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Abstract

In the last two decades the interest in electrical machines with more than three phases for
variable speed applications is increased worldwide.

The fault tolerant capability of multi-phase motor drives and the possibility to enhance the
motor torque by injecting an higher order of stator current harmonics, make the multi-phase
synchronous machines suitable for Electric and Hybrid Electric Vehicles where reliability and
power density are very important issues.

Thus, this dissertation addresses the modeling and the control of multi-phase permanent magnet
synchronous motor in order to improve the efficiency and the safety of the new Electric and
Hybrid Electric Vehicles. As regard these two topics the first part of this thesis deals with the
multi-phase synchronous motors in healthy condition, while the second part investigates this
type of motors under the open-phase fault condition.

The Power-Oriented Graphs modeling technique with a vectorial notation is exploited obtaining
an approach as general as possible. All the electrical and mechanical lumped parameters of the
motor (i.e. the number of phases, the type of stator connection, the shape of the rotor flux, the
number of faults, etc..) can be modified without changing the structure of the models which
can be directly implemented in the Matlab/Simulink environment. Starting from these models
and using a vectorial approach the optimal current reference which provides the desired torque
minimizing the dissipation and satisfying the limit current in healthy and fault condition is
proposed. The presented controls can be used for any shape of the rotor flux, for a generic odd
number of phases and in presence of one or more phase failures. The simulation results validate
the effectiveness of the control techniques addressed in this dissertation.

At the end of this thesis the proposed models and controls are employed in the dynamic power
control of the Toyota Hybrid System. The simulation results of the proposed hybrid vehicle set
the basis for future studies on new architectures for Electric and Hybrid Electric Vehicles which

exploit the advantages brought by the use of this type of motors.
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Chapter 1

Introduction

1.1 Multi-phase synchronous motors

The development of modern power electronic devices and the improvement in the control tech-
niques allow to consider the number of phases of the electrical motors as one of the design
variables. Moreover, although the availability of three phase electrical motors makes them cus-
tomarily adopted for variable speed applications, there are several specialized applications where
the use of multi-phase machines is considerably growing such as: electrical and hybrid vehicles,
aerospace applications, electrical ship propulsion, locomotive traction, high-power industrial ap-
plications. Indeed multi-phase machines offer some advantages and greater number of degrees
of freedom compared to three-phase ones, see [I] and [2].

Among the main types of electrical machines (i.e. induction, switched reluctance, etc..) the per-
manent magnet synchronous motors combine high efficiency, high torque, high power density,
robustness, reduced maintenance, compactness and low weight; then they have found wide use
in powertrain application, see [3].

Due to these reasons, multi-phase permanent magnet synchronous motors are treated in this
dissertation and their main advantages compared to three-phase one are resumed in Tab. [ Il
The most important advantage of this type of motors over the three-phase ones is the fault-
tolerant capability of the motor drive. The major types of faults which may occur within the
drive system are: winding open circuit, power device open circuit, terminal open circuit, winding
inter-turn short circuit, winding terminal short circuit, power device short circuit and DC-link
capacitor failure, see [4].

When a fault occurs in a conventional three-phase motor drive, the system can not continue to
work properly because the fault introduces a constraint on stator currents that does not allow to
control the remaining two phases. Therefore in this type of motor drive the reliability is reached
increasing the redundancy of the actuator system. A first expensive solution is to double the

motors and the inverters (doubling also the volume and the weight), see [5]. A second solution
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Propriety 3-phase machine . . multi-phase machine
sinusoidal bef rectangular bef

Fault Tolerant No Yes Yes

Torque ripple frequency 6f 2ms f 2ms f

Current harmonics of higher order 5 and 7 2mgs £ 1 2ms £k, ke {1:2:ms—2}

Power torque per phase P/3 P/ms P/ms
Multi harmonic injection No No Yes
Multi-motor multi-phase drive No Yes No

Table 1.1: Main advantages of multi-phase synchronous motors where ms is the number of

phases and f is the supply frequency.

is to modify the power converter topology such as: doubling the number of power electronic
devices in a separate H-bridge inverter to drive the phases or using a fourth leg to drive the
neutral of the machine, see [6] and [7].

Instead the increase of the phases number makes the multi-phase machine more reliable. Mini-
mizing the electrical, magnetic and thermal coupling between the windings, see [4] and []], one
or more phase failures do not affect the operation of the remaining windings and the multi-phase
motor can still work by using the healthy phases. Therefore, unlike the classical three-phase
system, using a proper fault tolerant control the multi-phase motor continues operating safely
under a phase-fault without any additional hardware connections, see [9]- [14].

Increasing the number of phases the total electrical power is split across a grater number of
inverter legs, so the same power level can be achieved reducing the voltage and the current
ratings of the semiconductors devices or a higher power level can be achieved without increasing
the converter rating.

Moreover a higher number of phases leads to decrease the amplitude of the torque ripple and
increase its frequency. As shown in Tab. [Tl the torque ripple frequency is 2mg times higher
than the supply frequency f because it is due to the inverter output harmonics of order 2mgs+1.
This last advantage is nowadays less important because the pulsewidth modulation enables to
control the harmonic content of the output voltages.

Besides these advantages, the presence of more phases increases the number of degrees of freedom
improving the overall performance of the system. A first possibility consists in the injection of
higher order current harmonics for machines with concentrated winding and nearly rectangular
back-emf, see [I5] and [16]. In this way the torque production capability of the machine in-
creases, leading to high torque density motor drives (i.e. it is possible to increase the torque per
rms ampere for the same volume machine). This feature, together with the advantages brought
by the multi-phase structure, makes these kinds of machines more suitable for high-power ap-
plications.

A second possibility is the independent control of multi-motor multi-phase drive systems for
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machines with distributed windings and a sinusoidal back-emf, see [17] and [I§]. Connecting
in series or in parallel, with an appropriate phase transposition, a set of (ms — 1)/2 mg-phase
machines it is possible to control separately each machine by a single inverter. Therefore multi-
motor multi-phase drive systems may become a viable solution for all applications that require
more than one variable-speed electric drive, such as in industrial manipulators or wind farms.

Despite the above benefits the cost of the multi-phase motor drive is high because both the
electronic and the machines are custom products which are not available on the market. This
is the main drawback of this type of motors and it is the reason why nowadays the multi-phase

motor drives are restricted to specialized niche applications.

1.2 Motivation and Contribution

The automotive companies worldwide use the modeling and the simulation to develop new con-
trol strategies and/or new system architectures reducing the effort and the cost in the design
and testing phases. Furthermore, the multidisciplinary nature of the automotive field requires
a modular approach where the model of a complex physical system can be obtained by in-
terconnecting the models of its subsystems (modeled with an adequate level of accuracy and
completeness).

In the literature a general model of a multi-phase synchronous motor has not been provided
yet (almost all published works refer to the dynamic equations of five-phase or seven-phase ma-
chines). Moreover in many papers the Finite Element methods are used to validate the proposed
control although the computational heaviness of these analysis makes these proposed models dif-
ficult to use in the simulations of more complex systems.

From the above discussions, this dissertation aims to develop the models and the control of
multi-phase permanent magnet synchronous motor in healthy and in faulty condition . Unlike
the models proposed in the literature (e.g. [15] and [19]), the vectorial notation and the Power-
Oriented Graphs technique, see [20] and [2I], adopted in this thesis allow to obtain general
models which can be directly implemented in Matlab/Simulink environment whatever the num-
ber of phases is. A Simulink library is provided in order to have a collection of high level model
blocks suitable in a modular approach. Thanks to the graphical interface the user can modify the
electrical and mechanical lumped parameters of the motor (i.e. the number of phases, the type
of stator connection, the shape of the rotor flux, the number of faults, etc..) without changing
the structure of the models. Moreover the simulation time is quite short also in faulty condi-
tion because the open-phase failure is simulated by an additional voltage instead of a variable

resistance, as done in [22].
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1.3 Outline

The first part of this thesis is focused on the modeling and control of multi-phase synchronous
motors in healthy condition. Two different power invariant transformations (one real and one
complex) are used to write the dynamic equations of the system in a very compact and vectorial
form. Such transformations are in bijective correspondence each other and therefore they are
equivalent. The respective dynamic models are obtained using the Power-Oriented Graphs
modeling technique and they can be directly implemented in Matlab/Simulink environment
whatever the number of phases is. In order to complete the multi-phase synchronous motor
modeling and make it as general as possible, both the star and delta stator connections are
addressed. The comparison between these types of connections is carried out by discussing the
differences among the dynamic equations. Starting from the transformed dynamic equations
and using a vectorial approach to describe the voltage and current limits, the optimal current
references in healthy condition are obtained. The proposed control allows to enhance the motor
torque satisfying the voltage and current limits by injecting a higher order of stator current
harmonics. The Simulink implementation of the motor models and the control schemes are
shown and discussed together with the simulation results.

The second part of the thesis covers the open-phase faulty condition of multi-phase synchronous
motors. The proposed models simulate the failure by an additional voltage in order to impose a
zero current in the open-phases, without increasing their resistance, allowing in this way a short
simulation time. The failure effects on the motor torque are shown and discussed in simulation
results. These models constitute the basics of the subsequent fault tolerant control; indeed
a deep study on the open-phase constraint leads to extend the minimum dissipation torque
control also in faulty condition. The proposed post-fault controls ensure safe motor operations
by using only the remaining healthy phases without any additional hardware connection.
Finally, the advantages brought by the use of this type of motors in electric and hybrid vehicles
are investigated referring to the Toyota Hybrid System. The dynamic models of the main
subsystems composing the powertrain (i.e. planetary gear, engine, multi-phase motors etc..)
are given using the Power-Oriented Graphs modeling technique. Then the dynamic model
of the whole powertrain is obtained by interconnecting the models of these main subsystems
that interact each other through their power ports. The analysis of the simulation results sets
the basis for future studies on new architectures for electric and hybrid vehicles based on the

multi-phase permanent magnet synchronous motor.

This thesis is organized as follows. In the ChapJ2] the POG models of the multi-phase
permanent magnet synchronous motor are obtained, using two different real and complex state
space transformations which are invariant with respect to the power.

The Chap3| contains considerations about the star and delta connected motors.
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The Chapldl describes the vectorial control where also the current and voltage limits are taken
into account. The injection of a higher order of stator current harmonics to increase the motor
torque is studied in depth.

In the Chapl5l two new models of multi-phase synchronous motor under open-phase faulty
condition are carried out. These models allow to obtain a quite short simulation time because
the open-phase failure is simulated by an additional voltage such that the faulty phase steady-
state current is zero.

The Chapl6l is focused on the fault tolerant control. Using the proposed post-fault control
strategies the multi-phase motor continues to operate safely (generating the same desired torque
without ripple) under a phase-fault without any additional hardware connection.

The Chap [T covers a preliminary study of the dynamic model of the power-split Toyota Hybrid
System where the two three-phase electric machines, that are commonly used in THS, are
replaced by two five-phase machines.

Simulation results are shown in every chapter and in the Conclusions the main results are

summarized.
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Chapter 2

Multi-phase synchronous motors

The dynamic model of three-phase synchronous machines is well known in the literature and
usually the Park [23], Clarke [24] and Fortescue [25] transformations are exploited in order to
write the equations of the system in a compact and suitable form. These coordinate transfor-
mations can be extended to the case of multi-phase machines, where the number of phases is
greater than three. The extended Park and Clarke transformations are based on a real matrix
(see [16] and [26]), the Fortescue transformation is based on a complex matrix which contains
complex vectors and their complex conjugate (see [27]), while in the space vector approach (see
[28]) only one half of the Fortescue matrix is considered (i.e. without the complex conjugate
part). All these transformations are not power invariant, so after the transformations the power
flows cannot be expressed as the scalar product of the transformed conjugate power variables,
but always a correction coefficient must be used.

The aim of this chapter is to propose new dynamic models for the multi-phase electrical machines
based on the use of real and complex state space transformations which are invariant with re-
spect to power. The dynamic models of the motor are obtained using the Power-Oriented Graphs
modeling technique. This graphical modeling technique shows the power flows within the sys-
tem, allows to write the state space equations of the system in a very compact form and provides
a model which can be directly implemented in Simulink whatever the number of phases is and
without the need of rewriting the model when the number of phase changes.

The main contents of this chapter have been published in [29] and [30].

2.1 Electrical motors modeling

The basic structure of a multi-phase synchronous motor is shown in Fig. 21l In this paper
we refer to a permanent magnet synchronous motor with an odd number m, of concentrated
windings [31]-[32] characterized by the electrical and mechanical parameters shown in Tab. [2Z]]

The assumption of no iron saturation and the regularity of the design (constant air-gap width
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i Vs Vs Vin, Ym by,
=]

Cl Jm ]

Rs eoe =

Figure 2.1: Basic structure of a multi-phase synchronous motor.

and identical windings with angular displacement) will be considered in this analysis. Using a
“Lagrangian” approach, see [31]-[33], the dynamic model S; of the considered electric motor with

respect to the external fixed frame ¥; is the following;:

‘L) o |[t] ‘R, |'K.(0)][ L] [*V,
e e s e

where I, and 'V, are the phase current and voltage vectors, respectively. Note that the

superscript “*” in (2.]) indicates that matrices and vectors are defined in the fixed reference
frame ;. Moreover the proposed vectorial notation, described in App. Bl allows to write the
matrices and the vectors of system (2.]]) in a general and compact form. The resistance matrix

'Ry = Ry 1,,, is diagonal and the inductance matrix 'Ly is:

i h
ms—2

'Ly = Lgol, + My [ Z apn cos(n (i — h)7ys) ]
n=1:2

1:mg 1:ms

where the self inductance Lgy is Lgg = Ls — Mgy and, according to [16], the first ms; — 2 odd
components ays, of the mutual inductance Mpy;, between the phases ¢ and h, are considered.

The rotor flux linkage vector is defined as:

h
h o
®.(0)=pc [gz_b(ﬁ - hy)” =@ [ Z an cos[n(f — h%)]” . (2.2)
0:m—1 n=1:2
0:m—1

where the parameters a,, are the coefficients of the normalized periodic rotor flux function ¢(8)

expressed in Fourier series. According to the magnetic co-energy method, the motor torque 7,
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M number of motor phases
P number of polar expansions
N, number of coils for each phase

0, 0., | electric and rotor angular positions: 0 = p6,,

w, Wy, | electric and rotor angular velocities: w = pw;,

R i-th stator phase resistance

Ly i-th stator phase self induction coefficient

Mgy | maximum value of mutual inductance

mutual induction coefficient between the phases h and 4

ms—2
My | Mhi = Mo Z apn cos(n(h—1i)ys)
n=1:2
Im rotor moment of inertia
b rotor linear friction coefficient
Tm electromotive torque acting on the rotor
Te external load torque acting on the rotor
Vs basic angular displacement (vs = 27/my)

¢c(0) | total rotor flux chained with stator phase 1

Or maximum value of the rotor flux

Ve maximum value of function ¢.(0): . =p N, o,

normalized total rotor flux:

b(0) | 9(0) = %(? = Z a; cos(n 0)

n=1:2

Table 2.1: Main parameters of a multi-phase synchronous motor.

and the back-electromotive force 'E are:

K. (6)
———
AP, (0) D'®.(0) 00 db
— K T ‘B, = AP = T =K . 2.
Tm T s, s dt 90 90,, dt T(H)wm ( 3)
NGNS
D Wm

where the torque vector 'K, (6) (also known as speed normalized back electromotive force vector)

is obtained as:
h

tKT(G):%:p@C [— Z n ay sin (n(0—hys)) ” (2.4)
m n=1:2

O:ms—1

The POG block scheme of the synchronous motor in the fixed reference frame ¥, see eq. (1),
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t
| | | | w | |
tVs > > tKT(G) e ;n > > Wn
! ! ! ! ! !
! ! ! ! ! !
| 1 \ \ \ i Iy
! s ! ! ! ! !
J,
! ! ! ! m ! !
! Y oy ! ! || om |
\ | "Rs | \ L] \ \
! . ! ! ! ! !
! L) Iy el ! % ! !
! ! ! ! ! !
! ! ! ! ! !
T de ¥ o1 L ] tper
L t = K (0) Tm \ P 7e
| | | |
. Electrical part | Energy | Mechanical part |
© ® conversion @ @

Figure 2.2: POG block scheme of the dynamic model of a multi-phase synchronous motor in the

fixed reference frame ;.

is shown in Fig. The POG scheme clearly puts in evidence four different power sections.
The elaboration blocks between the power sections (D) and @ represent the Electrical part of the
system, while the blocks between sections @ and @ represent the Mechanical part of the system.
The connection block between sections (2 and @) represents the energy and power conversion
(without accumulation nor dissipation) between the electrical and mechanical parts of the motor.

Pre-multiplying system (2.1]) by vector {tIS | wm}, one obtains the following relation:

s a7 s e e e - e M

E Py P.=0 P.
Stored energy Dissipating Redistributed Input/Output
variation power power power

Each term of this expression has a physical meaning: term E represents the variation of energy
stored within the system, term P; represents the dissipating power, P, = 0 is a null term
representing the power redistributed within the system by connection block 'K, (f) and last

term P, represents the input/output power.

2.2 State Space Transformations

In the modeling of multi-phase machines a variety of transformations has been proposed, see
[15], [16], [26]-[28], [34] and [35]-[39]. A first general formulation of the possible state space
transformations has been given in [36].

This section presents two different state space transformations compared with the main trans-

formations typically used in the literature.



2.2 State Space Transformations 11

2.2.1 System S, in the rotating frame ¥,

The dynamic model (2.]) of the multi-phase synchronous motor can be expressed in a rotating
frame Y, using a state space transformation ‘I; = ‘T, “I based on the following orthonormal
matrix ‘T, € Rs*™Ms:

"Ty=| Ty 7, | (2.5)

where the matrix T, € R™s*(ms=1) and the homopolar vector z,,, € R have the form:

h k h
‘T, = \/mz H cos(k(hys — 0)) , sin(k(hvys — 0)) ” Zm, = { \/mTS” (2.6)
* 0oms—1 1:2:m,—2 0:ms—1

Matrix 'T,, is a function of the electrical angle # and transforms the system variables from
the original fixed reference frame ¥; to a rotating reference frame X,,. Applying the congruent
state space transformation 'I,= T, “I, to system (2.I]), one obtains the following transformed

system S, expressed in the rotating frame 3,:
SR, +4L, 2T,

YL, 0 || 9@, | WK ()| “I,| |2V,
G e e e R

where the terms 2L “J “I and “K,(0)w,, represent the back-emf voltages which are induced

by the flux rotation due to the stator currents and the permanent magnets, respectively. Note
that the superscript ““” in (Z7]) means that matrices and vector are defined in the rotating
reference frame X, where also the last mg-th differential equation is used. Instead when the
stator phases are star-connected the superscript ““” will be used. As shown in the Sec3.2]
the last mg-th differential equation becomes a static equation for a star-connected motor, then
the homopolar vector z,,, can be eliminated reducing the matrices 'T, to the rectangular
matrix 'T,. The dynamic models of a star-connected multi-phase synchronous motor in the
rotating frame X, for my = 3 and my = 5 are shown in Fig. 23l The square resistance,

inductance and coupling matrices “R;, YL and “J, have the following simplified structure:

ﬂRs:tT;tRs tTg = 'R,
0 —kw
[ kw 0 ]

k k

Lg; O
0 Lsk

YL, = "T) 'L, 'T, = , 2T ="T) T, =

1:22:ms—2 1:22:ms—2
0 Lo 0 0
where Ly, = Lso+ 52 apnMso for k € {3, 5, ... ,m;—2} and w=40 is the time-derivative of the

electric angle 6. Since the transformed matrices have a block diagonal structure, the electrical
equations of system (Z.]) are decoupled. Therefore the original system S; is divided into (ms—1)/2

two-dimensional orthogonal and decoupled subspaces X, with k € {1:2:m,—2} (i.e. for
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Mg Dynamic model

Igy Rs  —pwmLs1 0 Iagy Va1
3 qu = — | pwm Ls1 Rs PPc % ai Iql + Vql
Wm 0 *p(Pc\/7041 bm Wm —Te

Ls10 0 0 0 || I; Rs  —pwm Ls1 0 0 0 I Vi

0La 0 0 | 0| in pwmLsi  Rs 0 0 peey/3ar [T | | Vi

511 0 0 L3 0 | 0| Is5|=— 0 0 Rs  —3pwm Ls3 0 Iys Vys

0 0 0 Lgs 0 qu 0 0 3pwm Ls3 Rs pcpc\/§3a3 Ig3 Vs

0 0 0 O T || WO 0 —pgoc\/gal 0 —pcpc\/g?)ag bm wWm —Te

Figure 2.3: Dynamic models of a star-connected multi-phase synchronous motor in the rotating

reference frame X, for my = 3 and mg = 5.

= 5 there are two subspaces 3,1 and Y3, see Fig. 23)). The transformed current and

voltage vectors “Is and £V in (27) are:

1k “Vak
“IL="T, 'I,= “Ie ||| 2 “Ve="TL Vo= || “Vpu (2.8)
1:22ms—2 1:22:ms—2
L Isms J L w‘/sms J

where gy, Iy, Var and Vg, are, respectively, the direct and quadrature components of the current

and voltage vectors “I; and ¥V, in the rotating reference frame >,. The last components

t w _ T
s and YV, =2,

my stator currents Iy, and the myg stator voltages Vi, respectively:

sms \/ leha w sms \/ Z‘/sh

Note that “I,, =0 when the stator phases are star-connected and “Vj,,, =0 when the input

“Ioms =Zopy, LV of vectors “I, and ¥V are proportional to the sum of the

(2.9)

stator voltages are balanced. The transformed torque vector K. (6) in the rotating frame ¥,
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| | |
| ag A2mg —k | A2mg+k A4mg—k |
| M = | =™ [N} [a\] ™M o~ |
| O|] CJ Ita ‘rla | J’;) —t ‘m J';a ‘rla |‘Js |
| & & EEEE - £ E - EE
| — ™M [ ] | NN ™ N < < |
1 —1 1 —
f [AY T T X T X =T |- [y T
0 ms 2mg 3Ims dms

Figure 2.4: Harmonic characterization of the torque vector “K,: x < k=1, A+ k=3,
O k=mg—2, 0 k=ms.

has the following form (see [31]):

k

] _ > = [(n+k) anp+(n—Fk) an 4] sin(nf)

k n=0:2msg

Y K g, — o0

YK, (0)="TT 'K, = “Kae |||=pee /75 Z [(n+k) apy— (n—k) ay ] cos(nd)

1:2:ms—2 n=0:2ms
i WKTmS | 1:5:m572 )

—V2 Z nay, sin (nf)
L n=ms:2ms

(2.10)
This expression is function of the coefficients a,, of the rotor flux Fourier series, so it is suitable for
any shape of the normalized rotor flux ¢(6) shown in Tab LIl The harmonic characterization
of the torque components is shown in Fig. 24t the direct and quadrature components, “ K g
and “ Ky, with &k € {1:2:my— 2}, depend only on the coefficients a,, of order n = 2msh + k
where h = 0,1, 2.., while the last component “ K, depends only on the coefficients a,, of order
n = hm, with odd h. When the normalized rotor flux ¢(f) is characterized by the first odd

ms — 2 harmonics:
ms—2

#(0) = Y ajcos(if). (2.11)

1=1:2

the transformed torque vector YK is constant (not function of the electric angle ), see [32] and

133]:
0
kay, . (2.12)

1:22ms—2
0

w w ms
_KT(H) = _KT =P%c A/ 7

and each quadrature component “ K, is defined by the coefficient a,, of the same order k. In

w

this case the motor torque 7, = “K; “I; depends only on the quadrature components “I, of

the current vector “I; and it is possible to generate a constant torque, in all the other cases an
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Figure 2.5: POG block scheme of the dynamic model of a multi-phase synchronous motor in the

rotating frame X,.

undesired torque ripple is always present. Note that (2.12)) holds for a generic number of phases
ms, while usually in the literature only some particular cases for the torque vector “K, can be
found, see for example [16] and [37].

The POG scheme of the multi-phase synchronous motor in rotating frame X, see (2.7, is
shown in Fig. The connection block between sections @ and (i) represents the state space
transformation tTg between the fixed reference frame ¥; and the rotating reference frame .
Summarizing, the presented congruent state space transformation ‘I, = T, “I, splits the
original system S; into (ms—1)/2 two-dimensional orthogonal and decoupled subspaces ¥
with k € {1:2: my — 2} characterized by a specific set of the rotor flux harmonics, see Tab.
Then the mgs-phase motor can be seen as a set of (ms—1)/2 independent electrical machines,
rotating at different velocity kw,, and characterized by the k-th coefficient of the rotor flux. The
equivalence of a m-phase wye-connected machine to a set of (m — 1)/2 fictitious independent

two-phase machines is also shown in [I5] and this concept is used in [16] in the case of five-phase

Set of harmonics
Subspaces ms =3 ms =25 me =71
Yot 1,5,7,--- ,6h+1|1,9,11,--- ,10h+£1 | 1,13,15,--- ,14h £ 1
Y3 na 3,7,13,--- ,10h£3 | 3,11,17,--- ,14h + 3
Y5 na na 5,9,19,--- ,14h +5

Table 2.2: Subspaces Harmonic characterization for star-connected 3-phase, 5-phase and 7-phase

motors.
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machine. Particularly in [16] a pseudo orthogonal transformation is introduced to simplify the
model of a five-phase machine and the original five-dimensional space is mapped into two two-
dimensional orthogonal subspaces.
It can be easily proved that the congruent transformation ‘T, is power-invariant, indeed the
power p(t) = VI I, in section @ is equal to the power s(t)= <V “I in section (7):

p(t) = VI, = evItTliT, “I, = v 91, = s(t).

s

Comparison with Park and Clarke transformations

The transformation !T,, is similar to the Park transformation typically used in the literature
and also known as dq0 transformation, see [27]. The generalized Park transformation is based

on the following matrix “P;:

k h
cos(k(hvs—0)) cos(—0) cos(ys—0) cos(2ys—0) cos(3ys—0) cos(4ys—0)
y o ) sin(k(hys—6)) ) sin(—0) sin(ys—0) sin(2ys—0) sin(3vs—0) sin(4vys—0)
“p, = Pg = e | 1:20ms—2 Omsa—1|—5 cos(—30) cos(3vs —30) cos(6vs —360) cos(9vs —30) cos(12ys —30)
L sin(—360) sin(3vys —36) sin(6vs —360) sin(9ys —360) sin(12ys —30) Lﬁ’
c c c c c $
[e] :
0:ms—1

where ¢ is a constant: ¢ = % in [I6] and ¢ = 3 in [37]. The Clarke transformation £C, (see
[24] and [27]) can be obtained as a particular case from the Park transformation putting 6 = 0.
Applying the Park similarity transformation FI; = tPi T, to system (2I]), one obtains an
equivalent transformed system expressed in a rotating reference frame.

Matrices ‘P, and 'T,, are related by the following relations:

tp-1 tmT  t 1t . 2 |Im.—1 O

P,=A'T,, 'P,=A""T, , with A=,/— (2.13)
« « = = Mg 0o -L
V2¢

where the conversion matrix A is needed to adjust the power. Indeed one can verify that the Park
similarity transformation is not power-invariant because the instantaneous powers p(t)= "V
and 5(t)="VTPI, are related as follows:

mg mg mg
p(t) = (A_I)ZS(ZL/) = 7PV§ P1, - <7 - m) Py I,

where TV and T are the last components of the voltage and current vectors ©V, and I,
respectively. In case of star-connected phases the last column of matrix tP; can be eliminated,
so the relation between the matrices Py, T, and the instantaneous powers p(t) and s(t) can

be rewritten as:

, 2 m m
Py =T Po= /5T, pt) = 57s(). (2.14)
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Figure 2.6: POG-like scheme of a multi-phase synchronous motor in the Park rotating reference

frame.

Fig. shows a “POG-like” scheme of the electrical motor obtained with the Park transfor-
mation. Note that this scheme is similar to the POG scheme of Fig. but the part between
power sections (D and @) does not keep the meaning of power because the Park similarity trans-
formation is not power-invariant. The main disadvantage of using this transformation is that a
particular conversion matrix A and its inverse A™' are needed. On the contrary considering a
power invariant transformation the meaning of power is kept even in the transformed system.
The block scheme of Fig. is equivalent to the block scheme of Fig. 2.7] typically used in the
literature (see [I5]) where the (ms—1)/2 fictitious machines are kept separated and R(#) is the
rotation matrix.

The scheme given in Fig. 2.7] needs to be rearranged when the number of phases ms changes
while with the POG vectorial approach a unique general model is used whatever the number of
phases mg is. Moreover the system S, in Fig. is obtained using a congruent transformation
which uses the transpose of the transformation matrix (tT;) while the system in Fig. 2.7 is
obtained using a similarity transformation which uses the inverse of the transformation matrix
(*CJ). The main features of the two transformations are summarized in the following Table:
A very important advantage of exploiting the POG technique with vectorial notation is that
the POG scheme of Fig. can be directly implemented in Simulink without the need to con-

sider separate fictitious machines. Moreover from the vectorial notation a better control can be

Power | Dynamic |Fictitious . Vectorial
Transf. | . . . Variables .
invariant| equations | machines notation
‘T, Yes |general mg mST'H real Yes
‘P, No fixed mg mSTH real No

Table 2.3: Resume table of the difference between the proposed and the Park transformations:

‘T, and 'P,,, respectively.
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implemented, as it will be shown in Section 23]

2.2.2 System S, in the reduced complex rotating frame %,

A complex and reduced model of the multi-phase synchronous motor expressed in a complex

rotating reference frame ¥, can be obtained using a state space pseudo-transformation ‘I, =
= ot . e ms+1
Re("Tun?I,) based on the following complex rectangular matrix ‘T y € C™ "7 :

Ty = TyN=| T, 2, |N (2.15)

where:

h k h
T2 o], an [ JE].  N- V2Ing1 0]
ms e 0 1

Oms—1 1:22ms—2 0:ms—1

Applying the pseudo-transformation ‘I,=%Re (tTg NEL) to system (2.1]), one obtains the follow-

ing transformed system S, expressed in the complex and reduced rotating frame 3,

L0 ][9] [“RaA4L 4T Kov| [T], [V, 2.16)
0 [Jon | | e YKy | b | |wm]| [

The dynamic models of a star-connected multi-phase synchronous motor in the reduced complex

rotating frame %, for my = 3 and mg = 5 are shown in Fig. 201 The mathematical calculations
about the transformed matrices and vectors are reported in App[C.2l
The resistance, coupling and inductance matrices “R, ©J, and “L, have a diagonal structure

and they are obtained using matrix tT, as follows: YR,= tTZtRStTw =RImo11,
= - = 2

k
oot [30]_[[s1men o
WJ TN, =| | =[] Pem , (2.17)
- 0 0 1:22:ms—2
0 0
k
b, [ 0] [[2] o
YL =T L/T,=| =  |= s . (2.18)
- - 0 LsO 1:2:ms—2
0 I,

Note that the transformed matrices in the system (ZI6]) have dimension (ms+1)/2, while they
have dimension my in the system (2.7)). Moreover the diagonal structure of these transformed
matrices allows to divide the original system Sy into (ms—1)/2 complex orthogonal and decoupled

subspaces Y, with k € {1:2:my — 2} (i.e. for mg = 5 there are two complex subspaces Sl

and X3, see Fig. Z.9).



2.2 State Space Transformations 19

The transformed current, voltage and torque vectors “I,, ¥V, and “K,y are obtained using

matrix Ty, as follows:

k
k o
_ KON k(s
wl. — tT* ] — L ‘[ISk” _ |2 [e hgl " ] 219
s wN &s — wr - 1:2:ms—2 - E 1:2:ms—2 ’ ( ) )
sms
wIsmS 1 ms
ﬁ Z Ish
L h=1 _
_ i -
k . (h1)
_ _ —jko V. Jk(h—1)vs
WRF _ tp* ¢ Vs HVSk ]‘ 2 ) hz:l "
Vo= Ty Vo= ~lizme2 | T V. |12me—2 » (2:20)
V'sms :2:ms Mg :2:ms
¢ — > Vi
i V2is ]
L _
© . .
@ Tms e 1 o
o nan(ejne _ efjnG)
7 2
L n=ms:2ms n

“Igm, and “ Vg, of vectors @, and ¥V are real and proportional to the

The last components
sum of the my stator voltages and currents, respectively as shown in (29]).

The expression of the torque vector “K, y is still function of the coefficients a,, of the rotor flux
Fourier series and therefore it is suitable for any shape of the normalized rotor flux ¢() shown
in Tab2Il Each component K, with k € [1 : 2 : m,—2], depends only on the coefficients a,, of
order n = 2mgh & k, where h = 0, 1, 2.., see Fig. [Z4l While the last component “K . depends
only on the coefficients a,, of order n = hm, with odd h. When the rotor flux function ¢(6) has

the structure defined in ([2.I1]) the torque vector “K, v has a complex and constant form:

k
w _ W ms | [ kax ]
Krn(0) = “Krn = 7p0e\[ 5 | 1om. 2 (2.22)
0

The POG scheme corresponding to the dynamic system S, given in (ZI6]) is shown in Fig. 210l
The connection blocks between the power sections @ {1) and @ <@ take into account the function

MRe(-) which is is used to convert the transformed complex vector “I to real vector ‘I:

T, = 9 ("T,v “T,) = 9e (T, N<I,)
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Figure 2.9: Dynamic models of a star-connected multi-phase synchronous motor in the reduced

complex rotating frame X, for my = 3 and m, = 5.
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Figure 2.10: POG block scheme of the dynamic model of a multi-phase synchronous motor in

the reduced complex rotating frame ¥,,.

and to real motor torque 7,,:

ms
T = Re (ngN &L) = Re ( > YK, WTsk> . (2.23)
k=1:2

The mechanical part of the scheme is unchanged, while the internal variables of the electrical
part (between power sections @ and @) are complex vectors of reduced dimension.

Indeed, using the pseudo-transformation ‘I, = Re (tTg N gTS) the original ms-dimension model
in the fixed frame ¥ is transformed and reduced to a (ms+1)/2-dimension complex model in the
transformed reduced rotating frame %,,. Then the system is decoupled into (ms—1)/2 complex
subspaces Y1, with k& € {1:2:m,} and the equivalence between a m,-phase motor and a set of
(ms—1)/2 independent fictitious electrical machines remains valid also in the reduced complex

rotating reference frame 3.
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Comparison with Space Vector transformation

The transformation tTg is similar to the matrix proposed in the Space Vector approach, see [2§],

[38] and [39], which is based on the following transformation matrix:

h
, [1] Juiroro1oa
1: - - - -
ISk =— e =211 edvs £I27s 0i37s idvs | .
I h L i g o9 12 |
[ & =Dk ] e
_1:2:m571 l:ms_

System S, is described by complex variables and is obtained using the rectangular pseudo-
transformation matrix tTg ~. For this reason the dimension of the transformed vectors is reduced
and system S, has a very compact form. Supposing the mechanical dynamic slower than the elec-
trical one, i.e. assuming a constant velocity w,,, the ms — 1 eigenvalues of the considered multi-
phase synchronous motor coincide with the (m4—1)/2 eigenvalues of system S,, (they can be eas-
ily obtained computing the complex roots of polynomial A(s) = det [5 “Lg + (wﬁs + “Lg "st)] ,
and their (ms — 1)/2 complex conjugate values).

The pseudo-transformation matrix T,y is power-invariant. Indeed it can be easily proved that
the instantaneous power p(t) ='VI'I in section @ in Fig. ZI0lis equal to the real part of the

complex instantaneous power s(t)= %Vjﬂis in section (1):

p(t) = VI, = 'VIRe("Tyn'T, ) L
= Re("VITT N T, N T,) = Re(@V,21,) = Re(s(t)).
The Space Vector approach is not power-invariant, indeed the instantaneous power p(t) =tVTI!I,

is not equal (but proportional) to the real part of the complex power s(t) =5 V;‘S I:

p(t) = msRe(s(t)) = msRe(“VEILL).

2.2.3 Comparison among the proposed transformations

The two state space transformations (2.5 and (ZI5]) presented in the previous sections have been
applied to system S; obtaining two different dynamic systems S,, and S, which are equivalent
from a mathematical point of view. It is possible to pass from one dynamic model to the others
using the transformation matrices shown in Fig. 2.TTl The transformation matrix ETH ~ which

links together the dynamic systems S, and S,, is related to matrices 'T,, and ‘T as follows:

k l 1 0 0

s || |00

w WwN = thtTgN: —]5(l) le = 0 1 0
1:22ms—2 1:22mgs—2 0 _j 0 o
i 0 1] Lo o 1]:
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Sw

Figure 2.11: Transformation matrices relating the systems S;, S, and S,,.

Therefore one can obtain the current vector “I, as follows:

l k k
w k
[ _ s s || of | o [ 7o+ i1 |
Of, = 9T 29I, = k k “Te ||| = (2.24)
- 1:2:ms—2
1:2:mg—2 1:2:ms—2 1:2:ms—2
w wIsms
0 1 Lsm,

From (2.:24) one concludes that the system (216 can also be obtained from system (2.7 us-
ing the bijective correspondences between two-dimensional vectors, complex numbers and two-

dimensional matrices:
a —f3

(67

[a] < a+jf
g

Thus, the direct and quadrature variables are still available in the complex reference frame %,
then the current, voltage and torque complex components I, Vg and K, can be written
as: Ig, = Iy + jlg, Ve = Ve + JVgr and K. = Ky, + JKg . The three systems S;, S,
and S, are equivalent from a mathematical point of view, but they have different features from
a practical point of view that are summarized in Table 2.4, The most compact and effective
transformed systems is S, obtained using the rectangular complex transformation matrix T,
given in (2.15)), so it will be used in the following Chapters of this thesis.

System Sy S, Sw
Transformations none tTg tTg
Power invariant / Yes Yes

5 real real complex
= type : :

= time variant | constant | constant
< dimension Mg My mstl
> 2
Fictitious machines / me—1 me—l

Table 2.4: Resume table of the transformed systems features
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2.3 Simulation

D All the POG models of a multi-phase electric motor shown from Fig. to Fig. 2101 and the
model with Park transformation (see Fig. [27) have been implemented in Simulink.

The Simulink scheme reported in Fig. is the implementation of the POG model shown in
Fig. ZI0L It has a vectorial structure that does not need to consider the fictitious machines;
therefore, thanks to the graphical interface shown in Fig.[2.12Lb, the user can modify the number
of phases and other parameters of the model without changing the structure of the model. The
Simulink scheme of the motor drive is shown in Fig. 2I2la where the masked block of the
electrical motor contains the Simulink scheme of Fig. 212l c.

The system has been fed with the following open-loop input:
tvso =%Re ( tTwN ”Vso) s where: ”Vso = (NES + sz wfs) wid+ WKT Wmd

where “I; is the desired current vector in frame ¥, and wy,q is the desired motor velocity. The
simulation results shown in this section have been obtained considering the same five-phase star
connected motor used in [37].
The electrical and mechanical lumped parameters of the motor are: mgs=5, p=8, , N, = 10
R;=0.11Q, Ly=2.1 mH, My, =0.7 mH, ¢,=0.0025 Wb, J,,=1.6 kg mz, by, =2.06 Nms/rad,
a1=0.71, a3=0.04 and the external torque 7. =0 Nm.
Three different models are compared:

1) Park model,

2) POG model in the rotating frame 3,
3) POG model in the reduced complex rotating frame %,,.

The three desired current vectors, according to [37], are:

1) PI; = [0 15 0 3.75]T [A]

2) “I; = 1 PI, =10 23.72 0 5.93]T [A]

3) “Iy = j[23.72 5.93]" [A].
The dynamic time behaviors of the motor velocity wy,, motor torque 7,,, are shown in Fig. 213l
The motor torque response is a typical step response of a second order system because the
torque transient is deeply related to the electrical dominant pole of the system. While the
motor velocity transient is related to the mechanical pole located in A, = —by,/J, = —1.28,
then the mechanical settling time is: Ty, = 3/|Re(\;,)| = 2.34 s. the first phase current vector
I; in the steady state condition for the three controlled motors are shown in Fig. 214l The
order of the error between the three simulation results is 10714,

The current vectors ©'Ty, and “Tg;, in the two-dimensional subspaces ¥, are shown in Fig. 2.15]
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= Function Block Parameters: POG m-phases Synchror x|

—POG Multi-Phase Motor [Rotating Frame) [mask]

Multi-Phaze Pemanent Magnet Synchronous Mator:
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[Me. Star] = Mumber of coils per phase, Type of phase connection;
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Figure 2.12: Simulink schemes: a) Simulink scheme of the controlled electric motor, b) User

interface ¢c) POG Simulink scheme of a multi-phase electrical motor in the frame X,,.
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Figure 2.13: Motor velocity w,, and motor torque 7.
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Figure 2.14: Real phase current in the fixed reference frame ¥;.

Note that, according to (2Z.13]), the relation between the previous current vectors is:

_ - 2
PIsk:awIska a4 =1\/—
ms
The reference current vectors do not minimize the current dissipation. Using a vectorial notation
it is evident that the optimal current vector that provides the desired torque 74 minimizing the

current dissipation is the current vector parallel to the torque vector “K:

wKT

OF
I = Y
do |WKT|2

Tq =10 15.1996 0 2.5689].

The first phase current component I, in steady state condition is shown in Fig. respectively
for the vectors “I,; (in red) and “T (in blue). Unlike “T,, the shape of the desired current “I
is linked to the shape of the rotor flux ¢.(0)
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Figure 2.16: Real phase current in the fixed reference frame ¥;.



Chapter 3

Star and Delta Multi-phase

Synchronous Motors

Since the type of stator connection modifies the relation between the terminal variables and the
phase ones, in order to obtain a model as general as possible both the star and delta stator
connections are investigated in this chapter. The comparison between the types of connections
is carried out by discussing the possible differences of the dynamic equations and of the internal
complex models. Using a vectorial approach the optimal current references minimizing the
dissipation are obtained and used in the control law. This approach is suitable for both star and
delta connected stator phases. Finally some simulation results are reported in order to show the
dynamic differences between the connection cases. The main contents of this chapter have been
published in [40].

3.1 Star and Delta complex dynamic model

In this chapter we refer to a permanent magnet synchronous motor with an odd number mg
of concentrated winding in star or delta connection, see Fig. Bl characterized by the same
parameters shown in Tab. 2.1l

Let 'I;, *V;, I, and 'V denote the following current and voltage terminal and phase vectors:

T T

1, = [11---1,%5}, v, — [Vl---vms},

t * t *

Is = [Isl"'lsms}, Vs = [‘/sl‘/sms}
The type of windings connection modifies the relation between the phase vectors 'V, and I and
the terminal vectors *V; and *I;. Indeed, as shown in Fig. 3.1l in the star-connected motor the
current flowing into the terminal is the same that flows into the phase while in a delta-connected

motor the terminal current is the difference of the currents flowing into the two adjacent phases
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‘/i ~ // //
/I ~~ Stator -~ Vi\fi /[ms\\ Stator -~ V4 \I4

ms

Figure 3.1: Star and delta-connected stator phases.

(connected to the same terminal). The relation between the phase and current vectors are:
T, = 'T'IL,, V=TTV = 'V, (3.1)

where the connection matrix ‘T and the common voltage vector 'V, depend on the type of

stator connection:
— { I,,, if star-connected

T, if delta-connected

1 0 0----1
My=| 0 -1 10 (3.2)
0 0 O 1
[1, 1, ..., 1]"Vy if star-connected
0 =
’ [0, 0, ..., 0]" if delta-connected

One can easily verify that matrix ‘T, is singular: det('T,)=0 and this is a problem for the
vectorial control, as will be discussed in Sec3.3l

Since the dynamic system S,, given in (Z.I6]) considers the phase vectors I and 'V, introducing
the connection matrix ‘T as the first elaboration block of the POG scheme in Fig. 210 one
obtains a model which takes into account also the type of stator connection, see Fig. Since
the matrix ‘T present between the power sections (- @ relates the phase vectors ‘V, and
T, to the terminal vectors 'V, and ‘I;, the structure of the model is the same whatever the
type of stator connection is. Indeed the type of stator connection modifies only the form of

the connection matrix T between the section )-@. Thus, a unique general model is obtained
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Figure 3.2: POG scheme of a multi-phase electrical motor in the reduced complex rotating

reference frame X,.

whatever the number of phases mg and the type of connection are. Since the value of the stator
voltages Vg, and the stator currents I, (for the same value of the line variables V}, and Ij)
change with the type of stator connection, the transformed current and voltage vectors “I, and
“V, in (219) and (Z20) depend on the type of stator connection. Moreover the last component
of current vector “Ig,, is zero for a star-connected motor while the last component of voltage

vector ¢

sm. 18 zero for a delta-connected motor.

In order to put in evidence the different dynamic behavior between the star and delta connected
motor two different types of the normalized rotor flux for each type of stator connection will be
considered in the next section. The first type of the normalized rotor flux has the shape (2.17]),

while the second one has also the mg-th harmonic differen from zero:
— s
$(0) = > a;cos(if). (3.3)
i=1:2

When the normalized rotor flux has the structure (2I1]) the transformed torque vector “K,x
is constant as shown in (2.22]), while when the normalized rotor flux has the structure (3.3]) the

transformed torque vector K, y(6) is:

- -
“K,n(0) = jpsoc\/g 12‘[”6? H .
| Ko, (0))

where only the last component “K ., is function of the electric angle §. This component is a

real function that can be rewritten as:

“Korm, = b1 sin (ms pwmt) = —DPer/MsMslm, Sin (Mg pwnt) . (3.4)
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In this second case the torque equation (Z.23]) can be rewritten as:

ms—2

Tm = Re < Z YKo wlk) + “Krm, (0) “Tsm, = Tm + T, (1)
k=1:2

where the motor torque 7, is the sum of two terms: a constant torque 7,, and a time variant

torque Ty, (t). The constant torque 7, is the same torque generated in the first case (when the

transformed torque vector “K, y is constant), while the undesired time variant torque 7,,, (t) is

due to the time variant component “K ..

3.2 Star and Delta connected motor

The differential equations (2.16) depend on the star or delta connection of the motor. In par-
ticular the mg-th differential equation of system (2.16]) is:

LSOwTsms - _stTsms +wfsms Wm +wvsms . (35)

1) When the multi-phase motor is star connected, the last component “I,,. of vector “I; is

zero and the differential equation ([B.3) becomes:
“Ksm, wm+ “Vgm, = 0. (3.6)

In this case the dynamic dimension of a star-connected motor is ms; — 1, then the homopolar
vectors z,,, in ([23) and [ZI5) can be eliminated reducing the matrices ‘T, and ‘T, to the
rectangular matrices ‘T, and ‘T, . Consequently, the generated torque is constant regardless
of the last components “K . of the transformed torque vector. Moreover, from (B.1I)) and (3.6)

it follows that:
1

1 & —
Vo = — Vi YK . 3.7
s0 M hz:l h+ \/m_s sms Wm ( )

This relation shows that the common voltage Vyq is zero when the input voltages V3, are balanced

and when the normalized rotor flux ¢ has the shape given in (ZII)), i.e. when a,,, = 0 and
“K ¢m, = 0. On the contrary, the voltages Vi is not zero and it is time-variant when a,,, # 0.

2) When the multi-phase motor is delta connected, the last component “V . of vector ¥V

is zero and the differential equation ([33]) becomes:
Lso wTsms = —R; wTsms + wfsms Wi - (38)

The last differential equation is described by this first order system where the input is the last
component of torque vector and the output the last component of current vector. Therefore

the dynamic dimension and the dynamic behavior are related to the type of the rotor flux.

Substituting (3.4) in (3.8) one obtains:

Ls0“Ism.=—Rs“Ism,+ Wb sin (mgpwmt) .
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This is a linear equation with transfer function G(s) = LS(:‘;T_ 7 excited by a sinusoidal input
with frequency wp = mgspw,,. The steady state solution of this equation can be written as
follows:

“Tsm, (t)=b1|G1]| sin (wrt + £G1) (3.9)

where |G1| = |G(jwr)|, £G1 = £ZG(jwr) and by is given in ([B4]). In this case the torque 7,

corresponding to current “Ig, can be expressed as:

Ting (1) = “Ksm, “Tom, = Ton, (t) + T, (t)
where the mean value 7,,,_(t) of torque 7,,, is:

() = —w cos (LG (jwn)) (3.10)

and the ripple torque 7,,,(t) has the structure:

T (t):—w cos (2wt +ZG(jwg)) . (3.11)

Note that when a,,, # 0 and “K,,, # 0 the torque 7,,, has a negative mean value 7,., see
(BI0), and a torque ripple 7,,, at frequency 2wg, see ([BII). When it is present the term
Tm, reduces the amplitude of the total torque 7, introducing also an undesired torque ripple.
Otherwise, when the normalized rotor flux has the shape given in (2ZI1I]) the equation (B.8])
becomes:

Lyo“Tom, = —Rs“Tom.. (3.12)

The solution of this equation is:

_ _ L,
wlsms (t) = wIS?TLs (O) e_t/Ta T = RSO (313)

and therefore in steady state condition the current “Ig,,, is zero. In this case “Kg,,, = 0 and
the torque 7,,, is zero regardless of “I,,.. When the dynamic of equation (3.IZ) is disregarded
the dynamic dimension of the motor is ms — 1, equal to the one obtained for the star-connected

case.

3.3 Vectorial Control

Torque T7,, can be controlled by the desired current vector in frame ¥,,. The optimal current
vector “I; which provides the desired torque 74 minimizing the dissipation is the current vector

parallel to the torque vector K,y in frame X,

ﬂKﬂ'N
= — Td
|£K7N |2 7

g_

d (3.14)
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When “I, is constant, the condition I, = “I; can be achieved using the control law:
UV = Y7 T+ YKoy win — Ko (I —41y) (3.15)

where K. > 0 is a proper diagonal matrix used for the tuning of the control. The current vector

@T, can be obtained from the terminal current vector ‘I; inverting the connection matrix *T:

9T, = (T Tyuy) =Ty T, (3.16)

Matrix T is invertible for a star-connected motor and is singular (det(‘T,)=0) for a delta-
connected motor, see ([3.2)). This problem can be overcome diagonalizing the connection matrix

T by the matrix T, as follows:

k
1— eJks 0
A _ H © ] if delta-connected
“T="T,"T"T,), where: 2T = 1:2:ms—2
0 0
| S if star-connected
2

This equation shows that in the delta-connection the matrix ¥T is singular because the last

eigenvalue is zero. Since ‘T, 'T,, = Im.+1, then the equation ([B.I6) can be rewritten as:
- - 2

- — _ -1
T (TN o1
—(TLeTN) 1, = (v ) 1 = ©T 11T\ 1,

W is defined as follows:

1
1 —ejk'“/S

=1
“T = 1:2:ms—2
0 0

] if star-connected
2

where matrix T

k

if delta-connected

Note that in the delta-connection the null eigenvalue is related to the last component “I,,, of
current vector “I, therefore it is not possible to control this component. However it is still possi-
ble to implement the control law (#29) because the last current component T, is independent
from the inputs (it is zero or function of motor velocity, as shown in (3.6]), (3.9) and (B13)).
The equations (3.14]), (4.29) and (B.I7)) are used together in the control block diagram shown in
Fig. B3 where a P controller and feed-forward action are used.

The main differences between the two types of stator connection are summarized in TabB.1l
In a star-connected motor the last current component “’Tsms is zero therefore the dynamic di-
mension of the system is ms; — 1. In a delta-connected motor the last current component wfsms
is zero in steady state condition only for a particulary shape of rotor flux otherwise the last

current component is sinusoidal and undesired toque ripple is generated.
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Td

W] !

Figure 3.3: Multi-phase control motor drive scheme.

Star Delta
ams=0 ams7#0 amg=0 ams7#0
Dyn. dim. ms—1 ms—1 ms—1 mg
Tm constant | constant |constant | ripple
tT invertible |invertible | singular |singular
T 0 0 0 in ss sin(-)
° contr. contr. |uncontr. |uncontr.

Table 3.1: Resume table of the difference between the star and delta connection.

3.4 Simulation

As shown in Fig. B4la both the POG model in Fig. and the control diagram in Fig. B3]
have been implemented in Matlab-Simulink, like a common Simulink library block. The left
“Control” block in Fig. B.3] implements the control law (3.I5]), while the right masked block of
the electric motor contains the Simulink scheme, shown in Fig. B4lc. Both the masked blocks
have the configuration mask window reported in Fig. B.4lb; therefore the user can modify the
motor parameters, like the number of phases, the type of stator connection, the type of the rotor
flux, etc.. without changing the structure of the scheme. Note that in the field highlighted by
the red box the user can select the type of stator connection.

The PWM block is not implemented in the scheme of Fig. B.4la and the voltage 'V is directly
used to feed the motor. Since the low-pass characteristic of the machine inductances filters the
output switched voltages of the PWM block, it is better to use directly the average voltage 'V,
reducing in this way the simulation time. Indeed the high frequency switching of the PWM
block (necessary to obtain the variable-width pulse waveform from the modulating signal V)
increases the simulation time. Note that in this way the undesired harmonics introduced by the
switching are neglected.

The simulation results shown in this section have been obtained using the following electrical
and mechanical parameters: ms =5, p=1, N. =35, R, =15, L, =0.02H, M, = 0.01 H,
ay1 =1, apz=1/9, ¢, =0.02 Wb, J,,, =0.6 kg m?, b,, =0.25 Nms/rad, a; = 0.25, a3z = 0.75,

desired torque 74 = 15 Nm and external torque 7. = 0 Nm. In order to put in evidence the
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Figure 3.5: Motor velocity w,, and motor torque 7,,

different dynamic behavior between the star and delta connected motors, three different cases

are compared:

1) star-connected motor with as = 0,
2) delta-connected motor with as = 0,

3) delta-connected motor with as = 0.05.

The time behaviors of the motor velocity w,,,, motor torque 7, for the three controlled motors
are shown in Fig. The blue lines are referred to case 1 and case 2, while the cyan lines are
related to case 3. The torques generated in case 1 and case 2 are equal (the order of the error is
10~'4), while the torque 7, generated in case 3 is smaller then cases 1 and 2 and it is affected
by ripple. Therefore in this 3-rd case the motor starts accelerating to 57.3 [rad/s] (that is a
lower velocity respect to 59.8 [rad/s| reached in case 1 and case 2). According to the simulation

results, the torque reduction, the ripple amplitude and its frequency, calculated by ([BI0) and

B11), are:

() = —UICUenl og (£G(jwr)) = 0.6293 [Ni],
Fo(t) = —HICULRl og (2 ptt /G(jwn)) = —1.3565 cos(572.8893 ¢ — 1.0884) [Ni]
where:

by = —P?Ner/MsMsapm, = —0.3913 [Wb], wp = mspwn, = 286.4446 [rad/s|,



36 Star and Delta Multi-phase Synchronous Motors

Components “T,; of the current vectors ¢I, in the star-connected motor
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Figure 3.6: Transformed phase currents in the complex rotating reference frame 3.

|G(jwr)| = —=2&— =17.7177 [rad/sQ)], ZG(jwr) = —arctanLj%% = —1.0884 [rad].

Using the (3I4) one obtains the desired current vector “I; which provides the desired torque
74 = 15 Nm minimizing the dissipation:
. _ _ _ 9T . ' T
I,=| “Ty “Ta “T.s ] - [ 04512 0463 0
The transient of the components “I;, of vector “I, is shown in Fig. The time behavior
of components “I¢ (red line) and “I¢3 (green line) is the same for the three motors, while it
is different for “Ig5 because the control law (Z29) can not control this last component. Note
that the component “I,5 is zero in case 1, see (B.8)), is zero in steady state condition (blue line)

in case 2, see ([39), and is sinusoidal (cyan line) in case 3, see (B13). The time behaviors of



3.4 Simulation

37

1, [A]

, [A]

o
ok/
N

, [A]

Terminal currents in the star-connected motor

vvvvh

'

: '0

<X/ '9 [
’M’M il o"m
T currents nth dlt onne tdmt

G

N0’00’00"0’0”00”00”n’

'o’o!fu’o'n’f

Time [s]

Figure 3.7: Terminal currents in the fixed reference frame ;.

Vv, [A] Vv, [A]

v, [A]

Terminal voltages in the star-connected motor
T T T T T

.w'mos“os“os“u"oé’u‘

0f2 .
Time [s]

Figure 3.8: Terminal voltages in the fixed reference frame 3.

o 1 1.2
Tmnlu ents nth dlt onne tdmt Wth 5 = 0.1



38 Star and Delta Multi-phase Synchronous Motors

the three terminal current and voltage vectors ‘I;, 'V, for the three motors are shown Fig. B.1
and Fig. B8 respectively. Note that the transient of the terminal currents and the terminal
voltages for a delta-connected motor is the same in both cases 2 and 3 because the control law

(#£29) can not control the last component “Igs.

In conclusion, the simulation results are agree with the differences shown in Tab[3.1l



Chapter 4

Multi-phase Vectorial Control with

Currents and Voltages Saturations

Multi-phase machines have higher torque-to-volume ratio, compared to three-phase ones, due
to the injection of higher order current harmonics for the machines with concentrated winding
and nearly rectangular back-emf, see [15], [16], [37]. In [41] and [42] the effects of the voltage
and current limits on the third harmonic injection are considered. In [41] the voltage and the
current constraints are rewritten as 2-norm constraints of the transformed vectors obtaining a
field weakening algorithm, while in [42] the voltage 1-norm constraint of the voltage is taken into
account. Almost all the abovementioned papers consider specific motors with 5 or 7 phases where
only the first and the third current harmonics are injected. Moreover although the amplitude
of the injected harmonics is tied to the harmonic spectrum of the back-emf, it is not clear how
the current references are obtained.

This chapter addresses the torque control of ms-phase permanent magnet synchronous machines
where the first odd harmonics below mg are injected. A new vectorial approach to describe the
voltage and current limits is proposed. Starting from the transformed dynamic equations and
using the voltage and current constraints, the optimal current references is obtained. It holds
for an arbitrary number of star connected phases and an arbitrary shape of the rotor flux. Some
simulation results for a 7-phase motor validate the proposed control law. The main contents of
this chapter have been published in [43], [44] (for a multi-phase synchronous motor) and in [45]

(for a 5-phase synchronous motor).

4.1 Transformed dynamic equations

In the complex rotating reference frame Y, the m,-phase star-connected motor can be seen
as a set of (ms — 1)/2 independent electrical fictitious machines rotating at different velocity
kpw,, and characterized by the k-th coefficient of the rotor flux, see Sec. This concept is
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the generalization of the Multi-machine representation in [I5] and it is shown in Fig. [£1] where
different colors define the different machines.

Since injecting the first odd harmonics with order below my it is possible to increase the motor
torque of a multi phase motor, let us now consider the case of balanced voltage and current

stator vectors *V, and ‘I composed by the first (mg — 1)/2 harmonics:

h ms—2 h
Vo=V ] =D [Viuk cos(kb-k(Gu— (h—1)7)] (4.1)
1:mg k=1:2 1:my
h ms—2 h
L=[I]=>_  [Lmk cos(k0—k(0i — (h—1)79)], (4.2)
1:ms k=1:2 1:m,

where V1. and I, are the amplitude of the balanced harmonics components of order & and
Ouk, Oi1 are proper initial phase shifts. In this case the transformed current and voltage vectors
“I, = 'T v 'I, and “V, = T, 'V, are (mathematical details are reported in ApplC4):

k k
m 0.
= [ sk” —‘[Idlﬁ-jl k”:\/ 73 [Imk ejke“c} (4.3)
1:22ms—2 1:2:mg—2 1:2:m—2
k k k
I i m .
st - H:Vsk:H = H:de; +]V;1k‘i|‘ = \/ 78 |:mG e]kgvk:| (44)
1:22ms—2 1:2:mg—2 1:2:ms—2

where Iy, Iy, Var and Vg, are, respectively, the direct and quadrature components of the current
and voltage vectors I, and V. The modulus |I,| and |V | are related to the amplitude I,z
and V,,; by the following relations:

=T m
[Lsk| =/ ng+13 =1/ flmk = Ik, (4.5)
7 m
Vel = VitV = fvmk = Vi (4.6)

Expressions (£4), (£3), (£5) and (46) show that the harmonics of order k and amplitude
Vink and I,x in (@) and ([@2)) are transformed into vectors Vg and Iy, with modulus Vi, =
V5% Vink and I = /5% Ly which move in the complex subspace Sok. In other words each

harmonic of order k is related to the fictitious electrical machine rotating at the same frequency

kw, and characterized by the k-th coefficient ay of the rotor flux. According to this in Fig. 1]
the color of the 1-st voltage and current harmonics is yellow, while the color of the 3-rd voltage
and current harmonics is orange.

Substituting (2.22)) and (£3) in (2.23) the motor torque can be rewritten as:

ms—2
— - Im
Tm = Re (ij‘_N wIS) = PPc 78 k;2 kaquk. (47)
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Figure 4.1: Multi subspaces scheme of a m,-phase motor in the complex rotating frame 3.

This torque equation is the sum of individual contribution of each fictitious machine and it
shows the dependence of torque 7, on the quadrature components I ; of the current vectors
Ig.. In [222) the direct components K g, of the torque vectors K, are equal to zero therefore
the direct components Iy, of the current vectors I, dissipate power without producing torque.

From (7)) it is clear that the torque production capability of the machine increases injecting
the first odd harmonics with order below to mgs. Moreover it shows that the motor torque is
generated by the interaction between the harmonics ay of the rotor flux and the stator current
harmonic with the same order k. Therefore the amplitude of the injected harmonics is tied to
the harmonic spectrum of the rotor flux (it is uselfull to apply high I, in subspaces with high

components kay).

4.2 Multi Harmonics Constraints

The amplitudes of components Vj, and I, of the voltage and current vectors ‘Vy and 'I, in
(@1 and (#£2) are bounded, respectively, by the maximum voltage V4, of the inverter DC link
and the maximum rated current I,,,., thus the following constraints hold:

ms—2 ms—2

Z mG < Vmaa:a Z Imk < Imaa:- (4'8)
k=1:2 k=1:2
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mg—1
Defining the constraint vectors V;, Ins and K € R 2 as:
k k k
V= [‘Vsk‘:| , Iy = [‘Tsk‘:| , Kr= [\Fﬂc!”
1:2:ms—2 1:2:ms—2 1:2:ms—2

the voltage and current constraints (4.8), multiplied by constant /“*, can be rewritten as a

1-norm constraint on vectors V; and Ips:

ms—2
[Ms
H VM le Z VMk < 7 Vmax = VM7 (49)

k=1:2
ms—2 m

H I le Z Ink < A/ 78 Tinaz = M (410)
k=1:2

where Vs and Iy are the moduli of vectors Vg, and I, respectively:

m m
Vg = Vd2k+Vq2k:\/78mG, IMk:\/ng‘f‘ng:\/?SImk-

The constraint equations in (£.8]) act on the power section (D, while the transformed constraints
(#9), (#I10) act on the power section @), see Fig. A1l

In the design of the control law there are some degrees of freedom that will be used to decide
how to distribute the maximum voltage V;; and current I5; into the components Vi and Iy
to satisfy the constraints (4.9) and (4£I0). In the next sections it will be shown how this defines
in each subspace %, a specific operative zone that modifies the torque producing capability of

the subspace.

4.3 Vectorial control
In steady-state condition, the dynamic equation of the electrical part is:
wvs — (wﬁs + sz Wfs) wid"' WKT Wmd

which is equivalent to the following (ms — 1)/2 equations of the complex subspaces

Vsk: - 7sk75k +quk:wm 5 7Sk :Rs +] kpmesk- (411)

Introducing the current and voltage vectors I, = I + g1y and V=V + j Vo, in (11) and
then substituting the obtained equation in (40]) the voltage constraint ,/Vko + VqQk < Vg can

be rewritten as follows:
(Idk — Xok)2 + (qu — YOk)Q < ng (4.12)
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Geometrical analysis of the control vectors

_ I
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Figure 4.2: Maximum current circles CV), and CZ}, in complex subspace 3.

where:
Rop(wm) = |Rox (Wm)hvsk‘:VMk = % (4.13)
Xow(wm) = Re(Cor) = _Kqﬁgi;?n%k (4.14)
Vou(un) = Im(Cp) = L2 (115)

Relation ([AI2]) is the mathematical expression of the maximum voltage circle CVy, corresponding
to the value Vjsy that satisfies the voltage constraint (Z9). The terms Cox(wpm) = Xox + J Yok
and Rox (wp,) represent the center and the radius of the maximum voltage circle CVy. These
terms are function of the parameter w,,. When velocity w,, increases the radius R of circle
CV), decreases and its center Cy, moves in the complex plane X, on a circle with center in

<2;§z’zk, O) and radius 2;;)7‘%%. The current vector I, satisfies the voltage constraint only if

its modulus is inside the maximum voltage circle CVj. Therefore in order to satisfy the current

constraint (ZI0) the current vector Iy, must also stay inside the maximum circle CZ; having

center in the origin and radius Ipsx:

I3, + 12, < I3y (4.16)
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A graphical representation of the voltage and current circles CV}, and CZ;, in the complex plane
Yok for a particular value of w,, is shown in blue and violet in Fig. The intersection zone
Cr between the two circles, shown in grey in Fig. 2] represents the area in which both the
voltage and current constraints are satisfied. Subtracting equation (416 from equation (4.I12])

one obtains the following relation:
— 2XopIax — 2Yordg, + X3, + Yo, — R3. + Iage = 0. (4.17)

Using (@&I7) together with (ZI6]), one obtains the intersection points 17 and I;; of circle CVy
with circle CZy:

X()k XEkPk
|Co | |Coxl

Iri= (4.18)

— 2
’COk‘ — R+ 2
2Vor :
The coordinates of the other points shown in Fig. are:

where P, =

Tyi(wm) = Xok(wWm) + 7Yor(wm) + j Rok(wim) (4.19)
Tk(@m) = $Yor(wm) + 51/ Ray(wm) — X3 (wm) (4.20)
Ik = jlng (4.21)
T = —jlng (4.22)
Tot(wm) = 3Yor(@m) = 3/ R (wm) — X2, (wm) (4.23)
Tok(wim) = 7ok (Wm) — 7 Rok (wm) (4.24)

Note that the coordinates of all points shown in Fig. are function of the components Vi
and Ips,. Indeed the constraints distribution defines in each subspace ¥, a specific operative
zone that modifies the torque producing capability of the subspace (the torque 7,,; generated
in the subspace ¥, can be provided using only the current I, € C). Since the quadrature
components I, act on the motor torque while the direct components I, modify the magnetizing

rotor flux, the two main control laws used in the literature [46], [47] are:

1) field oriented control where the direct component of the current vector is zero Iz, = 0 so
Tso=maz {Ick, 171} € C;
2) flux weakening control where also the direct component of the current vector is used
Iy # 0 so I, =max {Tvkj[k} €Cy.
The first control produces a constant torque at low velocity while the second one ensures a
constant power at high velocity. At high velocity when the back electromotive force (due to the
permanent magnets) approaches the maximum voltage V4, the motor torque 7y drops rapidly

with the speed wy, using the field oriented control (see the operation point I, = Iz in Fig. E2).
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Instead using the flux weakening control the motor velocity w,, can be increased because the
influence of permanent magnets flux linkage is reduced by the demagnetizing (negative) I
current. Since the direct component weakens the flux but it does not produce torque, the
operation point I, = I, produces an higher torque respect to I, = Iz dissipating power.
Note that in Fig. the points I ¢y and I, cannot be used in the control because they do not
satisfy the constraints (Icy and I.x ¢ Cy).

4.4 Constraints distributions

The torque can be provided using only the current vectors I, inside the intersection zone Cj
of the maximum voltage and current circles CVj and CZj, so the voltage and current limits
determine the torque producing capability of the subspace %,;. For a given w,,, it is possible to
modulate the components Vs and Iz in each subspace X, in order to increase or decrease the
maximum voltage and current circles CVj, and CZj, satisfying the constraints (49]) and (£I10).
For a 5-phase motor, the current and voltage 1-norm constraints can be represented as planes
in R? as shown in Fig. [£3] and Fig. B4l From (23] it is clear that the torque 7, is tied to
the scalar product of K, and Ij; and for this reason the vector K, has been reported in the
current 1-norm constraint of Fig. f3la and Fig. E4la. The torque control law described in the
next section is a generalization, for a mg-phase machine, of the following two cases of constraints

distribution for a 5-phase machine:

Case 1) The optimal distribution of the current constraint minimizing the power dissipation
is reported in Fig. E3la. The vector I;4 does not satisfy the current constraint, therefore this
distribution cannot be used. The scalar product of the three vectors Iz, Inp and Ipz. with
the vector K is the same but the vectors Ip;, and I, do not minimize the power dissipation
because their moduli are greater than the modulus of Ips.. Thus, the current constraint vector

which minimizes the power dissipation is the vector Ips. with the minimum modulus parallel to

ng in
K, A
Kgpb------
Iy Var
IMa
V N
VMC
| _ —
>3 1 > > 1
Kg =~ ~¢ Ver ¥
a) M b) M

Figure 4.3: Minimum dissipation constraints, ms = 5: a) current, b) voltage.
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Ko I3 Vet

a)

Figure 4.4: Maximum torque constraints, ms = 5: a) current, b) voltage.

K. The voltage vector Vy;, related to the current vector I;,. is reported in Fig. L.3lb.

Case 2) The optimal distribution of the current constraint maximizing the torque 7, is reported
in Fig.[4.4la. The vectors I, Inry and Iy do not maximize the torque because their projections
onto K are smaller than the projection of vector Is.. The vector I; = I that maximizes the
scalar product KT I, is obtained giving the maximum value I3; to the component Ijs3 related
to the maximum component K3 of vector K. The voltage vector Vy;, related to the current

vector Iy;, is reported in Fig. d.4lb.

Generalizing these two cases, four different constraints distribution into the subspaces X, will
be considered, see Fig. The dashed lines are the voltage and current circles CVj and CZy
showed in Fig. 2] while the solid lines are the new circles CV}, and CZ) obtained modulating
the components Vy . and Ipyg.

In Fig. @5la the operation point is I, = Iz = Icr = 11k, so the torque can be generated using
only the quadrature component Ig. Given the current constraint /s, and using equations (4.20)
and (£2I)), one obtains the component Vjp:

Vg = |7sk|\/X02k + (Inek — Yor)?. (4.25)

In Fig. @Alb the operation point is the origin I, = 0 because I = 0, so the torque generated

by subspace X, is zero. The component Vjs; has the following structure:
Vi = |7sk| |60k| = qu Wm- (426)

In Fig. @Hlc the operation point is I, = Co because Vi = 0, so the torque generated by

subspace Y is negative. The component I has the following structure:
IMk: = ‘UOk‘ = qu wm/IZSk] (427)

In Fig. E5ld the operation point is Iy, = I, = I;;. Also in this case the torque generated by

subspace X is negative. Given the current constraint I, from ([@I8]) one obtains Rox+ i =
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Figure 4.5: Maximum current circles CV}, and CZj in subspace %, obtained modulating the

components Vs and Iy .

|Cor| and the component Vyyy is:
Vi = | Zsk| (|Cok| — Intk) = Kgpwm — | Z sk Insk. (4.28)

These four cases show that when the operation point is defined, the components V), and Ipp
are bounded by the equations (4.16) and (4.12]).

4.5 Torque control

Torque 7,, can be controlled by current vectors “I; in frame ¥, not exceeding the constraints
on the maximum input voltage and current. When “I,; is constant, the condition “Iy = “I; can

be achieved using the following control law:

WVS :“’zs wis+ WKTN wm—KC(“TS—”Td) (429)
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Figure 4.6: Limit torques for a multi-phase synchronous motors.
where K. >0 is a control diagonal matrix and “I is:

“In if 7y > (W)

wId = WTCC if TMd(wm) < T < TM(wm) (4.30)

“Lng if 0< 74 < mara(wm)

where 74 is the desired torque. 7p74(wyy,) is the maximum torque with minimum dissipation while
T (W) is the maximum torque. These two limit torques are function of the motor parameters,
the voltage and current constraints and the control law. In Fig. 6] the two curves 7y;4(wy,) and
Tar(wp,) define three zones in the (7,,,w.,) torque plane: the green zone represents the region
where the desired torque 74 can be provided using the minimum dissipation torque control; the
red zone represents the region where the torque 74 is obtained using the conver combination
torque control; the white zone is not allowed because 74 cannot exceed the maximum torque 74,
in this area the maximum torque control is used.

This control law, used together with relation ([4.29]), provides the desired torque 74 satisfying
the constraints (4.9)), (4I0) and minimizing, when possible, the current dissipation.

4.5.1 Minimum dissipation torque control

The current constraint vector I,; which minimizes the power dissipation is the vector with the

minimum modulus parallel to vector K, (see Fig. d3la):

k
Td o K, ~
I K. - H ]‘ 4.31
M= K| |K |2 Ta Ky, (4.31)

1:2:ms—2

where K k=

\wK - me?
\/ms Z (kax)”
k=1:2

are the distribution coefficients of the current constraint I3; into the subspaces Sek. Only the
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quadrature components Iy of the current vectors Tsk are used to generate torque (see Fig.[L5la),

therefore the current vector “I,,q which minimizes the power dissipation is:

k _

=~ UJKTN
=[]

TN (4.32)
wK 2
1:2:ms—2 | TN|

Note that the current vector “I,,4 is parallel to the torque vector “K,. Substituting (@31]) in
(#25) and using the voltage constraint (£9), one obtains the following equation:

ms—2

> ‘ZSk!\/ng + (ra Ky, — Yor)2=V4r. (4.33)
k=1:2

Vark

At low velocity the current constraint limits the torque. Using (£31]) and the current constraint
(#10) the maximum torque with minimum dissipation at low velocity is:
Iz

™ma(0) = —5—-

>_ Ky

k=1:2
Substituting 7374(0) in (Z33]) one obtains the rated velocity wyprq. When wy, > wyarq, the limit
torque decreases and it is limited by the voltage constraint. Given wy, > w,ar4, equation (433
can be numerically solved with respect to 74 in order to obtain the maximum torque 7psq(wp,)
satisfying minimum dissipation and the voltage and current constraints.
The desired torque 74 can be obtained with minimum current vector “I,,,4 only if 74 < Tazg(wm,).
In Fig. the curve Tp74(wy,) defines the green zone representing the region where the desired

torque 74 can be provided minimizing the power dissipation.

4.5.2 Maximum torque control

The maximum torques 7y (wy,) can be obtained maximizing the projection of the vector I onto
the torque vector K, see Fig. [d4la. To reach this goal it is necessary to sort the components

K, of the vector K; and apply the following current and voltage constraints distribution:

( —
De=Ti, Ve =|Zsc|\/ X2+ (I —Yog)? if k=G
IMkZUQk,VMkZO ifkeN,

o B I (4.34)
IMk:IMga VMk:quWm - |ng|IMg ifk=g
Iy =0, VMk:quwm ikaOg

where Iy =1I57 — 3 yen, |Cok| — Inrg and:

- @ is the index of the maximum component of K.,
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- Oy is the set of the subspaces not jet considered,

- Ny is the set of the subspaces already considered,

- g is the index of the considered subspace univocally defined from the motor velocity w;,

(the reason will be explained later).

The subspace ¥, related to the maximum component Ky of the torque vector is shown in
Fig.[4.2] the subspace ¥4 is shown in Fig.[d.5ld and the subspaces not yet considered and already
considered are shown, respectively, in Fig. dAlb and Fig. E5lc. Substituting the components
Vg of (£34) in the voltage constraint (4.9]) one obtains the following equation:

> Kpwm+|Zacl \/ng+ (I —Y06)* = |Zsgl Intg = Vi (4.35)
kelg,0g]

Given wy,, equation (B.19) can be rewritten as:

2 VM —Z quwm

— k€(g,04] Z
2o+ I =D ICokl — Tnig — Yo | = — Zeol g
keN, el 1Zscl
g

This relation can be solved with respect to Iy, obtaining the voltage Vis, of the considered
subspaces. The components I, of the maximum current vector “Iy; are univocally defined

from the constraints distribution:

maxgvk,jjk,TZk} € Cpif k=G
k
_ _ . XOk +]Y0k if kENg
“In= |:Isk] s sk =1 _ (4.36)
I if k=g
1:2:ms—2
0 if keO,

Note that ¥, is the only subspace that generates torque because the current components in
the other subspaces are negative or equal to zero.

When w;, < wyy the current constraint limits the torque and the maximum value I3; is given
only by the subspace ¥, related to the maximum component Ky, of vector K, (see Case 2 of
Sec[.4)), then g = 0, Ny = () and in this case the equation (34]) can be rewritten as:

Ingk=Exg, Vigk= ]7SG\\/X§G+(IM—YOG)2 if k=G

Iy =0, Vag=Kgpwm if k€O,

and the maximum torque at low velocity is:

m
Tm(0) = poey fGaGIM.
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When the velocity w,, increases the components Vi increase and there is a velocity w,ps
for which the voltage constraint is exactly satisfied. The rated velocity w,ps can be obtained
substituting the components Vi in (£9). When w,, > w,ys the voltage constraint limits the
torque then it is necessary to redistribute the current constraint I5; into the other subspaces to
reduce the components Vi, see ([d28]). Since this operation causes a reduction of the torque
(see vector Ips¢ in Fig.[£4la), the current constraint I5; is redistributed only into the subspaces
Yok With k € [Ny, g] minimizing in this way the torque reduction. The current and voltage
constraints distribution (£34]) must be applied starting from the subspace ¥, related to the
minimum component Ky up to the subspace X,c. The index g is univocally defined by motor
velocity wyp,: it is the first subspace ¥4 where Vasg > 0. At the end, when g = G and Oy = 0,

the equation (434)) can be rewritten as:

Ine=Iy; = [Cokl, Var=Vyy if k=G
k4G
IM]C:’COIC’7 V=0 if ke N,

Summarizing this constraint distribution is a trade off between the torque reduction and the
constraints. The maximum torque is obtained when the constraint I5; is given to the subspace
Y, but there is a velocity in which to satisfy the voltage constraint it is necessary to redistribute
the current constraint I3; into the other subspaces. In this way both the constraints are satisfied
but the generated torque decreases because the projection of the current vector Ij; onto the
torque vector “K; does, see vector Ijsr in Fig. dA4la.

At low velocity the current constraint limits the torque, so the maximum value I3; is given to
the subspace Y, and in the other subspaces the voltage constraint is used to hold the operation
point in the origin, then g = 0 the set Oy is full and the set N, is empty.

Instead at high velocity the voltage constraint limits the torque, so the maximum value Vy; is
given to the subspace Y,c and in the other subspaces the current constraint is used to hold the
operation point in the center Cpy, then g = 0 and the set Oy is empty.

The maximum torque control is obtained choosing “I; = “Ij; when 74 > 7Tp7(wp). In Fig.
the curve 7 defines the white region that represents the zone not allowed because 7; cannot

exceed the maximum torque.

4.5.3 Convex combination torque control

In Fig. the curves 7p7q and 7p; define a red zone that represents the region where the two
previous control laws cannot be used. In this region the optimal control law which satisfies the
constraints (£9]), (£10) and minimizes the current dissipation is quite complex and difficult to
be found. In this case we propose the following suboptimal control law obtained as a convex
combination of the maximum current vector “I,s, see ([A36]), and the maximum current vector

with minimum dissipation “I;q = Tamd, see ([A32). When 74 < 74 < T the torque 74

“Kr
‘“’K7—|2
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is obtained using the following current vector:

“Tee=“Tprg+o (“Ing—“Ipsq)

Td — TN(Wm)

where a = T — oy’

4.6 Simulation results

The proposed control has been implemented in Matlab/Simulink environment as swhon in
Fig. A7 Particularly the masked-block on the left implements the saturated vectorial control
proposed in this Chapter, while the other two masked-blocks refer to scheme of SecB.4l The
simulation results have been obtained considering a 7-phase motor with the following electrical
and mechanical lumped parameters: m;=7, p=1, N. = 30, Rs=2, L;=0.03 H, M3 =0.025
H, ayi =1, ays = 1/9, ays = 1/25, ¢, = 0.02 Wb, J,,, = 1.6 kg m?, b,, = 0.15 Nms/rad,
Vinaz = 100V, Lpae = 35A a1 = 0.40, a3 = 0.3, a5 = 0.25. The external torque 7. is zero until
t =10 s then 7. = 45 Nm (see the black dashed line in Fig. [L.§]).

The time behaviors of motor velocity w,,, motor torque 7,,, desired torque 74, external torque
Te and maximum torques 7p; and 7 with their corresponding trajectories on the torque plane
(Tm, wm) are reported in Fig. A8 The letters A, B, C, D and FE refer to the critical points

for the control: A when 74 = Tpq, B and D when 74 = 737, C when the external torque 7. is

[F1coc2011_vincolo_VI_contr_vett_mdl P ] B3|
Fle Edt Yiew Shulation Format Todls Hslp
OEEE BB == ¢ 22 sfin [homs =~ HeBE REnE S

Step

Hi=

[Tin Tau_d] Tau_d

Wiorspase P0G mephases
Synchronous Machine

Complex Ratating Frame

wie | Bcrical Velochy W <ktau> B K tau

Raady 100% fii i odeds

Figure 4.7: Scheme of the control diagram implemented in Simulink environment.
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Motor velocity wp, Motor torque 7,

100
E 1001
= o %0
g 60 s 80 TN 1
Sl 70 - -
3 20 .- .- -
o ; ; ; ; ; ; ; g6 TN seem T
0 5 10 15 20 25 30 35 40 Z - -~
Motor torque 7,, and desired torque 74 E ° =&
T, ‘TM : ; ‘ ‘ ‘ : 1 ok - \ B
L D 1 .-
50 30 L -
‘E' 401 i PP -
E 20l i 20 PP <
~ 201 : B 4 .- -
g i 10 AN
& 10 : , ; i o
% s m 15 20 2 % 3 40 % 50 100 150 200 250
Time [s] w [rad/s]

Figure 4.8: Time behaviors of motor velocity wy,, motor torque 7,, (brown), desired torque
7q (red), external torque 7, (dashed-black), maximum torques 7); and 7y (black) with their

corresponding trajectories on the torque plane (7, wp,).

applied and E the final steady-state condition. Note that for 7; < 7, i.e. from point 0 to point
B and from point D to point E, the control law ([@29]) and the torque control (£30]) guarantee
Tm = Tq. The constraints ([4.9]) and (£I0) are always satisfied as it is shown in Fig.

Fig. [£.10 shows the phase current and voltage waveforms in the steady-state condition and their
corresponding spectrum. It is clear that the phase voltage and phase current waveforms satisfy
(£8) and they are obtained injecting the 1-st, the 3-rd and the 5-th harmonics.

The current vectors I, in the complex subspaces Y1, %3 and X5 are shown in Fig. 11l The
desired torque 74 is provided only by the quadrature components I, of the current vectors I
until it is 74 = 7n in point A.

Note that from A to B, where the convex combination control “I.. is used and the current vec-
tors I4, remain within the intersection zones Cj. From point B to point D the maximum torque

control “I,; is used, the desired torque 74 is generated only by the current component Iy5,s and

Multi harmonics current constraint Multi harmonics voltage constraint
Voo T iy

180
160

1401

=
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| Vs ll1 [V]
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2 20 3 40 0 5 10 20 2 30 35 40
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Figure 4.9: Sum of the components Vs and Iy of vectors Vi and Ipy.
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Figure 4.10: Phase current and voltage waveform with their corresponding harmonic spectrum

in steady-state condition.

the maximum voltage constraint V47 is applied only to the component Vj;5 of the subspace X5.

From D to E the desired torque 74 is provided by the convex combination torque control.

Current in the subspace 3,1 Current in the subspace Y3 Current in the subspace Y5
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Figure 4.11: Current and voltage circles CVj, CZ;, and current vectors I, in the complex

subspaces .



Chapter 5

Modeling of Open-phase Fault

Condition

This chapter deals with the modeling of multi-phase permanent magnet synchronous motors
under open-phase fault condition. Multi-phase electrical motors offer high reliability thanks to
their capability to operate safely even in case of faults such the loss of some phase.

The major types of faults which may occur within the drive system are: winding open circuit,
power device open circuit, terminal open circuit, winding inter-turn short circuit, winding termi-
nal short circuit, power device short circuit and DC-link capacitor failure, see [4]. Nevertheless
the open circuit fault is the most commonly found because it has the highest failure rate as
reported in Tab[5d] and even when a short-circuit occurs the fuse (commonly used as series
short-circuit protection in the inverter, see [6]) automatically opens the connection.

In the literature any effective model for the faulty motor has been provided yet. Indeed, although
in [22] and [48] the open circuited phase failure is simulated by a variable resistor as opening
element the value of this resistance is a trade-off between the model accuracy and the simulation
time.

In this chapter two models of a multi phase PM machine in the case of open phase fault condition
are proposed. These models simulate the failure by an additional voltage in order to impose a
zero current in the open-phases, without increasing their resistance, allowing in this way a short
simulation time. The open circuit fault can occur to any of the phases and both cases of adjacent
and non-adjacent open phases may be simulated. We consider the star stator connection case
but this approach can be extended also for delta connected motors. Moreover the models hold
for any shape of the rotor flux and for a generic odd number of phases.

The advantages of Power-Oriented Graphs modeling technique allow to directly implement the
proposed models in a general-type simulator. Thanks to these models the different control
strategies for faulty operation of the motor can be tested before the implementation on a real

motor drive. The main contents of this chapter have been published in [50] and [51].
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Failure No. Phases | Total failure
Cause of Failure rate/phase rate [per hr]
[per hr]
Short circuit between phases 6.7 x 1076 3 20.1 x 1076
Open circuit in windings/joints 13.4 x 1076 3 40.2 x 1076
Open circuit in connections 1.0 x 1076 3 3.0 x 1076
Short circuit in connections 1.0 x 1076 3 3.0 x 1076

Table 5.1: Resume table of the failure rates in a three-phase motor, see [49].

5.1 Open phase fault condition

In this section the model of the motor in open-phase fault condition is introduced. The simulation
of an open-phase fault has been proposed in [22] and [48] where the open circuited phase failure
is simulated by a variable resistor as opening element as shown in Fig. b.Ih. Although the
implementation of this model is easier, the value of the faulty resistance is a trade-off between
the model accuracy and the simulation time.

Indeed, in simulation, the computation step time of the numerical solver is chosen in regard to
the smallest time constant of the simulated system. In open-circuited conditions, the open-phase
time constant becomes very small, so a large value of Ry reduces the computation step time
increasing the simulation time, see [22]. When the resistance R,y grows up continuously to
infinite the pole p; = —Ry /LS, related to the faulty phase, moves towards minus infinite and the
system time constant 7; = Lg /RS ¢ becomes very small. In this condition the system simulations
can be performed only using a very small integration step, thus increasing the simulation time.
Using this method the value of the resistance R, is a trade-off between the expected model
accuracy and the overall computation time. Moreover, since Ryy can not tend to infinity the

current of the open-phase does not tend to zero.

Lk i R, Eu
Isk
Vi + Vi
L,
\ fr g,
Isi +
Vi Vi
Lgi;
a) b)

Figure 5.1: Representation of two different ways to simulate an open phase fault: a) variable

resistor as opening element b) additional voltage.
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To avoid these problems we propose to simulate the open-phase failure by supplying the faulty
phase with an additional voltage, as shown in Fig. 5.Ib, such that its steady-state current is
zero. In this way it is possible to impose a zero current without increasing the phase resistance,
allowing a short simulation time (it is the same respect to the healthy condition) because the

faulty phase pole p; =—R; /Ls and the time constant 7; = Lg /Rs remain unchanged.

5.2 Modeling of Open-phase fault condition in the fixed refe-

rence frame

In order to simulate the open phase in the fixed reference frame it is necessary to impose a zero
steady state current and this can be done by giving to the faulty phase the voltage such that the
corresponding current is zero. Moreover also the common voltage V,9 must be computed. We
first consider an open-phase fault occurring on a single phase and then generalize the obtained

equations for a multi-fault occurring on n-phases, with n < mg — 2.

5.2.1 Open-phase fault on a single phase
The electrical equations of the system (21) in the fixed reference frame ¥, are:
L', = - 'R, 'I, — "B, + 'V, — 'V, (5.1)

where the i-th phase equation can be written as:

ms
> Laigla = —Rel — Ewi + Vi — Vg . (5.2)
k=1 Vsi

In (5.2) Ry and Lg;; are the resistance and the self-inductance of the i-th phase respectively,
Ly; 1, is the mutual inductance between the phases 7 and k, Eg; is the back-emf voltage, V; is the
terminal voltage applied on the i-th phase and Vg is the common voltage.

When i-th phase is open the corresponding current Is; must be zero. To achieve this condition

it is sufficient to add to i-th phase the following additional voltage f1V;:

ms
M= Y Ll + Esi = Vi+ V. (5.3)
k=1,k+#i

The first two terms on the right-hand side compensate the back-emf voltages due to the mutual
inductances and the rotor flux rotation while the last two terms compensate the phase voltage
Vsi. Adding (B.3) to the left-hand side of equation (5.2]) one obtains this first order differential
equation:

Lsiilsi = — Ryl (5.4)
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so the current falls down with an exponential law. Therefore this equation guarantees Iy; = 0
in steady state condition without modifying the value of Rj.
Introducing the transformation matrix /1T (equal to the identity matrix of dimension m, in
which the i-th column has been eliminated) the equation (5.3]) can be rewritten in vectorial form
as:

MVi=(e") " [Ty AT, T+ B = V1V (5.5)
ms

component of the corresponding right vector.

where €)' is the i-th vector of the standard basis of space R™s which selects only the i-th
The additional voltage /1V; is function of unknown variables: time derivative of healthy stator
currents /I, and the common voltage Vio. The time derivative of healthy stator currents
f11, can be computed considering the reduced system obtained from (5I) eliminating the i-th
equation, while the common voltage can be computed taking into account also the additional
voltage 71V; added to the i-th phase.

Applying the transformation matrix f1T; to system (5.I)) one obtains the following reduced

system:
hy, hiy = —hR, "1, — hE, + Hiv, — 1™y, (5.6)

The transformed vectors I, 1V, and N'E,, belonging to R™s~!, are obtained from vectors
T, *V; and 'E, eliminating their i-th component:
ML= DT, PV = DTV = Vi1 Y, B = T E,

Similarly, the transformed matrices AR, and ML, are obtained from R and 'Ly eliminating

the 7-th row and column:
hR, = "R, 1y, L, = ot

Then the time derivative of the reduced current vector /I, can be calculated from system (5.6)

as follows:
flisz flesl(_ fle flIS_ f1E5+ flVl_lms_l‘/;O). (5.7)

Substituting (5.7) in (5.5 one obtains the following expression of the additional voltage /1V;:

PVi=(el")" [V + o Vil (58)

where the voltage vector V,, and the dimensionless vector oy, have the following structure:
V= "B Vi LT AL (V- B PR (5.9)
a, = 1M L N A ime ! (5.10)

The equation ([B.7) in Secl3 shows how the common voltage Vyo is function of the terminal

voltages V}, and the back-electromotive forces Ep:

(lmS )T (tvl_tES)

1 Mms Mms
Vo = o <Z Vh; E5h> = - (5.11)

h=1
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Accordingly, the common voltage Vg can be obtained in faulty condition taking into account in
(5110 the additional voltage /1V; added to the i-th phase:

msVso = (17)" (*V, — 'Ey) + (e]"*) [V, + ap Vo) -

From this equation one obtains the expression of the common voltage Vi in faulty condition:

1™ms)7T tV _ tES ms TV,
‘/50 _ ( ) ( l _ ) + (el ) p. (512)
ms — (€] )Ty,

Substituting (5.12]) in (5.8]) one obtains the equation of the additional faulty voltage:

V= () [V, + v, e (5.13)

) )Tap

(1ms )T ( tVl _ tEs) + (ezms )Tvp]

this equation is only function of known variables such as terminal voltage, back-electromotive
force, reduced stator current and known parameters such as inductance and resistance matrices.

Finally, the open-phase condition I;; = 0 can be obtained by adding the following voltage vector
'V, to system (2.1)):

[th 0”&]:_[ 'R, \tKT(e)][tIS_Jr[tVs]Jr[ths] (5.14)
0 ||| —KEO) bm ||wm]| |7 0

thsz[O---oflm- 0---0 (5.15)

where:

The vector *V g4 has only the i-th component, related to the broken phase, different from zero

and in vectorial form it can be obtained as:

Vi =F,|V,+a,

(5.16)

(1) (V- tEs>+<e?8>TVp]

ms — (ez )Tap

where matrix F, = I,, — 1 T/1TT is a matrix in which only the the i-th diagonal elements are

different from zero.

5.2.2 Multi open-phase fault condition

The method shown in Sec. 52Tl can also be used in the case of multi open-phase fault condition.
Let S denote the set of the faulty phases: S = {i1,12,...,i,} Wwith n < ms; — 2 and where the
indices #; define the order of the faults i.e. i1 is the 1-st phase that faults, 79 is the 2-nd phase

that faults and so on.. .The proposed method can be described as follows:

1. Eliminating from (5.]) the rows and the columns corresponding to the indices belonging
to S, obtain the reduced system in a vectorial form similar to (5.6]) and then calculate the

time derivative of the reduced current vector /1.
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2. Substitute I, in the equation of the additional voltages Vi IV, Lo, InV;, putting

in evidence the common voltage V.

3. Recalculate voltage Vi considering also the additional voltages f»V;, , f»V;, ..., I»V;

n*

4. Substitute Vg in the equation of the additional voltages obtaining the components different

from zero of the additional voltage vector 'Vg;.

In this case the reduced system has the following structure:
LIl = — "Ry T — IMEg + IV — 1M, (5.17)

It is obtained from (2.I]) eliminating the rows and the columns of the open phases by using a
transformation matrix f»T, which is equal to an identity matrix of dimension m, without the
n columns related to the n faulty phases. Inverting the matrix /L in (5.17) one obtains the

time derivative of the reduced current vector / "is:
fnj:s = fnL:Sl(_ fnRS ntS_ anS+ anl_lms_nV;Q)

In the multi fault case the adding voltages functions can be expressed as follows:

(

Vi = (e) [V + ap Vi)
Vi = (ef)"[Vp + ay Vi)
| TV = () Ve + e Vil
where:
V, = 'E,- 'V, 'L/ T /L <f"Vl—f"ES—f"Rsf"IS) (5.18)
a, =1 'L nry I me (5.19)

Introducing these voltages in (5.I1]) one obtains the common voltage Vo under multi fault-phase

condition:
(lms)T (tVl _ tEs) + (e?s)TVp

ms — (€5°)Tay,

Vo = (5.20)

where the components e; of vector e are defined as follows: e¢; = {1 if i € S, 0 otherwise}.
Finally, the voltage vector Vg added to system (2.1 is:

(1m)" (V= 'E,) +(€2°)"V,

ms — (€5°) oy,

"Vis=F,|V,+a, (5.21)

where F), = I, .—/»T;/»T}. The generalized equations (5.20) and (5.2I)) have the same structure
of (512) and (5I6). Note that in (5.I2)) and (516 the standard basis vector ;™ is used to



5.2 Modeling of Open-phase fault condition in the fixed reference frame 61

tIl

tVl
> t l tV tE I I W | |
Lﬁ—o—sr s — 'K () - G 4 Wi
t v ‘ | ! | |
E; | | tT | ‘ | | | |
—> Vso | b I I | I
L | | \ \ 1 | \
\ 1 \ T \
N ki e A e
\ \ \
Rl L
\ oy 1|
o AL g | | 1 } |
L ‘ ‘ ! ! ° ‘ !
e Tl
. . >+ "KT(0) | s Te

Figure 5.2: POG block scheme of the motor in the fixed reference frame >; under open-phase

fault condition.

select the i-th component of the calculated vectors V, and ay,, while in (5.20) and (5:2I)) the
vector eg” is used to select only the components of vectors V,, and «, related to the faulty
phases.

The POG block scheme representing the dynamics of the motor in fault condition is shown in
Fig. the mechanical part between sections @-@ and the connection blocks between sections
@ and @ (named torque vector) are unchanged, while the electrical part is modified compared
to the POG model shown in Fig.

Matrix 'T} is a power-invariant transformation, similar to generalized Clarke transformation

(see Secl2) used to impose the star connection constraint:

2
tm _
Ty = Tw|9:0 - Es

As shown in Sec[Z the transformed matrices "Ry = tTg R, !Ty and Ly = tTg L 'Ty, have a

diagonal structure.

h k
[ cos(khys) sin(k;h%)} .

0:ms—1 1:2:ms—2

The element denoted by OP is an internal input which defines the instants at which the faults
occur and provides the indexes of the open phases. The block ¥(-) is the function that calculates
the common voltage Vo and the adding voltage vector 'V, starting from the knowledge of
vectors I, 'V, and ‘E;.

In healthy condition the adding vector *Vp, is zero and the common voltage Vo is zero or
time variant with small oscillations, see SecBl In faulty condition the common voltage Vg is
time variant, see (5.20)), and the adding vector *V g, is the voltage vector which guarantees zero
currents through the faulty phases, see (5.21]).



62 Modeling of Open-phase Fault Condition

5.2.3 Simulations of a 7-phase motor

Fig. B3la. shows the motor drive and the masked-block contains the POG model of Fig.
Particularly the electrical part of the system is shown in Fig. B.3lc where a Matlab function is
used to implement the block ¥(-). Note that the time instant of the faults and the indeces of
the open-phases must be inserted in the last field (highlighted by the red box) of the graphical
user interface shown in Fig. B.3lb.

The simulation results shown in this section have been obtained considering a 7-phase permanent
magnet synchronous motor with three open-phase failures. The motor is controlled using the
minimum dissipation torque control described in Sec[Z.5.Tlalso when the three open-phase failures
occur (both adjacent and non adjacent open phases are simulated). The control is unchanged
to put in evidence the torque reduction with ripple due to the faults.

The main electrical and mechanical lumped parameters of the 7-phase machine are: m; = 7,
p=1 N, =30, Ry =2Q, Ly, = 0.03 H, My, = 0.02 H, ¢, = 0.02 Wb, J,, = 1.6 kg m?,
by, = 0.8 Nms/rad, Ve, = 100V, a3 = 0.7, a3 = 0.2, a5 = 0.1 and the external torque
T = 0 Nm. The phase i1 = 3 opens at time t; = 8 s, phase i3 = 1 opens at time t5 = 12 s and
phase i3 = 4 opens at time t3 = 16 s. Therefore the three congruent transformation matrices
A, 2T, and T, have the following structure:

100000 00000 0000
010000 10000 1000
000000 00000 0000
firy=loo1000|, 2T,=|01000{, BT,=|0000].
000100 00100 0100
000010 00010 0010
000001 00001 0001

At time t = t1, when the first fault occurs, matrix /1T, is used to eliminate the 3rd row and the
3rd column. At time t = to matrix 2T, is used to eliminate the 1st and 3rd rows and columns.
Finally, at ¢t = t3, matrix T, is used to eliminate from the system the 1st, 3rd and 4th rows

and columns. Therefore the reduced system obtained at t = t3 using matrix BT, is:

Ly1 Ly Lig Lig| [T Ry 0 0 0| |Is2 Eqo Va 1
Ly L1y Lig Lig| |Is o 0 R;, 0 0| [Is5 B Egs5 Vs B 1 v
Ly Lis Lyy Lo | || 0 0 Ry 0| |Is6 E Ve 1|
Liz Lz Lig Lyt | |Ls7 0 0 0 R| |Is7 Es7 1% 1
—~— —_—— —— =~ =~
sts ij:S f3RS f3IS f3Es f3Vl 17-3

The time behaviors of common voltage Vs and adding vector “V pg and their corresponding
zoom are shown in Fig. 5.4l The common voltage Vi is zero in healthy condition and is time

variant in faulty condition, see Fig. B.4} moreover the amplitude of its oscillations increases with
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Simulink schemes: a) Simulink scheme of the controlled electric motor, b) User

interface ¢) POG Simulink scheme of the electrical part modified to simulate the open-phase

failures.



64 Modeling of Open-phase Fault Condition

Common voltage Zoom1 Zoom?2 Zoom3
201 ! Zodml ; Zoém? : Zodm3 ‘ b 15 ; 15 ; 15 <‘
ol 10 : 10 : 10 !
= = s Y
o ° o ° 1 0 1 0 |
SJ S’ -5 | -5 | -5 1
-or -10 ! -10 | -10 :
W T 18 1 e 1 e 1
0 2 4 6 8 10 12 14 16 18 20 75 8 8.5 115 12 125 155 16 16.5
Adding voltages
"Zooml T Zoom2 ' Zoom?2 ' 60 | 60 i 60 ln‘ ”‘
w \ | |
_ sl 40 i ' a0 i 400\ il il ﬂ‘
Z. i ‘\ 220 ‘ M “\n 20 \H" ﬂ‘[\ MMA 20 (M\“(\ ﬂ“m ‘\\
@ \‘\\ ‘ ‘ ‘H ‘ N\“\‘n A iy ‘m U @« ' \M [\ “ ‘W\ \m!«‘ ‘U [ ‘)\ H‘l}”‘ /| uﬂ‘
& TR e O
2 | 20|l I1h! 20| | i I
= soF ; W W * a0 :J v ‘v} d —aoll d \‘ J: ‘\} U \,\ | -40 / \]] U: \I |
‘ ‘ -60 : -60 : -60 : |
0 2 4 75 8 8.5 115 12 125 155 16 16.5
Tlme [s] Time [s] Time [s] Time [s]

Figure 5.4: Common voltage V,q and adding voltage vector V.

the number of failures. The adding vector °V g has only the component 71V3 different from
zero when t1 < t < to, it has both the components vy and 2V3 different from zero with
F2vy £ f1Vs when ty < t < t3 and finally it is:

T
Vi, = [fsvl 0 Bvs By, 00 0| for t > ts.

In this final faulty condition the matrix F), and the vectors eg, ay, and 'V, have the following

structure: ~ _ _ _ _
1000000 1 ap1 Vp1

0000000 0 0 Vp2

0010000 1 ap3 Vp3

F,=]o001000 [, efgz 1, ap=|ap|, Vp= |Viu

0000000 0 Vps

0000000 0 Vpe

0000000 0 Vpr

The stator currents ‘I, the sum Iy of the stator currents (always equal to zero because the
motor is star-connected), the number n of faulty phases (i; = 3, io = 1, i3 = 4) and the zoom of
the stator currents ‘I, when the faults occur are shown in Fig.[5.11l Note that at time ¢t = 8 s the
phase 3 opens and the current Ig3 goes to zero, then at time ¢ = 12 s the phase 1 opens and the
current Ig; goes to zero and finally at time ¢ = 16 s the phase 4 opens and the current /g4 goes
to zero. During the faulty transient the old broken phases currents are slightly different from
zero because, to simplify the computation, in the reduced system (B.I7) the last faulty phase

current /I,

in

is considered zero even if it is different from zero during the transient. Therefore
to keep the current in the old faulty phase equal to zero nI;, = nI;, = ... = f”Iin_l =0, the

additional voltage /V;,, /»V;,, ..., Vi _| must be recalculated taking into account the current
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Figure 5.5: Stator currents 'I; and their zoom when the faults occur.

fnI; and the additional voltage f»V; applied to the last broken phase.

The motor velocity w,, and the motor torque 7,, are shown in Fig. When the 1st fault
occurs the mean value of the torque decreases to 84.34% and the torque ripple (calculated as the
peak to peak value normalized with respect to the mean value) is 75.01%. When the 2nd fault
occurs on a non adjacent phase (i1 = 3 and i3 = 1) the mean value of the torque decreases to
67.32% and the torque ripple rises to 155.93%. Finally, when the 3rd fault occurs on an adjacent
phase (i; = 3 and i3 = 4) the mean value of the torque decreases to the 59.8% and the torque

ripple is 175.55%. Contrarily to three-phase wye-connected machines, the loss of one phase is
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‘
25 =
L 20 -
el
@ 151 =
=
10 =
g
3 sp .
o i i i i i i i i i
o] 2 4 6 8 10 12 14 16 18 20
Motor torque 7,
35H —
— 30 : . : -
E 25 1
Zi 2
g : ’ I—|—|—
&~ 10f
sl
o] 2 4 6 8 10 12 14 16 18 20

Time [s]

Figure 5.6: Motor velocity wy, and motor torque 7, (the solid line indicates the mean value of

the torque in steady state condition).
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not critical for seven-phase machines.

However, torque ripples appear when classic vector control of the machine is implemented.
This ripple comes from the interaction between the unbalanced magnetic field of the stator
currents in faulty condition (the remaining healthy phases are displaced asymmetrically) and
the symmetrical magnetic field of the rotor, see [52]. The cause of this undesired torque pulsation
is clear in the transformed reference frames 3, and X,. Indeed in these rotating reference frames
the transformed torque vectors “K, and “K,y remain constant also in faulty condition while
the current vectors “I; and “I, become function of the electric angle § as shown in [48] and
[53]. Therefore the torque ripple is traced back to the even harmonics (at frequencies 2w, 4w,

. (ms—l)w) of the direct and quadrature components Ig;, and Iy;.

The zoom of the direct and quadrature components Ig; and Iy in Fig. 5.7 shows how these
components are constant in healthy condition while they are function of the electric angle 6 in

faulty condition.
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Figure 5.7: Zoom of the direct and quadrature components Iy, (red) and I, (green) in the

rotating reference frame >, when the faults occur.
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5.3 Modeling of Open-phase fault condition using a transforma-

tion

In order to compute the faulty voltage in the fixed reference frame it is necessary to compute
the common voltage Vg, but this calculation is quite complex. Moreover the star connection
constraint must be taken into account. To overcome these problems a transformation is now

introduced. Let us consider the following transformation matrix {T. and its inverse:

Lo 1] 0 )
— m B iTclz
-1 |1

I._1| 0
1 |1

Applying the transformation !T. to the electrical equations (5.1]), one obtains the following

transformed current and voltage vectors €I and £V:

Vsl - Vsms
ms T Vs2 - Vsms
gIs = z'I‘c_ltIs = [Isl IsQ cee Ismsfl lei ] ) gvs = LTZ tVs = :
=1
' ‘/smsfl - V:sms
Vsms - VSO

The last component of current vector €Iy represents the star-connection constraint, while the
other components are unchanged. The last component of voltage vector £V is referred to the
common voltage Vi, while the other components are referred to the last phase voltage Vg, .
Therefore using this transformation the star connection constraint is put in evidence and the
common voltage is hidden in the last phase voltage.

When the multi-phase motor is star-connected the last component of vector €I is zero then the
last differential equation of the transformed system becomes a static equation that can be solved
obtaining the common voltage V. Since the dynamic dimension of a star connected motor is
ms— 1, then it is necessary to eliminate the last column of matrix {T.. (to satisfy this constraint)

and consider only matrix T, defined as:

0

L, _ L, _
L R S, = [ s 1] where S, = [ s 1] .

In this case applying the transformation ‘T to the electrical equations (5.1I), one obtains the

following transformed system:

‘Lg ‘Is = — ‘R “Is — °Egz + “V (5.22)
characterized by the following transformed vectors “I;, “V and “E; defined as:

L= S5 T L = [ L], V=TIV, = [ Vi ], ‘Be='TIE, = [ °B, ],

1:ms—1 1:ms—1 1:ms—1
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where: “Ig = Iy , Vo = Vsi—Vam, , “Esi = Egi— Egn,. The transformed resistance and

inductance matrices “Rg and “L; have the following form:

tmT t t trT t t
‘Re = "T, 'R "Te= | “Rsip | =Rs [1 +5i,k] » Ls="Te L "Te = [ “Lyi ]
Iims—1 1:mg—1 1ims—1 lime—1 Iims—1 lims—1

where 0; ), ={1 if i=k,0 otherwise} and “Ly; j = Lo (140; ) +4 Mo sin(k%) sin(i%) cos((i—k)%).

Compared to the electrical equations (5.I)) in the external fixed frame ¥;:
- The dynamic dimension is mg — 1
- The components of the transformed current vector “Iy are unchanged

- The components of the transformed voltage and bef vector “V, and €I, are respectively

referred to the last phase voltage Vi, and the last bef E;,,,.

- Unlike the resistance matrix ‘R, the transformed resistance matrix ‘R, is full, so also

this matrix creates a coupling between the phases.

- Like the inductance matrix ‘L,, the transformed inductance matrix °L; is symmetric

with respect to both the main and secondary diagonals:

Lsik = Lski = Lsmy—iyr,(ms—ky1 = Ls(me—k)r1,(me—ipt1-
The method proposed in Sec. can still be used, therefore also in this transformed system
the open-phase failure is simulated by supplying the faulty phase with an additional voltage, as

shown in Fig. B8], such that its steady-state current is zero.

“Lk 1 2R,
CLsiJc RS
X CLsi,i 2]%s B V;ms
iy By

Figure 5.8: Representation of an open circuited phase in the transformed frame.

5.3.1 Open-phase fault on a single phase
Let ¢ denote the index of the faulty phase. The i-th equation of system (5.22]) can be written as:
ms—1 ms—1

Z cLsi,kc .sk = - Z cRsi,k cIsk — “Eg + V. (523)
k=1 k=1
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When i-th phase is open the corresponding current Is; must be zero. To achieve this condition

it is sufficient to add to i-th phase the following additional voltage /1V;:

ms—1 ms—1
V=Y “Lain T+ “Reik Tk + “Bsi— V. (5.24)
k=1,k#i k=1,k#i

Adding (5:24)) to the left part of equation (5.23]) one obtains:
CLsi,i cjsi = _2Rs CIsi- (525)

This equation guarantees “Iy; = I;; = 0 in steady state condition doubling the value of Rj.
Putting Iy, = I;; = 0 in system (5:22]) and eliminating the i-th equation one obtains the

following reduced system:
flLS flis _ _fle flIS _ flES + f1VS_ (5.26)

This system can also be obtained from (5.22) using the transformation ‘I, = /1T, /11,, with
matrix /1T, defined as the identity matrix of dimension mg — 1 in which the i-th column has
been eliminated. The transformed vectors /11,, 1V and 11 E,, belonging to R™s~2, are obtained

from vectors I, “V and “Eg eliminating their ¢-th component:
hyg=nhorer,, hv,=NT1lev, | NE="TI°E,.

Similarly, the transformed resistance and inductance matrices hR, and ML, are obtained from

‘R and “Lg eliminating the i-th row and the ¢-th column:
hR, = TR, "1, , JL,= "hT1rer, ..
Equation (5.24]) can be rewritten in vectorial notation as:
hiy; = (e 1y [CLS hr A4+ eR, T, flIs+CES—CV5] (5.27)

where the time derivative of the reduced current vector 115 can be calculated from the reduced
system (5.26)) as follows:

ni, = "L (- "R, NI, - NE, + V). (5.28)

Therefore the open-phase condition ¢

vector “Vig to system (5.22)):

si = Is; = 0 can be obtained adding the following voltage

T

Vi, = [CLS fchflflL;gl (_flRSflls_f1E8_|j1V8)+cRSf1TCf118+cES_cV8:|:[0 e 0hV0- O] .
(5.29)
Since the voltage vector has only the i-th component (related to the broken phase) dif-

ms—1

ferent from zero, it is useless to replace the standard basis vector e; with the matrix

F,=1, _1—1T/1TT (as done in (5.I0)).
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5.3.2 Open-phase fault on two phases

Using the same method it is possible to simulate also a second fault occurring at the j-th phase

by the following reduced system:
fQLs fQj:s == _fQRs fQIs - fQEs + fQVS (530)

obtained from (5.22) using a transformation matrix 2T, which is equal to the identity matrix
of dimension mg without the i-th and j-th columns. The reduced vectors ”2I,, 2V, and "2E,,
belonging to R™s~3, are obtained from vectors I, °V, and °E, eliminating the i-th and j-th
components, while the reduced inductance and resistance matrices R, and 2L, are obtained

from ‘R and “Lg eliminating the i-th and j-th rows and columns. In this case the additional
vector “Vpg added to the system (5.22)) is:

. T
Vi = [Ty PT PR T AL+ B -V =[0 2V 0 21} 0] . (5.31)

Note that in (5.31]) the relative position of the two non-zero elements /2V; and /2V; depends on
the values of indices i and j. The additional voltages /2V; and fQVj added to the i-th and j-th
phases of system (5.22)) can be obtained as:

f2Vi _ (e;ns—l)T |:CLs fQTC f2is_|_cRs fQTC fQIs—{—CES—ch], (5.32)

fQVj:(e;ns—l)T |:CLS fQTC f2is+cRs fQTC f215+cEs—ch]. (5.33)

Adding (537) to (5:22]) one obtains zero currents of the two faulty phases in steady state con-
dition but in the faulty transient the first broken phase current is different from zero because
in the calculation of the component /2V; the current I sj has been considered zero even if it is
different from zero.

During this second fault transient in order to hold the current in the first faulty phase equal to
zero °lIg; = I;; = 0, the additional voltage 2V, must be recalculated taking into account the
current Iy;. Therefore also the current Iy; and the voltage /2V; (computed in (5:33])) must be
introduced in the reduced system (5.27)) as follows:

hp iy = —hRr, N1, — "E,+ v, + Hvp,. (5.34)

T
where the vector 1'Vp, € R™s~2 is defined as: "Vps=|0---0 f2Vj 0---0] .
Note that the only component different from zero of /1'V g is the j-th component 2V related
to the second broken phase when j > ¢ and it is j — 1-th component when j < i. One can obtain

this vector using the matrices F; and AT, as follows:

NVp, = NTYF; Vi, (5.35)
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The matrix F; (in which only the j-th diagonal elements are different from zero) selects the
component | 2V, while the matrix A, reduces the dimension of the vector F;“Vps.
Now the additional voltage 1V} is:

IvVi=(e )" [CLS AT AL (= PRT, = PB4 PV, 4 V) R T B 0V
(5.36)
and the voltage vector “V g added to system (5.22]) has the following form:

T
“Vio=[0 1V 0 2V} 0 (5.37)

where the additional voltage /2V; in (5.31) is replaced with the new voltage /1V;. Like equation
(5:31)), also in (5.37) the relative position of the two non-zero elements /1V; and f2Vj depends

on the values of indices ¢ and j.

5.3.3 Multi open-phase fault condition

The shown method can be generalized in the case of multi open-phase fault condition. Let S
denote the set of the faulty phases: S = {i1, 2, ...,i,} with n < mg — 2 and where the indices i;
define the order of the faults, i.e. 47 is the 1-st phase that faults, i5 is the 2-nd phase that faults

and so on.. . The proposed method can be described in five steps as follows:

1. Eliminate from (2.1 the rows and columns corresponding to the indices belonging to S,
obtain the reduced system in a vectorial form similar to (5.26]) and calculate the time
derivative of the reduced current vector /» is.

The reduced system is obtained from (5.22)) eliminating the rows and columns of the open
phases by using a transformation matrix f»T, which is equal to an identity matrix of

dimension ms — n without the n columns related to the n faulty phases.
fnLS ntS — fnRanIS_ anS—’_ anS
Then, compute the time derivative of the reduced current vector /» I, as follows:

fnj:s: fnL’sl(_ fnRs nts_ ans"’ ans)

2. Substitute the time derivative of current vector /I, in the equation of the additional

voltage vector “V pg:

Vps= [CLS 20 RS (— IRy I, — E + f"VS> +R T "I +CE,—V, | (5.38)
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3. Define the subsets S, and Sy of S as: S, = {i1,%2,..,%0}, Sg = {io41,-.,in} With
o = 1,n — 1. The steady-state set S, is the set in which the faulty currents are zero:
i1 =i = --- =i, = 0 (in steady-state condition), while the transient set Sy is the set in
which the faulty currents fall to zero: i, # ip+1 #, ..., # in 7 0 (transient condition). In
this way a multi failure occurring at the same time or at the near time can be simulated.
The most common case is that only one failure occurs at instant ¢,, so the set S, is defined
by the last faulty phase current while S, is defined by all old broken phases currents; i.e.
o=n—1,8, = {i1, iz, ...,in—1} and Sy = {in}.

4. Recalculate the voltage components of “V g, computed for the phases iy, 12, ...,17, taking

into account the phase currents i,1,...,7, that are different from zero.

e Select the voltage components of “V g, computed for the phases i441,...,%, by the
matrix F, in which only the diagonal elements belonging to S, are different from

Z€ero.
“Vig=F, [CLS T L (< R P L= P B+ P V) R T T 4 B -V

e Consider the reduced system taking into account also the currents and the voltages
of phases belonging to S,
foLs fois = foRstIs - fOEs+ fOVs + fOVFs

where foVp, = fOTZ F,“Vp, is the extension of (5.35]). This reduced system is
obtained from (5.22]) eliminating the rows and columns of the phases belonging to
S, by using the transformation matrix /*T. which is equal to an identity matrix of

dimension mgs — o without the o columns related to the old faulty phases.

e Calculate the voltage vector “Vpg, selecting the components by the matrix F, in

which only the diagonal elements belonging to S, are different from zero.
CVFSO - Fo CLS foTc fois+cRs foTc fOIs +CES _CVS

where the time derivative of the reduced current vector /I, considering the voltage

vector foVp,, can be computed as follows:
foj:S: foL:sl(_ foRS foIS_ foES+ foVS + foVFs) (539)
e Add the vectors “V gy and “Vp,, obtaining the voltage vector “Vp,:

CVFS = CVFsg + CVFSO (540)
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Figure 5.9: POG block scheme of the motor in the transformed frame under open-phase fault

condition.

This equation is the generalization of (537) indeed the components
ngil, f"Viu . ngio of vector ¢V g, are replaced with the voltage fovm fovm . f"Vio

that are the components (different from zero) of vector “V gy,
5. Add to the system (5.22)) the final voltage “V p.

In App. the proposed approach is applied to a five-phase and seven-phase synchronous
motor, respectively. In both examples all the previous computations are written explicitly.

The POG block scheme representing the dynamics of the motor in faulty condition is shown in
Fig. 5.9k the mechanical part between sections @-@ and the connection blocks between sections
@ and @® (named torque vector) are unchanged, while the electrical part is modified respect to
the POG model shown in Fig.

Matrix 'T. in Fig. is the transformation used to impose the star connection constraint.
The element denoted by OP is an internal input which defines the instants at which the faults
occur and the indexes of the open phases. The block ¥(-) is the function that calculates the
voltage vector ¢V ps added to the system starting from the vectors ‘I, ¢V, and “Eg.

In healthy condition vector “Vpgs is zero, while in faulty condition it is given by equations
(540) and it is the voltage vector having the components related to the faulty phases different

from zero which guarantees zero currents through the faulty phases.

5.3.4 Simulation of a 5-phase motor

The Simulink block-mask of the POG model of Fig. is shown in Fig. 5. I10la and in particular

the electrical part is shown in Fig. 5.I0lb. The user interface is not shown because it has the
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Figure 5.10: Simulink schemes: a) Simulink scheme of the controlled electric motor, b) POG

Simulink scheme of the electrical part modified to simulate the open-phase failures.

same structure of the one shown in Fig. B.3lb.

The minimum dissipation torque control described in Sec£5.Tlis used also in faulty condition to
show the undesired faulty effects. The motor considered for simulations is a 5-phase permanent
magnet synchronous motor characterized by the following electrical and mechanical lumped
parameters: mg =5, p =1, N. = 30, Rs = 28, Ly = 0.03 H, M,y = 0.02 H, ¢, = 0.02 Wh,
Jn = 1.6 kg m2, by, = 0.8 Nms/rad, Viee = 100 V, a3 = 0.87, a3 = 0.13 and the external

torque 7. = 0 Nm. Both the open-phase fault of two adjacent and non adjacent phases are
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Figure 5.11: Stator currents ‘I and their zoom when the faults occur: phase i; = 2 opens at

time ¢ = 8 s and phase i, = 4 opens at time t = 12 s.
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Figure 5.12: Motor velocity wy, and motor torque 7, (the black line is the torque mean value).

simulated and the faults occur at t; = 8 s and t9 = 12 s, respectively.

The simulation results shown in Fig. correspond to the case of two open-phase faults
occurring at two non-adjacent phases, in particular phase iy = 2 opens at time ¢ = 8 s and phase
ip = 4 opens at time t =12 s. When t; <t <ton=18,={}, S; = {i1 =2}, while when
t>ton=20=18,={i1 =2}, Sy = {ix = 4}.

Fig. BITlshows the stator currents ‘I, the sum of stator currents (always equal to zero because
the motor is star-connected), the number of faulty phases (i = 2, j = 4) and the zoom of the
stator currents ‘I, when the faults occur. Note that at time t = 8 s the phase 2 opens and the
current I goes to zero, then at time ¢ = 12 s the phase 4 opens and the current I;4 goes to
zero with zero current in Igo.

When the faults occur the motor decelerates, as show in Fig. 512 because when the first open-
phase fault occurs the mean value of the torque reduces to the 82.9% and it reduces to the 64.9%
when also the second phase is open. The torque ripple (calculated as the peak to peak value
normalized with respect to the mean value) is about the same in both the faulty conditions: it
is of 56.6% in the first faulty case and it is 57.6% in the second ones.

The second set of simulation results is shown in Fig. B I3H5.14] corresponding to the case of
open-phase fault occurring at two adjacent phases: phase iy = 3 opens at ¢ = 8 s and phase
ip=2opens at t =12s. Whent; <t <ton=1,8,={}, Sy = {i1 = 3}, while when ¢t > ¢,
n=20=1,8,={i1 =3}, Sy = {ia = 3}.

Fig. 5.13 shows the stator currents ‘I, the sum of stator currents, the number of faulty phases
and the zoom of stator currents when the faults occur. Note that also in this case during the

transient of the second fault the current in the first broken phase is zero.
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Figure 5.13: Stator currents I and their zoom when the faults occur: phase i = 3 opens at

time ¢ = 8 s and phase j = 2 opens at time ¢t = 12 s.

The motor velocity w,, and the motor torque 7, (with its mean value) are shown in Fig. [5.141
When the first open-phase fault occurs the mean value of the torque reduces to the 82.8% and
the torque ripple is 56.7%, while when the second fault occurs at an adjacent phase the torque
mean value reduces to the 54.9% and the torque ripple is 192.4%.

This simulation shows how the torque reduction with two adjacent open-phases is higher than
the case with two non-adjacent phases. Then, the fault effects on the motor torque depend on

both the number and the relative spatial distribution of the open-phase faults.
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Figure 5.14: Motor velocity w,, and motor torque 7,, (the black line is the torque mean value).



Chapter 6

Minimum Dissipation Fault-Tolerant

Controls

Multi-phase motor drives are more reliable than the traditional three-phase ones because they
can continue to operate even in case of faults such as the loss of one or more phases. In [4]
and [8] a multi-phase synchronous motor is designed with a modular approach minimizing the
electrical, magnetic and thermal coupling between the windings. Thus, a failure in one winding
will not affect the operation of the remaining windings. However, as shown in Chaplhl if the
control is not modified the mean value of the torque reduces and a torque ripple appears.
Therefore a reconfiguration of the control strategy for the remaining healthy phases is necessary
to compensate the fault effect maintaining unaffected the performance of the system.

Several fault-tolerant controls have been proposed in the fixed reference frame [9]-[12] and in
the rotating reference frame [I3] and [14], in order to make the motor able to operate safely
even in case of fault (in particular obtaining ripple-free torque and minimizing losses).

In [9] the healthy-phase balanced currents are calculated keeping the magneto motive force
(MMF) unchanged under the faults. Although a solution is obtained for a 5-phase synchronous
motor where the 1-st and the 3-rd are injected, it is quite complex to generalize the proposed
approach for machines with higher number of phases where the number of injected harmonics
increases. Moreover this method does not minimize the global Joule losses and the torque
ripple. In [I0] the symmetry of the healthy-phase currents with respect to the location of
the faulty phases is used reducing the torque pulsation and satisfying the star-connection
constraint. An optimal solution is obtained for a 5-phase synchronous motor but also in this
case the generalization of the control strategy is quite complex. In [II] the current vector in
faulty conditions is obtained using the Lagrangian multipliers with the minimum dissipation
function subject to the open phase and the minimum torque ripple constraints. Also in [12] a
similar result is obtained with a different approach: the dimension of the speed normalized back

electromotive force vector is adapted to the dimension of the remaining healthy-phases. These
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two methods hold for machines with a generic odd number of phases but the constraint on the
maximum phase current limit is not taken into account. In [I3] different control strategies are
compared for a seven phase induction motor but it is not clear how the current references are
obtained. In [I4] a seven-phase synchronous motor with a particular shape of the rotor flux
is used. Then the higher number of degrees of freedom of the drive is used in the post-fault
strategy. Although this method is very interesting, it can be used only for a particular type of
machines.

In this chapter the minimum dissipation control of a multi-phase PM machine in the case of
open circuited phases is studied. Using a vectorial approach the optimal current references in
fault condition which provide the desired torque (without ripple) minimizing the dissipation are
obtained in the fixed and rotating reference frame, respectively. Moreover the maximum phase
current limit is taken into account. The approach is quite general: the proposed control law
can be used for any shape of the rotor flux, for a generic odd number of phases and it works in
presence of one or more failures.

The main contents of this chapter have been published in [54] and [55].

6.1 Minimum dissipation torque control in fault condition

In this chapter we refer to a permanent magnet synchronous motor with an odd number m
of concentrated winding in star connection, see Fig. 2.1], characterized by the same parameters
shown in Tab. 2]

Assuming that the failures do no affect the operation of the remaining healthy windings when f
open-phase faults occur the related phase currents fall down to zero and they do not contribute
any more to the torque generation. Therefore the open phase constraints must be taken into
account to mitigate the fault effects.

This section covers only the fault tolerant control; however monitoring the stator current (in the
fixed or rotating reference frame) and its harmonic spectrum it is possible to detect the open

phase fault. More details about fault detection and fault diagnosis can be found in [56]-[59].

6.1.1 Control in the fixed reference frame

In healthy condition the current vector *I; which provides the desired torque 74 minimizing the
power dissipation is the vector with the minimum modulus parallel to the torque vector ‘K, (6):
K-(0)

B T4 (6.1)

O =R P

When f phase-faults occur the open phase constraints must be taken into account projecting

the torque vector onto the ms — (f + 1) dimensional subspace generated by the healthy currents.
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Let 8§ = {i1,42,...,if} denote the index set of the faulty phases with f < mg — 3. In the case of

a star connected motor the open phase constraints can be written as:

T
ms
B, = | Y L, Ly, ey Laip | = (0777
i=1
where matrix {B is defined as follows:
t s t t _ s s s
—B:[w B}, B=[el e el (6.2)

Note that in matrix {B the vector 1™ is used to consider the star connection constraint, while

ms

matrix ‘B selects the faulty component (the i-th standard basis vector e[ of space R™* is used

to select the i-th fault component I; of the current vector ‘I). The vectors lms,eZLS, eZZs, e
and erS form a basis of the (f + 1)-dimensional forbidden subspace Im(tB). The subspace of
the remaining healthy currents that can be used to generate torque is ker(tB7) because it is
orthogonal to the forbidden subspace Im(“B). Indeed the null-space of the constraint matrix
transpose is the orthogonal complement of its row space: ker(!BT) = (Im(“B))*.

Then the current constraints are satisfied if the torque vector ‘K, (6) is projected on ker(tBT)

along Im({B) as follows:

YK, (0) = 'K.(0)-!B(BTIB)  BTK,(6)
_ [Ims — 1B (BT iB)’léBT] 'K, (6) (6.3)
= PtKT(a)

where P is the projection matrix on ker(!B™) along Im(B).

A graphical representation of equation (6.3)) is shown in Fig. .1 where the torque vector 'K (6),
the forbidden subspace Im({B) and the projected torque vector /K. (f) are respectively de-
scribed by the violet, black and red vectors. Note that the projected torque vector /K. (f)
describes a complex symmetrical trajectory on the subspace ker(!B™) of the healthy currents
because it is a nonsymmetrical vector with zeros in correspondence of the components related
to the faulty phases. Moreover if the rotor flux function is characterized by the first odd mg — 2
harmonics, the modulus of torque vector | 'K ()] is constant while the modulus of the projected
torque vector | K, (0)| is a periodic function of the electric angle. Substituting equation (6.3)) in
(61) one obtains in fault condition the current vector '/14(6) which provides the desired torque

T4 satisfying the constraints and minimizing the power dissipation:

“K.(0)

ty — TN\
La®) = 1% gy

(6.4)

Since in the fixed reference frame ¥; the current and voltage vectors ‘Is(6) and *V(6) are func-

tions of the electrical position 6 and the magnetic coupling between the phases (described by
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ker(tB™)

Figure 6.1: Projection of a torque vector onto the subspace of healthy currents in the fixed reference
frame ;.

the full inductance matrix ‘Lg) makes difficult the achievement of the control scheme, then an
hysteresis current controller is used in order to follow the time variant reference current vector
tr14(0), see Fig.

Equation (6.4]) has been found with different approach in [I1] and [12]. In [11] the current vector
in faulty conditions is obtained using the Lagrangian multipliers with the minimum dissipation
function subject to the open phase and the star connection constraints.

In [I2] a vectorial approach is used to directly project the torque vector (named speed normal-
ized back electromotive force) on the subspace of the healthy currents and imposing the star
connection constraint.

The main difference of the approach proposed in this paper compared to the others in [I1] and
[12] is that our approach can be extended also in the rotating reference frame (also known as
dg-reference frame) where a constant torque can be reached using a feed-forward action and a

PI controller.

Td thT(e)

|
[T K (0)[2

thd

Figure 6.2: Multi-phase control motor drive scheme under fault condition in the fixed reference

frame X;.



6.1 Minimum dissipation torque control in fault condition 81

6.1.2 Control in the rotating reference frame

The dynamic model (2.1]) of the multi-phase synchronous motor can be expressed in the rotating
frame ¥, using the transformation ‘T, € R™s*™s~1 as reported in SecZ21l The transformed
current vector “I; which provides, in healthy condition, the desired torque 74 minimizing the
power dissipation is the vector with the minimum modulus parallel to the transformed torque

vector YK :
YK

w _ T
d — |WK7—|2 Td'

(6.5)

Since the transformed current vector is “Ig = T ‘I, then the open phase constraint can be

written as:
BT, = 'BT!T,“I, = (0/)" (6.6)

where matrix 'B is defined in (6.2). Therefore the constraint matrix “B in the rotating reference

frame can be written as follows:
“B=('B"'"T,)" = '"T)'B=“T,'B. (6.7)

Substituting (2:6) and (62) in (67 one obtains:

k
e |[costh((h = 17 — 0))
- - |:w11 Wig wlf] bl
sin(k((h —1)7s — 0))
1:2:ms—2 hes
where the vectors w;,, w;,, --- and w; ; (that are the columns of the transformation “T; re-

lated to the faulty phases) form a basis of the f-dimensional forbidden subspace Im(“B) in the
rotating reference frame.
One first difference with the previous approach is that matrix “B imposes only the fault con-
straints because it is the transformation matrix !T,, that imposes the star connection constraint.
On the contrary, in the fixed frame 3; matrix !B imposes both the constraints.
The subspace ker(“B™), which is orthogonal to the forbidden subspace Im(“B), is the subspace
of the healthy currents that satisfies the constraints. Therefore the current constraints are sa-
tisfied if the transformed torque vector “K; is projected on ker(“BT) along Im(“B). Now the
projection matrix is:

“P =1, 1—“B(“B"“B) ' “B".

Using this projection matrix “P one can obtain the following projected torque vector “s K. (6):

k

“IK,(0) = “PYK, =

T Ka,(0)
[ K (6) ” (0

1:22ms—2
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Im(“B)

Figure 6.3: Projection of a torque vector onto the subspace of healthy currents in the rotating reference

frame X,.

Note that the vectors wy,, w;, --- and w; ; are function of the electric angle #, then also the
forbidden subspace Im(“B) is function of . Consequently the projected torque vector “sK.(0)
is a periodic function of the electric angle 6.

A graphical representation of equation (6.8) at two different time ¢ and ¢, with ¢ < ¢/, is shown
in Fig. the transformed torque vector “K;(#) (the violet vector) is constant while the
forbidden subspace Im(“B) (the black vector) is function of the electric angle #. This is the
second difference compared to the previous approach (where the forbidden subspace Im(¢{B) is
constant and the torque vector ‘K. () is time variant).

The variation of the forbidden subspace from Im(“B) to Im(“B’) modifies from ker(“B™) to
ker(“B’") the subspace of the healthy currents satisfying the fault constraints. In Fig. [6.3] the
projection of the transformed torque vector “fK.(6) (the red vector) is a periodic function of
the electric angle and it describes a periodic trajectory (the red line). Note that the trajectory
is the same of Fig. because it is possible to prove that the following relation holds:

|YK-(0)] = | 7K (0)]-

Substituting equation (6.8)) in (G5 one obtains the desired current vector “fI; in frame ¥,

under fault condition which provides the desired torque 74 minimizing the power dissipation:

k

K (6
U

O = e )P

T Ik (0)
[ o ” ©9)

1:22ms—2
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where the direct fI, and quadrature f Iy, are:

T Kar(9) f T K (0)

—_ " Gk\TT I.(0)=—L 2+ 1
|waT(0)|2Tda ak(0) |waT(9)|27'd (6.10)

The direct component /I ; of the current vectors I, must be used to satisfy the faulty constraint
despite they dissipate power without producing torque (in (ZI2) the direct components Ky
of the torque vectors K, are zero). Indeed the direct components are related to the rotor-
magnetizing flux and they are necessary to balance the asymmetrical magnetic field of the
stator currents in fault condition due to the asymmetrical displaced of the remaining healthy
phases.

The condition “I; = “fI; cannot be achieved using the control law ([£29) because the desired
current is a periodic function of the electric angle 6. Therefore an undesired torque ripple (due
to the tracking error) appears if the block diagram shown in Fig. is used. This problem can

be overcome using the following control:
“V,= (WRS+ “J, WLS) Yo+ YKy wm—Ko(“I—“1y) (611)

where K. is a diagonal matrix, used for the control design, defined as follows:

2
K.= K%(s + 2w)2 L, 1. (6.12)
Matrix K. has been obtained using the Internal Model Principle because the direct and quadra-
ture components of the current vector in (G.5]) oscillate at frequencies 2w, 4w, ... (ms—1)w. Note
that the first part of equation (G.I2]) allows to track reference current vectors while the second
order term (s + 2w)? stabilizes the system. The equations (6.5]) and (GI1) are used together in
the control block diagram shown in Fig.

Another solution is to transform the desired current vector “sI; in the rotating reference frame

LUVS

T
d “F K., (0)

[“TK(0)]2

UJIS

Figure 6.4: Multi-phase control motor drive scheme under fault condition in the rotating refe-

rence frame X,.
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Figure 6.5: Multi-phase control motor drive scheme under fault condition in the rotating refe-

rence frame Y,: the hysteresis current controller.

to the desired current vector /I, in the fixed reference frame as: /1;(0) = 'T,, “/1,4(0).

Then an hysteresis current controller can be used in order to follow the time variant reference
current vector /I4(0), see Fig. Using the proposed control the multi-phase motor contin-
ues to operate safely (generating the same desired torque without ripple) under a phase-faults
without any additional hardware connections. The first solution is used in [54] while the second

one is used in [55].

6.1.3 Current limit

Since the drive should continue to produce the same rated power also in fault condition, the
fault-tolerant controls increase the current amplitude in the healthy phases. Therefore even if
the theoretical maximum number of faults in a mg-phase motor is ms — 3 the maximum number
of faults for safe operation of the motors is less of ms — 3 and it is related to the maximum
phase current limit because the semiconductor switches of the inverter and the motor must be
able to stand operation with this increased current level. When the current limit is not satisfied
to avoid any further failures the post-fault control must be modified considering that degraded
performance is better than no performance.

The main advantages of the proposed control compared to the others in [11] and [I2] is that
the maximum current limit can be taken into account. When the amplitudes of the components
of the current vectors I, are bounded by the the maximum rated current I,,,, the following

constraint holds:
n
Z Imk < Inaz (613)
k=1:2
where I, is the amplitude of the k-th injected harmonics in (£2)). The upper bound of sum-

mation is n > mg — 2 because using the proposed fault tolerant control a higher order of odd

harmonics are injected to feed the motor. Since the harmonics of order 2mgsh+k with h = 0,1, 2..
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and k = 1:2:mg — 2 are transformed into the same complex vector I, the constraint (G.13)

ms—2 m
Z ’Isk‘ S \/ flmaxa (614)

k=1:2
where the modulus of the current vectors I is defined, from (£3]) and (6.I0), as:

can be rewritten as:

ﬁsk\ — ngk 4+ fK?2 T4

RO (6.15)

Substituting (6.I5]) in (GI4) one obtains the maximum torque in faulty condition minimizing

the current dissipation and satisfying the maximum current limit ,,q;:

wy 2
Tc(e) = ma—2 K- 6) \/ %Imax- (616)

3 \/ TR (0)2 + T K (6)2
k=1:2

Equation (6.16) transforms the current limit in a torque limit, so when 74 > 7.(#) the desired
torque is saturated to the maximum value satisfying the maximum current limit. This value
depends both on the number and the relative spatial distribution of the open-phase faults. In
other words, for the same value of the current limit I, the available torque 7.(f) with two
adjacent open-phases is lower than the case with two non-adjacent phases. Introducing (6I6) in
(69) one obtains the desired current vector “sI; in frame X, under fault condition minimizing
the power dissipation and satisfying the current limit:
w
% Td if 14 < 7.(0)
“ITe(0) = (6.17)
“IK, (6) |
W T(0) if Tg > T(0)
The dependence of 7. from 6 produces a time variant motor torque 7,,,. In the applications where
a constant torque is required it is necessary to compute the minimum of the maximum torque
min(7.(f)). It can be made in the algorithm comparing the actual value 7.(f) with the stored
value 7.5 and saving the actual value in the stored value 7.5 = 7.(0) if 7.(0) < 7.s. Therefore
after a period T' = 27t/6 one obtains the minimum value 7. = min(7.(6)). In this case the
current vector “/1I; is obtained as:
w
% Tq if Ty < Tes
“ITe(0) = (6.18)
SK0)
W Tes If Tg > Tes
Note that there is a trade-off between the torque mean value and the torque ripple: the (6.17)
provides a higher torque with ripple, while the (6.I8]) provides a lower torque without ripple.
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6.2 Simulations of a 7-phase motor without current limit

The control diagrams in Fig. [6.2] Fig. have been implemented in Matlab-Simulink as shown
in Fig. The masked blocks of the motors refer to the POG model in faulty of Sec. [5.3]
while the green blocks implement the minimum dissipation fault tolerant control in the fixed
and rotating reference frames.

The simulation results shown in this section have been obtained using the following electrical
and mechanical lumped parameters: ms="7, p=1, N, = 30, R,=2Q, L,=0.03 H, My =0.02
H, ¢,=0.02 Wb, J,,=1.6 kg m?, b, =0.8 Nm s/rad, a1 =1, a3 =0.25, a5 =0.1, desired torque
74=25 Nm and external torque 7,=0 Nm.

The faults occur on the 6-th, 3-rd and 5-th phases at time t; = 1.5s, t3 = 11.5 s and t5 = 22.5
s. The fault tolerant controls (6.4]) and (6.9) are activated at time to = 2.5 s, t4 = 12.5 s and
tg = 22.5 s. The controls are activated after a delay time of 1 s in order to show the dynamic
behaviors of the motor in fault condition although in real application the fault detection time is
shorter.

The zooms of the stator current vectors ‘I in the fixed reference frame obtained using control
(6:4) and control (6.9) are shown in Fig. Since the drive should continue to produce the
same electrical power also in faulty condition, the amplitude of the currents and voltages in the
healthy phases increase as the number of open phases. The stator currents waveform is modified
compared to the normal operation because using the proposed fault tolerant controls the motor
is fed injecting a higher order of odd harmonics.

Moreover there is a symmetry of the healthy-phase currents with respect to the displacement of
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Figure 6.6: Simulink schemes: a) Simulink scheme of the control diagram in Fig.[6.2] b) Simulink
scheme of the control diagram in Fig.
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Figure 6.7: Stator currents ‘I, in the fixed reference frame obtained using the control laws
described in Sec. [6.1.1] (on the left) and in Sec. [6.1.2] (on the right) .
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the faulty phases. This mirror symmetry of the healthy-phase currents is used in [10] to obtain
a fault-tolerant control of a five-phase permanent magnet synchronous motors with trapezoidal
back-emf.

The dynamic behaviors of the motor velocity w,, and the motor torque 7, are shown in Fig.
During the delay time between the faults and the control reconfiguration the mean value of the
torque decreases and a torque ripple appears, while when the fault tolerant control is activated
the torque grows to the desired value 7;=25 Nm without ripple for the first two faults. At time
tg, when the third fault occurs, the torque ripple does not disappear because in this case the
voltage demand exceeds the maximum voltage of the inverter DC link causing a tracking error
which generates the torque ripple. The different dynamic behavior of the motor torque and the
motor velocity between the two fault tolerant controls is due to the two different control schemes

(hysteresis for the first one and feed-forward action with controller for the second one).

6.3 Simulations of a 5-phase motor with current limit

The control diagram in Fig. has been implemented in Matlab-Simulink as shown in Fig.
The masked blocks of the motor refer to the POG model in faulty of Sec. 5.3 while the green
blocks implement the minimum dissipation in the rotating reference frames where also the current
constraint is taken into account.

The simulation results shown in this section have been obtained using the following electrical
and mechanical parameters: mgs =5, p=1, N. = 30, Ry =2, L, =0.03 H, M, = 0.01 H,
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Figure 6.9: Simulink scheme of the control diagram in Fig.
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0, =0.02 Wb, J,,, =1.6 kg m?, b,, =0.8 Nm s/rad, a1 =1, a3 =0.25, desired torque 74 =23 Nm
and an external torque 7. =5 Nm.

The strategies (6.9), (6.I7) and (6.I8) are compared under two adjacent open-phase faults: the
faults occur at times t; = 1.5 s and ¢t3 = 10 s on the 2-nd and the 3-rd phase, respectively; while
the proposed fault tolerant controls are activated, at time to = 2.5 s and at time ¢4 = 11 s,
after a delay time of 1 s in order to show the dynamic behaviors of the motor in fault condition.
The same simulation is repeated two times in order to put in evidence the dynamic effect of
the current saturation. In the first simulation the maximum current supportable by the inverter
switches and by the motor is considered high, so the current limit is neglected, while in the
second case the maximum current limit is I, = 35 A.

The motor velocity w,, and the motor torque 7, obtained using (6.9) are shown in Fig.
When the first open-phase fault occurs the mean value of the torque decreases and the torque
ripple appears (between ¢; and t5 the control is unchanged with respect to the healthy condition).
At time t5 when the fault tolerant control is applied the torque grows up to the desired value
Tm =Tq=23 Nm without ripple.

When the second open-phase fault occurs the mean value of the torque decreases again and the
torque ripple appears because between t3 and t4 there are two open phases but the control is
not modified with respect to the first failure case. At time ¢4 the fault tolerant control is applied

and the torque grows up to the desired value 74 without ripple.
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Figure 6.10: Motor velocity wy,, motor torque 7,, and external torque 7. (black) using control

(6:9]) without current limit.
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Figure 6.11: Zoom of the stator current vector ‘I, in the fixed reference frame with its corre-

sponding harmonic spectrum obtained using control (6.9)) .

Fig. shows the zooms of the stator current vectors ‘I, in the fixed reference frame with its
corresponding spectrum in healthy condition and when the fault tolerant control is activated.
In healthy condition only the 1-st and the 3-rd harmonics are injected, while when the post-
fault control is activated more odd harmonics of higher order are injected. Using (6.9) the
amplitude of the healthy phase currents increases and the maximum phase current limit 1,4, is
not satisfied when the second fault occurs (this control does not take into account the maximum
current constraint).

The motor velocity wy, and the motor torque 7, obtained using (6.I7) and (6.I8]) are presented
in Fig. [6.12 while the zooms of the stator current vectors I, are shown in Fig. At time
to when the saturated fault tolerant controls are applied the torque reaches a lower value of 74 in
order to satisfy the maximum phase current limit I,,,q, (see Fig. 6.13]). Using (6.I7]) one obtains
a torque mean value of 17.03 Nm with ripple while using (6.I8]) one obtains a lower torque
Tm =min(7.(6)) =11.8 Nm without ripple. Therefore the motor accelerates at the velocity wy,
of 20.35rad/s when the (6.I7) is used, while it decelerates at the velocity w, of 11.15rad/s in
the second case because the motor torque is reduced to 51%. This simulation clearly puts in
evidence the trade-off between the torque mean value and the torque ripple: the (6.17]) provides
a higher torque with ripple, while the (6.I8]) provides a lower torque without ripple. In Fig.
one can see the direct and quadrature components Iy, I, in the rotating reference frame: they

are constant in healthy condition while they are a periodic function of the electric angle 6 with
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Figure 6.12: Motor velocity w,,, motor torque 7, and external torque 7, (black) obtained using
control (6.I7) (teal) and control (GI8) (blue) with current limit.
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period T that can be obtain considering the fundamental even harmonic at frequencies 2pw,, as
T = 271/2pwy,. In the first-fault condition the period T is of 0.1396 s in both cases, while when
the second post-fault control is activated the period 7" is of 0.1544 s for the control (6.17) and

it is of 0.2818 s for the control (6.18).



Chapter 7

Hybrid Electric Vehicle

In safety critical applications, i.e. propulsion and traction applications, the reliability is a very
important issue. When the classical three-phase motor drives are employed the reliability in case
of fault is reached increasing the redundancy of the actuator system, using two motors and two
inverters, see [5] or modifying the power converter topology, see [6]. The fault tolerant capability
of multi-phase motor drives and the possibility to enhance the motor torque by injecting higher
order stator current harmonics, see [I] and [2], make the multi-phase synchronous machines
suitable for Electric and Hybrid Electric Vehicles where reliability and power density are very
important issues.

In this chapter the dynamic model of the power-split Toyota Hybrid System (THS), see [60] and
[61], is proposed. The two three-phase electric machines that are commonly used in THS are
here replaced by two five-phase machines. The model of the whole system includes the dynamics
of the engine, electric machines, planetary gear, transmission and vehicle and is realized using
the Power-Oriented Graphs modeling technique. A rule-based control strategy is implemented
and a fault-tolerant control is applied in the case of electrical machine failure. Simulation results
are given in both healthy and fault condition to show the effectiveness of the dynamic model
and the robustness of the proposed control.

The main contents of this chapter have been submitted in [62].

7.1 POG modeling of the Toyota Hybrid System

The development of new control strategies and/or new architectures for hybrid electric vehicles
(HEVS) requires a deep knowledge of the dynamic behavior and the dynamic interaction among
all subsystems constituting HEVs [63]. Therefore it is essential to have precise and reliable
simulative models to reduce the effort and the cost in the testing phase. The interest in hybrid
vehicle simulation has grown up in the past years and led to the development of many computer

programs to describe the operation of hybrid powertrains. Some examples of steady and quasi-



94 Hybrid Electric Vehicle

steady simulators are: JANUS [64], ADVISOR [65], PSAT [66], Autonomie [67], CarSim from
Mechanical Simulation Corporation and many others. Although steady-state or quasi-steady
models allow to achieve fast computation time, they do not permit to capture transient behavior
and may be unsuitable to such systems in which this is a crucial aspect. Therefore dynamic
models can be used to make accurate dynamic analysis and simulation of the system and to
design effective control strategies. Taking advantage from the POG modular structure, the
model of the power-split Toyota Hybrid System (THS) [60] can be obtained by interconnecting
the models of the subsystems that interact each other through their power ports, see Fig. [[.1l
The power-split configuration includes an internal combustion engine (ICE), two multi-phase
Permanent Magnet Synchronous Machines (MG1 and MG2), a transmission and the vehicle.
The power-split is provided by a planetary gear: the ICE is rigidly connected to the Carrier (C),
MG1 is connected to the Sun (S), MG2 and the vehicle transmission are rigidly connected to
the Ring (R). The torques provided by the engine and the electrical motors are the inputs of the

|
|
[ Tw IT¢
Fw'_‘_) . ‘
.. __| | Vehicle T ‘
e T
| Wy |
| |
| Transmission & Vehicle I
| |
| | }
| Tm2 | T,
Vo T m L1 " |
| Jm2+Jr || Ll R
t1 | T
s2= Wy [ wr |
|
| |
I MG2 | }
©) ® |
|
|
|
! !
Tice } Tc [
0000 /.- c
] \
We | We |
|
. |
ICE I |
® !
|
| | |
| | |
Tml I Ts ‘
| |
Jmi+Js || LS
T T
Ws | Ws [
| | |
I MG1 I I
® @

Figure 7.1: Scheme of the considered power structure of the vehicle.
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powertrain system and the dynamic behavior of each block is defined by using the transmitted
and the reflected torque/force.

In Fig. [[.1] the dashed lines denoted by numbers indicate the power sections, within the system,
through which the power flows among the subsystems. Moreover they correspond to the power
sections indicated by the same numbers in the POG schemes of the considered subsystems
presented in the next part of the chapter.

In this model the input engine power passes forward through the powertrain in the direction
of the physical power flow. The planetary gear splits this power into two paths: a mechanical
path (also known as parallel path) and an electrical path (also known as series path). The
engine power is transferred mechanically from the carrier to the ring gear, which is connected
to the vehicle, via parallel path. The remaining mechanical engine power is transformed into
electrical power through MG1 and it is used to charge the battery or to supply MG2. Although
the electrical path is less efficient than the mechanical path it helps to improve the overall
performance of the system.

Note that in this work the devices that store electrical energy such as batteries, supercapacitors
and others, are not taken into account. Therefore we suppose that the electrical power which
feed the machines MG1 and MG2 is always available. The machine MGi (with i=1,2) operates

as motor if P,,; > 0 and as a generator if P,; < 0.

7.1.1 Planetary Gear modeling

The planetary gears are key elements for the design of new hybrid power structures in the au-

tomotive area. In the literature it is usually considered as a static transmission gear, see [68]-

Figure 7.2: Planetary gear and related parameters.
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[70]. Instead in [71] and [72] the POG technique is exploited to obtain different extended and
reduced dynamic models of the planetary gear. Here a reduced elastic model of the planetary
gear is given. The main parameters of the planetary gear, shown in Fig. [[.2] are: rg, ¢, 7 and
rp are the sun, carrier, ring and planet radii; Js, bs, J¢, be, Jr, by, J, and b, are the inertia
and linear friction coefficients of the sun, carrier, ring and planet, respectively. The carrier, the
planets and the ring interact each other through the two elastic elements: the sun-carrier and
the carrier-ring elastic elements K., and K. with the friction coefficients ds. and dg;.
Considering that the planetary gear inertias will be connected to the shafts of the ICE, PMSM
and driving axle of the vehicle, it is convenient to provide a reduced elastic model of the plane-
tary gear where inertias J;, J. and J, are zero and considering these inertias in the shaft inertias
of the motors and engine. Therefore, as shown in Fig. [[.T] these equivalent moments of inertias
are considered: Jp,9 + J, for MG2 and ring, Jj.. + J. for ICE and carrier and J,,; + Js for MG1
and sun.

Since the inertias Js, J. and J. go to zero, the system degenerates towards a lower dynamic
dimension system and the “reduced system” can be obtained by using a “congruent” transforma-
tion x = Tz where T is a rectangular matrix obtained from some algebraic relations, see [71].

The dynamic equations of the reduced elastic model of the planetary gear in state space form

are:
20 0 Flc 0 Tp 0 | | Fse Ts —7s 0 ws
0 J, 0 Wp = |- 7rgdsc4)p7rgdcr —Tp wp + —rsdscTp  TsdseTp=rrderrp  TrderTp We
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Le X _A-(i X Be u
Ts Ts T‘Sdscrp 0 Fsc b5+r§dsc 7T§dsc 0 Ws
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Note that in the energy matrix L. only the elastic coefficients K., K. and the planet inertia
Jp appear. There is a direct correspondence between the POG schemes and the state space
dynamic equations, therefore equations in (Z.II) can be represented by the POG schemes shown
in Fig[.3l and in Fig[(.4]

Particularly the scheme of Fig [T.4] shows clearly the reduced dynamic dimension of the system
because only the friction coefficient by, b, and b, are used in the elaborator blocks of the sun,
the ring and the carrier, respectively. This scheme is obtained applying the POG reduction
technique to the complete POG model of the planetary gear, see [71]. Inverting the ring, the
sun and the carrier paths one obtains the derivative causalities between the velocity and the
torques where the angular velocities are the input and the torques are the output. Since the

inertias Js, J. and J,. are zero the derivative path of each gear model is eliminated and only the
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Figure 7.3: POG block scheme of the planetary gear related to the reduced elastic system (7.1]).

friction coefficient b, b, and b, are used.

The compact representation of Fig[Z.3lhides the structure of the system which can be shown using
the POG scheme of Fig[7.4l where the reduced dimension and the elastic interaction between the
gears of the epicyclic are clearly put in evidence.

The kinematics Willis relation [73] between angular velocities as function of the gear radii (7.2))

can be obtained from equation (7.I) in steady-state condition (i.e. X = 0):
TsWs + TpWy = (Ts + 7ar)(f‘-}c = 2rewe (72)

Since in ([7.2]) the engine speed (w.=wjce) is decoupled from the vehicle velocity (w, =v,R; /R, ),
then the engine can operate regardless of the vehicle velocity. This degree of freedom will be

used in the control law to increase the engine efficiency.

7.1.2 Internal Combustion Engine model

In order to simulate the hybrid powertrain an engine model is needed. Since for our focus it
is sufficient to consider the main mechanical dynamics of the engine, the simplified model of
Fig. is proposed. In this POG scheme the torque-speed map is associated with a first-order
dynamic system that describes the equivalent dynamic behavior of the engine. In this model
Jice + J¢ are the inertias of the engine shaft and carrier, b;.. is the friction coefficient, 7;.. is the
torque provided by the engine and 7. 4 is the requested torque.

The engine map and the power map of the 2ZR-FXE engine (used in the 3-rd generation Toyota
Prius) are shown in Fig. where the black lines refer to the maximum torque Tjce mq, and
power Pice mqz for a given engine speed we, the green lines refer to the optimum engine efficiency
curves (where the fuel consumption is low). The maximum power delivered by the engine is 73
kW at 5200 rpm and its maximum torque is 142 Nm at 4000 rpm.

The maximum torque-speed map (black line) is used in the POG scheme of Fig. to saturate

the provided torque as Tjce = min{Tice d, Tice,maz }, While the optimum torque curve (green line)
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is used in the control algorithm.

A more complete POG engine model can be found in [74] and [75] where the analogy of the

internal combustion engine with electrical systems is used obtaining the differential equations of

the engine dynamics in the state space form.
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Figure 7.6: The torque-speed map (on the left) and the power-speed map (on the right) of the

engine.

7.1.3 Model of the transmission and vehicle

The POG schemes of the transmission and vehicle are shown in Fig. [[.7l1 The transmission is

modeled considering the elastic interaction between the teeth of the meshing gears, then the

transmission stiffness K, the friction coefficient d; and the transmission ratio R; are used. In

steady-state condition the following relations hold:

wp = Rpwy
Tw = 47y
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Figure 7.7: POG block scheme of the transmission and the vehicle.

where the transmission torque 7; is the load torque for the electrical machines MG2 connected
to the ring.

The wheel model is obtained neglecting the ’slip” and ”skid” dissipative phenomena between the
tires and the ground, assuming that the wheels are solidly connected to the chassis (no suspen-
sions) and considering only the rotation around the z axle. From the previous considerations it
is possible to define the elastic tire model using: the wheel inertia J,, to describe the dynamic of
the wheel and the wheel radius R,,, the tire longitudinal stiffness K, and the friction coefficient
by, to describe the interaction between the tires and the ground. The total torque applied to the

wheel can be written as:

T = Ty — Tp — Ry Fy

where 7, is the wheel torque, 7, is the braking torque and the product R,, F; is the load vehicle
torque.

Since only the dynamic along the longitudinal direction is considered, the dynamic of the car
can be modeled considering only the mass M, of the vehicle and the traction and resistance

forces F; and F, as follows:

Mvjv:Ft_Fr

where the resistance force F) represents the forces applied by the environment and can take into
account the air resistance, the slope of the road and other effects. Assuming a flat road only the

air resistance can be considered, in this case the resistance force F;. has the following form:

— 42
F.=a1,,

)

where « is the drag coefficient which is used to quantify the air resistance of the vehicle.
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7.2 Control Strategy

The adopted forward approach (also known as engine to wheel approach) to model the hybrid
vehicle is very useful in the control design because the real power flows through the system are
clearly put in evidence. The control strategy for the THS must be designed in two levels. The
vehicle control level governs the dynamic behavior of the vehicle while the components control
level actuates the reference signals from the vehicle control level to regulate the electrical motors

and engine operation.
Vehicle control level

This rule-based control, see [61]-[70], generates the torque references for the electric machines
Tmi1,d and T2 ¢ and for the engine 7. ¢ starting from the estimated required power P, and the
tracking error between the reference vehicle speed &, 4 and real one &,. The estimated required

power P,. can be computed as follows:
Py = F, iv,d + F; iv,d = Mvjv,d jv,d + F; jv,d-

Since the car moves on flat road only the air resistance must be considered, then in this case

the estimated power requirement P,. can be rewritten as:
Pye = Mvjv,d j:v,d +o ig,d

where « is the drag coefficient.

The aim of the control is to optimize the fuel consumption, then in the control algorithm the
optimum engine efficiency curves, shown in Fig. [7.6] are taken into account. The control should
manage also the SOC level (State Of battery Charge), but in this work batteries are not modeled
or equivalently they are considered always fully charged. Using this control the engine operates
within its optimal operating region on the torque-speed plane in which the fuel efficiency is high.

The different operation modes and conditions defined in [61] and [70] are listed below:
A Driving at low speed: the engine is off and the traction power is all given by MG2.

B Normal driving conditions: the traction power is supplied by the engine operating in its
optimal region and by the electric motor MG2, while MG1 operates as generator to supply
MG2 and/or to charge the battery (Normal energy flow).

C Boosting: during full throttle acceleration the traction power is given by the engine and
by motor MG2.

D High speed cruising: to keep the engine constantly at a low speed, where engine efficiency
is high, MG1 operates as motor and MG2 operates as generator (Energy recirculation

flow). Note that when the vehicle cruises at high velocity the fuel consumption increases
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if the engine velocity increases. Therefore it is better to keep the engine velocity constant
at low speed where the fuel consumption is low even though in this way the transmission

efficiency decreases (due to the double electromechanical conversion).

E Deceleration: the engine turns off and MG2 operates as generator recuperating the kinetic

energy. When the braking power exceeds a limit value a friction brake is activated.

Components control level

The reference torques provided by the vehicle control level are the input of the motors and
engine drives. Concerning the engine regulator, the desired torque 7. ¢ and cannot exceed the
maximum torque Tice maq fOr a given engine speed wjc.. Therefore the engine delivers the torque:
Tice = min{Tice,da Tice,maz > See Fig.

Regarding the electrical motor drives the fault-tolerant control proposed in Sec. is used
to obtain the optimal current references in fault condition which provide the desired torque

(without ripple) minimizing the dissipation and satisfying the limit current.

7.3 Simulation of the THS

The models of the ICE, Planetary Gear, electric machines MG1 and MG2, transmission, vehicle
and environment forces have been implemented and masked in Matlab/Simulink environment
obtaining a block library. Each masked block contains its POG model presented in the previous
sections except to the masked blocks of the electrical motors that refer to the faulty model
proposed in Sec. 0.3l

The system architecture implemented in Simulink is shown in Fig. [[.8 It has been obtained
interconnecting the masked models like in Fig. [ Il This "high level” approach is very useful
because it allows to obtain also different architectures of electric and hybrid vehicles. Indeed
using the same block and modifying the system architecture one can simulate a new powertrain
dynamic model.

The orange block in Fig. [[.8 exploits the rule-based global control strategy of the vehicle and
the green ones implement the minimum dissipation fault-tolerant torque control described in
Sec.

In order to show the advantages brought by the use of the multi-phase motors two different
driving situation are simulated: a normal operation and a fault operation (the open-phase fault
occurs on MG2 while it provides the traction power). Both cases are analyzed under the Extra
Urban Driving Cycle (EUDC) that represents an high speed driving mode (the average speed is
62.6 km/h) in which the vehicle covers the distance of 6956 m in 400 s.

The main parameters of the system are reported in Table I. The value of the majority of the
parameters is obtained from THS data sheets; otherwise when the value is not available it is

estimated by using physical relations.
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Figure 7.8: Simulink block scheme of the power-split HEV.



104

Hybrid Electric

Vehicle

Table I: Main parameters of the system

Planetary Gear

ring number of teeth N, 78
sun number of teeth N 30
planet number of teeth N, 23
stiffness coefficients K, K. 109 N/m
damping coefficients dsc, der 10° Ns/m
ring moment of inertia Jr 0.0081 kg m?
sun moment of inertia Js 1.48 104 kg m?
carrier moment of inertia Je 0.0071 kg m?
friction coefficients by, bs, be, by 0.001 Nm s/rad
Engine
engine moment of inertia Jice 0.2596 kg m?
engine friction coefficient bice 0.001 Nm s/rad
maximum torque Tmaz @4000rpm 142 Nm
maximum power Prgr @5200rpm 73 kW
Electric machines
number of phases Mg 5
resistance Rs1, Rgo 0.5,0.8 Q
self induction L1, Lgo 8, 11 mH
mutual induction Mgy, Mg 3,5 mH
motors moment of inertia Im1s Im2 20.1, 28.1 gm?
motors friction coefficient b1, bmo 0.001, 0.001 | Nm sec/rad
Transmission
transmission ratio Ry 4.113
stiffness coefficients K 10° N/m
damping coefficients dy 10% Ns/m
Vehicle
vehicle mass M, 1600 kg
wheel moment of inertia Juw 1.06 kg m?
wheel radius R, 32.55 cm
drag coefficient @ 0.254
tires longitudinal stiffness Ky 360000 N/m
longitudinal damping coefficient by 800 keg/s
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7.3.1 Simulation in normal operation

The vehicle velocity &, and the required estimated power P,. are shown in Fig. [[9 The car
starts accelerating to 70 km/h in 41 s keeping the same velocity for the following 50 s. After a
short braking followed by a cruise of 50 km/h, at 188 s the vehicle slowly accelerates to 70 km/h
in 13 s and maintains this velocity for other 50 s. Then the vehicle velocity increases to 100
km/h in 35 s remaining constant for the next 30 s, it increases again to the maximum velocity
of 120 km/h in 20 s. Finally, after the last cruise at the maximum velocity of 10 s the car stops
in 34 s and idles another 20 s. Note that a small tracking error between the desired velocity &,q
(green, dashed) and the vehicle one &, (green, solid) appears only during the acceleration and
deceleration.

The different operation modes are denoted by letters between vertical dashed lines in Fig. [7.9]
where the horizontal red dashed line indicates the threshold speed for turning on the engine
(below 15 km/h the engine is off).

These different conditions can be pointed out comparing the velocities and the torques of the
planetary gear in Fig. [[.10] with the power flows into the vehicle shown in Fig. [Z.11]

In mode A the vehicle is in pure electric mode then engine power P;.. = 0, MG1 power P,,; =0
and MG2 power Pp,2 > 0, see Fig. [[.I1] (from 20 to 30 s).

In mode C when the vehicle is accelerating and the speed is greater than 15 km/h the ICE starts
to help the traction Pj.. > 0.

In mode B (normal driving) the traction power is supplied by both the engine and MG2 (i.e.
Pice > 0, Ppo > 0), while in mode D (high speed cruising) MG1 operates as motor P,,; > 0 and

MG2 as generator P2 < 0 in order to make the engine operating in its optimal region. This
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Figure 7.9: Velocity of the vehicle &, (green, solid) with the desired velocity #,q (green, dashed)
and estimated power of the vehicle P, (green, dotted).
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Planetary gear velocities: sun wyg, carrier w. and ring w,
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Figure 7.10: Velocities and Torques of the planetary gear: ws and 75 (red, solid), w. and 7, (blue,
dash-dotted), w, and 7, (black, dashed).

condition appears in Fig. [[.TT] at 280 s and at 335 s when the car cruises at 100 km/h and 120
km/h, respectively.

In mode E (deceleration) the MG2 operates as generator P2 < 0 and the engine is shut down
until a new acceleration is requested. Therefore in constant speed condition after deceleration
the traction is performed by MG2 (mode A) as shown in Fig. [[.T0l between 120 and 190 s where
we = wice = 0 and the car cruises at 50 km/h.

In case of strong deceleration a braking torque is activated, see the braking power P, in Fig. [[.11]
at 345 s.

The zoom of Fig. [[.TT] shows the stator currents waveform of MG2 in healthy condition. The
minimum dissipation torque control is used to feed the motor injecting the 1-st and the 3-rd

harmonics. Increasing, in this way, the motor torque provided by MG2.

7.3.2 Simulation in fault condition

The simulated dynamic behavior of the HEV in fault condition is shown in Fig. [[.13] to [[.16]
The simulated open-phase fault occurs at time 145 s and the fault-tolerant control is activated

at time 160 s. The delay time of 15 s is defined in order to show the dynamic behavior of the
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Electric motors power flows: P,1, P2, Pice
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Figure 7.11: Power flows into the HEV: electric motors P,,; (red, solid) P2 (black, dashed),
engine Py (blue, dash-dotted), vehicle P, (green, dotted), brake P, (pink, dashed).
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Figure 7.12: Zoom of stator currents of the electric motor MG2 connected to the ring.
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Figure 7.13: Velocity of the vehicle &, (green, solid) with the desired velocity &, (green, dashed)
and estimated power of the vehicle P, (green, dotted).

system in fault condition although in real application the fault detection time is about 1 s.
When the open-phase fault occurs on the 2-nd phase of MG2, the current I falls down to zero
as shown in Fig. and a torque ripple appears on the planetary gears torques, see the box in
Fig. [ 14l and the zoom in Fig.

The failure does not affect the operation of the remaining windings but if the control is not mod-
ified the torque provided by MG2 decrease and a torque ripple appears, see Chapl5l Although,
as shown in the box of Fig. [.13] and in the zoom of Fig. [[.16] these fault effects seem do not
not affect the HEV performances (the mean torque reduction is compensated by the ICE and
the ripple is filtered by the system that behave like a first-order filter) the planetary gear torque
ripple could cause severe mechanical failures. Therefore a control reconfiguration is strongly
needed.

At time 160 s when the post-fault control is applied the torque ripple disappears allowing a safely
vehicle operations. Using the minimum dissipation fault torque control proposed in in Sec.
the motor is fed injecting an higher order of odd harmonics modifying the stator currents wave-
form with respect to the normal operation, see Fig. and Fig. Note that there is a
symmetry of the healthy currents with respect to the location of the faulty phase. Moreover the
amplitude of the remaining currents increases because the MG2 motor drive should provide the

same rated power also in fault condition.
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Figure 7.14: Velocities and Torques of the planetary gear: w, and 74 (red, solid), w. and 7. (blue,
dash-dotted), w, and 7, (black, dashed).
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Figure 7.15: Power flows into the HEV: electric motors P,,; (red, solid) P2 (black, dashed),
engine P, (blue, dash-dotted), vehicle P, (green, dotted), brake P, (pink, dashed).
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Figure 7.16: Zoom of the stator currents of the electric motor MG2 connected to the ring, zoom

of the planetary gear torques and zoom of the vehicle velocity.



Conclusions

In this thesis the modeling and control of multi-phase synchronous motors in healthy and faulty
conditions have been addressed.

The dynamic model of the motor has been proposed as general as possible; it holds for an
arbitrary number of star or delta connected phases and for an arbitrary shape of rotor flux.
Two different state space transformations, one real and one complex, are introduced: they
have been analyzed in detail and compared with the classical transformations known in the
literature. The proposed transformations have some important advantages with respect to
those used in the literature: they are power-invariant and they make the model equations very
compact, using a vectorial notation.

The exploitations of the POG schemes with vectorial notation has important advantages: the
model can be directly implemented in Simulink, it provides a complete and exact dynamical
description of the considered system and the model is the same whatever the number of phases
and the type of stator connection are. Therefore unlike models proposed in the literature it
should not be rebuilt when the number of phases or the type of stator connection change.

The vectorial control has been extended to multi-phase synchronous motor focusing on the
voltage and current constraints distribution. The benefits of the harmonic injection, especially
in terms of mechanical torque enhancement, have been discussed and used to propose three new
different torque controls. The control equation and the scheme have been reported, discussed
and implemented in Matlab-Simulink environment. The closed-loop simulation results of the
motor drive show the effectiveness of the proposed control laws.

In the second part of the thesis the open-phase fault condition of multi-phase synchronous
motors has been covered. Two different models of the multi-phase synchronous motor under
open phase fault condition have been proposed. These models provide a good trade-off between
the model accuracy and the simulation time because in these models the failure has been
simulated with an additional voltage instead of using a variable resistance. Moreover the faults
can occur at any phases: they can happen on one single phase or more than one phase (both
adjacent and non-adjacent phases can be simulated). These models have been implemented in
Simulink, creating a block library, and the simulation results have highlighted the undesired

effects on the motor torque due to the faults.
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A deep study on the open-phase constraint has allowed to extend the minimum dissipation
torque control also to the case of faulty condition. Some post-fault controls have been proposed
to compensate the fault effects by using only the remaining healthy phases; in this way the
multi-phase motor continues to operate safely (generating the same desired torque without
ripple) under a phase-fault without any additional hardware connections. The main advantage
of the proposed controls compared to the others in the literature is that the maximum current
limit can be easily taken into account. This is a very important feature because it allows to
set the maximum current supportable by the inverter switches and by the motor, thus avoiding
any further failures.

Finally, the advantages brought by the use of this type of motors in an electric and hybrid
vehicles have been investigated referring to the Toyota Hybrid System. The dynamic models
of the main subsystems composing the powertrain (i.e. planetary gear, engine, multi-phase
motors etc..) have been obtained using the Power-Oriented Graphs modeling technique.
Then the dynamic model of the whole powertrain has been implemented in Matlab/Simulink
Environment by interconnecting the models of these main subsystems that interact each other
through their power ports. This model is suitable to simulate the dynamic behavior of the
vehicle in all the operating conditions. The simulation results of the proposed hybrid vehicle
have shown the fault tolerant capability of multi-phase motor drives and the possibility to
enhance the motor torque by injecting a higher order of stator current harmonics. These aspects
make the multi-phase synchronous machines suitable for Electric and Hybrid Electric Vehicles

where reliability and power density are very important issues.

The "high level” approach adopted in the modeling proposed in this dissertation allows
to simulate also different electric and hybrid architectures. Therefore the work presented in
this thesis is the starting point for future studies on new architectures of electric and hybrid
vehicles which exploit the advantages brought by the use of the multi-phase synchronous motors.
Moreover new and safer control strategies will be designed starting from the knowledge of the

dynamic behavior of the vehicle and of all subsystems constituting it.



Appendix A

Power Oriented Graphs modeling

technique

Complex physical systems are usually composed by the connection of simple physical elements
that can store and/or dissipate energy and interact each other by the power flow. Therefore
among all the modeling techniques, the energy-based ones seem to be the best choice because
they describe the main energetic domains using the power interaction between subsystems as
the basic concept for modeling. Several graphical tools such as: Power-Oriented Graphs (POG)
[20]-[21], Bond Graphs (BG) [82)-[84], Causal Ordering Graph (COG) [85], Energetic Macro-
scopic Representation (EMR) [86]- [88] have been proposed in the past years. Each one has own
advantages and drawbacks and it is compared with the others in [89]-[91].

Since the POG block schemes are easy to use, easy to understand and can be directly imple-

mented in Simulink then they are exploited in this dissertation .

A.1 System modeling using power variables

The main energetic domains encountered in modeling physical systems are the electrical, the
mechanical (translational and rotational) and the hydraulic. Each energetic domains is charac-
terized by 3 different types of physical elements PE: 2 dynamic elements D. and Dy which store
the energy and 1 static element R which dissipates, see Fig. [A]l

The dynamic elements D, and Dy are shown in Fig.[A.2] they are based on the integral causality
because the derivative causality is not physically realizable and it is not useful in simulation.
Therefore although the derivative causality model is still a correct mathematical model of the
PE it is not used in the POG technique.

As shown in Fig. the system dynamics can be described using: the energy variables q. and
qr and the power variables v, and vy. The energy variables define how much energy is stored

within the dynamic elements, while the power variables describe how the energy moves within
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| I Electrical Mech. Tras. Mech. Rot. Hydraulic
De C  Capacitor M  Mass J Inertia Cr Hyd. Capacitor
qe Q Charge P Momentum P Ang. Momentum % Volume
l Across—\r’ar,] Ve V' Voltage v Velocity w Ang. Velocity P Pressure
Dy L Inductor E Spring E Spring Ly Hyd. Inductor
ar @ Flux T Displacement 0 Ang. Displacement br Hyd. Flux
l Trough-Var. ‘ vy I Current F Force T Torque Q Volume flow rate
| R | R Resistor | b Friction | b Ang. Friction | Ry Hyd. Resistor |

Figure A.1: The main energetic domains: the physical elements D., Dy and R; the energy

variables ¢., qy; the power variables v., vy.

P

— vr(t) Ve (t) vy (t)
vf o1 ! ! [

- : %

| ¥ Ge(t) T () Bnlo;)
Je R\UF
1 | il ' (ge) > (qr) J{

|

5_| ! i

12 Ve (t) vs(t) Ve(t)

Figure A.2: Dynamic structure of the physical element PE: Dynamic elements D, and Dy and
Static element R.

the system.

Considering the dynamic element D, one observes how the internal variable ¢. () is linked to the
input and output variables v¢(t) and v.(t) by the differential equation .(t) = vs(t) and by the
constitutive relation q. = P.(ve), respectively. Moreover the energy FE. stored in the dynamic
element D, is function only of the internal energy variable q.:

t

Be= [ vt)vs@)de= [ @7 (00 do.=Eelar).

Each Physical Element (PE) has two terminals (denoted 1 and 2 in Fig. [A.2)) and the value of
the power P flowing through the section is the product of the two power variables v.(¢) and
ve(t): P(t) = ve(t)vs(t). The power variables can be divided into two groups:

1) the “across-variables” (i.e. voltage V), velocity %,, angular velocity w, and pressure P,) which
are defined “between two points P and 07 of the space:

P P P
° TR B
. Wp
A b
. 1 .
0 0 0 0

2) The “trough-variables” (i.e. current I,, force F), torque 7, and volume flow rate (),) which

are defined “in each point P” of the space:

P P P. P
I, Fy )Tp Qp
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— = | va ; Ve | Vet d—w@—pd Vea | Vet 4 L Ve
AR B B | '""T | | |ls | Vel | | Ve
— 5 PE \ \ \ \ \ \ | | |
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Power sections I I
in parallel 1) Inputs vy1, vy2.| 2) Inputs vy1, Ve2.| 3) Inputs ver, vya. Vs = Vs

Figure A.3: The two different power connection of Physical Elements (PE) with the external

world and the four types of connections of two physical elements PE; and PEs

Each Physical Element (PE) interacts with the external world by means of its power section and
it can be connected only in two ways: in series or in parallel. A Physical Element is connected
in series when its terminals share the same through-variable v, while it is connected in parallel
when its terminals share the same across-variable v., see Fig. [A.3l The three different POG
graphical representations of a PE connected in series or in parallel are shown in Fig. [A.3l Note
that it is possible to pass from one representation to the others inverting one of the input-output
path.

Fig. [A.3] shows also the the four possible ways of connecting two physical elements PE; and
PEs; when two power sections are connected, a feedback loop always arises in the POG graphical

representation of the system.

A.2 The Power-Oriented Graphs technique

The Power-Oriented Graphs is modeling technique is based on the previous concepts regarding
the system modeling using energetic approach and it is particularly suitable for modeling dy-
namic physical systems, see [20]-[21], [80]-[81] and [90]-[92].

The POG block schemes are normal block diagrams combined with a particular modular struc-

ture essentially based on the use of the two blocks: the elaboration block (e.b.) and the connection

block (c.b.).
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Lx=-Ax+Bu
Xl; ;XZ X1+’K’+X2 \ y=Cx+Du
I I I I
\ | | | (A.1)
| | | |
| | | |
\ G(s) \ \ \ § (x="Taz)
I I I I
! ! ! ! . _
y‘ Y ‘y Y1‘T<K*<+YQ Lz_:Aqu_Bu
y=Cz+Du
a) e. b. b) c. b. ¢) POG generic scheme (A.2)

Figure A.4: POG basic blocks and variables: a) elaboration block, b) connection block, ¢) POG

block scheme of a generic dynamic system.

The e.b., shown in Fig. [A.4la describes all the physical elements that stores and/or dissipates
energy (i.e. springs, masses, dampers, capacities, inductances, resistances, etc.). The circle in
the e.b. is a summation element and the black spot represents a minus sign that multiplies the
entering variable.

The c.b., shown in and Fig. [A.4lb, describes all the physical elements that redistributes the
power within the system without storing nor dissipating energy (i.e. any type of gear reduction,
transformers, etc.). Therefore the c.b. transforms the power variables satisfying the constraint
X1y1 = X3y2

The e.b. and the c.b. are suitable for representing both scalar and vectorial systems. In the
vectorial case, G(s) and K are matrices: G(s) is always a square matrix composed by positive
real transfer functions, while matrix K can also be rectangular.

The main feature of the Power-Oriented Graphs is to keep a direct correspondence between
the dashed sections of the graphs and real power sections of the modeled systems: the scalar
product x*y of the two power variables vectors x and y involved in each dashed line of a POG,
see Fig. [A4] has the physical meaning of power flowing through that section.

Another important property of the POG technique is the direct correspondence between the
POG schemes and the corresponding state space dynamic equations. For example, the POG
scheme shown in Fig. [A.6]can be represented by the state space equations (A1) where the energy
matriz L is symmetric and positive definite: L = L* > 0.

Using a “congruent” transformation x = Tz the dynamic model (Al can be transformed into
system (A2) where: L = TTLT, A = TTAT, B = T™B, C = CT and D = D. Otherwise,
when the matrix T is time-varying, an additional term TTLTz appears in the transformed sys-
tem. When an eigenvalue of matrix L tends to zero (or to infinity), system (A.I]) degenerates
towards a lower dimension dynamic system. In this case the reduced and transformed system
can be obtained using a “rectangular” matrix T.

Assuming an invertible matrix D the POG scheme of Fig.[A.4lc can also be easily input-output
inverted, both graphically and mathematically, as shown in Fig. [A.5l Details of how the POG
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A where
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Figure A.5: POG block scheme of the input-output inverted system.

C=-D'C, D=D".

systems can be reduced, transformed and “input-output inverted” can be found in [92].

It can be easily shown that when D = 0 it follows that C = B* and the POG systems can be
represented as shown in Fig. [A.6l For such a system, the energy Es stored in the system and
the dissipating power P, are quadratic functions of matrices L and Ag, respectively:

1
Eszix*Lx, P=x"A,x

where A; = (A + A*)/2 is the symmetric part of the power matriz A. The skew-symmetric part
A, = (A —A*)/2 of the power matrix A represents the power redistribution within the system
“without losses”, i.e. Py = x*A, x = 0. Indeed one can easily verify that all the dissipating
parameters of the system appear only in matrix A, while matrix A, is completely characterized
by all the connection parameters.

Finally the POG schemes always satisfy the following graphical rules:

1) All the loops of a POG scheme always contains an “odd” number of minus signs (i.e. of the
black spots in the summation elements). This rule is a direct consequence of the fact that in the
POG schemes a loop always appears when two physical elements are connected, see FiglA. 7 and
this loop contains at least one “minus sign” for letting the powers flows have the same positive
direction.

2) Chosen two generic points A and B of a POG scheme, all the paths that go from A to B

u+> B ‘%‘
| |
| |
|
|
|
|
|
|
|
|

Y

Y +qqB* [«

Figure A.6: POG scheme of a dynamic system with D = 0 in the complex domain.
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Figure A.7: POG modeling of an electrical RC circuit.

contain either an “odd” number or an “even” number of minus signs. This rule follows directly
from rule 1.

3) The direction of the power flowing through a section is positive if an “even” number of minus
stgns is present along one of the paths linking the input and the output of the section.

Let us consider, fore example, the POG modeling of an electrical RC' circuit, shown in Fig. [A.7]
where the C' and R physical elements are described by two POG elaboration blocks. There is a
direct correspondence between physical power sections and dashed sections in the POG model
and the summation elements present in the elaboration blocks are a mathematical description
of the current and voltage Kirchhoff’s laws applied to the considered electrical system.

The positive power flows from left to right because the path that goes from B to A contains
“zero” minus signs (i.e. an even number). The same result can be obtained considering the left
part of section (2: the power flows from left to right because the path that goes from A to B
contains “one” minus sign (i.e. an odd number). It is evident that rule 3) makes “optional”, in
the POG scheme, the use of the power arrow “-” drawn in the vicinity of the power sections:

this direction can always be determined by direct inspection of the POG scheme.



Appendix B

Notations

The matrices and vectors in this thesis are identified by the following subscripts:

- “t refers to the fixed reference frame ;.

“@” refers to the rotating reference frame ¥, where also the last ms-th differential equation is

used.

- “@” refers to the rotating reference frame ., in a star-connected motor.

Moreover the complex matrices and vectors are defined by the hat ~. Given a complex matrix A,
the conjugate matrix is denoted by A°, the transpose matrix by A" and the conjugate transpose
matrix by A". Therefore the following relations hold: A* = (A°)T = (A")°.

The symbols 1 and 0 are used to represent a ones and zeros block matrices of proper dimensions.

The full and diagonal matrices are denoted by the following notations:

-Rn Rip -+ le_ -Rl ]
¢ i |Ro1 Ra2 -+ Rapy ‘ Ry
[Rijl=1] . : < [Ri] =
1in 1m : : ’ : 1in

Rnl Rn2 e an Rn

From these definition it follows that the column and row matrices can be expressed as:

Ry
i Ry i
[Rl=|.|  [BR)=|[R R - R
1:n : 1:n

R,

The symbol Z?L:a:d Cn = Cq + Catd + Cat2d + - .. is used to represent the sum of a succession of

numbers ¢, where the index n ranges from a to b with increment d, that is, using the Matlab
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Notations

symbology, n = [a : d : b]. Using the previous notations one can represent, for example, the

following matrix:

Rii Ry -+ Rim
: J Ral Rab o Ram ‘ J R13
(Rl = | T Ry = | Ra
l:ain 1:b:m : : ' : 1:2:6 3:3:11 R53
Rnl Rnb to an

The symbol 6(n)|}* is used to represent the following function:

1 forné€lk,ktm, k+2m, k+3m,...

0 otherwise

where n, k and m are integer parameters.

Rig Rig
R3¢ Rsg
Rs6  Rsg



Appendix C

Mathematical Details

C.1 Sum of balanced vectors

The following relation about the sum of balanced vectors holds:

k o (k=ht1
S e = M) gt ©1)
— sin(3)

for h,k € Z with h < k and v € R with v # 0.

The complex numbers e/ ™ are two-dimensional equidistant vectors with unit modulus and phase
@ =n-y. As shown in Fig. all points belong on a circle of center C' and radius R where the
displacement between the point is function of n.

Therefore the result of summation can be obtained rotating the vector v of an angle function of

the lower and the upper bound h and k of summation, see zoom of Fig. [C]

Sum of balanced vectors Zoom

16

Figure C.1: Sum of ms = 9 balanced vectors in the complex plane.
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Consequently, the (C.I]) can be be proved as follows:

k k—h
S = &MY = i (C L Re ej(k—h)v>
n=h n=0

where the radius R, the center C' and the angle 9 are:

1

" 2sin (%) ’

1 ; _
C:§+jRCOS(%):R€Jﬂ, 9=""71
Substituting, one obtains:

k
YoM = i <R 53 1 ReId f%)ej(kfh)“r)
—  oIMik=3 R <ej(%f%>efj(k7h>% i e,j(g,g)ej(k,h)%)

_ ejlwej(k—h)%;) <ej((k7h+1)%fg)_'_efj((kchrl)%fg))

i1y 08 (k= h + D)3 — 5)

k—h+1
2

oI (k+h)3 sin ( 7)

sin ()
When v = ar with « € 2Z (i.e. v =0, £27, £47..) one obtains an indeterminate form:

k

s (k—h+1
Zejn'y:hmwej%vzk—h—{—l (CQ)
~ y=0  sin(3)

that it the sum of k —h+1 real vectors with unit modulus. Otherwise when v # ar with o € 22

the sum of balanced vectors is equal to zero if and only if:

k— h+1
sin . 2
§ gy — S 2 S5 ) kg _ & k—h+1=""farwithae 2 (C.3)
sin(3) )

From (KE), (C3), and ([C2), the following relation holds:

ms—1
> I = my(r) (C.4)
n=0

=mg ifrfp:O,:I:mS..

for v4 = fn—z and m € N.

Indeed when r — p = 0, +ms.. the phase ¢ = jn~; (r — p) = ar with a € 2Z, and one obtains
the sum of my real vectors with unit modulus that is equal to zero from (C.2). In all other cases
the relation (C.3) is satisfied and one obtains the sum of all balanced vectors that is equal to

zero. The (C4) will be used for the calculation in the following Appendixes.
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C.2 Mathematical calculations of Sec. [2.2.2]

The expression of coupling matrix £J, reported in (2.17)), has been obtained from the following

passages:
_ i . -
‘[ e—Jk(0—hys) ”
- 1 | 12me—2  Oma—1 h noh
— —k = 2iMms— Ms— .
&JS: tTw tTw — E ‘[ jnwejn(e —h~ys) ” ‘[ 0 ]’
s h O:ms—1 1:2:ms—2 O:ms—1
[1]
L 0:ms—1 ]
_ k_ r -
ms—1
jnweij(kfn) Z ejh'ys(k—n) 0
h=0
k
1 | =ms ifk—n=0,£ms,.. | B [ jkpwm] O
= m—s 1:2:ms—2 11:12:me2 = 1:2:me—2
0 0
ms—1
Jnwelfm Z eImhs 0
h=0
[ —
=0
| 1:2:ms—2 ]

The expression of transformed inductance matrix “Lg reported in (ZI8]), has been obtained

using the complex matrix tTg as follows:

‘ h
. . . . f ms—2 o
“Ly='T, 'L, "Ty, = Lyoln, + 'T, M [ > ann cos(n (i — h)vs) ||"Tw
n=1:2
1:mg 1:ms
7
My s || =2 A A _
— LyoLn, + 230 tT; Z arm (e]n(z—h)'ys +e—]n(z—h)'ys> ‘T,
n=1:2
0:ms—1 0:ms—1
p
h k
Mo /s *kemrz —jnhy m
= LgoLy, + B — T, e’ ZaMne so(k)|me 0
n=1:2

0:ms—1 1:2:ms—2
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l h
‘[ 010 pihls } h k
2
— MQ 1:22ms—2 0O:ms—1 . s .
“Ly= LeoLn, + 25 ) hs N apgne I (k)| || 0
n=1:2
‘[ 1 ” 0:ms—1 1:2:ms—2
i O:ms—1 i
! k

ms—2ms—1

M| || e 3 3 aar e 07 0(k) 1 0

= Lsolm. + 9 n=1:2_ h=0 .
=mes if 1-n=0,+ms..
1:2:ms—2 1:2:ms—2
0 0
- ) ) i
ms—2
= LyoLy, +ms Mzso Lzl:Q anin 6(1)[ 0 ()7 ] 0
1:2:ms—2 1:2:ms—2
0 0
k
- HLSOJF%MS()%” ol [“fs 0 ]
1:2:my—2 0 Ly
0 0

where the two submatrices in the passage (p) are obtained substituting the transformation matrix

t'f‘g and calculating the matrix product. The zero vector is obtained as:

7 h h
ms—2
E :aMn (ejn(l—h)75+e—1n(z—h)vs> 1 || =
n=1:2
0:ms—1 0:ms—1 O:mg—1
7 k
ms—2mg—1 ms—2mg—1
— a Jniys ,—jhkys —jnivys ,jhkys =0
Mn € 2 + apMn € e
n=1:2 h=0 n=1:2 h=0
=0 =0

O:ms—1 1:22:ms—2
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and the second submatrix is computed using (C.4)) in the matrix product:

i h h k
ms—2
3 anm <6Jn(l*h)’7s_|_efjn(2*h)“fs) ik g—jhkys || =
n=1:2
0:ms—1 0:ms—10:ms—1 1:22ms—2
i k
ms—2ms—1 ms—2ms—1
= || eik0 E E apgn €M eI vs(ktn) Ly oikO E E apgy, e I g=ihvs (k—n)
n=1:2 h=0 n=1:2 h=0
L =0
0:ms—1 1:2:ms—2
i k
) k
ms—2 ms—1 ms—2
= || edk? E app e I E e Ihvstb=n) |1 = || ek0 E appn e M6 (k)|e
n=1:2 h=0 n=1:2
. O:ms—1 1:22ms—2
L :mslfk—n:O,:l:ms..

0:ms—1 1:2:ms—2

The transformed current vector “I, = tT: ~ Ig in ([Z19) has the following structure:

- k h N B k i
[k 017 | RO k(e
J T et (h=1)7s
wl 2 1:2:ms—2  O:ims—1 h 2 ‘ f; "
s = Es h 1‘[ ISh ]’ - Hs 1:2:ms—2 -
1 s -
1 1
[ %] 2.l
0:ms—1 \/5 Z "
k k
_ HwTsk ” — ‘[Idk+jlqk]‘ = L
1:2:ms—2 1:22ms—2 WIsms
szms szms

and the transformed voltage vector “V (220) has the same structure of the current one:

k k

k
RO ke ] B —
[ 2 [“Va | [Vae +3Vae 1| _| “Vs

s
Mg 1:22ms—2 mg—2:—2:1 1:2:ms—2 wvsms

: V V
Sms SMs
§ Lsh
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The transformed torque vector “K, n () = tT;NKT(H) in (2.21]) has been obtained as follows:

k h
‘[ e—Jk(0—hnys) ” h
_ D e L2ms—2  O:ms—1 > ()
YK n(0) = — ——— na,e " Vs
N( ) ] 2 ms h n—zoo;;lﬂ "
OEEs
0:ms—1

k

ms—1
E nay, E e*]k (0—hs) e]n(9 hys)

o Jp P n=—o00;1:2
 2myg | zme—2
ms—1
Z na, Z ed (0—hvs)
I V2, S S |
r L -
ms—1
Z nae]&kn Ze]h'ys(kn
n=—o00;1:2
_ jp Pec =ms ifkfnzo,:tms..
 2mg | b2zme—2
ms—1
Z na, 6]119 Z —jnhys
n_—oo12
—,_/

=Mmg ifn:O,:I:ms.. i

[ Z nape I 00— ")ms6(n)k ”

2 mg 1:2:ms—2

k

Z na, ™ mg5(n)|0

n=-—o0;1:2

[ i naped O(k—n) ] ‘

. mS n=-—oo;k:2mg
= J¥ep \/ 9 1:2:mg—2

[e.e]

1 -
— nape "
\/5 Z

n=—oo;msg:2ms

k

Operating a change of variable n = n—k and renaming n with n:

n=—oo;k:2mg n+k=—o0;k:2mg n=—00;0:2mg
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the transformed torque vector “K,y is rewritten as follows:

_ . m
“Kon(0) = jgep \/ 78 1:2:m s —2

n=—00;0:2mg

(n+ k) apy e’ O™ ]'

oo

na,e ™’

Sl

D

Since a_j, = ay, for real function, one obtains:

n=—oco;mg:2ms

gI<’rN(6) = jp@c\/ %

k

[ Z (n+k) anp €= (n—k) ayp e 7"

n=0:2mg
1:2:ms—2
1 00
- nan(ejne _ ef]nG)
\/5 Z

n=ms:2ms

|

The transformed torque vector K,y is constant (not function of the electric angle ) if and

only if the following relations hold:

(n + k) Ap+k 7& 0

if n=0andke{l:2:mz—2}

Therefore, when the normalized rotor flux has the structure:

ms—2

#(0) = Z a; cos(i )

1=1:2

the transformed torque vector K,y is constant:

(C.5)
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C.3 Mathematical calculations for Sec. 2.2.3

The transformation matrix “’Tﬂ which links together the dynamic systems S, and S, is related

to matrices tTg and tTg as follows:

“Tyy = '"TE'Tun
a T
cos(k(hys — 0))
; _ h k h
_ i sin(k(hys — 0)) St} N
e | 1i2ms—2 0:ms—1 ‘[ e ” V2
s N Oms—1 1:2:ms—2 a1
[ %]
V2
| 0:ms—1 i
- _
ms—1 . ms—1
> cos(k(lrys — 0)) 10 ) > cos(k(hys — 0))
h=0 h=0
ms—1 ' ms—1
V3 > sin(k(hys — 0)) 10 > sin(k(hys — 0))
Ms | 1:22ms—2 1:22ms—2 1:2:mg—2
l
ms—1
'[ 3 o) ] ms
h=0 V2 2
i 1:2:ms—2 i
[ l
Mg e
> S 0
. ms m,
2 i OIS 0
T my | 12me—2 1:2img—2 L:2ims—2
! m
(0] =
1:22ms—2
_ 5 l _
a(n)[
B 0
- RO
1:2:ms—2 1:2:ms—2
0 1
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Indeed, using the (C.4) one obtains:

ms—1 me—1 . . .
s A s Jk(hys—0) ojl(0 —hys) —jk(hys—0) ojl(0 —hys)
D cos(i(hy, =) 0~ 3T T :
h=0 h=0
e I(k-00 —j(k—1)g Ms—1 (k) ej(k+l)9 ms—1
= Z ¢l (=03 3 eminD:
m 2 h=0
s S
= - o) K
ms—1 me—1 . . .
s , s Jk(hys—0) ojl(0 —hvys) _ g—dk(hys—0) o5l(0 —hvs)
Z sin(k(hys — 0)) 10 hs) - = Z € © 2_6 €
J
h=0 h=0
Jj(k—=1)0 ms—1 G (k+1)6 ms—1
- Z eI h(k=D7ys _ € ‘ o= h (kD) s
2] h=0
ms . Mg
= —5 l ms _ _ _6 l ms
2 ( ) k J 9 () k

C.4 Mathematical calculations for Sec. [4.1]

Let us now consider the case of current stator vectors Iy composed by the first (ms — 1)/2

harmonics:
ms—2 h ms—2 h I
M= Y Lk cos(kd — k(0 + ) | = D H %k <ej HtaTI) — e kw_eik_h%)) ”
k=12 0:ms—1 k=1:2

O:ms—1

where I,,. are the amplitude of the balanced current harmonic of order k£ and 6;; is proper
initial phase shifts. The expression of the transformed current vector “I, = tTZ ~ I reported

in (£.3) has been obtained from the following passages:

k h
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When the motor is star-connected the last column of matrix T,y can be eliminated. In this
case matrix T,y reduces to the rectangular matrix 'T,, and the transformed current vector

@I, reduces to “I, as follows:

k
_ m .
e e
1:22ms—2

It is possible to obtain the same result considering the balanced voltage stator vectors 'V,

composed by the first (ms — 1)/2 harmonics:

ms—2 h ms—2
Vin K(0—0., — i k(0—0., —
Vo= 3" [Vikcoskd — k(o +hye) ] = Y H G (MO — KOt ) ”
k=1:20:ms—1 k=1:2 Oerme—1

where V1 are the amplitude of the balanced current harmonic of order k& and 6, is proper
initial phase shifts. The transformed voltage vectors “V = th ~ 'V reported in (E4) has the
following structure:

k
— Mg H: mGefjkev’“ }
2 1:2:ms—2
0
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C.5 Mathematical calculations for Sec.

C.5.1 Example: 5-phase motor

Let consider the example of a 5-phase motor where a first failure occurs at time ¢; at the phase
i = 2 and a second failure occurs at time t5 > t; at the phase j = 4. The transformation

matrices 'T., 1T, and 2T, have the following structure:

1 0 0 O

100 10
0100 000 00

'T.=l0 0 1 0], "T.= , .=

010 01
0O 0 0 1

001 00
—1-1-1-1

The transformed system (5.22]) can be written explicitly as:

Li1Li2L13L14| [Fs1 2Rs Rs Rs Rs ||[Is1] |Esi—Ess| [Vs1—Vss
Li2LaaLosLis| |Is2 Rs 2Rs Rs Rs ||Is2| |Es2—Ess| |Vs2—Vss

= - + . (C.6)
LisLagLooLi2| (Is3 Rs Rs 2Rs Rs ||Is3| |Ess—FEss| |Vsza—Vss

LiaL13LiaLaa| |Tsa Rs Rs Rs 2Rs||Isa| |Esa—Ess| |Vsa—Vss

When t; <t < ts, using the congruent transformation A1, = AT, I, one obtains the following

reduced system:

Ly1 Ly Lia| |Is1 2Rs Rs Rs| [Is1 Ea—FEss Vs1—Vss
L13 Log Lia| |Is3|=— | Rs 2Rs Rs | |Is3|—|Ess—Ess|+|Vs3—Vss
Lia Lz Lui| (e Rs Rs 2Rs| |Isa| |Bsa—Ess| |Vea—Ves

- ————e S ———
flLS fIIS fle flIs flEs flVS

which is obtained from the previous one eliminating the 2nd row and the 2nd column. The time
derivative /11, of the current vector necessary to calculate the voltage /1V4 defined in (5.27) can

be obtained using equation (5.28). The voltage f1V5 has the following structure:

T
0 L11 Lig Lis Lig 100 . 2Rs Rs Rs Rs 100 Es1—FEss Vs1—Vss
Isl Isl
f 1 Li2 Log L2z L3 |000] |, Rs 2Rs Rs Rs||000 Eso—FEss Vs2a—Vss
‘/2 == 153 + Is3 + -
0 Li1s Los Lo2 Li2f |010 . Rs Rs 2Rs Rs 010 FEs3—Fss Vs3—Vss
154 Is4
0 Lis L1z L12 L11| |00 1 Rs Rs Rs 2Rs| (001 Es4—Fgs Vsa—Viss

Note that the matrix product between the transformation matrix /1T, with the current vector
A1, and its time derivative /I, are equal to vectors where the 2-nd component is zero. Since

the 2-nd vector of the standard basis ej select the 2-nd component of the corresponding right
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vector, one obtains:
1V = ()" "L T 11, + R T T+ B~V
= Lialg + Lislg + Lizlss + Rl + Rylg3 + Relgy + Ego — Egs — Vig + Vis.

T
The vector “V ;s to be added to system (5.22)) is: “Vpg = [0 vy 0 O] . In this case equation

(B258) is: Loo €[y = —2R, I and the condition €Iy = Iy = 0 is reached with an exponential
law and a settling time T, =3 Loy /2R;.

When t > t5 the reduced system (5.26) is:

L1 Lz |ia 2Rs Rs | |ls1| |Esi—Ess| [Vs1—Vss
[Lm L22] [js?]: [Rs 2Rs] [183][ES3_ES5]+[‘/S3_VS5].
—_— Y=
szS fzjs szS f215 f2E5 f2VS
It is obtained from (C.) eliminating the 2nd and 4th rows and columns, i.e. by applying the
transformation 2T.. The voltages 2V and 2V} are given by:

f2 V2 = (e%)T |:CLS fQTc f2 is +CR5 F2 Tc F2 Is +CE5_CVS}
= Liola + L1zl + Rol + Ryl + Egp — Egs — Vo + Vis
12y = ()7 "Ly 2T 21, + R 2T, P21, 4B~V |
= Lula + Liol3 + RoI + Rolg3 + Egy — Egs — Vg + Vis
Since the voltage applied to the first broken phase neglects the current in the last broken phase,
in the fault transient the current Iss is different from zero. During this second fault transient to
hold the current in the first faulty phase equal to zero (i.e. Iy, = 0) the additional voltage /2V;
must be recalculated taking into account the current in the second faulty phase I44.
The new additional voltage f1V4 applied to the first broken phase 2 must be recalculated con-
sidering this reduced system where the current I,4 and the voltage 2V}, of the last faulty phase
are taken into account.

L1 Lz L |17 2Rs Rs Rs| |Is1| |Esi—FEss| |Vs1—Vss 0

Li13 Lao Li2| |1 — | Rs 2Rs Rs | [Is3|—[Es3—FEss|+|Vsa—Vss|[+| O

=
Lis Lia Lu| |1, Rs Rs 2Rs| [[sa| [Esa—FEss| |VeaVss f2vy
h, i, hR, h1, R, hy,  fiv,
Hence the new additional voltage /1V5 given to the first broken phase has the following structure:
IV = Lially + Loy Iy + Li3 Iy + Rylst + Rlss + Rsloa + Egp — Egs — Via + Vs,

where the second faulty phase current is considered. Note that the new components I 1 1;3 and
I !, of vector 1, are different from the previous one I, Is3 and I Using 2V, and N1V; cal-

T
culated above the vector “V gy to be added to the system (5.22) is Vg, = [0 hvy, o 2y | .

In this way the condition Iss = 0 during the fault transient is achieved.
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C.5.2 Example: 7-phase motor

Let consider the example of a 7-phase motor where a first failure occurs at time ¢; on the phase
i1 = 4 and a second and third failures occur at time ts > t; on the phases is = 5 and i3 = 2
when the current of the first faulty phase is zero.The transformation matrices ‘T., f1T. and

f3T ., have the following structure:

100000 (10000] [100]
010000 01000 000
1
t 00 000 ; 00100 010
T.=|0 0 0 1 0 0 |, "T.= , BT, =
00000 000
0 0000 00010 000
0000 O0 1
I 00001 001]

The transformed system (5.22)) can be written explicitly as:

Ly1 Ly2 L13 L1a Lis Lis I L 2Rs Rs Rs Rs Rs Rs Ia Eq — Eg Vi1 — Vir
S
L12 Lo Log Log Los Lis I 9 Rs 2Rs Rs Rs Rs Rs Iso Eg — Eg Vio — Vir
S
Ls Los Las Lsa Loa Lna | |f o Rs Rs 2Rs Rs Rs Rs | |Is3| |Es3— Eg7 N Vi = Vir
Li1a Loa Lga L3z Loz L13 js4 Rs Rs Rs 2Rs Rs Rs Iy Esy — Esr Vsa — Vsz
L1s Los Loy Los Lo2 Li2 js5 Rs Rs Rs Rs 2Rs Rs Iss Ess — Eg7 Viss — Vir
Lie Lis Li4 L1z Li2 L1y jsﬁ Rs Rs Rs Rs Rs 2Rs Is6 Es — Es7 Vse — Vst
L i L 74 L 4 L i
L, i ‘R, I, ‘R, Vv,
When ¢ > to the reduced system (5.20)) is:
L1 L3 Lis | [y 2Rs Rs R I Es1 — Egr Va1 —Vr
Lys L3 Lia| |[s3] = — | Rs 2Rs Ry | Is3| — |Ess — Es7| + |Vss — V7
Lig L1s L11| |Iss R, R 2R, | |Iss Es — Es7 Vse — Vr
—_— S~
stS fSIS sts f3Is fsEs favc

It is obtained from (C.6]) eliminating the 2nd, the 4th and 5th rows and columns, i.e. by applying
the transformation /3T.. The adding voltage vector °Vps (defined in (5.38)) has the following
structure:

Vg = [CLS £ URE) e (_ sR, f31,— BE+ favs) + R 3T, BI,+E,—°V,| =

T
= [0 3V 0 3V, 3V 0]
where:
F3Vy = Liglgy + Logls + LisIse + Rsls1 + Relg3 + Rslse + Eso — Es7 — Vig + Vir,
F3Vy = Liads1 + Laalss + L13lse + Rsls1 + Rslss + Rslse + Esy — Es7 — Vg + Vir,
FsVi = LisT + Loalsg + Lialse + Rslg + Rslsz + Rolso + Ess — Egr — Vig + Vir.
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During this second fault transient to hold the current in the first faulty phase equal to zero the
additional voltage 72V} must be recalculated considering the reduced system where the current
I, Is and the voltage 3Viy, Vis of the last faulty phases are taken into account. In this
casen =3,0=1,8,={i1 =4}, S = {i2 =5, i3 = 2} and the reduced system (in which the

currents and the voltages of phases belonging to S, are considered) has the following structure:

[L11 L1z Lis Lus Lig | 7] 2R, Ry Ry Ry Ry |[la] [Ea-Ex| [Va-V7 [ 0]

Lig Loy L3 Los Lis | |49 Rs 2R; Rs Rs Rs | |Is2| |Eso—Esr| |Ve2—V7 3V

L1z Loz Lgg Log L1y | I3l =—| Rs Rs 2Rs Rs Rs | |Ls3| — |Ess—Esr| +|Ves-Vz|+| O

Lis Los Log Log L1 | |Is5 Ry Ry Ry 2Rs Ry | |Ls| |Ess—Est| |[Ves-Vi| |7Vies

Lig Lis Lia Lig L1n | |Lsg) Rs Rs Rs Rs 2Rs | |Ls| |Ess—Esr| |Vse—V7 0

A S i B s B 1L 1 L7
Iy, i, hR, f1, hE, frv, Vg,

where the voltages “Vpgy = Fy“V s and hvp, = flTE “V gy are:

[(0000007| 0 0 ) T -
100000 0
010000 ||B3Vi| |3V By,
010000 By,
ey _ 000000 04 |0 PN st TN I
Fs9 = 1000000 ||Vl | 0 | Fs = o |,
000010 ||V, sy, 000010 foy, 3V
: K 000001 * 0
000000 || 0 0 i I 0

Then it is possible to obtain the faulty vector ¢V g, in which the only component different form

zero is related to the 4-th phase.

Vi, = F, [CLS NT ALY (= PR M= NEg+ NV 4+ NV )+ R N T M+ B -V

T
= (000 V.4 00)
where the new additional voltage 1 V,4 given to the first broken phase has the following structure:

f Vey = L14jg1 + L24j;2 + L34j;3 + ngj;5 + ngjgﬁ + ..
-+ Rs[sl + RSISZ + Rs[s?) + RSIS5 + RSISG + E52 - Es5 - V92 + V957

where also the phase currents I49 and Iz5 are considered. Note that the new components f;l,

.f;3 and I ! of vector f11, obtained from (539) are different from the previous one I, Iy and

I <4 of vector / 318. Using the vectors “Vp, and “V g, calculated above the vector “V g to be
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added to system (5.22)) is:

0 0 0
53 Vs 0 53V

“Vps = “Vpg+ Vg, = ) + ) = )
0 NV NV
53Ves 0 13Ves

0 0 0

In this way the condition Iy4 = 0 during the fault transient and the steady-state condition

Iy = Iy = I;5 = 0 are achieved.
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