
UNIVERSITY OF MODENA AND REGGIO EMILIA
Department of Sciences and Methods for Engineering

Doctorate School in Industrial Innovation Engineering
XXXVii Cycle

Car patrolling problem: Algorithms for a
real-world application

DOCTORAL THESIS

Author:
Victor Hugo Vidigal CORRÊA

Supervisor:
Prof. André Gustavo DOS

SANTOS
Co-Supervisor:

Prof. Manuel IORI

Academic year 2023/2024

https://www.unimore.it/
https://www.dismi.unimore.it/site/home.html
https://scholar.google.com/citations?user=YkXyS2cAAAAJ&hl=en&oi=ao
https://www2.dpi.ufv.br/prof-andre-gustavo-dos-santos/
https://www2.dpi.ufv.br/prof-andre-gustavo-dos-santos/
http://personale.unimore.it/rubrica/dettaglio/iorim




iii

UNIVERSITY OF MODENA AND REGGIO EMILIA

Abstract
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Doctor of Philosophy

Car patrolling problem: Algorithms for a real-world application

by Victor Hugo Vidigal CORRÊA

This Ph.D. thesis addresses a Car Patrolling Problem derived from a real-world
application faced by a large Italian service provider through the development of
optimization algorithms.

In summary, the car patrolling problem that we face is a generalization of the
well-known team orienteering problem. A set of customers requires a variety of
security-related services that they want to be performed in their properties accord-
ing to a weekly planning. On the basis of the customers’ demands, the company
deploys patrols that will perform the requested services. The goal of the research is
to optimize and improve the service provision using algorithmic methods, possibly
improving both customers satisfaction and reducing company costs. The research
was conducted sequentially as requirements appeared during its development, and
hence, the overall original problem was divided into three problems.

The first problem addresses patrol routing within their original territories, mod-
eled as a deterministic variant of the team orienteering problem, where not all ver-
tices need to be visited, and visiting them may yield profit. It was formalized using
integer linear programming, and a metaheuristic algorithm based on Iterated Local
Search (ILS) was developed to effectively solve the company’s real-world instances.

Next, we addressed territory division, extending the previous problem by propos-
ing new customer partitions to improve patrol routing. We explored methods based
on clustering algorithms and Mixed Integer Linear Programming (MILP) models to
generate alternative territory divisions. For each clustering solution, routing was
performed using variants of the MILP model and clustering algorithms with the ILS
from the first problem. Computational results showed that adjusting territory con-
figurations can enhance customer satisfaction and reduce costs.

The third problem introduces stochastic elements in the form of alarm triggers
within the patrolling operation. By employing a two-phase stochastic modeling ap-
proach, scenarios are generated based on an extensive historical alarm database to
design resilient routes. The problem is addressed using both MILP and a heuristic
method, delivering a comprehensive solution that enhances decision-making effi-
ciency for managers.

Overall, this thesis has positively addressed a very general real-world problem
with numerous practical challenges, providing efficient optimization algorithms and
leading to improved problem solutions.
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Car patrolling problem: Algorithms for a real-world application

por Victor Hugo Vidigal CORRÊA

Esta tese de doutorado aborda o problema de patrulhamento de carros derivado
de uma aplicação real enfrentada por um grande provedor de serviços italiano, por
meio do desenvolvimento de algoritmos de otimização.

Em resumo, o problema de patrulhamento de carros enfrentado é uma general-
ização do conhecido problema de orientação de equipe (team orienteering problem).
Um conjunto de clientes requer uma variedade de serviços relacionados à segurança,
que devem ser realizados em suas propriedades de acordo com um planejamento se-
manal. Com base nas demandas dos clientes, a empresa aloca patrulhas para realizar
os serviços solicitados. O objetivo da pesquisa é otimizar e melhorar a prestação
dos serviços utilizando métodos algorítmicos, buscando aumentar a satisfação dos
clientes e reduzir os custos da empresa. A pesquisa foi conduzida de forma se-
quencial, conforme os requisitos surgiam durante o desenvolvimento, e, por isso, o
problema original foi dividido em três subproblemas.

O primeiro subproblema aborda o roteamento das patrulhas dentro de seus ter-
ritórios originais, modelado como uma variante determinística do problema de ori-
entação de equipe, em que nem todos os vértices precisam ser visitados, e visitá-los
pode gerar lucro. Esse subproblema foi formalizado utilizando programação lin-
ear inteira e, para resolvê-lo de forma eficiente em instâncias reais da empresa, foi
desenvolvido um algoritmo metaheurístico baseado em Iterated Local Search (ILS).

Em seguida, abordamos a divisão de territórios, estendendo o problema anterior
ao propor novas partições de clientes para melhorar o roteamento das patrulhas.
Exploramos métodos baseados em algoritmos de agrupamento (clustering) e mod-
elos de Programação Linear Inteira Mista (MILP) para gerar divisões alternativas
de territórios. Para cada solução de agrupamento, o roteamento foi realizado uti-
lizando variantes do modelo MILP e algoritmos de clustering com o ILS do primeiro
subproblema. Os resultados computacionais demonstraram que ajustar as configu-
rações dos territórios pode melhorar a satisfação dos clientes e reduzir os custos.

O terceiro subproblema introduz elementos estocásticos na forma de alarmes dis-
parados durante as operações de patrulhamento. Utilizando uma abordagem de
modelagem estocástica em duas fases, os cenários foram gerados com base em um
extenso banco de dados histórico de alarmes para projetar rotas resilientes. O prob-
lema foi abordado utilizando tanto modelos MILP quanto um método heurístico,
oferecendo uma solução abrangente que melhora a eficiência na tomada de decisões
pelos gestores.

No geral, esta tese abordou de forma positiva um problema real muito amplo,
com inúmeros desafios práticos, fornecendo algoritmos de otimização eficientes e
levando a soluções aprimoradas para o problema.
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Chapter 1

Introduction

Efficient security and asset protection are critical challenges faced by organizations
and governments worldwide. In environments where mobile resources, such as pa-
trol cars, are deployed to ensure safety, effective planning is crucial to optimize op-
erations while minimizing costs.

Driven by the needs of a major Italian service provider, this thesis investigates
a practical and impactful application of the CPP. The problem combines elements
of vehicle routing, territorial division, and uncertainty, reflecting the complexities
encountered in real-world operations. While existing solutions often address indi-
vidual aspects of the problem, comprehensive approaches that integrate these di-
mensions remain limited.

Patrolling operations involve multiple interrelated challenges. First, companies
must determine how to deploy patrol units efficiently, ensuring that all critical loca-
tions receive adequate coverage while minimizing operational costs. Second, the ter-
ritory must be structured in a way that allows patrols to become familiar with their
assigned areas, improving response times and service quality. Finally, real-world un-
certainties—such as alarm-triggering events—introduce an additional layer of com-
plexity, requiring solutions that can dynamically adapt to changing conditions.

To illustrate these challenges, Figure 1.1 presents a real-world instance from the
Parma province. The nodes represent customer locations requiring periodic visits,
while the color-coded clusters highlight territorial divisions for patrol assignments.
The problem, therefore, is not only about routing but also about strategic territory
design and handling unexpected events in an efficient manner.

Figure 1.1: Customers in Emilia Romagna region with a more detailed look
in Parma province, where customers are divided in clusters
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The CPP emerges as a vital component of this broader domain, involving the
strategic deployment of patrol units to maximize coverage and timely response to
incidents. The core component of the CPP is the vehicle routing problem, discussed
in detail in Chapter 2. However, the CPP contains unique features that distinguish
it from standard formulations.

First, the CPP includes a set of optional services that, when performed, award a
score. This aspect aligns it closely with the Orienteering Problem (OP) [64], a gener-
alization of the Vehicle Routing Problem (VRP) [13]. However, unlike the OP, some
services are mandatory, retaining key characteristics of the VRP. Furthermore, addi-
tional operational constraints add to the complexity of the problem. For instance,
services can be performed multiple times within a single shift, but a minimum time
interval must separate consecutive executions (i.e., we have interdependent time
windows). Additionally, the company mandates that the overall quality of service
meets a minimum threshold, adding another layer of difficulty to the optimization
process.

In Chapter 2, we present a mathematical model to represent the CPP and an Iter-
ated Local Search (ILS) algorithm [41] to solve it. Through extensive computational
experiments, we demonstrate that the proposed algorithm significantly improves
upon the company’s previous solution methods, providing more effective and reli-
able outcomes for their operations.

In Chapter 3, we address another critical component of the CPP: territory divi-
sion. The provinces where the company provides patrolling services are organized
into distinct regions. This structure is essential, as patrols become familiar with their
assigned territories over time, ultimately improving the quality of service. To en-
hance operational efficiency, we propose a combination of methods to redefine ex-
isting territories and generate new ones for potential areas where the company may
expand its operations, making this a vital strategic element.

For this purpose, we develop a two-stage algorithm. In the first stage, customer
clustering is performed using four different approaches: two classical clustering
methods, namely k-Means [12] and k-Medoids [50], and two integer linear program-
ming (ILP) models, namely p-Medians [51] and p-Centers [36]. In the second stage,
we introduce a novel operator, building on our previous ILS framework, which al-
lows customers to be reassigned to different patrols. This adjustment results in re-
designed territories that enhance patrolling efficiency by creating more cohesive and
manageable regions.

The algorithm is modular, allowing it to be tailored to specific managerial re-
quirements. A series of experiments demonstrate that the proposed algorithm effec-
tively achieves its objectives, offering significant improvements in both existing and
newly defined territories.

The final component of the CPP involves addressing stochastic routing. During
a work shift, the company must respond to alarm occurrences, which are unpre-
dictable and only known at the moment they arise. As a result, deterministic opti-
mization methods cannot adequately handle this feature. In Chapter 4, we introduce
a two-stage mathematical model and a simheuristic to tackle this challenge.

The mathematical model provides a deterministic framework that represents the
problem using a set of scenarios, each reflecting a possible realization of the stochas-
tic variables. Meanwhile, the simheuristic employs a simulation-based approach,
incorporating a recourse function to evaluate how a deterministic solution performs
across stochastic scenarios [35]. This evaluation guides the heuristic, focusing on
improving the solution’s performance in stochastic realizations rather than optimiz-
ing the deterministic case alone.
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Additionally, this chapter investigates the critical aspect of scenario generation.
Scenarios are derived from alarm predictions provided by the company [1]. We
propose a tree-like algorithm with adjustable parameters to create diverse scenario
samples, enabling a flexible and robust representation of the uncertainty inherent in
the problem.

In this thesis, we address a complex real-world problem by developing practical
solution methods that can be reliably used in the daily operations of a patrolling
company. The chapters of this thesis are organized as follows: Chapter 2 introduces
the routing component of the problem, which serves as the foundation for the entire
study. Chapter 3 adopts a more strategic perspective on the Car Patrolling Prob-
lem (CPP), aiming to improve routing operations not only through optimized routes
but also by reorganizing patrolling territories. Finally, Chapter 4 investigates the
stochastic nature of the CPP, incorporating alarms—unpredictable events that must
be considered in the final routing plan. Together, these contributions not only pro-
vide a robust framework for patrolling operations but also offer insights applicable
to any problem that can be modeled similarly.
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Chapter 2

An Iterated Local Search for a
Multi-period Orienteering Problem
Arising in a Car Patrolling
Application*

2.1 Introduction

Every day, private security guards need to inspect structures, parks, buildings, and
many other facilities in order to counter potential criminal actions or simply restore
normal safe conditions after breakdowns. In this paper, we study a real-world secu-
rity problem in which patrols are required to perform a set of services for customers
located in a vast area. Some services are mandatory, while others are optional. The
optional services, when performed, induce a score. The goal is to maximize the to-
tal collected score and minimize the total working time while meeting a number of
operational constraints.

The problem originates from the everyday activity of Coopservice, a large ser-
vice provider company located in Italy (https://www.coopservice.it/). With
more than 25 000 employees, Coopservice offers various services, including logis-
tics, transportation, cleaning, maintenance and security. The company also offers
car patrolling services all over Italy for customers who booked their service. Figure
2.1 shows the current customers of the Emilia Romagna region, divided by province.

The customers are geographically dispersed in the area and are consequently
divided into clusters. Each cluster is assigned to a patrol, which performs every
working shift (e.g., eight hours) a route to visit customers and execute the required
services. Figure 2.2 provides better details for the province of Reggio Emilia, show-
ing the customers divided into patrolling clusters. The cluster configuration does
not change from one working shift to the other, but the routes performed inside
the clusters may change according to the daily demand for services. Indeed, cus-
tomers may require different services according to the day of the week, following
the contract stipulated by the company. More in detail, each customer may require
multiple services and, for each such service, multiple visits during the same period,
which corresponds to a working shift of a patrol. Some services, such as the closing
or opening of a commercial activity, are mandatory, whereas others, such as the in-
spection of an area or a building, are optional. The optional services induce a score

*The results of this chapter appears in: Vidigal Corrêa, V. H., Dong, H., Iori, M., dos Santos, A.
G., Yagiura, M., & Zucchi, G. (2024). An iterated local search for a multi-period orienteering problem
arising in a car patrolling application.". In: Networks, 83(1), 153-168.[17]

https://www.coopservice.it/
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Figure 2.1: Customers in the Emilia Romagna region, divided by province

when performed, and the company is interested in both maximizing the total col-
lected score, and minimizing the total working time. As the cluster configuration is
fixed, each cluster gives raise to an optimization problem that is independent from
the other clusters.

Figure 2.2: Customers in the Reggio Emilia province, divided by clusters

The resulting optimization problem involves a number of operational constraints.
First of all, the services should be performed within hard time windows, and the
routes should not exceed a maximum working time. In addition, a customer might
require multiple visits for the same service in the same period. In such a case, two
consecutive visits should be separated by at least a given threshold time (e.g., 90
minutes or so). This constraint is indeed very challenging, as it imposes to schedule
endogenous time windows, induced by the consecutive visits, inside the exogenous
time window imposed by the contract.

Our goal is to determine a set of routes, one per period, by optimizing an objec-
tive function that takes into account the total collected score and the total working
time. The resulting problem is a multi-period orienteering problem, which is a gen-
eralization of the well-known orienteering problem (OP) [25]. The OP is known to be
strongly NP-hard and difficult to solve in practice, and the problem we are facing is
a challenging generalization of the OP that includes different additional constraints.
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In this work, we first develop a mixed integer linear programming (MILP) model
that is used to formally describe the problem and to solve some small-size instances.
Since our problem isNP-Hard, we propose a heuristic algorithm to solve large-size
instances. We chose to develop an iterated local search (ILS), a metaheuristic that in
recent years obtained relevant results on a large number of optimization problems
[42]. The ILS receives in input the set of customers and the set of services to be per-
formed. It first builds an initial solution by means of a constructive heuristic. Then,
as long as termination conditions are not met, it iteratively applies perturbations on
the current incumbent solution and looks for improvements by means of a variable
neighborhood descent (VND) procedure [31, 32] based on six neighborhoods.

Extensive computational tests on a set of real-world instances provided by the
company prove that the developed ILS works very well in practice. The solutions
it obtains consistently improve both the ones produced by solving the MILP model,
and the ones in use at the company, both in terms of total score and total working
time.

The remainder of the paper is organized as follows. Section 2.2 contains a brief
literature review of patrolling applications and OPs. Section 2.3 formally describes
the problem. Section 2.4 presents the mathematical formulation. Section 2.5 gives
the details of the ILS algorithm. Section 2.6 shows the computational results and,
finally, Section 2.7 gives concluding remarks and hints for future research directions.
A preliminary version of this work, solving a limited set of instances with just an
early version of the ILS, was presented as [73].

2.2 Brief Literature Review

Car patrolling is a security measure widely used to protect large areas from crimi-
nal activity. It consists of guards (patrols) using vehicles to move between points of
interest in a region and taking actions that may prevent or respond to crimes. Car
patrolling problems have been intensively studied in the literature, sometimes un-
der different names, because they can model different applications. Very recently,
[56, 57] surveyed police patrolling problems by dividing them into three categories:
(i) resource allocation, (ii) district design, and (iii) route design. The route design cat-
egory is the one that most resembles our problem because it is concerned with how
the routes are selected and how they affect patrol efficiency. However, the problems
evaluated in the survey differ considerably from ours. Indeed, whereas the police
patrolling problems aim to optimize the routing coverage of an area in some ways,
in our problem, the patrols must visit given customers and perform pre-specified
tasks related to security services.

Our optimization problem is more similar to an OP and it can be described as
a generalization of a multi-period OP with time windows. The literature on OPs is
very rich and one may find plenty of applications. To the best of our knowledge, the
first study on the OP dates back to [64], in which the problem was presented as a
generalization of the traveling salesman problem. Because the OP isNP-hard, most
studies use heuristic methods to solve either the OP itself or some of its general-
izations. A few years ago, [24] discussed why it is so difficult to design high-quality
heuristics for this class of problems. The score of a location, and the distance to reach
it are independent, and often in contrast to one another, which makes it difficult to
select the locations that are part of an optimal solution. For such a problem, simple
construction heuristics may direct the algorithm towards undesirable directions and
are not sufficient to explore large parts of the solution space. This is confirmed by
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the results obtained on our real-world instances, where the ILS largely outperforms
the initial constructive heuristic.

In the past few years, several papers devoted to the study of OPs have been
published. We refer the interested reader to the extensive reviews by [29] and [65].
More in detail, [65] formally described the most relevant problem variants, and sur-
veyed known exact and heuristics algorithms, whereas [29] computationally evalu-
ated eight algorithms to solve the team orienteering problem with time windows,
finding out that the ILS by [28] was the algorithm producing the best solutions on
average. Surveys on related classes of problems were presented by [23], who focused
on tourist trip design problems and by [6], who discussed vehicle routing problems
with profits.

A number of papers that are closely related to our work appeared after the pub-
lication of the above surveys. A hybrid heuristic composed of a greedy randomized
adaptive search procedure (GRASP) and a variable neighborhood search (VNS) was
proposed by [47] to solve a generalization of the OP. This variant contains constraints
imposing mandatory visits and incompatibilities among nodes. The hybrid heuristic
takes advantage of the multi-start feature of the GRASP to generate initial solutions
that are then optimized with the VNS. The authors reported that the heuristic was
able to find 128 optimal solutions on a set of 131 instances and required, on average,
only 0.8% of the time required by an MILP model solved with a commercial solver.

The probabilistic orienteering problem is a variant of the OP in which a prize
is associated with each node, but the node will be available for visit only with a
certain probability. The problem has been studied by [3], who presented an integer
linear stochastic model and solved it by branch-and-cut. Computational results were
presented on instances containing up to 100 vertices.

A problem similar to ours, although with a different application, was studied by
[39] under the name of personalized multi-period tour recommendation. The goal
of the problem is to generate tours that include mandatory and optional visits while
maximizing the total collected score of the optional ones. The problem considers
several features, such as multiple periods of visits, time windows, maximum budget,
and maximum tour length. The authors presented an MILP model and an iterated
tabu search. The proposed methods have been computationally evaluated by using
two data sets, one from the literature and the other generated with real-world data.

The so-called Set Orienteering Problem has been studied in [5]. In this problem,
customers are grouped in clusters, and a profit is associated with each cluster. The
aim is to find a single-vehicle route that maximizes the collected profit. The authors
developed a mathematical model and a matheuristic algorithm and tested them on
benchmark instances from the Generalized Traveling Salesman Problem literature
involving up to 1084 vertices.

In [30], the goal is to optimize touristic routes considering constraints such as
visit redundancy avoidance and time windows. An MILP model and an ILS meta-
heuristic were proposed. The authors reported that the ILS could almost match the
results obtained by the MILP model solved with Gurobi for smaller instances, and
for larger ones, it provided better solutions in most cases.

A multi-period orienteering problem in which a salesperson needs to perform a
route to visit a subset of available customers has been studied by [71]. The problem
is solved by a two-stage heuristic. In the first stage, the subset of customers to be
visited is decided. In the second stage, a vehicle routing problem is solved by con-
sidering only the selected subset. The authors have chosen this method considering
how the relationship between the customers and the salesperson works, as in their
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problem, the salesperson has a series of decisions to make upon arriving at a cus-
tomer site. The proposed method has been validated with a data set adapted from
the vehicle routing problem with time windows.

Probabilistic properties in OPs have been also recently studied by [4], who con-
sidered an online OP with stochastic service requests. Every request must be either
accepted or rejected in real time, and then, at a later stage, a single vehicle must
visit the accepted customers by maximizing collected profits and meet operational
constraints. The authors modeled the problem as a Markov Decision Process and
developed several heuristic algorithms for its solution.

In [69], an approximation algorithm for a variant of the team orienteering prob-
lem (TOP) was proposed. In addition to the basic TOP constraints and the objective
of maximizing the collected score, their problem includes a set of new features to
better model Internet of Things applications: a limited budget is imposed on the
vehicles to perform the routes; node costs are included in the path cost function in
addition to edge costs; nodes can be served by multiple vehicles. Computational
experiments proved that the developed algorithm provided up to a 17.5% increase
in the collected score compared to a state-of-the-art algorithm for the problem.

A new OP variant with service time-dependent profits and time-dependent travel
times was investigated by [38]. The authors proposed an MILP mathematical formu-
lation and a VNS metaheuristic based on three specialized neighborhood structures.
The authors validated their VNS on a set of benchmark instances with known opti-
mal solutions, and then they used it to solve a study case based on the city of Shiraz
in Iran.

2.3 Problem description

The problem we face can be viewed as a multi-period orienteering problem with
time windows (MPOPTW). In the MPOPTW, we are given a graph G0 = (C0, A0).
The set of vertices is defined as C0 = {0, 1, . . . ,n}, where 0 is the depot at which the
single vehicle starts and ends each route, and C = {1, . . . ,n} is the set of customers.
The graph is complete and a traveling time γ′ij is associated with each arc (i, j) ∈ A0,
with γ′ii = 0 for each i ∈ C0.

Let T be the set of services provided by the company. A standard service time
qt is associated with each service t ∈ T and reports the time required by a patrol
to execute such service at a customer location. The set of services is partitioned as
T = M ∪U, where M is the set of mandatory services and U is the set of optional
ones. The activities should be executed on a given set D of periods. Each period
d ∈ D corresponds to a working shift of a patrol, with a given start and maximum
end time. Each customer c ∈ C requires services on a subset Dc ⊆ D of periods.
Formally, we denote by Tcd ⊆ T the set of services to be performed at customer c
on period d. This set is partitioned as Tcd = Mcd ∪Ucd, where Mcd ⊆ M comprises
mandatory services and Ucd ⊆ U optional ones.

Let ncdt be the number of times service t is required by customer c in period d and
let n̄cdt be the number of services that have been actually performed in a solution. We
define the quality of service (QoS) level as Q = ∑c∈C, d∈Dc, t∈Tcd

n̄cdt/ ∑c∈C, d∈Dc, t∈Tcd
ncdt.

Index Q represents the ratio of services that have been performed in the entire set of
periods and it should be greater than or equal to an input threshold value Qmin.

Every service t required by a customer c in a period d is associated with a time
window [ecdt, lcdt]. This defines the earliest and latest possible times to start the exe-
cution of each of the ncdt services. The time window defines a hard constraint: late
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arrivals are forbidden and waiting on site is imposed in case of early arrivals. A time
window [e0, l0] is also imposed on the depot and sets the maximum working time in
a period (from 22:00 of a day to 06:00 of the next day in our instances, which corre-
sponds to the patrol working shift). For some services, such as closing or opening of
a commercial activity, the time window is strict (e.g., 10 minutes) and just one visit
per night is required. This is typically the case for mandatory services. For other
services, such as checking a private house, the time window is usually loose (e.g.,
several hours), but multiple visits may be required in a period. This is typically the
case for optional services. In such a case, if two or more visits are performed for the
same service at the same customer in the same period, then the start times of any
two of such visits should be separated by at least a given threshold δmin (which is
equal to 90 minutes in our instances). This is imposed to enforce a balanced patrol
of the customer during the execution of a route.

For each period, a patrol starts its route at the depot, visits to customers to ex-
ecute the services, and then returns to the depot. The working time of a route is
defined as the difference between the time at which the vehicle returns to the depot
and the beginning of the shift. The beginning of the shift is e0, and the route working
time cannot exceed the maximum duration defined by l0 − e0.

Each service t ∈ T required by a customer c ∈ C is associated with a score wct.
This score is collected during the first time the service is performed at the customer
in a period. If multiple visits are performed in the same period for the same service
at the same customer, then additional scores are collected. The additional scores are
computed according to the decreasing function defined next. In case a service is
repeated in a different period, then the score to be collected starts again from wct for
the first visit and then decreases for subsequent visits. In detail, let τ = 1, . . . , ncdt
be the index of the τth visit performed at customer c for service t in period d. Then,
the score collected at visit τ is wctτ and is such that wct1 = wct and wctτ>wct,τ+1 for
τ = 1, . . . , ncdt − 1. In this way, the more visits for a given service are performed
at a customer in a period, the more the score decreases and hence the first visits
for other services and/or other customers become preferable to another visit for the
same service at the same customer. This helps to achieve a balanced number of visits
among customers and services.

To summarize, the aim of the MPOPTW is to define a set of routes, one per pe-
riod, in such a way that (i) all mandatory services are performed, (ii) all operational
constraints are satisfied, and (iii) a weighted function, which considers the score S of
the services that have been actually performed, and the total working time T (with
a negative weight on T ), is maximized. Two input parameters, α and β, are used as
weights of S and T , respectively, and the function to be maximized is z = αS − βT .

2.4 Mathematical Model

To model the MPOPTW as an MILP, we work on an extended graph G = (V, A)
in which each vertex is used to represent a visit to a customer to perform a service.
In detail, let Vd be the set of vertices representing all possible visits associated with
the services requested by all customers in period d ∈ D. Let n = | ∪d∈D Vd| be the
total number of vertices and note that by construction n = ∑c∈C,d∈D,t∈T ncdt. Let also
V0

d = Vd ∪ {0} and Vn+1
d = Vd ∪ {n + 1}, where 0 and n + 1 are copies of the depot

representing, respectively, the start and end of the route for each period d ∈ D. The
overall set of vertices in G is then defined as V = {0} ∪ {∪d∈DVd} ∪ {n + 1}.
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We define Vcdt as the subset of Vd representing the ncdt visits for service t ∈ T
requested by customer c ∈ C in period d ∈ D. Each vertex v ∈ Vcdt is associated
with the standard service time of service t and the time window of customer c. The
graph is complete and we associate with each arc (i, j) ∈ A a traveling time γij that
is equal to the traveling time between the two customers associated with vertices i
and j, respectively. Namely, by considering two customers i ∈ Vcdt and j ∈ Vĉd̂t̂, we
set γij = γ′cĉ (and note that, consequently, γij = 0 when c = ĉ).

For what concerns the scores, we use wvd to denote the score associated with
vertex v ∈ Vd in period d ∈ D. The value of wvd is equal to the score associated with
the corresponding visit. It is important to notice that vertices in each subset Vcdt are
sorted by decreasing score. That is, the first vertex in Vcdt corresponds to the first
visit to perform service t at customer c in period d and hence has the highest score,
the second vertex corresponds to the second visit and hence has the second highest
score, and so forth, for each c ∈ C, t ∈ T, and d ∈ D.

Three sets of decision variables are defined: (i) xijd takes the value 1 if the patrol
moves from vertex i ∈ V0

d to vertex j ∈ Vn+1
d in period d ∈ D, 0 otherwise; (ii) yvd

takes the value 1 if vertex v ∈ Vd is visited in period d ∈ D, 0 otherwise; (iii) svd gives
the time at which the patrol arrives at vertex v ∈ Vn+1

d in period d ∈ D.
The MILP model is defined as follows:

max z = α ∑
d∈D

∑
v∈Vd

wvdyvd − β ∑
d∈D

sn+1,d (2.1)

s. t. ∑
j∈Vn+1

d

x0jd = ∑
i∈V0

d

xi,n+1,d= y0d = yn+1,d = 1 d ∈ D (2.2)

∑
i∈V0

d

xivd = ∑
j∈Vn+1

d

xvjd = yvd v ∈ Vd, d ∈ D (2.3)

∑
v∈Vcdt

yvd = ncdt c ∈ C, d ∈ Dc, t ∈ Mcd (2.4)

sid + qi + γij −M(1− xijd) ≤ sjd i ∈ V0
d , j ∈ Vn+1

d , d ∈ D (2.5)

eid −M(1− yid) ≤ sid i ∈ V0
d , d ∈ D (2.6)

sjd ≤ ljd +M(1− yjd) j ∈ Vn+1
d , d ∈ D (2.7)

sjd − sid ≥ δmin −M(2− yid − yjd) i, j ∈ Vcdt : i < j, t ∈ Tcd, c ∈ C, d ∈ D (2.8)

1
n ∑

d∈D
∑

v∈Vd

yvd ≥ Qmin (2.9)

xijd ∈ {0, 1} i ∈ V0
d , j ∈ Vn+1

d , d ∈ D (2.10)

yvd ∈ {0, 1} v ∈ Vd ∪ {0, n + 1}, d ∈ D (2.11)

sid ≥ 0 i ∈ Vd ∪ {0, n + 1}, d ∈ D. (2.12)

The objective function (2.1) maximizes the weighted sum of total collected score mi-
nus total working time, multiplied by, respectively, α and β. Constraints (2.2) guar-
antee that each route starts and finishes at the depot. Constraints (2.3) guarantee
route connectivity and also enforce the relation between variables x and y. Con-
straints (2.4) guarantee that all mandatory services are executed. Constraints (2.5),
(2.6) and (2.7) enforce the relation between variables x and s, and they also impose
time window constraints on each service that is executed. In these constraints,M is
used to denote a large number. Constraints (2.8) guarantee that visits for the same
service required by a customer are separated by at least δmin units of time. Con-
straint (2.9) imposes the minimum QoS. Constraints (2.10), (2.11) and (2.12) give the
domain of the decision variables.
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2.5 Iterated Local Search

To solve large-size MPOPTW instances, we have developed an ILS metaheuristic.
The ILS builds an initial solution by using a constructive heuristic and then itera-
tively applies perturbations and local searches over the current solution until a ter-
mination condition is reached. The perturbation step accepts only feasible solutions
concerning all problem constraints, including the minimum QoS. The local search is
performed by means of a VND, an algorithm that sequentially invokes local search
procedures with a set of neighborhoods and finds a locally optimal solution for this
set [32]. An acceptance function decides at each iteration whether to keep the cur-
rent solution or move to a newly-generated one. In our case, the newly-generated
solution is accepted only if its value is better than that of the current solution. The
overall ILS procedure is presented in Algorithm 1. The algorithm runs until either
a maximum run time or a maximum number of iterations without improvements is
reached. Each step of the ILS is described in detail below.

Algorithm 1 ILS algorithm
1: procedure ILS(Tmax = max run time, Imax = max number of iterations without improve-

ments, p = perturbation intensity)
2: ITERATION ← 0 ▷ the number of iterations without improvement
3: s∗ ← CONSTRUCTIVEHEURISTIC
4: s∗ ← VND(s∗)
5: while ELAPSEDTIME ≤ Tmax and ITERATION ≤ Imax do
6: s′ ← PERTURBATION(s∗, p)
7: s′′ ← VND(s′)
8: if ACCEPT(s∗, s′′) then
9: s∗ ← s′′

10: ITERATION ← 0
11: else
12: ITERATION ← ITERATION + 1
13: end if
14: end while
15: return s∗

16: end procedure

Evaluation function. Our ILS uses the objective function as it is to evaluate so-
lutions. Let S(σd) be the total score of a given route σd performed in period d and
T (σd) be its working time. Then the objective function of a solution s = {σd : d ∈ D}
can be expressed as follows:

z(s) = α ∑
d∈D
S(σd)− β ∑

d∈D
T (σd). (2.13)

Constructive heuristic. An initial solution is constructed by a greedy algorithm,
whose pseudo-code is summarized in Algorithm 2. The vertices of each period are
sorted in non-decreasing order based on the start time of their time windows. A
route is constructed for each period in two phases: first, the mandatory vertices are
inserted sequentially, each at the end of the current route, in the order in which they
were sorted provided that this preserves feasibility, that is, a vertex is appended only
if the solution remains feasible; otherwise it is skipped (this is always feasible for
the mandatory services in the instances provided by the company). Later, optional
vertices are appended one by one in the solution in the sorted order, each at the
end of the current route, whenever the resulting route is feasible. The two phases
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invoke the procedure Append(σd, v) that first checks if inserting vertex v at the end
of route σd is feasible, and then, if feasibility is confirmed, it returns the expanded
route having v at its end; otherwise, it return the original route σd.

Algorithm 2 The greedy constructive heuristic
1: procedure CONSTRUCTIVEHEURISTIC
2: for each period d ∈ D do
3: Md, Ud ← services in M and U for period d
4: Sort Md and Ud in non-decreasing order of evdt
5: σd ← ∅ ▷ empty route
6: for v ∈ Md (in the sorted order) do
7: σd ← Append(σd, v) ▷ append mandatory v at the end if feasible
8: end for
9: for v ∈ Ud (in the sorted order) do

10: σd ← Append(σd, v) ▷ append optional v at the end if feasible
11: end for
12: end for
13: return s = {σ1, . . . , σD}
14: end procedure

Variable Neighborhood Descent. A VND procedure is used to find a locally
optimal solution using a sequence of different neighborhoods Nk (k = 1, . . . , kmax).
Algorithm 3 shows its main steps. Starting with the first neighborhood (k = 1), the
VND explores the solution space by searching through the sequence of neighbor-
hoods in a deterministic way. More in detail, at each step of the VND, the current
solution is brought to a locally optimal solution by exploring the current neighbor-
hood Nk using the first improvement policy. If no solution better than the current
one is found in the kth neighborhood, then the algorithm switches to the next neigh-
borhood, Nk+1. If, instead, a better neighbor solution is found, then this solution is
used to replace the current one and the algorithm returns to the first neighborhood,
N1. The process continues while there is a neighborhood to be explored, that is, it
stops when the current solution is locally optimal with respect to all neighborhoods.

Algorithm 3 Variable neighborhood descent heuristic
1: procedure VND(s)
2: k← 1
3: while k ≤ kmax do
4: s′← HillClimbing(s, Nk) ▷ Find a locally optimal solution
5: if z(s′) > z(s) then ▷ Neighborhood change
6: s← s′

7: k← 1
8: else
9: k← k + 1

10: end if
11: end while
12: return s
13: end procedure

We implemented six neighborhoods. Some of them are classical neighborhoods
from the vehicle routing literature, whereas others were specifically designed to
meet our problem requirements. The neighborhoods are as follows:

• N1 = Remove optional: Remove an optional service vertex from a route, thus
trying to decrease the working time;
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• N2 = Swap: Swap the positions of two vertices inside a route;

• N3 = 2-opt: Swap two arcs in a route, reversing the visiting order between the
two arcs;

• N4 = Relocate: Move a vertex to another position in the route;

• N5 = Insert optional: Insert an optional unvisited vertex into a route, in an
attempt to increase the collected score;

• N6 = Swap optional: Swap two optional vertices, by letting an unvisited vertex
take the place of a visited one.

The neighborhoods Swap, 2-opt and Relocate may improve the objective func-
tion only by reducing the working time of a route, because they do not change the
collected score. The Remove optional movement attempts to decrease the working
time at the expense of a decrease in the score as well. On the contrary, the Insert
optional neighborhood tries to improve the score at the expense of an increase in the
working time. The last neighborhood, Swap optional, may improve the objective
function by increasing the score, reducing the working time, or both.

Note that all described neighborhoods consist of intra-period and intra-route
movements, as they change routes of each period independently. A solution may
be further improved by performing inter-period movements, that is, changing the
execution of a service at a customer from a period to another. This type of move-
ments may decrease the working time in a period and open space for more services
to be performed there. Inter-period movements are costly to be evaluated because of
the large number of neighbors. Thus, they are not fully explored in a deterministic
way, but are considered in the perturbation step described next.

Perturbation procedure. The perturbation procedure is introduced to escape
from the locally optimal solution obtained by the VND. Two inter-period neigh-
borhoods are used to this aim. At each iteration, the perturbation procedure ran-
domly selects two periods, d1 and d2, and then it invokes, alternatively, one of the
two neighborhoods. The first neighborhood, called Relocate inter-period, randomly
selects an optional service that is currently performed in d1 and could also be per-
formed in d2, and then it tries to relocate it to d2. Namely, it first selects a vertex
i1 in σd1 that is associated with an optional service in both Uc,d1 and Uc,d2 for a cer-
tain c ∈ C, it removes it from σd1 , and then it tries to insert it in every position of
σd2 (provided that there is a demand left for i1 in d2). Similarly, the second neighbor-
hood, called Swap inter-period, randomly chooses a vertex i1 in σd1 that is associated
with an optional service in both Uc,d1 and Uc,d2 for a certain c ∈ C, and then it tries
to swap it with another vertex i2 in σd2 that is associated with an optional service in
both Uc′,d1 and Uc′,d2 for a certain c′ ∈ C. In either case, if a move succeeds in produc-
ing a feasible solution, then it is applied, independently of the cost; otherwise, it is
rejected. Either neighborhood proceeds until a certain amount of successful moves
p have been produced, or |σd1 ||σd2 | attempts (either successful or unsuccessful) have
been performed, where |σd| gives the number of vertices in σd.

Figure 2.3 illustrates the Relocate inter-period operation through a simplified ex-
ample. Three periods, namely 1, 2 and 3, are considered. The top part of the figure
illustrates the solution before the operation is applied and the bottom part illustrates
it after. All routes start from the depot and visit customer c = 1 to provide different
services. Suppose the customer requires services 1, 2, 3 and 4 in periods 1 and 2, and
services 1, 2 and 3 in period 3. Suppose also that a single visit per service, and per
period is required, and that service 2 is optional. The depicted move removes the
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Figure 2.3: Depicting example for the Relocate inter-period perturbation
movement

execution of service 2 in period 1 and transfers it to period 3. In this way, the route
in period 1, which had the service removed, may be used to include other services.

2.6 Computational evaluation

In this section, we present the outcome of the extensive computational tests that we
performed on a large set of real-world instances provided by the company. The al-
gorithms have been coded in Python 3.7.3 and executed on a single thread. We are
aware that Python is slower if compared to other languages such as C/C++ (see,
e.g., [70]), but the company that supported this research has asked for a Python
implementation because this is the language they adopt in their Research and De-
velopment department. The algorithm that we have developed is indeed in use at
this department for strategic decisions. The MILP model was solved with Gurobi
9.5 and was invoked with its default configuration, letting it run on 12 threads. The
experiments have been executed on a Intel Xeon CPU E5-2640 v3 2.60 GHz machine
with 64 GB of memory, running under Windows 10 Pro 20H2 64-bits.

For what concerns the termination conditions, the ILS was allowed to run for at
most Tmax = 3600 seconds on each instance. On the basis of preliminary computa-
tional experiments, the value of parameter Imax has been set to 100 (refer to Section
2.6.5 below for a full analysis on this parameter). The value of p has been set to 10,
which led to slightly better results than 5 and 15.

2.6.1 Instances

The company provides security services in a number of provinces in Italy. We were
provided with the data of 12 of such provinces, which differ among them in the
number and geographical distribution of customers, as well as in the number of ser-
vices requested. Table 2.1 reports for each province, in order, the number of instances
(column #), which also corresponds to the number of clusters, the number of peri-
ods (|D|), the total, average, minimum, and maximum number of customers (tot|C|,
avg|C|, min|C| and max|C|), and of services requested (totn, avgn, minn and maxn).
We were provided in total with 79 instances, with the number of customers varying
from 5 to 100 and the number of requested services from 14 to 1280.
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Table 2.1: Details of the real-world instances

Province # |D| tot|C| avg|C| max|C| min|C| totn avgn maxn minn

Mantova 2 7 43 21.5 32 11 171 85.5 140 31
Roma 8 7 118 14.8 25 5 1234 154.3 268 84
Sassari 7 7 119 17.0 33 7 1038 148.3 256 42
Rimini 4 7 154 38.5 57 27 987 246.8 415 93
Ravenna 5 7 172 34.4 50 15 1382 276.4 400 79
Pescara 4 7 227 56.8 69 43 1370 342.5 484 129
Ferrara 7 7 236 33.7 63 11 1812 258.9 525 97
Bologna 8 7 239 29.9 63 17 2733 341.6 632 244
Parma 5 7 289 57.8 77 37 2952 590.4 797 323
Forli 8 7 407 50.9 73 16 2695 336.9 586 40
Modena 11 7 510 46.4 76 9 4288 389.8 651 14
Reggio Emilia 10 7 679 67.9 100 22 7812 781.2 1280 243

The values of α and β, used in the objective function, were provided by the com-
pany after internal discussion and were set to 5 and 0.9, respectively. The score col-
lected during visit τ = 1, . . . , ncdt performed at customer c for service t in a period
was set to wctτ = wcte1−τ, with the wct values being in the set {1, 6, 9, 10}. The mini-
mum QoS level has been set to 75% and the minimum time between two consecutive
visits for the same service at a customer to δmin = 90 minutes. The traveling times
have been obtained by computing the real-world distances using the Open Source
Routing Machine application.

2.6.2 ILS results

Table 2.2 reports the results obtained by the ILS. Due to the high number of instances,
we chose to aggregate the results by province. For each province we provide several
key performance indicators (KPI): the average objective function value, z, according
to Equation (2.1); the average collected score, S ; the average working time, T ; the
average traveled distance by a patrol, km; the average time between two consecutive
visits at the same customer to perform the same service, δ; the average quality of
service, Q; the average time in which the incumbent solution was found, timeinc; and
the average run time in seconds, time. We also include columns #, avg|C| and avgn
for the sake of easy data visualization. The last line provides overall averages over
the full set of 79 instances (which can be obtained from the table by computing the
weighted average of the values in each column, considering as weight the number
of instances in the corresponding line).

The ILS was able to find a feasible solution for every instance in an average time
of about 23 minutes. The average time was around 3 minutes or less for Mantova,
Roma and Sassari, provinces requiring a small number of services, and larger than
50 minutes for Reggio Emilia, the province requiring the largest number of services.
By comparing timeinc with time, we observe that the criteria adopted for the ILS ter-
mination are appropriate because the algorithm keeps running for some amount of
time after the incumbent has been found, but this time is not excessive. On average,
the ILS performed around 180 iterations per run, with a maximum of 553 iterations
on a small instance of the Ferrara province. For all instances, the constraints on the
minimum QoS and minimum time between services were satisfied, and the average
Q and δ values are far above the required 75% and 90 minutes, respectively. In the
next sections, we obtain insights in the remaining KPIs by comparing them with the
corresponding values obtained by the MILP model and by the company.
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Table 2.2: Average computational results obtained by the ILS on full set of 79
instances

Instance ILS

Province # avg|C| avgn z S T km δ Q timeinc time

Mantova 2 21.5 85.5 2164.7 527.6 526.1 75.0 92.3 82.6 58.1 99.9
Roma 8 14.8 154.3 2945.6 828.5 1329.9 145.2 98.9 82.2 117.8 187.9
Sassari 7 17.0 148.3 2941.7 762.3 966.3 105.4 94.4 89.1 99.8 178.8
Rimini 4 38.5 246.8 5093.6 1168.6 832.8 84.6 91.5 92.2 870.6 1250.3
Ravenna 5 34.4 276.4 6629.6 1547.4 1230.2 110.0 124.4 95.7 823.1 1488.6
Pescara 4 56.8 342.5 9396.1 2102.5 1240.3 156.4 115.6 91.8 1223.7 1858.7
Ferrara 7 33.7 258.9 7162.0 1669.6 1317.5 136.4 104.2 96.5 692.9 797.4
Bologna 8 29.9 341.6 8217.4 2051.8 2268.3 184.1 125.6 94.9 792.4 944.8
Parma 5 57.8 590.4 15593.8 3441.8 1794.5 162.8 131.7 93.8 3101.5 3466.2
Forli 8 50.9 336.9 9159.1 2034.8 1127.9 126.9 110.8 97.8 1042.4 1400.5
Modena 11 46.4 389.8 9380.1 2234.0 1988.5 220.5 148.9 96.7 873.2 1243.9
Reggio Emilia 10 67.9 781.2 16956.2 3818.8 2375.5 220.2 146.1 94.5 2623.4 3024.9

Overall average 40.4 360.4 8600.7 2002.4 1568.3 157.6 119.8 93.1 1077.5 1372.7

2.6.3 Comparison with the mathematical model

Table 2.3 reports the results obtained by solving the MILP model with Gurobi and
compares them with the results by the ILS. Let F be the set of instances for which
Gurobi was able to find a feasible solution. Column |F| shows the number of such
instances in F for each province (e.g., Gurobi obtained feasible solutions for 2 out
of 2 instances of Mantova, 8 out of 8 instances of Roma, 6 out of 7 instances of Sas-
sari). The next columns refer to average values with respect to this reduced set of
instances. Columns LB, UB, gap and time provide the average incumbent solution
value, the average upper bound, the average percentage gap between LB and UB,
and the average run time, respectively, of Gurobi. For the ILS, we report z, time, and,
in column impr., the average improvement obtained over the incumbent values LB
of Gurobi. We computed impr. as follows: we first evaluated the improvement over
each of the |F| instances in each province by computing 100(z− LB)/LB; then, we
obtained the resulting impr. value per province by simply evaluating the average of
the improvements. The same process was followed to obtain the overall averages in
the last line, which are average values with respect to all 37 instances.

Table 2.3: Comparison between Gurobi and ILS (on subset F of 37 instances
for which MILP found a feasible solution)

Instance MILP Model ILS

Province # |F| LB UB gap time z impr. time

Mantova 2 2 2134.9 2754.6 22% 3600.1 2164.7 1.5% 99.9
Roma 8 8 2828.9 4104.0 31% 3600.1 2945.6 12.6% 187.9
Sassari 7 6 2755.8 3531.7 22% 3600.1 2809.7 0.9% 168.4
Rimini 4 4 4763.7 5906.5 19% 3600.3 5093.6 5.0% 1250.3
Ravenna 5 3 5018.2 6220.7 19% 3600.4 5403.3 5.2% 946.7
Pescara 4 2 6781.9 8030.9 16% 3600.2 7118.4 3.9% 679.3
Ferrara 7 4 4989.5 6080.5 18% 3600.2 5094.2 1.6% 79.2
Bologna 8 2 5419.1 7394.3 27% 3600.2 6191.9 18.6% 970.3
Parma 5 0 3600.1
Forli 8 4 6817.5 7751.7 12% 3600.3 7134.7 3.6% 942.5
Modena 11 1 321.9 321.9 0% 0.8 321.9 0.0% 0.1
Reggio Emilia 10 1 3976.3 5865.8 32% 3600.4 4669.0 17.4% 775.7

Overall average 4147.9 5248.3 22% 3502.9 4374.7 6.2% 505.9
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(d) Average traveled kilometers (km)

Figure 2.4: Four KPIs by Gurobi and ILS (on subset F of instances for which
MILP found a feasible solution)

From the table, we can notice that Gurobi cannot find feasible solutions for more
than half of our instances. This can be imputed to constraint (2.9), which makes the
model non-decomposable into single periods, and to constraints (2.5)–(2.8), which
all contain “big M” values. We attempted using lazy-constraints callbacks and searched
for better configurations with the automated parameter configuration, but none of
these attempts could improve the solver performance. More in detail, only in three
cases, the MILP solver could find feasible solutions for all instances of a province.
This happened for Mantova, Roma and Rimini. Moreover, the solver was not able to
find any solution for the instances of Parma, and just a single one for the instances in
Modena and Reggio Emilia. In total, only 37 out of 79 instances were feasibly solved
and just one of them (Modena) to proven optimality. On this subset F of instances,
the ILS was able to improve the solution value found by the MILP solver by 6.2%
on average. The run time was also considerably lower. Whereas Gurobi reached the
time limit of one hour in most cases, the ILS required on average about eight min-
utes and a half. We also notice that the ILS was able to find an exact optimal solution
for the only instance that Gurobi could solve to proven optimality.

In Figure 2.4, we gain further insight by displaying four KPIs derived from the
solutions obtained by the MILP solver and by the ILS. We still consider only the sub-
set F of instances, providing the average score, working time, QoS and km traveled.
For five provinces, namely Mantova, Roma, Sassari, Rimini and Ferrara, the solver
was able to obtain a slightly better score than the ILS. On the other cases, the ILS
got better or equal average scores, achieving an overall advantage of 0.32% better
average score than Gurobi. Whereas the differences in the score are not so signifi-
cant, much higher differences can be observed for the working time. The ILS found,
indeed, better values than Gurobi for the instances of ten provinces and an identical
value for the remaining instance (Modena). The average QoS produced by Gurobi
is 92.7% and that of the ILS is just 91.6%. Both values are thus much higher than the
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minimum required QoS (75%). Significant gains are obtained by the ILS for the km
traveled for all instances with the exception of Modena (equal values) and Sassari
(slightly worse value by the ILS).

2.6.4 Comparison with the company solutions

In Table 2.4, we compare the ILS solutions with the real-world ones currently in use
at the company. We display the average solution value, QoS and δ for both solution
sets. For the ILS, we also report the percentage improvement that it obtained over
the z value by the company.

Table 2.4: Comparison between company and ILS solutions on the full set of
79 instances

Instance Company ILS

Province # z Q δ z Q δ impr.

Mantova 2 614.7 80.6 41.7 2164.7 82.6 92.3 252%
Roma 8 788.6 83.1 87.7 2945.6 82.2 98.9 274%
Sassari 7 1002.9 92.7 45.4 2941.7 89.1 94.4 193%
Rimini 4 1024.4 78.4 16.4 5093.6 92.2 91.5 397%
Ravenna 5 2884.7 90.8 51.9 6629.6 95.7 124.4 130%
Pescara 4 7657.0 48.6 30.7 9396.1 91.8 115.6 23%
Ferrara 7 4700.0 96.7 60.7 7162.0 96.5 104.2 52%
Bologna 8 4475.1 98.5 77.5 8217.4 94.9 125.6 84%
Parma 5 9767.1 92.6 85.4 15593.8 93.8 131.7 60%
Forli 8 6210.2 83.7 63.9 9159.1 97.8 110.8 47%
Modena 11 6115.9 75.4 36.3 9380.1 96.7 148.9 53%
Reggio Emilia 10 11114.5 83.5 68.3 16956.2 94.5 146.1 53%

Overall average 6.6 5181.6 84.8 58.4 8600.7 93.1 119.8 116%

The solutions currently in use at the company are difficult to evaluate because
they do not obey at least two constraints. First, they do not ensure a minimum qual-
ity of service. Refer for example to the results for the province of Pescara, where
the QoS is 48.6% on average, whereas the minimum desired is 75%. In addition, the
minimum time between two visits at the same customer to perform the same service
is not fully respected. The average δ on the solutions provided by the company is
indeed 58.4 minutes, whereas the minimum required is 90 minutes. Thus, the solu-
tions by the company are frequently infeasible, whereas the ones produced by the
ILS are all feasible. Even in this disadvantageous scenario, the ILS found solutions
whose average value is much better than that of the company.

We graphically compare in Figure 2.5 two KPIs, score and working time, to
show the improvements obtained by the ILS. The collected score is improved in
all provinces, with the exceptions of Mantova (2% worse) and Modena (17% worse).
The working time is reduced in all provinces, with the exception of Forli. Some
reductions are significant as, for example, in Mantova, Rimini and Modena.

2.6.5 Evaluation of the ILS components

The proposed ILS contains several components. To evaluate the contribution of each
one of them, we executed different configurations of the ILS, each obtained by re-
moving one or more components. The obtained results are shown in Table 2.5, which
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Figure 2.5: Relevant KPIs for company and ILS (on the entire set of instances)

displays the average solution values per province for several tested configurations.
In column Greedy, we show the results of the greedy constructive heuristic alone,
and in column G. + VND, the results of the greedy followed by the first VND execu-
tion. The next six columns show the results of the complete ILS, but removing one
of the six VND neighborhoods. Finally, for the purpose of comparison, the last col-
umn displays the results of the complete ILS with all neighborhoods, as previously
reported in Table 2.2.

We can notice that the greedy algorithm provides low-quality solutions in gen-
eral, which are very far away from the final solutions obtained by the ILS. The VND
(with all neighborhood searches) manages to consistently improve the solutions by
the greedy. A large improvement can be observed for the eight instances of Bologna,
for which the average objective value is almost doubled.

For what concerns the different neighborhood searches, we can notice that all of
them have a positive impact on the performance of the ILS. Removing N1 (Remove
optional) leads to an average z equal to 7816.1, which is even lower than the average
values found by greedy + VND with all neighborhoods (7913.6). A smaller impact
can be observed by the removals of N2, N3, N4 and N6, which lead to average solu-
tion values 5%, 7%, 4% and 7%, respectively, away from the one found by the full
ILS. The largest deterioration was observed when removing N5 (Insert optional). In
this case, the average z value is 40% away from the one by the full ILS, and the dis-
tance is very large for the most difficult provinces, such as Modena (3618.7 vs 9380.1)
and Reggio Emilia (9899.7 vs 16956.2).

Table 2.5: Impact of the ILS components on the solution value

Instances Heuristics

Province # Greedy G. + VND ILS - N1 ILS - N2 ILS - N3 ILS - N4 ILS - N5 ILS - N6 ILS

Mantova 2 1787.4 2149.0 1897.2 2164.3 2163.7 2158.4 2160.5 2164.9 2164.7
Roma 8 1965.6 2924.6 2245.5 2946.3 2931.4 2922.5 2907.7 2936.6 2945.6
Sassari 7 2243.8 2923.1 2565.1 2931.7 2939.3 2929.8 2940.6 2931.5 2941.7
Rimini 4 4216.5 4872.3 4820.2 5011.7 4998.9 5047.9 4924.9 5004.3 5093.6
Ravenna 5 5634.1 6314.9 6439.8 6540.2 6418.9 6586.9 6358.5 6340.5 6629.6
Pescara 4 7717.6 8942.9 8641.5 9165.7 9022.8 9131.1 8574.5 8953.6 9396.1
Ferrara 7 5942.6 6986.9 6944.8 7008.6 6978.4 7033.8 6769.7 7001.4 7162.0
Bologna 8 4168.8 8166.3 8053.9 8208.0 8160.1 8184.4 4967.6 8203.0 8217.4
Parma 5 11177.2 13452.9 13582.5 14580.5 13938.4 14919.2 12627.5 13616.3 15593.8
Forli 8 7135.9 9031.3 9006.3 9079.3 9045.8 9116.4 7951.8 9055.3 9159.1
Modena 11 2927.1 9335.2 9338.6 9346.6 9324.2 9344.2 3618.7 9340.3 9380.1
Reggio Emilia 10 8346.2 13374.2 13597.7 14420.7 14141.6 14833.3 9899.7 13851.8 16956.2

Overall average 5246.8 7913.6 7816.1 8166.0 8059.6 8243.2 6160.0 8003.7 8600.7
ILS improvement 64% 9% 10% 5% 7% 4% 40% 7% -

We can conclude that all neighborhoods are important and that the two most in-
dispensable ones are, in order, Insert optional and Remove optional. The importance
of Insert optional follows from the fact that the greedy algorithm is quite inefficient
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in including optional services in the routes; hence the neighborhood can insert many
of such services and consistently improve the solution value. The Remove optional
is an important operation because it opens the possibility for the VND to decrease
the collected score but at the same time decrease the total working time. In this way,
the algorithm has more chances to escape from locally optimal solutions.

A key element for a good ILS performance is the acceptance criterion (refer to line
8 of Algorithm 1). In our implementation, we use the simplest criterion in which we
accept a solution only if this is better than the previous one. This simple approach
turned out to be slightly better than an alternative one based on the simulated an-
nealing concept, and it was thus preferred for its ease of implementation.

Parameter Imax (maximum number of iterations without improvements) is an-
other key element for our ILS. This parameter has been introduced in our implemen-
tation to limit the computation time required by the algorithm (line 5 of Algorithm
1). We set it to 100 on the basis of a set of computational experiments that we report
in Table 2.6. The table shows the average values that we obtained on the full set of
instances by attempting Imax=50, 100 and 150. It can be noticed that 100 provides
a good improvement with respect to 50, at the expense of a limited increase in the
computational effort. Setting Imax to 150 increases even further the time, but it does
not lead to significant improvements.

Table 2.6: Average KPIs obtained by ILS with different values of Imax

Imax z S T km δ Q timeinc time

50 8530.6 1988.9 1570.8 157.7 114.3 93.4 880.7 1099.9
100 8600.7 2002.4 1568.3 157.6 119.8 93.1 1077.5 1372.7
150 8606.8 2002.8 1563.7 157.3 113.6 93.5 1266.1 1605.6

2.7 Conclusions

We studied a car patrolling application that arises from a large Italian company that
needs to plan routes to perform security services at customers’ facilities. The result-
ing optimization problem is a challenging variant of the multi-period orienteering
problem. Due to the difficulty of the problem, we have chosen to solve it through
an ILS equipped with an inner VND. We have also developed an MILP model to
formalize the problem.

We have tested both the MILP model, using the Gurobi solver, and the ILS on
real-world instances provided by the company. Gurobi struggled to provide feasible
solutions for about half of the instances, whereas the ILS could solve all of them.
Comparing only the subset of instances in which both the ILS and the solver were
able to find feasible solutions, we noticed that the ILS could provide much better
solution quality within a smaller computational effort. The qualities of service ob-
tained by the two methods were approximately the same, but the ILS was able to
considerably reduce the kilometers travelled by the patrols. With our tests, we thus
ensured that the ILS is a preferable choice to solve the problem.

We then compared the solutions obtained by the ILS with those in use at the
company. It was difficult to fairly compare their objective function values because
many of the solutions in use at the company did not respect some of the operational
constraints (minimum time between consecutive visits and minimum QoS). The ILS
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was still able to find solutions with better objective values while respecting all opera-
tional constraints. The average improvement in the objective function value ranged
from 23% to almost 400%, and not only the minimum QoS was always respected,
but it was also increased on average from 84.8% to 93.1%.

These good results have been obtained by a simple but effective combination of
several algorithmic components, including a local search algorithm with six different
neighborhoods. By performing a sensitivity analysis on the entire set of instances,
we observed that all such neighborhoods have a positive contribution to the ILS
performance. The largest contributions are provided, in order, by Insert optional
and Remove optional, two neighborhood operations that are tailored to the problem
at hand.

For future research directions, we consider the following worth investigating.
First, the modification of the clusters: the current clusters were provided by the
company, but we foresee that changing their configuration might help improve the
solution quality even further. Second, a more elaborated evaluation of the quality
of service: in our study, the quality of service is evaluated using an overall measure
of the number of services performed, which may introduce unfairness because it is
insensitive to situations in which some customers are poorly served whereas others
fully served; introducing a quality of service measured per single customer might
improve the fairness of the resulting solutions. Finally, the insertion of dynamic and
stochastic features in the problem: in the current version of the problem, dynamic
occurrences such as alarm triggering or unexpected urgent services are not consid-
ered; by embedding them into a new problem that considers dynamic and stochastic
aspects, we may obtain a more sophisticated model, to be used on-the-fly during the
execution of the activities. The large availability of data from the company makes
this last research direction very interesting.
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Chapter 3

Optimizing a Car Patrolling
Application by Iterated Local
Search*

3.1 Introduction

With the lack of public security and the growing violence, the private security mar-
ket has been constantly increasing. It is estimated that half of the planet lives in
countries where private security workers are more in number than public ones. By
2017, this industry was worth $ 180 billion, and it is estimated that it will keep grow-
ing in the following years [22].

In Italy, Coopservice (https://www.coopservice.it/), a large service provider,
is inserted in this market with its patrolling services provided to a set of customers
spread among a number of Italian provinces. Counting on more than 20 000 employ-
ees, the company provides not only security services, but also a wide range of other
services, such as logistics, cleaning, and maintenance.

Regarding car patrolling, the company operates a number of security patrols
that are shipped to inspect structures, parks, buildings, and many other facilities
so as to counter potential criminal actions or simply restore normal, safe conditions
after breakdowns. These services, such as closing and opening a commercial activ-
ity or checking the condition of a private house, are requested every week by the
customers who contracted the company for their security. Some of these services
are mandatory, while others are optional and, when performed, induce a score. The
company’s goal is to maximize the total collected score and minimize the total work-
ing time of the patrols while meeting several operational constraints, such as interde-
pendent time windows, minimum quality of service, and maximum route duration.
The quality of service is measured by the number of services performed over all
clusters divided by the overall number of services requested, and it must not drop
below a given threshold value.

The customers who require the services are geographically dispersed in a large
area and consequently divided into clusters. Each cluster is assigned to a unique
patrol, which performs one route every day to visit customers and execute the re-
quested services.

Figure 3.1 details the customers’ distribution in the province of Parma (Italy),
showing how customers are divided into clusters. The cluster configuration does
not change from one day to another, but the routes performed inside the clusters

*The results of this chapter appears in: Corrêa, V. H. V., Alves de Queiroz, T., Iori, M., Dos Santos,
A. G., Yagiura, M., & Zucchi, G. (2024, July). "Optimizing a Car Patrolling Application by Iterated Local
Search". In: In Proceedings of the Genetic and Evolutionary Computation Conference (pp. 1201-1209).[17]

https://www.coopservice.it/
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may change according to the daily service demand. Indeed, customers may require
different services according to the day of the week, following the contract stipulated
by the company. In a previous research on this problem [66], the cluster configu-
ration adopted by the company was considered as a fixed input, and the resulting
routing problem was solved for each cluster independently from the other clusters,
using an Iterated Local Search (ILS). In this work, we extend that previous research
by proposing changes in the clusters and hence integrating the multi-period routing
component of the problem with that of cluster design (also known as territory de-
sign), thus seeking solutions on the entire set of clusters. We thus expect solutions
of higher quality but to be obtained at the expense of a more complex problem.

Figure 3.1: Customers in the Parma province, divided by clusters (solution
adopted by the company).

The resulting optimization problem involves a number of operational constraints.
Each customer may require multiple services and possibly multiple visits during
the same period for each such service. The services must be performed within hard
time windows, and each route performed by a patrol should not exceed a maximum
working time. In case a customer requires multiple visits for the same service in the
same period, two consecutive visits should be separated by at least a given threshold
time (e.g., 90 minutes or so).

During the execution of their activities, patrols may have to perform services
that were not initially scheduled, like the verification of the triggering of an alarm.
This could also be considered part of the optimization, but it would complicate the
problem even more since it would introduce a dynamic stochastic aspect. In our
work, we disregard alarms and leave them as a future research avenue. Instead,
we focus on developing an algorithm that can be used strategically to define a good
cluster configuration for customers in a region. Good territory partitioning, defined
for a medium-long term, is the basis for obtaining high-quality daily routes for the
patrols.

The first goal of our research is to develop algorithms that can produce new
cluster configurations that will lead to a better provision of the patrolling services
provided by the company. This can be interpreted as a clustering problem, a class
of problems widely studied in the literature and tackled by several optimization
algorithms. For example, clustering algorithms based on centroids, like the k-means
[2], or based on density, like the Density-Based Spatial Clustering of Applications
with Noise [59], are popular algorithms for this class.

Our second goal is to build a set of routes, one per cluster and per period, by
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optimizing a weighted objective function that takes into account both the total col-
lected score (to be maximized) and the total working time (to be minimized). The
resulting subproblem can be interpreted as a multi-period team orienteering prob-
lem, which is a generalization of the well-known and strongly NP-hard orienteering
problem [25].

We solve the resulting problem by means of an ILS [42]. Within the ILS, we
invoke several inner algorithms to produce tentative cluster configurations and im-
prove the patrol routes. The routing part is largely based on a Variable Neigh-
borhood Descent (VND) approach [31, 32], which looks for good-quality routes by
exploring larger and larger neighborhoods. The resulting algorithm has been tested
on ten instances derived from the real-world activity of the service company, consis-
tently improving the solutions currently in use.

The remainder of this paper is organized as follows. In Section 3.2, we delve into
the literature on the problem and its two subproblems we deal with, namely cluster-
ing and routing. In Section 3.3, we formalize the overall problem. Then, in Section
3.4, we describe the solution methods we developed, and in Section 3.5, we present
the outcome of computational experiments we performed on real-world instances
encountered in different Italian provinces. Final conclusions and future research di-
rections are outlined in Section 3.6.

3.2 Literature review

Car patrolling is a security activity largely adopted to ensure that businesses can
operate regularly without the worry of criminal actions overnight. Such activity can
involve several operating models, and different methodologies have been developed
to optimize it. In our study case, the customers require a series of security-related
services to be performed by patrols. The customers are partitioned into clusters, and
each patrol serves a single cluster. This gives raise to a territory design subprob-
lem (to define the clusters served by the patrols) and a car patrolling subproblem (to
define the routes for each cluster and for each period). The literature on this field
is large. We cite the recent surveys in Samanta, Sen, and Ghosh [56, 57], which re-
viewed police patrolling problems and divided them into two main categories: route
design and district design. Our application combines these two categories, resulting
in a very complex problem. In the following sections, we separately explore each
category, so as to enlighten the current state of the art and relate it to our problem.

3.2.1 Car patrolling problems

For each cluster and each period, we handle a routing subproblem that shares sim-
ilarities with the Orienteering Problem (OP), a well-known generalization of the
Traveling Salesman Problem (TSP) in which it is not imposed to visit all customers.
The literature on OPs is large, with numerous applications. The first studies on OPs
date back to Tsiligirides [64]. In the following years, heuristic methods have been
largely developed due to the NP-hard nature of the OP. First, we refer to the ex-
tensive surveys in Vansteenwegen, Souffriau, and Oudheusden [65] and Gunawan,
Lau, and Vansteenwegen [29]. In particular, Vansteenwegen, Souffriau, and Oud-
heusden [65] described the most relevant OP variants and pointed out the key fea-
tures of exact and heuristic methods used to solve them. A few years later, Gu-
nawan, Lau, and Vansteenwegen [29] focused on the computational evaluation of
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eight methods to solve the team orienteering problem (TOP, the OP variant that con-
siders multiple vehicles) with time windows. The authors concluded that the best
results, on average, are obtained by the ILS in Gunawan, Lau, and Lu [28]. Other
surveys concerning tourist trip design problems and vehicle routing problems were
presented by, respectively, Gavalas et al. [23] and Archetti, Speranza, and Vigo [6].

Further literature contributions related to the problem we tackle in this work
can be found in Palomo-Martínez et al. [47], Kotiloglu et al. [39], and Gündling
and Witzel [30]. In Palomo-Martínez et al. [47], a hybrid heuristic composed of a
greedy randomized adaptive search procedure (GRASP) and a variable neighbor-
hood search (VNS) was proposed to solve an OP generalization. This variant im-
poses constraints on mandatory visits and incompatibilities among nodes. The hy-
brid heuristic takes advantage of the multi-start feature of the GRASP to generate
initial solutions that were then optimized with the VNS.

In Kotiloglu et al. [39], the authors handled the personalized multi-period tour
recommendation problem. Their aim was to generate tours containing mandatory
and optional visits while maximizing the total collected score of the optional vis-
its. The problem also considered complicating aspects such as multiple periods of
visits, time windows, maximum budget, and maximum tour length. The authors
presented a Mixed Integer Linear Programming (MILP) model and an iterated tabu
search, both evaluated on two data sets, one taken from the literature and the other
composed of real-world data.

A tourist routing problem assuming visit redundancy avoidance and time win-
dow constraints was solved instead in Gündling and Witzel [30]. The authors pro-
posed a MILP model and an ILS metaheuristic. The ILS obtained results close to
those of the MILP model (solved with Gurobi) for small-size instances, while, for
larger ones, it provided better solutions in most cases.

Recently, Zhang, Ohlmann, and Thomas [71] worked on a multi-period OP. A
two-stage heuristic solved the problem. The subset of customers to be visited was
decided in the first stage, whereas next, in the second stage, a vehicle routing prob-
lem was solved considering this subset. The authors took into consideration the re-
lationship between the customers and the salesmen since the salesmen have a series
of decisions to make upon arriving at a customer site.

In Xu et al. [69], a TOP was solved by including a set of features from Internet-
of-Things applications: a limited budget was imposed on the vehicles; node costs
were part of the objective function in addition to edge costs; and nodes could be
serviced by multiple vehicles. An OP variant, including time-dependent service
profits and time-dependent travel times, was studied by Khodadadian et al. [38].
The authors proposed a MILP model and a VNS heuristic with three specialized
neighborhood structures, which were validated over benchmark instances. The VNS
was also applied to a case study based in the city of Shiraz (Iran).

3.2.2 Territory design problems

Efficient territory design plays a crucial role in addressing routing problems, es-
pecially in the management of multiple vehicles. Defining working areas for each
vehicle may enhance productivity and allow drivers to become familiar with their
operating areas. Besides being an important question in service provision, optimiz-
ing patrol routes according to their operating areas helps in performing the service
efficiently, thus improving customer satisfaction [68]. However, this approach may
reduce route flexibility, mainly when integrating time-window constraints [58], so it
must be tackled with care.
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The literature on territory design (also referenced as districting/zone design, see,
e.g., Ríos-Mercado [52]) is not limited to routing problems. Still, it includes, e.g.,
school redistricting [11] and sales force design [44]. Regarding routing problems,
Ríos-Mercado and Salazar-Acosta [53] clustered a geospatial zone to minimize rout-
ing costs, optimizing the territory by using routes as a guiding parameter. On the
other hand, Villalba and Rotta [67] clustered territories to determine routes by solv-
ing a vehicle routing problem with time windows and multiple vehicles. Both stud-
ies are examples of how clustering geospatial data is crucial for developing effective
solution methods tailored to specific (real-world) situations.

One approach for solving territory design problems in the context of routing
problems is the sequential one, which first addresses the territory design problem
and then solves a vehicle routing problem. Although practical and easy to imple-
ment, sequential-based approaches generally result in not-so-good solutions com-
pared to integrated approaches that face the complete problem (i.e., as a single). At
the same time, implementing integrated approaches may raise practical issues re-
lated to, e.g., solution representation, number of variables, and size of the search
space.

Within this context, Ríos-Mercado and Salazar-Acosta [53] proposed a GRASP
for a real-world application in a beverage distribution company. The authors de-
signed the territory in order to minimize the scattering of clients while imposing a
limit on the routing cost. The problem was solved with a sequential approach: first,
territories were designed in a greedy randomized way, and next, routes were deter-
mined by solving a TSP for each territory. The solution was further optimized with
a local search-based procedure. Very recently, Carlsson and Delage [15] handled
the territory design problem considering uncertain customers’ locations. Customers
were defined according to some probabilistic functions, and the design of territo-
ries relied on historical data. Routes were solely used to evaluate the quality of the
territories, aiming at balancing the route size for each territory. The authors incor-
porated the unknown demand distribution to estimate the vehicle workload, with
the aim of estimating services such as alarm verification, where occurrences might
be uncertain.

In Rodrigues and Ferreira [55], the authors solved the integrated problem, i.e.,
they addressed the territory design combined with the determination of vehicle
routes, in the context of solid waste collection. The authors solved the territory
design problem with an algorithm inspired by Coulomb’s law of electromagnetism.
They proposed and solved a MILP model for the routing counterpart, aiming to min-
imize the traveling costs. Multiple key performance indicators were used to assess
the quality of the solution. A computational study demonstrated that the proposed
method effectively solved the problem, making it suitable for real-life scenarios and
decision-makers.

A MILP model for solving the integrated problem occurring at a parcel company
was proposed in Litvinchev, Cedillo, and Velarde [40]. The authors considered spe-
cific constraints, such as time windows and pickup and delivery points. The aim of
their model was to obtain a balanced territory design in such a way that the average
route lengths were close to their mean. The model had issues in solving instances
with a relatively high number of customers, pointing out the necessity of using meta-
heuristic solution methods.

In this line, Zhou et al. [72] proposed a genetic algorithm to handle a real-world
application in the dairy industry. The objective was to cluster customers in regions
and then determine vehicles routes of vehicles for picking and delivering dairy prod-
ucts.
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3.3 Problem description

In this section, we formally describe the optimization problem we face, which we
call the territory-design and multi-period team orienteering problem with time windows
(TDMPTOPTW). We adopt the notation in Vidigal Corrêa et al. [66] but extend it to
the territory design aspect. We are given a directed graph G0 = (C0, A0), in which
the nodes are defined by C0 = {0} ∪ C, with 0 being the depot from where all ve-
hicles depart and return, and C = {1, . . . ,|C|} being the customer set. The graph is
complete, and we associate with each arc (i, j) ∈ A0 a traveling time equal to γij,
imposing γii = 0 for each i.

We denote by T the overall set of services the company provides (e.g., closing
or opening a commercial activity, checking a private house). Each service t ∈ T is
associated with a standard service time qt, which gives the time spent by a patrol
for executing such a service. The services are divided into mandatory, set M, and
optional, set U, thus resulting in T = M ∪U.

The activities are executed along a time span of D periods, where each period d ∈
D represents the working shift of a patrol. Each customer c ∈ C requires services for
just a subset Dc ⊆ D of periods. Formally, we define Tcd ⊆ T the subset of services
to be performed at customer c on period d, and we partition it as Tcd = Mcd ∪Ucd,
with Mcd ⊆ M being made of mandatory services and Ucd ⊆ U of optional ones.
Consequently, there is not a fixed number of visits required per period, but this
number may change from one period to another for each customer. Formally, we
let ncdt denote the number of times service t is required by customer c on period d,
and we let n̄cdt denote the number of services that have been performed in a given
solution (with 0 ≤ n̄cdt ≤ ncdt).

The customers have to be partitioned into K clusters, each assigned to a unique
patrol that performs the required services in the given time span, with K being an
input parameter of the problem representing both the number of clusters and the
fleet size.

A key component that guides the search for good TDMPTOPTW solutions is the
quality of service (QoS). The QoS is defined by the ratio of services that have been
performed in all periods and clusters, namely, Q = ∑c∈C, d∈Dc, t∈Tcd

n̄cdt/ ∑c∈C, d∈Dc, t∈Tcd
ncdt.

To impose that a minimum QoS is attained, the value of Q is restricted to be greater
than or equal to a given input threshold value Qmin.

Services in each cluster are performed when the patrol arrives at a customer.
More in detail, a service t required by customer c in period d is associated with a
given time window [ecdt, lcdt], which represents the earliest and latest possible times
to start the execution of each of the ncdt services. Arriving at the customer after lcdt
is not allowed. Arriving before ecdt is, instead, allowed, but the patrol will have to
wait until ecdt.

A time window [e0, l0] is associated with the depot and is used to impose the
maximum working time of each period, which also corresponds to the maximum
route duration. Customers may require multiple visits for the same nodes during the
same period (e.g., to check their property twice or more per night). In those cases, the
start times of any two such visits should be separated by at least a given threshold
δmin. The resulting time windows for the successive visits are thus interdependent
[19], and the threshold value serves to obtain a balanced patrol so that the visits are
not too close to each other.

For each cluster and each period, a patrol starts its route at the depot, visits some
(or all) customers to execute mandatory and some (or all) optional services, and
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eventually returns to the depot. The working time of a route is defined as the differ-
ence between the time the vehicle returns to the depot and the beginning of the shift
(i.e., e0).

A weight profit function is adopted to decide which service to select if not all of
them can be conveniently processed. In detail, each service t required by customer c
is associated with a score wct. This score is collected during the first time the service
is performed at the customer in a period. If multiple visits are performed in the
same period for the same service at the same customer, then additional scores are
collected. However, these are computed using a decreasing function. Namely, by
letting τ = 1, . . . , ncdt be the index of the τth visit performed, for c ∈ C, t ∈ T and
d ∈ D, the score collected at visit τ is denoted by wctτ and is computed as wct1 = wct
and wctτ = wcte1−τ. This is imposed to obtain a balanced number of visits among
customers and services.

Overall, the TDMPTOPTW asks to partition the customers into K clusters and
to build a set of routes, one for each cluster and each period, to perform all manda-
tory services and some (or all) optional services within their interdependent time
windows. The aim is to maximize a weighted objective function that considers the
score S of the services that have been actually performed on all clusters and all pe-
riods minus the total working time T used by the entire set of routes. Formally, the
objective function is defined as

max z = αS − βT , (3.1)

with α and β being two non-negative input parameters.

3.4 Solution Algorithm

To solve the TDMPTOPTW, we first take care of the territory design part by build-
ing an initial set of clusters using different methodologies (Section 3.4.1) and then
construct the routes for all clusters by an ILS (Section 3.4.2). While constructing the
routes, we also attempt modifying the initial clusters to explore diverse solutions.

3.4.1 Territory design

We consider four different methodologies to define the initial set of clusters. The first
two are well-known algorithms from the clustering field, namely the constrained
k-means [12] and the k-medoids [50]. Both algorithms are variants of the widely
used k-means clustering algorithm. Still, they differ because the former explicitly
adds constraints to the problem by imposing a minimum number of points (i.e.,
customers) in each cluster. In contrast, the latter uses a medoid instead of a mean
to define the clusters. In summary, the constrained k-means builds a solution by
using the centroids of the clusters while minimizing the sum of the squared distances
within each cluster and satisfying cardinality constraints. In contrast, the k-medoids
achieves the same objective by resorting to the medoids. In our implementation, we
used the γij traveling times as a measure of the distances between points for both
the constrained k-means and k-medoids.

The other two methods are based on MILP models derived from the literature
on Facility Location Problems, specifically, the capacitated p-median and the capaci-
tated p-center problems. The core idea in both methods is to associate cluster centers
with facilities and then use a MILP model to decide where to locate facilities and how
to assign customers to them. Both problems are solved in their capacitated version
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to obtain balanced clusters. We note that these models do not solve the complete
problem (i.e., the TDMPTOPTW) but only the territory design part of it.

Capacitated p-median: Let p = K be the number of clusters to be created and Ω a
maximum number of customers per cluster, which in our implementation we set to
Ω = ⌈|C|/p⌉. Let xij be a binary decision variable taking the value 1 if customer j
is assigned to cluster i and 0 otherwise. Let yi be another binary variable taking the
value 1 if customer i is used to initialize a cluster and 0 otherwise. The capacitated
p-median can be modeled as follows:

min ∑
i∈C

∑
j∈C

γijxij (3.2)

s. t. ∑
i∈C

xij = 1 ∀j ∈ C (3.3)

∑
i∈C

yi = p (3.4)

∑
j∈C

xij ≤ Ωyi ∀i ∈ C (3.5)

xij ∈ {0, 1} ∀i, j ∈ C (3.6)

yi ∈ {0, 1} ∀i ∈ C (3.7)

The objective function (3.2) minimizes the total distance from each cluster center
to each customer assigned to that cluster. Constraints (3.3) ensure that each customer
is assigned to only one cluster. Constraints (3.4) ensure that exactly p clusters are
opened. Constraints (3.5) impose a maximum number of customers to be assigned
to each cluster and also impose that a customer can only be assigned to an opened
cluster. Constraints (3.6) and (3.7) enforce the domain of the decision variables.

Capacitated p-center: The p-center is similar to the p-median, but it uses an addi-
tional continuous variable r that represents the maximum distance from each cus-
tomer to the center of its cluster. The aim is again to assign all customers to p = K
clusters, but now by minimizing the maximum distance r. The resulting MILP
model is as follows:

min r (3.8)

s. t. r ≥ ∑
i∈C

γijxij ∀j ∈ C (3.9)

∑
i∈C

xij = 1 ∀j ∈ C (3.10)

∑
i∈C

yi = p (3.11)

∑
j∈C

xij ≤ Ωyi ∀i ∈ C (3.12)

xij ∈ {0, 1} ∀i, j ∈ C (3.13)

yi ∈ {0, 1} ∀i ∈ C (3.14)
r ≥ 0 (3.15)

The objective function (3.8) minimizes the maximum distance. Constraints (3.10)–
(3.14) are equivalent to constraints (3.3)–(3.7) above, respectively. Constraints (3.9)
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and (3.15) state that r should be non-negative and not smaller than all selected dis-
tances.

3.4.2 Multi-period orienteering by ILS

Once the clusters’ initial configuration has been obtained, we use an ILS algorithm to
tackle the routing component of the TDMPTOPTW. Our ILS is derived from the one
presented in [66], which produces a solution for a single cluster. Instead, we now
consider the joint optimization of all clusters, allowing customers to move from one
cluster to another during the search, thus enlarging the solutions space. The over-
all ILS procedure is presented in Algorithm 4. It builds an initial solution with a
constructive heuristic and then iteratively applies a sequence of perturbations and
local searches to find a local optimal solution. The aim of the perturbation step is to
ensure that the algorithm can escape from local optima and explore different regions
of the search space. Instead, the local search step aims to produce a locally optimal
solution. Both procedures guarantee that the newly produced solutions are feasible;
hence, no repair procedure is needed. The local search employs a VND, an algorithm
that sequentially invokes local search procedures with a set of neighborhoods and
finds a locally optimal solution for this set [32]. The ILS runs until a maximum run
time or a maximum number of iterations without improvement is reached.

Algorithm 4 ILS algorithm
1: procedure ILS(Tmax = max run time, ITER = max n. of iterations, p = perturbation

intensity, G = n. of perturbation structures)
2: ITERATION ← 0 ▷ the number of iterations without improvement
3: g← 1
4: s∗ ← CONSTRUCTIVEHEURISTIC
5: s∗ ← VND(s∗)
6: while ELAPSEDTIME ≤ Tmax AND ITERATION ≤ ITER do
7: s′ ← PERTURBATION(s∗, p, g)
8: s′′ ← VND(s′)
9: if ACCEPT(s∗, s′′) then

10: s∗ ← s′′

11: ITERATION ← 0
12: g← 1
13: else
14: ITERATION ← ITERATION + 1
15: if g ≤ G then
16: g← g + 1
17: end if
18: end if
19: end while
20: return s∗

21: end procedure

Constructive heuristic. The constructive heuristic builds an initial solution to
the problem by employing a greedy mechanism. For each cluster, it sorts the ser-
vices required in each period in a non-decreasing order based on the start time of
their time window. Then, it builds a route for a given cluster and a given period
by starting from the depot and then sequentially adding the services according to
the generated order. The mandatory services are added first, then the optional ones
are added, provided their inclusion is profitable and preserves the route’s feasibility.
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Once no more service can be added to the route, the vehicle is sent back to the depot,
and the heuristic proceeds by initializing a new route (for the next period, and so on
for the other clusters).

Variable Neighborhood Descent. The local search consists of a VND procedure
over the following sequence of neighborhood structures. We implemented six intra-
route neighborhoods. Some are classical neighborhoods from the vehicle routing
literature, whereas others are designed to meet our problem requirements. In the
remove optional neighborhood, we remove an optional service vertex from a route,
thus trying to decrease the working time. In the swap neighborhood, we swap the
positions of two services in the same route. In the 2-opt neighborhood, we swap
two arcs in a route, reversing the visiting order of the services performed between
the two arcs. In the Relocate neighborhood, we move a service to another position
in the same route. In the insert optional neighborhood, we insert an optional and
still unvisited service into a route to increase the collected score. In the Swap op-
tional neighborhood, we swap two optional vertices by letting an unvisited vertex
replace a visited one. The VND starts by exploring the first neighborhood. If no
improvement is found, the search continues with the second one, and so on. If an
improvement is found, the search restarts from the first neighborhood. The VND
ends when no further improvement can be obtained with the last neighborhood.
After preliminary experiments, we observed that all neighborhoods contributed to
improving the solution values on average. At the same time, we also observed that
the last two neighborhoods, namely insert optional and swap optional, required too
much computing time for large instances. To obtain the best performance, we conse-
quently imposed the last two neighborhoods to be invoked only for instances having
not more than 5000 nodes.

Acceptance. An acceptance function is used at each iteration to decide whether
to start the new search from the current solution or to move to a newly generated
one. In our case, a newly generated solution is accepted only if its value, computed
according to Equation (3.1), is better than that of the current solution. We also tested
another common acceptance function based on a simulated annealing approach, in
which worse solutions can be accepted throughout iterations according to a given
probability that depends on their quality. Preliminary experiments showed that this
acceptance function led to worse results than those obtained with the previous one,
and we thus disregarded it.

Perturbation procedure. The perturbation procedure is a crucial component that
enables the algorithm to escape from locally optimal solutions and explore other re-
gions of the search space. We use three large inter-period and inter-cluster neighbor-
hoods at each iteration, namely relocate inter-period, swap inter-period, and cluster
change, invoked one after the other as depicted in Algorithm 5.

In the relocate inter-period neighborhood, we randomly select a cluster and two
periods, d1 and d2. We then randomly select an optional service currently performed
in d1, and that could also be performed in d2. We try to relocate it to d2. Namely, we
first select a service i1 in the route of period d1 that is associated with an optional
service that could be performed both in d1 and d2. We then remove the service from
the route in d1 and try to insert it in every position of the route in d2.

In the swap inter-period neighborhood, we operate in a similar way. We randomly
select a service i1 performed in the route of period d1 that is associated with an op-
tional service in both periods d1 and d2. We then try to swap it with another service
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Algorithm 5 Perturbation procedure
1: procedure PERTURBATION(s, p, g)
2: if g == 1 then
3: s← RelocateInterPeriod(s, p)
4: else if g == 2 then
5: s← SwapInterPeriod(s, p)
6: else
7: s← ClusterChange(s)
8: end if
9: return s

10: end procedure

i2 performed in day d2. In either case, a move is applied, independently of the cost, if
it succeeds in producing a feasible solution, otherwise it is rejected. Either neighbor-
hood proceeds until a certain amount p of successful moves have been produced, or
µ(d1)µ(d2) attempts (either successful or unsuccessful) have been performed, where
µ(d) gives the number of services performed in period d.

The cluster change neighborhood works differently. We create a list of all cus-
tomers whose distance from the medoid of their current cluster is higher than the
distance to the medoid of another cluster. All customers in the list are then moved,
one at a time, from their current cluster to their closest one. Next, all routes of the
clusters involved in the move are reconstructed. Unlike the two previously pre-
sented perturbations, the cluster change does not use a limited number of attempts
but continues as long as there are customers to be moved.

3.5 Computational results

In this section, we present the outcome of the computational tests we have per-
formed to assess the performance of our solution algorithm. The algorithm was
coded in Python 3.7.3 and executed on a single thread. The MILP models were
solved with Gurobi 9.5, invoked with its default configuration. The machine used
for the experiments has a processor AMD Opteron(tm) 6376 (16M Cache, 2.3 GHz,
32 cores) and 64 GB of RAM. The k-means and k-medoids algorithms were imple-
mented using Python’s scikit learn package [49]. The time limit of the ILS was set to
K CPU hours, with K being the given input number of clusters of the instance to be
solved, while ITER was set to 100 after preliminary calibration tests.

The algorithm was tested on real-world instances derived from Coopservice’s
everyday activities. The traveling times were obtained by computing the shortest
paths (between each pair of customers, and each customer and the depot) on the real
road network via OpenStreetMap (https://www.openstreetmap.org/). The value
of Qmin was set to 75%, and that of δmin to 90 minutes. The company operates a set of
|T| services, whose score for the first visit was set to wct ∈ {1, 6, 9, 10}, respectively.

We first report in Table 3.1 the objective function values of the solutions obtained
by the constructive heuristic (i.e., step 3 of Algorithm 4) when the different clustering
methods of Section 3.4.1 are adopted. The solution values are computed using Equa-
tion (3.1). Column company reports the values obtained by the heuristic when using
the clusters currently in use at the company. In contrast, the other four columns
report the values obtained with the clusters originated by the four territory design
methods we implemented.

https://www.openstreetmap.org/
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Each instance corresponds to a province in Table 3.1. For each such province, we
show the number of clusters (#), which also corresponds to the number of patrols,
the total number of customers (|C|), and the total number of requested services (n).
The last line reports the average values of each column. The best value obtained
for each instance is highlighted in bold. The ten instances provide an interesting
and diversified test bed, with a number of clusters ranging from 2 to 10, a number
of customers ranging from 43 to 679, and a number of requested services, either
mandatory or optional, from 171 to 7812. The car patrolling activities occur over a
time span of D = 7 days in all instances.

We observe that the clusters adopted by the company in Table 3.1 are a good
starting point and allow the constructive heuristic to find the best solution values for
two out of ten instances. The best results, on average, are obtained with the clusters
originated by the constrained k-means algorithm (c. k-means for short in the table),
which also leads to three out of ten best solutions. The k-medoids approach leads
to less predictable results, with some low-quality solutions (e.g., for Bologna and
Reggio Emilia) and some very high-quality ones (e.g., for Mantova, Pescara, Rimini,
and Rome). Clusters obtained with the MILP models for the capacitated p-median
and capacitated p-center are competitive only in a few instances (e.g., Mantova).

Table 3.2 reports the objective function values of the solutions obtained with the
ILS. We have again attempted the five territory-design configurations of Table 3.1,
but now, for each configuration, we ran the ILS with and without the cluster change
(CC) perturbation procedure. The last two lines give, respectively, the average val-
ues of each column and the percentage improvement with respect to the constructive
heuristic executed with the same configuration. The improvement is computed as
100(zILS − zconstructive)/zconstructive.

Table 3.1: Solution values obtained by the constructive algorithm under dif-
ferent initial cluster configurations.

Instance # |C| n company c. k-means k-medoids p-center p-median

Bologna 8 239 2733 40601.1 21067.4 36549.2 32250.9 33616.1
Ferrara 7 236 1812 44781.5 42198.4 40363.8 40363.8 38935.6
Forli 8 407 2695 58562.2 65736.4 40050.6 37824.8 48803.9
Mantova 2 43 171 3423.1 3054.1 3440.9 3440.9 3440.9
Parma 5 289 2952 62982.7 63996.1 31502.7 39160.6 45928.9
Pescara 4 227 1370 32302.2 31306.8 32390.0 31726.1 32248.9
Ravenna 5 172 1382 28755.2 29340.6 29263.1 29355.3 29176.5
Reggio Emilia 10 679 7812 95254.6 109834.9 92291.8 93063.4 96162.4
Rimini 4 154 987 17472.1 17369.0 17728.2 17615.4 17167.4
Rome 8 118 1234 19164.7 19633.2 20607.1 19050.8 19586.4

AVG solution value 40329.9 40353.7 34418.7 34385.2 36506.7

The results in Table 3.2 show that, by considering both CC and no CC, our algo-
rithm can improve the current solutions obtained with the clusters adopted by the
company (company and no CC) for eight out of ten provinces. The clusters adopted
by the company prove once more to be a good starting point for the ILS, but the con-
strained k-means clusters provide slightly better results. Indeed, by considering the
overall average solution value, we can notice that the constrained k-means outper-
forms all other methods. By comparing the company clusters with those generated
by the constrained k-means with CC, we can also notice that the latter algorithm
obtains an average improvement of 1.38% concerning the former.

The k-medoids, the p-center, and the p-median clusters can produce the best so-
lution for Mantova, which is the smallest instance of the entire test set. The p-center
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also obtains the best solution value for Rome. All methods consistently improve
the initial constructive heuristic, proving the efficiency of the ILS’s iterative phase.
The most notable improvement is obtained with the ILS running with k-medoids
and CC, improving the constructive by 24%. With the exception of the p-median
method, the use of CC always leads to equal or better results than those obtained
without CC.

In Figure 3.2, we compare the computational effort required by the ILS under
the constrained k-means configuration to produce the incumbent solution. For each
instance, we contrast the values obtained with (in orange) and without (in blue) CC.
The computational times are expressed in seconds. With the exception of Mantova,
where the computational time is close to zero as the incumbent solution is found
very early, the ILS needs a considerable amount of time to reach the incumbent.
This is compatible with its strategic use, as its main purpose is to properly partition
the customers in clusters for the company. The results also show that using the
CC perturbation does not increase the time needed to find the incumbent (while it
helps improving the solution quality, see Table 3.2), and in some cases it consistently
reduces it (e.g., for Forli, Pescara, and Ravenna).

Figure 3.2: Computational times (in seconds) required to find the incumbent
solutions by the ILS with the constrained k-means.

3.6 Conclusions and future research

This study has addressed a real-world car patrolling application that a large Italian
service company faces. The problem consists of planning the routes that a fleet of
patrols has to perform to deliver different security services to private customers.
Each patrol takes care of a cluster of customers, serving them on a weekly basis.
Not all services can be performed, but a minimum service level must be imposed to
guarantee that a minimum percentage of services is satisfied.
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The resulting optimization problem is a very challenging variant of the team ori-
enteering problem that includes complicating additional constraints (especially the
one on interdependent time windows). Due to its strong NP-hardness, we have
chosen to solve it through a metaheuristic approach. In more detail, we have devel-
oped a two-step algorithm composed of clustering and routing subproblems. Sev-
eral methods have been tested for the clustering subproblem, including some clas-
sical algorithms from the machine learning field and some MILP models. An ILS
equipped with an inner VND was proposed for the routing component. An extra
intra-cluster neighborhood structure was also included in the ILS to enable changes
in the initial set of clusters, which is performed during the ILS iterations.

Our algorithm was tested on real-world instances that the company provided.
The results showed an improvement for eight out of ten instances concerning a pre-
vious ILS that did not consider cluster modifications, showing that the proposed
methodology can be very well suited to the context of the strategic company’s op-
erations. The only concern arising from our results is that such improvements are
scattered across our several clustering algorithms. We have thus advised the com-
pany to use the algorithm in a multi-start way since the initial clustering is to be
done only once. Then, as future research, we plan to produce a unique algorithm
that gathers together the best aspects of the different components we tested.

For future studies, we also intend to extend this work to include dynamic stochas-
tic features in our routing algorithm. This will allow it to consider the possible
triggers of alarms that patrols must check upon demand. The resulting algorithm
should run with low computing times so as to be used dynamically. Another topic
for future studies is modeling the minimum time between two visits to the same cus-
tomer for the same service as a soft constraint. This would be obtained by imposing
an additional penalty in the objective function, and it could enable the solution al-
gorithm to consider a wider set of solutions.
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Chapter 4

A scenario-based metaheuristic for
the multi-period team orienteering
problem with time windows and
stochastic demands*

4.1 Introduction

Ensuring a secure environment is of great importance for business owners, as it is
essential for protecting assets and maintaining uninterrupted operations. A funda-
mental component of security involves conducting regular patrols to monitor critical
locations, deter potential threats, and facilitate rapid response to incidents. In many
cases, the limited availability of public security measures require a significant role
for the private security sector. This sector has experienced consistent growth, reach-
ing a valuation of $180 billion in 2017, with projections indicating continued expan-
sion in subsequent years. This trend is further underscored by data revealing that in
half of the world’s countries, the number of private security personnel exceeds that
of public law enforcement officers [22].

From a managerial perspective, asset security comes in many forms, one of them
being the patrolling. It consists of motorized or on-foot guards covering an area in
which it is desired to reduce the chances of potential crimes that may disrupt busi-
ness operations. Such type of service is provided by Coopservice, a major Italian
service provider (https://www.coopservice.it/), that operates in the security mar-
ket by providing patrolling services to customers across multiple Italian provinces.
The business model of the company works as follows. Upon contract, interested
business owners define a range of security related services that they want to be per-
formed in their properties. With the demand for services provision set on a weekly
basis, patrols will be designated to accomplish the demands in a defined territory
throughout a working shift.

The problem, known as the Car Patrolling Problem (CPP), is structured as fol-
lows. At the provincial level, each province is divided into distinct patrolling terri-
tories, with a single vehicle assigned to each territory to address service demands.
These demands encompass a variety of tasks, such as opening and closing gates,
conducting internal patrols within buildings, and investigating potential criminal

*The results of this chapter appears in: Corrêa, V. H. V., Alves de Queiroz, T., Iori, M., Dos Santos,
A. G., Yagiura, M., & Zucchi, G. (2024, December). "A scenario-based metaheuristic for the multi-
period team orienteering problem with time windows and stochastic demands". Working paper, Uni-
versity of Modena and Reggio Emilia.[16]

https://www.coopservice.it/
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activities. The services are classified as either mandatory or optional and must be
performed within specified time windows.

Mandatory services are further classified based on their priority. Services with
a defined priority index must adhere to a predetermined order of execution, while
those without a priority index must still be completed but lack an explicit sequence.
Mandatory services are divided into two types: (i) ordinary mandatory services,
which resemble optional services but differ by being compulsory, and (ii) uncertain
alarm triggers, which are not known in advance and occur probabilistically.

The customers who require the services are geographically dispersed in a large
area and consequently divided into clusters. Each cluster is assigned a unique pa-
trol, which performs one daily route to visit customers and execute the requested
services. This is an important characteristic of how the company provides the pa-
trolling service. Having patrols assigned consistently to the same cluster of cus-
tomers allows them to perform the patrols more efficiently over time due to accu-
mulated knowledge of the area.

Figure 4.1 illustrates the distribution of customers in the province of Parma, Italy,
highlighting their division into clusters. While the cluster configuration remains
fixed from day to day, the routes within each cluster may vary depending on the
specific services required on a given day. These service requirements are determined
by the contracts established with the company and can differ based on the day of the
week. In previous research on this problem [66], the company’s cluster configura-
tion was treated as a fixed input, and the resulting routing problem was addressed
independently within each cluster using an Iterated Local Search (ILS) approach. In
subsequent research [16], we allowed for modifications to the cluster configurations,
thereby integrating the multi-period routing component with the cluster design (also
referred to as territory design), and exploring solutions over the entire set of clusters.

In this work, we extend the prior research by introducing a key advancement:
accounting for uncertainties where some service requests, such as the verification of
alarm triggers, may not be known in advance, leading to stochastic information. This
extension aims to address the patrolling operation as a whole, ultimately improving
the quality of service while addressing the increased complexity of the resulting
stochastic problem.

Figure 4.1: Customers in the Parma province, divided by clusters (solution
adopted by the company).

The resulting optimization problem involves several operational constraints. Each
customer may require multiple services and visits during the same period for each
such service. The services must be performed within hard time windows, and each



4.2. Literature review 41

route performed by a patrol should not exceed a maximum working time. If a cus-
tomer requires multiple visits for the same service in the same period, two consec-
utive visits should be separated by at least a given threshold time (e.g., 90 minutes
or so). During the execution of their routes, patrols may have to perform services
that were not initially scheduled, like verifying the triggering of an alarm. When
these happen, the patrol needs to verify them immediately, and upon completion,
the patrol can continue with the other services.

This research aims to develop solutions methods for the problem englobing all
the operational constraints presented. We tackle in two ways. First, a two-stage
stochastic programming formulation of the problem is developed [7, 10]. The first
stage comprises the routing of the deterministic part of the problem. The second
stage composes the realization of the scenarios that are built over the stochastic data
representing a probabilistic occurrence of alarms. Next, we present an algorithm
based on the ILS metaheuristic. The algorithm counts with a recourse function to
estimate the patrolling performance within scenarios. The estimated objective func-
tion value is then used to guide the algorithm towards our objective. This approach
has been widely used in the literature to address complex stochastic problem where
a deterministic solution has been previously developed [35].

The structure of this paper is as follows: Section 4.2 provides a review of the
relevant literature on the problem. In Section 4.3, the overall problem is formally
defined. Section 4.4 introduces the deterministic equivalent model derived from the
two-stage stochastic programming formulation, offering a mathematical formaliza-
tion of the problem. In Section 4.5, a scenario-based metaheuristic is proposed to ad-
dress real-world instances. Section 4.6 presents the computational results obtained
using the proposed model and metaheuristic. Finally, Section 4.7 offers concluding
remarks and outlines directions for future research.

4.2 Literature review

The form of the car patrolling problem that we present is unique, and no other study
has addressed it in this exact way. However, several studies in the literature relate
to our problem, as they address its components either directly or indirectly. The im-
mediate resemblance is with the vehicle routing problem (VRP) [18], where we must
route a vehicle through a set of points. However, due to additional constraints, not
all points require visits, and those that are visited award a score. This makes our
problem similar to a VRP generalization known as the orienteering problem (OP)
[25] while retaining core VRP characteristics. Additionally, certain demands in our
problem are stochastic, with some points requiring service based on probabilistic
events, further distinguishing it from classical VRP and OP formulations. Together,
these characteristics place our problem within the class of NP-hard problems, mak-
ing it challenging to address, especially for real-world instances.

The OP serves as a primary reference for our car patrolling problem due to its
emphasis on selective visitation, where each chosen point offers a reward. In the OP,
the objective is to maximize the accumulated score within constraints such as time
or distance, aligning well with patrolling requirements where certain locations are
optional but yield a benefit upon visitation. Several comprehensive reviews have
been published on the OP [29, 65]. Specifically, [65] provides a formal description
of the most significant problem variants and an overview of the existing exact and
heuristic algorithms. Meanwhile, [29] presents a computational comparison of eight
algorithms for the team orienteering problem with time windows, concluding that
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the ILS proposed by [28] consistently produced the best average solutions. Addi-
tionally, surveys on related problem classes have been conducted by [23], focusing
on tourist trip design problems, and by [6], discussing vehicle routing problems with
profits.

Despite normally not requiring mandatory visits, few studies have incorporated
this characteristic in the OP. A hybrid heuristic composed of a greedy randomized
adaptive search procedure GRASPs and a variable neighborhood search (VNS) was
proposed by [47]. The hybrid heuristic takes advantage of the multi-start feature
of the GRASP to generate initial solutions that are then optimized with the VNS.
The authors reported that the heuristic was able to find 128 optimal solutions on
a set of 131 instances, requiring, on average, only 0.8% of the time required by an
mixed integer linear programming MILP model solved with a commercial solver.
Continuing on this trend, a memetic algorithm was proposed by [43]. Utilizing a
tabu search procedure aggregated in a genetic algorithm framework, the authors
report improving 104 best known solutions for the set of 340 instances they use, and
also report to have found 22 proven optimal solutions.

A novel variant of the Orienteering Problem (OP), incorporating service time-
dependent profits and time-dependent travel times, was examined by [38]. The au-
thors developed a Mixed-Integer Linear Programming (MILP) model and a Variable
Neighborhood Search (VNS) metaheuristic, employing three specialized neighbor-
hood structures: insertion, replacement, and swapping. The VNS was validated us-
ing a set of benchmark instances with known optimal solutions, achieving improve-
ments or matches in 29 out of 36 cases. Subsequently, the approach was applied to a
case study based on the city of Shiraz, Iran, where the VNS demonstrated the ability
to produce high-quality solutions for real-world instances.

Tourism tour recommendation represents a recurrent application of the OP and
shares several similarities with the CPP. In most instances of this type, visiting all
points is not mandatory, and it is common to assign scores to visits to reflect user
preferences. Motivated by this application, [28] proposed an Iterated Local Search
(ILS) algorithm to address the problem. The algorithm begins with a greedy con-
structive heuristic that incrementally builds a solution by inserting visits into the
route until a feasible solution is achieved. Perturbation is introduced by randomly
removing visits from the solution, while local search is performed using swap and
2-opt operators. The algorithm was later extended in two subsequent studies [26,
27] with the incorporation of additional components, including new local search
operators (swap1, swap2, 2-opt, move, insert, and replace) and hybridization with
simulated annealing. Across a set of benchmark instances, the proposed method
improved 31 best-known solutions and demonstrated suitability for real-world in-
stances, producing high-quality solutions within reasonable computational times.

In the study presented by [39], the problem named personalized multi-period
tour recommendation problem is addressed. The goal is to generate tours, including
mandatory and optional visits, while maximizing the total collected score for the
optional ones. Similar to the CPP, features like multiple periods of visits and time
windows are considered. The problem is solved by means of iterated table search
and is computationally evaluated by using two data sets, one from the literature and
the other generated with real-world data. The algorithm uses several local search
movements based on edge-exchange, namely intra-route and inter-route 2-opt, 1-
0 relocate and 1-1 exchange. In the literature instance set, the algorithm produced
several new best known solutions; while in the real-world instances, the algorithm
was capable to generate tours respecting all the constraints of the problem.
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In another study by [30], another tourism route recommendation application is
addressed by means of MILP model and ILS metaheuristic. The goal is to opti-
mize touristic routes, considering constraints such as visit redundancy avoidance
and time windows. The ILS could almost match the results obtained by the MILP
model solved with Gurobi for smaller instances, and for larger ones, it provided bet-
ter solutions in most cases. This is a recurrent observation, when it comes down to
OP applications. Model are used to address smaller instances and to access heuris-
tic’s reliability.

Two-stage heuristics have been effectively applied by leveraging problem de-
composition and sequential resolution of interdependent components. For instance,
[71] addresses a multi-period orienteering problem where a salesperson must visit
a subset of customers within their time windows to maximize expected sales from
product adoption. In their proposed two-stage heuristic, the first stage selects the
customers to be visited, while the second stage solves a vehicle routing problem
for the chosen subset. This approach aligns with the decision-making process of
the salesperson upon arriving at customer sites and is validated using an adapted
dataset from the vehicle routing problem with time windows. Similar applications
of two-stage heuristics can be found in [63] and [34]. [63] employs a two-stage ap-
proach to solve the VRP logistics distribution. The problem is divided in two stages
where the first consists in the distribution region partitioning and the second the
routing phase. It is solved by hybrid genetic beam search algorithm. Likewise,
[34] addresses a service scheduling problem, where the first stage prioritizes tasks,
and the second stage allocates resources to minimize operational costs. Both studies
demonstrate the flexibility and effectiveness of two-stage heuristics in decomposing
complex combinatorial problems.

Regarding the stochastic aspects of our problem, several comprehensive studies
have reviewed stochastic features in routing problems [8, 45, 46, 54]. Stochasticity
in these problems can manifest in various forms. A consensus established by these
surveys is that variants with stochastic demands are the most prevalent in the lit-
erature. This aligns with our problem, where certain demands are characterized
probabilistically. Notably, [46] and [45] form a two-part survey that provides an in-
depth examination of models and solution methods. These studies emphasize that
both exact and heuristic methods are employed to address these problems, though
heuristic methods are more frequently utilized, with local search-based approaches
being particularly prominent. It is evident that these problems become increasingly
challenging as additional constraints are introduced. Consequently, simpler solu-
tion methods have often been employed successfully, given their typically robust
performance.

In the domain of stochastic orienteering problems, one can observe a concentra-
tion of studies focusing on stochasticity manifesting in collected profit (score) [33]
and travel times [14, 21]. However, some studies relate to our by the name of proba-
bilistic OP [3]. In this OP variant, a set of customers availability is given by probabil-
ity. The goal is to maximize the difference between the total collected score and the
total travelling time. The problem is dealt with by means of exact and heuristic algo-
rithms, and the solution quality is evaluated by comparing how a deterministically
obtained solution would behave in a stochastic scenario.

A systematical review has addressed a general framework to extend heuristics to
deal with stochastic optimization problems [35]. The goal was to demonstrate that
already existing algorithms for deterministic problems can be extended with minor
additions to address their stochastic counterpart. The proposed framework is com-
posed by a traditional heuristic that is incremented with a simulation method that is
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capable to evaluate a deterministically generated solution in a set of scenarios. This
is then used to guide the algorithm towards solutions that better suit the stochastic
realizations. This approach has been successfully used in several applications [9, 37,
48].

4.3 Problem description

In this section, we formally describe the stochastic optimization problem we face,
which we call the multi-period team orienteering problem with time windows and stochastic
demands (MPTOPTWSD). We adopt the notation in [66] but extend it to the stochastic
demand aspects. We are provided with a directed graph G0 = (C0, A0), where the set
of nodes is C0 = {0}∪C. Here, 0 represents the depot from which all vehicles depart
and to which they return, while C = {1, . . . , |C|} represents the set of customers.
The graph is complete and asymmetrical, and each arc (i, j) ∈ A0 is associated with
a travel time γij, where we impose γii = 0 for all i. Also, every customer c ∈ C is
associated to a cluster k ∈ K that represents a patrolling territory given as an input.

Let T denote the complete set of services provided by the company, which in-
cludes tasks such as closing or opening a commercial activity, inspecting a private
residence, or responding to an alarm trigger. Each service t ∈ T is associated with
a standard service time qt, representing the time required for a patrol to execute the
service. The set of services is categorized into two primary types: mandatory ser-
vices, denoted by M, and optional services, denoted by U, such that T = M∪U. Ad-
ditionally, a third category of services, represented by H, comprises alarm-triggering
events. These services are also mandatory but are characterized by an associated
random probability.

The activities are performed over a time span of D periods, where each period
d ∈ D corresponds to the working shift of a patrol. Each customer c ∈ C requires
services only during a subset Dc ⊆ D of these periods and those should be pro-
visioned by the same patrol, i.e., they should be part of the same cluster k ∈ K.
Formally, we define Tcd ⊆ T as the subset of services to be performed for customer c
during period d, and we partition it as Tcd = Mcd ∪Ucd, where Mcd ⊆ M represents
the mandatory services and Ucd ⊆ U denotes the optional services. Consequently,
the number of visits required per period is not fixed and may vary from one period
to another for each customer, so we define Cd as the subset of customers who have
requested at least one service during period d. Furthermore, we define ncdt as the
number of times service t is required by customer c during period d, and n̄cdt as the
number of services actually performed in a given solution, with 0 ≤ n̄cdt ≤ ncdt. It
is essential for the company to ensure that the quality of service meets a minimum
standard. The quality of service (QoS) is defined as the ratio of services completed
across all periods and clusters, given by

Q =
∑c∈C,d∈Dc,t∈Tcd

n̄cdt

∑c∈C,d∈Dc,t∈Tcd
ncdt

.

To guarantee that the desired level of service is achieved, Q must be greater than or
equal to a predefined threshold value Qmin.

Additionally, set H contains the alarm events that may occur within a whole
week period with a given probability and require attention. We formalize this by
defining Hcd as the set of expected alarm occurrences for customer c during period
d. We define the set Ω as the power set 2H = {S | S ⊆ H} representing all possible
scenario realizations. We consider that alarms triggered are independent; thus, the
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probability of each scenario is set by the product of each alarm’s probability in it,
i.e., P(ω) = ∏h∈ω p(h). The number of scenarios is exponential; hence, we rely on a
scenario reduction method that is described later.

Upon arrival at a customer, the patrol shall perform the requested services fol-
lowing some constraints. First, a service t required by customer c in period d is
associated with a time window [ecdt, lcdt], which represents the earliest and latest
possible times to start the provision of the service. Arriving after lcdt is not allowed,
but if the patrol arrives before ecdt, is allowed to wait until the time window opens
to start the service provision. Alarms are not subjected to a formal time window, but
rather they count with a triggering time. Also, a maximum response time is set and
together with the triggering time compose a time window for the alarm [ecdt, lcdt],
where ecdt is the triggering and lcdt is ecdt plus the desired response time.

Customers may require multiple visits during the same period (e.g., to check
their property twice or more per night). In those cases, the start times of any two
such visits should be separated by at least a given threshold δmin. The resulting time
windows for the successive visits are thus interdependent [19], and the threshold
value serves to obtain a balanced patrol so that the visits are not too close.

The depot is also subjected to a time window represented by [e0, l0]. It has the
purpose of imposing the maximum working time of each period and limit the max-
imum route duration to the shift duration. For each period, a patrol starts its route
at the depot, visits some (or all) customers to execute mandatory and some (or all)
optional services, and eventually returns to the depot. The working time of a route
is defined as the difference between the time the vehicle returns to the depot and the
beginning of the shift (i.e., e0).

Each service is assigned a priority bct, associated with a customer c ∈ C and a
service t ∈ T. Based on this priority, a weighted scoring function is employed to de-
termine the score collected during each visit. The score is defined as wctτ = bcte1−τ,
where c and t represent the customer and the service, respectively, and τ denotes the
number of the visit being performed. Specifically, the first visit collects the full score
since τ = 1 yields wctτ = bct. For subsequent visits, as τ increases, the score collected
decreases. This approach ensures that over time, high-priority services accrue a di-
minishing score, thereby increasing the likelihood of lower-priority services being
performed. The objective is to achieve a more balanced and equitable allocation of
services.

In summary, the MPTOPTWSD aims to construct a set of routes for each clus-
ter and period, ensuring that all mandatory services are completed and that some
or all optional services are performed within their respective, interdependent time
windows. The routes must also account for the potential demand for alarm triggers,
which are determined by a probability of occurrence. The objective is to maximize
a weighted function that evaluates the expected realization of scenarios, weighted
by their respective probabilities P(ω). This function incorporates the score Sω, rep-
resenting the services completed across all clusters and time periods, and subtracts
the total working time T ω for the entire set of routes. Both components are scaled
by their respective balancing factors, α and β. Formally, the objective function is
defined as:

max z = ∑
ω∈Ω

P(ω)(αS→ − βT →) (4.1)

where Ω denotes the set of scenarios.
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4.4 Stochastic programming formulation

For the MPTOPTWSD, we developed a two-stage integer linear programming model
[60]. The first stage is responsible for determining the routing configuration, which
the second stage will use to address scenario realizations. We define an extended
graph G = (Vdk, Adk), in which each vertex represents a visit to a customer to
perform a service. Specifically, let Vdk be the set of vertices representing all pos-
sible visits associated with the services requested by all customers in period d ∈
D and cluster k ∈ K. Let n = | ∪d∈D Vdk| be the total number of vertices, not-
ing that by construction, n = ∑c∈C,d∈D,t∈T ncdt. Additionally, let V0

dk = Vdk ∪ {0}
and Vn+1

dk = Vdk ∪ {n + 1}, where 0 and n + 1 are copies of the depot represent-
ing, respectively, the start and end of the route for each period d ∈ D. Hence,
V0(n+1)

dk = Vdk ∪ {0} ∪ {n + 1}. The overall set of vertices in G is then defined as
V = {0} ∪ {∪d∈D,k∈KVdk} ∪ {n + 1}. The graph G is further extended to accommo-
date the alarms in the scenarios Ω. For each ω ∈ Ω, we derive the set Vω

dk = Vdk ∪ω.
Figure 4.2 depicts the set Vdk and Vω

dk for a single route, graph V00, and three scenar-
ios: V0

00, V1
00, and V2

00. The graph V00 is the equivalent of Vdk for d = 0 and k = 0,
while the following graphs represent Vω

dk for three scenarios. The vertex d represents
the depot, enumerated vertices represent the mandatory and optional services, and
vertices labeled a represent alarms.
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Figure 4.2: Model representation and an example solution.

We define Vcdt as the subset of Vdk representing the ncdt visits for service t ∈
T requested by customer c ∈ C that belongs to cluster k ∈ K in period d ∈ D.
Each vertex v ∈ Vcdt is associated with the standard service time of service t and
the time window requested by customer c for this service. The graph is complete,
asymmetrical, and we associate with each arc (i, j) ∈ A a traveling time γij that is
equal to the traveling time between the two customers associated with vertices i and
j, respectively. Namely, by considering two customers i ∈ Vcdt and j ∈ Vĉd̂t̂, we set
γij = γ′cĉ (and note that, consequently, γij = 0 when c = ĉ).

As we develop a two-stage stochastic programming model, the first stage of the
problem is related to decisions here-and-now involving the definition of the routing
schedule disregarding the occurrences of alarms. In the second stage, wait-and-
see decisions are made considering provision of alarms verifications. The objective
maximizes the expected total collected score while minimizing the expected total
working time.

For what concerns the scores, we use wvdk to denote the score associated vertex
v ∈ Vdk in period d ∈ D and cluster k ∈ K. The value of wvdk is equal to the
score associated with the corresponding visit. It is important to notice that vertices
in each subset Vcdt are sorted by decreasing score. That is, the first vertex in Vcdt
corresponds to the first visit to perform service t at customer c in period d and hence
has the highest score, the second vertex corresponds to the second visit and hence
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has the second highest score, and so forth, for each c ∈ Cd, t ∈ T, and d ∈ D. We also
define ϵ as a punishment factor to be added in the objective function for mandatory
services that are cancelled during the scenarios realizations.

The deterministic equivalent formulation of the two-stage stochastic problem has
the following decision variables:

• xijdk takes value 1 if the patrol moves from vertex i ∈ V0
dk to vertex j ∈ Vn+1

dk in
period d ∈ D, cluster k ∈ K, 0 otherwise;

• xω
ijdk takes value 1 if the patrol moves from vertex i ∈ Vω0

dk to vertex j ∈ Vω(n+1)
dk

in period d ∈ D, cluster k ∈ K, scenario ω ∈ Ω, 0 otherwise;

• yvdk takes value 1 if vertex v ∈ V0(n+1)
dk is visited in period d ∈ D, cluster k ∈ K,

0 otherwise;

• yω
vdk takes value 1 if vertex v ∈ Vω(n+1)

dk is visited in period d ∈ D, cluster k ∈ K,
scenario ω ∈ Ω, 0 otherwise;

• svdk gives the time at which the patrol arrives at vertex v ∈ V0(n+1)
dk in period

d ∈ D, cluster k ∈ K;

• sω
vdk gives the time at which the patrol arrives at vertex v ∈ Vω(n+1)

dk in period
d ∈ D, cluster k ∈ K, scenario ω ∈ Ω;

The two-stage stochastic programming is defined with the objective function
(4.2) and constraints (4.3)-(4.24):

max z = ∑
ω∈Ω

P(ω)(α( ∑
d∈D

∑
k∈K

∑
v∈Vω

dk

wvdkyω
vdk − ϵ ∑

d∈D
∑
k∈K

∑
v∈Vobr.

dk

wvdk(yvdk − yω
vdk))− β ∑

d∈D
∑
k∈K

sω
adk)

(4.2)

s. t. ∑
j∈Vn+1

dk

x0jdk = ∑
i∈V0

dk

xi(n+1)dk= y0dk = y(n+1)dk = 1, d ∈ D, k ∈ K (4.3)

∑
i∈V0

kd

xivdk = ∑
j∈Vn+1

dk

xvjdk = yvdk, v ∈ Vkd, d ∈ D, k ∈ K (4.4)

∑
k∈K

∑
v∈Vcdt

yvdk = ncdt, c ∈ C, d ∈ Dc, t ∈ Mcd (4.5)

sidk + qi + γij −M(1− xijdk) ≤ sjdk, i ∈ V0
dk, j ∈ Vn+1

dk , d ∈ D, k ∈ K (4.6)

sidk ≥ eidk −M(1− yidk), i ∈ V0
dk, d ∈ D, k ∈ K (4.7)

sjdk ≤ ljdk +M(1− yjdk), j ∈ Vn+1
dk , d ∈ D, k ∈ K (4.8)

sjdk − sidk ≥ δmin −M(2− yidk − yjdk), i, j ∈ Vcdt : i < j, t ∈ Tcdk,

c ∈ C, d ∈ D, k ∈ K (4.9)
1
n ∑

k∈K
∑

d∈D
∑

v∈Vdk

yvdk ≥ Qmin, (4.10)

∑
j∈Vω(n+1)

dk

xω
0jdk = ∑

i∈Vω0
dk

xω
i(n+1)dk = yω

0dk = yω
(n+1)dk = 1, d ∈ D, k ∈ K, ω ∈ Ω (4.11)

∑
i∈Vω0

kd

xivdk = ∑
j∈Vω(n+1)

dk

xvjdk = yvdk, v ∈ Vω
kd, d ∈ D, k ∈ K, ω ∈ Ω (4.12)

sω
idk + qi + γij −M(1− xω

ijdk) ≤ sω
jdk, i ∈ Vω0

dk , j ∈ Vω(n+1)
dk , d ∈ D,

k ∈ K, ω ∈ Ω (4.13)

sω
idk ≥ eidk −M(1− yω

idk), i ∈ Vω0
dk , d ∈ D, k ∈ K, ω ∈ Ω (4.14)
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sω
jdk ≤ ljdk +M(1− yω

jdk), j ∈ Vω(n+1)
dk , d ∈ D, k ∈ K, ω ∈ Ω (4.15)

sω
jdk − sω

idk ≥ δmin −M(2− yω
idk − yω

jdk), i, j ∈ Vcdt : i < j, t ∈ Tcdk,

c ∈ C, d ∈ D, k ∈ K, ω ∈ Ω (4.16)

yω
idk = 1, i ∈ Vω

kd ∩ H, d ∈ D, k ∈ K, ω ∈ Ω (4.17)

yω
jdk ≤ yidk, i = j, i ∈ Vkd, j ∈ Vω

kd, d ∈ D,

k ∈ K, ω ∈ Ω (4.18)

xijd ∈ {0, 1}, i ∈ V0
d , j ∈ Vn+1

d , d ∈ D (4.19)

xω
ijd ∈ {0, 1}, i ∈ V0

d , j ∈ Vn+1
d , d ∈ D, ω ∈ Ω (4.20)

yvd ∈ {0, 1}, v ∈ Vd ∪ {0, n + 1}, d ∈ D (4.21)

yω
vd ∈ {0, 1}, v ∈ Vd ∪ {0, n + 1}, d ∈ D, ω ∈ Ω (4.22)

sid ≥ 0, i ∈ Vd ∪ {0, n + 1}, d ∈ D (4.23)

sω
id ≥ 0, i ∈ Vd ∪ {0, n + 1}, d ∈ D, ω ∈ Ω. (4.24)

The objective function (4.2) is divided in two components. The first is the value
associated with the average weighted sum of the total collected score. This is done
by summing up the total collected score and later decrementing the score of manda-
tory services cancelled during the realization of scenarios. The second component is
the total working time. They are both multiplied by, respectively, α and β. This is the
second phase objective, where with the previous phase realized, we aim to optimize
the routes according to the expectation criteria established by the company. The
function is weighted by the probability of each scenario. Constraints (4.3) to (4.10)
concerns the first stage. Constraints (4.3) and (4.4) imposes the route connectivity.
While the former is responsible for depot nodes, the latter is responsible for services
node. Constraints (4.5) impose that all mandatory services should be performed.
Constraints (4.6) enforce the arrival time in each vertex while Constraints (4.7) and
(4.8) impose time windows to be respected. Constraints (4.9) guarantee that visits
for the same service required by a customer are separated by at least δmin units of
time. Constraints (4.10) imposes the minimum QoS. Constraints (4.11) to (4.16) refer
to the second stage and follow the same pattern from Constraints (4.3) to (4.9), with
the difference that they are valid for each scenario composed by Vω. Constraints
(4.17) impose that all alarms should be checked. Constraints (4.18) connect the first
stage with the second, stating that only services initially scheduled in the first stage
can be performed in the second stage. Constraints (4.19) to (4.24) give the domain of
the decision variables.

4.5 Scenario-based iterated local search

The Multi-Period Team Orienteering Problem with Time Windows and Stochas-
tic Demands (MPTOPTWSD) is a generalization of the Orienteering Problem (OP),
which is classified as NP-hard. This classification indicates that our problem also
belongs to this challenging complexity class. Additionally, the company’s instances
are quite large. For example, in the province of Reggio Emilia, where the company’s
headquarters are located, there are 679 customers and 7,812 services. Consequently,
employing a metaheuristic algorithm is highly suitable for our needs.

Building on the simheuristic approach proposed in [35], we have extended our
previous algorithm [17] to incorporate the operation of alarms as part of the opti-
mization process. This method is based on a recourse algorithm capable of evalu-
ating a deterministically generated solution against a selected set of scenarios. The
deterministic algorithm then uses the expected objective function value to guide the
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search accordingly. Figure 4.3 illustrates the scheme that enables metaheuristics to
adapt to stochastic problems. By utilizing a scenario-based assessment before the
acceptance criteria, it is possible to evaluate the solution’s performance according
to the realization of random variables, thereby guiding the algorithm towards im-
provement.

Figure 4.3: Depiction of the scenario based iterated local search

The proposed heuristic is derived from the ILS [41]. It is a simple metaheuris-
tic that is capable of dealing with a variety of optimization problems and that has
been used successfully in many routing applications [42]. The algorithm explores the
search space defined by a set of operators and returns solutions by iteratively refin-
ing the local optima. Through perturbations and local search phases, it escapes from
local optima and enhances solution quality. Since we are dealing with a stochas-
tic problem, before each acceptance, the new solution is evaluated by a recourse
function, guiding the search towards the stochastic realization of the variables. The
scenario-based iterated local search SBILS is shown in Algorithm 6. The algorithm
runs until either a maximum run time or a maximum number of iterations without
improvement is reached. Each step of the SBILS is described in detail in the follow-
ing.

Algorithm 6 SBILS algorithm
1: procedure SBILS(Tmax = max run time, Imax = max number of iterations without im-

provements, p = perturbation intensity)
2: s∗ ← CONSTRUCTIVEHEURISTIC
3: s∗ ← VND(s∗)
4: Es∗ ← EVALSCENARIOS(s∗) ▷ apply the recourse function in scenarios
5: while ELAPSEDTIME ≤ Tmax and ITERATION ≤ Imax do
6: s′ ← PERTURBATION(s∗, p)
7: s′′ ← VND(s′)
8: Es′′ ← EVALSCENARIOS(s′′) ▷ apply the recourse function in scenarios
9: if ACCEPT(Es∗, Es′′) then ▷ the best of s∗ and s′′ with respect to F (4.1)

10: s∗ ← s′′

11: Es∗ ← Es′′

12: ITERATION ← 0
13: else
14: ITERATION ← ITERATION + 1
15: end if
16: end while
17: return the best feasible solution found during the search
18: end procedure

Constructive heuristic. The initial solution is built by the constructive heuristic
depicted in Algorithm 7. With the vertices of each period sorted in non-decreasing
order of the start time of their time windows, the algorithm builds routes for each
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period iteratively in two phases. First, the mandatory services are inserted sequen-
tially in the end of each route. The second phase consists in the insertion of the
optional services following the first fit approach. With this method, the route is iter-
ated over and for each position the vertex is inserted, providing it does not generate
any infeasibility. If the end of the route is reached without a successful insertion of
the service, it is left unrooted.

Algorithm 7 The greedy constructive heuristic
1: procedure CONSTRUCTIVEHEURISTIC
2: for each period d ∈ D do
3: Md, Ud ← services in M and U for period d
4: Sort Md and Ud in non-decreasing order of evdt
5: σd ← ∅ ▷ empty route
6: for v ∈ Md (in the sorted order) do
7: σd ← Append(σd, v) ▷ append mandatory v at the end if feasible
8: end for
9: for v ∈ Ud (in the sorted order) do

10: σd ← FirstFit(σd, v) ▷ insert optional v at the first feasible position
11: end for
12: end for
13: return s = {σ1, . . . , σD}
14: end procedure

Local search procedure. The local search procedure is conducted using a Vari-
able Neighborhood Descent (VND) algorithm [20], which is crucial for the conver-
gence of the search to a locally optimal solution. The combination of Iterated Local
Search (ILS) and VND has been successfully applied in several optimization prob-
lems [61]. We are using the standard VND, called Basic Variable Neighborhood De-
scent (BVND) in [31], where the neighborhoods are used sequentially. The variant
RVND, in which neighborhoods are chosen randomly, has shown to produce good
results in many routing problems [62], but experiments have shown that in our prob-
lem it did not work well, as some neighborhoods are useful only when the simplest
ones, such as removing optional elements, are applied first. The VND relies on a set
of neighborhood structures Nk (k = 1, . . . , kmax) that are iteratively employed to ex-
plore the search space. Starting from neighborhood k = 1, the algorithm performs a
local search using the Hill Climbing algorithm, ensuring the identification of the lo-
cally optimal solution within the current neighborhood k. Subsequently, the solution
is evaluated to determine if it represents an improvement over the current best so-
lution. If the solution is an improvement, the VND returns to the first neighborhood
(k = 1) regardless of the current value of k. If not, it proceeds to the next neighbor-
hood structure. The algorithm terminates when the last neighborhood structure is
reached and no further improvements are found.

We implemented six neighborhood structures. Some of these are classical neigh-
borhoods from the vehicle routing literature, while others were specifically designed
to address the unique requirements of our problem. The neighborhoods are as fol-
lows:

• N1 = Remove optional: Remove an optional service vertex from a route, thus
trying to decrease the working time;

• N2 = Swap: Swap the positions of two vertices inside a route;

• N3 = 2-opt: Swap two arcs in a route, reversing the visiting order between the
two arcs;
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• N4 = Relocate: Move a vertex to another position in the route;

• N5 = Insert optional: Insert an optional unvisited vertex into a route, in an
attempt to increase the collected score;

• N6 = Swap optional: Swap two optional vertices, by letting an unvisited vertex
take the place of a visited one.

The neighborhoods Swap, 2-opt, and Relocate can enhance the objective func-
tion solely by reducing the working time of a route, as they do not alter the collected
score. The Remove optional movement seeks to decrease the working time, albeit
at the cost of a reduced score. Conversely, the Insert optional neighborhood aims to
improve the score, albeit with an increase in the working time. The final neighbor-
hood, Swap optional, has the potential to enhance the objective function by either
increasing the score, reducing the working time, or both.

It is important to note that all described neighborhoods consist of intra-period
and intra-route movements, as they independently alter the routes within each pe-
riod. A solution may be further enhanced by performing inter-period movements,
which involve shifting the execution of a service at a customer from one period to
another. This type of movement can reduce the working time in a period and create
space for additional services to be performed. However, inter-period movements
are costly to evaluate due to the large number of neighbors. Therefore, they are not
fully explored in a deterministic manner but are considered in the perturbation step
described next.

Perturbation procedure. The perturbation procedure is introduced to escape
from the locally optimal solution obtained by the VND. Two inter-period neigh-
borhoods are used to this aim. At each iteration, the perturbation procedure ran-
domly selects two periods, d1 and d2, and then it invokes, alternatively, one of the
two neighborhoods. The first neighborhood, called Relocate inter-period, randomly
selects an optional service that is currently performed in d1 and could also be per-
formed in d2, and then it tries to relocate it to d2. Namely, it first selects a vertex
i1 in σd1 that is associated with an optional service in both Uc,d1 and Uc,d2 for a cer-
tain c ∈ C, it removes it from σd1 , and then it tries to insert it in every position of
σd2 (provided that there is a demand left for i1 in d2). Similarly, the second neighbor-
hood, called Swap inter-period, randomly chooses a vertex i1 in σd1 that is associated
with an optional service in both Uc,d1 and Uc,d2 for a certain c ∈ C, and then it tries
to swap it with another vertex i2 in σd2 that is associated with an optional service in
both Uc′,d1 and Uc′,d2 for a certain c′ ∈ C. In either case, if a move succeeds in produc-
ing a feasible solution, then it is applied, independently of the cost; otherwise, it is
rejected. Either neighborhood proceeds until a certain amount of successful moves
p have been produced, or |σd1 ||σd2 | attempts (either successful or unsuccessful) have
been performed, where |σd| gives the number of vertices in σd.

Scenarios assessment. A key component in the proposed method is the solu-
tion assessment based on the scenarios’ realization, done by the EVALSCENARIOS

function depicted in Algorithm 8. This enables the solution search to be directed
towards a resilient operational performance considering the scenario’s probability.
The assessment is done by applying in a deterministically generated solution each
scenario ω ∈ Ω by using a recourse function that mimics how a patrol should behave
to respond to alarms.

The recourse function operates as follows. Upon receiving an alarm, it is neces-
sary to determine its insertion point within the patrol route. Specifically, the alarm
is incorporated between two consecutive visits such that the time interval between
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Algorithm 8 Scenario evaluation algorithm
1: procedure EVALSCENARIOS(S)
2: OF← 0
3: p← 0
4: for ω ∈ Ω do
5: OF← OF + ( P(ω)∗ RECOURSE(s, ω)) ▷ accumulate scenarios OF weighted by

scenario probability
6: end for
7: return OF
8: end procedure

them encompasses the alarm’s triggering time. Once this insertion point is identi-
fied, the patrol is immediately redirected to the alarm location.

Given the complexity of real-world scenarios, calculating the exact distance be-
tween the patrol’s current position (while en route) and the alarm location is non-
trivial. To address this, we consider two scenarios. The patrol can either (1) return to
the location of the preceding visit and then proceed to the alarm location, or (2) con-
tinue to the location of the next scheduled visit, bypassing its service, and directly
head to the alarm location. The recourse function evaluates these two options and
selects the one with the minimum travel time. The alarm is then positioned within
the route accordingly.

Upon addressing the alarm, the patrol resumes its routine operations. At this
stage, the vehicle continues to the next scheduled service in a manner that minimizes
disruptions to the remaining planned route. To achieve this, it may be necessary to
skip certain planned services. If an optional service is skipped, its associated score
is deducted from the total accumulated score. In contrast, skipping a mandatory
service incurs an additional penalty on the loss of its score, weighted by a factor ϵ.

Figure 4.4 illustrates the operation of the recourse function under these condi-
tions. Upon the triggering of alarm a1, the patrol considers two potential courses
of action: (1) returning to service location 2, addressing alarm a1, and then resum-
ing the planned itinerary, or (2) proceeding directly to service location 5, bypassing
it, and subsequently addressing alarm a1. In the example shown, the first option
is selected. Following this decision, the patrol evaluates how to continue with the
remaining route. It may be the case that service 5 cannot be performed after ad-
dressing the alarm due to time windows. In that case, it is omitted (illustrated in the
bottom route).

8 2 5 4

a1

8 2 5 4

8 2 4a1

a1

9
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Figure 4.4: Recourse function with the addition of one alarm
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Scenario generation. In our problem, scenarios are defined as subsets of alarms
that are predicted in advance [1]. Each alarm includes three pieces of information:
the location, determined by the customer’s position; the trigger time; and the prob-
ability that the alarm is actually trigged. We define a scenario as a subset of all pos-
sible combinations of predicted alarms, with the probability of each scenario given
by the product of the probabilities of its alarms. This results in a total of 2n scenar-
ios, where n represents the total number of alarm predictions. Therefore, a scenario
reduction procedure is performed to manage the number of scenarios used. The ob-
jective of this procedure is to generate a representative subset of scenarios through
scenario enumeration utilizing a binary tree structure. The process incorporates two
backtracking criteria to limit the enumeration.

The first criterion is based on the current scenario’s probability, which is incre-
mentally calculated as the scenario is constructed. If the probability falls below a pre-
defined threshold, further enumeration along that branch is terminated. The second
criterion ensures diversity within the scenario pool. Each newly generated scenario
is compared to the existing pool using the hamming distance and is added only if its
distance from all previously included scenarios exceeds a specified threshold.

The enumeration process continues until the scenario sample reaches a prede-
termined size. The computational complexity of this procedure is influenced by the
thresholds for backtracking, as they determine the extent of exploration required
within the scenario tree. Lower probability thresholds and higher hamming dis-
tance thresholds can significantly increase the time needed to generate even a small
sample, necessitating careful selection of these parameters.

4.6 Computational Results

In this section, we present the outcome of an extensive computational test performed
on a large set of real-world instances provided by the company. The algorithms
have been coded in c++20 and executed on a single thread. The MILP model was
solved with Gurobi 11.0 and was invoked with its default configuration, letting it
run on 12 threads. The experiments have been executed on an Intel Xeon CPU E5-
2640 v3 2.60 GHz machine with 64 GB of memory, running under Windows 10 Pro
20H2 64-bits. We have run the algorithm five times and the average is reported. For
what concerns the termination conditions, the ILS was allowed to run for at most
Tmax = 3600 seconds on each province. On the basis of preliminary computational
experiments, the value of parameter Imax has been set to 100.

4.6.1 Instances and scenario generation

The company provides security services in a number of provinces in Italy. We were
provided with the data of 12 of such provinces, which differ among them in the
number and geographical distribution of customers, as well as in the number of ser-
vices requested. Table 4.1 reports for each province, in order, the number of instances
(column #), which also corresponds to the number of clusters, the number of peri-
ods (|D|), the number of predicted alarms (|H|), the total, average, minimum, and
maximum number of customers (tot|C|, avg|C|, min|C| and max|C|), and of services
requested (totn, avgn, minn and maxn). We were provided in total with 79 instances,
with the number of customers varying from 5 to 100 and the number of requested
services from 14 to 1280.
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Table 4.1: Details of the real-world instances

Province # |D| |H| tot|C| avg|C| max|C| min|C| totn avgn maxn minn

Mantova 2 7 16 43 21.5 32 11 171 85.5 140 31
Rimini 4 7 39 154 38.5 57 27 987 246.8 415 93
Sassari 7 7 16 119 17 33 7 1038 148.3 256 42
Roma 8 7 68 118 14.8 25 5 1234 154.3 268 84
Pescara 4 7 16 227 56.8 69 43 1370 342.5 484 129
Ravenna 5 7 28 172 34.4 50 15 1382 276.4 400 79
Ferrara 7 7 24 236 33.7 63 11 1812 258.9 525 97
Forli 8 7 26 407 50.9 73 16 2695 336.9 586 40
Bologna 8 7 161 239 29.9 63 17 2733 341.6 632 244
Parma 5 7 39 289 57.8 77 37 2952 590.4 797 323
Modena 11 7 70 510 46.4 76 9 4288 389.8 651 14
Reggio Emilia 10 7 123 679 67.9 100 22 7812 781.2 1280 243

The parameters α and β, utilized in the objective function, were determined by
the company following internal discussions and set to 5 and 0.9, respectively. The
parameter γ, responsible for the penalizing canceled mandatory service, was as-
signed a value of 10. The score obtained during a visit τ = 1, . . . , ncdt to customer
c for service t within a given period was defined as wctτ = wcte1−τ, where wct takes
values from the set {1, 6, 9, 10}. The minimum quality of service (QoS) level was
established at 75%, and the minimum time interval between two consecutive visits
for the same service at a customer was set to δmin = 90 minutes. Travel times were
computed based on real-world distances using the Open Source Routing Machine
(OSRM) application.

For scenario generation, a function based on the instance input was defined to
establish a Hamming distance, which serves as one of the backtracking criteria. The
function is expressed as:

D(H) = b + |H| · p

where H represents the set of alarms, b is a base value ensuring a minimum Ham-
ming distance regardless of the size of H, and p is a proportionality factor applied
to |H| to compute the Hamming distance. This formulation allows control over the
diversity of scenarios generated by the procedure. A higher value of b promotes
greater diversity in the scenario sample, whereas a lower value results in reduced
diversity.

Based on empirical tests with the instances provided, b was set to 2, 4, and 8,
while p was fixed at 0.025. The scenario sample sizes were defined as 30, 40, and 50.
We report ahead the results for all combinations of b and sample size were tested,
and the results are reported accordingly.

4.6.2 Mathematical model results

The mathematical model exhibited poor performance when applied to real-world in-
stances, successfully solving only the Mantova instance, the smallest in the dataset.
For the remaining instances, the solver ran out of memory while attempting to al-
locate the model. For the Mantova instance, the model achieved an objective value
of 2522.37 with a GAP of 290% within a one-hour runtime. To verify the correctness
of the solutions generated, a solution was produced for a small test instance specif-
ically designed for validation purposes, as depicted in Figure 4.2. This test instance
includes two customers, three services, and two alarms. Three scenarios are consid-
ered, covering all possible alarm configurations. The model generates a single route
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for the deterministic scenario (where no alarms are present) and additional routes
for each scenario to address the respective alarms.

4.6.3 SBILS results

Table 4.2 presents the percentage gap between the objective function values de-
rived from the deterministic version of the algorithm and the corresponding val-
ues of these solutions when evaluated using the recourse function, applied post-
optimization. This gap, calculated as:

OFrecoursed −OFdeterministic

OFrecoursed
× 100, (4.25)

quantifies the relative loss in objective function value incurred when solutions de-
rived from the deterministic version of the algorithm are evaluated under the re-
course function. This indicates that failing to account for stochasticity in operational
planning could result in significant performance losses as measured by the objective
function. The analysis was conducted for b values set to 2, 4, and 8, and scenario
sample sizes set to 30, 40, and 50. The consistently negative values across all tested
configurations underscore the inadequacy of the deterministic algorithm in meeting
the company’s requirements, emphasizing that neglecting the stochastic nature of
alarm occurrences would significantly impair operational effectiveness.

Table 4.2: Gap between the OF value obtained by a deterministically gener-
ated solution against the same solution after being submitted to the recourse

function

Sample size 30 40 50

b 2 4 8 2 4 8 2 4 8

Mantova -15.2% -15.2% -15.2% -15.3% -15.3% -15.3% -16.0% -16.0% -16.0%
Rimini -3.4% -3.7% -3.8% -3.3% -3.6% -3.7% -4.0% -4.1% -3.9%
Sassari -8.4% -7.2% -7.7% -8.3% -7.2% -7.6% -8.2% -9.8% -7.2%
Roma -4.9% -12.5% -12.0% -9.6% -12.0% -9.8% -12.7% -13.1% -14.4%
Pescara -1.7% -1.8% -1.8% -1.8% -1.8% -1.8% -2.0% -1.9% -2.0%
Ravenna -4.7% -5.7% -19.8% -9.5% -4.8% -7.2% -7.2% -6.2% -12.3%
Ferrara -1.0% -1.1% -1.0% -1.1% -1.0% -1.1% -1.1% -1.2% -1.0%
Forli -0.7% -0.7% -0.7% -0.8% -0.8% -1.1% -0.8% -0.9% -0.7%
Bologna -0.5% -0.5% -0.4% -0.4% -0.4% -0.6% -0.6% -0.5% -0.9%
Parma -0.8% -0.7% -0.7% -0.7% -0.5% -0.6% -0.7% -0.9% -1.1%
Modena -1.7% -1.7% -1.7% -1.7% -1.7% -1.7% -1.8% -1.7% -1.7%
Reggio Emilia -1.8% -1.7% -1.6% -1.8% -2.4% -1.8% -1.7% -1.8% -1.9%

Average -3.7% -4.4% -5.5% -4.5% -4.3% -4.4% -4.7% -4.8% -5.3%

Table 4.3 presents the average results using all the combinations of scenarios pa-
rameters with deterministic and stochastic approaches. The column labeled z re-
ports the objective function values for each approach. In the deterministic case, the
value is obtained after optimization, with the recourse function applied to evaluate
the solution generated deterministically across scenarios. The columns RT and MCS
provide the average alarm response time and the average number of mandatory can-
celed services, respectively. The column time indicates the average computational
runtime in seconds.

The average objective value of the solutions obtained through the stochastic ap-
proach is approximately 1.1% higher than that of the deterministic approach when
evaluated across scenario realizations. Additionally, the stochastic approach re-
sulted in a reduction in the average alarm response time, despite this metric not
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Table 4.3: Results obtained by the deterministic and stochastic algorithm

deterministic stochastic

Instance z RT MCS time z RT MCS time

Mantova 3661.2 3.6 0.0 4.0 3661.2 3.6 0.0 5.4
Rimini 19272.7 13.2 0.0 449.2 19359.7 13.4 0.0 527.7
Sassari 18481.6 75.1 0.0 90.8 18621.2 74.1 0.0 105.0
Roma 19869.0 17.6 0.0 131.3 20082.9 16.6 0.0 155.3
Pescara 36496.4 16.4 0.0 879.1 36656.7 16.9 0.0 1144.1
Ravenna 30239.0 10.4 0.9 1214.3 31551.8 10.3 0.2 1484.3
Ferrara 49170.9 21.4 0.0 1249.2 48979.2 19.1 0.0 1534.2
Forli 71986.7 7.8 0.0 2829.2 72167.7 7.6 0.0 3324.2
Bologna 62555.7 15.5 0.0 2132.6 64416.6 16.5 0.0 2506.6
Parma 76469.1 10.4 0.0 3600.0 76812.6 10.1 0.0 3600.0
Modena 96140.0 17.4 2.0 3600.0 96851.9 17.4 2.0 3300.0
Reggio 161556.7 18.1 0.5 3600.0 164077.4 18.1 0.3 3600.1

Average 53824.9 18.9 0.3 1648.3 54436.6 18.6 0.2 1773.9

being explicitly included in the objective function. Furthermore, the stochastic ap-
proach achieved an improvement in the average number of mandatory canceled
services. Although this value was already low in the deterministic approach, the
stochastic method reduced it even further. Furthermore, the solution time for the
stochastic approach is only slightly higher.

4.6.4 Scenarios variance

The proposed algorithm comprises multiple components, with scenario generation
playing a pivotal role in accurately representing the realizations of stochastic vari-
ables. To ensure effectiveness, we extensively tested two critical aspects of the sce-
nario generation process: the Hamming distance, which facilitates backtracking, and
the scenario sample size.

Table 4.4 presents the gap, as defined by equation (4.25) with OFstochastic replacing
OFrecoursed, between the objective function values derived from the stochastic and
deterministic solutions for each pairwise combination of scenario sample size and b
values. This gap quantifies the improvement achieved by incorporating stochastic
elements into the solution, using values of b set to 2, 4, and 8, and sample sizes
of 30, 40, and 50. The results reveal several important trends. First, the average
gaps across different sample sizes tend to be similar, with sample size 50 yielding
slightly better average improvements. However, the configuration with sample size
30 and b = 8 demonstrates the most significant improvement, achieving an average
improvement of 1.81%. Sample size 40 shows stable improvement across all values
of b, suggesting robustness in performance. Overall, larger values of b, particularly
b = 8, lead to greater performance gains, potentially reflecting their ability to capture
more nuanced stochastic effects.

Analyzing the results by location, a few patterns stand out. For example, Ravenna
exhibits a particularly large improvement of 11.87% under b = 8 and sample size 30,
a result that heavily influences the average for this configuration. On the other hand,
Ferrara consistently shows negative gaps across all parameter settings, indicating a
potential limitation in the ability of stochastic solutions to outperform deterministic
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ones in certain operational contexts. These location-specific variations may reflect
differences in the characteristics of the input data, such as alarm distribution pat-
terns or the geographical layout, which could merit further investigation.

Overall, the results emphasize that SBILS does not require a substantial number
of scenarios to perform well, while greater scenario diversity tends to yield the most
significant improvements. Also, these findings reinforce the importance of incorpo-
rating stochastic considerations into the solution process, as doing so ensures more
robust and effective decision-making. Failure to adopt such approaches could lead
to suboptimal outcomes and reduced operational effectiveness in practical contexts.

Table 4.4: Improvement between the stochastically generated solution and
its deterministic counterpart

Sample size 30 40 50

b 2 4 8 2 4 8 2 4 8

Mantova 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
Rimini -0.29% 0.15% 1.05% 0.53% 0.44% 0.46% 0.61% 0.80% 0.29%
Sassari 0.46% 0.75% 0.40% 1.34% 0.01% 0.84% 0.83% 2.37% -0.26%
Roma -6.05% 1.46% 0.85% 0.37% 1.33% 0.39% 1.35% 6.54% 3.08%
Pescara 0.46% 0.44% 0.44% 0.46% 0.38% 0.44% 0.46% 0.42% 0.43%
Ravenna 0.21% 1.49% 11.87% 6.15% 1.64% 3.91% 3.26% 1.00% 7.96%
Ferrara -0.35% 0.18% -0.30% -0.50% -0.45% -0.46% -0.54% -0.40% -0.71%
Forli 0.13% -0.02% 0.09% 0.51% 0.17% 0.48% 0.42% 0.34% 0.12%
Bologna 2.98% 4.26% 4.21% 2.98% 3.19% 2.90% 1.67% 3.01% 0.74%
Parma 0.82% 0.33% 0.32% 0.26% 0.35% 0.33% 0.14% 0.68% 0.80%
Modena 0.42% 1.04% 0.92% 1.34% 0.27% 0.10% 0.87% 0.47% 1.19%
Reggio Emilia 1.38% 0.40% 1.91% 0.32% 2.09% 2.00% 1.69% 2.06% 1.93%

Average 0.01% 0.87% 1.81% 1.15% 0.79% 0.95% 0.90% 1.44% 1.30%

4.7 Conclusion

This study addresses a real-world car patrolling application encountered by a large
Italian service company. The problem involves planning routes for a fleet of patrols
that must deliver various security services to private customers. Each patrol is re-
sponsible for a cluster of customers, providing services on a weekly basis. Not all
services can be performed, but a minimum service level must be maintained to en-
sure that a specified percentage of services is fulfilled. Additionally, some services,
known as alarms, are not predetermined and may occur with a certain probability.
The resulting optimization problem represents a complex variant of the team orien-
teering problem, incorporating additional constraints, particularly those related to
uncertainty in service requests, along with stochastic service demands. We propose
a two-stage stochastic programming model and a scenario-based ILS to address the
problem.

Since this is a NP-hard problem, and we address large-scale real-world instances,
the primary function of the model is to provide a mathematical representation that
captures all components of the problem. The model was implemented using Gurobi
but proved ineffective for solving the problem. Only the smallest instances could be
solved, while for the remaining cases, the solver exhausted available memory.

The proposed metaheuristic incorporates a recourse function designed to guide
the search process toward enhancing the realization of stochastic variables. The algo-
rithm achieved a 1.1% improvement in solution quality compared to the determinis-
tic version. Additionally, two key performance indicators (alarm response time and
the cancellation rate of mandatory services) showed notable improvements.
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For future research, we highlight two promising directions. First, the incor-
poration of parallelism offers significant potential to enhance scenario evaluation.
While the recourse function did not substantially impact the algorithm’s perfor-
mance in the current work, we hypothesize that leveraging parallelism could enable
the stochastic version of the algorithm to surpass the deterministic version in terms
of performance. Second, an extension of this research to encompass online optimiza-
tion represents another promising direction. The routes generated by our algorithm
exhibit robustness, making them well-suited for managing real-world occurrences
of uncertain events. Nevertheless, real-time adjustments, such as rerouting vehicles,
remain essential to maintain operational continuity with minimal disruption when
such events arise.
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Conclusion

This thesis addresses a complex, real-world Car Patrolling Problem (CPP), a criti-
cal challenge faced by a major Italian service provider. Through systematic study
and dissemination in journals and conferences, the research contributes to multiple
aspects of the problem. Chapter 2 introduces an Iterated Local Search (ILS) frame-
work to tackle the deterministic routing component. Chapter 3 takes a strategic ap-
proach to territory division, proposing a two-stage algorithm to optimize patrolling
areas. Finally, Chapter 4 focuses on the stochastic routing aspect, incorporating un-
certainty to better reflect real operational conditions. Building upon these contribu-
tions, this thesis has demonstrated how tailored optimization approaches can ad-
dress the unique challenges of the CPP while improving both operational efficiency
and strategic planning.

The contributions of this thesis extend beyond the domain of the CPP. Problems
with similar features can adopt our solution methods, with potential applications
in fields such as tourism planning and goods delivery, further enhancing the im-
pact of this work. While the thesis makes significant progress, it is important to ac-
knowledge its limitations. The assumptions made to simplify stochastic routing and
the challenges in scenario generation leave room for improvement. Future studies
could explore the integration of online stochastic approaches to dynamically reroute
during operation in response to alarm triggers. Advanced scenario generation tech-
niques also represent a promising direction for further research.

Overall, this research shows how combining different methods can help solve
real-world problems. By applying optimization techniques and practical insights, it
tackles important challenges in patrolling and beyond. This work contributes to both
the academic understanding of the problem and practical solutions for improving
operations. Addressing the CPP is an important task, and this thesis aims to inspire
further progress in this area.
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Appendix A

List of Acronyms

A.1 Acronyms, definitions, pages

CPP Car Patrolling Problem. 39

GRASP Greedy Randomized Adaptive Search Procedure. 26

ILS Iterated Local Search. iii, 7

KPI Key Performance Indicators. 16

MILP Mixed Integer Linear Programming. iii, 7, 42

MPOPTW Multi-Period Orienteering Problem. 10

MPTOPTWSD Multi-Period Team Orienteering Problem with Time Windows and
Stochastic Demands. 44

OP Orienteering Problem. 6

QoS Quality of Service. 9

SBILS Simulation-Based Iterated Local Search. 49

TDMPTOPTW Territory-Design and Multi-Oeriod Team Orienteering Problem with
Wime Windows. 28

TOP Team Orienteering Problem. 9

VND Variable Neighborhood Descent. 7

VNS Variable Neighborhood Search. 26

VRP Vehicle Routing Problem. 41
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