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Abstract
We consider semilinear elliptic problems of the form

−�u + λu = f (x, u), u ∈ H1
0 (A),

where A ⊂ R
N , N ≥ 3, is either a bounded or unbounded annulus, and λ ≥ 0. We study

a broad class of nonlinearities f with superlinear growth at infinity, including exponential-
and power-type ones. Under suitable assumptions, we establish the existence of a positive
nonradial solution via techniques in the spirit of Szulkin’s nonsmooth critical point theory,
applied within a convex cone in Orlicz spaces. Notably, the Trudinger-Moser inequality fails
in the whole Sobolev space H1

0 (A).

Mathematics Subject Classification Primary 35J20 · 35B06 · 35B33

1 Introduction

In this paper, we are interested in proving the existence of solutions to semilinear elliptic
problems of the form

− �u + λu = f (x, u), u ∈ H1
0 (�), (1.1)
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where � is a domain in R
N , λ ≥ 0 and f is a function with superlinear behavior at infinity.

More precisely, we aim to address the challenge of dealing with exponential-type nonlinear-
ities in dimensions higher than two, where a Trudinger-Moser inequality is not available.

There are several papers in the literature dealing with such nonlinearities. For instance,
the case f (x, u) = εeu with ε > 0 and Neumann boundary conditions corresponds to the
well-known Keller-Segel equation, which has been analysed using perturbative techniques
as ε → 0+. In both radial and nonradial bounded domains, solutions concentrating on the
boundary have been investigated, see for instance [2, 5–7, 27]. In contrast, the case ofDirichlet
boundary conditions, which corresponds to the Gelfand equation, cannot be addressed with
the same techniques. When � is a ball, the structure of the set of singular and regular radial
solutions has been examined starting from [20], we refer for example to the results [21, 23,
24]; see also [25, 26] for the case of the annulus. Let us mention that, still under Neumann
boundary conditions, the multiplicity of radial solutions for a large class of exponential
nonlinearities has been established in [9, Corollary 1.3] via shooting techniques. All these
results, however, appear quite far in spirit from ours.

The approach adopted in the present paper is indeed of global variational nature and is
closely related to that of [11, 12], see also [16–18], where the focus is on pure power non-
linearities in radially symmetric domains. The equation studied in [11, 12] exhibits a lack of
compactness, which can arise either from the pure power nonlinearity, if f (x, ·) is supercrit-
ical in the Sobolev embedding sense, or from the unboundedness of the domain. Classical
effective tools to overcome the lack of compactness typically exploit specific structural fea-
tures of the problem, such as symmetry or the presence of potentials/weights. Inspired by this
perspective, in [8, 32] the authors propose amethod for dealing with supercritical radial prob-
lems: instead of working in the natural energy space, they confine the function set to a closed
convex cone, see also [9, 10, 15]. This strategy enables to gain compactness and facilitates
the construction of radial solutions with specific monotonicity, even for problems that cannot
be treated within the full subspace H1

rad of radial H1-functions. It should be emphasized
that, while restricting the function space to a cone with specific symmetry and monotonicity
properties aids in restoring the needed compactness, this approach also introduces certain
technical challenges: working within a set that is not a natural constraint requires additional
efforts to ensure the invariance properties of the problem with respect to this set.

The technique introduced in [8, 32] has been refined in [11, 12] to prove the existence
of nonradial solutions of the Dirichlet problem with a pure power nonlinearity, in radial
domains that are respectively bounded and unbounded. In [16–18], Cowan and Moameni
demonstrate how to formalize this method within Szulkin’s nonsmooth critical point theory
[33] in a natural and efficient framework; more precisely, using the nonsmooth mountain
pass theorem, they develop a unified approach to find possibly nonradial solutions in suitable
invariant convex cones for elliptic equationswith supercritical power-type nonlinearities. The
advantage of this method is that it is adaptable to various types of problems and allows for
the discovery of diverse types of solutions: by varying the cone chosen to frame the problem,
in [11, 12] new rotationally nonequivalent solutions are found.

Depending on the chosen cone, the effective dimension of the problem becomes a smaller
integer 2 ≤ n < N , thus increasing the corresponding critical exponent. For n > 2, the
improved Sobolev critical exponent 2∗

n := 2n/(n − 2) is finite and the case p < 2∗
n was

addressed in [12]; for n = 2, it is showed in [11, 12] that the invariant cone within which
the authors work is embedded in Lq for every q ∈ (2,∞). As a result, every power-type
nonlinearity behaves as subcritical in the cone. Actually, since the dimension n = 2 corre-
sponds to the limiting case of Sobolev embeddings of H1-functions, one can expect that the
power-type growth can be improved, allowing to consider exponential nonlinearities.
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Moving from this observation, the present paper aims to provide a unified approach for
addressing both exponential- and power-type growth, dealing with problems on bounded as
well as unbounded domains. To maintain a general framework, we include nonlinearities
subject to assumptions ( f1)-( f4) below. Our main abstract existence result, Theorem 2.1, is
detailed in Section 2. Classical approaches to two-dimensional problems with exponential
growth (see e.g. [19]) are typically addressed in H1

0 (�), which naturally embeds in the

“small” Orlicz space M(�) with exponential Young function eu2 − 1 as defined in (2.1).
As in dimension N ≥ 3 such an embedding fails, in order to ensure the well-posedeness
of the energy functional, we formulate the problem in the space V = H1

0 (�) ∩ M(�).
Moreover, to gain compactness, we confine the function set to a closed convex cone K .
Some drawbacks arise from this choice of the functional space: we can show that a Palais-
Smale-type condition holds only with respect to the H1-topology in the cone K , and this
prevents the direct application of Szulkin’s results [33]. To overcome this issue, we rely on
a suitable version of the nonsmooth mountain pass theorem which provides the existence
of a Palais-Smale sequence without compactness hypotheses, see Theorem 3.9. Then, in
order to get a solution, we prove that it is possible to pass to the limit in the variational
inequality involved in the definition of Szulkin’s Palais-Smale sequences. Clearly, when
working in dimension N = 2, it holds V = H1

0 (�) ∩ M(�) = H1
0 (�), by the Trudinger-

Moser inequality. Therefore, in the two-dimensional setting our abstract Theorem 2.1 applies
with K = {u ∈ H1

0 (�) : u ≥ 0}, thus recovering some known results in the subcritical
exponential case, along the lines of [19, Theorem 1.1] by de Figueiredo, Miyagaki, and Ruf.

As an application of the abstract Theorem2.1, we consider (1.1) in the possibly unbounded
annulus

� = A := {x ∈ R
N : R0 < |x | < R1}, (1.2)

with 0 < R0 < R1 ≤ ∞ and N ≥ 3. For the reader’s convenience, let us state here explicitly
a consequence of Theorem 2.1 in the case of exponential nonlinearities, while we postpone
the more general formulation to the next section. Let us consider the problem

⎧
⎪⎨

⎪⎩

−�u + λu = uβ−1(euβ − 1) in A

u > 0 in A

u ∈ H1
0 (A)

(1.3)

with λ > 0 (λ ≥ 0 if A is bounded) and β ∈ (1, 2). A direct application of Theorem 2.1
provides a nontrivial solution of (1.3) which, due to the symmetries of the problem, may be
radial. In order to ensure the nonradiality of the solution, we rely on a symmetry breaking
result, see Theorem 2.5, which requires an additional assumption involving the following
constant

H = H(N , λ, R0) :=
(

N − 2

2

)2

+ λR2
0 (1.4)

arising from the Hardy inequality. Then we have the following result.

Theorem 1.1 Let A be as in (1.2) with 0 < R0 < R1 ≤ ∞ and N ≥ 3. Let λ > 0 (λ ≥ 0 if
A is bounded) and

β ∈
(

1 + N

H
, 2

)

if λ = 0, β ∈
[

1 + N

H
, 2

)

if λ > 0. (1.5)

Then, there exists a nonradial solution of (1.3).
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We observe that the conditions in (1.5) do not trivialize whenever N < H (N ≤ H if
λ is positive): this is the case for instance when N or λR2

0 are large. In order to show that
equation (1.3) fits into the framework of the abstract Theorem 2.1, a crucial intermediate
step is to identify a suitable convex cone K, see Definition 2.6, and to recover the necessary
compactness. Notice that the critical case for problem (1.3) inK corresponds to the maximal
value of β allowed for the validity of a Pohozaev-Trudinger-Moser embedding. We prove a
uniform estimate in K of Pohozaev-Trudinger-Moser-type with a growth behaving like eu2

at infinity, see Proposition 4.3; this implies that for β < 2 the equation in (1.3) behaves as
subcritical in K, although supercritical in H1

0 (A).
A direct application of the abstract Theorem 2.1 also leads to recover [11, Theorems 1.1

and 1.2] and [12, Theorem 1.1] with m = N − 1, [12, Theorem 1.2] with n = 2, in the case
of the pure power nonlinearity f (x, s) = |s|p−2s, p > 2: working in the small Orlicz space
M(�) allows to fit both the exponential and the power-type growth into the same framework.

The presentation of these existence and symmetry breaking results in a more general form
(see Theorems 2.4 and 2.5 respectively), as well as the outline of the paper, are postponed to
the next section.

2 Statements of themain results

In order to state our main results in their full generality, let � be a domain in R
N , N ≥ 2,

and let us detail the assumptions on the nonlinearity f appearing in (1.1). Letting F(x, s) :=∫ s
0 f (x, t) dt , we assume:

( f1) f ∈ C(� × R; R); f (x, s)s > 0 for all x ∈ � and s 
= 0; for all M > 0, there exists
CM > 0 such that | f (x, s)| ≤ CM for every x ∈ � and |s| ≤ M ;

( f2) for all α > 0

lim|s|→∞
f (x, s)

eαs2
= 0 uniformly for x ∈ �;

( f3) (b) if � is bounded: there exist σ > 2 and M > 0 such that

σ F(x, s) ≤ f (x, s)s for all x ∈ � and |s| ≥ M;
(u) if � is unbounded: there exists σ > 2 such that

σ F(x, s) ≤ f (x, s)s for all x ∈ � and s ∈ R;
moreover, there exist 0 < c1 ∈ L∞(�) and c2 ∈ L1(�) such that

F(x, s) ≥ c1(x)|s|σ − c2(x) for all x ∈ � and s ∈ R;
( f4) (b) if � is bounded: denoting by λ1 the first eigenvalue of the Laplacian with homoge-

neous Dirichlet boundary conditions in �, it holds

lim sup
s→0

2F(x, s)

s2
< λ1 + λ uniformly for x ∈ �;

(u) if � is unbounded: there exists μ > 1 such that

lim sup
s→0

| f (x, s)|
|s|μ < ∞ uniformly for x ∈ �.
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We refer to Remark 3.3 for some comments on the different assumptions required in the
bounded and in the unbounded case.

In order to provide a variational setting for (1.1), we introduce the Orlicz space

L(�) :=
{

u : � → R measurable :
∫

�

(
e(

u
k )

2 − 1
)

dx < ∞ for some k > 0

}

,

which is a Banach space endowed with the norm

‖u‖L(�) := inf

{

k > 0 :
∫

�

(
e(

u
k )

2 − 1
)

dx ≤ 1

}

.

As we recall in Lemma 3.1, L(�) is continuously embedded in Lq(�) for every q ∈ [2,∞).
We consider also its closed subspace1

M(�) :=
{

u : � → R measurable :
∫

�

(
e(

u
k )

2 − 1
)

dx < ∞ for all k > 0

}

, (2.1)

endowed with the same norm. Finally, we let the Banach space V := H1
0 (�) ∩ M(�) be

equipped with the norm
‖u‖V := ‖u‖H1

λ (�) + ‖u‖L(�), (2.2)

where

‖u‖H1
λ (�) :=

(∫

�

(|∇u|2 + λu2) dx

)1/2

.

In the following we will simply write ‖ · ‖H1(�) for the standard H1-norm ‖ · ‖H1
1 (�). The

Euler-Lagrange functional associated with (1.1), namely

J (u) := 1

2
‖u‖2

H1
λ (�)

−
∫

�

F(x, u) dx, (2.3)

is well defined and of class C1 in V , see Remark 3.12. Nevertheless, as already mentioned
in the Introduction, J possibly lacks compactness in the whole space V .

Our first main result is an abstract theorem, extending [18, Theorem 2.1], which ensures
the existence of solutions of (1.1) via variational techniques, provided that there exists a
subset K of V satisfying suitable assumptions of compactness and invariance. The set K
must be a convex cone, meaning that

• u ∈ K implies tu ∈ K for every t ≥ 0;
• u, −u ∈ K implies u = 0;
• u, v ∈ K implies u + v ∈ K .

Our abstract theorem can be stated as follows.

Theorem 2.1 Let � be a domain in R
N , N ≥ 2, λ > 0 (λ ≥ 0 if � is bounded), and f satisfy

( f1)-( f4). Let J : V → R be as in (2.3). Finally, let K ⊂ H1
0 (�) be a closed convex cone

and assume that:

(i) Embeddings: K ↪→ M(�), i.e. K ⊂ M(�) and there exists C > 0 such that ‖u‖L(�) ≤
C‖u‖H1

λ (�) for every u ∈ K ; moreover, if � is unbounded, K ↪→↪→ Lq(�) for every
q > 2, i.e. if (un)n ⊂ K is bounded, there exists u ∈ K such that for every q > 2,
un → u in Lq(�) up to a subsequence;

1 This space has already been introduced and used in the literature, see for example [28, Section 3.4, Definition
2], but its name and notation are not yet consolidated. In this paper we refer to it as small Orlicz space.

123



   85 Page 6 of 39 A. Boscaggin, F. Colasuonno, B. Noris, F. Sani

(ii) Pointwise invariance: for each u ∈ K there exists v ∈ K weak solution of

−�v + λv = f (x, u) in �.

Then there exists a nontrivial weak solution u ∈ K of (1.1) such that

J (u) = inf
γ∈ϒ

sup
t∈[0,1]

J (γ (t)) > 0,

with ϒ := {γ ∈ C([0, 1]; K ) : γ (0) = 0 
= γ (1), J (γ (1)) ≤ 0}.
Remark 2.2 Note that assumption (i) of the previous theorem does not explicitly require a
compact embedding for K when� is bounded. In this case, the compact embedding K ↪→↪→
Lq(�) holds automatically for every q ∈ [1,∞) without further requirements. Indeed, we
recall in Lemma 3.1 below thatM(�) ↪→ Lq(�) for every q ∈ [1,∞). Being K ↪→ M(�)

by assumption (i) of Theorem 2.1, it follows that K ↪→ Lq(�) for every q ∈ [1,∞).
Moreover, by standard compact Sobolev embeddings, K ↪→ H1

0 (�) ↪→↪→ Lq(�) for every
q ∈ [1, 2∗), with 2∗ := 2N/(N − 2) if N > 2 and 2∗ := +∞ if N = 2. Hence, the
claimed compact embedding can be established via interpolation, following, for instance, the
argument in [12, Proposition 2.8].

Remark 2.3 In view of the definition in (2.2) and of the continuous embedding (i), the norms
‖ · ‖H1

λ
and ‖ · ‖V are equivalent in K . As a consequence, K is closed also with respect to

the norm ‖ · ‖V and, being convex, it is weakly closed both in H1
0 (�) and in V .

As already mentioned in the Introduction, the proof of Theorem 2.1 relies on the non-
smooth critical point theory developed by Szulkin [33], which provides critical points for
C1-perturbations of convex lower semicontinuous functionals. In our setting, in order to gain
compactness, we consider a functional JK that coincides with J in K and equals +∞ out-
side K , see (3.22) for the precise definition. We stress that the choice of the function space
V = H1

0 (�)∩M(�) is crucial to ensure the C1-regularity of the nonlinear term� in (3.22),
cf. Proposition 3.11, whereas � is not even well defined in H1

0 (�). Thanks to assumption (i)
of Theorem 2.1, working with the functional JK in V allows to overcome some compactness
issues. As a counterpart, an extra difficulty arises: while we can prove convergence of Palais-
Smale sequences in H1

0 (�), it seems hard to establish such a convergence with respect to
the L(�)-norm. To overcome this technical issue, inspired by [4, 22], we formalize a purely
geometric version of the nonsmooth mountain pass theorem, see Theorem 3.9, where the
existence of a Palais-Smale sequence at the mountain pass level c is guaranteed without
compactness hypotheses. Using the H1-strong convergence of this Palais-Smale sequence to
a function u ∈ K , through some delicate estimates we show that JK (u) = c and that u is a
critical point of JK in the nonsmooth sense. Finally, assumption (ii) of Theorem 2.1 allows
to conclude that u is a solution of (1.1).

Next, we provide an application of Theorem 2.1: we exhibit a special domain and impose
additional conditions on the nonlinearity f to verify the assumptions of Theorem 2.1, thereby
guaranteeing the existence of a solution for the problem under consideration. More precisely,
in order to recover the necessary embeddings and compactness required in (i) of Theorem 2.1,
we require the problem to have suitable symmetry. For simplicity, we consider the radially
symmetric domain � = A defined in (1.2), with 0 < R0 < R1 ≤ ∞ and N ≥ 3. Hence, the
specific problem that we study is the following

⎧
⎪⎨

⎪⎩

−�u + λu = f (x, u) in A

u > 0 in A

u = 0 on ∂ A

(2.4)
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where f : A×R
+ → R satisfies f (x, 0) = 0 and from now onwe consider its odd extension

f (x,−s) = − f (x, s). We look for axially symmetric solutions satisfying further symmetry
andmonotonicity assumptions: precisely, letting x = (x1, . . . , xN−1, xN ) ∈ A, we will work
with functions in H1

0 (A) ∩ M(A) that only depend on the two variables

r := |x | =
√

x21 + . . . + x2N ∈ (R0, R1),

θ := arctan

⎛

⎝
|xN |

√

x21 + . . . + x2N−1

⎞

⎠ = arcsin

( |xN |
r

)

∈ [0, π/2] ,
(2.5)

namely

u(x) = u (r , θ) for a function u : (R0, R1) ×
[
0,

π

2

]
→ R.

We observe that these are axially symmetric functions with respect to the xN -axis, which are
symmetricwith respect to the hyperplane xN = 0. In addition to these symmetry assumptions,
we impose positivity and a monotonicity property that we collect in the following class of
functions

K :=
{

u ∈ H1
0 (A) : u = u(r , θ), u ≥ 0, uθ ≤ 0 a.e.

}
, (2.6)

where uθ stands for the weak partial derivative of u with respect to the variable θ . We prove
in Proposition 4.6 that K ⊂ M(A) with continuous embedding.

In order to ensure that the pointwise invariance (ii) of Theorem 2.1 holds in K, we need
to require additional assumptions on f , namely:

( f5) for all x ∈ A and s ≥ 0, f (x, s) = f(r , θ, s) ;

( f6) for all s ≥ 0, f (·, s) ∈ W 1,1
loc (A) and fθ ≤ 0 a.e.;

( f7) for all x ∈ A, f (x, ·) is differentiable and ∂s f (x, s) ≥ 0 for every s ≥ 0;

( f8) for all M > 0, there exist dM ∈ L2(A) and DM > 0 such that |∇x f (x, s)| ≤ dM (x) and
|∂s f (x, s)| ≤ DM for every x ∈ A and s ∈ [0, M].
We show that, under the previous assumptions, Theorem 2.1 applies, thus providing a

mountain pass solution of (2.4) belonging to the cone K.

Theorem 2.4 Let A be as in (1.2), with 0 < R0 < R1 ≤ ∞ and N ≥ 3. Let λ > 0 (λ ≥ 0
if A is bounded) and f satisfy ( f1)–( f4), with � = A, and ( f5)–( f8). Then there exists a
nontrivial solution of (2.4) belonging to the set K defined in (2.6) at energy level

c = inf
γ∈ϒ

sup
t∈[0,1]

J (γ (t)), (2.7)

with ϒ = {γ ∈ C([0, 1];K) : γ (0) = 0 
= γ (1), J (γ (1)) ≤ 0} and J as in (2.3) with
� = A.

In particular, Theorem 2.4 applies to exponential-type nonlinearities of the form

f (x, s) = w(x)|s|β−2s expm

(|s|β)

with β ∈ (0, 2) and m ∈ N \ {0} satisfying β(m + 1) > 2,
(2.8)

where

expm(s) := es −
m−1∑

i=0

si

i ! (2.9)
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and the weight w satisfies

w ∈ W 1,1
loc (A) ∩ C(A) ∩ L∞(A), |∇w| ∈ L2(A),

w = w(r , θ) > 0 and wθ ≤ 0 in A.
(2.10)

Notice that when β ∈ (0, 1) we intend f (x, ·) extended by continuity at s = 0. We further
observe that (2.8) reduces to the nonlinearity in problem (1.3) when w ≡ 1, β ∈ (1, 2), and
m = 1.

Theorem 2.4 also covers possibly inhomogeneous power-type nonlinearities of the form

f (x, s) = w(x)
(|s|p−2s + |s|p−2s

)
with 2 < p ≤ p, (2.11)

wherew satisfies (2.10). When p = p, we thus recover the result established in [11, Theorem
1.1] for pure power-type nonlinearities (see also [12] for the case of the exterior of a ball
R1 = ∞). Both claims are justified in Remark 4.9.

We observe that, since the extra radial symmetry of the problem is not required in the
abstract Theorem 2.1, the existence Theorem 2.4 can be extended to more general domains
as in [12, Section 4]. On the opposite side, when both the domain and the nonlinearity are
radial, namely f satisfies

( f ′
5) for all x ∈ A and s ≥ 0, f (x, s) = f(r , s),

the existence of a radial solution can be obtained via standard techniques. Indeed, in view of
Strauss’ Radial Lemma and the fact that A is bounded away from the origin, the embedding
of the space of radial functions H1

0,rad(A) into L p(A) is compact for every p ∈ (2,∞). This
suffices to ensure that the Palais-Smale condition holds for the energy functional defined on
H1
0,rad(A).
In this context, we prove that the solution found in Theorem 2.4 breaks the symmetry,

provided that the dimension N or the parameter λ or the inner radius R0 are sufficiently large.
Our symmetry breaking result is the following.

Theorem 2.5 Let A be as in (1.2), with 0 < R0 < R1 ≤ ∞ and N ≥ 3. Let λ > 0 (λ ≥ 0 if
A is bounded) and f satisfy ( f1)–( f4) with � = A, ( f ′

5), and ( f6)–( f8). Suppose moreover
that

( f9) for all x ∈ A, f (x, ·) ∈ C1(R+) and for all α > 0 there exists C = C(α) > 0 such that,
for every x ∈ A, s > 0,

(b) if � is bounded: |∂s f (x, s)| ≤ C + (eαs2 − 1)

(u) if � is unbounded: |∂s f (x, s)| ≤ C |s|μ−1 + (eαs2 − 1)

with μ > 1 as in ( f4)-(u);

( f10) letting H = H(N , λ, R0) > 0 as in (1.4) and

δ >
2N

H
+ 1 if λ = 0, δ = 2N

H
+ 1 if λ > 0,

it holds
∂s f (x, s)s ≥ δ f (x, s) for all x ∈ A and s > 0.

Then problem (2.4) has a nonradial solution belonging to the set K. More precisely, any
solution of (2.4) belonging to K, at energy level c defined in (2.7), is nonradial.
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The proof of Theorem 2.5 proceeds by contradiction. Assuming that the mountain pass
solution obtained in Theorem 2.4 is radial allows us to construct an admissible path along
which the maximum value of the energy functional is below the mountain pass level, leading
to a contradiction.

By specializing Theorem 2.5 to the explicit nonlinearities (2.8) and (2.11) with a radial
weight w = w(r), we obtain the following symmetry breaking result for both exponential-
and power-type nonlinearities.

Corollary 2.6 Let A be as in (1.2), with 0 < R0 < R1 ≤ ∞ and N ≥ 3. Let λ > 0 (λ ≥ 0 if
A is bounded) and let w = w(r) be a radial weight satisfying (2.10).

(i) Let f be as in (2.8). If

β(m + 1) > 2 + 2N

H
if λ = 0, β(m + 1) ≥ 2 + 2N

H
if λ > 0,

with H as in (1.4), then (2.4) has a nonradial solution belonging to K.
(ii) Let f be as in (2.11). If

p > 2 + 2N

H
if λ = 0, p ≥ 2 + 2N

H
if λ > 0,

with H as in (1.4), then (2.4) has a nonradial solution belonging to K.

Notice that Corollary 2.6 (i) reduces to Theorem 1.1 when w ≡ 1, β ∈ (1, 2), and m = 1,
while case (ii) when p = p recovers [11, Theorem 1.1] (see also [12] when R1 = ∞).

The paper is structured as follows. In Section 3 we recall some properties of the Orlicz
spaces L(�), M(�) and prove, via Szulkin’s theory, the abstract existence result Theorem
2.1. Section 4 is devoted to its application, namely Theorem 2.4, which in turn requires the
proof of a Pohozaev-Trudinger-Moser inequality in the cone K, see Proposition 4.3. Finally,
in Section 5, we establish the occurrence of symmetry breaking in the radial setting, thereby
proving Theorem 2.5. As a particular case, this also leads to Corollary 2.6 and Theorem 1.1.

3 Abstract result

3.1 Preliminaries on Orlicz spaces

We start by recalling the known property that L(�) is continuously embedded in Lq(�) for
every q ∈ [2,∞).

Lemma 3.1 ([31, Lemma 11]) For every q ∈ [2,∞) (q ∈ [1,∞) if � is bounded) there
exists a constant C = C(q) > 0 such that

‖u‖Lq (�) ≤ C‖u‖L(�) for every u ∈ L(�). (3.1)

It is well known that the L(�)-norm convergence implies the convergence in mean, see
[1, §8.13]. For the sake of clarity, we report here the proof of this property, together with a
useful further consequence.

Lemma 3.2 Let u ∈ M(�) and (un) ⊂ M(�) be such that

lim
n→∞ ‖un − u‖L(�) = 0.
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Then, for every α > 0,

lim
n→∞

∫

�

(
eα(un−u)2 − 1

)
dx = 0. (3.2)

This in turn further implies that for every α > 0,

lim
n→∞

∫

�

(
eαu2n − 1

)
dx =

∫

�

(
eαu2 − 1

)
dx . (3.3)

Proof Let us recall the known inequality

es2 − 1 ≤ ε
(

e(
s
ε )

2 − 1
)

for all ε ∈ (0, 1] and s ≥ 0,

which can be easily derived expanding in series the exponential functions. As, for every
α > 0,

√
α‖un − u‖L(�) < 1 for n large, we can apply the previous inequality with

ε = √
α‖un − u‖L(�), to obtain, for n large enough,

∫

�

(
eα(un−u)2 − 1

)
dx ≤ √

α‖un − u‖L(�)

∫

�

⎛

⎝e
α(un−u)2

α‖un−u‖2L(�) − 1

⎞

⎠ dx

≤ √
α‖un − u‖L(�),

where in the last line we have used the definition of L(�)-norm. Then (3.2) follows. As for
(3.3), we observe that eαu2n − 1 → eαu2 − 1 a.e. in �, moreover

eαu2n − 1 ≤ e2α(un−u)2e2αu2 − 1 ≤ e4α(un−u)2 − 1

2
+ e4αu2 − 1

2
=: gn .

Set g := e4αu2−1
2 and observe that gn, g ∈ L1(�), since un, u ∈ M(�), and that gn → g

a.e. in �. By (3.2), it also holds that
∫

�
gn → ∫

�
g, hence, by the General Dominated

Convergence Theorem (see for example[29, Section 4.4]), (3.3) is proved. ��

3.2 Properties of the nonlinear term

We collect here some useful observations and inequalities that descend from the assumptions
on f . We begin by commenting on the different hypotheses in the bounded and unbounded
case.

Remark 3.3 The second condition in ( f3)-(u), that is,

F(x, s) ≥ c1(x)|s|σ − c2(x) for all s ∈ R and x ∈ �, (3.4)

also holds when � is bounded, with constant c1 > 0 and c2 ∈ R. Indeed, in this case, it
descends from ( f3)-(b) and ( f1). Hence, in what follows, we will refer to (3.4) for both
bounded and unbounded domains. Condition ( f4)-(u), required for the unbounded case, is
stronger than the corresponding condition ( f4)-(b) for the bounded case. Indeed, suppose
that � is bounded and that ( f4)-(u) holds, then there exist μ > 1 and C > 0 such that for
every x ∈ �

| f (x, s)| ≤ C |s|μ for |s| small. (3.5)

Then, being μ > 1,

lim sup
s→0

2F(x, s)

s2
= lim sup

s→0

2
∫ s
0 f (x, τ )dτ

s2
≤ lim sup

s→0

2C

μ + 1
|s|μ−1 = 0 < λ1 + λ,
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with C > 0 as in (3.5), so that ( f4)-(b) holds.
Finally, we notice that if lims→0 | f (x, s)|/|s|σ−1 exists, ( f3)-(u) implies ( f4)-(u) with

μ = σ − 1 by L’Hôpital’s rule.

Next, we derive some consequences of assumptions ( f1)-( f4) that will be useful in the
remaining part of the section.

We first observe that, by ( f1),

F(x, s) =
∫ max{0,s}

min{0,s}
| f (x, τ )|dτ ≥ 0 for all (x, s) ∈ � × R.

Moreover, for every α > 0 and μ̃ ∈ [1, μ] the following inequalities hold

if � is bounded: | f (x, s)| ≤ C + |s|ν(eαs2 − 1)

if � is unbounded: | f (x, s)| ≤ C |s|μ̃ + |s|ν(eαs2 − 1),
(3.6)

for all (x, s) ∈ � × R and ν ≥ 0, with C = C(α) > 0 in the first line and C = C(α, μ̃) > 0
in the second line.

Indeed, by ( f2), for every α > 0 there exists M̂ = M̂(α) > 1 such that

| f (x, s)| ≤ eαs2 − 1 ≤ |s|ν(eαs2 − 1) for all x ∈ �, |s| ≥ M̂ , and ν ≥ 0. (3.7)

Therefore, combining the previous estimate with ( f1), we have that for every α > 0 there
exists C = C(α) > 0 such that

| f (x, s)| ≤ C + |s|ν(eαs2 − 1) for all (x, s) ∈ � × R and ν ≥ 0.

If � is unbounded, the above bound will not be helpful for our purposes. However, in this
case, by ( f4)-(u), there exists δ > 0 so small that

| f (x, s)| ≤ C |s|μ ≤ C |s|μ̃ for all x ∈ �, |s| ≤ δ and μ̃ ∈ [1, μ]
and by ( f1) there exists C = C(α, μ̃) > 0 such that

| f (x, s)| ≤ CM̂
δμ̃

δμ̃
≤ C |s|μ̃ for all x ∈ � and δ < |s| < M̂ .

Combining the previous two estimates with (3.7), in the unbounded case, we get that for
every α > 0 and μ̃ ∈ [1, μ] there exists C = C(α, μ̃) > 0 such that (3.6) holds for all
(x, s) ∈ � × R and ν ≥ 0.

Finally, for all α > 0, μ̃ ∈ [1, μ], ν ≥ 0, and ε > 0 sufficiently small

if � is bounded: F(x, s) ≤ 1 − ε

2
(λ1 + λ)s2 + C |s|ν+1(eαs2 − 1)

if � is unbounded: F(x, s) ≤ C |s|μ̃+1 + |s|ν+1(eαs2 − 1),
(3.8)

for all (x, s) ∈ � × R, with C = C(α, ν) > 0 in the bounded case and C = C(α, μ̃) > 0 in
the unbounded case.

Indeed, in the unbounded case, (3.8) is obtainedmultiplying (3.6) by |s| and using ( f3)-(u).
In the bounded case, for every α > 0 and ν ≥ 0, multiplying (3.7) by |s| ≥ max{M̂, M} =:
M̃ = M̃(α) and using ( f3)-(b), we obtain

F(x, s) ≤ 1

σ
|s|ν+1(eαs2 − 1) for all x ∈ � and |s| ≥ M̃ .
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By ( f4)-(b) there exist δ > 0 and ε ∈ (0, 1) such that

F(x, s) ≤ 1 − ε

2
(λ1 + λ)s2 for all x ∈ � and |s| ≤ δ.

Moreover, by ( f1), we have for all x ∈ � and δ < |s| < M̃

F(x, s) =
∫ max{0,s}

min{0,s}
| f (x, τ )|dτ ≤ CM̃ |s| ≤ CM̃ M̃

δν+1(eαδ2 − 1)
|s|ν+1(eαs2 − 1).

Combining together the last three estimates, and recalling that σ > 2, we get (3.8) for �

bounded.
The following convergence result will ensure the C1-regularity of the nonlinear term in

the energy functional.

Lemma 3.4 Under the assumptions of Theorem 2.1, let (un) ⊂ M(�) be a sequence such
that un → u in L(�) for some u ∈ M(�). Then

lim
n→∞

∫

�

( f (x, un) − f (x, u))2 dx = 0.

Proof We will prove the stronger thesis

lim
n→∞ ‖ f (·, un) − f (·, u)‖Lq (�) = 0 if q ≥

{
1 if � is bounded

max
{
1, 2

μ

}
if � is unbounded,

(3.9)

with μ > 1 as in ( f4)-(u).
Since ‖un − u‖L(�) → 0, Lemma 3.1 yields that un → u a.e. in � up to a subsequence.

Moreover, by ( f1), f (x, un) → f (x, u) a.e. in �. Now, if � is unbounded, for q as in (3.9),
Lemma 3.1 yields also that

un → u in Lqμ(�) (3.10)

and, in virtue of (3.6) with α > 0, μ̃ = μ and ν = 0, we have

| f (x, un) − f (x, u)|q ≤ 2q−1 [ | f (x, un)|q + | f (x, u)|q ]

≤ 2q−1
[
(C |un |μ + eαu2n − 1)q + (C |u|μ + eαu2 − 1)q

]

≤ C̄
[
|un |qμ + |u|qμ + (eqαu2n − 1) + (eqαu2 − 1)

]
=: gn,

where we have used the convexity of the function | · |q and the inequality

(es − 1)t ≤ ets − 1 for every s ≥ 0 and t ≥ 1. (3.11)

Notice that the positive constant C̄ is in the definition of gn is independent of n. Let

g := 2C̄
[
|u|qμ + (eqαu2 − 1)

]
.

We have that g, gn ∈ L1(�) for every n; moreover, by the previous considerations, gn → g
a.e. in �. In addition, by (3.10) and (3.3),

∫

�
gn → ∫

�
g. Arguing similarly for � bounded,

we have for q ≥ 1

| f (x, un) − f (x, u)|q ≤ C̄
[
2 + (eqαu2n − 1) + (eqαu2 − 1)

]
=: hn,
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where again C̄ denotes a positive constant independent of n, and setting

h := 2C̄eqαu2 ,

we have that h, hn ∈ L1(�) for every n and that hn → h a.e. in � and
∫

�
hn → ∫

�
h. As

a consequence, in both cases, the General Dominated Convergence Theorem applies, thus
providing the stronger thesis. ��

In the following lemma we collect some convergence results for the nonlinear term that
will be useful in the subsequent part, mainly to prove compactness.

Lemma 3.5 Under the assumptions of Theorem 2.1, let (un) ⊂ K be a sequence such that
un⇀u in H1

0 (�) for some u ∈ K . Then

( f (x, un)) is bounded in Lq(�) if q ≥
{
1 if � is bounded

max
{
1, 2

μ

}
if � is unbounded.

(3.12)

As a consequence, the following limits hold true:

lim
n→∞

∫

�

f (x, un)(un − u) dx = 0; (3.13)

lim
n→∞

∫

�

( f (x, un) − f (x, u))2 dx = 0; (3.14)

lim
n→∞

∫

�

f (x, un)un dx =
∫

�

f (x, u)u dx . (3.15)

Proof We first show the boundedness of ( f (x, un)) in Lq(�) in the case � unbounded. Let
q ≥ max{1, 2/μ}. Using (3.6) with μ̃ = μ and ν = 0, we get, for every α > 0,

∫

�

| f (x, un)|q dx ≤ 2q−1
∫

�

[
Cq |un |qμ + (eαu2n − 1)q

]
dx

≤ 2q−1
[

Cq‖un‖qμ

Lqμ(�) +
∫

�

(eqαu2n − 1) dx

]

,

(3.16)

where we have used the convexity of the function | · |q and the inequality (3.11). Moreover,
since (un) is bounded in V in view of the equivalence of the norms in K , see Remark 2.3,
‖un‖L(�) ≤ c̃ for some c̃ > 0. Thus, by the definition of the Luxemburg norm ‖ · ‖L(�),

∫

�

(
e(un/c̃)2 − 1

)
dx ≤ 1.

Therefore, taking α such that qα ≤ 1/c̃2, we obtain

sup
n∈N

∫

�

(eqαu2n − 1) dx < +∞.

Then, taking also into account the embedding ofM(�) in Lqμ(�) given by Lemma 3.1, by
(3.16) we can conclude the proof in this case.

The proof for the bounded case is analogous, the only difference being that here one uses
the corresponding version of (3.6), that constants are integrable, and that M(�) ↪→ Lq(�)

for all q ≥ 1.
Next we prove (3.13)–(3.15).
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Proof of (3.13) Let� be unbounded andq ∈ (max{1, 2/μ}, 2). Then the cone K is compactly
embedded in Lq ′

(�) by assumption (i) of Theorem 2.1, with q ′ > 2 being the conjugate
exponent of q . By Hölder’s inequality and the boundedness of ( f (x, un)) in Lq(�) proved
in (3.12),

∣
∣
∣
∣

∫

�

f (x, un)(un − u) dx

∣
∣
∣
∣ ≤

(∫

�

| f (x, un)|q dx

)1/q (∫

�

|un − u|q ′
dx

)1/q ′

≤ C‖un − u‖Lq′
(�)

→ 0 as n → ∞.

For� bounded, one can argue similarly taking q = q ′ = 2 and using the compact embedding
of H1

0 (�) in L2(�).

Proof of (3.14) We will prove the stronger thesis

lim
n→∞ ‖ f (·, un) − f (·, u)‖Lq (�) = 0 if q

{≥ 1 if � is bounded

> max
{
1, 2

μ

}
if � is unbounded.

(3.17)

Since un → u a.e. for a renamed subsequence and f is continuous by ( f1), f (x, un) →
f (x, u) a.e. in �. By a consequence of Brezis-Lieb’s Lemma [14] it is enough to prove that
‖ f (·, un)‖Lq (�) → ‖ f (·, u)‖Lq (�). By Proposition A.1, there exists a strictly increasing
sequence (Mk) ⊂ R such that Mk → ∞ and |{u = Mk}| = 0 for every k ∈ N. Now, let
k ∈ N be fixed. We have for q as in (3.17) and for every n ∈ N

∣
∣
∣
∣

∫

�

(| f (x, un)|q − | f (x, u)|q) dx

∣
∣
∣
∣

≤
∫

{|un |≥Mk }
| f (x, un)|q dx

+
∣
∣
∣
∣

∫

�

(| f (x, un)|qχ{|un |<Mk } − | f (x, u)|qχ{|u|<Mk }
)

dx

∣
∣
∣
∣

+
∫

{|u|≥Mk }
| f (x, u)|q dx =: In,Mk + I ′

n,Mk
+ I ′′

Mk
,

(3.18)

where, for a set D ⊆ R
N , χD denotes the characteristic function of D, i.e.

χD(x) =
{
1 if x ∈ D

0 otherwise.
(3.19)

As for In,Mk , by (3.12) we can write

In,Mk ≤ 1

Mk

∫

{|un |≥Mk }
| f (x, un)|q |un | dx

≤ 1

Mk
‖un‖L2(�)

(∫

�

| f (x, un)|2q dx

) 1
2 ≤ C

Mk
,

for some C > 0 independent of n and Mk . Similarly, I ′′
Mk

≤ C/Mk . In order to estimate
I ′
n,Mk

, we first observe that

| f (x, un)|qχ{|un |<Mk } → | f (x, u)|qχ{|u|<Mk } a.e. in �, as n → ∞,

by Proposition A.2.
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Next, we distinguish two cases, depending on whether � is bounded or unbounded. Let q be
as in (3.17). If � is unbounded, using (3.6) with α > 0, μ̃ = μ and ν = 1, the inequality
(3.11), and

es − 1 ≤ ses for all s ≥ 0, (3.20)

we have

| f (x, un)|qχ{|un |<Mk } ≤ 2q−1
[
Cq |un |qμ + |un |q(eqαu2n − 1)

]
· χ{|un |<Mk }

≤ 2q−1Cq |un |qμ + 2q−1qαeqαM2
k |un |q+2

= κ1|un |qμ + κ
(k)
2 |un |q+2 =: g(k)

n ,

where κ1, κ
(k)
2 > 0 are independent of n. Moreover, setting g(k) := κ1|u|qμ +κ

(k)
2 |u|q+2, we

have that g(k)
n , g(k) ∈ L1(�) and that g(k)

n → g(k) a.e. in �, as n → ∞. By condition (i) of
Theorem 2.1, K is compactly embedded in Lqμ(�) and in Lq+2(�), then

∫

�
g(k)

n → ∫

�
g(k)

as n → ∞. Similarly, if � is bounded, using (3.6) we obtain

| f (x, un)|qχ{|un |<Mk } ≤ 2q−1
[
Cq + |un |q(eqαu2n − 1)

]
· χ{|un |<Mk }

≤ 2q−1Cq + 2q−1qαeqαM2
k |un |q+2 = κ3 + κ

(k)
4 |un |q+2 =: h(k)

n ,

where κ3, κ
(k)
4 > 0 are independent of n. Moreover, setting h(k) := κ3+κ

(k)
4 |u|q+2, we have

that h(k)
n , h(k) ∈ L1(�) and that h(k)

n → h(k) a.e. in � and
∫

�
h(k)

n → ∫

�
h(k) as n → ∞.

In both cases, by the General Dominated Convergence Theorem, we have that I ′
n,Mk

→ 0 as
n → ∞, for every k ∈ N. Altogether, for every k ∈ N

lim sup
n→∞

(In,Mk + I ′
n,Mk

+ I ′′
Mk

) ≤ C

Mk
.

Therefore, by (3.18),

0 ≤ lim inf
n→∞

∣
∣
∣
∣

∫

�

(| f (x, un)|q − | f (x, u)|q) dx

∣
∣
∣
∣

≤ lim sup
n→∞

∣
∣
∣
∣

∫

�

(| f (x, un)|q − | f (x, u)|q) dx

∣
∣
∣
∣ ≤ C

Mk
→ 0 as k → ∞,

which concludes the proof of (3.17).

Proof of (3.15) By (3.13), the Cauchy-Schwarz inequality, and (3.14)
∣
∣
∣
∣

∫

�

f (x, un)un dx −
∫

�

f (x, u)u dx

∣
∣
∣
∣

≤
∣
∣
∣
∣

∫

�

f (x, un)(un − u) dx

∣
∣
∣
∣ +

∣
∣
∣
∣

∫

�

( f (x, u) − f (x, un))u dx

∣
∣
∣
∣

≤ o(1) + ‖ f (·, u) − f (·, un)‖L2(�)‖u‖L2(�) = o(1).

��
Remark 3.6 If � has finite measure, the proof of (3.14), in its stronger form (3.17), can be
simplified as follows. Let q ∈ [1,∞). Since un → u a.e. in � for a renamed subsequence,
by the continuity of f in ( f1) we have f (x, un) → f (x, u) for a.e. x ∈ �. Moreover, by the
first part of the proof, we know that ( f (x, un)) is bounded in Lq+1(�). Thus, by [13, Ex.
4.16] which holds on domains with finite measures, f (x, un) → f (x, u) in Lq(�).
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3.3 Critical point theory for nonsmooth functionals

We recall now the definitions of critical point and Palais-Smale sequence for nonsmooth
functionals in Szulkin’s critical point theory [33].

Let (E, ‖ · ‖) be a real Banach space, � : E → (−∞,+∞] a proper (i.e., Dom(�) :=
{v ∈ E : �(v) < +∞} 
= ∅), convex, lower semincontinuous function. Let G ∈ C1(E; R)

and I : E → R be defined by I := � − G.
Definition 3.7 A point u ∈ E is said to be a critical point of I if u ∈ Dom(�) and

�(u) − �(v) − G′(u)[u − v] ≤ 0 for all v ∈ E .

Definition 3.8 A sequence (un) ⊂ E is said to be a Palais-Smale sequence at level c ((PS)-
sequence at level c or (PS)c-sequence for short) if

I (un) → c ∈ R and �(un) − �(v) − G′(un)[un − v] ≤ εn‖un − v‖ ∀v ∈ E, (3.21)

with εn → 0.
The functional I satisfies the Palais-Smale condition at level c if any (PS)c-sequence

admits a convergent subsequence.

Our main existence theorem relies on the following nonsmooth version of the mountain
pass theoremwithout compactnesswhich is obtained as an application of the generalminimax
principle [22, Theorem 3.1] by Livrea and Marano, see also [3, 4] for similar results.

Theorem 3.9 Let (E, ‖ · ‖) be a real Banach space, I : E → R a functional defined by
I := � − G, where � : E → (−∞,+∞] is a proper, convex function and G ∈ C1(E; R).
If the following assumptions hold:

(i) Dom(�) is closed and �
∣
∣
Dom(�)

is continuous;
(ii) I (0) = 0 and there exists ρ > 0 such that I (u) > 0 for every 0 < ‖u‖ ≤ ρ;

(iii) there exists e ∈ E with ‖e‖ > ρ such that I (e) ≤ 0,

then there exists a (PS)-sequence (un) ⊂ E at the mountain pass level

cmp := inf
γ∈�

sup
t∈[0,1]

I (γ (t)),

where � := {γ ∈ C([0, 1]; E) : γ (0) = 0 
= γ (1), I (γ (1)) ≤ 0}.
Remark 3.10 In the standard critical point theory for nonsmooth functionals, the function� is
required to be lower semicontinuous. In the preceding theorem, this assumption is guaranteed
by condition (i).

Proof of Theorem 3.9 We apply [22, Theorem 3.1] with F = {γ ([0, 1]) : γ ∈ �}, B =
{u ∈ E : I (u) ≤ 0}, and F = {u ∈ E : ‖u‖ = ρ}. Note that B is closed, as I is lower
semicontinuous by the above remark. Moreover, F is a homotopy-stable family of compact
sets of E with extended boundary B, namely for every A ∈ F and every η ∈ C([0, 1]×E; E)

such that η(t, u) = u in ({0} × E) ∪ ([0, 1] × B), one has η({1} × A) ∈ F . To this aim it is
enough to show that η(1, γ (·)) ∈ �, which is an easy consequence of the definitions of � and
B. The minimax level cmp introduced in the statement is finite because F 
= ∅ by (iii) and
I (te) < +∞ for every t ∈ [0, 1], since te ∈ Dom(�) by the convexity of �. Furthermore,
for every γ ∈ �, (γ ([0, 1])∩ F) \ B 
= ∅. Indeed, by (ii), F ∩ B = ∅ and ‖γ (1)‖ > ρ; since
γ (0) = 0, by the continuity of γ , (γ ([0, 1]) ∩ F) \ B = (γ ([0, 1]) ∩ F) 
= ∅. Again by (ii),

sup
u∈B

I (u) ≤ inf
u∈F

I (u).
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Altogether, all the assumptions in [22, Theorem 3.1] are satisfied and so, to every sequence
(γn) ⊂ � such that limn→∞ supt∈[0,1] I (γn(t)) = cmp , corresponds a (PS)cmp -sequence.
This concludes the proof. ��

3.4 Definition and regularity of the energy functional

We will apply Theorem 3.9 to the real Banach space (V ; ‖ · ‖V ), see (2.2), and the following
functional JK : V → (−∞,+∞],

JK (u) := �K (u) − �(u) for every u ∈ V , (3.22)

where K is defined in the statement of Theorem2.1 and�, � : V → R are given respectively
by

�(u) :=
∫

�

F(x, u) dx for all u ∈ V , (3.23)

and

�K (u) :=
{

1
2‖u‖2

H1
λ (�)

if u ∈ K ,

+∞ otherwise.

We note that, within the cone K , the functional JK coincides with J , as defined in (2.3).

Proposition 3.11 Under the assumptions of Theorem 2.1 the functional � in (3.23) is well-
defined and of class C1.

Proof Wefirst observe that� is well defined. Indeed, letα > 0 and u ∈ V . If� is unbounded,
by (3.8) with α > 0, μ̃ = 1 and ν = 0, the Cauchy-Schwarz inequality, and (3.11),

∫

�

F(x, u) dx ≤
∫

�

[
Cu2 + |u|(eαu2 − 1)

]
dx

≤ C‖u‖2L2(�)
+ ‖u‖L2(�)

(∫

�

(eαu2 − 1)2 dx

) 1
2

≤ C‖u‖2L2(�)
+ ‖u‖L2(�)

(∫

�

(e2αu2 − 1) dx

) 1
2

< ∞.

Similarly, if � is bounded, one gets

∫

�

F(x, u) dx ≤ C

[

‖u‖2L2(�)
+ ‖u‖L2(�)

(∫

�

(e2αu2 − 1) dx

) 1
2
]

< ∞.

Moreover, by standard calculations and using (3.6), it is easy to prove that for every u ∈ V
the functional � admits the Gâteaux derivative at u defined by

�′(u)[v] =
∫

�

f (x, u)v dx for all v ∈ V .

It remains to prove the continuity of �′. To this aim, let u ∈ V and (un) ⊂ V be such that
un → u in V . In particular, Lemma 3.4 applies to (un) and u, thus

lim
n→∞ ‖ f (·, un) − f (·, u)‖L2(�) = 0. (3.24)
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By the Cauchy-Schwarz inequality, (3.1) and (3.24), we have

sup
v∈V‖v‖V ≤1

∣
∣
∣
∣

∫

�

( f (x, un) − f (x, u)) v dx

∣
∣
∣
∣ ≤ ‖ f (·, un) − f (·, u)‖L2(�) sup

v∈V‖v‖V ≤1

‖v‖L2(�)

≤ ‖ f (·, un) − f (·, u)‖L2(�) sup
v∈V‖v‖L(�)≤1

‖v‖L2(�)

≤ C‖ f (·, un) − f (·, u)‖L2(�) → 0

as n → ∞, with C as in Lemma 3.1 with q = 2, and we conclude that � ∈ C1(V ; R). ��
Remark 3.12 As a consequence of Proposition 3.11, also the functional J defined in (2.3) is
of class C1.

3.5 Proof of Theorem 2.1

For the sake of clarity,we split the proof into several steps. First, we verify that all assumptions
of Theorem 3.9 hold for the functional JK , ensuring the existence of a (PS)-sequence at the
level cmp . Note that cmp coincides with the mountain pass level in the statement of the present
theorem since JK = J in K and JK = +∞ outside K , see the definition of c in (3.26) below.

Next, we show that every (PS)-sequence has a strongly converging subsequence in the
H1(�)-norm. We remark that our choice of applying Theorem 3.9, instead of the standard
Szulkin’s nonsmooth mountain pass theorem, is motivated by the fact that Theorem 3.9 does
not require compactness assumptions. Indeed, it is unclear whether JK satisfies the Palais-
Smale condition in V , as the main obstruction lies in the fact that K is not a linear space,
meaning that, in general, differences of elements in K do not belong to K .

Thereafter, we prove that the limit function of the (PS)c-sequence is a nontrivial critical
point of JK in the sense of Szulkin’s theory. Here, the convergence results from Lemma 3.5
play a crucial role.

Finally, we show that the critical point obtained before is a weak solution of problem (1.1).
This final step relies on the pointwise invariance property (ii) of the present theorem.

Mountain pass geometry and existence of a (PS)c-sequence. As already mentioned, we
will apply Theorem 3.9 with E = V and I = JK = �K −� as in (3.22). The functional�K

is convex, �K
∣
∣
Dom(�K )

is continuous, and the set Dom(�K ) = K is closed. Moreover, by

Proposition 3.11, � ∈ C1(V ; R). Hence, JK satisfies the structural assumptions of Theorem
3.9 as well as condition (i) therein.

We now prove that JK satisfies the mountain pass geometry assumptions (ii) and (iii) of
Theorem 3.9. As for (ii), clearly JK (0) = 0; for the remaining part we distinguish the proof
depending on whether � is bounded or unbounded.

� bounded: Since JK (u) = +∞ for every u ∈ V \ K , we can assume u ∈ K . Moreover,
without loss of generality, we suppose that ‖u‖V ≤ 1. Now let α ∈ (0, 1/2), ν > 1, and
ε ∈ (0, 1). By (3.8), the variational characterization ofλ1, and theCauchy-Schwarz inequality
we have
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JK (u) ≥ 1

2

∫

�

(
|∇u|2 + λu2 − (λ1 + λ)(1 − ε)u2 − C |u|ν+1(eαu2 − 1)

)
dx

≥ 1

2
‖u‖2

H1
λ (�)

− 1 − ε

2

∫

�

|∇u|2dx − λ
1 − ε

2

∫

�

u2dx − C
∫

�

|u|ν+1(eαu2 − 1) dx

≥ ε

2
‖u‖2

H1
λ (�)

− C‖u‖ν+1
L2(ν+1)(�)

(∫

�

(eαu2 − 1)2 dx

)1/2

.

Since, by Lemma 3.1 and the definition of the V -norm, we have ‖u‖L2(ν+1)(�) ≤ C‖u‖L(�) ≤
C‖u‖V , we can refine the estimate for JK (u) above to obtain

JK (u) ≥ ε

2
‖u‖2

H1
λ (�)

− C‖u‖ν+1
V

(∫

�

(e2αu2 − 1) dx

)1/2

,

where we have used inequality (3.11) for the last term. Moreover, since α < 1/2 and
‖u‖L(�) ≤ ‖u‖V ≤ 1,

∫

�

(e2αu2 − 1) dx ≤
∫

�

(eu2 − 1) dx ≤
∫

�

[
e(u/‖u‖L(�))

2 − 1
]

dx ≤ 1, (3.25)

where we have used the definition of the Luxemburg norm ‖ · ‖L(�). Hence, by combining
the previous inequalities, we have

JK (u) ≥ ε

2
‖u‖2

H1
λ (�)

− C‖u‖ν+1
V .

Finally, using the equivalence of the norms ‖ · ‖V and ‖ · ‖H1
λ (�) in K implied by assumption

(i) of the present theorem (see Remark 2.3), and the fact that ν + 1 > 2, we easily conclude
that condition (ii) of Theorem 3.9 is satisfied for ρ sufficiently small.

� unbounded: In this case the argument is slightly simplified since the corresponding
version of (3.8) is stronger than in the previous case. More precisely, applying (3.8) with
μ̃ = μ, α ∈ (0, 1/2), and ν > 1, and proceeding as above, we obtain for every u ∈ K

JK (u) ≥ 1

2
‖u‖2

H1
λ (�)

− C‖u‖μ+1
Lμ+1(�)

− ‖u‖ν+1
L2(ν+1)(�)

(∫

�

(e2αu2 − 1) dx

)1/2

≥ 1

2
‖u‖2

H1
λ (�)

− C
(
‖u‖μ+1

V + ‖u‖ν+1
V

)
,

where we have used (3.25) that holds also in the unbounded case with the same proof. Since
μ+1 > 2 and ν+1 > 2, and using again the equivalence of the norms in K , for ρ sufficiently
small condition (ii) of Theorem 3.9 is satisfied.

As for (iii), let ū ∈ K \ {0}. By (3.4), for every t > 0 we have

JK (t ū) ≤ t2

2
‖ū‖2

H1
λ (�)

− tσ
∫

�

c1(x)|ū|σ dx + ‖c2‖L1(�).

Since σ > 2, for t large enough condition (iii) is verified with e = t ū.
In conclusion, all the assumptions of Theorem 3.9 are satisfied and so there exists a

(PS)-sequence at level

c := inf
γ∈�

sup
t∈[0,1]

JK (γ (t)) = inf
γ∈ϒ

sup
t∈[0,1]

JK (γ (t)) = inf
γ∈ϒ

sup
t∈[0,1]

J (γ (t)). (3.26)

Note that the first equality in (3.26) holds since JK (u) = +∞ for u /∈ K , even if ϒ � � =
{γ ∈ C([0, 1]; V ) : γ (0) = 0 
= γ (1), JK (γ (1)) ≤ 0}, while the last equality derives from
the fact that JK = J in K .
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Convergence of (PS)c-sequences. Let us now show that every (PS)c-sequence is bounded.
For every u ∈ K and v ∈ V , let

G(u, v) := �K (u) − �K (v) − �′(u)[u − v],
so that if v ∈ K

G(u, v) = 1

2
‖u‖2

H1
λ (�)

− 1

2
‖v‖2

H1
λ (�)

−
∫

�

f (x, u)(u − v) dx . (3.27)

Let σ be as in ( f3) and

κ ∈ (1, σ − 1) and δ ∈
(

1

σ(κ − 1)
,

1

κ2 − 1

)

. (3.28)

Let (un) ⊂ K be a Palais-Smale sequence at mountain pass level c, i.e.

JK (un) → c ∈ R, G(un, v) ≤ εn‖un − v‖V for all v ∈ V , (3.29)

with εn → 0. Then, taking v = κun in (3.29) and using that v ∈ K since K is a cone, we
have

JK (un) + δG(un, κun) ≤ c + 1 + δ(κ − 1)εn‖un‖V for large n. (3.30)

In order to have an estimate from below of the quantity JK (un)+δG(un, κun), we distinguish
the two cases depending onwhether� is bounded or unbounded. If� is unbounded, by (3.22),
(3.27), ( f3)-(u), ( f1), and (3.28),

JK (un) + δG(un, κun) = 1

2
‖un‖2

H1
λ (�)

−
∫

�

F(x, un) dx + δ

2
‖un‖2

H1
λ (�)

− δκ2

2
‖un‖2

H1
λ (�)

+ δ(κ − 1)
∫

�

f (x, un)un dx

≥ 1 + δ − δκ2

2
‖un‖2

H1
λ (�)

+
[

δ(κ − 1) − 1

σ

] ∫

�

f (x, un)un dx

≥ 1 + δ − δκ2

2
‖un‖2

H1
λ (�)

.

While, if � is bounded, reasoning as above, using ( f3)-(b) instead of ( f3)-(u), we get

JK (un) + δG(un, κun) = 1

2
‖un‖2

H1
λ (�)

+ δ

2
‖un‖2

H1
λ (�)

− δκ2

2
‖un‖2

H1
λ (�)

+
∫

{|un |<M
} [δ(κ − 1) f (x, un)un − F(x, un)] dx

+
∫

{|un |≥M
} [δ(κ − 1) f (x, un)un − F(x, un)] dx

≥ 1 + δ − δκ2

2
‖un‖2

H1
λ (�)

− C

+
[

δ(κ − 1) − 1

σ

] ∫

{|un |≥M}
f (x, un)un dx

≥ 1 + δ − δκ2

2
‖un‖2

H1
λ (�)

− C .

In both cases, as 1 + δ − δκ2 > 0 by (3.28), by combining the estimate from above (3.30)
with the estimate from below, and using the equivalence of the norms ‖ · ‖V and ‖ · ‖H1

λ (�)
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in K (see Remark 2.3), we infer that (un) is bounded in H1(�). In particular, there exists
u such that un⇀u in H1

0 (�) up to a subsequence (which is still denoted by (un) below).
Finally, since K is weakly closed, u ∈ K .

Now we prove that the convergence is strong in H1
0 (�). We take v = u in the inequality

in (3.29) to get, by (3.13) and the boundedness of (un),

1

2

(
‖un‖H1

λ (�) − ‖u‖H1
λ (�)

)
≤
∫

�

f (x, un)(un − u) dx + εn‖un − u‖V → 0 as n → ∞.

Together with the weak lower semicontinuity of the norm, this allows us to conclude that
‖un‖H1

λ
→ ‖u‖H1

λ
, which in turn implies that un → u in H1

0 (�) by the weak convergence.
We remark that, since in general un − u /∈ K , the norm equivalence in K stated in Remark
2.3 is not helpful to conclude that the convergence also holds with respect to the V -norm.

The limit point u is a critical point of JK at level c. We first prove that the limit function
u has energy JK (u) = c. To this aim, it is enough to pass in the limit in the first condition in
(3.29), namely

JK (un) = 1

2
‖un‖2

H1
λ (�)

−
∫

�

F(x, un) dx → JK (u) as n → ∞.

We have already proved that the term involving the norm converges to the corresponding
term 1

2‖u‖2
H1

λ (�)
, it remains to consider the term involving F . By the continuity of F(x, ·),

we know that F(x, un) → F(x, u) a.e. in � for a renamed subsequence. By ( f1) and ( f3),
we can dominate each F(x, un) as follows:

0 ≤ F(x, un) ≤
{

C + 1
σ

f (x, un)un if � is bounded
1
σ

f (x, un)un if � is unbounded.

Hence, combining the domination with the convergence in (3.15), by the General Dominated
Convergence Theorem we get

∫

�

F(x, un) dx →
∫

�

F(x, u) dx as n → ∞.

This concludes the proof of the convergence JK (un) → JK (u) thus giving JK (u) = c.
We finally prove that the limit u is a critical point for JK in the sense of Definition 3.7. We

observe that by the definition of�K , if v ∈ V \ K , the inequality involved in Definition 3.7 is
trivially verified. We consider v ∈ K . In this case, we will pass to the limit in the inequality
part of (3.29). Indeed, by (3.29) we have

1

2
‖un‖2

H1
λ (�)

− 1

2
‖v‖2

H1
λ (�)

−
∫

�

f (x, un)(un − v) dx ≤ εn‖un − v‖V . (3.31)

Letting n → ∞, we easily see that the right-hand side goes to 0, by the boundedness of
(un) in V . In view of the convergence ‖un‖H1

λ
→ ‖u‖H1

λ
, it remains to consider the term
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involving the nonlinearity:
∣
∣
∣
∣

∫

�

f (x, un)(un − v) dx −
∫

�

f (x, u)(u − v) dx

∣
∣
∣
∣

≤
∣
∣
∣
∣

∫

�

f (x, un)(un − v) dx −
∫

�

f (x, un)(u − v) dx

∣
∣
∣
∣

+
∣
∣
∣
∣

∫

�

f (x, un)(u − v) dx −
∫

�

f (x, u)(u − v) dx

∣
∣
∣
∣

≤
∣
∣
∣
∣

∫

�

f (x, un)(un − u) dx

∣
∣
∣
∣ + ‖ f (x, un) − f (x, u)‖L2(�)‖u − v‖L2(�).

By (3.13) and (3.14) we have that the right-hand side converges to zero, and so, by (3.31),
we conclude that u is a critical point of JK in the sense of Definition 3.7.

The critical point u is a solution. To show that u solves (1.1), we exploit the pointwise
invariance as in [18, proof of Theorem 2.1]; we report the proof here for the sake of com-
pleteness. On the one hand, assumption (ii) of the present theorem provides the existence of
v ∈ K such that

∫

�

(∇v · ∇η + λvη) dx =
∫

�

f (x, u)η dx for every η ∈ V . (3.32)

Choosing η = u − v in the previous equality, we obtain
∫

�

(∇u · ∇v + λuv) dx − ‖v‖2
H1

λ (�)
=
∫

�

f (x, u)(u − v) dx . (3.33)

On the other hand, being u a critical point of JK , by Definition 3.7 it holds

1

2
‖u‖2

H1
λ (�)

− 1

2
‖v‖2

H1
λ (�)

−
∫

�

f (x, u)(u − v) dx ≤ 0.

By combining the last inequality with (3.33) we obtain

‖u − v‖2
H1

λ (�)
≤ 0,

thus implying that u = v a.e. in �. This, together with (3.32), implies that u solves (1.1). In
particular, u is a critical point of the functional J defined in (2.3).

4 Application

In this section, we will prove Theorem 2.4 as an application of Theorem 2.1. Hereafter, let
� = A be as in (1.2), with 0 < R0 < R1 ≤ ∞ and N ≥ 3, let K be as in (2.6), and assume
that the hypotheses stated in Theorem 2.4 are satisfied.

We first observe that, proceeding exactly as in [12, Lemma 2.3], one can prove the fol-
lowing.

Lemma 4.1 The convex cone K is closed with respect to the H1(A)-norm; as a consequence,
it is weakly closed.

Let r , θ be the polar coordinates introduced in (2.5).We note that the functions u : A → R

belonging to K can also be written in terms of the cartesian coordinates in R
2

ξ := r cos θ =
√

x21 + . . . + x2N−1, ζ := r sin θ = |xN |, (4.1)
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with (ξ, ζ ) ∈ Q, where

Q := {(ξ, ζ ) ∈ R
2 : R2

0 < ξ2 + ζ 2 < R2
1, ξ ≥ 0, ζ ≥ 0}. (4.2)

We will use the notation
u(x) = u(r , θ) = ũ(ξ, ζ ).

4.1 Some useful change of variable formulas

We recall below some useful formulas which will be often used in what follows.
Changing variables in the integral, we get

∫

A
u(x) dx = 2ωN−2

∫

Q
ũ(ξ, ζ )ξ N−2 dξ dζ

= 2ωN−2

∫ R1

R0

∫ π
2

0
u(r , θ)(cos θ)N−2r N−1 dr dθ,

(4.3)

where ωN−2 denotes the surface measure of the sphere S
N−2 ⊆ R

N−1.
Now, since

uxi =

⎧
⎪⎪⎨

⎪⎪⎩

xi

ξ
ũξ i = 1, . . . , N − 1

xN

ζ
ũζ i = N ,

(4.4)

passing to polar coordinates, we have

ũξ = cos θ ur − sin θ

r
uθ , ũζ = sin θ ur + cos θ

r
uθ .

Therefore,

|∇u|2 = ũ2ξ + ũ2ζ = u2r + u2θ
r2

. (4.5)

Furthermore, we have

uxi xi =

⎧
⎪⎪⎨

⎪⎪⎩

x2i
ξ2

ũξξ + 1

ξ

(

1 − x2i
ξ2

)

ũξ i = 1, . . . , N − 1

ũζ ζ i = N ,

and so, expressing the Laplacian in polar coordinates, namely

ũξξ + ũζ ζ = urr + 1

r
ur + 1

r2
uθθ ,

we finally get

�u = ũξξ + ũζ ζ + N − 2

ξ
ũξ = urr + N − 1

r
ur − (N − 2) tan θ

r2
uθ + 1

r2
uθθ . (4.6)

4.2 Embeddings forK

In this subsection, we will prove the validity of assumption (i) of Theorem 2.1. Our aim is
to investigate the continuous embedding of the cone K in the Orlicz space M(A). The idea
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of exploring this type of embedding is motivated by the fact that the cone K is continuously
embedded in any Lebesgue space Lq(A) with q ∈ [2,∞), as shown in [11, Lemma 2.3]
for the bounded case R1 < ∞ and in [12, Lemma 2.4] for R1 = ∞. Moreover, we do not
expect that K is embedded in L∞(A). This suggests that there should be a smaller target
Orlicz space, rather than Lebesgue spaces, for the embedding of the coneK. Indeed, we will
prove that, thanks to the symmetry and monotonicity properties of functions belonging toK,
a Pohozaev-Trudinger-Moser inequality holds in the cone and this will give the continuous
embedding of K inM(A) required in (i) of Theorem 2.1. This crucial inequality is deduced
by the Trudinger-Moser inequality in R

2 established by Ruf [30], that we report below for
the reader’s convenience, together with a useful consequence.

Theorem 4.2 ([30, Theorem 1.1]) It holds

sup
u∈H1(R2)

‖u‖H1(R2)
≤1

∫

R2
(e4πu2 − 1) dx =: C∗ (4.7)

and the exponent 4π is sharp. As a consequence, if u ∈ H1(R2) then
∫

R2
(eαu2 − 1) dx < ∞ for every α > 0. (4.8)

Proof The first part of the statement was established in [30]. Here, we focus specifically on
deriving the consequence stated in (4.8). Let u ∈ H1(R2), α > 0, and ε ∈ (0,

√
π/α) be

fixed. By density, there exists ϕε ∈ C∞
0 (R2) such that ‖u − ϕε‖H1(R2) ≤ ε. Therefore, since

αu2 = α(u − ϕε + ϕε)
2 ≤ 2α(u − ϕε)

2 + 2αϕ2
ε , by Young’s inequality, and by (4.7) we get

∫

R2
(eαu2 − 1) dx ≤

∫

R2
(e2α(u−ϕε)

2
e2αϕ2

ε − 1) dx

≤ 1

2

∫

R2
(e4α(u−ϕε)

2 − 1) dx + 1

2

∫

R2
(e4αϕ2

ε − 1) dx

≤ 1

2

∫

R2

⎛

⎝e
4αε2

(
u−ϕε‖u−ϕε‖

H1(R2)

)2

− 1

⎞

⎠ dx + 2α
∫

R2
ϕ2

ε e4αϕ2
ε dx

≤ 1

2
C∗ + 2αe4α‖ϕε‖2L∞(�)‖ϕε‖2L2(�)

< ∞,

where in the third step we have used (3.20). This concludes the proof. ��
We are now ready to prove the validity of a Pohozaev-Trudinger-Moser type inequality in

K.

Proposition 4.3 There exist α∗ > 0 and C∗
K := C∗

K(R0, N ) > 0 such that for all α ≤ α∗

sup
u∈K‖u‖H1(A)

≤1

∫

A
(eαu2 − 1) dx ≤ C∗

K. (4.9)

As a consequence, if u ∈ K then
∫

A
(eαu2 − 1) dx < ∞ for every α > 0. (4.10)
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Proof Let Q be as in (4.2) and let

Q π
3

:=
{

(ξ, ζ ) ∈ Q : arctan
ζ

ξ
∈
(
0,

π

3

)}

=
{
(r , θ) ∈ R

2 : R0 < r < R1, θ ∈
(
0,

π

3

)}
.

Notice that

ξ >
R0

2
for all (ξ, ζ ) ∈ Q π

3
. (4.11)

Now, let α > 0 and u ∈ K, with ‖u‖H1(A) ≤ 1, then using (4.3) we get

∫

A
(eαu2 − 1) dx = 2ωN−2

∫ R1

R0

∫ π
3

0
(eαu2 − 1)(cos θ)N−2r N−1dr dθ

+ 2ωN−2

∫ R1

R0

∫ π
2

π
3

(eαu2 − 1)(cos θ)N−2r N−1dr dθ

=: IQ π
3

+ IQc
π
3

.

(4.12)

We observe that, by the angular monotonicity of u ∈ K,

IQc
π
3

≤ 2ωN−2

∫ R1

R0

∫ π
2

π
3

(
eα(u(r ,θ− π

4 ))
2 − 1

) (
cos

(
θ − π

4

))N−2
r N−1dr dθ

= 2ωN−2

∫ R1

R0

∫ π
4

π
12

(
eα(u(r ,θ))2 − 1

)
(cos θ)N−2r N−1dr ≤ IQ π

3
.

Hence, by (4.12) and using again (4.3), we have
∫

A
(eαu2 − 1) dx ≤ 2IQ π

3
= 4ωN−2

∫

Q π
3

(eαũ2 − 1)ξ N−2 dξ dζ.

We introduce now ṽ(ξ, ζ ) := ξm ũ(ξ, ζ ), with m := (N − 2)/2. In view of (4.11), we can
estimate in Q π

3

(eαũ2 − 1)ξ N−2 = (eαξ−2m ṽ2 − 1)ξ N−2 = ξ N−2
∞∑

i=1

(αṽ2)i

i ! ξ−(N−2)i

≤
(

R0

2

)N−2 ∞∑

i=1

(αṽ2)i

i !
(

R0

2

)−(N−2)i

=
(

R0

2

)N−2 (
eᾱṽ2 − 1

)
,

(4.13)

where ᾱ := α(2/R0)
N−2, and so

∫

A
(eαu2 − 1) dx ≤ 4ωN−2

(
R0

2

)N−2 ∫

Q π
3

(eᾱṽ2 − 1) dξ dζ. (4.14)

In order to provide a uniform estimate of the right hand side of the previous inequality, we
will use the Pohozaev-Trudinger-Moser inequality (4.7) in R

2. To this aim, we need both an
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estimate on the H1-norm of ṽ, and to extend ṽ on the whole R
2. Concerning the H1-norm

of ṽ, since

|∇ṽ|2 = ξ2(m−1) [(mũ + ξ ũξ )
2 + ξ2ũ2ζ

] ≤ 2(ξ2m |∇ũ|2 + m2ξ2(m−1)ũ2),

using the definition of m, (4.11), and (4.3), we get
∫

Q π
3

(|∇ṽ|2 + ṽ2) dξ dζ

≤ 2
∫

Q π
3

[
ξ2m−(N−2)|∇ũ|2 +

(
m2ξ2(m−1)−(N−2) + ξ2m−(N−2)

)
ũ2
]
ξ N−2 dξ dζ

≤ 2
∫

Q π
3

[

|∇ũ|2 +
((

N − 2

R0

)2

+ 1

)

ũ2

]

ξ N−2 dξ dζ

≤ 1

ωN−2

[(
N − 2

R0

)2

+ 1

]∫

A
(|∇u|2 + u2) dx ≤ k̄,

(4.15)

where k̄ := 1
ωN−2

[(
N−2
R0

)2 + 1

]

, as ‖u‖H1(A) ≤ 1. Now, by [1, Theorem 5.24], there exists

a continuous extension operator T : H1(Q π
3
) → H1(R2), so that

‖T ṽ‖H1(R2) ≤ c̄‖ṽ‖H1(Q π
3

), (4.16)

with c̄ only depending on the region Q π
3
. Therefore, by (4.15),

∫

Q π
3

(eᾱṽ2 − 1) dξ dζ ≤
∫

Q π
3

⎡

⎣exp

⎛

⎝
ᾱk̄ṽ2

‖ṽ‖2
H1(Q π

3
)

⎞

⎠ − 1

⎤

⎦ dξ dζ

≤
∫

R2

[

exp

(
ᾱk̄c̄2(T ṽ)2

‖T ṽ‖2
H1(R2)

)

− 1

]

dξ dζ,

with c̄ as in (4.16). Now, if we choose α > 0 so small that

ᾱk̄c̄2 = α

(
2

R0

)N−2

k̄c̄2 ≤ 4π,

then (4.7) provides ∫

Q π
3

(eᾱṽ2 − 1) dξ dζ ≤ C∗.

Altogether, in view of (4.14), relation (4.9) holds true with

C∗
K = 4ωN−2C∗

(
R0

2

)N−2

.

Finally, to prove (4.10) let u ∈ K and α > 0. We can argue as above to get
∫

A
(eαu2 − 1) dx ≤ 4ωN−2

∫

Q π
3

(eαũ2 − 1)ξ N−2 dξ dζ
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and then, considering again ṽ(ξ, ζ ) = ξm ũ(ξ, ζ ), we know that ṽ ∈ H1(Q π
3
) and that there

exists an extension T ṽ ∈ H1(R2). Consequently, reasoning as in (4.14), we obtain
∫

A
(eαu2 − 1) dx ≤ 4ωN−2

(
R0

2

)N−2 ∫

Q π
3

(eᾱṽ2 − 1) dξ dζ

≤ 4ωN−2

(
R0

2

)N−2 ∫

R2
(eᾱ(T ṽ)2 − 1) dξ dζ,

with ᾱ = α(2/R0)
N−2 as before. Finally, applying (4.8) to T ṽ, we conclude the proof. ��

Remark 4.4 We haven’t investigated yet neither the optimality of the growth eu2 nor the value
of sharp exponent α∗ for the validity of inequality (4.9). Therefore the problem of finding the
maximal growth for integrability of functions in K or the sharp Trudinger-Moser inequality
in K is still open. However, this will not be needed for our purposes.

It is known that Pohozaev-Trudinger-Moser inequalities imply the validity of the embed-
dings in the corresponding Orlicz spaces. For completeness, we report below all the details
of the embedding descending from Proposition 4.3. We start with a preliminary lemma.

Lemma 4.5 Let α, C > 0. There exists α̃ ∈ (0, α) such that

eα̃s2 − 1 ≤ eαs2 − 1

C
for all s ∈ R. (4.17)

Proof Let β ∈ (0,min {α, α/C}). There exist δ, M > 0 such that

eβs2 − 1 ≤ eαs2 − 1

C
for all |s| ≤ δ and |s| ≥ M . (4.18)

Indeed, the existence of δ > 0 follows from the Taylor expansion at the origin of the functions
on the two sides of the inequality, while the existence of M > 0 is a consequence of their
behaviour at infinity. Given such δ, M , there exists α̃ ∈ (0, β) sufficiently small satisfying

eα̃M2 − 1 ≤ eαδ2 − 1

C
,

because (eαδ2 − 1)/C > 0 and limb→0+(ebM2 − 1) = 0. Then it follows that

eα̃s2 − 1 ≤ eα̃M2 − 1 ≤ eαδ2 − 1

C
≤ eαs2 − 1

C
for all δ ≤ |s| ≤ M .

Since also (4.18) holds with α̃ in place of β in view of the monotonicity of the exponential
function, this leads to (4.17). ��
Proposition 4.6 The cone K is continuously embedded in M(A), that is K ⊂ M(A) and
there exists C > 0 such that

‖u‖L(A) ≤ C‖u‖H1
λ (A) for all u ∈ K.

Proof We start observing that, in view of (4.10), K ⊂ M(A).
Now, let u ∈ K with ‖u‖H1(A) ≤ 1 and let α∗ be as in Proposition 4.3. By Lemma 4.5

applied with α = α∗ and C = C∗
K, there exists α̃ ∈ (0, α∗) such that

∫

A
(eα̃u2 − 1) dx ≤ 1

C∗
K

∫

A
(eα∗u2 − 1) dx ≤ 1,
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which implies that ‖u‖L(A) ≤ 1/
√

α̃ by the definition of the Luxemburg norm ‖ · ‖L(A). In
conclusion, applying the previous inequality to u/‖u‖H1(A), we get for all u ∈ H1

0 (A) ∩ K,

‖u‖L(A) ≤ 1√
α̃

‖u‖H1(A).

Since the norms ‖ · ‖H1(A) and ‖ · ‖H1
λ (A) are equivalent in K ⊂ H1

0 (A), the continuous
embedding stated is proved. ��

We recall that the compact embedding of K in the Lebesgue spaces Lq(A) with q > 2
for R1 = ∞ has been proved in [12, Proposition 2.8]. Altogether, also in view of the above
proposition, K verifies assumption (i) of Theorem 2.1.

4.3 Pointwise invariance property

In this subsection, we will prove the validity of assumption (ii) of Theorem 2.1. We first
consider the auxiliary linear problem in the cone K; arguing as in [12, Lemma 2.9] it is
possible to prove the following.

Lemma 4.7 Let h ∈ K ∩ L∞(A). The linear problem
{

−�v + λv = h in A

v ∈ H1
0 (A)

(4.19)

has a unique solution v and moreover v ∈ K.

By combining Lemma 4.7 with a truncation argument, we can conclude the proof of the
pointwise invariance of K. Here assumptions ( f5)–( f8) come into play.

Proposition 4.8 Let u ∈ K and f satisfy ( f1)–( f4), with � = A, and ( f5)–( f8). The problem
{

−�v + λv = f (x, u) in A

v = 0 on ∂ A
(4.20)

has a unique solution v and moreover v ∈ K.

Proof We first prove the result for u ∈ K ∩ L∞(A). Since u ∈ K and f satisfies ( f1),
( f5)–( f7), we have that h := f (x, u) has the sign, symmetry, and monotonicity assumptions
required in the definition (2.6) of K. We want to show that h ∈ H1

0 (A) ∩ L∞(A). By ( f1),
since u is bounded, h ∈ L∞(A). Moreover, using (3.6) with ν = 0 and μ̃ = 1, and in view
of (3.11), we have for every α > 0

f (x, u)2 ≤
{

C[1 + (e2αu2 − 1)] if � is bounded

C[u2 + (e2αu2 − 1)] if � is unbounded

for a suitable C > 0. Thus in both cases, since u ∈ K ⊂ H1
0 (A) and using (4.10), we have

h ∈ L2(A). Furthermore, by ( f1) and the fact that u ∈ H1
0 (A), h|∂ A = f (·, 0) = 0. It

remains to prove that |∇h| ∈ L2(A). For this, we use the assumption ( f8), and the fact that
u ∈ H1

0 (A) ∩ L∞(A) to get
∫

A
|∇h|2 dx ≤ 2

∫

A
|∇x f (x, u)|2 dx + 2

∫

A
|∂s f (x, u)|2|∇u|2 dx

≤ 2‖dM‖2L2(A)
+ 2D2

M‖∇u‖2L2(A)
< ∞,
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with M = ‖u‖L∞(A) and dM , DM as in ( f8). Then, applying Lemma 4.7 with h = f (x, u) ∈
K ∩ L∞(A), the thesis is proved in this case.

Now, for a general u ∈ K, we will use a truncation argument as in [18, Proposition 4.2].
Let u ∈ K and define un := min{u, n} for every n ∈ N. Then, (un) ⊂ K ∩ L∞(A). By the
first part of the proof, for every un there exists a unique vn ∈ K solving

{
−�v + λv = f (x, un) in A

v = 0 on ∂ A.

Hence, using the equation solved by vn and Hölder’s inequality, we obtain

‖vn‖2
H1

λ (A)
=
∫

A
f (x, un)vn dx ≤ ‖ f (x, un)‖L2(A)‖vn‖L2(A)

≤ C‖ f (x, un)‖L2(A)‖vn‖H1
λ (A).

(4.21)

Now, since un → u a.e. in A, 0 ≤ un ≤ un+1 for every n, f (x, un) ≥ 0 by ( f1), and f (x, ·)
is nondecreasing by ( f7),

lim
n→∞

∫

A
f (x, un)2 dx =

∫

A
f (x, u)2 dx

by monotone convergence. Therefore, ( f (x, un)) is bounded in L2(A), and so (4.21) implies
that (‖vn‖H1

λ (A)) is bounded. Thus, there exists v ∈ H1
0 (A) such that up to a subsequence

vn⇀v weakly in H1(A) and so for every ϕ ∈ C∞
0 (A),

lim
n→∞

∫

A
(∇vn · ∇ϕ + λvnϕ) dx =

∫

A
(∇v · ∇ϕ + λvϕ) dx .

Moreover, for every ϕ ∈ C∞
0 (A) it also holds, by monotone convergence,

lim
n→∞

∣
∣
∣
∣

∫

A
( f (x, un) − f (x, u)) ϕ dx

∣
∣
∣
∣

≤ lim
n→∞ ‖ϕ‖L∞(A)

∫

A
( f (x, u) − f (x, un)) dx = 0.

Whence, being for every n ∈ N,
∫

A
(∇vn · ∇ϕ + λvnϕ) dx =

∫

A
f (x, un)ϕ dx for every ϕ ∈ C∞

0 (A),

we get ∫

A
(∇v · ∇ϕ + λvϕ) dx =

∫

A
f (x, u)ϕ dx for every ϕ ∈ C∞

0 (A)

that is v ∈ H1
0 (A) solves (4.20). Finally, sinceK is weakly closed by Lemma 4.1, v ∈ K and

the proof is concluded. ��

4.4 End of the proof of Theorem 2.4

The thesis follows from an application of the abstract Theorem 2.1, with the domain � = A
as in (1.2) and the convex cone K = K as in (2.6). Notice that K is closed by Lemma
4.1. Moreover, by Section 4.2, the embeddings required in (i) of Theorem 2.1 hold, and by
Proposition 4.8, the pointwise invariance property (ii) is satisfied. This provides a nontrivial
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solution u ∈ K of the equation. Finally, by the maximum principle, u > 0 in A, and hence it
solves problem (2.4). ��
Remark 4.9 The prototype exponential nonlinearity defined in (2.8), with weight w as in
(2.10), satisfies ( f1)-( f8). Indeed, since

f (x, s) ∼ w(x)

m! |s|β(m+1)−2s as s → 0, (4.22)

f (x, s) ∼ w(x)|s|β−2se|s|β as |s| → ∞ and (2.10) holds, it is not difficult to check that ( f1)
and ( f2) are satisfied. Moreover, we have that

F(x, s) = w(x)

β
expm+1

(|s|β) for all (x, s) ∈ A × R .

Concerning ( f3), using that w > 0 in A, we can estimate

s f (x, s) = w(x)

∞∑

i=m+1

|s|iβ i

i ! ≥ w(x)(m + 1)
∞∑

i=m+1

|s|iβ
i ! = β(m + 1)F(x, s)

for all (x, s) ∈ A×R, hence ( f3)-(b) is verifiedwithσ = β(m+1) > 2 and any M > 0. In the
unbounded case, the first part of ( f3)-(u) is verified with the same σ as before, and the second
part of the assumption is satisfied with σ = β(m + 1) > 2, c1 = w/(β(m + 1)!) ∈ L∞(A),
and c2 ≡ 0 because

F(x, s) = w(x)

β

(
|s|β(m+1)

(m + 1)! +
∞∑

i=m+2

|s|iβ
i !

)

≥ w(x)

β(m + 1)! |s|
β(m+1)

for every (x, s) ∈ A × R. Furthermore, since β(m + 1) > 2,

F(x, s)

s2
∼ w(x)

β(m + 1)! |s|
β(m+1)−2 → 0 as s → 0 ,

hence ( f4)-(b) holds true if A is bounded. Similarly in view of (4.22), we have

| f (x, s)|
|s|μ ∼ w(x)

m! |s|β(m+1)−1−μ as s → 0

and ( f4)-(u) holds with any μ ∈ (1, β(m + 1) − 1], whose existence is ensured by the
assumption β(m + 1) > 2. The hypotheses ( f5),( f6), and ( f8) are satisfied thanks to (2.10)
and the fact that ∂s f (x, ·) ∈ C([0,∞)) for all x ∈ A. Indeed, for all x ∈ A and s ≥ 0, we
have

∂s f (x, s) = w(x)
[
(β − 1)sβ−2 expm

(
sβ
) + βs2β−2 expm−1

(
sβ
)]

. (4.23)

Finally to check the validity of ( f7), using the series expansion of the exponential function
expm−1, we can estimate

∂s f (x, s) ≥ w(x)[β(m + 1) − 1]sβ−2 expm

(
sβ
) ≥ 0 for all (x, s) ∈ A × R

+ . (4.24)

In the same way, for the inhomogeneous power nonlinearity defined in (2.11), with weight
w satisfying (2.10), it is easy to check that all the hypotheses ( f1)-( f8) are verified. In
particular, it is enough to recall that F(x, s) = w(x)( |s|p/p+|s|p/p) for all (x, s) ∈ A×R,
to see that ( f3) is satisfied with σ = p > 2, c1 = w/p ∈ L∞(A), and c2 ≡ 0. Moreover,
( f4)-(b) is fulfilled since p > 2 and ( f4)-(u) also holds with any μ ∈ (1, p − 1].
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5 Symmetry breaking in the radial case

In this section, we consider problem (2.4) with radial nonlinearity f = f (|x |, s) = f(r , s),
that is under the stronger assumption ( f ′

5) instead of ( f5). In this setting, we prove Theorem
2.5, showing that under the additional assumptions ( f9)–( f10), the solution found in Theorem
2.4 is nonradial.

We start with two technical lemmas about the functional J introduced in (2.3), that is

J (u) := 1

2
‖u‖2

H1
λ (A)

−
∫

A
F(x, u) dx .

Lemma 5.1 Under the assumptions of Theorem 2.5, for any φ ∈ K \ {0}, the function g : t ∈
[0,∞) �→ J (tφ) satisfies g(t) < 0 for t sufficiently large. Moreover, g is differentiable, has
a unique maximum point tφ ∈ (0,+∞), and

g′(t)

⎧
⎪⎨

⎪⎩

> 0 if 0 < t < tφ
= 0 if t = tφ
< 0 if t > tφ.

(5.1)

Proof Let φ be as in the statement. By the definition of g and the mountain pass geometry
conditions satisfied by J (see the proof of Theorem 2.1 in Section 3), g(0) = 0, g(t) > 0 for
t > 0 sufficiently small, and g(t) < 0 for t sufficiently large.We notice that g is differentiable
by Proposition 3.11. Hence there exists tφ > 0 such that maxt≥0 g(t) = g(tφ) and g′(tφ) = 0.
For every t ≥ 0 we can compute

g′(t) = J ′(tφ)[φ] = t
∫

A

(

|∇φ|2 + λφ2 − f (x, tφ)

t
φ

)

dx, (5.2)

hence

g′(t) = 0 with t > 0 ⇔ ‖φ‖2
H1

λ (A)
=
∫

A

f (x, tφ)

t
φ dx .

Thus, ‖φ‖2
H1

λ (A)
= ∫

A
f (x,tφφ)

tφ
φ dx . Now, suppose by contradiction that there is another

nonzero critical point of g, namely there exists 0 < t̄ 
= tφ such that g′(t̄) = 0. Then,
∫

A

f (x, tφφ)

tφ
φ dx = ‖φ‖2

H1
λ (A)

=
∫

A

f (x, t̄φ)

t̄
φ dx . (5.3)

On the other hand, by ( f1) and ( f10) for every x ∈ A and s > 0

the map t ∈ (0,∞) �→ f (x, ts)

t
is strictly increasing. (5.4)

This contradicts (5.3), thus providing the uniqueness of the maximum point tφ . Finally, (5.1)
follows from (5.4) and (5.2), which completes the proof. ��

Lemma 5.2 Under the assumptions of Theorem 2.5, the functional J is of class C2(V ; R).

Proof The first term, ‖ · ‖2
H1

λ (A)
, is clearly of class C2. By Proposition 3.11 we already

know that �(·) = ∫

A F(x, ·) dx is of class C1, with �′(u)[v] = ∫

A f (x, u)v dx for every
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u, v ∈ V . It remains to prove that � is of class C2. We first show that the second Gâteaux
derivative exists, that is

lim
t→0

1

t

(
�′(u + tw)[v] − �′(u)[v] − �′′(u)[v, tw])

= lim
t→0

1

t

∫

A
[ f (x, u + tw)v − f (x, u)v − t∂s f (x, u)vw] dx = 0,

(5.5)

where �′′(u)[v,w] = ∫

A ∂s f (x, u)vw dx for all u, v, w ∈ V . Indeed, we have that
1
t [ f (x, u + tw) − f (x, u) − t∂s f (x, u)w] → 0 a.e. in A, by the regularity of f required
in ( f9). Moreover, by the Mean Value Theorem and ( f9) (where we treat simultaneously the
two cases (u) and (b), taking formally μ = 1 when R1 < ∞), we get for a.e. x ∈ A and for
some α > 0,

1

|t |
∣
∣ f (x, u + tw) − f (x, u) − t∂s f (x, u)w

∣
∣|v|

= ∣
∣∂s f

(
x, u + t(x)w

) − ∂s f (x, u)
∣
∣|w||v|

≤ [
C |u + t(x)w|μ−1 + (eα(u+t(x)w)2 − 1) + C |u|μ−1 + (eαu2 − 1)

]|w||v|

≤ C

[

|u|μ−1 + |w|μ−1 + e4αu2 − 1

2
+ e4αw2 − 1

2
+ (eαu2 − 1)

]

|w||v| =: g

(5.6)

for some t(x) ∈ (0, 1). Now, by Hölder’s inequality with exponents 2, 4, and 4, taking into
account (3.11), we have

∫

A
(eαu2 − 1)|w||v| dx ≤

(∫

A
(e2αu2 − 1) dx

) 1
2 ‖v‖L4(A)‖w‖L4(A) < ∞,

where we have used the embedding M(A) ↪→ L4(A) given in Lemma 3.1. Similarly,
e4αu2−1

2 |w||v|, e4αw2−1
2 |w||v| ∈ L1(A). If R1 < ∞, this is enough to conclude that

g ∈ L1(A). Otherwise, if A is unbounded, sinceμ > 1, byHölder’s inequalitywith exponents
μ + 1, μ + 1, and (μ + 1)/(μ − 1), and by Lemma 3.1 we get

∫

A
|u|μ−1|v||w| dx ≤ ‖u‖μ−1

Lμ+1(A)
‖v‖Lμ+1(A)‖w‖Lμ+1(A) < ∞.

Analogously, |w|μ−1|w||v| ∈ L1(A). Hence, also in this case, the function g introduced in
(5.6) belongs to L1(A). Therefore, by the Dominated Convergence Theorem, (5.5) follows.

As for the continuity of �′′, we need to prove that if (un) ⊂ V is such that un → u in V ,
then

lim
n→∞ sup

v∈V‖v‖V ≤1

∣
∣
∣
∣

∫

A
∂s f (x, un)v2 dx −

∫

A
∂s f (x, u)v2 dx

∣
∣
∣
∣ = 0. (5.7)

Applying Hölder’s inequality with generic conjugate exponents q and q ′ to be determined
later, we can estimate

∣
∣
∣
∣

∫

A
(∂s f (x, un) − ∂s f (x, u)) v2 dx

∣
∣
∣
∣ ≤ ‖∂s f (·, un) − ∂s f (·, u)‖Lq (A)‖v‖2

L2q′
(A)

.

Clearly, ∂s f (·, un) → ∂s f (·, u) a.e. in A, moreover by ( f9) (where again we treat simulta-
neously the two cases (u) and (b), taking formally μ = 1 when R1 < ∞) we have, for a.e.
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x ∈ A and for some α > 0,

|∂s f (x, un) − ∂s f (x, u)|q ≤ C
(|∂s f (x, un)|q + |∂s f (x, u)|q)

≤ C
[
|un |q(μ−1) + (eqαu2n − 1) + |u|q(μ−1) + (eqαu2 − 1)

]

=: gn,

for a suitable C > 0. Letting now g := 2C
[
|u|q(μ−1) + (eqαu2 − 1)

]
and arguing as above,

we get that gn → g a.e. in A and gn, g ∈ L1(A), provided

q ≥ 1 if R1 < ∞ and q > max

{

1,
2

μ − 1

}

if R1 = ∞. (5.8)

Since, in particular,un → u inM(A), it follows fromLemmas 3.1 and 3.2 that
∫

A gn → ∫

A g.
Altogether, by the General Dominated Convergence Theorem, ∂s f (·, un) → ∂s f (·, u) in
Lq(A) for q as in (5.8) and so

sup
v∈V‖v‖V ≤1

∣
∣
∣
∣

∫

�

(∂s f (x, un) − ∂s f (x, u)) v2 dx

∣
∣
∣
∣

≤ ‖∂s f (·, un) − ∂s f (·, u)‖Lq (A) sup
v∈V‖v‖L(�)≤1

‖v‖2
L2q′

(A)

≤ C2‖∂s f (·, un) − ∂s f (·, u)‖Lq (A) → 0 as n → ∞,

with C = C(2q ′) as in Lemma 3.1. In conclusion, � ∈ C2(V ; R). ��
Next we introduce the angular function η(x) = y(θ) given by

y(θ) := 1 − N sin2 θ = cos2 θ − (N − 1) sin2 θ, (5.9)

for θ ∈ (0, π/2), or equivalently, for x 
= 0,

η(x) =
N−1∑

i=1

(
xi

|x |
)2

− (N − 1)

(
xN

|x |
)2

.

In view of the above expression, it is possible to show that
∫

S
N−1
r

η(x) dσ = 0 for every r > 0, (5.10)

where S
N−1
r is the sphere of radius r of R

N and dσ = (cos θ)N−2r N−1 dθ . Indeed, as for
every i, j = 1, . . . , N , and r > 0

∫

S
N−1
r

x2i dσ =
∫

S
N−1
r

x2j dσ,

it results that
∫

S
N−1
r

η(x) dσ = 1

r2

∫

S
N−1
r

(
N−1∑

i=1

x2i − (N − 1)x2N

)

dσ = 0. (5.11)

Explicit calculations show that y satisfies the angular monotonicity condition required in K,
precisely

y′(θ) < 0 for θ ∈ (0, π/2), (5.12)

123



   85 Page 34 of 39 A. Boscaggin, F. Colasuonno, B. Noris, F. Sani

and that it solves the boundary value problem
{

−((cos θ)N−2y′)′ = 2N (cos θ)N−2y in
(
0, π

2

)

y′(0) = y′ (π
2

) = 0.
(5.13)

The next proposition takes inspiration from both [12] and [18].

Proposition 5.3 Under the assumptions of Theorem 2.5, let urad(x) = urad(r) ∈ K be a
nontrivial radial solution of (2.4), and let y be as in (5.9). Then, the function v(x) =
v(r , θ) := urad(r)y(θ) belongs to H1

0 (A) ∩ M(A) and satisfies

J ′′(urad)[v, v] < 0. (5.14)

Proof As urad ∈ K ⊂ H1
0 (A) and y, |∇η| ∈ L∞(A), we infer that v ∈ H1

0 (A). Moreover,
since urad ∈ K ⊂ M(A) and η ∈ L∞(A), for all k > 0 it results

∫

A
e(v/k)2 dx ≤

∫

A
e(u‖η‖L∞(A)/k)

2
dx < ∞,

that is v ∈ M(A).
In order to prove (5.14), we take advantage of Lemma 5.2 and of (4.5) to write

J ′′(urad)[v, v] =
∫

A

(|∇v|2 + λv2 − ∂s f (|x |, urad)v
2) dx

= 2ωN−2

∫ R1

R0

{∫ π
2

0

[

u′ 2
rad(r)y2(θ) + u2rad(r)y′ 2(θ)

r2

+ u2rad(r)y2(θ)
(
λ − ∂s f(r , urad)

)]

(cos θ)N−2r N−1 dθ

}

dr

= 2ωN−2

∫ R1

R0

[
uradf(r , urad) − u 2

rad∂s f(r , urad)
]

r N−1 dr ·
∫ π

2

0
y2(θ)(cos θ)N−2 dθ

+ 2ωN−2

∫ R1

R0

u2rad(r)

r2
r N−1 dr ·

∫ π
2

0
y′ 2(θ)(cos θ)N−2 dθ,

with 2ωN−2 as in (4.3) and where we have used that, since urad solves (2.4), it satisfies
∫ R1

R0

(u′ 2
rad + λu2rad)r

N−1 dr =
∫ R1

R0

uradf(r , urad)r
N−1 dr . (5.15)

Then we notice that (5.13) implies

∫ π
2

0
y′ 2(θ)(cos θ)N−2 dθ = 2N

∫ π
2

0
y2(θ)(cos θ)N−2 dθ. (5.16)

Altogether, we find

J ′′(urad)[v, v]

= 2ωN−2

∫ R1

R0

{[

f(r , urad) − urad∂s f(r , urad)

]

urad + 2N
u2rad
r2

}

r N−1 dr

·
∫ π

2

0
y2(θ)(cos θ)N−2 dθ.

(5.17)

123



An Orlicz space approach to exponential elliptic problems… Page 35 of 39    85 

Now, Hardy’s inequality gives

∫ R1

R0

u2rad
r2

r N−1dr ≤
(

2

N − 2

)2 ∫ R1

R0

u′ 2
radr N−1dr

and, since R0 > 0 and urad 
= 0, we also obtain

∫ R1

R0

u 2
radr N−1dr > R2

0

∫ R1

R0

u2rad
r2

r N−1dr . (5.18)

The last two estimates allow to get

∫ R1

R0

(u′ 2
rad + λu2rad)r

N−1dr

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

≥ H
∫ R1

R0

u2rad
r2

r N−1dr if λ = 0,

> H
∫ R1

R0

u2rad
r2

r N−1dr if λ > 0,

(5.19)

with H defined in (1.4). Hence, continuing from (5.17) and taking into account (5.15) we
have

J ′′(urad)[v, v] ≤ 2ωN−2

∫ π
2

0
y2(θ)(cos θ)N−2 dθ ·

·
∫ R1

R0

[(
2N

H
+ 1

)

f(r , urad) − urad∂sf(r , urad)

]

uradr N−1dr ,

where again the inequality is strict if λ > 0. By ( f10), the above inequality provides (5.14).
��

Proof of Theorem 2.5 Let u be the solution of (2.4) found in Theorem 2.4. Suppose, by con-
tradiction, that u is radial, so that Proposition 5.3 applies to the function

v = uη = u(r)y(θ) = v(r , θ),

with η = y(θ) as in (5.9), leading to

J ′′(u)[v, v] < 0. (5.20)

Hence, since J ′(u) = 0, v is a descent direction of J in a neighborhood of u.
We claim that there exists a small τ̄ > 0 such that, letting φ = u + τ̄ v, we have

tφ ∈ K \ {0} for all t > 0, max
t≥0

J (tφ) = J (tφφ) < J (u), (5.21)

with tφ as in Lemma 5.1. This will allow us to construct an admissible path along which the
maximum value of the energy is below the mountain pass level c = J (u), thus contradicting
the definition of c in (2.7).

In order to prove the claim, we first observe that there exists ε > 0 so small that u +
τv ∈ K for every τ ∈ (−ε, ε). Indeed, since u ≥ 0 and u 
≡ 0, for |τ | small we have
0 
≡ u + τv = u(1 + τη) ≥ 0; moreover vθ (r , θ) = u(r)yθ (θ) ≤ 0. Thus, using that K is a
cone, t(u + τv) ∈ K \ {0} for every (τ, t) ∈ (−ε, ε) × (0,∞). Let now

ψ : (−ε, ε) × (0,∞) → R, ψ(τ, t) := J ′(t(u + τv))[u + τv]
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and note that ψ is of class C1 by Lemma 5.2. Moreover, using that u solves (2.4), we get
ψ(0, 1) = J ′(u)[u] = 0 and

∂tψ(0, 1) = J ′′(u)[u, u] =
∫

A
( f (x, u)u − ∂s f (x, u)u2) dx

≤
∫

A
( f (x, u) − δ f (x, u))u dx < 0,

where in the two inequaliteswehave used ( f10). Therefore, by the Implicit FunctionTheorem,
there exist 0 < ε1 < ε, ε2 > 0, and a C1-function h : (−ε1, ε1) → (1 − ε2, 1 + ε2) such
that h(0) = 1 and for all τ ∈ (−ε1, ε1) and for t ∈ (1 − ε2, 1 + ε2) we have

ψ(τ, t) = 0 ⇔ t = h(τ ). (5.22)

Moreover, h′(0) = − ∂τ ψ(0,1)
∂t ψ(0,1) = 0. Indeed, using again that J ′(u) = 0, the contradiction

hypotesis u = u(r), assumption ( f ′
5), the form of v = uη, and the polar coordinate formula,

we get

∂τψ(0, 1) = J ′′(u)[v, u] =
∫

A
(∇u · ∇v + λuv − ∂s f (x, u)uv) dx

=
∫

A
( f (x, u) − ∂s f (x, u)u) uη dx

=
∫ R1

R0

(∫

S
N−1
r

η(x)dσ

)

(f(r , u) − ∂s f(r , u)u)u dr = 0,

where in the last equality we have taken (5.11) into account. Thus, restricting ε1 if necessary,
wehaveh(τ ) = 1+o(τ ) for all τ ∈ (−ε1, ε1) and consequentlyh(τ )(u+τv)−u = τv+o(τ ).
Using a second-order Taylor expansion centered at τ = 0, possibly reducing ε1 further, we
can use (5.20) to estimate

J (h(τ )(u + τv)) − J (u) = τ 2

2
J ′′(u)[v, v] + o(τ 2)

< 0 for all τ ∈ (−ε1, ε1) \ {0}.
(5.23)

Now, let τ̄ ∈ (−ε1, ε1) \ {0} be fixed and φ = u + τ̄ v as in (5.21). By Lemma 5.1, we know
that there exists a unique tφ ∈ (0,∞) such that

max
t≥0

J (tφ) = J (tφφ).

Moreover, 0 = g′(tφ) = ψ(τ, tφ). Hence, by (5.22), tφ = h(τ̄ ) and the claim follows by
(5.23).

We are now in a position to built the admissible path as described at the beginning of the
proof. Let φ = u + τ̄ v as in (5.21) and let T > tφ be so large that J (T φ) ≤ 0 (see Lemma
5.1) and let γ : [0, 1] → K be defined as γ (t) := T tφ. We notice that γ ∈ ϒ , moreover by
Lemma 5.1 and (5.21) we have

max
t∈[0,1] J (γ (t)) = max

t∈[0,T ] J (tφ) = J (tφφ) = max
t≥0

J (tφ) < J (u).

This contradicts the definition of c in (2.7), thus concluding the proof. ��
Finally, we consider explicitly the prototype cases and prove Corollary 2.6. Notice that

Theorem 1.1 follows from Corollary 2.6, since w ≡ 1 satisfies (2.10) and, when w ≡ 1,
β ∈ (1, 2) and m = 1, the exponential-type nonlinearity (2.8) coincides with the nonlinear
term in problem (1.3).
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Proof of Corollary 2.6 We verified in Remark 4.9 that both (2.8) and (2.11) satisfy ( f1)-( f8).
Let us check the validity of assumptions ( f9) and ( f10).
(i) Consider the exponential-type nonlinearity (2.8). In view of (4.23), we have that
∂s f (x, s) ∼ w(x)βs2β−2esβ

as s → ∞. As β < 2, we infer that for all α > 0 there
exists M = M(α) > 0 such that ∂s f (x, s) ≤ eαs2 − 1 for s > M . Now, let μ be the constant
appearing in assumption ( f4)-(u). By Remark 4.9, we have μ ∈ (1, β(m + 1) − 1]. Since

∂s f (x, s) ∼ w(x)
β(m + 1) − 1

m! sβ(m+1)−2 as s → 0 ,

also using (2.10), we deduce that there exists ε > 0 such that

∂s f (x, s) ≤ β(m + 1) − 1

m! ‖w‖L∞(�)s
μ−1 for 0 < s < ε .

Finally, ∂s f (x, s) ≤ DM ≤ DM sμ−1/εμ−1 for ε < s < M , by ( f8). Altogether, both
( f9)-(b) and ( f9)-(u) hold true.

Concerning ( f10), let

δ ∈
(
2N

H
+ 1, β(m + 1) − 1

]

if λ = 0, δ = 2N

H
+ 1 if λ > 0. (5.24)

Notice that, in the case λ = 0, the above interval is non empty thanks to the hypothesis
β(m + 1) − 1 > 2N/H + 1. Then, as in (4.24), we can estimate

∂s f (x, s)s − δ f (x, s) ≥ w(x) [β(m + 1) − 1 − δ] sβ−1 expm

(
sβ
) ≥ 0 for all s > 0,

where in the last inequality we used (5.24). Thus, also ( f10) is proved.
(ii) As for the inhomogenous power-type nonlinearity (2.11), one can proceed similarly to
the proof of (i). Notice that in this case ( f10) is ensured provided that p satisfies the condition
in (ii) of Corollary 2.6. ��

Appendix A

Proposition A.1 Let � ⊆ R
N be a measurable set, q ∈ [1,∞), and u ∈ Lq(�). Then the

level set {u = M} := {x ∈ � : u(x) = M} has zero measure for all M ∈ R, except for at
most a countable set of values of M.

Proof Let S := {M ∈ R \ {0} : |{u = M}| > 0} and

S

(
1

n

)

:=
{

M ∈ R : |M | >
1

n
, |{u = M}| >

1

n

}

for every n ∈ N.

We observe that

S =
⋃

n∈N
S

(
1

n

)

. (A.1)

We claim that, for every n ∈ N, the set S
( 1

n

)
is finite. Indeed, suppose by contradiction that

there exists n0 ∈ N such that S
(

1
n0

)
contains an infinite countable set {M j } j∈N ⊂ S

(
1

n0

)
.

Then, for u ∈ Lq(�) as in the statement, we can estimate
∫

�

|u|qdx ≥
∑

j∈N

∫

{u=M j }
|u|qdx =

∑

j∈N
|{u = M j }||M j |q >

∑

j∈N

1

nq+1
0

= ∞.
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This contradicts the fact that u ∈ Lq(�), thus proving the claim.
Altogether, since by (A.1) S is a countable union of finite sets, it is countable. ��

Proposition A.2 Let � ⊆ R
N be a measurable set, q ∈ [1,∞), and (un) ⊂ Lq(�) such that

un → u a.e. in � for some u ∈ Lq(�). Let M ∈ R be such that |{u = M}| = 0. Then,

χ{un<M} → χ{u<M} a.e. in �,

where χ is the characteristic function in (3.19).

Proof Let x ∈ � be such that u(x) < M . Then χ{u<M}(x) = 1 and, for n large, un(x) < M ,
so that χ{un<M}(x) = 1. Similarly, if x ∈ � is such that u(x) > M , then for n sufficiently
large χ{un<M}(x) = 0 = χ{u<M}(x). Altogether, since by assumption |{u = M}| = 0, we
can conclude that χ{un<M} → χ{u<M} a.e. in �.
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