presence of a population of Primordial Black
Holes (PBHs) produced during inflation [32-38]. DM physics in the presence of PBHs
has been considered many times in the past [39-53]. For what concerns DM, the
most important effect is due to Hawking evaporation [32] and can be summarized as
follows: (i) a population of DM particles is produced via evaporation and (ii) the
DM abundance is diluted by the entropy injection due to evaporation. In the case
of gravitationally produced DM, as we will see, a third phenomenon can take place:
if the PBHs population dominates the expansion of the universe before DM becomes
non-relativistic, then the additional phase of matter domination will qualitatively
and quantitatively affect the final DM spectrum and abundance. This means that
there can be a profound interplay between the physics involved in CGPP and PBHs.
For simplicity, in what follows we will focus on bosonic DM, more precisely spin-0
and spin-1 DM, although our computations could be readily extended to fermionic
DM.

The paper is organized as follows. In Sec. 2 we will discuss CGPP of bosonic DM,
summarizing the main physics and equations. In Sec. 3 we will then outline the main
facts related to PBHs and their influence on DM physics. We will then present our
main results in Sec. 4, discussing in detail the interplay between CGPP and PBHs. In
particular, we will show how CGPP is affected, both at the level of number density
spectrum and of DM abundance, when a phase of PBH domination takes place
during the cosmological evolution. We then present the final DM abundance, taking
into account the production via PBH evaporation and the corresponding bounds
that can be imposed on the parameter space. Afterwards we discuss the possibility
of PBHs being produced from density fluctuations coming from CGPP itself and



the difficulties involved. Our conclusions will be given in Sec.5. We also add two
Appendices. In App. A, we present approximate analytic results for CGPP of spin-0
DM, while in App. B we detail the computations of the power spectrum to determine
the initial fraction of PBHs. Throughout this manuscript, we consider natural units
where h = ¢ = kg = 1, and define the Planck mass to be mp;, = 1/\/%, with G
being the gravitational constant.

2 Gravitational particle production of bosonic Dark Matter

Once Quantum Field Theory (QFT) is considered on a classical curved spacetime (as
is the case in a Friedmann-Lemaitre-Robertson-Walker (FLRW) universe), the no-
tion of “vacuum” of the theory is intrinsically ambiguous. The situation is analogous
to the one of a quantum harmonic oscillator with time-dependent frequency [54]. The
temporal evolution of the frequency implies that the expression of the coordinate op-
erator in terms of creation and annihilation operators varies over time. Consequently,
the vacuum state of the theory undergoes changes, as the operator responsible for
annihilating the instantaneous vacuum state is not constant. The same reasoning
applies to quantum fields, where the time evolution of the frequency term in the
equation of motion of the mode functions is due to cosmological background evolu-
tion. We start by discussing the background cosmological evolution, and we then
turn to a detailed treatment of scalar and vector CGPP.

2.1 Background cosmological evolution

To be concrete, we will focus on quadratic (chaotic) inflation driven by a single scalar
field ®(x), the inflaton with mass M, with potential
2

V@Q:%?&. (2.1)
Although this model is experimentally excluded [55], taking Eq.(2.1) should be a
reasonable approximation since we are mostly interested in the final stage of the in-
flaton evolution, i.e., when the field is close to the minimum of its potential and quite
far away from the region experimentally probed by Cosmic Microwave Background
(CMB) observables. Certainly, since we want to include the physical effects of a PBH
population produced during inflation, some modification of Eq. (2.1) will be needed
in order to generate sufficiently large fluctuations that produce a PBH population.
We will explore this matter further in Sec. 4, but we anticipate that, at least for the
potentials we will consider (see Eq. (3.7)), the final effect on CGPP is small and can
typically be neglected. With our assumptions, the inflaton field will, as usual, follow
the equation of motion

. .oV
&+ (BH +T)d + o =0, (2.2)



where I' is the inflaton decay width, H is the Hubble parameter, an overdot indicates
a derivative with respect to cosmic time. The previous equation is valid during the
quasi-de Sitter evolution, in the regime I' < H, when the slow-roll parameters are
small: '

__H o |
€= I7i < 1, K= ’ q

We will take the end of inflation to correspond to the moment in which ¢ = 1. The

<1 (2.3)

€

values of the Hubble parameter and scale factor in this moment will be denoted
by H, and a..! Once inflation ends and the inflaton begins oscillating around the
minimum of its potential, we are in the reheating phase of the universe, described
by the coupled set of equations [56]

po +3Hpe = —T ps, pr+4Hpr =1 po, (2.4)

where pe and pgr are the inflaton and radiation energy densities, respectively. The
first of these equations is solved by

palt) = pate) () T, (2.5)

where t, is the time at which inflation ends. As for the second equation, it can be
solved analytically in the regime in which the inflaton is still dominating the energy
density budget (i.e. before radiation domination begins), giving

pnlt) = 25T [1 - (%)/] | (26)

If we now define that the period of radiation domination starts when pe/(pos+pr) < 1
at a time tgp, we obtain from the equations above that this happens provided that 2

We take the reheating temperature Try as the temperature of radiation at the time
defined by Eq. (2.7), from which we obtain a relation between Ty and I':

47T2 [ (TRH) TPQ{H
90 mer,

I=6 : (2.8)
where g, (T) is the effective number of relativistic degrees of freedom at temperature
T and Try the temperature at tgy. Apart from an O(1) factor, this agrees with the
more standard definition of reheating temperature (see e.g. [56]). In what follows, we

Tn order for € = 1 to coincide with the moment at which H = H,, the mass of the inflaton is
fixed to be M = 2H.,.

2To obtain the specific value T'tgry ~ 6, we have taken ps/(pe + pr) < 1073, This number is
arbitrary and just a proxy for a small number. Different choices affect only mildly Eq. (2.7).
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Figure 1. Background cosmological evolution for the quadratic inflationary potential (2.1).
Left panel: Hubble parameter (solid, normalized to its value at the end of inflation H.),
the modulus of the Ricci scalar (dashed, normalized to 6 H2) and the absolute value of the
inflaton field (dotted, normalized to mpr,) as a function of the scale factor normalized with
respect to its value at the end of inflation. Right panel: inflaton and radiation energy
density fractions as a function of the scale factor normalized by a.. The two vertical dashed
lines show the moments at which inflation and reheating ends. For both panels we have
used H, = 10'3 GeV and Try = 10'? GeV.

will always fix the reheating temperature and use Eq. (2.8) to infer the value of the
inflaton decay width I" to be inserted in the equations of motion. Once the universe
starts being dominated by radiation, we recover the radiation domination phase of
the early universe in which Big-Bang Nucleosynthesis (BBN) and recombination hap-
pen. For the numerical analysis to be presented in Sec. 4, we will solve numerically
Egs. (2.2) and (2.4) and use them to compute the Hubble parameter H(t) and the
scale factor a(t). Once these quantities are known, they can be inserted in the com-
putation of the total number of particles produced via CGPP (see Egs. (2.19), (2.24)
and (2.25) below).

In Fig. 1 we show numerical results for the evolution of the universe as a function
of the scale factor. On the left panel, we show the Hubble parameter, the Ricci scalar
and the inflaton field around the end of inflation, where we notice the oscillating
behaviour right after a., when reheating begins. On the right panel we show instead
the energy densities of Standard Model (SM) radiation, which includes all the SM
particles, and of the inflaton field, both normalized to the total energy density. We
indicate the end of inflation by the leftmost gray vertical line, such that H = H.,
and the end of reheating by the rightmost line, where Hry = H(Tgrn).

2.2 Cosmological gravitational particle production

As already mentioned, CGPP is a consequence of the non-trivial evolution of the
vacuum once QFT is considered on a classical curved spacetime. In the case under
consideration, the vacuum evolution is due to the expansion of the FLRW universe,



for which we will use the metric g, = a*(n)diag(1,—1,—1,—1), with a(n) the scale
factor as a function of conformal time, defined by dn = dt/a. Consider a quantum
field corresponding to bosonic particles of a certain spin (in what follows, we will
focus on the case of spin-0 and spin-1). The connection with the harmonic oscillator
with a time-dependent frequency mentioned at the beginning of this section is most
easily seen decomposing the canonically normalized quantum field as

o) = [ e (e o i) ) 29

where A is an appropriate Lorentz index and ej' are the corresponding polarization
vectors (which, in the case of a spin-0 field, are trivial, while they are non-trivial for
a spin-1 field). The mode functions vg(n) satisfy an equation of motion of the type

vk () +wi(n) vi(n) =0, (2.10)

where a prime denotes derivative with respect to conformal time. This is precisely
the equation of an harmonic oscillator with time-dependent frequency. The exact
form of w?(n) depends on the spin of the field considered and will be shown later for
the two cases under consideration. Given this time dependence, the decomposition
in positive and negative energy solutions at a given time is not the same as at later
times. This mismatch results in production of ¢ quanta, i.e. we have CGPP. More
concretely, this can be seen in the following way: take two times 7, and ne > n; and
denote the mode functions that solve Eq. (2.10) and that minimize the energy at the
two times as vy, and wvg,. Since these sets of mode functions are both basis, it is
possible to write the expansion

v1e(n) = cw(n)var(n) + Br(n)var(n), (2.11)

which shows how the positive energy modes at 7, are a combination of negative
and positive energy modes at 1. In general, if w?(n) is a rapidly varying function
of time, the distinction between positive/energy modes varies drastically from one
instant to the next and the notion of particle is not well-defined. Luckily, this is not
the case for the FLRW universe described in Sec. 2.1, since although wy(n) is never
constant, it changes slowly both in the far past and in the far future, in the sense
that w), /w? < 1[31]. This defines an approximate notion of vacuum (called adiabatic
vacuum) based on the mode function
i [ drl o (1
vil(n) = M (2.12)
2wy (n)

which corresponds to the lowest order approximation of a WKB solution of Eq. (2.10).
For the FLRW universe under consideration, this can be easily seen to be true at
early times, since, as we are going to discuss in detail later, the frequency is of the



form w?(n) = k*+ f(a, R) (with f a function of the scale factor a(n) and Ricci scalar
R(n) of appropriate dimensions) and, at early times, we have f(a, R) — 0 for every

mode k. This means that, at such early times, the notion of vacuum is defined by
BD e*ikﬁ

U - —7
F V2k

and we will require the solutions of Eq. (2.10) to satisfy these initial conditions (called

(2.13)

Bunch-Davies initial conditions [57]), that correspond to a state with no initial par-
ticles. At late times, we need the explicit form of w? to see that the frequency is
indeed varying adiabatically and that the solutions of the mode function approach
the adiabatic form of Eq. (2.12). We will discuss this point later, when considering
the specific cases of spin-0 and spin-1 fields. From our discussion, it follows imme-
diately that CGPP starts to be effective when f(a, R) ~ k* while essentially no
particles are created as long as k* > f(a, R). When the adiabaticity condition starts
to fail depends on the mode k£ and on the explicit form of the frequency, in such a
way that there will be modes for which CGPP starts towards the end of inflation
and others for which it happens later. An analytic discussion of this point is pre-
sented in App. A for the case of a conformally coupled scalar. Putting all together,
we can resume the history of CGPP in the following way: under our assumptions,
each mode starts, early during inflation, in the Bunch-Davies vacuum of Eq. (2.13),
when the vacuum is adiabatic and no relevant CGPP is taking place. As time passes,
the adiabaticity condition fails, the frequency starts to evolve quickly and particle
production starts. Depending on the mode, this may happen late during inflation or
even after inflation has ended. CGPP continues to be effective as long as the vac-
uum is not varying adiabatically. Finally, at sufficiently late times during radiation
domination, the frequency goes back to vary adiabatically, the vacuum is identified
by the mode functions of Eq. (2.12) and CGPP ceases to be effective.

Once the solution of Eq.(2.10) is known and the late-time adiabatic vacuum

is used, the number of particles in a comoving volume can be computed according
to [31]

Bk
na® :/WW’“’Z’ (2.14)

where n is the DM number density and Sy are the so-called Bogoliubov coefficients,
computed as [31]

A
2wy 2
Once more, we stress that the mode functions v, are computed imposing Bunch—
Davies initial conditions (see Eq. (2.13)) for all the modes k, and they approach the
adiabatic solution of Eq. (2.12) at late times. When this regime is reached, |S;|? ~

W
1Bel® = 5 ol + (2.15)

const and the number density of particles evolves as a=3. We can then compute the

3

number-to-entropy ratio Y = na? / sa® at a moment after na® = const and during



radiation domination, where it makes sense to compute the entropy. If the comoving
entropy sa® is conserved, we have that d(sa®)/dt = 0 and as a consequence Y remains
constant. Then, the abundance of DM today is

m

Q= —Yys, (2.16)
where Y and sy ~ 2 x 107! eV? are the number-to-entropy ratio and the entropy
per comoving volume today, respectively, and the critical density is given by p. =~
8 x 10711h2% eV*. To make explicit the dependence of the abundance on H, and Tgy,
it is useful to rewrite it approximately as [31]

Oh2 m( H, )2( Tru )(na?))H:m/(aeHe)?’. (2.17)

012~ H, \10" GeV ) \10° GeV 10-5

If instead the comoving entropy is not conserved, as it can happen in the presence
of PBHs, we will need to track its evolution in order to correctly compute Y, (see
Eq. (3.15)). We will show in Sec. 4 the numerical solution of Eq. (2.10) and the final
DM abundance for the two DM candidates considered.

2.2.1 Spin-0 dark matter
A scalar field ¢(x) in a FLRW background is described by the action

2
Sscalar = /d4$\/__g (%guu a,u¢ a1/¢ - m?¢2 + gR(bQ) ) (218)

where R is the Ricci scalar, ¢ a real parameter and m?

is the mass parameter (as-
sumed positive). Applying the field decomposition of Eq. (2.9) (with ¢ = 1) to the
canonically normalized field ¢(z) = a(n)¢(x), we obtain the mode equation shown

in Eq. (2.10) with frequency
1
wi(n) = k* 4+ a*m® + <6 - g) a’R. (2.19)

The form of the frequency is such that, for every mode k, there is a time sufficiently
early in the history of the universe for which w? — k?  which is the condition of
adiabaticity of the vacuum at early times discussed above, that allows us to use
Bunch-Davies initial conditions for the mode functions. At late times, the term a?R
decreases as a~! (during matter domination) or vanishes (during radiation domina-
tion), in a such a way that, for each mode k, there will be a time sufficiently late in
the history of the universe for which the a?m? term will dominate over the &% term.
In this regime, the adiabaticity condition wj, /w? < 1 becomes
w, ¢ _ H(n)

L~y = 1. 2.20
w,% a?m m < ( )



We thus see that we can start talking about a (very) rough notion of adiabaticity
when H = m (which, in physical terms, corresponds to the moment in which the
comoving Compton wavelenght 1/am of the scalar particle is equal to the comoving
Hubble horizon 1/aH) and that this notion becomes more and more accurate as time
passes. As explained above, in this regime |8x|* ~ const and we can compute the
final DM abundance according to Eq. (2.16).2 As we are going to see in Sec. 4, the
overall DM physics depends crucially on when the adiabaticity condition happens,
i.e. if H = m happens during a phase of matter or radiation domination.

Equation (2.10) with frequency (2.19) must be solved numerically, since no gen-
eral analytic solution is known for all times. This is the strategy we follow in Sec. 4.
In spite of this, it is possible to find approximate analytical solutions for different
values of the parameters k and m. We present our analytical results in App. A,
focusing on the case £ = 1/6 for simplicity.

An important point that must be discussed for gravitationally produced spin-
0 DM are the limits from isocurvature perturbations. In general, the spin-0 field
will inherit the usual adiabatic inflaton fluctuations, but may have additional large
isocurvature fluctuations on small scales that are excluded by CMB measurements.
This can be intuitively understood observing that the power spectrum of the scalar
field will be proportional to the spectrum ny = k3|8;|?/(27?), in such a way that, if
such spectrum is large for small k, the contributions to isocurvature perturbations
will, in general, be too large to be compatible with CMB data [7, 8, 29]. Approximate
analytic solutions of the mode equation (2.10) show that, for small k, we approxi-
mately have ny, ~ const for £ = 0 and ny ~ k? for £ = 1/6[29, 31|, in such a way that
it is expected that a minimally coupled scalar with & = 0 is excluded by isocurvature
perturbations, while a conformally coupled scalar with £ = 1/6 is not. A detailed
numerical analysis [29] shows that isocurvature perturbations limits are not effective
as soon as £ 2 1/48. Instead of showing our results for different values of ¢, in
what follows we will simply show the two representative cases £ = 0 (minimal cou-
pling) and £ = 1/6 (conformal coupling), with the understanding that the interesting
physics will roughly happen between these two values.

2.2.2 Spin-1 dark matter
Turning to spin-1 DM, the action is given by

1 m?
Svector = /d4$\/ —g (_ZguagVﬁFuuFaﬁ + TQIWAMAV> 5 (221)

where we neglect possible couplings between the DM and the Ricci tensor and scalar.
The situation is now more involved with respect to the case of the scalar field,

3Numerically, it is not enough to stop the evolution of the modes at H = m, because |3;|? is
still oscillating. In order to the Bogoliubov coefficients to converge and reach a stable value, we
stop the evolution when H ~ m/100.



since the 4-vector A, contains, in addition to the physical degrees of freedom (two
transverse fields A7 (i = 1,2) and one longitudinal field Ay), also the non-dynamical
temporal component. This can be eliminated from the action using its equation
of motion [9, 12, 15, 16]. The decomposition in terms of creation and annihilation
operators can be done directly for the transverse fields A7, while for the longitudinal
field it is convenient to introduce the auxiliary field

. am A
AL = VE2 + a?m? L

The decomposition of A7 and x is now analogous to the one in Eq. (2.9). Indicating

(2.22)

with v "(n) and vE(n) the mode functions for A7 and xp, respectively, we obtain
the equations of motion

(Ul?i)” + wiz“,k Ul?i = Oa (’Uﬁ)” + w%,k U]f = 07 (223)
with frequencies given by
W%,k = k* 4 a®m?, (2.24)

and

wi =k +a*m’+ (2.25)

k2 + a?m? E—i_ k2 + a?m?

We see that while the frequency of the transverse modes is identical to the one

a’k? [R 3a’m?H? ]

of a conformally coupled scalar, the one of the longitudinal mode is considerably
more complicated. This is due to the non-trivial metric appearing in the mass term
g" A, A, for spin-1 DM, as opposed to the simple m?p? term of the scalar case. The
complicated expression for wi has an important consequence for CGPP: since W%,k
can be negative, for certain values of the parameters there may be an exponential
growth of the mode functions and, as a consequence, of the number of gravitationally
produced DM particles. Most of the DM will thus reside in the longitudinal mode
of the vector, with only a subdominant component made up of transverse modes.
As intuitively clear, for the transverse mode the notion of adiabatic vacuum is
identical to the one already discussed for the scalar case (see Eq.(2.20)). For the
longitudinal mode, things are apparently much more complicated. The complication
is only apparent once we realize that w%,k depends on three combinations of param-
eters: k?, a®?H? and a*m?[15]. For each mode k, at sufficiently early times we still

%,k: ~ k2 and hence we can still use Bunch—Davies initial conditions for the

obtain w
mode functions. On the other hand, at sufficiently late times (when am > aH, k),
the frequency can be approximated as w} , ~ a*m?, giving the same adiabaticity
condition as in the scalar case, see Eq. (2.20).

As in the scalar case, no analytic solutions of the equations of motions (2.23)
are available for all times. Approximate analytic solutions have been investigated in
Refs. [9, 12, 15, 16]. Once the mode functions are known, the number of gravitation-

ally produced DM particles is still given by Egs. (2.14)-(2.15), while to compute the

— 10 —



abundance in the absence of PBHs we can use Eq. (2.16) and (2.17). We will show in
Sec. 4 numerical solutions of Eq. (2.23), while we refer the reader to Refs. [9, 12, 15, 16]
for the approximate expressions.

We conclude this section stressing that, unlike what happens in the scalar case,
spin-1 DM never generates too large isocurvature perturbations because ny is never
large at small k. This important result has been discussed in detail in Refs. [9, 15].

3 Primordial black holes

Various mechanisms have been proposed for generating a population of black holes
in the early Universe, see, e.g., Refs.[34, 35, 38| for reviews of such mechanisms.
Among these, the collapse of large density fluctuations is a prominent mechanism
connecting PBH formation with the inflationary paradigm [32, 33]. Essentially, when
large density fluctuations reenter the horizon after inflation, they may collapse into
a black hole if they exceed a certain threshold [58]. Consequently, an inflationary
model must account for the origin of such large fluctuations while simultaneously
reproducing the observed scale-invariant CMB power spectrum. To achieve this,
it has been demonstrated that the inflaton potential must include an additional flat
region, resulting in a peak in the power spectrum [59-61]. If such flatness exists in the
inflaton potential either by construction or because of the existence of an inflection
point, the density fluctuations will collapse when their comoving wavelength £ is of
the same order of the Hubble scale. The PBH mass will then be proportional to the
particle horizon mass via[34, 35]

4T p
Mpy = —v—
BH 3 v H3
with p the total energy density at horizon reentering, and v the gravitational collapse
factor. Assuming the Universe to be radiation dominated at that point, one can

connect the PBH mass with the k value at formation via [60, 61]
/6 2
7 1 (9.(Te) ' Keq
Mau(k) = - feq
k) = 50, <g*(Tf) k)

106.75\ /¢ /2.21 x 101 Mpc—1\ 2
~107 g (- 3.2
g(oz) (g*(Tf)> ( 2 ) ’ (3:2)

where the subscripts “eq” indicate quantities computed at matter-radiation equality,

(3.1)

and those with “f” correspond to quantities at PBH formation. Moreover, we can
relate the formation temperature to the initial PBH mass, as

160 )1/ “md,
9+(Tt) Tf2

102 GeV?
~1.89 x 107 g (07—2> <Te> . (3.3)

Mia(T1) = 3 (
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The collapse is described according to the Press-Schechter model [58]. In this model,
the initial PBH energy density fraction

peu (Tt)
p (Tt)

is linked to the probability of an overdensity ¢ to collapse forming a PBH. 5(Mpp)
will depend on the equation-of-state of the Universe when the overdensity reenters

B(Mgn)

(3.4)

the horizon. If the Universe is radiation dominated, the density perturbation needs
to exceed a certain threshold J. to collapse. Assuming a Gaussian statistics for the
density perturbations [60-62], we have

1 > 52
Mgn) = —/ dd ex (——> 3.5
ﬁ( BH) /—27TO'2(MBH> s p QUQ(MBH) ( )
where o?(Mgy) is the standard deviation of the coarse-grained density contrast for a
PBH with mass Mgy [62]. The variance o(Mgn(k)) for a general equation-of-state
parameter w is given by [62]

s = [ S (1) = (52 [ (0 o (1)
(3.6)

being Ps, Pr the density and comoving curvature power spectra, respectively, and
W (z) is a Gaussian smoothing window function.

Although there are some caveats in the description above, such as the validity of
the Gaussian statistics for the density perturbation, the exact value of the threshold
value of d. or the exact form of the window function, we observe that the comoving
curvature power spectra, which depends on the inflaton potential, is crucial to pre-
dict the PBH mass and abundance. Obtaining such power spectra requires a detailed
numerical simulation that solves the Mukhanov—Sakaki equation [63, 64], as seen in
Refs. [61, 65, 66]. For sake of completeness, we provide details on the numerical ap-
proach performed to solve the Mukhanov—Sakaki equation and the computation of
the curvature power spectrum in App.B. However, as our main focus is on under-
standing how additional features of the inflaton potential could alter bosonic DM
production via CGPP, we first need to consider the modifications to the potential re-
quired for PBH formation. For this, we follow the procedure established in Ref. [66],
where a local bump/dip is added to the potential in the form

V(®) = V(®)(1+ (D)), (3.7)

where £(®) is parametrized to have a Gaussian form

e(®) = Aexp [_(@—_‘%)T , (3.8)

2
20%
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Table 1. Benchmark values of the parameters of the inflaton potential with a period of
ultra-slow-roll that produce PBHs.

A (I)O/mPL Ucb/mPL Mgy [g]
BM1 0.582578  1.25 v/0.02 103
BM2 0.300557  2.00  /0.02 10°
BM3 0.256025  2.25 v/0.02 106

where {A, @y, 04} characterize the height, position and width of the bump [66].

It is worth noting that the characteristics of the “speed breaker” dictate the peak
properties in the curvature power spectrum, and consequently, the PBH mass and
distribution. Therefore, to generate PBHs that constitute the DM, i.e., PBHs with
masses Mpy ~ 10%¥g —10%°g, the peak must be situated far from the potential’s min-
imum [66]. Consequently, we anticipate that dark particles produced via CGPP will
remain unaffected by this additional feature (we remind the reader that, according
to our discussion in Sec. 2, early during inflation the evolution is adiabatic and no
relevant CGPP takes place, so that the phenomenon is expected to happen for most
modes either towards the end of inflation or after). However, if the feature is in close
proximity to the minimum, we may expect alterations to the particle generation from
the vacuum. In Tab. 1 we show three benchmark choices of { A, @, 0} that result in
PBHs with masses Mgy ~ 103g — 10%¢.* We present in Fig. 2 (left panel) the Hubble
parameter and Ricci scalar for the quadratic potential of Eq. (2.1) and for the three
benchmarks described in the table. In the right panel we instead present the effects
of the different potential choices on the solution of the mode equation of Eq. (2.23).
We will show in the next section the final effect of such additional speed bump on
the DM abundance.

Once the population has formed, the PBHs begin emitting all degrees of freedom
present in nature, depending on their initial characteristics[32]. Although PBHs
could potentially have significant angular momentum, for simplicity, we assume here
that they are Schwarzschild throughout their entire lifespan. The emission rate of
a particle ¢ with spin s; and internal degrees of freedom g; is determined by the
Hawking spectrum

*N;  gi  Li(Mgy, E)
dt dFE - 21 eE/Ten — (_1)251' ’

(3.9)

4Note that we quote the values of A up the sixth decimal place such that the initial PBH
abundance is 3 > 107°. As noted in the literature [61, 66], this high level of fine tuning is required
to produce a significant PBH population.
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where the PBH temperature is related to its mass via

1 107 g
Ton= ——— ~ 103 TeV . 3.10
BH 87TGMBH ¢ <MBH) ( )

The Hawking spectrum differs from that of a blackbody because of the curved space-
time properties around the PBH. When a particle is emitted, it encounters an ef-
fective potential barrier, which could cause it to be reabsorbed by the black hole.
Therefore, it is necessary to account for the probability of a particle reaching spatial
infinity by incorporating the spin-dependent absorption probabilities I';( Mgy, F) in
Eq.(3.9). From simple energy conservation arguments, we can estimate the PBH
mass loss rate [49, 67, 68|

dMBH oo d2]VZ méL
dt Z /m T Toha e(Men) 3 - (3:11)

with e(Mpn) the evaporation function that contains the information of the degrees
of freedom that can be emitted for a given PBH mass, see, e.g., Refs. [49, 67].

However, there remain several unresolved questions concerning evaporation phy-
sics, including the information paradox [69-71] and the thermal nature of the Hawk-
ing spectrum after the Page time[72, 73]. Resolving these issues could result in
modifications to the PBH time evolution as described above, or even challenge the
validity of the semi-classical approximation used to derive the Hawking spectrum, see
however [74-76]. Since the extent of such modifications is unclear, we adopt an ag-
nostic approach and assume that the PBH time evolution follows the mass loss rate
in Eq.(3.11), while also assuming the validity of the semi-classical approximation
until near the Planck scale.

One significant consequence of the PBH population’s presence in the early Uni-
verse is the potential for an early matter-dominated era following reheating. This
arises from the behavior of PBHs, which act as pressure-less matter and redshift

much more slowly than radiation, pppy o a=3.

Consequently, even a small initial
population of PBHs could eventually dominate the Universe’s energy density.

In general, inflationary PBH are expected to have an extended mass distribution
parametrized via 3(Mpy), depending on the speed breaker feature. In what follows,
we will assume that all PBH have the same mass, i.e., the PBH population follows a
monochromatic distribution for the sake of simplicity. In this case, we can estimate
the minimal initial density that would lead to a PBH-dominated early Universe [40,

77]

) ~1/4 Mg\~
S5 =05 108 (2T . 12
BRBe=25x10 (106.75 10° (3.12)
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The Friedmann-Boltzmann equations for an Universe containing a PBH population
characterized with an energy density pppy after reheating are given by

. dn M,
PR + 4HpR = — TBH PPBH , (313&)

SM
dIn M,
—ar = PPBH » (3.13b)

where subscript “SM” denotes that we are considering only the SM contribution

ppeu + 3H pppH =

to the evaporation to reheat the thermal bath. Because of this particle injection,
entropy is no longer conserved. To determine the entropy dilution to any decoupled
species’ abundance, we track the entropy density through the equation [77]

1 dln M
sR+3HsR:—T%

PPBH- (3.14)
SM

We can estimate the entropy dilution factor considering energy conservation before
and after PBH evaporation, see e.g. Ref. [78],

s(T) 7\ BT\ ¥

= =(1 3.15
S(T) (T) ( i Tev> | (319
where T.,(T') is the plasma temperature right before (after) evaporation. The effect
of such a dilution will be crucial for the final dark boson abundance once we allow

the presence of a PBH population during CGPP.

In the scenario where the initial fraction and PBH mass are treated as free
parameters, allowing for various formation mechanisms beyond the inflationary case
discussed earlier, constraints can be placed based on the potential implications of this
PBH population throughout the history of the Universe [35, 79]. Such bounds will
depend on whether the PBHs have evaporated. Since CGPP occurs in the very early
Universe, our focus will be on PBHs that evaporated prior to BBN, with Mgy <
10°g. There exist some constraints on such PBH population, but they are highly
model-dependent [35, 77, 79]. However, recent constraints have been established
by considering the gravitational waves (GWs) produced as a consequence of the
presence of the PBH population, the potential early matter-dominated era, and the
rapid transition to radiation domination after evaporation [80, 81]. Specifically, to
avoid a backreaction issue, it is crucial that the energy contained in GWs does not
surpass that of the background Universe [80]. Additionally, modifications to BBN
predictions due to the energy density stored in GWs can be circumvented if [81]

YWY —17/24
<11x10° <l> BH . 1
FR LGS 0% g (3.16)

Further constraints are imposed on the DM particles emitted from the Hawking
evaporation of the PBH population. Specifically, given that the PBH temperature
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Figure 2. Predictions for different inflationary potentials, choosing H, = 10'® GeV and
Tru = 10'2 GeV. Left panel: Hubble parameter (solid) and Ricci scalar (dashed), both
normalized as in Fig. 1. In black we assume the quadratic potential of Eq. (2.1) and in color
we have curves for different benchmark models defined in Tab. 1. Right panel: Solution
of Eq. (2.23) for a spin-1 particle, for the mode with k = 1073 a. H..

can significantly exceed the DM mass, the emitted particles may be highly boosted,
resulting in DM that is too warm during structure formation, thus violating Lyman-«
constraints [44, 45, 49, 82-86]. We will come back to this bound in Sec. 4.

4 Results

The main results of our study are shown in Figs.2-5. To be systematic in our
discussion, we will first discuss how the inflationary potentials of Eq.(3.7) affect
the abundance of particles produced via CGPP. We then investigate how the PBHs
impact CGPP of spin-1 and spin-0 bosons. Lastly, we compare the abundance of
DM particles produced from CGPP in the presence of the PBHs, and from the
PBHs themselves.

4.1 Effect on the CGPP abundance of the inflationary potential

The first question we ask ourselves is: do the inflationary potentials that give rise to
PBH production in the early universe affect in a significant way CGPP? As mentioned
in Sec. 3, the “speed breaker” features of the potentials we consider cannot be too
close to the minimum of the potential in order to avoid production of too light PBHs.
On the other hand, as discussed in Sec. 2, for most of the modes CGPP starts to be
effective towards the end of inflation or later, in such a way that we expect the final
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Figure 3. Abundance of spin-1 particles produced via CGPP as a function of the particle’s
mass. In black we show the result for the quadratic inflationary model of Eq. (2.1), while
the green, red and blue curves are the results using the potentials in Eq. (3.7) for the
benchmark values of Tab.1. The gray horizontal line denotes Q2h?/0.12 = 1. Here, PBH
evaporation is not taken into account. We use H, = 10'3 GeV and Try = 102 GeV.

DM abundance to be only mildly affected by the specific choice of potential that
generate PBHs.

To confirm our intuition, we select three different benchmark values for the ultra-
slow-roll potentials, given in Tab. 1, which lead to the background and spin-1 modes
evolution for the same benchmark values as presented in Fig. 2. In Fig. 3, we show
the final DM abundance against the DM mass for different choices of inflationary
potentials: the quadratic potential of Eq. (2.1) and the ultra-slow-roll potentials of
Eq. (3.7). For simplicity we only show our results for a spin-1 DM candidate, but
analogous results apply for spin-0. We stress that the abundance shown in Fig. 3
refers only to the one produced by CGPP, ignoring completely the effect of the
PBHs evaporation, that will be added later. As can be seen, the effect of changing
the potential is rather mild and affects primarily the “plateau” part of the curve.
On the contrary, the regions in which the abundance curve intersects the Qh% ~ 0.12
line are basically unaffected by the choice of the potential. The numerical results
shown in Fig. 3 confirm that the bulk of CGPP happens towards the end of inflation or
later, where the potentials of Eq. (3.7) amount to small deformations of the quadratic
potential of Eq. (2.1).

For the previous reasons, in what follows we will always use Eq.(2.1) for our
numerical computations, and disregard the origin of the PBH population. We take
H, = 10" GeV and Tgruy = 10'? GeV, and, for the sake of clarity in our analysis,
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we adopt the assumption that the PBH population follows a monochromatic mass
distribution. We also assume that the formation temperature equals the reheat-
ing temperature, so that the PBH mass is determined according to the relation in
Eq. (3.3). For Tryg = 10'? GeV, this fixes the PBH mass to Mgy = 1.8 x 107 g. Fur-
thermore, we treat the initial fraction 8 as an independent parameter in our model.
Note that, based on Eq. (3.12), a phase of PBH dominance takes place if 5 > 1072

4.2 Effect of a PBH population on the final DM abundance

We now turn to the main question of this paper: how does the presence of a PBH
population affect the final boson DM abundance? We answer this question in three
stages: first, we compute the spectrum of gravitationally produced DM, ny/(a.H.)?,
as a function of the comoving momentum k, where ny = k3|f;|?/(27?) , turning
on the PBHs but without considering the DM population produced by the PBHs
evaporation (see Fig.4). We then compute the total DM abundance of gravitationally
produced bosons in the presence of a PBH population (i.e. considering the PBH
domination phase and the entropy injection due to PBH evaporation, but without
considering the DM population produced during evaporation) as a function of the
boson mass (see Fig.5, left panels). Finally, we compute the total DM abundance
considering both the contribution from CGPP and PBH evaporation (see Fig. 5, right
panels).

4.2.1 Spectrum

Regarding the spectrum, we consider a minimally coupled scalar (£ = 0) with mass
m = 1073 GeV and a spin-1 particle of mass m = 107! GeV. We have chosen
these values of masses because they present all possible phenomenological effects
regarding the interplay between CGPP and PBHs. Without PBHs, the spectrum for
the minimally coupled spin-0 particle is expected to be constant for small values of k
and then to decrease as k! once k 2 k, (the comoving momentum #, is defined via
k. = a,m, where a, is such that H(a,) = m and represents the moment in which the
comoving Compton wavelenght equals the comoving horizon). While this behaviour
is not intuitive, it is known in the literature [10, 11, 13, 87-89]. For spin-1 particles,
again without PBHs, the spectrum starts growing as k? for small values of k, and
decreases as k! for k 2> k, [9, 15, 16].

What happens once a PBH population is present? We present in Fig.4 the
spectra ny as a function of k, where curves of different colors correspond to different
choices of 3 (and, as a consequence, of different values for Qh?, stressing that this
latter accounts for the contribution coming from CGPP alone). On the left panel we
show the results for the minimally coupled spin-0 case (£ = 0), while on the right
panel we show the spin-1 case. For the conformally coupled scalar with £ = 1/6, the
behaviour is similar to the latter and we do not show it explicitly.
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Figure 4. Dimensionless momentum spectrum ng/(a.H.)* of particle production via
CGPP in the presence of PBH population as a function of the dimensionless comoving
momentum k/(a.H.). Left panel: Spectra for a minimally coupled scalar DM particle
with mass m = 1073° GeV for several values of the PBH abundance fraction 3. Right
panel: Same as left panel for a vector DM particle with mass m = 1072 GeV. For
both plots, we also highlight the corresponding values of abundance produced from each
spectrum. We have used H, = 10'3 GeV, Ty = 10'2 GeV and Mpy = 1.8 x 107 g.

The behaviour of the curves, although similar to the one described above, presents
a richer structure. As expected, the spectrum of the minimally coupled spin-0 DM
is approximately constant for very low momenta, n; ~ k°. For k > k,, the spectrum
begins to decrease, first as k=!, then as k=3 and then again as k~!. The decrease
as k73, not present in the spectrum without PBHs, is due to the phase of matter
domination generated by the PBH population. For the vector DM instead, the spec-
trum starts growing as k?, reaching its peak around k,, and then falls first as k=3
and later as k~!. Again, the former corresponds to the period of PBH domination.
In both cases, though the shape of the spectra are very distinct, we observe that the
presence of the PBHs has two common effects: (i) it increases the absolute value of
the spectrum for momenta below a certain threshold and (i7) it increases the value
of k,, thus increasing the values of k at which the peak occurs in the spin-1 case and
where the plateau of the spin-0 spectrum ends.

Both effects are explained by the additional matter domination phase due to the
PBH population which, for the values of the mass considered, takes place before H =
m. On the one hand, this phase increases the number of gravitationally produced
DM particles, hence increasing the absolute value of the spectrum. On the other
hand, this phase slows down the evolution of the comoving horizon 1/aH, delaying
the moment at which H = m and hence increasing the value of k, = a,m. Another
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interesting feature that emerges in Fig.4 is that, for £ > k,, the curves converge
and the effect of the presence of the PBH population becomes irrelevant. This is due
to the fact that, in this region of comoving momentum, CGPP concludes before the
onset of the PBH domination phase, which is thus irrelevant for the computation of
the number of gravitationally produced relic particles.

It is worth stressing that, even though the spectrum might increase because
of the PBHs, the resulting abundance is not necessarily larger. In the minimally
coupled spin-0 scenario depicted in Fig. 4, we see that the abundance is essentially
unchanged by varying 3, while for spin-1 the value of Qh? actually decreases when /3
is increased. More in detail, we see in the right panel that the spectra for 3 = 1010
and without PBHs are equal, but the abundances differ by orders of magnitude. In
general, as we increase the DM mass, the spectra for different values of [ start to
coincide with the one without any PBHs, whereas the corresponding Q2h? decrease
the larger § is. As we will see shortly, this is a consequence of the entropy dilution
due to PBH evaporation, which shows how non-trivial the interplay between the
PBH dynamics and CGPP is.

4.2.2 Abundance from CGPP

We now turn to Fig.5. On the left panels, we show the DM abundance for a spin-0
DM candidate with £ = 0 (solid) and & = 1/6 (dashed) and for a spin-1 candidate
as a function of the DM mass without considering the DM population produced by
the PBH evaporation but including the entropy injection due to evaporation. Black
lines apply when no PBHs population is considered, while the red (green) lines apply
when a PBHs population is present with Mgy = 1.8 x 10" g and 8 = 1072 (1077).
Let us start with the black lines, when there is no PBH population. The be-
haviour of the curves for a minimally coupled spin-0 DM candidate and for a spin-1
candidate is similar: Qh? grows as m'/? for small m, reaches a plateau and then
abruptly decreases for m 2> H, [9, 12, 15, 16, 31]. For the masses in the plateau, the
final abundance (i.e. the moment in which H = m) happens during reheating, while
for masses on the left of the plateau it happens during radiation domination.
Adding now a PBH population, we see two main effects: (i) the absolute value
of Qh? decreases and (i7) a new plateau appears at smaller m. The first effect
is easily explained by the huge entropy injection because of BH evaporation (see
Eq. (3.15)). Since this happens after CGPP ceases to be effective (i.e. after H = m),
the net effect is to diminish the final DM abundance. The second effect is instead
due to the phase of matter domination owing to the PBH population: the additional
plateau appears for those masses for which H = m happens during this phase,
and disappears for smaller masses for which it is still true that H = m during the
radiation domination phase that follows the PBH domination. This explains why
for these masses the curves with or without PBHs coincide: H = m happens so late
that any PBH dynamics “decouples” from the determination of the DM abundance.
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In particular, also the entropy dilution is ineffective, since CGPP finishes well after
the PBH population has completely evaporated, in such a way that the final DM
abundance is not affected by this change in the SM bath temperature.

For a spin-0 DM with £ = 1/6 the dependence on m is much steeper than
in the cases discussed above and the effect of matter domination phases much less
pronounced. This is due to the different mode functions that enter in the computation
of the CGPP abundance (see App. A and Fig. 8 for details).

In Fig. 5 we have shown the DM abundance for a definite choice of H, and Tryg
(or, equivalently, of Mpy). It is easy to understand how Qh? would change for other
choices of these parameters. By changing H,., the end point of the curves in the
left panels of Fig.5 is shifted, since for m 2 H., CGPP is exponentially suppressed.
Also, the curves are dislocated up and down according to Eq. (2.17). By increasing
(decreasing) the value of Tgy, we obtain a smaller (larger) value of Mgy, as we
assume them to be related by Eq. (3.3). If we lower the value of Mpy in Fig. 5, the
plateau corresponding to the phase of PBH dominance is shifted up and is reduced in
size, because the extra phase of matter dominance is shorter and the PBHs evaporate
faster. The exact same effect happens also for the plateau of the reheating phase,
since larger Try implies a shorter period of reheating.

4.2.3 Total abundance and constraints

Finally, we present the total DM abundance, showing the contributions from both
CGPP and PBH evaporation, on the right panels of Fig.5, fixing 3 = 107°. The
blue curves reproduce the abundance obtained considering only CGPP (as in the
left panels of the same figure), while the pink curves represent the DM abundance
produced only by the PBH evaporation. Clearly, the total abundance is obtained
summing the two contributions. Upper and lower panels show the results for spin-0
and spin-1, respectively.

The behavior of the DM abundance produced by the PBH evaporation can be
understood as follows: the peak corresponds to a value of the DM mass equal to the
initial BH temperature (Tgg ~ 5 x 10°> GeV for the BH mass we are considering, see
Eq. (3.10)). For smaller masses, the abundance grows as m, while for larger values it
decreases as m ™! [41]. As can be seen from the plots, the presence of a DM population
produced by the PBH evaporation can drastically change the total abundance. For
spin-1 DM (lower panel), the effect is pretty large and the evaporation population
dominates the abundance for 107 GeV < m < 101 GeV. A similar conclusion
is true for a conformally coupled spin-0 DM candidate (upper panel), for which
the population produced by evaporation dominates the abundance for most of the
parameter space. We do not show the abundance for the minimally coupled spin-0
candidate, since this case is almost entirely excluded by isocurvature constraints [7,
29, 90]. Clearly, the position peak of the DM population produced by evaporation
depends strongly on the chosen value of the BH temperature. For smaller (larger)
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Figure 5. Abundance of particles produced by CGPP and PBHs. Left Panels: The
abundance of DM coming from CGPP for a minimally and conformally coupled scalar (top
panel) and for a vector (bottom panel) as a function of the DM mass. Black lines correspond
to not having any PBHs, while for green and red ones we assume a PBH population with
B =10"7, 1073, respectively. Right panel: Contributions to the abundance of a bosonic
DM particle from CGPP (blue) and from PBH evaporation only (pink), assuming 3 = 1075,
as a function of the particle’s mass m. The top (bottom) panel is for a conformally coupled
spin-0 (spin-1) DM candidate. We show constraints from overabundance (gray), Lyman-«
(yellow) and super-radiance (green). In both plots we use H, = 10'3 GeV, Try = 10'2
GeV and Mpy = 1.8 x 107 g.

values of Tgy, the peak would move to the left (right), changing the region in which
evaporation dominates the DM abundance. Regarding the abundance of CGPP
particles, the dependence of the curve on the parameters H. and Tgy has been
discussed in detail at the end of Sec.4.2.2.

In addition to the DM abundances from CGPP and from PBH evaporation, we
highlight on the right panels of Fiig. 5 the regions which are disfavored by experimental
observations. In gray, we have the region where DM is overabundant. In yellow, we
show an estimate of the constraints coming from Lyman-a data [91, 92], which can
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be translated to a bound on the fraction of warm DM. Although a more precise
determination of the bound requires the determination of the time evolution of the
DM phase space, for our purposes, applying a simple criterion will suffice to determine
whether the DM is too warm. Since, for our choice of parameters, the abundance
close to the observed value is dominated by the evaporation process, we specialize
our discussion to this case. In any case, the argument can easily be adapted to
cases in which the abundance close to the measured value is dominated by CGPP, a
situation which may happen for other choices of parameters.® We require that the
average DM velocity today, obtained from the average momentum at emission, be
lower than the limit velocity of warm DM from Lyman-« [44, 45, 49]

o 1 keV*?
ooyt = e M) g g s ( © ) , (4.1)
ay m m

with aey, ag the scale factors at evaporation and today, respectively. Using the results
of Refs. [83, 84], we have that for DM masses smaller that 1 keV, the fraction of the to-
tal DM that is warm must be less that about 2%. For warm DM emitted from PBHs,
we can use the results from Refs. [44, 49, 50, 85], which exclude DM masses below
around 1 GeV. Thus, we impose the conservative bound of (222/0.12)yarm S 0.02 for
m < 1 GeV. Lastly, in green, we show the bounds from BH super-radiance [93, 94].
This phenomenon consists in the depletion of the spin of BHs of astrophysical nature
due to the exponential growth of the number occupation of bosons gravitationally
bounded to the BH. On the top right panel of Fig.5, BH super-radiance of spin-1
particles constraint the window 10713 < m/GeV < 3 x 1072 [95], while more massive
BHs exclude the region 10722 < m/GeV < 10717 [96-98].

4.3 Production of PBHs from CGPP

Up to this point, we have always considered a PBHs population generated during
inflation by some peak in the power spectrum, see App. B. However, as can be seen
from Fig. 4, also the spectrum of gravitationally produced bosonic DM is peaked,
with a corresponding peak appearing also in the power spectrum. This motivates
the question: can gravitationally produced DM generate a PBH population?

For spin-1 DM, the answer seems to be negative. As shown in Ref.[24], the peak
of the spectrum falls into a region in which the quantum pressure is important. This
implies that an important fraction of DM is found in the form of complex structures,
i.e. solitons. This is due to the fact that quantum pressure is important for modes
k> ky = a(167Gpm?)Y/* (where G is Newton’s constant) and, as shown in Ref. [24],
the peak in the spin-1 DM spectrum happens at values k, ~ k;/2, i.e. not too far
from the region in which quantum pressure dominates.

SProduction of warm DM from CGPP is typically relevant for masses m < 1 eV. In the spin-0
case, see for instance Ref. [29].

— 923 —



Turning to spin-0, we see from Fig. 4 that no peak appears for the minimally cou-
pled case. However, a peak similar to the spin-1 case appears for a conformally cou-
pled scalar, although we do not show explicitly this case in Fig. 4. This means that,
in principle, also in this case we can have PBH production, provided the peak of the
spectrum falls in a region in which quantum pressure is not important. To estimate
if this is the case, we can proceed as follows. Let us assume instantaneous reheating.
Then the peak of the spectrum is approximately at k, = a,m, where a, is defined by
the condition H(a,) = m (see App. A for analytic approximations). Computing the
ratio k./ky at a., we obtain k,/k; = \/mprm/(2m[na’]/a3)'/*, where we introduced
the reduced Planck mass mpy, we used the definition k; = a(167Gpm?)'/*[24] and
we wrote the DM density as p = mn = m[na?|/a3 using the fact that, after we
reach a, when H = m, the comoving density [na®] ~ const. We can now use the
approximate analytic expression for na® obtained in Eq. (A.22) of App.A (taking
ary = a. and Hgry = H, since we are considering instantaneous reheating) to esti-
mate k,/kj ~ \/mpr/m > 1, where the expression is valid apart from O(1) numbers.
Our estimate thus indicates that, also in this case, the peak of the spectrum falls in
the region in which quantum pressure is important. It thus seems that also in the
case of spin-0 DM no PBH formation happens. Since, however, a dedicated study
would be needed to assess whether our conclusions are unavoidable or some way out

can be found, we defer such analysis to future work.

5 Conclusions

In this work we have analysed the interplay between two phenomena that may take
place in the early universe: gravitational production of bosonic DM (more specifi-
cally, spin-0 and spin-1) and the existence of a PBH population. The question of
what happens to the DM abundance in the presence of PBHs is not new and has
been analysed in a number of scenarios, for example when PBH physics acts in the
presence of a DM population produced via freeze-out or freeze-in. In these cases,
the effects of the PBHs are two-fold: (i) BH evaporation produces an additional DM
population and (i7) the huge entropy injection due to BH evaporation tends to dilute
the abundance of DM created via other mechanisms. In the case under considera-
tion, in which DM is generated via CGPP in the early universe, the interplay is more
subtle: in addition to the two effects just mentioned, a possible early matter domi-
nation phase due to PBH dominance causes important qualitative and quantitative
differences on the final DM spectrum and abundance, provided this phase happens
before gravitational production has ended. This can be clearly seen in Fig. 4, where
the DM spectrum of gravitationally produced DM is shown, and in Fig. 5, where we
present the final DM abundance, with and without the contribution from PBH evap-
oration. We thus conclude that, unlike what happens, for instance, in the freeze-out
and freeze-in cases mentioned above, the presence of a PBH population cannot be
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disentangled from CGPP, because the final number of gravitationally produced DM
particles depends on the PBH abundance and mass. The computation of the total
DM abundance can thus be performed only once all the parameters of the theory
are fixed, both in the CGPP sector (m, H., Try) and in the PBH sector (Mpgn, ().
Depending on the choice of parameters, the correct abundance can be dominated by
either the evaporation or the gravitationally produced population.

Our study can be extended in a number of directions. First of all, we have con-
sidered the simplest case in which the PBHs do not have spin and have a monochro-
matic population. It would be interesting to study what happens relaxing these
conditions and see how the PBH mass distribution and the spin are reflected into
the CGPP. Moreover, we have considered a scenario in which PBHs are produced
by gravitational collapse of the density fluctuations. Alternatives for the formation
of PBHs, such as phase transitions [99, 100] or collapse due to additional Yukawa
interactions [38, 101-104], would lead to distinct predictions for the PBH parameters
and possibly modify the cosmological history, and accordingly CGPP, in other ways.
From the CGPP side, one could consider physical scenarios that lead to a different
evolution of the universe. For example, in theories with axions or axion-like particles,
an extra phase of kination may take place [105-109] and consequently have impor-
tant effects on the final number of DM produced from CGPP. Similarly, heavy and
long-lived degrees of freedom could have dominated the energy density before BBN,
resulting in a different type of matter-dominated era that would not end as suddenly
as the one caused by PBHs. In this scenario, we would also anticipate modifications
to the CGPP. We leave the study of these questions to future work.
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A CGPP of a Conformally coupled scalar: analytical and
numerical computations

A.1 Approximate analytical solutions

In this Appendix we elaborate on the approximate analytical solutions to Eq. (2.19)
in the case £ = 1/6 (analytical solutions were also discussed for instance in Refs. [10,
11, 13, 87-89]). The differential equation is given by

vr(n) + wi(nop(n) =0, wi(n) = k* + a(n)*m?, (A1)

which is not exactly solvable for general k and a(n).

Our first step is to approximate the cosmological evolution: we assume a perfect
de Sitter space-time for inflation, followed by an instantaneous transition to reheating
and afterwards to a radiation dominated epoch. In terms of conformal time, the scale
factor for each period is given by

2
1+ 3w T+3w
a(n) = a, 9 aHp(n—mn.) +1 5 (A.2)
where w = —1, 0, 1/3 is the equation of state for inflation, reheating and radiation

domination, respectively. Furthermore, a,, H,., n, are equal to a., H.,n. for inflation
and reheating, and to aryg, Hru, nrg for radiation domination. We remind that
the subscript e (RH) denotes quantities at the end of inflation (reheating). During
inflation, it follows from Eq. (A.2) that the limit a(n) — 0 corresponds to n — —oc.

The second approximation we make is to consider regions in the parameters that
have simpler expressions for the frequency. More precisely, we introduce two regimes:

wi(n) = K, k> a(n)m,

2

5 2 (A.3)
wp(n) =a(n)m*, k< a(n)m,

2m2. This simplification

that correspond to different hierarchies between k? and a(n)
will allow us to solve analytically Eq. (A.1) and study the solutions in detail. We
notice that for the first regime, k£ > a(n)m, when the modes are highly relativistic,
the solution is independent of the scale-factor and given by a sum of positive and

negative frequency modes,
vk(n) = bye™ +b_e”™ k> a(n)m, (A.4)

with by constants. The evolution of all k-modes starts in a regime in which Eq. (A.4)
is valid, since for each k there is a sufficiently early time for which & > a(n)m is
satisfied. The wave-function at very early times, n — —o0, is fixed by the Bunch—
Davies initial condition [57]:

—ikn
BD _ €

v - )
V2
which therefore fixes b, = 0 and b_ = 1/v2k in Eq. (A.4).

(A.5)

— 26 —



A.1.1 Inflation

Let us now examine solutions during inflation in the non-relativistic regime, namely
k < a(n)m. The equation of motion becomes

aem

ot + [ i =, (A6)

where we have used Eq. (A.2) with w = —1 for the scale factor. We have also set
Ne = 0. The solution reads

o) = by (M)hbg (M)”’, U

Qe Qe

Here, we can distinguish between two cases, m/H, < 1 and m/H, > 1, that corre-
spond to v ~ 1 and v ~ 2im/H,, respectively.

Taking m/H, < 1, the solution in Eq.(A.7) becomes
ae

a(n)

Uk(n) ~ b1 + bg (AS)
The coefficients b; 5 can be determined by joining vy, and v}, to the ones from Eq. (A.4)
at a,, = k/m, value that sets the boundary between the k > a(n)m regime in which
Eq. (A.4) applies and the k < a(n)m regime in which Eq. (A.7) is valid, resulting in

e~ thnm [ m ik }
v >~ —— |1 —— + —— |, A9
k(n) /_2]{3 He CL(?])He ( )
with 7,, = n(a,,). Hence, the solution for inflation is given by
e*ik'r
L £ alm,
V2k _ZFE_'_a(n)He ) e>>m>> /a(ﬁ)-

From the equation above, we can compute the corresponding Bogoliubov coefficients
using Eq. (2.15). We obtain

0, k> a(n)m,

‘ﬂ]i;’lf’? ~ N

kb a(mm m )’ (A.11)
Ta(mm T % {1 + <a<n]§He - F) } — 3 He>m>k/a(n).

Notice that only after the mode exits the region in which k& > a(n)m particle creation
begins to be effective.

If instead we consider m > H,, that is, imaginary v, the solution in Eq. (A.7)
becomes highly oscillatory and the resulting | ;| vanishes on average. A more precise
treatment [110] shows that in this region CGPP is exponentially suppressed, so that

we will not consider m > H, further in our analysis.
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A.1.2 Reheating

During reheating, which we approximate as having equation of state w = 0, we must
solve the following differential equation when k < a(n)m:

a.t, \'
o)+ ma (14 %) wuta) o, (A12)

where we have again used that 7. = 0. The equation above admits solutions in terms
of Bessel functions J,,,

2
vp(n) = 0121/6J,1/6(Z) + 02z1/6J1/6(z), z= 3—2 (A.13)

with ¢; o constants and H the Hubble parameter. The solutions, and consequently
the Bogoliubov coefficient, have very distinct behaviours depending on the value of
z. More precisely, we can expand for different regimes of the variable z,

1/3
wl =4 47 L] Pl (A14)
273 cos(z) + dysin(z)], 2> 1.

It is then easy to check that the corresponding Bogoliubov coefficient for z > 1 is
simply a constant, while for z < 1 it has a non-trivial dependence on a(n). This
implies that particle production is only effective as long as z < 1, which can be
translated to m < H.

We can determine the coefficients ¢/ ,, as before, by matching the wave-function
and its derivative to the solution during inflation (A.10) at a(n.) = a.. The matching
procedure must now take into account different intervals in k, because the solution
during inflation (A.10) has different expressions according to k. We identify three
intervals: [0, %), [k, k,) and [k,, o0), where k = a,m and k, = a,m, with a, defined
to satisfy H(a.) = m.

In the first interval, [0, k), we have that k < a(n)m, meaning we must compare
the second line from Eq. (A.10) with Eq. (A.14) when z < 1. For the second interval,
[k, k.), we match the solution for z < 1 with the Bunch-Davies initial condition given
in the first line of Eq. (A.10). The wave-function for each case then becomes

e tknm 3ik aem 2ik  [a(n)
RH \/ﬁ 1 + aeHe <1 B ) B aeHe aZ :| ) k € [O’ k)’

V (n) - _“”7"" 2tk |k 2k k 1.
aeHe em aeHe Qe < [k7 k*)

For modes in the last interval, [k., 00), consider first that H = m is satisfied during

(A.15)

reheating. Hence, the modes evolve from the Bunch—Davies vacuum directly to the
solution with z > 1 in Eq. (A.14). Since the Bogoliubov coefficient produced by the
latter is constant, and the one from the Bunch—Davies vacuum is zero, we find that
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Figure 6. Left panel: Plot of the horizon (aH)~! (black curve) using the approximation
of Eq. (A.2). In purple we show (am)~!, that crosses the horizon during reheating. We
make explicit in the vertical (horizontal) axis the values of comoving momenta (scale factor)
that are relevant for the analytical computations. The regions depicted in red, lilac and
green denote the ones in which the Bogoliubov coefficient is zero, when CGPP is efficient
and when particle production ceases, respectively. Right panel: Same as left panel, but
for (aH)™! = (am)~! during radiation domination.

no mode in this interval can produce particles. If H = m is not achieved during
reheating, we need to first obtain the solutions for radiation domination. However,
we anticipate that the same conclusion will hold, i.e. we will still have that the
Bogoliubov coefficient will be zero.

To help visualize the situation, we plot on the left panel of Fig.6 the horizon
(aH)~" in black and highlight the relevant scales, namely k, k., a. and a,. We choose
m such to have m = H during reheating. The regime k > a(n)m (k < a(n)m)
corresponds to the region below (above) the purple line. For k > a(n)m, denoted by
the red region, the solution is given by Eq. (A.4) and no particles are produced. In
the lilac region particles are effectively produced, while in the green one, for which
H < m, the Bogoliubov coefficient becomes constant.

A.1.3 Radiation domination

Lastly, consider the equation of motion (A.1) with w = 1/3 and k < a(n)m:

up(n) + m%ady [1 + araHru(n — nru)]” vk(n) = 0, (A.16)
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whose solution is

vr(n) = diD_1/5((=1 +9)z) + doD_y1o((1 +9)z), == (A.17)

SIS

where D,, is a parabolic cylinder function and d;» are coefficients. Similar to the
solution during reheating, the solution above is controlled by the ratio m/H and we
can expand for different regimes of x:

! 1 [ Hru
ve(n) = {d1+d2V m r <l (A.18)

12 [d] COS($2/2) + dj Sin(xQ/Q)] ;> L

The oscillatory regime when x > 1 results in a constant Bogoliubov coefficient, while
the solution for z < 1 allows for particle production.

In the same way we have analysed Eq. (A.14) in terms of different intervals in
momentum space, we identify four relevant intervals to match the solution during
reheating to the one of Eq. (A.18): [0, k), [k, kru), [kru, k) and [k, 00), where kry =
agpm. As previously argued, wave-function with modes k € [k, 00) will not produce
particles effectively, since they evolve directly from the Bunch—Davies vacuum to a
constant Bogoliubov coefficient. We report the solution for the remaining intervals:

( e~ tknm -1 2k arH __ 3 (1 _ aem) _ _aeHe — ik M
Vak | acH, e 2 3k 2arg Hru arHHRH arH |’
ke 0,k),
rad(, \ ~ ) eiknm [ 2ik / & [agm aeHe _ ik __a(n)
Uk, (77) - V2k _1 + acH, ( aem ciH + QaRHHRH) aruHru aRH:| ’
) ke [k’, kRH)a
e~ tknm ik? ik a(n)
[ V2k _1 + a}yHrum  aruHra aRH] o k€ [hri, k).
(A.19)

We do not report the expressions for the Bogoliubov coefficient corresponding to the
different solutions just encountered since they are rather long and not particularly
illuminating, but they can be easily computed using Eq. (2.15).

We show on the right panel of Fig. (6) the horizon (aH)™!, similar to the left
panel, but with m = H satisfied during radiation domination. We indicate the
relevant momentum scales, k, kg and k.. The red region has vanishing Bogoliubov
coefficient, in the lilac one particle production is efficient and in the green region it
ceases and the Bogoliubov coefficient becomes constant.

A.1.4 Expressions for na?

With the results in Eqgs.(A.15) and (A.19) we can now compute the number density
of particles produced via CGPP. As we have seen explicitly from the solutions in
Egs. (A.13) and (A.17), the relevant scale that controls particle production is H = m;
after the Hubble parameter decreases below m, particle production ceases and the
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Figure 7. Results for the normalized comoving number density na?/(a.H.)? of a confor-
mally coupled scalar (§ = 1/6) as a function of m/H, in the absence of PBHs. The black
curve is obtained by numerically solving Eq. (A.1) and in orange we show Egs. (A.21) and
(A.22). We have used H, = 10'® GeV and Ty = 102 GeV, and we highlight with the
vertical dashed lines the values of masses for which m = H, and m = Hgy.

Bogoliubov coefficient becomes constant. The scale factor at this moment is given
by

H,\ 5
H(a,)=m = a,=a, <—> : (A.20)
m
which can be satisfied either during reheating or radiation domination.
Consider first the case in which H = m happens during reheating. We need sim-

ply to take the solutions in Eq. (A.15), compute the Bogoliubov coefficient according
to Eq. (2.15) and integrate over k, resulting in

< dk (acH.)* m m\® m \ '
P = — k%8| =~ 119420 — | —9( =
na /0 o B = T |20\ H, !
H = m during reheating.
(A.21)

As expected, we see that na® is proportional to the mass, the only parameter that
breaks conformal symmetry in our case.
For H = m during radiation domination, we instead use the solutions computed
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in Eq. (A.19), and the corresponding number density is

o (aRHHRH)3 m " m 1/2+2 m 3_ m 7/2_
144072  Hgy Hgryu Hgu Hgu
10/3 1/6 3 1/2
m m m m
—9( = 10| — 1
() (i) oo Gr) e Gi) )

H = m during radiation domination.

(A.22)

Similar to Eq. (A.21), the number of particles is proportional to m. Also notice that
the expression is sensitive to both H, and Hgy.

In Fig.7 we compare the results obtained in Egs. (A.21) and (A.22) with full
numerical results (see Sec.4) for H, = 10'® GeV and Tryg = 10'* GeV. We see
that up to m < H, the agreement is incredibly good, proving that our strategy of
separating the regions k < a(n)m and k > a(n)m is reasonable. For masses larger
than the Hubble scale at the end of inflation, the assumptions we used to obtain the
solutions break down and the analytical approximation becomes unreliable. From
the figure, this point becomes clear, as the numerical solution falls off exponentially
while the analytical approximation diverges.

A.2 Numerical results with PBHs

We can now solve Eq. (A.1) numerically including also an initial population of PBHs.
Fixing H, = 10" GeV and Tgy = 10'? GeV, that corresponds to Mpy = 1.8 x
107 g, we show in Fig.8 the total abundance of gravitationally produced DM for
different values of 5. In the plot we take into account the additional phase of matter
domination and the entropy dilution due to the PBH population, but we do not
add the DM population produced by BH evaporation. As already commented in
Sec. 4, in this case the difference between masses that reach H = m during matter
or radiation domination is much less pronounced with respect to the cases shown in
Fig.5. On the other hand, the effect of entropy dilution is clear and diminshes the
final abundance by many orders of magnitude. As already observed in Fig.5, for
very small masses the presence of the PBH population is irrelevant, since for such
small masses the final abundance is set well after all the dynamics related to PBHs
has stopped.

B Power spectrum for inflationary curvature perturbations

In what follows, we provide a short summary of the derivation of the Mukhanov—
Sasaki equations, the numerical procedure for deriving its solutions, and the compu-
tation of the comoving power spectrum, the basic ingredient for obtaining the initial
PBH energy density fraction, see Eq. (3.4).
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Figure 8. Abundance of a conformally coupled scalar (£ = 1/6) as a function of its mass
m for various values of 5. We consider only the DM population produced by CGPP, taking
into account the effects of entropy dilution and the additional phase of matter domination
due to the presence of a PBH population. We do not add to the abundance the DM
population produced during the BH evaporation.

Starting from a slow-roll model of inflation, one can consider the scalar, i.e.,
comoving curvature, gauge-invariant perturbations R arising from the excitation
during inflation of metric fluctuations [111]. The action for slow-roll inflation

1
S = 5 / d'z /=g [g"0,20,® — 2V (®) + mp K], (B.1)
is expanded to the second order in R to obtain, see Ref. [111] for further details,
S =2 [ e 22— a2oR) B.2
@~ 5 Iaﬁ( —a "(OR)"). (B.2)

Defining the new variable u = 2R, with z = ad /H, we can obtain the Mukhanov—
Sasaki equation for the Fourier mode wy [63, 64]

" 2 z”
u, + | k - ug = 0. (B.3)

We can observe the similarity of this equation with the mode equations for the scalar
field produced via CGPP in Eq.(2.19). Thus, we solve the Eq. (B.3) considering a
Bunch—Davies initial condition for scales k > aH,

efik:n

Yok

Uk —
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Technically, we consider Eq. (B.3) as function of N, = log(a) to simplify the numerical
approach [61]. Such equation is given by

dzuk
dN2

duy, k? d(e — K)
lt+e—r)(n—2)— RN
N + YE +(14+e—r)(k—2) iR

+(1—c¢)

where €, k are the slow-roll parameters defined in Eq. (2.3).

The evolution of the mode equations begins at an initial value of the scale factor
that ensures that the mode is within the horizon. More precisely, we set the scale
factor a at a point four e-folds before the mode exits the horizon. Subsequently, we
employ the Mukhanov—Sasaki equations to track the mode’s evolution until the end
of inflation. At such a point, we obtain the power spectrum via [61, 66|

]{?3 |Uk|2
on? 22

Pr =

(B.5)

We stop the evolution at the end of inflation since the mode is constant outside the
horizon [111].

We employ the solutions of the Mukhanov-Sasaki equations to normalize the
inflaton potential, either having an addtional feature to produce PBHs or not, to
make it compatible with CMB observations [55]. This is achieved by imposing the
constraint

Pr(k,) =2.1x 1077, (B.6)

with k, = 0.05 Mpc ™! the pivot scale. We also require that the number of e-folds
between the largest observable scales k ~ 10~* Mpc ™! and the end of inflation to be
in the range of ~ 50 — 60 in order to assure the solutions of the horizon and flatness
problems of the Universe. This is done by imposing the number of e-folds between
end of inflation and the CMB scales to be AN, ~ 45 — 55 [61].
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