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Abstract

In the last two decades the interest in electrical machines with more than three phases for

variable speed applications is increased worldwide.

The fault tolerant capability of multi-phase motor drives and the possibility to enhance the

motor torque by injecting an higher order of stator current harmonics, make the multi-phase

synchronous machines suitable for Electric and Hybrid Electric Vehicles where reliability and

power density are very important issues.

Thus, this dissertation addresses the modeling and the control of multi-phase permanent magnet

synchronous motor in order to improve the efficiency and the safety of the new Electric and

Hybrid Electric Vehicles. As regard these two topics the first part of this thesis deals with the

multi-phase synchronous motors in healthy condition, while the second part investigates this

type of motors under the open-phase fault condition.

The Power-Oriented Graphs modeling technique with a vectorial notation is exploited obtaining

an approach as general as possible. All the electrical and mechanical lumped parameters of the

motor (i.e. the number of phases, the type of stator connection, the shape of the rotor flux, the

number of faults, etc..) can be modified without changing the structure of the models which

can be directly implemented in the Matlab/Simulink environment. Starting from these models

and using a vectorial approach the optimal current reference which provides the desired torque

minimizing the dissipation and satisfying the limit current in healthy and fault condition is

proposed. The presented controls can be used for any shape of the rotor flux, for a generic odd

number of phases and in presence of one or more phase failures. The simulation results validate

the effectiveness of the control techniques addressed in this dissertation.

At the end of this thesis the proposed models and controls are employed in the dynamic power

control of the Toyota Hybrid System. The simulation results of the proposed hybrid vehicle set

the basis for future studies on new architectures for Electric and Hybrid Electric Vehicles which

exploit the advantages brought by the use of this type of motors.
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Chapter 1

Introduction

1.1 Multi-phase synchronous motors

The development of modern power electronic devices and the improvement in the control tech-

niques allow to consider the number of phases of the electrical motors as one of the design

variables. Moreover, although the availability of three phase electrical motors makes them cus-

tomarily adopted for variable speed applications, there are several specialized applications where

the use of multi-phase machines is considerably growing such as: electrical and hybrid vehicles,

aerospace applications, electrical ship propulsion, locomotive traction, high-power industrial ap-

plications. Indeed multi-phase machines offer some advantages and greater number of degrees

of freedom compared to three-phase ones, see [1] and [2].

Among the main types of electrical machines (i.e. induction, switched reluctance, etc..) the per-

manent magnet synchronous motors combine high efficiency, high torque, high power density,

robustness, reduced maintenance, compactness and low weight; then they have found wide use

in powertrain application, see [3].

Due to these reasons, multi-phase permanent magnet synchronous motors are treated in this

dissertation and their main advantages compared to three-phase one are resumed in Tab. 1.1.

The most important advantage of this type of motors over the three-phase ones is the fault-

tolerant capability of the motor drive. The major types of faults which may occur within the

drive system are: winding open circuit, power device open circuit, terminal open circuit, winding

inter-turn short circuit, winding terminal short circuit, power device short circuit and DC-link

capacitor failure, see [4].

When a fault occurs in a conventional three-phase motor drive, the system can not continue to

work properly because the fault introduces a constraint on stator currents that does not allow to

control the remaining two phases. Therefore in this type of motor drive the reliability is reached

increasing the redundancy of the actuator system. A first expensive solution is to double the

motors and the inverters (doubling also the volume and the weight), see [5]. A second solution
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multi-phase machine
Propriety 3-phase machine

sinusoidal bef rectangular bef

Fault Tolerant No Yes Yes

Torque ripple frequency 6f 2msf 2msf

Current harmonics of higher order 5 and 7 2ms ± 1 2ms ± k, k ∈ {1 : 2 : ms − 2}

Power torque per phase P/3 P/ms P/ms

Multi harmonic injection No No Yes

Multi-motor multi-phase drive No Yes No

Table 1.1: Main advantages of multi-phase synchronous motors where ms is the number of

phases and f is the supply frequency.

is to modify the power converter topology such as: doubling the number of power electronic

devices in a separate H-bridge inverter to drive the phases or using a fourth leg to drive the

neutral of the machine, see [6] and [7].

Instead the increase of the phases number makes the multi-phase machine more reliable. Mini-

mizing the electrical, magnetic and thermal coupling between the windings, see [4] and [8], one

or more phase failures do not affect the operation of the remaining windings and the multi-phase

motor can still work by using the healthy phases. Therefore, unlike the classical three-phase

system, using a proper fault tolerant control the multi-phase motor continues operating safely

under a phase-fault without any additional hardware connections, see [9]- [14].

Increasing the number of phases the total electrical power is split across a grater number of

inverter legs, so the same power level can be achieved reducing the voltage and the current

ratings of the semiconductors devices or a higher power level can be achieved without increasing

the converter rating.

Moreover a higher number of phases leads to decrease the amplitude of the torque ripple and

increase its frequency. As shown in Tab. 1.1, the torque ripple frequency is 2ms times higher

than the supply frequency f because it is due to the inverter output harmonics of order 2ms±1.

This last advantage is nowadays less important because the pulsewidth modulation enables to

control the harmonic content of the output voltages.

Besides these advantages, the presence of more phases increases the number of degrees of freedom

improving the overall performance of the system. A first possibility consists in the injection of

higher order current harmonics for machines with concentrated winding and nearly rectangular

back-emf, see [15] and [16]. In this way the torque production capability of the machine in-

creases, leading to high torque density motor drives (i.e. it is possible to increase the torque per

rms ampere for the same volume machine). This feature, together with the advantages brought

by the multi-phase structure, makes these kinds of machines more suitable for high-power ap-

plications.

A second possibility is the independent control of multi-motor multi-phase drive systems for
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machines with distributed windings and a sinusoidal back-emf, see [17] and [18]. Connecting

in series or in parallel, with an appropriate phase transposition, a set of (ms − 1)/2 ms-phase

machines it is possible to control separately each machine by a single inverter. Therefore multi-

motor multi-phase drive systems may become a viable solution for all applications that require

more than one variable-speed electric drive, such as in industrial manipulators or wind farms.

Despite the above benefits the cost of the multi-phase motor drive is high because both the

electronic and the machines are custom products which are not available on the market. This

is the main drawback of this type of motors and it is the reason why nowadays the multi-phase

motor drives are restricted to specialized niche applications.

1.2 Motivation and Contribution

The automotive companies worldwide use the modeling and the simulation to develop new con-

trol strategies and/or new system architectures reducing the effort and the cost in the design

and testing phases. Furthermore, the multidisciplinary nature of the automotive field requires

a modular approach where the model of a complex physical system can be obtained by in-

terconnecting the models of its subsystems (modeled with an adequate level of accuracy and

completeness).

In the literature a general model of a multi-phase synchronous motor has not been provided

yet (almost all published works refer to the dynamic equations of five-phase or seven-phase ma-

chines). Moreover in many papers the Finite Element methods are used to validate the proposed

control although the computational heaviness of these analysis makes these proposed models dif-

ficult to use in the simulations of more complex systems.

From the above discussions, this dissertation aims to develop the models and the control of

multi-phase permanent magnet synchronous motor in healthy and in faulty condition . Unlike

the models proposed in the literature (e.g. [15] and [19]), the vectorial notation and the Power-

Oriented Graphs technique, see [20] and [21], adopted in this thesis allow to obtain general

models which can be directly implemented in Matlab/Simulink environment whatever the num-

ber of phases is. A Simulink library is provided in order to have a collection of high level model

blocks suitable in a modular approach. Thanks to the graphical interface the user can modify the

electrical and mechanical lumped parameters of the motor (i.e. the number of phases, the type

of stator connection, the shape of the rotor flux, the number of faults, etc..) without changing

the structure of the models. Moreover the simulation time is quite short also in faulty condi-

tion because the open-phase failure is simulated by an additional voltage instead of a variable

resistance, as done in [22].



4 Introduction

1.3 Outline

The first part of this thesis is focused on the modeling and control of multi-phase synchronous

motors in healthy condition. Two different power invariant transformations (one real and one

complex) are used to write the dynamic equations of the system in a very compact and vectorial

form. Such transformations are in bijective correspondence each other and therefore they are

equivalent. The respective dynamic models are obtained using the Power-Oriented Graphs

modeling technique and they can be directly implemented in Matlab/Simulink environment

whatever the number of phases is. In order to complete the multi-phase synchronous motor

modeling and make it as general as possible, both the star and delta stator connections are

addressed. The comparison between these types of connections is carried out by discussing the

differences among the dynamic equations. Starting from the transformed dynamic equations

and using a vectorial approach to describe the voltage and current limits, the optimal current

references in healthy condition are obtained. The proposed control allows to enhance the motor

torque satisfying the voltage and current limits by injecting a higher order of stator current

harmonics. The Simulink implementation of the motor models and the control schemes are

shown and discussed together with the simulation results.

The second part of the thesis covers the open-phase faulty condition of multi-phase synchronous

motors. The proposed models simulate the failure by an additional voltage in order to impose a

zero current in the open-phases, without increasing their resistance, allowing in this way a short

simulation time. The failure effects on the motor torque are shown and discussed in simulation

results. These models constitute the basics of the subsequent fault tolerant control; indeed

a deep study on the open-phase constraint leads to extend the minimum dissipation torque

control also in faulty condition. The proposed post-fault controls ensure safe motor operations

by using only the remaining healthy phases without any additional hardware connection.

Finally, the advantages brought by the use of this type of motors in electric and hybrid vehicles

are investigated referring to the Toyota Hybrid System. The dynamic models of the main

subsystems composing the powertrain (i.e. planetary gear, engine, multi-phase motors etc..)

are given using the Power-Oriented Graphs modeling technique. Then the dynamic model

of the whole powertrain is obtained by interconnecting the models of these main subsystems

that interact each other through their power ports. The analysis of the simulation results sets

the basis for future studies on new architectures for electric and hybrid vehicles based on the

multi-phase permanent magnet synchronous motor.

This thesis is organized as follows. In the Chap.2 the POG models of the multi-phase

permanent magnet synchronous motor are obtained, using two different real and complex state

space transformations which are invariant with respect to the power.

The Chap.3 contains considerations about the star and delta connected motors.
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The Chap.4 describes the vectorial control where also the current and voltage limits are taken

into account. The injection of a higher order of stator current harmonics to increase the motor

torque is studied in depth.

In the Chap.5 two new models of multi-phase synchronous motor under open-phase faulty

condition are carried out. These models allow to obtain a quite short simulation time because

the open-phase failure is simulated by an additional voltage such that the faulty phase steady-

state current is zero.

The Chap.6 is focused on the fault tolerant control. Using the proposed post-fault control

strategies the multi-phase motor continues to operate safely (generating the same desired torque

without ripple) under a phase-fault without any additional hardware connection.

The Chap.7 covers a preliminary study of the dynamic model of the power-split Toyota Hybrid

System where the two three-phase electric machines, that are commonly used in THS, are

replaced by two five-phase machines.

Simulation results are shown in every chapter and in the Conclusions the main results are

summarized.
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Chapter 2

Multi-phase synchronous motors

The dynamic model of three-phase synchronous machines is well known in the literature and

usually the Park [23], Clarke [24] and Fortescue [25] transformations are exploited in order to

write the equations of the system in a compact and suitable form. These coordinate transfor-

mations can be extended to the case of multi-phase machines, where the number of phases is

greater than three. The extended Park and Clarke transformations are based on a real matrix

(see [16] and [26]), the Fortescue transformation is based on a complex matrix which contains

complex vectors and their complex conjugate (see [27]), while in the space vector approach (see

[28]) only one half of the Fortescue matrix is considered (i.e. without the complex conjugate

part). All these transformations are not power invariant, so after the transformations the power

flows cannot be expressed as the scalar product of the transformed conjugate power variables,

but always a correction coefficient must be used.

The aim of this chapter is to propose new dynamic models for the multi-phase electrical machines

based on the use of real and complex state space transformations which are invariant with re-

spect to power. The dynamic models of the motor are obtained using the Power-Oriented Graphs

modeling technique. This graphical modeling technique shows the power flows within the sys-

tem, allows to write the state space equations of the system in a very compact form and provides

a model which can be directly implemented in Simulink whatever the number of phases is and

without the need of rewriting the model when the number of phase changes.

The main contents of this chapter have been published in [29] and [30].

2.1 Electrical motors modeling

The basic structure of a multi-phase synchronous motor is shown in Fig. 2.1. In this paper

we refer to a permanent magnet synchronous motor with an odd number ms of concentrated

windings [31]-[32] characterized by the electrical and mechanical parameters shown in Tab. 2.1.

The assumption of no iron saturation and the regularity of the design (constant air-gap width



8 Multi-phase synchronous motors

? ? ? ?Is1 Is2 Is3 Isms

Ls

Rs

V1 V2

Vs0

V3 Vms

Ms3msMs23Ms12

Jm

��������������

��������������
bm

ωm

τm τe

φ̄(θ)

Figure 2.1: Basic structure of a multi-phase synchronous motor.

and identical windings with angular displacement) will be considered in this analysis. Using a

“Lagrangian” approach, see [31]-[33], the dynamic model St of the considered electric motor with

respect to the external fixed frame Σt is the following:
[

tLs 0

0 Jm

][
˙tIs

ω̇m

]
=−

[
tRs

tKτ (θ)

−tKT
τ (θ) bm

][
tIs

ωm

]
+

[
tVs

−τe

]
(2.1)

where tIs and tVs are the phase current and voltage vectors, respectively. Note that the

superscript “ t” in (2.1) indicates that matrices and vectors are defined in the fixed reference

frame Σt. Moreover the proposed vectorial notation, described in App. B, allows to write the

matrices and the vectors of system (2.1) in a general and compact form. The resistance matrix
tRs = Rs Ims is diagonal and the inductance matrix tLs is:

tLs = Ls0 Ims +Ms0

i h∣∣∣∣∣

[
ms−2∑

n=1:2

aMn cos(n (i− h)γs)

]∣∣∣∣∣
1:ms 1:ms

where the self inductance Ls0 is Ls0 = Ls − Ms0 and, according to [16], the first ms − 2 odd

components aMn of the mutual inductance Mhi, between the phases i and h, are considered.

The rotor flux linkage vector is defined as:

Φc(θ)=ϕc

h∣∣∣
[
φ̄(θ − hγ)

]∣∣∣
0:m−1

=ϕc

h∣∣∣∣∣

[ ∞∑

n=1:2

an cos[n(θ − hγs)]

]∣∣∣∣∣
0:m−1

. (2.2)

where the parameters an are the coefficients of the normalized periodic rotor flux function φ̄(θ)

expressed in Fourier series. According to the magnetic co-energy method, the motor torque τm
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ms number of motor phases

p number of polar expansions

Nc number of coils for each phase

θ, θm electric and rotor angular positions: θ = p θm

ω, ωm electric and rotor angular velocities: ω = pωm

Rs i-th stator phase resistance

Ls i-th stator phase self induction coefficient

Ms0 maximum value of mutual inductance

Mhi

mutual induction coefficient between the phases h and i

Mhi = Ms0

ms−2∑

n=1:2

aMn cos(n(h−i)γs)

Jm rotor moment of inertia

bm rotor linear friction coefficient

τm electromotive torque acting on the rotor

τe external load torque acting on the rotor

γs basic angular displacement (γs = 2π/ms)

φc(θ) total rotor flux chained with stator phase 1

ϕr maximum value of the rotor flux

ϕc maximum value of function φc(θ): ϕc = p Nc ϕr

φ̄(θ)

normalized total rotor flux:

φ̄(θ) =
φc(θ)

ϕc
=

∞∑

n=1:2

ai cos(n θ)

Table 2.1: Main parameters of a multi-phase synchronous motor.

and the back-electromotive force tE are:

τm = tKτ
tIs ,

tEs =
d tΦc(θ)

dt
=

tKτ (θ)︷ ︸︸ ︷
∂ tΦc(θ)

∂θ

∂θ

∂θm︸︷︷︸
p

dθm
dt︸︷︷︸
ωm

= tKτ (θ)ωm . (2.3)

where the torque vector tKτ (θ) (also known as speed normalized back electromotive force vector)

is obtained as:

tKτ (θ)=
∂ tΦc(p θm)

∂θm
=pϕc

h∣∣∣∣∣

[
−

∞∑

n=1:2

n an sin (n(θ−hγs))

]∣∣∣∣∣
0:ms−1

. (2.4)

The POG block scheme of the synchronous motor in the fixed reference frame Σt, see eq. (2.1),



10 Multi-phase synchronous motors

tVs
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Electrical part

- �
?
1
s

?

tL-1
s

?� -

� �

tRs

6

6

- -

2

Energy

conversion

- tKT
τ (θ)
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τm
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Mechanical part
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6

1
s

6

1

Jm

6

ωm

- �
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?

?� �

4

ωm

τe

Figure 2.2: POG block scheme of the dynamic model of a multi-phase synchronous motor in the

fixed reference frame Σt.

is shown in Fig. 2.2. The POG scheme clearly puts in evidence four different power sections.

The elaboration blocks between the power sections 1 and 2 represent the Electrical part of the

system, while the blocks between sections 3 and 4 represent the Mechanical part of the system.

The connection block between sections 2 and 3 represents the energy and power conversion

(without accumulation nor dissipation) between the electrical and mechanical parts of the motor.

Pre-multiplying system (2.1) by vector
[
tIs |ωm

]
, one obtains the following relation:

[
t
Is |ωm

]
[

t
Ls 0

0 Jm

][
t
İs

ω̇m

]

︸ ︷︷ ︸

Ė

Stored energy

variation

=−
[
t
Is |ωm

]
[

t
Rs 0

0 bm

][
I

ωm

]

︸ ︷︷ ︸

Pd

Dissipating

power

+
[
t
Is |ωm

]
[

0 − t
Kτ

t
K

T
τ 0

][
t
Is

ωm

]

︸ ︷︷ ︸

Pr = 0

Redistributed

power

+
[
t
Is |ωm

]
[

t
Vs

−τe

]

︸ ︷︷ ︸

Pe

Input/Output

power

Each term of this expression has a physical meaning: term Ė represents the variation of energy

stored within the system, term Pd represents the dissipating power, Pr = 0 is a null term

representing the power redistributed within the system by connection block tKτ (θ) and last

term Pe represents the input/output power.

2.2 State Space Transformations

In the modeling of multi-phase machines a variety of transformations has been proposed, see

[15], [16], [26]-[28], [34] and [35]-[39]. A first general formulation of the possible state space

transformations has been given in [36].

This section presents two different state space transformations compared with the main trans-

formations typically used in the literature.
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2.2.1 System Sω in the rotating frame Σω

The dynamic model (2.1) of the multi-phase synchronous motor can be expressed in a rotating

frame Σω using a state space transformation tIs =
tTω

ωIs based on the following orthonormal

matrix tTω ∈ Rms×ms :
tTω =

[
tTω zms

]
(2.5)

where the matrix tTω ∈ Rms×(ms−1) and the homopolar vector zms ∈ Rms have the form:

tTω =

√
2

ms

h k∣∣∣
[
cos(k(hγs − θ)) , sin(k(hγs − θ))

]∣∣∣
0:ms−1 1:2:ms−2

zms =

h∣∣∣
[ √

1
ms

]∣∣∣
0:ms−1

. (2.6)

Matrix tTω is a function of the electrical angle θ and transforms the system variables from

the original fixed reference frame Σt to a rotating reference frame Σω. Applying the congruent

state space transformation tIs=
tTω

ωIs to system (2.1), one obtains the following transformed

system Sω expressed in the rotating frame Σω:
[
ωLs 0

0 Jm

][
ω İs

ω̇m

]
=−

[
ωRs+

ωLs
ωJs

ωKτ (θ)

− ωKT
τ (θ) bm

][
ωIs

ωm

]
+

[
ωVs

−τe

]
(2.7)

where the terms ωLs
ωJs

ωIs and
ωKτ (θ)ωm represent the back-emf voltages which are induced

by the flux rotation due to the stator currents and the permanent magnets, respectively. Note

that the superscript “ ω” in (2.7) means that matrices and vector are defined in the rotating

reference frame Σω where also the last ms-th differential equation is used. Instead when the

stator phases are star-connected the superscript “ ω” will be used. As shown in the Sec.3.2,

the last ms-th differential equation becomes a static equation for a star-connected motor, then

the homopolar vector zms can be eliminated reducing the matrices tTω to the rectangular

matrix tTω. The dynamic models of a star-connected multi-phase synchronous motor in the

rotating frame Σω for ms = 3 and ms = 5 are shown in Fig. 2.3. The square resistance,

inductance and coupling matrices ωRs,
ωLs and ωJs have the following simplified structure:

ωRs=
tTT

ω
tRs

tTω = tRs,

ωLs ==
tTT

ω
tLs

tTω=




k∣∣∣∣∣

[
Lsk 0

0 Lsk

]∣∣∣∣∣
1:2:ms−2

0

0 Ls0



, ωJs=

tTT
ω
tṪω=




k∣∣∣∣∣

[
0 − kω

kω 0

]∣∣∣∣∣
1:2:ms−2

0

0 0



,

where Lsk = Ls0+
ms

2 aMkMs0 for k ∈ {3, 5, . . . ,ms−2} and ω= θ̇ is the time-derivative of the

electric angle θ. Since the transformed matrices have a block diagonal structure, the electrical

equations of system (2.1) are decoupled. Therefore the original system St is divided into (ms−1)/2
two-dimensional orthogonal and decoupled subspaces Σωk with k ∈ {1 : 2 : ms − 2} (i.e. for



12 Multi-phase synchronous motors

ms Dynamic model

3




Ls1 0 0

0 Ls1 0

0 0 Jm







İd1

İq1

ω̇m


=−




Rs −pωm Ls1 0

pωm Ls1 Rs pϕc

√

3
2
a1

0 −pϕc

√

3
2
a1 bm







Id1

Iq1

ωm


+




Vd1

Vq1

−τe




5




Ls1 0 0 0 0

0 Ls1 0 0 0

0 0 Ls3 0 0

0 0 0 Ls3 0

0 0 0 0 Jm







İd1

İq1

İd3

İq3

ω̇m




=−




Rs −pωm Ls1 0 0 0

p ωm Ls1 Rs 0 0 pϕc

√

5
2
a1

0 0 Rs −3 p ωm Ls3 0

0 0 3 pωm Ls3 Rs pϕc

√

5
2
3 a3

0 −pϕc

√

5
2
a1 0 −pϕc

√

5
2
3 a3 bm







Id1

Iq1

Id3

Iq3

ωm




+




Vd1

Vq1

Vd3

Vq3

−τe




Figure 2.3: Dynamic models of a star-connected multi-phase synchronous motor in the rotating

reference frame Σω for ms = 3 and ms = 5.

ms = 5 there are two subspaces Σω1 and Σω3, see Fig. 2.3). The transformed current and

voltage vectors ωIs and ωVs in (2.7) are:

ωIs=
tTT

ω
tIs=




k∣∣∣∣∣

[
ωIdk
ωIqk

]∣∣∣∣∣
1:2:ms−2

ωIsms



, ωVs=

tTT
ω
tVs=




k∣∣∣∣∣

[
ωVdk

ωVqk

]∣∣∣∣∣
1:2:ms−2

ωVsms




(2.8)

where Idk, Iqk, Vdk and Vqk are, respectively, the direct and quadrature components of the current

and voltage vectors ωIs and ωVs in the rotating reference frame Σω. The last components
ωIsms =zT

ms

tIs and ωVsms =zT
ms

tVs of vectors ωIs and ωVs are proportional to the sum of the

ms stator currents Ish and the ms stator voltages Vsh, respectively:

ωIsms =

√
1

ms

ms∑

h=1

Ish,
ωVsms =

√
1

ms

ms∑

h=1

Vsh. (2.9)

Note that ωIsms =0 when the stator phases are star-connected and ωVsms =0 when the input

stator voltages are balanced. The transformed torque vector ωKτ (θ) in the rotating frame Σω
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Figure 2.4: Harmonic characterization of the torque vector ωKτ : × ↔ k = 1, △↔ k = 3,

� ↔ k=ms−2, ◦ ↔ k=ms.

has the following form (see [31]):

ωKτ (θ)=
tTT

ω
tKτ =




k∣∣∣∣∣

[
ωKdk

ωKqk

]∣∣∣∣∣
1:2:ms−2

ωKτms



=pϕc

√
ms

2




k∣∣∣∣∣∣∣∣∣∣∣∣




∞∑

n=0:2ms

− [(n+k) an+k+(n−k) an−k] sin(nθ)

∞∑

n=0:2ms

[(n+k) an+k−(n−k) an−k] cos(nθ)




∣∣∣∣∣∣∣∣∣∣∣∣
1:2:ms−2

−
√
2

∞∑

n=ms:2ms

nan sin (nθ)




.

(2.10)

This expression is function of the coefficients an of the rotor flux Fourier series, so it is suitable for

any shape of the normalized rotor flux φ̄(θ) shown in Tab 2.1. The harmonic characterization

of the torque components is shown in Fig. 2.4: the direct and quadrature components, ωKdk

and ωKqk with k ∈ {1 : 2 : ms − 2}, depend only on the coefficients an of order n = 2msh ± k

where h = 0, 1, 2.., while the last component ωKτms depends only on the coefficients an of order

n = hms with odd h. When the normalized rotor flux φ̄(θ) is characterized by the first odd

ms − 2 harmonics:

φ̄(θ) =

ms−2∑

i=1:2

ai cos(i θ) . (2.11)

the transformed torque vector ωKτ is constant (not function of the electric angle θ), see [32] and

[33]:

ωKτ (θ) =
ωKτ = pϕc

√
ms

2




k∣∣∣∣∣

[
0

kak

]∣∣∣∣∣
1:2:ms−2

0



. (2.12)

and each quadrature component ωKqk is defined by the coefficient an of the same order k. In

this case the motor torque τm = ωKT
τ

ωIs depends only on the quadrature components ωIqk of

the current vector ωIs and it is possible to generate a constant torque, in all the other cases an
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Figure 2.5: POG block scheme of the dynamic model of a multi-phase synchronous motor in the

rotating frame Σω.

undesired torque ripple is always present. Note that (2.12) holds for a generic number of phases

ms, while usually in the literature only some particular cases for the torque vector ωKτ can be

found, see for example [16] and [37].

The POG scheme of the multi-phase synchronous motor in rotating frame Σω, see (2.7), is

shown in Fig. 2.5. The connection block between sections 1 and 1̂ represents the state space

transformation tTω between the fixed reference frame Σt and the rotating reference frame Σω.

Summarizing, the presented congruent state space transformation tIs = tTω
ωIs splits the

original system St into (ms−1)/2 two-dimensional orthogonal and decoupled subspaces Σωk

with k ∈ {1 : 2 : ms − 2} characterized by a specific set of the rotor flux harmonics, see Tab. 2.2.

Then the ms-phase motor can be seen as a set of (ms−1)/2 independent electrical machines,

rotating at different velocity kωm and characterized by the k-th coefficient of the rotor flux. The

equivalence of a m-phase wye-connected machine to a set of (m − 1)/2 fictitious independent

two-phase machines is also shown in [15] and this concept is used in [16] in the case of five-phase

Set of harmonics

Subspaces ms = 3 ms = 5 ms = 7

Σω1 1, 5, 7, · · · , 6h± 1 1, 9, 11, · · · , 10h ± 1 1, 13, 15, · · · , 14h ± 1

Σω3 na 3, 7, 13, · · · , 10h ± 3 3, 11, 17, · · · , 14h ± 3

Σω5 na na 5, 9, 19, · · · , 14h ± 5

Table 2.2: Subspaces Harmonic characterization for star-connected 3-phase, 5-phase and 7-phase

motors.
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machine. Particularly in [16] a pseudo orthogonal transformation is introduced to simplify the

model of a five-phase machine and the original five-dimensional space is mapped into two two-

dimensional orthogonal subspaces.

It can be easily proved that the congruent transformation tTω is power-invariant, indeed the

power p(t)= tVT
s

tIs in section 1 is equal to the power s(t)= ωVT
s

ωIs in section 1̂ :

p(t) = tVT
s

tIs = ωVT
s

tTT
ω

tTω
ωIs =

ωVT
s

ωIs = s(t).

Comparison with Park and Clarke transformations

The transformation tTω is similar to the Park transformation typically used in the literature

and also known as dq0 transformation, see [27]. The generalized Park transformation is based

on the following matrix ωPt:

ωPt =
tP-1

ω = 2
ms




k h∣∣∣∣∣

[
cos(k(hγs−θ))

sin(k(hγs−θ))

]∣∣∣∣∣
1:2:ms−2 0:ms−1

h

|[ c ]|
0:ms−1




= 2
5




cos(−θ) cos(γs−θ) cos(2γs−θ) cos(3γs−θ) cos(4γs−θ)

sin(−θ) sin(γs−θ) sin(2γs−θ) sin(3γs−θ) sin(4γs−θ)

cos(−3θ) cos(3γs−3θ) cos(6γs−3θ) cos(9γs−3θ) cos(12γs−3θ)

sin(−3θ) sin(3γs−3θ) sin(6γs−3θ) sin(9γs−3θ) sin(12γs−3θ)

c c c c c




m
s
=
5

where c is a constant: c = 1√
2
in [16] and c = 1

2 in [37]. The Clarke transformation ωCt (see

[24] and [27]) can be obtained as a particular case from the Park transformation putting θ = 0.

Applying the Park similarity transformation P Is = tP-1
ω

tIs to system (2.1), one obtains an

equivalent transformed system expressed in a rotating reference frame.

Matrices tPω and tTω are related by the following relations:

tP-1
ω = A tTT

ω ,
tPω = A-1 tTω , with A =

√
2

ms


Ims−1 0

0 1√
2c


 (2.13)

where the conversion matrixA is needed to adjust the power. Indeed one can verify that the Park

similarity transformation is not power-invariant because the instantaneous powers p(t)= tVT
s
tIs

and s(t)=PVT
s
P Is are related as follows:

p(t) = (A-1)2s(t) =
ms

2
PVT

s
P Is −

(ms

2
− ms

4 c2

)
PV0

P I0

where PV0 and P I0 are the last components of the voltage and current vectors PVs and P Is,

respectively. In case of star-connected phases the last column of matrix tP-1
ω can be eliminated,

so the relation between the matrices tPω,
tTω and the instantaneous powers p(t) and s(t) can

be rewritten as:

tP-1
ω =

√
2

ms

tTT
ω ,

tPω =

√
ms

2
tTω , p(t) =

ms

2
s(t). (2.14)
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Figure 2.6: POG-like scheme of a multi-phase synchronous motor in the Park rotating reference

frame.

Fig. 2.6 shows a “POG-like” scheme of the electrical motor obtained with the Park transfor-

mation. Note that this scheme is similar to the POG scheme of Fig. 2.5 but the part between

power sections 1 and 3 does not keep the meaning of power because the Park similarity trans-

formation is not power-invariant. The main disadvantage of using this transformation is that a

particular conversion matrix A and its inverse A-1 are needed. On the contrary considering a

power invariant transformation the meaning of power is kept even in the transformed system.

The block scheme of Fig. 2.6 is equivalent to the block scheme of Fig. 2.7 typically used in the

literature (see [15]) where the (ms−1)/2 fictitious machines are kept separated and R(θ) is the

rotation matrix.

The scheme given in Fig. 2.7 needs to be rearranged when the number of phases ms changes

while with the POG vectorial approach a unique general model is used whatever the number of

phases ms is. Moreover the system Sω in Fig. 2.5 is obtained using a congruent transformation

which uses the transpose of the transformation matrix ( tTT
ω) while the system in Fig. 2.7 is

obtained using a similarity transformation which uses the inverse of the transformation matrix

( tC-1
ω ). The main features of the two transformations are summarized in the following Table:

A very important advantage of exploiting the POG technique with vectorial notation is that

the POG scheme of Fig. 2.5 can be directly implemented in Simulink without the need to con-

sider separate fictitious machines. Moreover from the vectorial notation a better control can be

Transf.
Power Dynamic Fictitious

Variables
Vectorial

invariant equations machines notation
tTω Yes general ms

ms+1
2 real Yes

tPω No fixed ms
ms+1

2 real No

Table 2.3: Resume table of the difference between the proposed and the Park transformations:
tTω and tPω, respectively.
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tVs

tIs

[ PVd1,
PVq1]

[ P Id1,
P Iq1]

[ PVd3,
PVq3]

[ P Id3,
P Iq3]
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Figure 2.7: Block scheme of a ms-phase motor in the Park rotating reference frame.
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Figure 2.8: Block scheme of the k-th machine Mk in Park rotating frame for k ∈ {1 : 2 : ms−2}.
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implemented, as it will be shown in Section 2.3.

2.2.2 System Sω in the reduced complex rotating frame Σω

A complex and reduced model of the multi-phase synchronous motor expressed in a complex

rotating reference frame Σω can be obtained using a state space pseudo-transformation tIs =

Re
(
tTωN

ωIs
)
based on the following complex rectangular matrix tTωN ∈ C

ms×ms+1
2 :

tTωN = tTω N =
[

tTω zms

]
N (2.15)

where:

tTω =

√
1

ms

h k∣∣∣
[
ejk(θ−hγs)

]∣∣∣
0:ms−1 1:2:ms−2

, zms =

h∣∣∣
[ √

1
ms

]∣∣∣
0:ms−1

, N =

[ √
2 Ims−1

2
0

0 1

]
.

Applying the pseudo-transformation tIs=Re
(
tTωN

ωIs
)
to system (2.1), one obtains the follow-

ing transformed system Sω expressed in the complex and reduced rotating frame Σω:

[
ωLs 0

0 Jm

][
ω İs

ω̇m

]
=−

[
ωRs+

ωLs
ωJs

ωKτN

− ωK
∗
τN bm

][
ωIs

ωm

]
+

[
ωVs

−τe

]
(2.16)

The dynamic models of a star-connected multi-phase synchronous motor in the reduced complex

rotating frame Σω for ms = 3 and ms = 5 are shown in Fig. 2.9. The mathematical calculations

about the transformed matrices and vectors are reported in App.C.2.

The resistance, coupling and inductance matrices ωRs,
ωJs and ωLs have a diagonal structure

and they are obtained using matrix tTω as follows: ωRs=
tT

∗
ω
tRs

tTω=RsIms+1
2

,

ωJs=
tT

∗
ω
tṪω=

[
ωJs 0

0 0

]
=




k∣∣∣
[
j kp ωm

]∣∣∣
1:2:ms−2

0

0 0


 , (2.17)

ωLs=
tT

∗
ω
tLs

tTω=

[
ωLs 0

0 Ls0

]
=




k∣∣∣
[
Lsk

]∣∣∣
1:2:ms−2

0

0 Ls0


 . (2.18)

Note that the transformed matrices in the system (2.16) have dimension (ms+1)/2, while they

have dimension ms in the system (2.7). Moreover the diagonal structure of these transformed

matrices allows to divide the original system St into (ms−1)/2 complex orthogonal and decoupled

subspaces Σωk with k ∈ {1 : 2 : ms − 2} (i.e. for ms = 5 there are two complex subspaces Σω1

and Σω3, see Fig. 2.9).
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The transformed current, voltage and torque vectors ωIs,
ωVs and ωKτN are obtained using

matrix tTωN as follows:

ωIs =
tT

∗
ωN

tIs =




ωIs

ωIsms


 =




k∣∣∣
[
Isk

]∣∣∣
1:2:ms−2

ωIsms



=

√
2

ms




k∣∣∣∣∣

[
e−j k θ

ms∑

h=1

Ishe
j k (h−1)γs

]∣∣∣∣∣
1:2:ms−2

1√
2

ms∑

h=1

Ish




, (2.19)

ωVs=
tT

∗
ωN

tVs=




ωVs

ωVsms


=




k∣∣∣
[
V sk

]∣∣∣
1:2:ms−2

ωVsms



=

√
2

ms




k∣∣∣∣∣

[
e−j k θ

ms∑

h=1

Vshe
j k (h−1)γs

]∣∣∣∣∣
1:2:ms−2

1√
2

ms∑

h=1

Vsh




, (2.20)

ωKτN = tT
∗
ωN

tKτ =




ωKτ

ωKτms


=jpϕc

√
ms

2




k∣∣∣∣∣

[ ∞∑

n=0:2ms

(n+k) an+k e
jθn−(n−k) an−k e

−jθn

]∣∣∣∣∣
1:2:ms−2

1√
2

∞∑

n=ms:2ms

nan(e
jnθ − e−jnθ)




. (2.21)

The last components ωIsms and ωVsms of vectors ωIs and ωVs are real and proportional to the

sum of the ms stator voltages and currents, respectively as shown in (2.9).

The expression of the torque vector ωKτN is still function of the coefficients an of the rotor flux

Fourier series and therefore it is suitable for any shape of the normalized rotor flux φ̄(θ) shown

in Tab 2.1. Each component Kτk, with k ∈ [1 : 2 : ms−2], depends only on the coefficients an of

order n = 2msh± k, where h = 0, 1, 2.., see Fig. 2.4. While the last component ωKτms depends

only on the coefficients an of order n = hms with odd h. When the rotor flux function φ̄(θ) has

the structure defined in (2.11) the torque vector ωKτN has a complex and constant form:

ωKτN (θ) = ωKτN = jpϕc

√
ms

2




k

|[ kak ]|
1:2:ms−2

0


 . (2.22)

The POG scheme corresponding to the dynamic system Sω given in (2.16) is shown in Fig. 2.10.

The connection blocks between the power sections 1 - 1̂ and 2 - 3 take into account the function

Re(·) which is is used to convert the transformed complex vector ωIs to real vector tIs:

tIs = Re
(
tTωN

ωIs
)
= Re

(
tTω N ωIs

)
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Figure 2.9: Dynamic models of a star-connected multi-phase synchronous motor in the reduced

complex rotating frame Σω for ms = 3 and ms = 5.
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Figure 2.10: POG block scheme of the dynamic model of a multi-phase synchronous motor in

the reduced complex rotating frame Σω.

and to real motor torque τm:

τm = Re

(
ωK

∗
τN

ωIs

)
= Re

(
ms∑

k=1:2

ωK
∗
τk

ωIsk

)
. (2.23)

The mechanical part of the scheme is unchanged, while the internal variables of the electrical

part (between power sections 1 and 3 ) are complex vectors of reduced dimension.

Indeed, using the pseudo-transformation tIs = Re
(
tTωN

ωIs
)
the original ms-dimension model

in the fixed frame Σt is transformed and reduced to a (ms+1)/2-dimension complex model in the

transformed reduced rotating frame Σω. Then the system is decoupled into (ms−1)/2 complex

subspaces Σωk with k ∈ {1 : 2 : ms} and the equivalence between a ms-phase motor and a set of

(ms−1)/2 independent fictitious electrical machines remains valid also in the reduced complex

rotating reference frame Σω.
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Comparison with Space Vector transformation

The transformation tTω is similar to the matrix proposed in the Space Vector approach, see [28],

[38] and [39], which is based on the following transformation matrix:

tS∗
ω=

2

ms




h

|[ 1 ]|
1:ms

k h∣∣[ ej (h−1) kγs
]∣∣

1:2:ms−1 1:ms




=
2

5



1 1 1 1 1

1 ejγs ej2γs ej3γs ej4γs

1 ej3γs ej6γs ej9γs ej12γs




m
s
=
5

.

System Sω is described by complex variables and is obtained using the rectangular pseudo-

transformation matrix tTωN . For this reason the dimension of the transformed vectors is reduced

and system Sω has a very compact form. Supposing the mechanical dynamic slower than the elec-

trical one, i.e. assuming a constant velocity ωm, the ms − 1 eigenvalues of the considered multi-

phase synchronous motor coincide with the (ms−1)/2 eigenvalues of system Sω (they can be eas-

ily obtained computing the complex roots of polynomial ∆(s) = det
[
s ωLs +

(
ωRs +

ωLs
ωJs

)]
,

and their (ms − 1)/2 complex conjugate values).

The pseudo-transformation matrix tTωN is power-invariant. Indeed it can be easily proved that

the instantaneous power p(t)= tVT
s
tIs in section 1 in Fig. 2.10 is equal to the real part of the

complex instantaneous power s(t)= ωV
∗
s
ωIs in section 1̂ :

p(t) = tVT
s
tIs =

tVT
s Re(tTωN

tT
∗
ωN)

tIs

= Re(tVT
s
tTωN

tT
∗
ωN

tIs) = Re(ωV
∗
s
ωIs) = Re(s(t)).

The Space Vector approach is not power-invariant, indeed the instantaneous power p(t)= tVT
s
tIs

is not equal (but proportional) to the real part of the complex power s(t)=SV∗
s
SIs:

p(t) = msRe(s(t)) = msRe(SV∗
s
SIs).

2.2.3 Comparison among the proposed transformations

The two state space transformations (2.5) and (2.15) presented in the previous sections have been

applied to system St obtaining two different dynamic systems Sω and Sω which are equivalent

from a mathematical point of view. It is possible to pass from one dynamic model to the others

using the transformation matrices shown in Fig. 2.11. The transformation matrix ωTωN which

links together the dynamic systems Sω and Sω is related to matrices tTω and tTωN as follows:

ωTωN = tTT
ω
tTωN =




k l∣∣∣∣∣∣


 δ(l)|ms

k

−j δ(l)|ms

k



∣∣∣∣∣∣

1:2:ms−2 1:2:ms−2

0

0 1



=




1 0 0

−j 0 0

0 1 0

0 −j 0

0 0 1




m
s
=
5

.
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Figure 2.11: Transformation matrices relating the systems St, Sω and Sω.

Therefore one can obtain the current vector ωIs as follows:

ωIs =
ωT

∗
ωN

ωIs =




l k∣∣∣∣∣

[
δ(l)|ms

k j δ(l)|ms

k

]∣∣∣∣∣
1:2:ms−2 1:2:ms−2

0

0 1







k∣∣∣∣∣

[
ωIdk
ωIqk

]∣∣∣∣∣
1:2:ms−2

ωIsms



=




k∣∣∣
[
Idk + jIqk

]∣∣∣
1:2:ms−2

ωIsms




(2.24)

From (2.24) one concludes that the system (2.16) can also be obtained from system (2.7) us-

ing the bijective correspondences between two-dimensional vectors, complex numbers and two-

dimensional matrices: [
α

β

]
↔ α+ jβ ↔



α −β

β α


 .

Thus, the direct and quadrature variables are still available in the complex reference frame Σω,

then the current, voltage and torque complex components Isk, V sk and Kτk can be written

as: Isk = Idk + jIqk, V sk = Vdk + jVqk and Kτk = Kdk + jKqk . The three systems St, Sω

and Sω are equivalent from a mathematical point of view, but they have different features from

a practical point of view that are summarized in Table 2.4. The most compact and effective

transformed systems is Sω obtained using the rectangular complex transformation matrix tTω

given in (2.15), so it will be used in the following Chapters of this thesis.

System St Sω Sω

Transformations none tTω
tTω

Power invariant / Yes Yes

V
ar
ia
b
le
s

type
real real complex

time variant constant constant

dimension ms ms
ms+1

2

Fictitious machines / ms−1
2

ms−1
2

Table 2.4: Resume table of the transformed systems features
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2.3 Simulation

D All the POG models of a multi-phase electric motor shown from Fig. 2.2 to Fig. 2.10 and the

model with Park transformation (see Fig. 2.7) have been implemented in Simulink.

The Simulink scheme reported in Fig. 2.12 is the implementation of the POG model shown in

Fig. 2.10. It has a vectorial structure that does not need to consider the fictitious machines;

therefore, thanks to the graphical interface shown in Fig. 2.12.b, the user can modify the number

of phases and other parameters of the model without changing the structure of the model. The

Simulink scheme of the motor drive is shown in Fig. 2.12.a where the masked block of the

electrical motor contains the Simulink scheme of Fig. 2.12.c.

The system has been fed with the following open-loop input:

tVs0=Re
(
tTωN

ωVs0

)
, where: ωVs0=(ωRs+

ωJs
ωLs)

ωId+
ωKτ ωmd

where ωId is the desired current vector in frame Σω and ωmd is the desired motor velocity. The

simulation results shown in this section have been obtained considering the same five-phase star

connected motor used in [37].

The electrical and mechanical lumped parameters of the motor are: ms = 5, p= 8, , Nc = 10

Rs=0.11Ω, Ls=2.1 mH, Ms0=0.7 mH, ϕr=0.0025 Wb, Jm=1.6 kg m2, bm=2.06 Nms/rad,

a1=0.71, a3=0.04 and the external torque τe=0 Nm.

Three different models are compared:

1) Park model,

2) POG model in the rotating frame Σω,

3) POG model in the reduced complex rotating frame Σω.

The three desired current vectors, according to [37], are:

1) P Id = [ 0 15 0 3.75 ]T [A]

2) ωId = 1
a
P Id = [ 0 23.72 0 5.93 ]T [A]

3) ωId = j[ 23.72 5.93 ]T [A].

The dynamic time behaviors of the motor velocity ωm, motor torque τm are shown in Fig. 2.13.

The motor torque response is a typical step response of a second order system because the

torque transient is deeply related to the electrical dominant pole of the system. While the

motor velocity transient is related to the mechanical pole located in λm = −bm/Jm = −1.28,

then the mechanical settling time is: Tam = 3/|Re(λm)| ≈ 2.34 s. the first phase current vector

Is1 in the steady state condition for the three controlled motors are shown in Fig. 2.14. The

order of the error between the three simulation results is 10−14.

The current vectors P Isk and ωIsk in the two-dimensional subspaces Σωk are shown in Fig. 2.15.
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Figure 2.12: Simulink schemes: a) Simulink scheme of the controlled electric motor, b) User

interface c) POG Simulink scheme of a multi-phase electrical motor in the frame Σω.
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Figure 2.14: Real phase current in the fixed reference frame Σt.

Note that, according to (2.13), the relation between the previous current vectors is:

P Isk = a ωIsk , a =

√
2

ms

The reference current vectors do not minimize the current dissipation. Using a vectorial notation

it is evident that the optimal current vector that provides the desired torque τd minimizing the

current dissipation is the current vector parallel to the torque vector ωKτ :

ωIdo =
ωKτ

|ωKτ |2
τd = [ 0 15.1996 0 2.5689 ].

The first phase current component Is1 in steady state condition is shown in Fig. 2.16 respectively

for the vectors ωId (in red) and ωIdo (in blue). Unlike ωId, the shape of the desired current ωId0

is linked to the shape of the rotor flux φc(θ)
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Chapter 3

Star and Delta Multi-phase

Synchronous Motors

Since the type of stator connection modifies the relation between the terminal variables and the

phase ones, in order to obtain a model as general as possible both the star and delta stator

connections are investigated in this chapter. The comparison between the types of connections

is carried out by discussing the possible differences of the dynamic equations and of the internal

complex models. Using a vectorial approach the optimal current references minimizing the

dissipation are obtained and used in the control law. This approach is suitable for both star and

delta connected stator phases. Finally some simulation results are reported in order to show the

dynamic differences between the connection cases. The main contents of this chapter have been

published in [40].

3.1 Star and Delta complex dynamic model

In this chapter we refer to a permanent magnet synchronous motor with an odd number ms

of concentrated winding in star or delta connection, see Fig. 3.1, characterized by the same

parameters shown in Tab. 2.1.

Let tIl,
tVl,

tIs and
tVs denote the following current and voltage terminal and phase vectors:

tIl =
[
I1 · · · Ims

]T
, tVl =

[
V1 · · · Vms

]T
,

tIs =
[
Is1 · · · Isms

]T
, tVs =

[
Vs1 · · · Vsms

]T
.

The type of windings connection modifies the relation between the phase vectors tVs and
tIs and

the terminal vectors tVl and
tIl. Indeed, as shown in Fig. 3.1, in the star-connected motor the

current flowing into the terminal is the same that flows into the phase while in a delta-connected

motor the terminal current is the difference of the currents flowing into the two adjacent phases
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Figure 3.1: Star and delta-connected stator phases.

(connected to the same terminal). The relation between the phase and current vectors are:

tIl =
tT tIs,

tVs =
tTT tVl − tVs0, (3.1)

where the connection matrix tT and the common voltage vector tVs0 depend on the type of

stator connection:

tT =

{
Ims if star-connected

tT△ if delta-connected

tT△ =




1 0 0 · · · −1

−1 1 0 · · · 0

0 −1 1 · · · 0
...

...
...
. . .

...

0 0 0 · · · 1




tVs0 =

{
[1, 1, . . . , 1]TVs0 if star-connected

[0, 0, . . . , 0]T if delta-connected

(3.2)

One can easily verify that matrix tT△ is singular: det( tT△) = 0 and this is a problem for the

vectorial control, as will be discussed in Sec.3.3.

Since the dynamic system Sω given in (2.16) considers the phase vectors tIs and
tVs, introducing

the connection matrix tT as the first elaboration block of the POG scheme in Fig. 2.10 one

obtains a model which takes into account also the type of stator connection, see Fig. 3.2. Since

the matrix tT present between the power sections 1 - 2 relates the phase vectors tVs and
tIs to the terminal vectors tVl and

tIl, the structure of the model is the same whatever the

type of stator connection is. Indeed the type of stator connection modifies only the form of

the connection matrix tT between the section 1 - 2 . Thus, a unique general model is obtained
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Figure 3.2: POG scheme of a multi-phase electrical motor in the reduced complex rotating

reference frame Σω.

whatever the number of phases ms and the type of connection are. Since the value of the stator

voltages Vsh and the stator currents Ish (for the same value of the line variables Vh and Ih)

change with the type of stator connection, the transformed current and voltage vectors ωIs and
ωVs in (2.19) and (2.20) depend on the type of stator connection. Moreover the last component

of current vector ωIsms is zero for a star-connected motor while the last component of voltage

vector ωVsms is zero for a delta-connected motor.

In order to put in evidence the different dynamic behavior between the star and delta connected

motor two different types of the normalized rotor flux for each type of stator connection will be

considered in the next section. The first type of the normalized rotor flux has the shape (2.11),

while the second one has also the ms-th harmonic differen from zero:

φ̄(θ) =

ms∑

i=1:2

ai cos(i θ). (3.3)

When the normalized rotor flux has the structure (2.11) the transformed torque vector ωKτN

is constant as shown in (2.22), while when the normalized rotor flux has the structure (3.3) the

transformed torque vector ωKτN (θ) is:

ωKτN (θ) = jpϕc

√
ms

2




k∣∣∣
[

kak

]∣∣∣
1:2:ms−2

ωKτms(θ)



.

where only the last component ωKτms is function of the electric angle θ. This component is a

real function that can be rewritten as:

ωKτms = b1 sin (ms pωmt) = −pϕc
√
msmsams sin (ms pωmt) . (3.4)



30 Star and Delta Multi-phase Synchronous Motors

In this second case the torque equation (2.23) can be rewritten as:

τm = Re

(
ms−2∑

k=1:2

ωK
∗
τk

ωIsk

)
+ ωKτms(θ)

ωIsms = τm + τms(t)

where the motor torque τm is the sum of two terms: a constant torque τm and a time variant

torque τms(t). The constant torque τm is the same torque generated in the first case (when the

transformed torque vector ωKτN is constant), while the undesired time variant torque τms(t) is

due to the time variant component ωKτms .

3.2 Star and Delta connected motor

The differential equations (2.16) depend on the star or delta connection of the motor. In par-

ticular the ms-th differential equation of system (2.16) is:

Ls0
ω İsms =−Rs

ωIsms+
ωKsmsωm+ωV sms . (3.5)

1) When the multi-phase motor is star connected, the last component ωIsms of vector ωIs is

zero and the differential equation (3.5) becomes:

ωKsms ωm+ ωV sms = 0. (3.6)

In this case the dynamic dimension of a star-connected motor is ms − 1, then the homopolar

vectors zms in (2.5) and (2.15) can be eliminated reducing the matrices tTω and tTωN to the

rectangular matrices tTω and tTωN . Consequently, the generated torque is constant regardless

of the last components ωKsms of the transformed torque vector. Moreover, from (3.1) and (3.6)

it follows that:

Vs0 =
1

ms

ms∑

h=1

Vh +
1√
ms

ωKsms ωm. (3.7)

This relation shows that the common voltage Vs0 is zero when the input voltages Vh are balanced

and when the normalized rotor flux φ̄ has the shape given in (2.11), i.e. when ams = 0 and
ωKsms = 0. On the contrary, the voltages Vs0 is not zero and it is time-variant when ams 6= 0.

2) When the multi-phase motor is delta connected, the last component ωV sms of vector ωVs

is zero and the differential equation (3.5) becomes:

Ls0
ω İsms = −Rs

ωIsms +
ωKsms ωm. (3.8)

The last differential equation is described by this first order system where the input is the last

component of torque vector and the output the last component of current vector. Therefore

the dynamic dimension and the dynamic behavior are related to the type of the rotor flux.

Substituting (3.4) in (3.8) one obtains:

Ls0
ω İsms =−Rs

ωIsms+ ωmb1 sin (mspωmt) .
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This is a linear equation with transfer function G(s) = ωm

Ls0s+Rs
excited by a sinusoidal input

with frequency ωR = ms pωm. The steady state solution of this equation can be written as

follows:
ωIsms(t)=b1|G1| sin (ωRt+ ∠G1) (3.9)

where |G1| = |G(jωR)|, ∠G1 = ∠G(jωR) and b1 is given in (3.4). In this case the torque τms

corresponding to current ωIsms can be expressed as:

τms(t) =
ωKsms

ωIsms ≃ τms(t) + τ̃ms(t)

where the mean value τms(t) of torque τms is:

τms(t) = −b21|G(jωR)|
2

cos (∠G(jωR)) (3.10)

and the ripple torque τ̃ms(t) has the structure:

τ̃ms(t)=−b
2
1|G(jωR)|

2
cos (2ωRt+∠G(jωR)) . (3.11)

Note that when ams 6= 0 and ωKsms 6= 0 the torque τms has a negative mean value τms , see

(3.10), and a torque ripple τ̃ms at frequency 2ωR, see (3.11). When it is present the term

τms reduces the amplitude of the total torque τm introducing also an undesired torque ripple.

Otherwise, when the normalized rotor flux has the shape given in (2.11) the equation (3.8)

becomes:

Ls0
ω İsms = −Rs

ωIsms . (3.12)

The solution of this equation is:

ωIsms(t)=
ωIsms(0) e

−t/τ , τ =
Ls0

Rs
(3.13)

and therefore in steady state condition the current ωIsms is zero. In this case ωKsms = 0 and

the torque τms is zero regardless of ωIsms . When the dynamic of equation (3.12) is disregarded

the dynamic dimension of the motor is ms − 1, equal to the one obtained for the star-connected

case.

3.3 Vectorial Control

Torque τm can be controlled by the desired current vector in frame Σω. The optimal current

vector ωId which provides the desired torque τd minimizing the dissipation is the current vector

parallel to the torque vector ωKτN in frame Σω:

ωId =
ωKτN

|ωKτN |2
τd, (3.14)
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When ωId is constant, the condition ωIs =
ωId can be achieved using the control law:

ωVs=
ωZs

ωIs+
ωKτN ωm−Kc(

ωIs−ωId) (3.15)

where Kc > 0 is a proper diagonal matrix used for the tuning of the control. The current vector
ωIs can be obtained from the terminal current vector tIl inverting the connection matrix tT:

ωIs=
(
tT tTωN

)−1 tIl=
tT

∗
ωN

tT−1 tIl. (3.16)

Matrix tT is invertible for a star-connected motor and is singular (det( tT△) = 0) for a delta-

connected motor, see (3.2). This problem can be overcome diagonalizing the connection matrix
tT by the matrix tTω as follows:

ωT = tT
∗
ω
tT tTω , where: ωT =








k∣∣[1−ejkγs
]∣∣

1:2:ms−2

0

0 0


 if delta-connected

Ims+1
2

if star-connected

This equation shows that in the delta-connection the matrix ωT is singular because the last

eigenvalue is zero. Since tT
∗
ω
tTω = Ims+1

2
, then the equation (3.16) can be rewritten as:

ωIs=
(
tTω

tT
∗
ω
tT tTωN

)−1
tIl =

=
(
tTω

ωTN
)−1 tIl =

(
tTωN

ωT
)−1 tIl =

ωT−↿ tT
∗
ωN

tIl

(3.17)

where matrix ωT
−↿

is defined as follows:

ωT
−↿

=








k∣∣∣∣
[

1

1−ejkγs

]∣∣∣∣
1:2:ms−2

0

0 0




if delta-connected

Ims+1
2

if star-connected

Note that in the delta-connection the null eigenvalue is related to the last component ωIsms of

current vector ωIs therefore it is not possible to control this component. However it is still possi-

ble to implement the control law (4.29) because the last current component ωIsms is independent

from the inputs
(
it is zero or function of motor velocity, as shown in (3.6), (3.9) and (3.13)

)
.

The equations (3.14), (4.29) and (3.17) are used together in the control block diagram shown in

Fig. 3.3 where a P controller and feed-forward action are used.

The main differences between the two types of stator connection are summarized in Tab.3.1.

In a star-connected motor the last current component ωIsms is zero therefore the dynamic di-

mension of the system is ms − 1. In a delta-connected motor the last current component ωIsms

is zero in steady state condition only for a particulary shape of rotor flux otherwise the last

current component is sinusoidal and undesired toque ripple is generated.
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τd

Kc

ω
Kτ

|ωKτ |2
ωId

ωIs

ωVs

ωT

ωT
−↿

tTωN

tT
∗
ωN Re(·)

Re(·)

tVl

tIl

ωm

ωVl

ωIl

ωZs

ωKτN

Figure 3.3: Multi-phase control motor drive scheme.

Star Delta

ams=0 ams 6=0 ams=0 ams 6=0

Dyn. dim. ms−1 ms−1 ms−1 ms

τm constant constant constant ripple

tT invertible invertible singular singular

ωIsms

0 0 0 in ss sin(·)
contr. contr. uncontr. uncontr.

Table 3.1: Resume table of the difference between the star and delta connection.

3.4 Simulation

As shown in Fig. 3.4.a both the POG model in Fig. 3.2 and the control diagram in Fig. 3.3

have been implemented in Matlab-Simulink, like a common Simulink library block. The left

“Control” block in Fig. 3.3 implements the control law (3.15), while the right masked block of

the electric motor contains the Simulink scheme, shown in Fig. 3.4.c. Both the masked blocks

have the configuration mask window reported in Fig. 3.4.b; therefore the user can modify the

motor parameters, like the number of phases, the type of stator connection, the type of the rotor

flux, etc.. without changing the structure of the scheme. Note that in the field highlighted by

the red box the user can select the type of stator connection.

The PWM block is not implemented in the scheme of Fig. 3.4.a and the voltage tVs is directly

used to feed the motor. Since the low-pass characteristic of the machine inductances filters the

output switched voltages of the PWM block, it is better to use directly the average voltage tVs

reducing in this way the simulation time. Indeed the high frequency switching of the PWM

block (necessary to obtain the variable-width pulse waveform from the modulating signal tVs)

increases the simulation time. Note that in this way the undesired harmonics introduced by the

switching are neglected.

The simulation results shown in this section have been obtained using the following electrical

and mechanical parameters: ms = 5, p = 1, Nc = 35, Rs = 1.5Ω, Ls = 0.02H, Ms0 = 0.01 H,

aM1 = 1, aM3 = 1/9, ϕr = 0.02 Wb, Jm = 0.6 kg m2, bm = 0.25 Nms/rad, a1 = 0.25, a3 = 0.75,

desired torque τd = 15 Nm and external torque τe = 0 Nm. In order to put in evidence the
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a) b)

c)

Figure 3.4: Simulink schemes: a) Simulink scheme of the controlled electric motor, b) User

interface c) POG Simulink scheme of a multi-phase electrical motor in the frame Σω.
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Figure 3.5: Motor velocity ωm and motor torque τm

different dynamic behavior between the star and delta connected motors, three different cases

are compared:

1) star-connected motor with a5 = 0,

2) delta-connected motor with a5 = 0,

3) delta-connected motor with a5 = 0.05.

The time behaviors of the motor velocity ωm, motor torque τm for the three controlled motors

are shown in Fig. 3.5. The blue lines are referred to case 1 and case 2, while the cyan lines are

related to case 3. The torques generated in case 1 and case 2 are equal (the order of the error is

10−14), while the torque τm generated in case 3 is smaller then cases 1 and 2 and it is affected

by ripple. Therefore in this 3-rd case the motor starts accelerating to 57.3 [rad/s] (that is a

lower velocity respect to 59.8 [rad/s] reached in case 1 and case 2). According to the simulation

results, the torque reduction, the ripple amplitude and its frequency, calculated by (3.10) and

(3.11), are:

τms(t) = − b21|G(jωR)|
2 cos (∠G(jωR)) = 0.6293 [Nm],

τ̃ms(t) = − b21|G(jωR)|
2 cos (2ωRt+∠G(jωR)) = −1.3565 cos(572.8893 t − 1.0884) [Nm]

where:

b1 = −p2Ncϕr
√
msmsams = −0.3913 [Wb], ωR = ms pωm = 286.4446 [rad/s],
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Figure 3.6: Transformed phase currents in the complex rotating reference frame Σω.

|G(jωR)| = ωm√
R2

s+L2
s0 ω

2
R

= 17.7177 [rad/sΩ], ∠G(jωR) = − arctan Ls0 ωR

Rs
= −1.0884 [rad].

Using the (3.14) one obtains the desired current vector ωId which provides the desired torque

τd = 15 Nm minimizing the dissipation:

ωId =
[

ωIs1
ωIs3

ωIs5

]T
=
[

0 + j1.2 0 + j6.3 0
]T

.

The transient of the components ωIsk of vector ωIs is shown in Fig. 3.6. The time behavior

of components ωIs1 (red line) and ωIs3 (green line) is the same for the three motors, while it

is different for ωIs5 because the control law (4.29) can not control this last component. Note

that the component ωIs5 is zero in case 1, see (3.6), is zero in steady state condition (blue line)

in case 2, see (3.9), and is sinusoidal (cyan line) in case 3, see (3.13). The time behaviors of
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the three terminal current and voltage vectors tIl,
tVl for the three motors are shown Fig. 3.7

and Fig. 3.8, respectively. Note that the transient of the terminal currents and the terminal

voltages for a delta-connected motor is the same in both cases 2 and 3 because the control law

(4.29) can not control the last component ωIs5.

In conclusion, the simulation results are agree with the differences shown in Tab.3.1.



Chapter 4

Multi-phase Vectorial Control with

Currents and Voltages Saturations

Multi-phase machines have higher torque-to-volume ratio, compared to three-phase ones, due

to the injection of higher order current harmonics for the machines with concentrated winding

and nearly rectangular back-emf, see [15], [16], [37]. In [41] and [42] the effects of the voltage

and current limits on the third harmonic injection are considered. In [41] the voltage and the

current constraints are rewritten as 2-norm constraints of the transformed vectors obtaining a

field weakening algorithm, while in [42] the voltage 1-norm constraint of the voltage is taken into

account. Almost all the abovementioned papers consider specific motors with 5 or 7 phases where

only the first and the third current harmonics are injected. Moreover although the amplitude

of the injected harmonics is tied to the harmonic spectrum of the back-emf, it is not clear how

the current references are obtained.

This chapter addresses the torque control of ms-phase permanent magnet synchronous machines

where the first odd harmonics below ms are injected. A new vectorial approach to describe the

voltage and current limits is proposed. Starting from the transformed dynamic equations and

using the voltage and current constraints, the optimal current references is obtained. It holds

for an arbitrary number of star connected phases and an arbitrary shape of the rotor flux. Some

simulation results for a 7-phase motor validate the proposed control law. The main contents of

this chapter have been published in [43], [44] (for a multi-phase synchronous motor) and in [45]

(for a 5-phase synchronous motor).

4.1 Transformed dynamic equations

In the complex rotating reference frame Σω the ms-phase star-connected motor can be seen

as a set of (ms − 1)/2 independent electrical fictitious machines rotating at different velocity

kpωm and characterized by the k-th coefficient of the rotor flux, see Sec. 2.2. This concept is
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the generalization of the Multi-machine representation in [15] and it is shown in Fig. 4.1 where

different colors define the different machines.

Since injecting the first odd harmonics with order below ms it is possible to increase the motor

torque of a multi phase motor, let us now consider the case of balanced voltage and current

stator vectors tVs and tIs composed by the first (ms − 1)/2 harmonics:

tVs=
h

|[Vsh ]|
1:ms

=

ms−2∑

k=1:2

h

|[Vmk cos(kθ−k(θvk−(h−1)γs)) ]|
1:ms

(4.1)

tIs=
h

|[Ish ]|
1:ms

=

ms−2∑

k=1:2

h

|[Imk cos(kθ−k(θik − (h−1)γs))]|
1:ms

, (4.2)

where Vmk and Imk are the amplitude of the balanced harmonics components of order k and

θvk, θik are proper initial phase shifts. In this case the transformed current and voltage vectors
ωIs =

tT
∗
ωN

tIs and ωVs =
tT

∗
ωN

tVs are (mathematical details are reported in App.C.4):

ωIs=

k∣∣∣
[
Isk

]∣∣∣
1:2:ms−2

=

k∣∣∣
[
Idk+jIqk

]∣∣∣
1:2:ms−2

=

√
ms

2

k∣∣∣∣
[
Imk e

jkθik

]∣∣∣∣
1:2:ms−2

(4.3)

ωVs=

k∣∣∣
[
V sk

]∣∣∣
1:2:ms−2

=

k∣∣∣
[
Vdk+jVqk

]∣∣∣
1:2:ms−2

=

√
ms

2

k∣∣∣∣
[
Vmk e

jkθvk

]∣∣∣∣
1:2:ms−2

(4.4)

where Idk, Iqk, Vdk and Vqk are, respectively, the direct and quadrature components of the current

and voltage vectors Isk and V sk. The modulus |Isk| and |V sk| are related to the amplitude Imk

and Vmk by the following relations:

|Isk| =
√

I2dk+I
2
qk =

√
ms

2
Imk = IMk, (4.5)

|V sk| =
√

V 2
dk+V

2
qk =

√
ms

2
Vmk = VMk (4.6)

Expressions (4.4), (4.3), (4.5) and (4.6) show that the harmonics of order k and amplitude

Vmk and Imk in (4.1) and (4.2) are transformed into vectors V sk and Isk with modulus VMk =√
ms

2 Vmk and IMk =
√

ms

2 Imk which move in the complex subspace Σωk. In other words each

harmonic of order k is related to the fictitious electrical machine rotating at the same frequency

kωm and characterized by the k-th coefficient ak of the rotor flux. According to this in Fig. 4.1

the color of the 1-st voltage and current harmonics is yellow, while the color of the 3-rd voltage

and current harmonics is orange.

Substituting (2.22) and (4.3) in (2.23) the motor torque can be rewritten as:

τm = Re

(
ωK

∗
τN

ωIs

)
= pϕc

√
ms

2

ms−2∑

k=1:2

kakIqk. (4.7)
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Figure 4.1: Multi subspaces scheme of a ms-phase motor in the complex rotating frame Σω.

This torque equation is the sum of individual contribution of each fictitious machine and it

shows the dependence of torque τm on the quadrature components Iqk of the current vectors

Isk. In (2.22) the direct components Kdk of the torque vectors Kτk are equal to zero therefore

the direct components Idk of the current vectors Isk dissipate power without producing torque.

From (4.7) it is clear that the torque production capability of the machine increases injecting

the first odd harmonics with order below to ms. Moreover it shows that the motor torque is

generated by the interaction between the harmonics ak of the rotor flux and the stator current

harmonic with the same order k. Therefore the amplitude of the injected harmonics is tied to

the harmonic spectrum of the rotor flux (it is uselfull to apply high Iqk in subspaces with high

components kak).

4.2 Multi Harmonics Constraints

The amplitudes of components Vsh and Ish of the voltage and current vectors tVs and tIs in

(4.1) and (4.2) are bounded, respectively, by the maximum voltage Vmax of the inverter DC link

and the maximum rated current Imax, thus the following constraints hold:

ms−2∑

k=1:2

Vmk ≤ Vmax ,
ms−2∑

k=1:2

Imk ≤ Imax. (4.8)
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Defining the constraint vectors VM , IM and Kτ ∈ R
ms−1

2 as:

VM =

k∣∣∣∣
[
|V sk|

]∣∣∣∣
1:2:ms−2

, IM =

k∣∣∣∣
[
|Isk|

]∣∣∣∣
1:2:ms−2

, Kτ =

k∣∣∣∣
[
|Kτk|

]∣∣∣∣
1:2:ms−2

the voltage and current constraints (4.8), multiplied by constant
√

ms

2 , can be rewritten as a

1-norm constraint on vectors VM and IM :

‖ VM ‖1=
ms−2∑

k=1:2

VMk ≤
√

ms

2
Vmax = VM , (4.9)

‖ IM ‖1=
ms−2∑

k=1:2

IMk ≤
√

ms

2
Imax = IM , (4.10)

where VMk and IMk are the moduli of vectors V sk and Isk, respectively:

VMk =
√

V 2
dk + V 2

qk =

√
ms

2
Vmk , IMk =

√
I2dk + I2qk =

√
ms

2
Imk.

The constraint equations in (4.8) act on the power section 1 , while the transformed constraints

(4.9), (4.10) act on the power section 2 , see Fig. 4.1.

In the design of the control law there are some degrees of freedom that will be used to decide

how to distribute the maximum voltage VM and current IM into the components VMk and IMk

to satisfy the constraints (4.9) and (4.10). In the next sections it will be shown how this defines

in each subspace Σωk a specific operative zone that modifies the torque producing capability of

the subspace.

4.3 Vectorial control

In steady-state condition, the dynamic equation of the electrical part is:

ωVs=(ωRs+
ωJs

ωLs)
ωId+

ωKτ ωmd

which is equivalent to the following (ms − 1)/2 equations of the complex subspaces Σωk:

V sk= ZskIsk+jKqkωm , Zsk=Rs+j k p ωmLsk. (4.11)

Introducing the current and voltage vectors Isk = Idk + jIqk and V sk = Vdk + jVqk in (4.11) and

then substituting the obtained equation in (4.6) the voltage constraint
√

V 2
dk + V 2

qk ≤ VMk can

be rewritten as follows:

(Idk −X0k)
2 + (Iqk − Y0k)

2 ≤ R2
0k (4.12)
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Figure 4.2: Maximum current circles CVk and CIk in complex subspace Σωk.

where:

R0k(ωm) =
∣∣R0k (ωm)

∣∣
|V sk |=VMk

=
VMk

|Zsk|
(4.13)

X0k(ωm) = Re(C0k) =
−Kqk k pω

2
mLsk

|Zsk|2
(4.14)

Y0k(ωm) = Im(C0k) =
−Kqk ωmRs

|Zsk|2
. (4.15)

Relation (4.12) is the mathematical expression of the maximum voltage circle CVk corresponding

to the value VMk that satisfies the voltage constraint (4.9). The terms C0k(ωm) = X0k + j Y0k

and R0k (ωm) represent the center and the radius of the maximum voltage circle CVk. These

terms are function of the parameter ωm. When velocity ωm increases the radius R0k of circle

CVk decreases and its center C0k moves in the complex plane Σωk on a circle with center in(
−Kqk

2 k pLsk
, 0
)
and radius

Kqk

2 k pLsk
. The current vector Isk satisfies the voltage constraint only if

its modulus is inside the maximum voltage circle CVk. Therefore in order to satisfy the current

constraint (4.10) the current vector Isk must also stay inside the maximum circle CIk having

center in the origin and radius IMk:

I2dk + I2qk ≤ I2Mk. (4.16)
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A graphical representation of the voltage and current circles CVk and CIk in the complex plane

Σωk for a particular value of ωm is shown in blue and violet in Fig. 4.2. The intersection zone

Ck between the two circles, shown in grey in Fig. 4.2, represents the area in which both the

voltage and current constraints are satisfied. Subtracting equation (4.16) from equation (4.12)

one obtains the following relation:

− 2X0kIdk − 2Y0kIqk +X2
0k + Y 2

0k −R2
0k + I2Mk = 0. (4.17)

Using (4.17) together with (4.16), one obtains the intersection points IIk and Iik of circle CVk

with circle CIk:

II,ik=
Y0k∣∣C0k

∣∣


X0kPk∣∣C0k

∣∣ ±

√√√√I2Mk−
Y 2
0kP

2
k∣∣C0k

∣∣2



(
1−j

X0k

Y0k

)
+jPk (4.18)

where Pk =
|C0k|2−R2

0k+I
Mk2

2Y0k
.

The coordinates of the other points shown in Fig. 4.2 are:

IV k(ωm) = X0k(ωm) + jY0k(ωm) + jR0k(ωm) (4.19)

IZk(ωm) = jY0k(ωm) + j
√

R2
0k(ωm)−X2

0k(ωm) (4.20)

ICk = jIMk (4.21)

Ick = −jIMk (4.22)

Izk(ωm) = jY0k(ωm)− j
√

R2
0k(ωm)−X2

0k(ωm) (4.23)

Ivk(ωm) = jY0k(ωm)− jR0k(ωm) (4.24)

Note that the coordinates of all points shown in Fig. 4.2 are function of the components VMk

and IMk. Indeed the constraints distribution defines in each subspace Σωk a specific operative

zone that modifies the torque producing capability of the subspace (the torque τmk generated

in the subspace Σωk can be provided using only the current Isk ∈ Ck). Since the quadrature

components Iqk act on the motor torque while the direct components Idk modify the magnetizing

rotor flux, the two main control laws used in the literature [46], [47] are:

1) field oriented control where the direct component of the current vector is zero Idk = 0 so

Isk=max
{
ICk, IZk

}
∈ Ck;

2) flux weakening control where also the direct component of the current vector is used

Idk 6= 0 so Isk=max
{
Ivk, IIk

}
∈Ck.

The first control produces a constant torque at low velocity while the second one ensures a

constant power at high velocity. At high velocity when the back electromotive force (due to the

permanent magnets) approaches the maximum voltage Vmax the motor torque τM drops rapidly

with the speed ωm using the field oriented control (see the operation point Isk = IZk in Fig. 4.2).
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Instead using the flux weakening control the motor velocity ωm can be increased because the

influence of permanent magnets flux linkage is reduced by the demagnetizing (negative) Idk

current. Since the direct component weakens the flux but it does not produce torque, the

operation point Isk = IIk produces an higher torque respect to Isk = IZk dissipating power.

Note that in Fig. 4.2 the points ICk and Izk cannot be used in the control because they do not

satisfy the constraints (ICk and Izk /∈ Ck).

4.4 Constraints distributions

The torque can be provided using only the current vectors Isk inside the intersection zone Ck
of the maximum voltage and current circles CVk and CIk, so the voltage and current limits

determine the torque producing capability of the subspace Σωk. For a given ωm, it is possible to

modulate the components VMk and IMk in each subspace Σωk in order to increase or decrease the

maximum voltage and current circles CVk and CIk satisfying the constraints (4.9) and (4.10).

For a 5-phase motor, the current and voltage 1-norm constraints can be represented as planes

in R
2 as shown in Fig. 4.3 and Fig. 4.4. From (2.3) it is clear that the torque τm is tied to

the scalar product of Kτ and IM and for this reason the vector Kτ has been reported in the

current 1-norm constraint of Fig. 4.3.a and Fig. 4.4.a. The torque control law described in the

next section is a generalization, for a ms-phase machine, of the following two cases of constraints

distribution for a 5-phase machine:

Case 1) The optimal distribution of the current constraint minimizing the power dissipation

is reported in Fig. 4.3.a. The vector IMd does not satisfy the current constraint, therefore this

distribution cannot be used. The scalar product of the three vectors IMa, IMb and IMc with

the vector Kτ is the same but the vectors IMa and IMb do not minimize the power dissipation

because their moduli are greater than the modulus of IMc. Thus, the current constraint vector

which minimizes the power dissipation is the vector IMc with the minimum modulus parallel to

Kτ

IM

IM

VM

VM

Kq1

Kq3

IMa
IMd

IMc

IMd VMc

Σω1 Σω1

Σω3Σω3

a) b)

Figure 4.3: Minimum dissipation constraints, ms = 5: a) current, b) voltage.
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Kτ

IM

IM

VM

VM

Kq1

Kq3

IMe

IMf

IMc

IMg

VMe

Σω1 Σω1

Σω3Σω3

a) b)

Figure 4.4: Maximum torque constraints, ms = 5: a) current, b) voltage.

Kτ . The voltage vector VMc related to the current vector IMc is reported in Fig. 4.3.b.

Case 2) The optimal distribution of the current constraint maximizing the torque τm is reported

in Fig. 4.4.a. The vectors IMc, IMf and IMg do not maximize the torque because their projections

onto Kτ are smaller than the projection of vector IMe. The vector IM = IMe that maximizes the

scalar product KT
τ IM is obtained giving the maximum value IM to the component IM3 related

to the maximum component Kq3 of vector Kτ . The voltage vector VMe related to the current

vector IMe is reported in Fig. 4.4.b.

Generalizing these two cases, four different constraints distribution into the subspaces Σωk will

be considered, see Fig. 4.5. The dashed lines are the voltage and current circles CVk and CIk

showed in Fig. 4.2, while the solid lines are the new circles CV ′
k and CI ′

k obtained modulating

the components VMk and IMk.

In Fig. 4.5.a the operation point is Isk = IZk ≡ ICk ≡ IIk, so the torque can be generated using

only the quadrature component Iqk. Given the current constraint IMk and using equations (4.20)

and (4.21), one obtains the component VMk:

VMk = |Zsk|
√

X2
0k + (IMk − Y0k)2. (4.25)

In Fig. 4.5.b the operation point is the origin Isk = 0 because IMk = 0, so the torque generated

by subspace Σωk is zero. The component VMk has the following structure:

VMk = |Zsk|
∣∣C0k

∣∣ = Kqk ωm. (4.26)

In Fig. 4.5.c the operation point is Isk = C0k because VMk = 0, so the torque generated by

subspace Σωk is negative. The component IMk has the following structure:

IMk =
∣∣C0k

∣∣ = Kqk ωm/|Zsk|. (4.27)

In Fig. 4.5.d the operation point is Isk = IIk ≡ Iik. Also in this case the torque generated by

subspace Σωk is negative. Given the current constraint IMk, from (4.18) one obtains R0k+IMk =
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Figure 4.5: Maximum current circles CVk and CIk in subspace Σωk obtained modulating the

components VMk and IMk .

|C0k| and the component VMk is:

VMk = |Zsk|
(
|C0k| − IMk

)
= Kqkωm − |Zsk|IMk. (4.28)

These four cases show that when the operation point is defined, the components VMk and IMk

are bounded by the equations (4.16) and (4.12).

4.5 Torque control

Torque τm can be controlled by current vectors ωId in frame Σω not exceeding the constraints

on the maximum input voltage and current. When ωId is constant, the condition ωIs =
ωId can

be achieved using the following control law:

ωVs=
ωZs

ωIs+
ωKτN ωm−Kc(

ωIs−ωId) (4.29)
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ωm

τm

τM (ωm)

τMd(ωm)

τM (0)

τMd(0)

ωrMd ωrM

Figure 4.6: Limit torques for a multi-phase synchronous motors.

where Kc>0 is a control diagonal matrix and ωId is:

ωId =





ωIM if τd ≥ τM (ωm)

ωIcc if τMd(ωm) < τd < τM (ωm)

ωImd if 0 ≤ τd ≤ τMd(ωm)

(4.30)

where τd is the desired torque. τMd(ωm) is the maximum torque with minimum dissipation while

τM (ωm) is the maximum torque. These two limit torques are function of the motor parameters,

the voltage and current constraints and the control law. In Fig. 4.6 the two curves τMd(ωm) and

τM (ωm) define three zones in the (τm, ωm) torque plane: the green zone represents the region

where the desired torque τd can be provided using the minimum dissipation torque control ; the

red zone represents the region where the torque τd is obtained using the convex combination

torque control ; the white zone is not allowed because τd cannot exceed the maximum torque τM ,

in this area the maximum torque control is used.

This control law, used together with relation (4.29), provides the desired torque τd satisfying

the constraints (4.9), (4.10) and minimizing, when possible, the current dissipation.

4.5.1 Minimum dissipation torque control

The current constraint vector IM which minimizes the power dissipation is the vector with the

minimum modulus parallel to vector Kτ (see Fig. 4.3.a):

IM =
τd

|Kτ |
K̂τ =

Kτ

|Kτ |2
τd =

k∣∣∣
[
τd K̃k

]∣∣∣
1:2:ms−2

(4.31)

where K̃k =
Kqk

|ωKτ |2
=

kak

pϕc

√
ms

2

ms−2∑

k=1:2

(kak)
2

are the distribution coefficients of the current constraint IM into the subspaces Σωk. Only the
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quadrature components Iqk of the current vectors Isk are used to generate torque (see Fig. 4.5.a),

therefore the current vector ωImd which minimizes the power dissipation is:

ωImd =

k∣∣∣
[
jτd K̃k

]∣∣∣
1:2:ms−2

=
ωKτN

|ωKτN |2 τd. (4.32)

Note that the current vector ωImd is parallel to the torque vector ωKτ . Substituting (4.31) in

(4.25) and using the voltage constraint (4.9), one obtains the following equation:

ms−2∑

k=1:2

|Zsk|
√

X2
0k + (τd K̃k − Y0k)2︸ ︷︷ ︸

V
Mk

=VM . (4.33)

At low velocity the current constraint limits the torque. Using (4.31) and the current constraint

(4.10) the maximum torque with minimum dissipation at low velocity is:

τMd(0) =
IM

ms−2∑

k=1:2

K̃k

.

Substituting τMd(0) in (4.33) one obtains the rated velocity ωrMd. When ωm > ωrMd, the limit

torque decreases and it is limited by the voltage constraint. Given ωm > ωrMd, equation (4.33)

can be numerically solved with respect to τd in order to obtain the maximum torque τMd(ωm)

satisfying minimum dissipation and the voltage and current constraints.

The desired torque τd can be obtained with minimum current vector ωImd only if τd < τMd(ωm).

In Fig. 4.6 the curve τMd(ωm) defines the green zone representing the region where the desired

torque τd can be provided minimizing the power dissipation.

4.5.2 Maximum torque control

The maximum torques τM (ωm) can be obtained maximizing the projection of the vector IM onto

the torque vector Kτ , see Fig. 4.4.a. To reach this goal it is necessary to sort the components

Kqk of the vector Kτ and apply the following current and voltage constraints distribution:





IMk=IM , VMk= |ZsG|
√
X2

0G+(IM−Y0G)2 if k=G

IMk= |C0k|, VMk=0 if k∈Ng

IMk=IMg, VMk=Kqk ωm − |Zsg| IMg if k=g

IMk=0, VMk=Kqk ωm if k∈Og

(4.34)

where IM =IM −∑k∈Ng
|C0k| − IMg and:

-G is the index of the maximum component of Kτ ,
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-Og is the set of the subspaces not jet considered,

-Ng is the set of the subspaces already considered,

- g is the index of the considered subspace univocally defined from the motor velocity ωm

(the reason will be explained later).

The subspace ΣωG related to the maximum component Kqk of the torque vector is shown in

Fig. 4.2, the subspace Σωg is shown in Fig. 4.5.d and the subspaces not yet considered and already

considered are shown, respectively, in Fig. 4.5.b and Fig. 4.5.c. Substituting the components

VMk of (4.34) in the voltage constraint (4.9) one obtains the following equation:

∑

k∈[g,Og]

Kqkωm+|ZsG|
√

X2
0G+(IM−Y0G)

2−|Zsg|IMg=VM (4.35)

Given ωm, equation (5.19) can be rewritten as:

√√√√√√X2
0G +


IM −

∑

k∈Ng

|C0k| − IMg − Y0G




2

=

VM −
∑

k∈[g,Og]

Kqk ωm

|ZsG|
+

|Zsg|
|ZsG|

IMg

This relation can be solved with respect to IMg obtaining the voltage VMg of the considered

subspaces. The components Isk of the maximum current vector ωIM are univocally defined

from the constraints distribution:

ωIM =

k∣∣∣∣
[
Isk

]∣∣∣∣
1:2:ms−2

, Isk=





max
{

Ivk, IIk, IZk

}

∈ Ck if k=G

X0k + jY0k if k∈Ng

IIk if k=g

0 if k∈Og

(4.36)

Note that ΣωG is the only subspace that generates torque because the current components in

the other subspaces are negative or equal to zero.

When ωm ≤ ωrM the current constraint limits the torque and the maximum value IM is given

only by the subspace Σωk related to the maximum component Kqk of vector Kτ (see Case 2 of

Sec.4.4), then g = 0, Ng = ∅ and in this case the equation (4.34) can be rewritten as:





IMk=IM , VMk= |ZsG|
√

X2
0G+(IM−Y0G)2 if k=G

IMk=0, VMk=Kqk ωm if k∈Og

and the maximum torque at low velocity is:

τM (0) = pϕc

√
ms

2
GaGIM .
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When the velocity ωm increases the components VMk increase and there is a velocity ωrM

for which the voltage constraint is exactly satisfied. The rated velocity ωrM can be obtained

substituting the components VMk in (4.9). When ωm > ωrM the voltage constraint limits the

torque then it is necessary to redistribute the current constraint IM into the other subspaces to

reduce the components VMk, see (4.28). Since this operation causes a reduction of the torque

(see vector IMf in Fig. 4.4.a), the current constraint IM is redistributed only into the subspaces

Σωk with k ∈ [Ng, g] minimizing in this way the torque reduction. The current and voltage

constraints distribution (4.34) must be applied starting from the subspace Σωk related to the

minimum component Kqk up to the subspace ΣωG. The index g is univocally defined by motor

velocity ωm: it is the first subspace Σωg where VMg > 0. At the end, when g = G and Og = ∅,
the equation (4.34) can be rewritten as:





IMk=IM −
∑

k 6=G

|C0k|, VMk=VM if k=G

IMk= |C0k|, VMk=0 if k∈Ng

Summarizing this constraint distribution is a trade off between the torque reduction and the

constraints. The maximum torque is obtained when the constraint IM is given to the subspace

ΣωG but there is a velocity in which to satisfy the voltage constraint it is necessary to redistribute

the current constraint IM into the other subspaces. In this way both the constraints are satisfied

but the generated torque decreases because the projection of the current vector IM onto the

torque vector ωKτ does, see vector IMf in Fig. 4.4.a.

At low velocity the current constraint limits the torque, so the maximum value IM is given to

the subspace ΣωG and in the other subspaces the voltage constraint is used to hold the operation

point in the origin, then g = 0 the set Og is full and the set Ng is empty.

Instead at high velocity the voltage constraint limits the torque, so the maximum value VM is

given to the subspace ΣωG and in the other subspaces the current constraint is used to hold the

operation point in the center C0k, then g = 0 and the set Og is empty.

The maximum torque control is obtained choosing ωId = ωIM when τd ≥ τM (ωm). In Fig. 4.6

the curve τM defines the white region that represents the zone not allowed because τd cannot

exceed the maximum torque.

4.5.3 Convex combination torque control

In Fig. 4.6 the curves τMd and τM define a red zone that represents the region where the two

previous control laws cannot be used. In this region the optimal control law which satisfies the

constraints (4.9), (4.10) and minimizes the current dissipation is quite complex and difficult to

be found. In this case we propose the following suboptimal control law obtained as a convex

combination of the maximum current vector ωIM , see (4.36), and the maximum current vector

with minimum dissipation ωIMd =
ωKτ

|ωKτ |2
τMd, see (4.32). When τMd < τd < τM the torque τd
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is obtained using the following current vector:

ωIcc=
ωIMd+α ( ωIM− ωIMd)

where α =
τd − τN (ωm)

τM (ωm)− τN (ωm)
.

4.6 Simulation results

The proposed control has been implemented in Matlab/Simulink environment as swhon in

Fig. 4.7. Particularly the masked-block on the left implements the saturated vectorial control

proposed in this Chapter, while the other two masked-blocks refer to scheme of Sec.3.4. The

simulation results have been obtained considering a 7-phase motor with the following electrical

and mechanical lumped parameters: ms=7, p=1, Nc = 30, Rs=2Ω, Ls=0.03 H, Ms0=0.025

H, aM1 = 1, aM3 = 1/9, aM5 = 1/25, ϕr = 0.02 Wb, Jm = 1.6 kg m2, bm = 0.15 Nm s/rad,

Vmax = 100V, Imax = 35A a1 = 0.40, a3 = 0.3, a5 = 0.25. The external torque τe is zero until

t = 10 s then τe = 45 Nm (see the black dashed line in Fig. 4.8).

The time behaviors of motor velocity ωm, motor torque τm, desired torque τd, external torque

τe and maximum torques τM and τN with their corresponding trajectories on the torque plane

(τm, ωm) are reported in Fig. 4.8. The letters A, B, C, D and E refer to the critical points

for the control: A when τd = τMd, B and D when τd = τM , C when the external torque τe is

Figure 4.7: Scheme of the control diagram implemented in Simulink environment.
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Figure 4.8: Time behaviors of motor velocity ωm, motor torque τm (brown), desired torque

τd (red), external torque τe (dashed-black), maximum torques τM and τN (black) with their

corresponding trajectories on the torque plane (τm, ωm).

applied and E the final steady-state condition. Note that for τd ≤ τM , i.e. from point 0 to point

B and from point D to point E, the control law (4.29) and the torque control (4.30) guarantee

τm = τd. The constraints (4.9) and (4.10) are always satisfied as it is shown in Fig. 4.9.

Fig. 4.10 shows the phase current and voltage waveforms in the steady-state condition and their

corresponding spectrum. It is clear that the phase voltage and phase current waveforms satisfy

(4.8) and they are obtained injecting the 1-st, the 3-rd and the 5-th harmonics.

The current vectors Isk in the complex subspaces Σω1, Σω3 and Σω5 are shown in Fig. 4.11. The

desired torque τd is provided only by the quadrature components Iqk of the current vectors Isk

until it is τd = τN in point A.

Note that from A to B, where the convex combination control ωIcc is used and the current vec-

tors Isk remain within the intersection zones Ck. From point B to point D the maximum torque

control ωIM is used, the desired torque τd is generated only by the current component Iq5M and
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Figure 4.9: Sum of the components VMk and IMk of vectors VM and IM .
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Figure 4.10: Phase current and voltage waveform with their corresponding harmonic spectrum

in steady-state condition.

the maximum voltage constraint VM is applied only to the component VM5 of the subspace Σω5.

From D to E the desired torque τd is provided by the convex combination torque control.
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Chapter 5

Modeling of Open-phase Fault

Condition

This chapter deals with the modeling of multi-phase permanent magnet synchronous motors

under open-phase fault condition. Multi-phase electrical motors offer high reliability thanks to

their capability to operate safely even in case of faults such the loss of some phase.

The major types of faults which may occur within the drive system are: winding open circuit,

power device open circuit, terminal open circuit, winding inter-turn short circuit, winding termi-

nal short circuit, power device short circuit and DC-link capacitor failure, see [4]. Nevertheless

the open circuit fault is the most commonly found because it has the highest failure rate as

reported in Tab.5.1 and even when a short-circuit occurs the fuse (commonly used as series

short-circuit protection in the inverter, see [6]) automatically opens the connection.

In the literature any effective model for the faulty motor has been provided yet. Indeed, although

in [22] and [48] the open circuited phase failure is simulated by a variable resistor as opening

element the value of this resistance is a trade-off between the model accuracy and the simulation

time.

In this chapter two models of a multi phase PM machine in the case of open phase fault condition

are proposed. These models simulate the failure by an additional voltage in order to impose a

zero current in the open-phases, without increasing their resistance, allowing in this way a short

simulation time. The open circuit fault can occur to any of the phases and both cases of adjacent

and non-adjacent open phases may be simulated. We consider the star stator connection case

but this approach can be extended also for delta connected motors. Moreover the models hold

for any shape of the rotor flux and for a generic odd number of phases.

The advantages of Power-Oriented Graphs modeling technique allow to directly implement the

proposed models in a general-type simulator. Thanks to these models the different control

strategies for faulty operation of the motor can be tested before the implementation on a real

motor drive. The main contents of this chapter have been published in [50] and [51].
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Cause of Failure

Failure

rate/phase

[per hr]

No. Phases Total failure

rate [per hr]

Short circuit between phases 6.7 × 10−6 3 20.1 × 10−6

Open circuit in windings/joints 13.4 × 10−6 3 40.2 × 10−6

Open circuit in connections 1.0 × 10−6 3 3.0 × 10−6

Short circuit in connections 1.0 × 10−6 3 3.0 × 10−6

Table 5.1: Resume table of the failure rates in a three-phase motor, see [49].

5.1 Open phase fault condition

In this section the model of the motor in open-phase fault condition is introduced. The simulation

of an open-phase fault has been proposed in [22] and [48] where the open circuited phase failure

is simulated by a variable resistor as opening element as shown in Fig. 5.1a. Although the

implementation of this model is easier, the value of the faulty resistance is a trade-off between

the model accuracy and the simulation time.

Indeed, in simulation, the computation step time of the numerical solver is chosen in regard to

the smallest time constant of the simulated system. In open-circuited conditions, the open-phase

time constant becomes very small, so a large value of Rsf reduces the computation step time

increasing the simulation time, see [22]. When the resistance Rsf grows up continuously to

infinite the pole pi =−Rsf

/
Ls , related to the faulty phase, moves towards minus infinite and the

system time constant τi = Ls

/
Rsf becomes very small. In this condition the system simulations

can be performed only using a very small integration step, thus increasing the simulation time.

Using this method the value of the resistance Rsf is a trade-off between the expected model

accuracy and the overall computation time. Moreover, since Rsf can not tend to infinity the

current of the open-phase does not tend to zero.

ViVi

IsiIsi

Lsi,kLsi,k

Lsi,iLsi,i

Rs

Rs

Rs

EsiEsi

Vs0Vs0

Rsf

VkVk

IskIsk

Lsk,kLsk,k EskEsk

f1Vi

a) b)

Figure 5.1: Representation of two different ways to simulate an open phase fault: a) variable

resistor as opening element b) additional voltage.
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To avoid these problems we propose to simulate the open-phase failure by supplying the faulty

phase with an additional voltage, as shown in Fig. 5.1b, such that its steady-state current is

zero. In this way it is possible to impose a zero current without increasing the phase resistance,

allowing a short simulation time (it is the same respect to the healthy condition) because the

faulty phase pole pi =−Rs

/
Ls and the time constant τi = Ls

/
Rs remain unchanged.

5.2 Modeling of Open-phase fault condition in the fixed refe-

rence frame

In order to simulate the open phase in the fixed reference frame it is necessary to impose a zero

steady state current and this can be done by giving to the faulty phase the voltage such that the

corresponding current is zero. Moreover also the common voltage Vs0 must be computed. We

first consider an open-phase fault occurring on a single phase and then generalize the obtained

equations for a multi-fault occurring on n-phases, with n < ms − 2.

5.2.1 Open-phase fault on a single phase

The electrical equations of the system (2.1) in the fixed reference frame Σt are:

tLs
tİs = − tRs

tIs − tEs +
tVl − tVs0, (5.1)

where the i-th phase equation can be written as:

ms∑

k=1

Lsi,kİsk = −RsIsi − Esi + Vi − Vs0︸ ︷︷ ︸
Vsi

. (5.2)

In (5.2) Rs and Lsi,i are the resistance and the self-inductance of the i-th phase respectively,

Lsi,k is the mutual inductance between the phases i and k, Esi is the back-emf voltage, Vi is the

terminal voltage applied on the i-th phase and Vs0 is the common voltage.

When i-th phase is open the corresponding current Isi must be zero. To achieve this condition

it is sufficient to add to i-th phase the following additional voltage f1Vi:

f1Vi =

ms∑

k=1,k 6=i

Lsi,kİsk + Esi − Vi + Vs0. (5.3)

The first two terms on the right-hand side compensate the back-emf voltages due to the mutual

inductances and the rotor flux rotation while the last two terms compensate the phase voltage

Vsi. Adding (5.3) to the left-hand side of equation (5.2) one obtains this first order differential

equation:

Lsi,iİsi = −RsIsi, (5.4)
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so the current falls down with an exponential law. Therefore this equation guarantees Isi = 0

in steady state condition without modifying the value of Rs.

Introducing the transformation matrix f1Tt (equal to the identity matrix of dimension ms in

which the i-th column has been eliminated) the equation (5.3) can be rewritten in vectorial form

as:
f1Vi=(ems

i )T
[
tLs

f1Tt
f1 İs+

tEs−tVl+1msVs0

]
(5.5)

where ems

i is the i-th vector of the standard basis of space Rms which selects only the i-th

component of the corresponding right vector.

The additional voltage f1Vi is function of unknown variables: time derivative of healthy stator

currents f1 İs and the common voltage Vs0. The time derivative of healthy stator currents
f1 İs can be computed considering the reduced system obtained from (5.1) eliminating the i-th

equation, while the common voltage can be computed taking into account also the additional

voltage f1Vi added to the i-th phase.

Applying the transformation matrix f1Tt to system (5.1) one obtains the following reduced

system:
f1Ls

f1 İs = − f1Rs
f1Is − f1Es +

f1Vl − 1ms−1Vs0. (5.6)

The transformed vectors f1Is,
f1Vs and f1Es, belonging to Rms−1, are obtained from vectors

tIs,
tVl and

tEs eliminating their i-th component:

f1Is =
f1TT

t
tIs , f1Vs=

f1TT
t
tVs=

f1Vl− 1ms−1Vs0 , f1Es=
f1TT

t
tEs.

Similarly, the transformed matrices f1Rs and f1Ls are obtained from tRs and tLs eliminating

the i-th row and column:

f1Rs =
f1TT

t
tRs

f1Tt , f1Ls =
f1TT

t
tLs

f1Tt.

Then the time derivative of the reduced current vector f1İs can be calculated from system (5.6)

as follows:
f1 İs=

f1L-1
s (− f1Rs

f1Is− f1Es+
f1Vl−1ms−1Vs0). (5.7)

Substituting (5.7) in (5.5) one obtains the following expression of the additional voltage f1Vi:

f1Vi=(ems

i )T[Vp +αp Vs0] (5.8)

where the voltage vector Vp and the dimensionless vector αp have the following structure:

Vp=
tEs−

tVl+
tLs

f1Tt
f1L-1

s

(
f1Vl−

f1Es−
f1Rs

f1Is

)
(5.9)

αp = 1ms−tLs
f1Tt

f1L-1
s 1

ms−1 (5.10)

The equation (3.7) in Sec.3 shows how the common voltage Vs0 is function of the terminal

voltages Vh and the back-electromotive forces Esh:

Vs0 =
1

ms

(
ms∑

h=1

Vh−
ms∑

h=1

Esh

)
=

(1ms)T
(
tVl−

tEs

)

ms
(5.11)
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Accordingly, the common voltage Vs0 can be obtained in faulty condition taking into account in

(5.11) the additional voltage f1Vi added to the i-th phase:

msVs0 = (1ms)T
(
tVl − tEs

)
+ (ems

i )T[Vp +αp Vs0] .

From this equation one obtains the expression of the common voltage Vs0 in faulty condition:

Vs0 =
(1ms)T

(
tVl − tEs

)
+ (ems

i )TVp

ms − (ems

i )Tαp
. (5.12)

Substituting (5.12) in (5.8) one obtains the equation of the additional faulty voltage:

f1Vi=(ems

i )T

[
Vp+αp

(1ms)T
(
tVl− tEs

)
+(ems

i )TVp

ms − (ems

i )Tαp

]
(5.13)

this equation is only function of known variables such as terminal voltage, back-electromotive

force, reduced stator current and known parameters such as inductance and resistance matrices.

Finally, the open-phase condition Isi = 0 can be obtained by adding the following voltage vector
tVFs to system (2.1):

[
tLs 0

0 Jm

][
˙tIs

ω̇m

]
=−

[
tRs

tKτ (θ)

−tKT
τ (θ) bm

][
tIs

ωm

]
+

[
tVs

−τe

]
+

[
tVFs

0

]
(5.14)

where:
tVFs=

[
0 · · · 0 f1Vi 0 · · · 0

]T
(5.15)

The vector tVFs has only the i-th component, related to the broken phase, different from zero

and in vectorial form it can be obtained as:

tVFs=Fp

[
Vp+αp

(1ms)T
(
tVl− tEs

)
+(ems

i )TVp

ms − (ems

i )Tαp

]
(5.16)

where matrix Fp = Ims− f1Tt
f1TT

t is a matrix in which only the the i-th diagonal elements are

different from zero.

5.2.2 Multi open-phase fault condition

The method shown in Sec. 5.2.1 can also be used in the case of multi open-phase fault condition.

Let S denote the set of the faulty phases: S = {i1, i2, ..., in} with n < ms − 2 and where the

indices ii define the order of the faults i.e. i1 is the 1-st phase that faults, i2 is the 2-nd phase

that faults and so on.. .The proposed method can be described as follows:

1. Eliminating from (5.1) the rows and the columns corresponding to the indices belonging

to S, obtain the reduced system in a vectorial form similar to (5.6) and then calculate the

time derivative of the reduced current vector fn İs.
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2. Substitute fn İs in the equation of the additional voltages fnVi1 ,
fnVi2 , ... ,

fnVin putting

in evidence the common voltage Vs0.

3. Recalculate voltage Vs0 considering also the additional voltages fnVi1 ,
fnVi2 , ...,

fnVin .

4. Substitute Vs0 in the equation of the additional voltages obtaining the components different

from zero of the additional voltage vector tVFs.

In this case the reduced system has the following structure:

fnLs
fn İs = − fnRs

fnIs − fnEs +
fnVl − 1ms−nVs0. (5.17)

It is obtained from (2.1) eliminating the rows and the columns of the open phases by using a

transformation matrix fnTt which is equal to an identity matrix of dimension ms without the

n columns related to the n faulty phases. Inverting the matrix fnLs in (5.17) one obtains the

time derivative of the reduced current vector fn İs:

fn İs=
fnL-1

s (− fnRs
fnIs− fnEs+

fnVl−1ms−nVs0)

In the multi fault case the adding voltages functions can be expressed as follows:




fnVi1 = (ems

i1
)T[Vp +αp Vs0]

fnVi2 = (ems

i2
)T[Vp +αp Vs0]

...
fnVin = (ems

in
)T[Vp +αp Vs0]

where:

Vp=
tEs−

tVl+
tLs

fnTt
fnL-1

s

(
fnVl−

fnEs−
fnRs

fnIs

)
(5.18)

αp = 1ms−tLs
fnTt

fnL-1
s 1

ms−n (5.19)

Introducing these voltages in (5.11) one obtains the common voltage Vs0 under multi fault-phase

condition:

Vs0 =
(1ms)T

(
tVl − tEs

)
+ (ems

S )TVp

ms − (ems

S )Tαp
(5.20)

where the components ei of vector ems

S are defined as follows: ei = {1 if i ∈ S , 0 otherwise}.
Finally, the voltage vector tVFs added to system (2.1) is:

tVFs=Fp

[
Vp+αp

(1ms)T
(
tVl− tEs

)
+(ems

S )TVp

ms − (ems

S )Tαp

]
(5.21)

where Fp = Ims−fnTt
fnTT

t . The generalized equations (5.20) and (5.21) have the same structure

of (5.12) and (5.16). Note that in (5.12) and (5.16) the standard basis vector ems

i is used to
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Figure 5.2: POG block scheme of the motor in the fixed reference frame Σt under open-phase

fault condition.

select the i-th component of the calculated vectors Vp and αp, while in (5.20) and (5.21) the

vector ems

S is used to select only the components of vectors Vp and αp related to the faulty

phases.

The POG block scheme representing the dynamics of the motor in fault condition is shown in

Fig. 5.2: the mechanical part between sections 3 - 4 and the connection blocks between sections

2 and 3 (named torque vector) are unchanged, while the electrical part is modified compared

to the POG model shown in Fig. 2.2.

Matrix tTb is a power-invariant transformation, similar to generalized Clarke transformation

(see Sec.2) used to impose the star connection constraint:

tTb =
tTω

∣∣
θ=0

=

√
2

ms

h k∣∣∣∣
[
cos(khγs) , sin(khγs)

]∣∣∣∣
0:ms−1 1:2:ms−2

.

As shown in Sec.2 the transformed matrices bRs = tTT
b
tRs

tTb and bLs=
tTT

b
tLs

tTb have a

diagonal structure.

The element denoted by OP is an internal input which defines the instants at which the faults

occur and provides the indexes of the open phases. The block Ψ(·) is the function that calculates

the common voltage Vs0 and the adding voltage vector tVFs starting from the knowledge of

vectors tIs,
tVl and

tEs.

In healthy condition the adding vector tVFs is zero and the common voltage Vs0 is zero or

time variant with small oscillations, see Sec.3. In faulty condition the common voltage Vs0 is

time variant, see (5.20), and the adding vector tVFs is the voltage vector which guarantees zero

currents through the faulty phases, see (5.21).
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5.2.3 Simulations of a 7-phase motor

Fig. 5.3.a. shows the motor drive and the masked-block contains the POG model of Fig. 5.2.

Particularly the electrical part of the system is shown in Fig. 5.3.c where a Matlab function is

used to implement the block Ψ(·). Note that the time instant of the faults and the indeces of

the open-phases must be inserted in the last field (highlighted by the red box) of the graphical

user interface shown in Fig. 5.3.b.

The simulation results shown in this section have been obtained considering a 7-phase permanent

magnet synchronous motor with three open-phase failures. The motor is controlled using the

minimum dissipation torque control described in Sec.4.5.1 also when the three open-phase failures

occur (both adjacent and non adjacent open phases are simulated). The control is unchanged

to put in evidence the torque reduction with ripple due to the faults.

The main electrical and mechanical lumped parameters of the 7-phase machine are: ms = 7,

p = 1, Nc = 30, Rs = 2Ω, Ls = 0.03 H, Ms0 = 0.02 H, ϕr = 0.02 Wb, Jm = 1.6 kg m2,

bm = 0.8 Nms/rad, Vmax = 100 V, a1 = 0.7, a3 = 0.2, a5 = 0.1 and the external torque

τe = 0 Nm. The phase i1 = 3 opens at time t1 = 8 s, phase i2 = 1 opens at time t2 = 12 s and

phase i3 = 4 opens at time t3 = 16 s. Therefore the three congruent transformation matrices
f1Tc,

f2Tc and
f3Tc have the following structure:

f1Tt=




1 0 0 0 0 0

0 1 0 0 0 0

0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1




, f2Tt=




0 0 0 0 0

1 0 0 0 0

0 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1




, f3Tt=




0 0 0 0

1 0 0 0

0 0 0 0

0 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1




.

At time t = t1, when the first fault occurs, matrix f1Tc is used to eliminate the 3rd row and the

3rd column. At time t = t2 matrix f2Tc is used to eliminate the 1st and 3rd rows and columns.

Finally, at t = t3, matrix f3Tc is used to eliminate from the system the 1st, 3rd and 4th rows

and columns. Therefore the reduced system obtained at t = t3 using matrix f3Tc is:




L11 L14 L14 L13

L14 L11 L12 L13

L14 L12 L11 L12

L13 L13 L12 L11




︸ ︷︷ ︸
f3Ls



















İs2

İs5

İs6

İs7



















︸︷︷︸
f3 İs

= −




Rs 0 0 0

0 Rs 0 0

0 0 Rs 0

0 0 0 Rs




︸ ︷︷ ︸
f3Rs




Is2

Is5

Is6

Is7




︸ ︷︷ ︸
f3Is

−




Es2

Es5

Es6

Es7




︸ ︷︷ ︸
f3Es

+




V2

V5

V6

V7




︸︷︷︸
f3Vl

−




1

1

1

1




︸︷︷︸
17−3

Vs0

The time behaviors of common voltage Vs0 and adding vector cVFs and their corresponding

zoom are shown in Fig. 5.4. The common voltage Vs0 is zero in healthy condition and is time

variant in faulty condition, see Fig. 5.4; moreover the amplitude of its oscillations increases with
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a) b)

c)

Figure 5.3: Simulink schemes: a) Simulink scheme of the controlled electric motor, b) User

interface c) POG Simulink scheme of the electrical part modified to simulate the open-phase

failures.
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Figure 5.4: Common voltage Vs0 and adding voltage vector tVFs.

the number of failures. The adding vector cVFs has only the component f1V3 different from

zero when t1 ≤ t < t2, it has both the components f2V1 and f2V3 different from zero with
f2V3 6= f1V3 when t2 ≤ t < t3 and finally it is:

tVFs =
[

f3V1 0 f3V3
f3V4 0 0 0

]T
, for t > t3.

In this final faulty condition the matrix Fp and the vectors e7S , αp and Vp have the following

structure:

Fp=




1 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 1 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0




, e7S=




1

0

1

1

0

0

0




, αp=




αp1

0

αp3

αp4

0

0

0




, Vp=




Vp1

Vp2

Vp3

Vp4

Vp5

Vp6

Vp7




.

The stator currents tIs, the sum Is0 of the stator currents (always equal to zero because the

motor is star-connected), the number n of faulty phases (i1 = 3, i2 = 1, i3 = 4) and the zoom of

the stator currents tIs when the faults occur are shown in Fig. 5.11. Note that at time t = 8 s the

phase 3 opens and the current Is3 goes to zero, then at time t = 12 s the phase 1 opens and the

current Is1 goes to zero and finally at time t = 16 s the phase 4 opens and the current Is4 goes

to zero. During the faulty transient the old broken phases currents are slightly different from

zero because, to simplify the computation, in the reduced system (5.17) the last faulty phase

current fnIin is considered zero even if it is different from zero during the transient. Therefore

to keep the current in the old faulty phase equal to zero fnIi1 = fnIi2 = ... = fnIin−1 = 0, the

additional voltage fnVi1 ,
fnVi2 , ...,

fnVin−1 must be recalculated taking into account the current
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Figure 5.5: Stator currents tIs and their zoom when the faults occur.

fnIin and the additional voltage fnVin applied to the last broken phase.

The motor velocity ωm and the motor torque τm are shown in Fig. 5.6. When the 1st fault

occurs the mean value of the torque decreases to 84.34% and the torque ripple (calculated as the

peak to peak value normalized with respect to the mean value) is 75.01%. When the 2nd fault

occurs on a non adjacent phase (i1 = 3 and i2 = 1) the mean value of the torque decreases to

67.32% and the torque ripple rises to 155.93%. Finally, when the 3rd fault occurs on an adjacent

phase (i1 = 3 and i3 = 4) the mean value of the torque decreases to the 59.8% and the torque

ripple is 175.55%. Contrarily to three-phase wye-connected machines, the loss of one phase is
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Figure 5.6: Motor velocity ωm and motor torque τm (the solid line indicates the mean value of

the torque in steady state condition).
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not critical for seven-phase machines.

However, torque ripples appear when classic vector control of the machine is implemented.

This ripple comes from the interaction between the unbalanced magnetic field of the stator

currents in faulty condition (the remaining healthy phases are displaced asymmetrically) and

the symmetrical magnetic field of the rotor, see [52]. The cause of this undesired torque pulsation

is clear in the transformed reference frames Σω and Σω. Indeed in these rotating reference frames

the transformed torque vectors ωKτ and ωKτN remain constant also in faulty condition while

the current vectors ωIs and ωIs become function of the electric angle θ as shown in [48] and

[53]. Therefore the torque ripple is traced back to the even harmonics
(
at frequencies 2ω, 4ω,

... , (ms−1)ω
)
of the direct and quadrature components Idk and Iqk.

The zoom of the direct and quadrature components Idk and Iqk in Fig. 5.7 shows how these

components are constant in healthy condition while they are function of the electric angle θ in

faulty condition.
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Figure 5.7: Zoom of the direct and quadrature components Idk (red) and Iqk (green) in the

rotating reference frame Σω when the faults occur.
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5.3 Modeling of Open-phase fault condition using a transforma-

tion

In order to compute the faulty voltage in the fixed reference frame it is necessary to compute

the common voltage Vs0, but this calculation is quite complex. Moreover the star connection

constraint must be taken into account. To overcome these problems a transformation is now

introduced. Let us consider the following transformation matrix tTc and its inverse:

tTc=

[
Ims−1 0

−1 1

]
, tT−1

c =

[
Ims−1 0

1 1

]
.

Applying the transformation tTc to the electrical equations (5.1), one obtains the following

transformed current and voltage vectors cIs and cVs:

cIs =
tT−1

c
tIs =

[
Is1 Is2 . . . Isms−1

ms∑

i=1

Isi

]T

, cVs =
tTT

c
tVs =




Vs1 − Vsms

Vs2 − Vsms

...

Vsms−1 − Vsms

Vsms − Vs0




.

The last component of current vector cIs represents the star-connection constraint, while the

other components are unchanged. The last component of voltage vector cVs is referred to the

common voltage Vs0, while the other components are referred to the last phase voltage Vsms .

Therefore using this transformation the star connection constraint is put in evidence and the

common voltage is hidden in the last phase voltage.

When the multi-phase motor is star-connected the last component of vector cIs is zero then the

last differential equation of the transformed system becomes a static equation that can be solved

obtaining the common voltage Vs0. Since the dynamic dimension of a star connected motor is

ms−1, then it is necessary to eliminate the last column of matrix tTc (to satisfy this constraint)

and consider only matrix tTc defined as:

tTc=
tTc Sms =

[
Ims−1

−1

]
where Sms =

[
Ims−1

0

]
.

In this case applying the transformation tTc to the electrical equations (5.1), one obtains the

following transformed system:

cLs
cİs = − cRs

cIs − cEs +
cVs (5.22)

characterized by the following transformed vectors cIs,
cVs and cEs defined as:

cIs = ST
ms

tT−1
c

tIs =
i

|[ cIsi ]|
1:ms−1

, cVs =
tTT

c
tVs =

i

|[ cVsi ]|
1:ms−1

, cEs =
tTT

c
tEs =

i

|[ cEsi ]|
1:ms−1

,
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where: cIsi = Isi , cVsi = Vsi−Vsms , cEsi = Esi−Esms . The transformed resistance and

inductance matrices cRs and cLs have the following form:

cRs =
tTT

c
tRs

tTc=
i k

|[ cRsi,k ]|
1:ms−1 1:ms−1

=Rs

i k∣∣∣
[
1 + δi,k

]∣∣∣
1:ms−1 1:ms−1

, cLs =
tTT

c
tLs

tTc =
i k

|[ cLsi,k ]|
1:ms−1 1:ms−1

where δi,k={1 if i=k, 0 otherwise} and cLsi,k=Ls0(1+δi,k)+4Ms0 sin(k
γs
2 ) sin(i

γs
2 ) cos((i−k)

γs
2 ).

Compared to the electrical equations (5.1) in the external fixed frame Σt:

- The dynamic dimension is ms − 1

- The components of the transformed current vector cIs are unchanged

- The components of the transformed voltage and bef vector cVs and cIs are respectively

referred to the last phase voltage Vsms and the last bef Esms .

- Unlike the resistance matrix tRs, the transformed resistance matrix cRs is full, so also

this matrix creates a coupling between the phases.

- Like the inductance matrix tLs, the transformed inductance matrix cLs is symmetric

with respect to both the main and secondary diagonals:
cLsi,k = cLsk,i =

cLs(ms−i)+1,(ms−k)+1 =
cLs(ms−k)+1,(ms−i)+1.

The method proposed in Sec. 5.2 can still be used, therefore also in this transformed system

the open-phase failure is simulated by supplying the faulty phase with an additional voltage, as

shown in Fig. 5.8, such that its steady-state current is zero.

Vi

Isi

cLsi,k
cLsi,i

2Rs

2Rs
cEsi

Vsms

Vk

Isk

cLsk,k
cEsk

f1Vi

Rs

Figure 5.8: Representation of an open circuited phase in the transformed frame.

5.3.1 Open-phase fault on a single phase

Let i denote the index of the faulty phase. The i-th equation of system (5.22) can be written as:

ms−1∑

k=1

cLsi,k
cİsk = −

ms−1∑

k=1

cRsi,k
cIsk − cEsi +

cVsi. (5.23)
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When i-th phase is open the corresponding current Isi must be zero. To achieve this condition

it is sufficient to add to i-th phase the following additional voltage f1Vi:

f1Vi=

ms−1∑

k=1,k 6=i

cLsi,k
cİsk +

ms−1∑

k=1,k 6=i

cRsi,k
cIsk+

cEsi− cVsi. (5.24)

Adding (5.24) to the left part of equation (5.23) one obtains:

cLsi,i
cİsi = −2Rs

cIsi. (5.25)

This equation guarantees cIsi = Isi = 0 in steady state condition doubling the value of Rs.

Putting cİsi = cIsi = 0 in system (5.22) and eliminating the i-th equation one obtains the

following reduced system:

f1Ls
f1 İs = − f1Rs

f1Is − f1Es +
f1Vs. (5.26)

This system can also be obtained from (5.22) using the transformation cIs =
f1Tc

f1Is, with

matrix f1Tc defined as the identity matrix of dimension ms − 1 in which the i-th column has

been eliminated. The transformed vectors f1Is,
f1Vs and

f1Es, belonging to R
ms−2, are obtained

from vectors cIs,
cVs and cEs eliminating their i-th component:

f1Is=
f1TT

c
cIs , f1Vs=

f1TT
c
cVs , f1Es=

f1TT
c
cEs.

Similarly, the transformed resistance and inductance matrices f1Rs and f1Ls are obtained from
cRs and cLs eliminating the i-th row and the i-th column:

f1Rs =
f1TT

c
cRs

f1Tc , f1Ls =
f1TT

c
cLs

f1Tc.

Equation (5.24) can be rewritten in vectorial notation as:

f1Vi=(ems−1
i )T

[
cLs

f1Tc
f1 İs+

cRs
f1Tc

f1Is+
cEs−cVs

]
(5.27)

where the time derivative of the reduced current vector f1İs can be calculated from the reduced

system (5.26) as follows:

f1 İs =
f1L-1

s (− f1Rs
f1Is − f1Es +

f1Vs). (5.28)

Therefore the open-phase condition cIsi = Isi = 0 can be obtained adding the following voltage

vector cVFs to system (5.22):

cVFs=

[
cLs

f1Tc
f1f1L-1

s

(
−f1Rs

f1Is−f1Es+
f1Vs

)
+cRs

f1Tc
f1Is+

cEs−cVs

]
=
[
0 · · · 0 f1Vi 0 · · · 0

]T
.

(5.29)

Since the voltage vector has only the i-th component (related to the broken phase) dif-

ferent from zero, it is useless to replace the standard basis vector ems−1
i with the matrix

Fp = Ims−1− f1Tc
f1TT

c (as done in (5.16)).
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5.3.2 Open-phase fault on two phases

Using the same method it is possible to simulate also a second fault occurring at the j-th phase

by the following reduced system:

f2Ls
f2 İs = − f2Rs

f2Is − f2Es +
f2Vs (5.30)

obtained from (5.22) using a transformation matrix f2Tc which is equal to the identity matrix

of dimension ms without the i-th and j-th columns. The reduced vectors f2Is,
f2Vs and f2Es,

belonging to Rms−3, are obtained from vectors cIs,
cVs and cEs eliminating the i-th and j-th

components, while the reduced inductance and resistance matrices f2Rs and f2Ls are obtained

from cRs and cLs eliminating the i-th and j-th rows and columns. In this case the additional

vector cVFs added to the system (5.22) is:

cVFs =
[
cLs

f2Tc
f2 İs+

cRs
f2Tc

f2Is+
cEs−cVs

]
=
[
0 f2Vi 0 f2Vj 0

]T
. (5.31)

Note that in (5.31) the relative position of the two non-zero elements f2Vi and
f2Vj depends on

the values of indices i and j. The additional voltages f2Vi and
f2Vj added to the i-th and j-th

phases of system (5.22) can be obtained as:

f2Vi=(ems−1
i )T

[
cLs

f2Tc
f2 İs+

cRs
f2Tc

f2Is+
cEs−cVs

]
, (5.32)

f2Vj=(ems−1
j )T

[
cLs

f2Tc
f2 İs+

cRs
f2Tc

f2Is+
cEs−cVs

]
. (5.33)

Adding (5.31) to (5.22) one obtains zero currents of the two faulty phases in steady state con-

dition but in the faulty transient the first broken phase current is different from zero because

in the calculation of the component f2Vi the current Isj has been considered zero even if it is

different from zero.

During this second fault transient in order to hold the current in the first faulty phase equal to

zero cIsi = Isi = 0, the additional voltage f2Vi must be recalculated taking into account the

current Isj. Therefore also the current Isj and the voltage f2Vj (computed in (5.33)) must be

introduced in the reduced system (5.27) as follows:

f1Ls
f1 İs = − f1Rs

f1Is − f1Es +
f1Vs +

f1VFs. (5.34)

where the vector f1VFs ∈ Rms−2 is defined as: f1VFs=
[
0 · · · 0 f2Vj 0 · · · 0

]T
.

Note that the only component different from zero of f1VFs is the j-th component f2Vj related

to the second broken phase when j > i and it is j−1-th component when j < i. One can obtain

this vector using the matrices Fj and f1Tc as follows:

f1VFs =
f1TT

c Fj
cVFs (5.35)
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The matrix Fj (in which only the j-th diagonal elements are different from zero) selects the

component f2Vj , while the matrix f1Tc reduces the dimension of the vector Fj
cVFs.

Now the additional voltage f1Vi is:

f1Vi=(ems−1
i )T

[
cLs

f1Tc
f1L-1

s

(
− f1Rs

f1Is − f1Es +
f1Vs +

f1VFs

)
+cRs

f1Tc
f1Is+

cEs−cVs

]

(5.36)

and the voltage vector cVFs added to system (5.22) has the following form:

cVFs =
[
0 f1Vi 0 f2Vj 0

]T
(5.37)

where the additional voltage f2Vi in (5.31) is replaced with the new voltage f1Vi. Like equation

(5.31), also in (5.37) the relative position of the two non-zero elements f1Vi and
f2Vj depends

on the values of indices i and j.

5.3.3 Multi open-phase fault condition

The shown method can be generalized in the case of multi open-phase fault condition. Let S
denote the set of the faulty phases: S = {i1, i2, ..., in} with n < ms − 2 and where the indices ii

define the order of the faults, i.e. i1 is the 1-st phase that faults, i2 is the 2-nd phase that faults

and so on.. . The proposed method can be described in five steps as follows:

1. Eliminate from (2.1) the rows and columns corresponding to the indices belonging to S,
obtain the reduced system in a vectorial form similar to (5.26) and calculate the time

derivative of the reduced current vector fn İs.

The reduced system is obtained from (5.22) eliminating the rows and columns of the open

phases by using a transformation matrix fnTc which is equal to an identity matrix of

dimension ms − n without the n columns related to the n faulty phases.

fnLs
fn İs=− fnRs

fnIs− fnEs+
fnVs

Then, compute the time derivative of the reduced current vector fn İs as follows:

fn İs=
fnL-1

s (− fnRs
fnIs− fnEs+

fnVs)

2. Substitute the time derivative of current vector fn İs in the equation of the additional

voltage vector cVFs:

cVFs=

[
cLs

fnTc
fnL-1

s

(
− fnRs

fnIs− fnEs+
fnVs

)
+cRs

fnTc
fnIs+

cEs−cVs

]
(5.38)
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3. Define the subsets So and Sg of S as: So = {i1, i2, ..., io}, Sg = {io+1, ..., in} with

o = 1, n − 1. The steady-state set So is the set in which the faulty currents are zero:

i1 = i2 = · · · = io = 0 (in steady-state condition), while the transient set Sg is the set in

which the faulty currents fall to zero: io 6= io+1 6=, ..., 6= in 6= 0 (transient condition). In

this way a multi failure occurring at the same time or at the near time can be simulated.

The most common case is that only one failure occurs at instant tn so the set Sg is defined

by the last faulty phase current while So is defined by all old broken phases currents; i.e.

o = n− 1, So = {i1, i2, ..., in−1} and Sg = {in}.

4. Recalculate the voltage components of cVFs computed for the phases i1, i2, ..., io taking

into account the phase currents io+1, . . . , in that are different from zero.

• Select the voltage components of cVFs computed for the phases io+1, . . . , in by the

matrix Fg in which only the diagonal elements belonging to Sg are different from

zero.

cVFsg= Fg

[
cLs

fnTc
fnL-1

s

(
− fnRs

fnIs− fnEs+
fnVs

)
+cRs

fnTc
fnIs+

cEs−cVs

]

• Consider the reduced system taking into account also the currents and the voltages

of phases belonging to Sg

foLs
fo İs=− foRs

foIs− foEs+
foVs +

foVFs

where foVFs = foTT
c Fg

cVFs is the extension of (5.35). This reduced system is

obtained from (5.22) eliminating the rows and columns of the phases belonging to

So by using the transformation matrix foTc which is equal to an identity matrix of

dimension ms − o without the o columns related to the old faulty phases.

• Calculate the voltage vector cVFso selecting the components by the matrix Fo in

which only the diagonal elements belonging to So are different from zero.

cVFso = Fo

[
cLs

foTc
fo İs+

cRs
foTc

foIs+
cEs−cVs

]

where the time derivative of the reduced current vector fo İs, considering the voltage

vector foVFs, can be computed as follows:

fo İs=
foL-1

s (− foRs
foIs− foEs+

foVs +
foVFs) (5.39)

• Add the vectors cVFsg and cVFso obtaining the voltage vector cVFs:

cVFs =
cVFsg +

cVFso (5.40)
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Figure 5.9: POG block scheme of the motor in the transformed frame under open-phase fault

condition.

This equation is the generalization of (5.37) indeed the components
fgVi1 ,

fgVi1 , ..,
fgVio of vector cVFs are replaced with the voltage foVi1 ,

foVi1 , ..,
foVio

that are the components (different from zero) of vector cVFso

5. Add to the system (5.22) the final voltage cVFs.

In App. C.5 the proposed approach is applied to a five-phase and seven-phase synchronous

motor, respectively. In both examples all the previous computations are written explicitly.

The POG block scheme representing the dynamics of the motor in faulty condition is shown in

Fig. 5.9: the mechanical part between sections 3 - 4 and the connection blocks between sections

2 and 3 (named torque vector) are unchanged, while the electrical part is modified respect to

the POG model shown in Fig. 2.2.

Matrix tTc in Fig. 5.9 is the transformation used to impose the star connection constraint.

The element denoted by OP is an internal input which defines the instants at which the faults

occur and the indexes of the open phases. The block Ψ(·) is the function that calculates the

voltage vector cVFs added to the system starting from the vectors cIs,
cVs and cEs.

In healthy condition vector cVFs is zero, while in faulty condition it is given by equations

(5.40) and it is the voltage vector having the components related to the faulty phases different

from zero which guarantees zero currents through the faulty phases.

5.3.4 Simulation of a 5-phase motor

The Simulink block-mask of the POG model of Fig. 5.9 is shown in Fig. 5.10.a and in particular

the electrical part is shown in Fig. 5.10.b. The user interface is not shown because it has the
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a) b)

Figure 5.10: Simulink schemes: a) Simulink scheme of the controlled electric motor, b) POG

Simulink scheme of the electrical part modified to simulate the open-phase failures.

same structure of the one shown in Fig. 5.3.b.

The minimum dissipation torque control described in Sec.4.5.1 is used also in faulty condition to

show the undesired faulty effects. The motor considered for simulations is a 5-phase permanent

magnet synchronous motor characterized by the following electrical and mechanical lumped

parameters: ms = 5, p = 1, Nc = 30, Rs = 2Ω, Ls = 0.03 H, Ms0 = 0.02 H, ϕr = 0.02 Wb,

Jm = 1.6 kg m2, bm = 0.8 Nms/rad, Vmax = 100 V, a1 = 0.87, a3 = 0.13 and the external

torque τe = 0 Nm. Both the open-phase fault of two adjacent and non adjacent phases are
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Figure 5.11: Stator currents tIs and their zoom when the faults occur: phase i1 = 2 opens at

time t = 8 s and phase i2 = 4 opens at time t = 12 s.
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Figure 5.12: Motor velocity ωm and motor torque τm (the black line is the torque mean value).

simulated and the faults occur at t1 = 8 s and t2 = 12 s, respectively.

The simulation results shown in Fig. 5.11-5.12 correspond to the case of two open-phase faults

occurring at two non-adjacent phases, in particular phase i1 = 2 opens at time t = 8 s and phase

i2 = 4 opens at time t = 12 s. When t1 ≤ t ≤ t2 n = 1, So = { }, Sg = {i1 = 2}, while when

t > t2 n = 2, o = 1, So = {i1 = 2}, Sg = {i2 = 4}.
Fig. 5.11 shows the stator currents tIs, the sum of stator currents (always equal to zero because

the motor is star-connected), the number of faulty phases (i = 2, j = 4) and the zoom of the

stator currents tIs when the faults occur. Note that at time t = 8 s the phase 2 opens and the

current Is2 goes to zero, then at time t = 12 s the phase 4 opens and the current Is4 goes to

zero with zero current in Is2.

When the faults occur the motor decelerates, as show in Fig. 5.12, because when the first open-

phase fault occurs the mean value of the torque reduces to the 82.9% and it reduces to the 64.9%

when also the second phase is open. The torque ripple (calculated as the peak to peak value

normalized with respect to the mean value) is about the same in both the faulty conditions: it

is of 56.6% in the first faulty case and it is 57.6% in the second ones.

The second set of simulation results is shown in Fig. 5.13-5.14, corresponding to the case of

open-phase fault occurring at two adjacent phases: phase i1 = 3 opens at t = 8 s and phase

i2 = 2 opens at t = 12 s. When t1 ≤ t ≤ t2 n = 1, So = { }, Sg = {i1 = 3}, while when t > t2

n = 2, o = 1, So = {i1 = 3}, Sg = {i2 = 3}.
Fig. 5.13 shows the stator currents tIs, the sum of stator currents, the number of faulty phases

and the zoom of stator currents when the faults occur. Note that also in this case during the

transient of the second fault the current in the first broken phase is zero.
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Figure 5.13: Stator currents tIs and their zoom when the faults occur: phase i = 3 opens at

time t = 8 s and phase j = 2 opens at time t = 12 s.

The motor velocity ωm and the motor torque τm (with its mean value) are shown in Fig. 5.14.

When the first open-phase fault occurs the mean value of the torque reduces to the 82.8% and

the torque ripple is 56.7%, while when the second fault occurs at an adjacent phase the torque

mean value reduces to the 54.9% and the torque ripple is 192.4%.

This simulation shows how the torque reduction with two adjacent open-phases is higher than

the case with two non-adjacent phases. Then, the fault effects on the motor torque depend on

both the number and the relative spatial distribution of the open-phase faults.

0 2 4 6 8 10 12 14 16
0

5

10

15

20

25

0 2 4 6 8 10 12 14 16
0

5

10

15

20

25

30

Motor velocity ωm

Motor torque τm

Time [s]

ω
m

[r
a
d
/
s]

τ m
[N

m
]

Figure 5.14: Motor velocity ωm and motor torque τm (the black line is the torque mean value).



Chapter 6

Minimum Dissipation Fault-Tolerant

Controls

Multi-phase motor drives are more reliable than the traditional three-phase ones because they

can continue to operate even in case of faults such as the loss of one or more phases. In [4]

and [8] a multi-phase synchronous motor is designed with a modular approach minimizing the

electrical, magnetic and thermal coupling between the windings. Thus, a failure in one winding

will not affect the operation of the remaining windings. However, as shown in Chap.5, if the

control is not modified the mean value of the torque reduces and a torque ripple appears.

Therefore a reconfiguration of the control strategy for the remaining healthy phases is necessary

to compensate the fault effect maintaining unaffected the performance of the system.

Several fault-tolerant controls have been proposed in the fixed reference frame [9]-[12] and in

the rotating reference frame [13] and [14], in order to make the motor able to operate safely

even in case of fault (in particular obtaining ripple-free torque and minimizing losses).

In [9] the healthy-phase balanced currents are calculated keeping the magneto motive force

(MMF) unchanged under the faults. Although a solution is obtained for a 5-phase synchronous

motor where the 1-st and the 3-rd are injected, it is quite complex to generalize the proposed

approach for machines with higher number of phases where the number of injected harmonics

increases. Moreover this method does not minimize the global Joule losses and the torque

ripple. In [10] the symmetry of the healthy-phase currents with respect to the location of

the faulty phases is used reducing the torque pulsation and satisfying the star-connection

constraint. An optimal solution is obtained for a 5-phase synchronous motor but also in this

case the generalization of the control strategy is quite complex. In [11] the current vector in

faulty conditions is obtained using the Lagrangian multipliers with the minimum dissipation

function subject to the open phase and the minimum torque ripple constraints. Also in [12] a

similar result is obtained with a different approach: the dimension of the speed normalized back

electromotive force vector is adapted to the dimension of the remaining healthy-phases. These
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two methods hold for machines with a generic odd number of phases but the constraint on the

maximum phase current limit is not taken into account. In [13] different control strategies are

compared for a seven phase induction motor but it is not clear how the current references are

obtained. In [14] a seven-phase synchronous motor with a particular shape of the rotor flux

is used. Then the higher number of degrees of freedom of the drive is used in the post-fault

strategy. Although this method is very interesting, it can be used only for a particular type of

machines.

In this chapter the minimum dissipation control of a multi-phase PM machine in the case of

open circuited phases is studied. Using a vectorial approach the optimal current references in

fault condition which provide the desired torque (without ripple) minimizing the dissipation are

obtained in the fixed and rotating reference frame, respectively. Moreover the maximum phase

current limit is taken into account. The approach is quite general: the proposed control law

can be used for any shape of the rotor flux, for a generic odd number of phases and it works in

presence of one or more failures.

The main contents of this chapter have been published in [54] and [55].

6.1 Minimum dissipation torque control in fault condition

In this chapter we refer to a permanent magnet synchronous motor with an odd number ms

of concentrated winding in star connection, see Fig. 2.1, characterized by the same parameters

shown in Tab. 2.1.

Assuming that the failures do no affect the operation of the remaining healthy windings when f

open-phase faults occur the related phase currents fall down to zero and they do not contribute

any more to the torque generation. Therefore the open phase constraints must be taken into

account to mitigate the fault effects.

This section covers only the fault tolerant control; however monitoring the stator current (in the

fixed or rotating reference frame) and its harmonic spectrum it is possible to detect the open

phase fault. More details about fault detection and fault diagnosis can be found in [56]-[59].

6.1.1 Control in the fixed reference frame

In healthy condition the current vector tId which provides the desired torque τd minimizing the

power dissipation is the vector with the minimum modulus parallel to the torque vector tKτ (θ):

tId(θ) =
tKτ (θ)

| tKτ (θ)|2
τd. (6.1)

When f phase-faults occur the open phase constraints must be taken into account projecting

the torque vector onto the ms− (f +1) dimensional subspace generated by the healthy currents.
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Let S = {i1, i2, ..., if} denote the index set of the faulty phases with f ≤ ms − 3. In the case of

a star connected motor the open phase constraints can be written as:

tBT tIs =




ms∑

i=1

Isi , Isi1 , Isi2 , · · · , Isif




T

= (0f+1)T

where matrix tB is defined as follows:

tB =
[
1ms tB

]
, tB = [ ems

i1
ems

i2
· · · ems

if
]. (6.2)

Note that in matrix tB the vector 1ms is used to consider the star connection constraint, while

matrix tB selects the faulty component (the i-th standard basis vector ems

i of space Rms is used

to select the i-th fault component Isi of the current vector tIs). The vectors 1ms , ems

i1
, ems

i2
, · · ·

and ems

if
form a basis of the (f + 1)-dimensional forbidden subspace Im( tB). The subspace of

the remaining healthy currents that can be used to generate torque is ker( tBT) because it is

orthogonal to the forbidden subspace Im(ωB). Indeed the null-space of the constraint matrix

transpose is the orthogonal complement of its row space: ker( tBT) = (Im(ωB))⊥.

Then the current constraints are satisfied if the torque vector tKτ (θ) is projected on ker( tBT)

along Im( tB) as follows:

tfKτ (θ) = tKτ (θ)− tB
(
tBT tB

)−1 tBT tKτ (θ)

=
[
Ims − tB

(
tBT tB

)−1 tBT

]
tKτ (θ)

= P tKτ (θ)

(6.3)

where P is the projection matrix on ker( tBT) along Im( tB).

A graphical representation of equation (6.3) is shown in Fig. 6.1 where the torque vector tKτ (θ),

the forbidden subspace Im(tB) and the projected torque vector tfKτ (θ) are respectively de-

scribed by the violet, black and red vectors. Note that the projected torque vector tfKτ (θ)

describes a complex symmetrical trajectory on the subspace ker( tBT) of the healthy currents

because it is a nonsymmetrical vector with zeros in correspondence of the components related

to the faulty phases. Moreover if the rotor flux function is characterized by the first odd ms− 2

harmonics, the modulus of torque vector | tKτ (θ)| is constant while the modulus of the projected

torque vector | tfKτ (θ)| is a periodic function of the electric angle. Substituting equation (6.3) in

(6.1) one obtains in fault condition the current vector tf Id(θ) which provides the desired torque

τd satisfying the constraints and minimizing the power dissipation:

tf Id(θ) =
tfKτ (θ)

| tfKτ (θ)|2
τd. (6.4)

Since in the fixed reference frame Σt the current and voltage vectors tIs(θ) and
tVs(θ) are func-

tions of the electrical position θ and the magnetic coupling between the phases (described by
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ker(tBT)

Im(tB)

tKτ (θ)

tfKτ (θ)

Figure 6.1: Projection of a torque vector onto the subspace of healthy currents in the fixed reference

frame Σt.

the full inductance matrix tLs) makes difficult the achievement of the control scheme, then an

hysteresis current controller is used in order to follow the time variant reference current vector
tf Id(θ), see Fig. 6.2.

Equation (6.4) has been found with different approach in [11] and [12]. In [11] the current vector

in faulty conditions is obtained using the Lagrangian multipliers with the minimum dissipation

function subject to the open phase and the star connection constraints.

In [12] a vectorial approach is used to directly project the torque vector (named speed normal-

ized back electromotive force) on the subspace of the healthy currents and imposing the star

connection constraint.

The main difference of the approach proposed in this paper compared to the others in [11] and

[12] is that our approach can be extended also in the rotating reference frame (also known as

dq-reference frame) where a constant torque can be reached using a feed-forward action and a

PI controller.

τd tfKτ (θ)

|tfKτ (θ)|2 tf Id

tVs

tIs

Figure 6.2: Multi-phase control motor drive scheme under fault condition in the fixed reference

frame Σt.
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6.1.2 Control in the rotating reference frame

The dynamic model (2.1) of the multi-phase synchronous motor can be expressed in the rotating

frame Σω using the transformation tTω ∈ Rms×ms−1, as reported in Sec.2.2.1. The transformed

current vector ωId which provides, in healthy condition, the desired torque τd minimizing the

power dissipation is the vector with the minimum modulus parallel to the transformed torque

vector ωKτ :
ωId =

ωKτ

|ωKτ |2
τd. (6.5)

Since the transformed current vector is ωIs = tTT
ω
tIs, then the open phase constraint can be

written as:
tBT tIs =

tBT tTω
ωIs = (0f )T (6.6)

where matrix tB is defined in (6.2). Therefore the constraint matrix ωB in the rotating reference

frame can be written as follows:

ωB = ( tBT tTω)
T = tTT

ω
tB = ωTt

tB. (6.7)

Substituting (2.6) and (6.2) in (6.7) one obtains:

ωB=

k∣∣∣∣∣

[
cos(k((h − 1)γs − θ))

sin(k((h − 1)γs − θ))

]∣∣∣∣∣
1:2:ms−2 h∈S

=
[
wi1 wi2 · · · wif

]
,

where the vectors wi1 , wi2 , · · · and wif (that are the columns of the transformation ωTt re-

lated to the faulty phases) form a basis of the f -dimensional forbidden subspace Im(ωB) in the

rotating reference frame.

One first difference with the previous approach is that matrix ωB imposes only the fault con-

straints because it is the transformation matrix tTω that imposes the star connection constraint.

On the contrary, in the fixed frame Σt matrix tB imposes both the constraints.

The subspace ker(ωBT), which is orthogonal to the forbidden subspace Im(ωB), is the subspace

of the healthy currents that satisfies the constraints. Therefore the current constraints are sa-

tisfied if the transformed torque vector ωKτ is projected on ker(ωBT) along Im(ωB). Now the

projection matrix is:
ωP = Ims−1− ωB

(
ωBT ωB

)−1 ωBT.

Using this projection matrix ωP one can obtain the following projected torque vector ωfKτ (θ):

ωfKτ (θ) =
ωP ωKτ =

k∣∣∣∣∣

[
fKdk(θ)
fKqk(θ)

]∣∣∣∣∣
1:2:ms−2

. (6.8)
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ker(ωBT)

Im(ωB)

ωKτ

ωfKτ (θ)

Im(ωB′)

ωfK′
τ (θ)

ker(
(ωB

′ )T )

Figure 6.3: Projection of a torque vector onto the subspace of healthy currents in the rotating reference

frame Σω.

Note that the vectors wi1 , wi2 · · · and wif are function of the electric angle θ, then also the

forbidden subspace Im(ωB) is function of θ. Consequently the projected torque vector ωfKτ (θ)

is a periodic function of the electric angle θ.

A graphical representation of equation (6.8) at two different time t and t′, with t < t′, is shown

in Fig. 6.3: the transformed torque vector ωKτ (θ) (the violet vector) is constant while the

forbidden subspace Im(ωB) (the black vector) is function of the electric angle θ. This is the

second difference compared to the previous approach (where the forbidden subspace Im(tB) is

constant and the torque vector tKτ (θ) is time variant).

The variation of the forbidden subspace from Im(ωB) to Im(ωB′) modifies from ker(ωBT) to

ker(ωB′T) the subspace of the healthy currents satisfying the fault constraints. In Fig. 6.3, the

projection of the transformed torque vector ωfKτ (θ) (the red vector) is a periodic function of

the electric angle and it describes a periodic trajectory (the red line). Note that the trajectory

is the same of Fig. 6.1 because it is possible to prove that the following relation holds:

| tfKτ (θ)| = | ωfKτ (θ)|.

Substituting equation (6.8) in (6.5) one obtains the desired current vector ωf Id in frame Σω

under fault condition which provides the desired torque τd minimizing the power dissipation:

ωf Id(θ) =
ωfKτ (θ)

|ωfKτ (θ)|2
τd =

k∣∣∣∣∣

[
fIdk(θ)
fIqk(θ)

]∣∣∣∣∣
1:2:ms−2

, (6.9)
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where the direct fIdk and quadrature f Iqk are:

fIdk(θ)=
fKdk(θ)

|ωfKτ (θ)|2
τd ,

f Iqk(θ)=
fKqk(θ)

|ωfKτ (θ)|2
τd. (6.10)

The direct component fIdk of the current vectors Isk must be used to satisfy the faulty constraint

despite they dissipate power without producing torque (in (2.12) the direct components Kdk

of the torque vectors Kτk are zero). Indeed the direct components are related to the rotor-

magnetizing flux and they are necessary to balance the asymmetrical magnetic field of the

stator currents in fault condition due to the asymmetrical displaced of the remaining healthy

phases.

The condition ωIs = ωf Id cannot be achieved using the control law (4.29) because the desired

current is a periodic function of the electric angle θ. Therefore an undesired torque ripple (due

to the tracking error) appears if the block diagram shown in Fig. 6.4 is used. This problem can

be overcome using the following control:

ωVs=(ωRs+
ωJs

ωLs)
ωIs+

ωKτ ωm−Kc(
ωIs−ωf Id) (6.11)

where Kc is a diagonal matrix, used for the control design, defined as follows:

Kc = K
(2ω)2

s2 + (2ω)2
(s+ 2ω)2Ims−1. (6.12)

Matrix Kc has been obtained using the Internal Model Principle because the direct and quadra-

ture components of the current vector in (6.5) oscillate at frequencies 2ω, 4ω, ... (ms− l)ω. Note

that the first part of equation (6.12) allows to track reference current vectors while the second

order term (s+ 2ω)2 stabilizes the system. The equations (6.5) and (6.11) are used together in

the control block diagram shown in Fig. 6.4.

Another solution is to transform the desired current vector ωf Id in the rotating reference frame

τd

Kc

ωfKτ (θ)

|ωfKτ (θ)|2 ωf Id

tTω

tT
′

ω

tVs

tIs

ωm

ωVs

ωIs

ωZs

ωKτ

Figure 6.4: Multi-phase control motor drive scheme under fault condition in the rotating refe-

rence frame Σω.
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τd ωf Kτ (θ)

|
ωf Kτ (θ)|2

ωf Id

tTω
tf Id

tVs

tIs

Figure 6.5: Multi-phase control motor drive scheme under fault condition in the rotating refe-

rence frame Σω: the hysteresis current controller.

to the desired current vector tf Id in the fixed reference frame as: tf Id(θ) =
tTω

ωf Id(θ).

Then an hysteresis current controller can be used in order to follow the time variant reference

current vector tf Id(θ), see Fig. 6.5. Using the proposed control the multi-phase motor contin-

ues to operate safely (generating the same desired torque without ripple) under a phase-faults

without any additional hardware connections. The first solution is used in [54] while the second

one is used in [55].

6.1.3 Current limit

Since the drive should continue to produce the same rated power also in fault condition, the

fault-tolerant controls increase the current amplitude in the healthy phases. Therefore even if

the theoretical maximum number of faults in a ms-phase motor is ms− 3 the maximum number

of faults for safe operation of the motors is less of ms − 3 and it is related to the maximum

phase current limit because the semiconductor switches of the inverter and the motor must be

able to stand operation with this increased current level. When the current limit is not satisfied

to avoid any further failures the post-fault control must be modified considering that degraded

performance is better than no performance.

The main advantages of the proposed control compared to the others in [11] and [12] is that

the maximum current limit can be taken into account. When the amplitudes of the components

of the current vectors tIs are bounded by the the maximum rated current Imax the following

constraint holds:
n∑

k=1:2

Imk ≤ Imax (6.13)

where Imk is the amplitude of the k-th injected harmonics in (4.2). The upper bound of sum-

mation is n > ms − 2 because using the proposed fault tolerant control a higher order of odd

harmonics are injected to feed the motor. Since the harmonics of order 2msh±k with h = 0, 1, 2..
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and k = 1 : 2 : ms − 2 are transformed into the same complex vector Isk, the constraint (6.13)

can be rewritten as:
ms−2∑

k=1:2

|Isk| ≤
√

ms

2
Imax, (6.14)

where the modulus of the current vectors Isk is defined, from (4.5) and (6.10), as:

|Isk| =
√

fK2
dk +

fK2
qk

τd
|ωfKτ (θ)|2

. (6.15)

Substituting (6.15) in (6.14) one obtains the maximum torque in faulty condition minimizing

the current dissipation and satisfying the maximum current limit Imax:

τc(θ) =
|ωfKτ (θ)|2

ms−2∑

k=1:2

√
fKdk(θ)2 + fKqk(θ)2

√
ms

2
Imax. (6.16)

Equation (6.16) transforms the current limit in a torque limit, so when τd > τc(θ) the desired

torque is saturated to the maximum value satisfying the maximum current limit. This value

depends both on the number and the relative spatial distribution of the open-phase faults. In

other words, for the same value of the current limit Imax the available torque τc(θ) with two

adjacent open-phases is lower than the case with two non-adjacent phases. Introducing (6.16) in

(6.9) one obtains the desired current vector ωf Id in frame Σω under fault condition minimizing

the power dissipation and satisfying the current limit:

ωf Id(θ) =





ωfKτ (θ)

|ωfKτ (θ)|2
τd if τd ≤ τc(θ)

ωfKτ (θ)

|ωfKτ (θ)|2
τc(θ) if τd > τc(θ)

(6.17)

The dependence of τc from θ produces a time variant motor torque τm. In the applications where

a constant torque is required it is necessary to compute the minimum of the maximum torque

min(τc(θ)). It can be made in the algorithm comparing the actual value τc(θ) with the stored

value τcs and saving the actual value in the stored value τcs = τc(θ) if τc(θ) < τcs. Therefore

after a period T = 2πt/θ one obtains the minimum value τcs = min(τc(θ)). In this case the

current vector ωf Id is obtained as:

ωf Id(θ) =





ωfKτ (θ)

|ωfKτ (θ)|2
τd if τd ≤ τcs

ωfKτ (θ)

|ωfKτ (θ)|2
τcs if τd > τcs

(6.18)

Note that there is a trade-off between the torque mean value and the torque ripple: the (6.17)

provides a higher torque with ripple, while the (6.18) provides a lower torque without ripple.
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6.2 Simulations of a 7-phase motor without current limit

The control diagrams in Fig. 6.2, Fig. 6.4 have been implemented in Matlab-Simulink as shown

in Fig. 6.6. The masked blocks of the motors refer to the POG model in faulty of Sec. 5.3,

while the green blocks implement the minimum dissipation fault tolerant control in the fixed

and rotating reference frames.

The simulation results shown in this section have been obtained using the following electrical

and mechanical lumped parameters: ms=7, p=1, Nc = 30, Rs=2Ω, Ls=0.03 H, Ms0=0.02

H, ϕr =0.02 Wb, Jm=1.6 kg m2, bm=0.8 Nms/rad, a1=1, a3=0.25, a5=0.1, desired torque

τd=25 Nm and external torque τe=0 Nm.

The faults occur on the 6-th, 3-rd and 5-th phases at time t1 = 1.5s, t3 = 11.5 s and t5 = 22.5

s. The fault tolerant controls (6.4) and (6.9) are activated at time t2 = 2.5 s, t4 = 12.5 s and

t6 = 22.5 s. The controls are activated after a delay time of 1 s in order to show the dynamic

behaviors of the motor in fault condition although in real application the fault detection time is

shorter.

The zooms of the stator current vectors tIs in the fixed reference frame obtained using control

(6.4) and control (6.9) are shown in Fig. 6.7. Since the drive should continue to produce the

same electrical power also in faulty condition, the amplitude of the currents and voltages in the

healthy phases increase as the number of open phases. The stator currents waveform is modified

compared to the normal operation because using the proposed fault tolerant controls the motor

is fed injecting a higher order of odd harmonics.

Moreover there is a symmetry of the healthy-phase currents with respect to the displacement of

a) b)

Figure 6.6: Simulink schemes: a) Simulink scheme of the control diagram in Fig. 6.2, b) Simulink

scheme of the control diagram in Fig. 6.4.
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Figure 6.7: Stator currents tIs in the fixed reference frame obtained using the control laws

described in Sec. 6.1.1 (on the left) and in Sec. 6.1.2 (on the right) .
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Figure 6.8: Motor velocity ωm and motor torque τm using control (6.4) (on the left) and using

control (6.9) (on the right).
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the faulty phases. This mirror symmetry of the healthy-phase currents is used in [10] to obtain

a fault-tolerant control of a five-phase permanent magnet synchronous motors with trapezoidal

back-emf.

The dynamic behaviors of the motor velocity ωm and the motor torque τm are shown in Fig. 6.8.

During the delay time between the faults and the control reconfiguration the mean value of the

torque decreases and a torque ripple appears, while when the fault tolerant control is activated

the torque grows to the desired value τd=25 Nm without ripple for the first two faults. At time

t6, when the third fault occurs, the torque ripple does not disappear because in this case the

voltage demand exceeds the maximum voltage of the inverter DC link causing a tracking error

which generates the torque ripple. The different dynamic behavior of the motor torque and the

motor velocity between the two fault tolerant controls is due to the two different control schemes

(hysteresis for the first one and feed-forward action with controller for the second one).

6.3 Simulations of a 5-phase motor with current limit

The control diagram in Fig. 6.5 has been implemented in Matlab-Simulink as shown in Fig. 6.9.

The masked blocks of the motor refer to the POG model in faulty of Sec. 5.3, while the green

blocks implement the minimum dissipation in the rotating reference frames where also the current

constraint is taken into account.

The simulation results shown in this section have been obtained using the following electrical

and mechanical parameters: ms = 5, p = 1, Nc = 30, Rs = 2Ω, Ls = 0.03 H, Ms0 = 0.01 H,

Figure 6.9: Simulink scheme of the control diagram in Fig. 6.5.
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ϕr =0.02 Wb, Jm=1.6 kg m2, bm=0.8 Nms/rad, a1=1, a3=0.25, desired torque τd=23 Nm

and an external torque τe=5 Nm.

The strategies (6.9), (6.17) and (6.18) are compared under two adjacent open-phase faults: the

faults occur at times t1 = 1.5 s and t3 = 10 s on the 2-nd and the 3-rd phase, respectively; while

the proposed fault tolerant controls are activated, at time t2 = 2.5 s and at time t4 = 11 s,

after a delay time of 1 s in order to show the dynamic behaviors of the motor in fault condition.

The same simulation is repeated two times in order to put in evidence the dynamic effect of

the current saturation. In the first simulation the maximum current supportable by the inverter

switches and by the motor is considered high, so the current limit is neglected, while in the

second case the maximum current limit is Imax = 35 A.

The motor velocity ωm and the motor torque τm obtained using (6.9) are shown in Fig. 6.10.

When the first open-phase fault occurs the mean value of the torque decreases and the torque

ripple appears (between t1 and t2 the control is unchanged with respect to the healthy condition).

At time t2 when the fault tolerant control is applied the torque grows up to the desired value

τm=τd=23 Nm without ripple.

When the second open-phase fault occurs the mean value of the torque decreases again and the

torque ripple appears because between t3 and t4 there are two open phases but the control is

not modified with respect to the first failure case. At time t4 the fault tolerant control is applied

and the torque grows up to the desired value τd without ripple.
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Figure 6.10: Motor velocity ωm, motor torque τm and external torque τe (black) using control

(6.9) without current limit.
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Figure 6.11: Zoom of the stator current vector tIs in the fixed reference frame with its corre-

sponding harmonic spectrum obtained using control (6.9) .

Fig. 6.11 shows the zooms of the stator current vectors tIs in the fixed reference frame with its

corresponding spectrum in healthy condition and when the fault tolerant control is activated.

In healthy condition only the 1-st and the 3-rd harmonics are injected, while when the post-

fault control is activated more odd harmonics of higher order are injected. Using (6.9) the

amplitude of the healthy phase currents increases and the maximum phase current limit Imax is

not satisfied when the second fault occurs (this control does not take into account the maximum

current constraint).

The motor velocity ωm and the motor torque τm obtained using (6.17) and (6.18) are presented

in Fig. 6.12, while the zooms of the stator current vectors tIs are shown in Fig. 6.13. At time

t2 when the saturated fault tolerant controls are applied the torque reaches a lower value of τd in

order to satisfy the maximum phase current limit Imax (see Fig. 6.13). Using (6.17) one obtains

a torque mean value of 17.03Nm with ripple while using (6.18) one obtains a lower torque

τm =min(τc(θ))= 11.8 Nm without ripple. Therefore the motor accelerates at the velocity ωm

of 20.35 rad/s when the (6.17) is used, while it decelerates at the velocity ωm of 11.15 rad/s in

the second case because the motor torque is reduced to 51%. This simulation clearly puts in

evidence the trade-off between the torque mean value and the torque ripple: the (6.17) provides

a higher torque with ripple, while the (6.18) provides a lower torque without ripple. In Fig. 6.14

one can see the direct and quadrature components Idk, Iqk in the rotating reference frame: they

are constant in healthy condition while they are a periodic function of the electric angle θ with
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Figure 6.12: Motor velocity ωm, motor torque τm and external torque τe (black) obtained using

control (6.17) (teal) and control (6.18) (blue) with current limit.
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Figure 6.13: Zoom of the stator current vector tIs in the fixed reference frame obtained using

control (6.17) (on the left) and control (6.18) (on the right).
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Figure 6.14: Direct and quadrature components Idk, Iqk in the rotating frame (k = 1 green,

k = 3 dark green) obtained using control (6.17) (on the left) and control (6.18) (on the right).

period T that can be obtain considering the fundamental even harmonic at frequencies 2pωm as

T = 2π/2pωm. In the first-fault condition the period T is of 0.1396 s in both cases, while when

the second post-fault control is activated the period T is of 0.1544 s for the control (6.17) and

it is of 0.2818 s for the control (6.18).



Chapter 7

Hybrid Electric Vehicle

In safety critical applications, i.e. propulsion and traction applications, the reliability is a very

important issue. When the classical three-phase motor drives are employed the reliability in case

of fault is reached increasing the redundancy of the actuator system, using two motors and two

inverters, see [5] or modifying the power converter topology, see [6]. The fault tolerant capability

of multi-phase motor drives and the possibility to enhance the motor torque by injecting higher

order stator current harmonics, see [1] and [2], make the multi-phase synchronous machines

suitable for Electric and Hybrid Electric Vehicles where reliability and power density are very

important issues.

In this chapter the dynamic model of the power-split Toyota Hybrid System (THS), see [60] and

[61], is proposed. The two three-phase electric machines that are commonly used in THS are

here replaced by two five-phase machines. The model of the whole system includes the dynamics

of the engine, electric machines, planetary gear, transmission and vehicle and is realized using

the Power-Oriented Graphs modeling technique. A rule-based control strategy is implemented

and a fault-tolerant control is applied in the case of electrical machine failure. Simulation results

are given in both healthy and fault condition to show the effectiveness of the dynamic model

and the robustness of the proposed control.

The main contents of this chapter have been submitted in [62].

7.1 POG modeling of the Toyota Hybrid System

The development of new control strategies and/or new architectures for hybrid electric vehicles

(HEVs) requires a deep knowledge of the dynamic behavior and the dynamic interaction among

all subsystems constituting HEVs [63]. Therefore it is essential to have precise and reliable

simulative models to reduce the effort and the cost in the testing phase. The interest in hybrid

vehicle simulation has grown up in the past years and led to the development of many computer

programs to describe the operation of hybrid powertrains. Some examples of steady and quasi-
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steady simulators are: JANUS [64], ADVISOR [65], PSAT [66], Autonomie [67], CarSim from

Mechanical Simulation Corporation and many others. Although steady-state or quasi-steady

models allow to achieve fast computation time, they do not permit to capture transient behavior

and may be unsuitable to such systems in which this is a crucial aspect. Therefore dynamic

models can be used to make accurate dynamic analysis and simulation of the system and to

design effective control strategies. Taking advantage from the POG modular structure, the

model of the power-split Toyota Hybrid System (THS) [60] can be obtained by interconnecting

the models of the subsystems that interact each other through their power ports, see Fig. 7.1.

The power-split configuration includes an internal combustion engine (ICE), two multi-phase

Permanent Magnet Synchronous Machines (MG1 and MG2), a transmission and the vehicle.

The power-split is provided by a planetary gear: the ICE is rigidly connected to the Carrier (C),

MG1 is connected to the Sun (S), MG2 and the vehicle transmission are rigidly connected to

the Ring (R). The torques provided by the engine and the electrical motors are the inputs of the
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Figure 7.1: Scheme of the considered power structure of the vehicle.
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powertrain system and the dynamic behavior of each block is defined by using the transmitted

and the reflected torque/force.

In Fig. 7.1 the dashed lines denoted by numbers indicate the power sections, within the system,

through which the power flows among the subsystems. Moreover they correspond to the power

sections indicated by the same numbers in the POG schemes of the considered subsystems

presented in the next part of the chapter.

In this model the input engine power passes forward through the powertrain in the direction

of the physical power flow. The planetary gear splits this power into two paths: a mechanical

path (also known as parallel path) and an electrical path (also known as series path). The

engine power is transferred mechanically from the carrier to the ring gear, which is connected

to the vehicle, via parallel path. The remaining mechanical engine power is transformed into

electrical power through MG1 and it is used to charge the battery or to supply MG2. Although

the electrical path is less efficient than the mechanical path it helps to improve the overall

performance of the system.

Note that in this work the devices that store electrical energy such as batteries, supercapacitors

and others, are not taken into account. Therefore we suppose that the electrical power which

feed the machines MG1 and MG2 is always available. The machine MGi (with i=1,2) operates

as motor if Pmi > 0 and as a generator if Pmi < 0.

7.1.1 Planetary Gear modeling

The planetary gears are key elements for the design of new hybrid power structures in the au-

tomotive area. In the literature it is usually considered as a static transmission gear, see [68]-

planet
carrier
sun

ring

Kcr dcr

Ksc dsc

wr

wc

ws

wp

rsrp rc
rr

Figure 7.2: Planetary gear and related parameters.
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[70]. Instead in [71] and [72] the POG technique is exploited to obtain different extended and

reduced dynamic models of the planetary gear. Here a reduced elastic model of the planetary

gear is given. The main parameters of the planetary gear, shown in Fig. 7.2, are: rs, rc, rr and

rp are the sun, carrier, ring and planet radii; Js, bs, Jc, bc, Jr, br, Jp and bp are the inertia

and linear friction coefficients of the sun, carrier, ring and planet, respectively. The carrier, the

planets and the ring interact each other through the two elastic elements: the sun-carrier and

the carrier-ring elastic elements Kcr and Ksc with the friction coefficients dsc and dcr.

Considering that the planetary gear inertias will be connected to the shafts of the ICE, PMSM

and driving axle of the vehicle, it is convenient to provide a reduced elastic model of the plane-

tary gear where inertias Js, Jc and Jr are zero and considering these inertias in the shaft inertias

of the motors and engine. Therefore, as shown in Fig. 7.1, these equivalent moments of inertias

are considered: Jm2 + Jr for MG2 and ring, Jice + Jc for ICE and carrier and Jm1 + Js for MG1

and sun.

Since the inertias Js, Jc and Jr go to zero, the system degenerates towards a lower dynamic

dimension system and the “reduced system” can be obtained by using a “congruent” transforma-

tion x = Tz where T is a rectangular matrix obtained from some algebraic relations, see [71].

The dynamic equations of the reduced elastic model of the planetary gear in state space form

are:

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(7.1)

Note that in the energy matrix Le only the elastic coefficients Kcr, Ksc and the planet inertia

Jp appear. There is a direct correspondence between the POG schemes and the state space

dynamic equations, therefore equations in (7.1) can be represented by the POG schemes shown

in Fig 7.3 and in Fig 7.4.

Particularly the scheme of Fig 7.4 shows clearly the reduced dynamic dimension of the system

because only the friction coefficient bs, br and bc are used in the elaborator blocks of the sun,

the ring and the carrier, respectively. This scheme is obtained applying the POG reduction

technique to the complete POG model of the planetary gear, see [71]. Inverting the ring, the

sun and the carrier paths one obtains the derivative causalities between the velocity and the

torques where the angular velocities are the input and the torques are the output. Since the

inertias Js, Jc and Jr are zero the derivative path of each gear model is eliminated and only the



7.1 POG modeling of the Toyota Hybrid System 97

[
ωs

ωc

ωr

]

[
τs

τc

τr

]

8

- -

De

?

?� � � �Ce

- Be
- - �

?
1
s

?

L-1
e

?
x

� -

�

Ae

6

6

-

Figure 7.3: POG block scheme of the planetary gear related to the reduced elastic system (7.1).

friction coefficient bs, br and bc are used.

The compact representation of Fig 7.3 hides the structure of the system which can be shown using

the POG scheme of Fig 7.4 where the reduced dimension and the elastic interaction between the

gears of the epicyclic are clearly put in evidence.

The kinematics Willis relation [73] between angular velocities as function of the gear radii (7.2)

can be obtained from equation (7.1) in steady-state condition (i.e. ẋ = 0):

rsωs + rrωr = (rs + rr)ωc = 2rcωc (7.2)

Since in (7.2) the engine speed (ωc=ωice) is decoupled from the vehicle velocity (ωr=vvRt /Rω ),

then the engine can operate regardless of the vehicle velocity. This degree of freedom will be

used in the control law to increase the engine efficiency.

7.1.2 Internal Combustion Engine model

In order to simulate the hybrid powertrain an engine model is needed. Since for our focus it

is sufficient to consider the main mechanical dynamics of the engine, the simplified model of

Fig. 7.5 is proposed. In this POG scheme the torque-speed map is associated with a first-order

dynamic system that describes the equivalent dynamic behavior of the engine. In this model

Jice + Jc are the inertias of the engine shaft and carrier, bice is the friction coefficient, τice is the

torque provided by the engine and τice,d is the requested torque.

The engine map and the power map of the 2ZR-FXE engine (used in the 3-rd generation Toyota

Prius) are shown in Fig. 7.6 where the black lines refer to the maximum torque τice,max and

power Pice,max for a given engine speed ωc, the green lines refer to the optimum engine efficiency

curves (where the fuel consumption is low). The maximum power delivered by the engine is 73

kW at 5200 rpm and its maximum torque is 142 Nm at 4000 rpm.

The maximum torque-speed map (black line) is used in the POG scheme of Fig. 7.5 to saturate

the provided torque as τice = min{τice,d, τice,max}, while the optimum torque curve (green line)
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Figure 7.5: POG scheme of the ICE model.

is used in the control algorithm.

A more complete POG engine model can be found in [74] and [75] where the analogy of the

internal combustion engine with electrical systems is used obtaining the differential equations of

the engine dynamics in the state space form.
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Figure 7.6: The torque-speed map (on the left) and the power-speed map (on the right) of the

engine.

7.1.3 Model of the transmission and vehicle

The POG schemes of the transmission and vehicle are shown in Fig. 7.7. The transmission is

modeled considering the elastic interaction between the teeth of the meshing gears, then the

transmission stiffness Kt, the friction coefficient dt and the transmission ratio Rt are used. In

steady-state condition the following relations hold:

{
ωr = Rt ωw

τw = Rt τt
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Figure 7.7: POG block scheme of the transmission and the vehicle.

where the transmission torque τt is the load torque for the electrical machines MG2 connected

to the ring.

The wheel model is obtained neglecting the ”slip” and ”skid” dissipative phenomena between the

tires and the ground, assuming that the wheels are solidly connected to the chassis (no suspen-

sions) and considering only the rotation around the z axle. From the previous considerations it

is possible to define the elastic tire model using: the wheel inertia Jw to describe the dynamic of

the wheel and the wheel radius Rw, the tire longitudinal stiffness Kw and the friction coefficient

bw to describe the interaction between the tires and the ground. The total torque applied to the

wheel can be written as:

τT = τw − τb −Rw Ft

where τw is the wheel torque, τb is the braking torque and the product Rw Ft is the load vehicle

torque.

Since only the dynamic along the longitudinal direction is considered, the dynamic of the car

can be modeled considering only the mass Mv of the vehicle and the traction and resistance

forces Ft and Fr as follows:

Mvẍv = Ft − Fr

where the resistance force Fr represents the forces applied by the environment and can take into

account the air resistance, the slope of the road and other effects. Assuming a flat road only the

air resistance can be considered, in this case the resistance force Fr has the following form:

Fr = α ẋ2v,d

where α is the drag coefficient which is used to quantify the air resistance of the vehicle.
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7.2 Control Strategy

The adopted forward approach (also known as engine to wheel approach) to model the hybrid

vehicle is very useful in the control design because the real power flows through the system are

clearly put in evidence. The control strategy for the THS must be designed in two levels. The

vehicle control level governs the dynamic behavior of the vehicle while the components control

level actuates the reference signals from the vehicle control level to regulate the electrical motors

and engine operation.

Vehicle control level

This rule-based control, see [61]-[70], generates the torque references for the electric machines

τm1,d and τm2,d and for the engine τice,d starting from the estimated required power Pve and the

tracking error between the reference vehicle speed ẋv,d and real one ẋv. The estimated required

power Pve can be computed as follows:

Pve = Fv ẋv,d + Fr ẋv,d = Mvẍv,d ẋv,d + Fr ẋv,d.

Since the car moves on flat road only the air resistance must be considered, then in this case

the estimated power requirement Pve can be rewritten as:

Pve = Mvẍv,d ẋv,d + α ẋ3v,d

where α is the drag coefficient.

The aim of the control is to optimize the fuel consumption, then in the control algorithm the

optimum engine efficiency curves, shown in Fig. 7.6, are taken into account. The control should

manage also the SOC level (State Of battery Charge), but in this work batteries are not modeled

or equivalently they are considered always fully charged. Using this control the engine operates

within its optimal operating region on the torque-speed plane in which the fuel efficiency is high.

The different operation modes and conditions defined in [61] and [70] are listed below:

A Driving at low speed: the engine is off and the traction power is all given by MG2.

B Normal driving conditions: the traction power is supplied by the engine operating in its

optimal region and by the electric motor MG2, while MG1 operates as generator to supply

MG2 and/or to charge the battery (Normal energy flow).

C Boosting: during full throttle acceleration the traction power is given by the engine and

by motor MG2.

D High speed cruising: to keep the engine constantly at a low speed, where engine efficiency

is high, MG1 operates as motor and MG2 operates as generator (Energy recirculation

flow). Note that when the vehicle cruises at high velocity the fuel consumption increases
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if the engine velocity increases. Therefore it is better to keep the engine velocity constant

at low speed where the fuel consumption is low even though in this way the transmission

efficiency decreases (due to the double electromechanical conversion).

E Deceleration: the engine turns off and MG2 operates as generator recuperating the kinetic

energy. When the braking power exceeds a limit value a friction brake is activated.

Components control level

The reference torques provided by the vehicle control level are the input of the motors and

engine drives. Concerning the engine regulator, the desired torque τice,d and cannot exceed the

maximum torque τice,max for a given engine speed ωice. Therefore the engine delivers the torque:

τice = min{τice,d, τice,max}, see Fig. 7.5.

Regarding the electrical motor drives the fault-tolerant control proposed in Sec. 6.1.2 is used

to obtain the optimal current references in fault condition which provide the desired torque

(without ripple) minimizing the dissipation and satisfying the limit current.

7.3 Simulation of the THS

The models of the ICE, Planetary Gear, electric machines MG1 and MG2, transmission, vehicle

and environment forces have been implemented and masked in Matlab/Simulink environment

obtaining a block library. Each masked block contains its POG model presented in the previous

sections except to the masked blocks of the electrical motors that refer to the faulty model

proposed in Sec. 5.3.

The system architecture implemented in Simulink is shown in Fig. 7.8. It has been obtained

interconnecting the masked models like in Fig. 7.1. This ”high level” approach is very useful

because it allows to obtain also different architectures of electric and hybrid vehicles. Indeed

using the same block and modifying the system architecture one can simulate a new powertrain

dynamic model.

The orange block in Fig. 7.8 exploits the rule-based global control strategy of the vehicle and

the green ones implement the minimum dissipation fault-tolerant torque control described in

Sec. 6.1.2.

In order to show the advantages brought by the use of the multi-phase motors two different

driving situation are simulated: a normal operation and a fault operation (the open-phase fault

occurs on MG2 while it provides the traction power). Both cases are analyzed under the Extra

Urban Driving Cycle (EUDC) that represents an high speed driving mode (the average speed is

62.6 km/h) in which the vehicle covers the distance of 6956 m in 400 s.

The main parameters of the system are reported in Table I. The value of the majority of the

parameters is obtained from THS data sheets; otherwise when the value is not available it is

estimated by using physical relations.
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Figure 7.8: Simulink block scheme of the power-split HEV.
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Table I: Main parameters of the system

Planetary Gear

ring number of teeth Nr 78

sun number of teeth Ns 30

planet number of teeth Np 23

stiffness coefficients Ksc,Kcr 106 N/m

damping coefficients dsc, dcr 105 Ns/m

ring moment of inertia Jr 0.0081 kgm2

sun moment of inertia Js 1.48 10−4 kgm2

carrier moment of inertia Jc 0.0071 kgm2

friction coefficients bp, bs, bc, br 0.001 Nm s/rad

Engine

engine moment of inertia Jice 0.2596 kgm2

engine friction coefficient bice 0.001 Nm s/rad

maximum torque τmax @4000rpm 142 Nm

maximum power Pmax @5200rpm 73 kW

Electric machines

number of phases ms 5

resistance Rs1, Rs2 0.5,0.8 Ω

self induction Ls1, Ls2 8, 11 mH

mutual induction Ms1, Ms2 3, 5 mH

motors moment of inertia Jm1, Jm2 20.1, 28.1 gm2

motors friction coefficient bm1, bm2 0.001, 0.001 Nm sec/rad

Transmission

transmission ratio Rt 4.113

stiffness coefficients Kt 106 N/m

damping coefficients dt 104 Ns/m

Vehicle

vehicle mass Mv 1600 kg

wheel moment of inertia Jw 1.06 kgm2

wheel radius Rw 32.55 cm

drag coefficient α 0.254

tires longitudinal stiffness Kw 360000 N/m

longitudinal damping coefficient bw 800 kg/s
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7.3.1 Simulation in normal operation

The vehicle velocity ẋv and the required estimated power Pve are shown in Fig. 7.9. The car

starts accelerating to 70 km/h in 41 s keeping the same velocity for the following 50 s. After a

short braking followed by a cruise of 50 km/h, at 188 s the vehicle slowly accelerates to 70 km/h

in 13 s and maintains this velocity for other 50 s. Then the vehicle velocity increases to 100

km/h in 35 s remaining constant for the next 30 s, it increases again to the maximum velocity

of 120 km/h in 20 s. Finally, after the last cruise at the maximum velocity of 10 s the car stops

in 34 s and idles another 20 s. Note that a small tracking error between the desired velocity ẋvd

(green, dashed) and the vehicle one ẋv (green, solid) appears only during the acceleration and

deceleration.

The different operation modes are denoted by letters between vertical dashed lines in Fig. 7.9

where the horizontal red dashed line indicates the threshold speed for turning on the engine

(below 15 km/h the engine is off).

These different conditions can be pointed out comparing the velocities and the torques of the

planetary gear in Fig. 7.10 with the power flows into the vehicle shown in Fig. 7.11.

In mode A the vehicle is in pure electric mode then engine power Pice = 0, MG1 power Pm1 = 0

and MG2 power Pm2 > 0, see Fig. 7.11 (from 20 to 30 s).

In mode C when the vehicle is accelerating and the speed is greater than 15 km/h the ICE starts

to help the traction Pice > 0.

In mode B (normal driving) the traction power is supplied by both the engine and MG2 (i.e.

Pice > 0, Pm2 > 0), while in mode D (high speed cruising) MG1 operates as motor Pm1 > 0 and

MG2 as generator Pm2 < 0 in order to make the engine operating in its optimal region. This
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Figure 7.9: Velocity of the vehicle ẋv (green, solid) with the desired velocity ẋvd (green, dashed)

and estimated power of the vehicle Pve (green, dotted).



106 Hybrid Electric Vehicle

0 50 100 150 200 250 300 350 400
−1000

−500

0

500

0 50 100 150 200 250 300 350 400
−100

−50

0

50

100
Planetary gear torques: sun τs, carrier τc and ring τr

τ s
,
τ c

,
τ r

[N
m
]

Time [s]

Planetary gear velocities: sun ωs, carrier ωc and ring ωr

ω
s
,
ω
c
,
ω
r
[r
p
m
]

Figure 7.10: Velocities and Torques of the planetary gear: ωs and τs (red, solid), ωc and τc (blue,

dash-dotted), ωr and τr (black, dashed).

condition appears in Fig. 7.11 at 280 s and at 335 s when the car cruises at 100 km/h and 120

km/h, respectively.

In mode E (deceleration) the MG2 operates as generator Pm2 < 0 and the engine is shut down

until a new acceleration is requested. Therefore in constant speed condition after deceleration

the traction is performed by MG2 (mode A) as shown in Fig. 7.10 between 120 and 190 s where

ωc = ωice = 0 and the car cruises at 50 km/h.

In case of strong deceleration a braking torque is activated, see the braking power Pb in Fig. 7.11

at 345 s.

The zoom of Fig. 7.11 shows the stator currents waveform of MG2 in healthy condition. The

minimum dissipation torque control is used to feed the motor injecting the 1-st and the 3-rd

harmonics. Increasing, in this way, the motor torque provided by MG2.

7.3.2 Simulation in fault condition

The simulated dynamic behavior of the HEV in fault condition is shown in Fig. 7.13 to 7.16.

The simulated open-phase fault occurs at time 145 s and the fault-tolerant control is activated

at time 160 s. The delay time of 15 s is defined in order to show the dynamic behavior of the
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Figure 7.13: Velocity of the vehicle ẋv (green, solid) with the desired velocity ẋvd (green, dashed)

and estimated power of the vehicle Pve (green, dotted).

system in fault condition although in real application the fault detection time is about 1 s.

When the open-phase fault occurs on the 2-nd phase of MG2, the current Is2 falls down to zero

as shown in Fig. 7.16 and a torque ripple appears on the planetary gears torques, see the box in

Fig. 7.14 and the zoom in Fig. 7.16.

The failure does not affect the operation of the remaining windings but if the control is not mod-

ified the torque provided by MG2 decrease and a torque ripple appears, see Chap.5. Although,

as shown in the box of Fig. 7.13 and in the zoom of Fig. 7.16, these fault effects seem do not

not affect the HEV performances (the mean torque reduction is compensated by the ICE and

the ripple is filtered by the system that behave like a first-order filter) the planetary gear torque

ripple could cause severe mechanical failures. Therefore a control reconfiguration is strongly

needed.

At time 160 s when the post-fault control is applied the torque ripple disappears allowing a safely

vehicle operations. Using the minimum dissipation fault torque control proposed in in Sec. 6.1.2

the motor is fed injecting an higher order of odd harmonics modifying the stator currents wave-

form with respect to the normal operation, see Fig. 7.12 and Fig. 7.16. Note that there is a

symmetry of the healthy currents with respect to the location of the faulty phase. Moreover the

amplitude of the remaining currents increases because the MG2 motor drive should provide the

same rated power also in fault condition.
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Figure 7.14: Velocities and Torques of the planetary gear: ωs and τs (red, solid), ωc and τc (blue,

dash-dotted), ωr and τr (black, dashed).
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Figure 7.16: Zoom of the stator currents of the electric motor MG2 connected to the ring, zoom

of the planetary gear torques and zoom of the vehicle velocity.



Conclusions

In this thesis the modeling and control of multi-phase synchronous motors in healthy and faulty

conditions have been addressed.

The dynamic model of the motor has been proposed as general as possible; it holds for an

arbitrary number of star or delta connected phases and for an arbitrary shape of rotor flux.

Two different state space transformations, one real and one complex, are introduced: they

have been analyzed in detail and compared with the classical transformations known in the

literature. The proposed transformations have some important advantages with respect to

those used in the literature: they are power-invariant and they make the model equations very

compact, using a vectorial notation.

The exploitations of the POG schemes with vectorial notation has important advantages: the

model can be directly implemented in Simulink, it provides a complete and exact dynamical

description of the considered system and the model is the same whatever the number of phases

and the type of stator connection are. Therefore unlike models proposed in the literature it

should not be rebuilt when the number of phases or the type of stator connection change.

The vectorial control has been extended to multi-phase synchronous motor focusing on the

voltage and current constraints distribution. The benefits of the harmonic injection, especially

in terms of mechanical torque enhancement, have been discussed and used to propose three new

different torque controls. The control equation and the scheme have been reported, discussed

and implemented in Matlab-Simulink environment. The closed-loop simulation results of the

motor drive show the effectiveness of the proposed control laws.

In the second part of the thesis the open-phase fault condition of multi-phase synchronous

motors has been covered. Two different models of the multi-phase synchronous motor under

open phase fault condition have been proposed. These models provide a good trade-off between

the model accuracy and the simulation time because in these models the failure has been

simulated with an additional voltage instead of using a variable resistance. Moreover the faults

can occur at any phases: they can happen on one single phase or more than one phase (both

adjacent and non-adjacent phases can be simulated). These models have been implemented in

Simulink, creating a block library, and the simulation results have highlighted the undesired

effects on the motor torque due to the faults.
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A deep study on the open-phase constraint has allowed to extend the minimum dissipation

torque control also to the case of faulty condition. Some post-fault controls have been proposed

to compensate the fault effects by using only the remaining healthy phases; in this way the

multi-phase motor continues to operate safely (generating the same desired torque without

ripple) under a phase-fault without any additional hardware connections. The main advantage

of the proposed controls compared to the others in the literature is that the maximum current

limit can be easily taken into account. This is a very important feature because it allows to

set the maximum current supportable by the inverter switches and by the motor, thus avoiding

any further failures.

Finally, the advantages brought by the use of this type of motors in an electric and hybrid

vehicles have been investigated referring to the Toyota Hybrid System. The dynamic models

of the main subsystems composing the powertrain (i.e. planetary gear, engine, multi-phase

motors etc..) have been obtained using the Power-Oriented Graphs modeling technique.

Then the dynamic model of the whole powertrain has been implemented in Matlab/Simulink

Environment by interconnecting the models of these main subsystems that interact each other

through their power ports. This model is suitable to simulate the dynamic behavior of the

vehicle in all the operating conditions. The simulation results of the proposed hybrid vehicle

have shown the fault tolerant capability of multi-phase motor drives and the possibility to

enhance the motor torque by injecting a higher order of stator current harmonics. These aspects

make the multi-phase synchronous machines suitable for Electric and Hybrid Electric Vehicles

where reliability and power density are very important issues.

The ”high level” approach adopted in the modeling proposed in this dissertation allows

to simulate also different electric and hybrid architectures. Therefore the work presented in

this thesis is the starting point for future studies on new architectures of electric and hybrid

vehicles which exploit the advantages brought by the use of the multi-phase synchronous motors.

Moreover new and safer control strategies will be designed starting from the knowledge of the

dynamic behavior of the vehicle and of all subsystems constituting it.



Appendix A

Power Oriented Graphs modeling

technique

Complex physical systems are usually composed by the connection of simple physical elements

that can store and/or dissipate energy and interact each other by the power flow. Therefore

among all the modeling techniques, the energy-based ones seem to be the best choice because

they describe the main energetic domains using the power interaction between subsystems as

the basic concept for modeling. Several graphical tools such as: Power-Oriented Graphs (POG)

[20]-[21], Bond Graphs (BG) [82]-[84], Causal Ordering Graph (COG) [85], Energetic Macro-

scopic Representation (EMR) [86]- [88] have been proposed in the past years. Each one has own

advantages and drawbacks and it is compared with the others in [89]-[91].

Since the POG block schemes are easy to use, easy to understand and can be directly imple-

mented in Simulink then they are exploited in this dissertation .

A.1 System modeling using power variables

The main energetic domains encountered in modeling physical systems are the electrical, the

mechanical (translational and rotational) and the hydraulic. Each energetic domains is charac-

terized by 3 different types of physical elements PE: 2 dynamic elements De and Df which store

the energy and 1 static element R which dissipates, see Fig. A.1.

The dynamic elements De and Df are shown in Fig. A.2, they are based on the integral causality

because the derivative causality is not physically realizable and it is not useful in simulation.

Therefore although the derivative causality model is still a correct mathematical model of the

PE it is not used in the POG technique.

As shown in Fig. A.2 the system dynamics can be described using: the energy variables qe and

qf and the power variables ve and vf . The energy variables define how much energy is stored

within the dynamic elements, while the power variables describe how the energy moves within
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Electrical Mech. Tras. Mech. Rot. Hydraulic

De C Capacitor M Mass J Inertia CI Hyd. Capacitor

qe Q Charge p Momentum p Ang. Momentum V Volume

Across-Var. ve V Voltage v Velocity ω Ang. Velocity P Pressure

Df L Inductor E Spring E Spring LI Hyd. Inductor

qf φ Flux x Displacement θ Ang. Displacement φI Hyd. Flux

Trough-Var. vf I Current F Force τ Torque Q Volume flow rate

R R Resistor b Friction b Ang. Friction RI Hyd. Resistor

Figure A.1: The main energetic domains: the physical elements De, Df and R; the energy

variables qe, qf ; the power variables ve, vf .
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Figure A.2: Dynamic structure of the physical element PE: Dynamic elements De and Df and

Static element R.

the system.

Considering the dynamic element De one observes how the internal variable qe(t) is linked to the

input and output variables vf (t) and ve(t) by the differential equation q̇e(t) = vf (t) and by the

constitutive relation qe = Φe(ve), respectively. Moreover the energy Ee stored in the dynamic

element De is function only of the internal energy variable qe:

Ee=

∫ t

0
ve(t) vf (t) dt=

∫ qe

0
Φ−1
e (qe) dqe=Ee(qe).

Each Physical Element (PE) has two terminals (denoted 1 and 2 in Fig. A.2) and the value of

the power P flowing through the section is the product of the two power variables ve(t) and

vf (t): P (t) = ve(t) vf (t). The power variables can be divided into two groups:

1) the “across-variables” (i.e. voltage Vp, velocity ẋp, angular velocity ωp and pressure Pp) which

are defined “between two points P and 0” of the space:

Vp

P

0

ẋp

P

0

P

0

ωp
Pp

P

0

2) The “trough-variables” (i.e. current Ip, force Fp, torque τp and volume flow rate Qp) which

are defined “in each point P” of the space:

P

Ip

P

Fp

P
τp

P

Qp
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Figure A.3: The two different power connection of Physical Elements (PE) with the external

world and the four types of connections of two physical elements PE1 and PE2

Each Physical Element (PE) interacts with the external world by means of its power section and

it can be connected only in two ways: in series or in parallel. A Physical Element is connected

in series when its terminals share the same through-variable vf , while it is connected in parallel

when its terminals share the same across-variable ve, see Fig. A.3. The three different POG

graphical representations of a PE connected in series or in parallel are shown in Fig. A.3. Note

that it is possible to pass from one representation to the others inverting one of the input-output

path.

Fig. A.3 shows also the the four possible ways of connecting two physical elements PE1 and

PE2; when two power sections are connected, a feedback loop always arises in the POG graphical

representation of the system.

A.2 The Power-Oriented Graphs technique

The Power-Oriented Graphs is modeling technique is based on the previous concepts regarding

the system modeling using energetic approach and it is particularly suitable for modeling dy-

namic physical systems, see [20]-[21], [80]-[81] and [90]-[92].

The POG block schemes are normal block diagrams combined with a particular modular struc-

ture essentially based on the use of the two blocks: the elaboration block (e.b.) and the connection

block (c.b.).
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Figure A.4: POG basic blocks and variables: a) elaboration block, b) connection block, c) POG

block scheme of a generic dynamic system.

The e.b., shown in Fig. A.4.a describes all the physical elements that stores and/or dissipates

energy (i.e. springs, masses, dampers, capacities, inductances, resistances, etc.). The circle in

the e.b. is a summation element and the black spot represents a minus sign that multiplies the

entering variable.

The c.b., shown in and Fig. A.4.b, describes all the physical elements that redistributes the

power within the system without storing nor dissipating energy (i.e. any type of gear reduction,

transformers, etc.). Therefore the c.b. transforms the power variables satisfying the constraint

x∗
1y1 = x∗

2y2

The e.b. and the c.b. are suitable for representing both scalar and vectorial systems. In the

vectorial case, G(s) and K are matrices: G(s) is always a square matrix composed by positive

real transfer functions, while matrix K can also be rectangular.

The main feature of the Power-Oriented Graphs is to keep a direct correspondence between

the dashed sections of the graphs and real power sections of the modeled systems: the scalar

product x∗y of the two power variables vectors x and y involved in each dashed line of a POG,

see Fig. A.4, has the physical meaning of power flowing through that section.

Another important property of the POG technique is the direct correspondence between the

POG schemes and the corresponding state space dynamic equations. For example, the POG

scheme shown in Fig. A.6 can be represented by the state space equations (A.1) where the energy

matrix L is symmetric and positive definite: L = L∗ > 0.

Using a “congruent” transformation x = Tz the dynamic model (A.1) can be transformed into

system (A.2) where: L = TTLT, A = TTAT, B = TTB, C = CT and D = D. Otherwise,

when the matrix T is time-varying, an additional term TTLṪz appears in the transformed sys-

tem. When an eigenvalue of matrix L tends to zero (or to infinity), system (A.1) degenerates

towards a lower dimension dynamic system. In this case the reduced and transformed system

can be obtained using a “rectangular” matrix T.

Assuming an invertible matrix D the POG scheme of Fig. A.4.c can also be easily input-output

inverted, both graphically and mathematically, as shown in Fig. A.5. Details of how the POG
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Figure A.5: POG block scheme of the input-output inverted system.

systems can be reduced, transformed and “input-output inverted” can be found in [92].

It can be easily shown that when D = 0 it follows that C = B∗ and the POG systems can be

represented as shown in Fig. A.6. For such a system, the energy Es stored in the system and

the dissipating power Pd are quadratic functions of matrices L and As, respectively:

Es =
1

2
x∗Lx, Pd = x∗ As x

where As = (A+A∗)/2 is the symmetric part of the power matrix A. The skew-symmetric part

Aw = (A−A∗)/2 of the power matrix A represents the power redistribution within the system

“without losses”, i.e. Pd = x∗Aw x = 0. Indeed one can easily verify that all the dissipating

parameters of the system appear only in matrix As, while matrix Aw is completely characterized

by all the connection parameters.

Finally the POG schemes always satisfy the following graphical rules:

1) All the loops of a POG scheme always contains an “odd” number of minus signs (i.e. of the

black spots in the summation elements). This rule is a direct consequence of the fact that in the

POG schemes a loop always appears when two physical elements are connected, see Fig.A.7 and

this loop contains at least one “minus sign” for letting the powers flows have the same positive

direction.

2) Chosen two generic points A and B of a POG scheme, all the paths that go from A to B

u

y � �B∗

- B - - �

?

L-1

?
1
s

?
x

� -

�

A

6

6

-

{
L ẋ = −Ax+Bu

y = B∗x
(A.4)

Figure A.6: POG scheme of a dynamic system with D = 0 in the complex domain.
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Figure A.7: POG modeling of an electrical RC circuit.

contain either an “odd” number or an “even” number of minus signs. This rule follows directly

from rule 1.

3) The direction of the power flowing through a section is positive if an “even” number of minus

signs is present along one of the paths linking the input and the output of the section.

Let us consider, fore example, the POG modeling of an electrical RC circuit, shown in Fig. A.7,

where the C and R physical elements are described by two POG elaboration blocks. There is a

direct correspondence between physical power sections and dashed sections in the POG model

and the summation elements present in the elaboration blocks are a mathematical description

of the current and voltage Kirchhoff’s laws applied to the considered electrical system.

The positive power flows from left to right because the path that goes from B to A contains

“zero” minus signs (i.e. an even number). The same result can be obtained considering the left

part of section 2 : the power flows from left to right because the path that goes from A to B

contains “one” minus sign (i.e. an odd number). It is evident that rule 3) makes “optional”, in

the POG scheme, the use of the power arrow “ ” drawn in the vicinity of the power sections:

this direction can always be determined by direct inspection of the POG scheme.



Appendix B

Notations

The matrices and vectors in this thesis are identified by the following subscripts:

- “ t” refers to the fixed reference frame Σt.

- “ ω” refers to the rotating reference frame Σω where also the last ms-th differential equation is

used.

- “ ω” refers to the rotating reference frame Σω in a star-connected motor.

Moreover the complex matrices and vectors are defined by the hat . Given a complex matrix A,

the conjugate matrix is denoted by A
◦
, the transpose matrix by A

T
and the conjugate transpose

matrix by A
∗
. Therefore the following relations hold: A

∗
= (A

◦
)T = (A

T
)◦.

The symbols 1 and 0 are used to represent a ones and zeros block matrices of proper dimensions.

The full and diagonal matrices are denoted by the following notations:

i j

|[Ri,j ]|
1:n 1:m

=




R11 R12 · · · R1m

R21 R22 · · · R2m

...
...

. . .
...

Rn1 Rn2 · · · Rnm



,

i

|[Ri ]|
1:n

=




R1

R2

. . .

Rn



.

From these definition it follows that the column and row matrices can be expressed as:

i

|[Ri ]|
1:n

=




R1

R2

...

Rn



,

i

|[Ri ]|
1:n

=
[
R1 R2 · · · Rn

]
.

The symbol
∑b

n=a:d cn = ca + ca+d + ca+2d + . . . is used to represent the sum of a succession of

numbers cn where the index n ranges from a to b with increment d, that is, using the Matlab
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symbology, n = [a : d : b]. Using the previous notations one can represent, for example, the

following matrix:

i j

|[ Ri,j ]|
1:a:n 1:b:m

=




R11 R1b · · · R1m

Ra1 Rab · · · Ram

...
...

. . .
...

Rn1 Rnb · · · Rnm



,

i j

|[ Ri,j ]|
1:2:6 3:3:11

=




R13 R16 R19

R33 R36 R39

R53 R56 R59


 .

The symbol δ(n)|mk is used to represent the following function:

δ(n)|mk =





1 for n ∈ [k, k ±m, k ± 2m, k ± 3m, . . .]

0 otherwise

where n, k and m are integer parameters.



Appendix C

Mathematical Details

C.1 Sum of balanced vectors

The following relation about the sum of balanced vectors holds:

k∑

n=h

ejnγ =
sin(k−h+1

2 γ)

sin(γ2 )
ej

k+h
2

γ (C.1)

for h, k ∈ Z with h ≤ k and γ ∈ R with γ 6= 0.

The complex numbers ej nγ are two-dimensional equidistant vectors with unit modulus and phase

ϕ = n γ. As shown in Fig. C.1 all points belong on a circle of center C and radius R where the

displacement between the point is function of n.

Therefore the result of summation can be obtained rotating the vector v of an angle function of

the lower and the upper bound h and k of summation, see zoom of Fig. C.1.
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Figure C.1: Sum of ms = 9 balanced vectors in the complex plane.
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Consequently, the (C.1) can be be proved as follows:

k∑

n=h

ejnγ = ejhγ
k−h∑

n=0

ejnγ = ejhγ
(
C +Re−jϑ ej(k−h)γ

)

where the radius R, the center C and the angle ϑ are:

R =
1

2 sin
(γ
2

) , C =
1

2
+ jR cos

(γ
2

)
= Rejϑ , ϑ =

π − γ

2
.

Substituting, one obtains:

k∑

n=h

ejnγ = ejhγ
(
Rej(

π
2
− γ

2
) +Rej(

γ
2
−π

2
)ej(k−h)γ

)

= ejhγej(k−h)γ
2R

(
ej(

π
2
− γ

2
)e−j(k−h)γ

2 + e−j(π
2
− γ

2
)ej(k−h)γ

2

)

= ejhγej(k−h)γ
2

1

2 sin
(γ
2

)
(
ej((k−h+1)γ

2
−π

2 ) + e−j((k−h+1)γ
2
−π

2 )
)

= ejhγej(k−h)γ
2
cos
(
(k − h+ 1)γ2 − π

2

)

sin
(γ
2

)

= ej(k+h)γ
2
sin
(
k−h+1

2 γ
)

sin
(γ
2

)

When γ = απ with α ∈ 2Z (i.e. γ = 0, ±2π, ±4π..) one obtains an indeterminate form:

k∑

n=h

ejnγ = lim
γ→0

sin(k−h+1
2 γ)

sin(γ2 )
ej

k+h
2

γ = k − h+ 1 (C.2)

that it the sum of k−h+1 real vectors with unit modulus. Otherwise when γ 6= απ with α ∈ 2Z
the sum of balanced vectors is equal to zero if and only if:

k∑

n=h

ejnγ =
sin(k−h+1

2 γ)

sin(γ2 )
ej

k+h
2

γ = 0 ⇔ k − h+ 1 =
2π

γ
+ απ with α ∈ Z (C.3)

From (C.1), (C.3), and (C.2), the following relation holds:

ms−1∑

n=0

ejnγs(r−p)

︸ ︷︷ ︸
=ms if r−p=0,±ms..

= msδ(r)|ms
p (C.4)

for γs =
2π
ms

and m ∈ N .

Indeed when r − p = 0,±ms.. the phase ϕ = j n γs (r − p) = απ with α ∈ 2Z, and one obtains

the sum of ms real vectors with unit modulus that is equal to zero from (C.2). In all other cases

the relation (C.3) is satisfied and one obtains the sum of all balanced vectors that is equal to

zero. The (C.4) will be used for the calculation in the following Appendixes.
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C.2 Mathematical calculations of Sec. 2.2.2

The expression of coupling matrix ωJs reported in (2.17), has been obtained from the following

passages:

ωJs=
tT

∗
ω
tṪω =

1

ms




k h∣∣[ e−j k (θ−hγs)
]∣∣

1:2:ms−2 0:ms−1

h

|[ 1 ]|
0:ms−1







h n∣∣[ jnωejn(θ−hγs)
]∣∣

0:ms−1 1:2:ms−2

h

|[ 0 ]|
0:ms−1




=
1

ms




k n∣∣∣∣∣∣∣∣∣∣∣



jnωe−jθ(k−n)

ms−1∑

h=0

ejhγs(k−n)

︸ ︷︷ ︸
=ms if k−n=0,±ms..




∣∣∣∣∣∣∣∣∣∣∣
1:2:ms−2 1:2:ms−2

0

n∣∣∣∣∣∣∣∣∣∣



jnωejθn

ms−1∑

h=0

ejnhγs

︸ ︷︷ ︸
=0




∣∣∣∣∣∣∣∣∣∣
1:2:ms−2

0




=




k

|[ jkp ωm ]|
1:2:ms−2

0

0 0




The expression of transformed inductance matrix ωLs reported in (2.18), has been obtained

using the complex matrix tTω as follows:

ωLs=
tT

∗
ω
tLs

tTω = Ls0Ims +
tT

∗
ω Ms0

i h∣∣∣∣∣

[
ms−2∑

n=1:2

aMn cos(n (i− h)γs)

]∣∣∣∣∣
1:ms 1:ms

tTω

= Ls0Ims +
Ms0

2
tT

∗
ω

i h∣∣∣∣∣

[
ms−2∑

n=1:2

aMn

(
ej n (i−h)γs + e−j n (i−h)γs

) ]∣∣∣∣∣
0:ms−1 0:ms−1

tTω

p

= Ls0Ims +
Ms0

√
ms

2
tT

∗
ω




h k∣∣∣∣∣∣


ejkθ

ms−2∑

n=1:2

aMne
−jnhγs δ(k)|ms

n



∣∣∣∣∣∣

0:ms−1 1:2:ms−2

0



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ωLs= Ls0Ims+
Ms0

2




l h∣∣∣
[
e−jlθejhlγs

]∣∣∣
1:2:ms−2 0:ms−1

h∣∣∣
[
1
]∣∣∣

0:ms−1







h k∣∣∣∣∣∣


ejkθ

ms−2∑

n=1:2

aMne
−jnhγs δ(k)|ms

n



∣∣∣∣∣∣

0:ms−1 1:2:ms−2

0




= Ls0Ims+
Ms0

2




l k∣∣∣∣∣∣∣∣∣∣∣



e−jθ(l−n)

ms−2∑

n=1:2

ms−1∑

h=0

aMn e
jhγs(l−n) δ(k)|ms

n

︸ ︷︷ ︸
=ms if l−n=0,±ms..




∣∣∣∣∣∣∣∣∣∣∣
1:2:ms−2 1:2:ms−2

0

0 0




= Ls0Ims+ms
Ms0

2




l k∣∣∣∣∣

[
ms−2∑

n=1:2

aMn δ(l)|ms
n δ(k)|ms

n

]∣∣∣∣∣
1:2:ms−2 1:2:ms−2

0

0 0




=




k∣∣∣
[
Ls0 +

ms

2
Ms0ak

]∣∣∣
1:2:ms−2

0

0 0


 =

[
ωLs 0

0 Ls0

]

where the two submatrices in the passage (p) are obtained substituting the transformation matrix
tT̂ω and calculating the matrix product. The zero vector is obtained as:

i h∣∣∣∣∣∣




ms−2∑

n=1:2

aMn

(
ej n (i−h)γs+e−j n (i−h)γs

)


∣∣∣∣∣∣

0:ms−1 0:ms−1

h∣∣∣∣∣∣


 1



∣∣∣∣∣∣

0:ms−1

=

=

i k∣∣∣∣∣∣∣∣∣∣




ms−2∑

n=1:2

ms−1∑

h=0

aMn e
jniγse−jhkγs

︸ ︷︷ ︸
=0

+

ms−2∑

n=1:2

ms−1∑

h=0

aMn e
−jniγsejhkγs

︸ ︷︷ ︸
=0




∣∣∣∣∣∣∣∣∣∣
0:ms−1 1:2:ms−2

= 0
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and the second submatrix is computed using (C.4) in the matrix product:

i h∣∣∣∣∣∣




ms−2∑

n=1:2

aMn

(
ej n (i−h)γs+e−j n (i−h)γs

)


∣∣∣∣∣∣

0:ms−1 0:ms−1

h k∣∣∣∣∣∣


 ejkθ e−jhkγs



∣∣∣∣∣∣

0:ms−1 1:2:ms−2

=

=

i k∣∣∣∣∣∣∣∣∣∣



ejkθ

ms−2∑

n=1:2

ms−1∑

h=0

aMn e
jniγse−jhγs(k+n)

︸ ︷︷ ︸
=0

+ ejkθ
ms−2∑

n=1:2

ms−1∑

h=0

aMn e
−jniγse−jhγs(k−n)




∣∣∣∣∣∣∣∣∣∣
0:ms−1 1:2:ms−2

=

=

i k∣∣∣∣∣∣∣∣∣∣∣



ejkθ

ms−2∑

n=1:2

aMn e
−jniγs

ms−1∑

h=0

e−jhγs(k−n)

︸ ︷︷ ︸
=ms if k−n=0,±ms..




∣∣∣∣∣∣∣∣∣∣∣
0:ms−1 1:2:ms−2

= ms

i k∣∣∣∣∣

[
ejkθ

ms−2∑

n=1:2

aMn e
−jniγsδ(k)|ms

n

]∣∣∣∣∣
0:ms−1 1:2:ms−2

The transformed current vector ωIs =
tT

∗
ωN

tIs in (2.19) has the following structure:

ωIs =

√
2

ms




k h∣∣[ e−j k (θ−h γs)
]∣∣

1:2:ms−2 0:ms−1

h∣∣∣
[

1√
2

]∣∣∣
0:ms−1




h

|[ Ish ]|
1:ms

=

√
2

ms




k∣∣∣∣∣

[
e−j k θ

ms∑

h=1

Ishe
j k (h−1)γs

]∣∣∣∣∣
1:2:ms−2

1√
2

ms∑

h=1

Ish




=

=




k∣∣[ ωIsk
]∣∣

1:2:ms−2

ωIsms


 =




k∣∣∣
[
Idk + j Iqk

]∣∣∣
1:2:ms−2

ωIsms


 =




ωIs

ωIsms




and the transformed voltage vector ωVs (2.20) has the same structure of the current one:

ωVs=

√
2

ms




k∣∣∣∣∣

[
e−j k θ

ms∑

h=1

Vshe
j k (h−1)γs

]∣∣∣∣∣
1:2:ms−2

1√
2

ms∑

h=1

Vsh




=




k∣∣[ ωV sk

]∣∣
ms−2:−2:1

ωV sms


=




k

|[ Vdk + j Vqk ]|
1:2:ms−2

ωV sms


=




ωVs

ωV sms



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The transformed torque vector ωKτN (θ) = tT
∗
ωNKτ (θ) in (2.21) has been obtained as follows:

ωKτN (θ) = − p ϕc

j
√
2 ms




k h∣∣[ e−j k (θ−hγs)
]∣∣

1:2:ms−2 0:ms−1

h∣∣∣
[

1√
2

]∣∣∣
0:ms−1




h∣∣∣∣∣

[ ∞∑

n=−∞;1:2

n an e
j n(θ−hγs)

]∣∣∣∣∣
0:ms−1

=
j p ϕc√
2 ms




k∣∣∣∣∣

[ ∞∑

n=−∞;1:2

n an

ms−1∑

h=0

e−j k (θ−hγs)ej n(θ−hγs)

]∣∣∣∣∣
1:2:ms−2

1√
2

∞∑

n=−∞;1:2

n an

ms−1∑

h=0

ej n(θ−hγs)




=
j p ϕc√
2 ms




k∣∣∣∣∣∣∣∣




∞∑

n=−∞;1:2

n ane
−j θ(k−n)

ms−1∑

h=0

ej hγs(k−n)

︸ ︷︷ ︸
=ms if k−n=0,±ms..




∣∣∣∣∣∣∣∣
1:2:ms−2

1√
2

∞∑

n=−∞;1:2

n an e
j n θ

ms−1∑

h=0

e−j n hγs

︸ ︷︷ ︸
=ms ifn=0,±ms..




=
j p ϕc√
2 ms




k∣∣∣∣∣

[ ∞∑

n=−∞;1:2

n ane
−j θ(k−n)ms δ(n)|ms

k

]∣∣∣∣∣
1:2:ms−2

1√
2

∞∑

n=−∞;1:2

n an e
j n θ ms δ(n)|ms

0




= j ϕc p

√
ms

2




k∣∣∣∣∣

[ ∞∑

n=−∞;k:2ms

n ane
−j θ(k−n)

]∣∣∣∣∣
1:2:ms−2

1√
2

∞∑

n=−∞;ms:2ms

n an e
j n θ




Operating a change of variable n̄ = n−k and renaming n̄ with n:

∞∑

n=−∞;k:2ms

n̄ = n− k → n = n̄+ k
∞∑

n̄+k=−∞;k:2ms

∞∑

n̄=−∞;0:2ms
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the transformed torque vector ωKτN is rewritten as follows:

ωKτN (θ) = j ϕc p

√
ms

2




k∣∣∣∣∣

[ ∞∑

n=−∞;0:2ms

(n+ k) an+k e
j θ n

]∣∣∣∣∣
1:2:ms−2

1√
2

∞∑

n=−∞;ms:2ms

n an e
j n θ




Since a−k = ak for real function, one obtains:

ωKτN (θ) = jpϕc

√
ms

2




k∣∣∣∣∣

[ ∞∑

n=0:2ms

(n+k) an+k e
jθn−(n−k) an−k e

−jθn

]∣∣∣∣∣
1:2:ms−2

1√
2

∞∑

n=ms:2ms

nan(e
jnθ − e−jnθ)




.

The transformed torque vector ωKτN is constant (not function of the electric angle θ) if and

only if the following relations hold:

(n+ k) an+k 6= 0 if n = 0 and k ∈ {1 : 2 : ms − 2} (C.5)

Therefore, when the normalized rotor flux has the structure:

φ̄(θ) =

ms−2∑

i=1:2

ai cos(i θ)

the transformed torque vector ωKτN is constant:

ωKτN (θ) = ωKτN = jpϕc

√
ms

2




k∣∣∣
[

kak

]∣∣∣
1:2:ms−2

0



.



128 Mathematical Details

C.3 Mathematical calculations for Sec. 2.2.3

The transformation matrix ωTω which links together the dynamic systems Sω and Sω is related

to matrices tTω and tTω as follows:

ωTωN = tTT
ω
tTωN

=
2

ms




k h∣∣∣∣∣∣




cos(k(hγs − θ))

sin(k(hγs − θ))



∣∣∣∣∣∣

1:2:ms−2 0:ms−1

h∣∣∣
[

1√
2

]∣∣∣
0:ms−1







h k∣∣[ ejk(θ−hγs)
]∣∣

0:ms−1 1:2:ms−2

h∣∣∣
[

1√
2

]∣∣∣
0:ms−1




=

√
2

ms




k l∣∣∣∣∣∣∣∣∣∣




ms−1∑

h=0

cos(k(hγs − θ)) ejl(θ−hγs)

ms−1∑

h=0

sin(k(hγs − θ)) ejl(θ−hγs)




∣∣∣∣∣∣∣∣∣∣
1:2:ms−2 1:2:ms−2

k∣∣∣∣∣∣∣∣∣∣




ms−1∑

h=0

cos(k(hγs − θ))

ms−1∑

h=0

sin(k(hγs − θ))




∣∣∣∣∣∣∣∣∣∣
1:2:ms−2

l∣∣∣∣∣

[
ms−1∑

h=0

1√
2
ejl(θ−hγs)

]∣∣∣∣∣
1:2:ms−2

ms

2




=
2

ms




k l∣∣∣∣∣∣∣




ms

2
δ(l)|ms

k

−j
ms

2
δ(l)|ms

k




∣∣∣∣∣∣∣
1:2:ms−2 1:2:ms−2

k∣∣∣∣∣∣




0

0



∣∣∣∣∣∣

1:2:ms−2

l

|[ 0 ]|
1:2:ms−2

ms

2




=




k l∣∣∣∣∣∣




δ(l)|ms

k

−j δ(l)|ms

k



∣∣∣∣∣∣

1:2:ms−2 1:2:ms−2

0

0 1



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Indeed, using the (C.4) one obtains:

ms−1∑

h=0

cos(k(hγs − θ)) ejl(θ−hγs) =
ms−1∑

h=0

ejk(hγs−θ) ejl(θ−hγs) + e−jk(hγs−θ) ejl(θ−hγs)

2

=
e−j(k−l)θ

2

ms−1∑

h=0

ej h (k−l)γs +
ej(k+l)θ

2

ms−1∑

h=0

e−j h (k+l)γs

=
ms

2
δ(l)|ms

k

ms−1∑

h=0

sin(k(hγs − θ)) ejl(θ−hγs) =

ms−1∑

h=0

ejk(hγs−θ) ejl(θ−hγs) − e−jk(hγs−θ) ejl(θ−hγs)

2j

=
e−j(k−l)θ

2j

ms−1∑

h=0

ej h (k−l)γs − ej(k+l)θ

2j

ms−1∑

h=0

e−j h (k+l) γs

=
ms

2j
δ(l)|ms

k = −j
ms

2
δ(l)|ms

k

C.4 Mathematical calculations for Sec. 4.1

Let us now consider the case of current stator vectors tIs composed by the first (ms − 1)/2

harmonics:

tIs =

ms−2∑

k=1:2

h

|[Imk cos(kθ − k(θik + hγs)) ]|
0:ms−1

=

ms−2∑

k=1:2

h∣∣∣∣
[
Imk

2

(
ej k(θ−θik−hγs) − e−j k(θ−θik−hγs)

) ]∣∣∣∣
0:ms−1

where Imk are the amplitude of the balanced current harmonic of order k and θik is proper

initial phase shifts. The expression of the transformed current vector ωIs =
tT

∗
ωN

tIs reported

in (4.3) has been obtained from the following passages:

ωIs =

√
2

ms




k h∣∣[ e−j k (θ−hγs)
]∣∣

1:2:ms−2 0:ms−1

h∣∣∣
[

1√
2

]∣∣∣
0:ms−1




h∣∣∣∣∣

[
ms−2∑

l=1:2

Iml

2

(
ej l(θ−θil−hγs) − e−j l(θ−θil−hγs)

) ]∣∣∣∣∣
0:ms−1

=

=

√
2

ms

Imk

2




k∣∣∣∣∣

[
ms−1∑

h=0

ms−2∑

l=1:2

e−j k (θ−h γs)
(
ej l(θ−θil−hγs) − e−j l(θ−θil−hγs)

) ]∣∣∣∣∣
1:2:ms−2

ms−1∑

h=0

ms−2∑

l=1:2

1√
2

(
ej l(θ−θil−hγs) − e−j l(θ−θil−hγs)

)




=
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ωIs =

√
2

ms

Imk

2




k∣∣∣∣∣∣∣∣∣∣∣




ms−2∑

l=1:2

ej(l−k) θe−jlθil

ms−1∑

h=0

e−j(l−k)hγs

︸ ︷︷ ︸
=ms if l−k=0,±ms,..

−
ms−2∑

l=1:2

e−j(l+k) θejlθil
ms−1∑

h=0

ej(l+k)hγs

︸ ︷︷ ︸
=0




∣∣∣∣∣∣∣∣∣∣∣
1:2:ms−2

ms−2∑

l=1:2

1√
2
ej l(θ−θil)

ms−1∑

h=0

e−j lhγs

︸ ︷︷ ︸
=0

−
ms−2∑

l=1:2

1√
2
e−j l(θ−θil)

ms−1∑

h=0

ej lhγs

︸ ︷︷ ︸
=0




=

√
2

ms

Imk

2




k∣∣∣∣∣

[
ms−2∑

l=1:2

ej(l−k) θe−jlθilmsδ(l)|ms

k

]∣∣∣∣∣
1:2:ms−2

0



=

√
ms

2




k∣∣∣
[
Imke

−jkθik
]∣∣∣

1:2:ms−2

0


 .

When the motor is star-connected the last column of matrix tTωN can be eliminated. In this

case matrix tTωN reduces to the rectangular matrix tTω and the transformed current vector
ωIs reduces to ωIs as follows:

ωIs =

√
ms

2

k∣∣∣
[
Imke

−jkθik
]∣∣∣

1:2:ms−2

It is possible to obtain the same result considering the balanced voltage stator vectors tVs

composed by the first (ms − 1)/2 harmonics:

tVs =

ms−2∑

k=1:2

h

|[Vmk cos(kθ − k(θvk + hγs)) ]|
0:ms−1

=

ms−2∑

k=1:2

h∣∣∣∣
[
Vmk

2

(
ej k(θ−θvk−hγs) − e−j k(θ−θvk−hγs)

) ]∣∣∣∣
0:ms−1

where Vmk are the amplitude of the balanced current harmonic of order k and θvk is proper

initial phase shifts. The transformed voltage vectors ωVs =
tT

∗
ωN

tVs reported in (4.4) has the

following structure:

ωVs =

√
ms

2




k∣∣∣
[
Vmke

−jkθvk
]∣∣∣

1:2:ms−2

0



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C.5 Mathematical calculations for Sec. 5.3

C.5.1 Example: 5-phase motor

Let consider the example of a 5-phase motor where a first failure occurs at time t1 at the phase

i = 2 and a second failure occurs at time t2 > t1 at the phase j = 4. The transformation

matrices tTc,
f1Tc and

f2Tc have the following structure:

tTc=




1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

−1 −1 −1 −1



, f1Tc=




1 0 0

0 0 0

0 1 0

0 0 1



, f2Tc=




1 0

0 0

0 1

0 0



.

The transformed system (5.22) can be written explicitly as:



















L11L12L13L14

L12L22L23L13

L13L23L22L12

L14L13L12L11





































İs1

İs2

İs3

İs4



















=−



















2Rs Rs Rs Rs

Rs 2Rs Rs Rs

Rs Rs 2RsRs

Rs Rs Rs 2Rs





































Is1

Is2

Is3

Is4



















−



















Es1−Es5

Es2−Es5

Es3−Es5

Es4−Es5



















+



















Vs1−Vs5

Vs2−Vs5

Vs3−Vs5

Vs4−Vs5



















. (C.6)

When t1 ≤ t ≤ t2, using the congruent transformation f1Is=
f1Tc

cIs one obtains the following

reduced system:




L11 L13 L14

L13 L22 L12

L14 L12 L11




︸ ︷︷ ︸
f1Ls



İs1

İs3

İs4




︸︷︷︸
f1 İs

=−




2Rs Rs Rs

Rs 2Rs Rs

Rs Rs 2Rs




︸ ︷︷ ︸
f1Rs




Is1

Is3

Is4




︸︷︷︸
f1Is

−




Es1−Es5

Es3−Es5

Es4−Es5




︸ ︷︷ ︸
f1Es

+




Vs1−Vs5

Vs3−Vs5

Vs4−Vs5




︸ ︷︷ ︸
f1Vs

which is obtained from the previous one eliminating the 2nd row and the 2nd column. The time

derivative f1İs of the current vector necessary to calculate the voltage f1V2 defined in (5.27) can

be obtained using equation (5.28). The voltage f1V2 has the following structure:

f1V2 =




0

1

0

0




T







L11 L12 L13 L14

L12 L22 L23 L13

L13 L23 L22 L12

L14 L13 L12 L11







1 0 0

0 0 0

0 1 0

0 0 1







İs1

İs3

İs4


+




2Rs Rs Rs Rs

Rs 2Rs Rs Rs

Rs Rs 2Rs Rs

Rs Rs Rs 2Rs







1 0 0

0 0 0

0 1 0

0 0 1







Is1

Is3

Is4


+




Es1−Es5

Es2−Es5

Es3−Es5

Es4−Es5



−




Vs1−Vs5

Vs2−Vs5

Vs3−Vs5

Vs4−Vs5







Note that the matrix product between the transformation matrix f1Tc with the current vector
f1Is and its time derivative f1 İs are equal to vectors where the 2-nd component is zero. Since

the 2-nd vector of the standard basis e42 select the 2-nd component of the corresponding right
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vector, one obtains:

f1V2 = (e42)
T

[
cLs

f1Tc
f1 İs+

cRs
f1Tc

f1Is+
cEs−cVs

]

= L12İs1 + L13İs3 + L13İs4 +RsIs1 +RsIs3 +RsIs4 + Es2 − Es5 − Vs2 + Vs5.

The vector cVFs to be added to system (5.22) is: cVFs =
[
0 f1V2 0 0

]T
. In this case equation

(5.25) is: L22
cİs2 = −2Rs

cIs2 and the condition cIs2 = Is2 = 0 is reached with an exponential

law and a settling time Ta=3L22/2Rs.

When t > t2 the reduced system (5.26) is:
[
L11 L13

L13 L22

]

︸ ︷︷ ︸
f2Ls

[
İs1

İs3

]

︸︷︷︸
f2 İs

=−

[
2Rs Rs

Rs 2Rs

]

︸ ︷︷ ︸
f2Rs

[
Is1

Is3

]

︸︷︷︸
f2Is

−

[
Es1−Es5

Es3−Es5

]

︸ ︷︷ ︸
f2Es

+

[
Vs1−Vs5

Vs3−Vs5

]

︸ ︷︷ ︸
f2Vs

.

It is obtained from (C.6) eliminating the 2nd and 4th rows and columns, i.e. by applying the

transformation f2Tc. The voltages f2V2 and f2V4 are given by:

f2V2 = (e42)
T

[
cLs

f2Tc
f2 İs+

cRs
f2Tc

f2Is+
cEs−cVs

]

= L12İs1 + L13İs3 +RsIs1 +RsIs3 + Es2 −Es5 − Vs2 + Vs5

f2V4 = (e44)
T

[
cLs

f2Tc
f2 İs+

cRs
f2Tc

f2Is+
cEs−cVs

]

= L14İs1 + L12İs3 +RsIs1 +RsIs3 + Es4 −Es5 − Vs4 + Vs5

Since the voltage applied to the first broken phase neglects the current in the last broken phase,

in the fault transient the current Is2 is different from zero. During this second fault transient to

hold the current in the first faulty phase equal to zero (i.e. Is2 = 0) the additional voltage f2Vi

must be recalculated taking into account the current in the second faulty phase Is4.

The new additional voltage f1V2 applied to the first broken phase 2 must be recalculated con-

sidering this reduced system where the current Is4 and the voltage f2V4, of the last faulty phase

are taken into account.


L11 L13 L14

L13 L22 L12

L14 L12 L11




︸ ︷︷ ︸
f1Ls



İ′s1

İ′s3

İ′s4




︸︷︷︸
f1 İs

=−




2Rs Rs Rs

Rs 2Rs Rs

Rs Rs 2Rs




︸ ︷︷ ︸
f1Rs




Is1

Is3

Is4




︸︷︷︸
f1Is

−




Es1−Es5

Es3−Es5

Es4−Es5




︸ ︷︷ ︸
f1Es

+




Vs1−Vs5

Vs3−Vs5

Vs4−Vs5




︸ ︷︷ ︸
f1Vs

+




0

0

f2V4




︸ ︷︷ ︸
f1Vs

.

Hence the new additional voltage f1V2 given to the first broken phase has the following structure:

f1V2 = L12İ
′
s1 + L23İ

′
s3 + L13İ

′
s4 +RsIs1 +RsIs3 +RsIs4 + Es2 − Es5 − Vs2 + Vs5,

where the second faulty phase current is considered. Note that the new components İ ′s1, İ
′
s3 and

İ ′s4 of vector f1İs are different from the previous one İs1, İs3 and İs4. Using
f2V4 and f1V2 cal-

culated above the vector cVFs to be added to the system (5.22) is cVFs =
[
0 f1V2 0 f2V4

]T
.

In this way the condition Is2 = 0 during the fault transient is achieved.
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C.5.2 Example: 7-phase motor

Let consider the example of a 7-phase motor where a first failure occurs at time t1 on the phase

i1 = 4 and a second and third failures occur at time t2 > t1 on the phases i2 = 5 and i3 = 2

when the current of the first faulty phase is zero.The transformation matrices tTc,
f1Tc and

f3Tc have the following structure:

tTc=




1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

−1 −1 −1 −1 −1 −1




, f1Tc =




1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 0 0

0 0 0 1 0

0 0 0 0 1




, f3Tc =




1 0 0

0 0 0

0 1 0

0 0 0

0 0 0

0 0 1




.

The transformed system (5.22) can be written explicitly as:



L11 L12 L13 L14 L15 L16

L12 L22 L23 L24 L25 L15

L13 L23 L33 L34 L24 L14

L14 L24 L34 L33 L23 L13

L15 L25 L24 L23 L22 L12

L16 L15 L14 L13 L12 L11




︸ ︷︷ ︸
cLs



































İs1

İs2

İs3

İs4

İs5

İs6



































︸︷︷︸
cİs

=−




2Rs Rs Rs Rs Rs Rs

Rs 2Rs Rs Rs Rs Rs

Rs Rs 2Rs Rs Rs Rs

Rs Rs Rs 2Rs Rs Rs

Rs Rs Rs Rs 2Rs Rs

Rs Rs Rs Rs Rs 2Rs




︸ ︷︷ ︸
cRs




Is1

Is2

Is3

Is4

Is5

Is6




︸ ︷︷ ︸
cIs

−




Es1 −Es7

Es2 −Es7

Es3 −Es7

Es4 −Es7

Es5 −Es7

Es6 −Es7




︸ ︷︷ ︸
cEs

+




Vs1 − Vs7

Vs2 − Vs7

Vs3 − Vs7

Vs4 − Vs7

Vs5 − Vs7

Vs6 − Vs7




︸ ︷︷ ︸
cVc

When t > t2 the reduced system (5.26) is:



L11 L13 L16

L13 L33 L14

L16 L14 L11




︸ ︷︷ ︸
f3Ls













İs1

İs3

İs6













︸︷︷︸
f3 İs

= −




2Rs Rs Rs

Rs 2Rs Rs

Rs Rs 2Rs




︸ ︷︷ ︸
f3Rs




Is1

Is3

Is6




︸ ︷︷ ︸
f3Is

−




Es1 −Es7

Es3 −Es7

Es6 −Es7




︸ ︷︷ ︸
f3Es

+




Vs1 − V7

Vs3 − V7

Vs6 − V7




︸ ︷︷ ︸
f3Vc

It is obtained from (C.6) eliminating the 2nd, the 4th and 5th rows and columns, i.e. by applying

the transformation f3Tc. The adding voltage vector cVFs (defined in (5.38) has the following

structure:

cVFs =

[
cLs

f3Tc
f3L-1

s

(
− f3Rs

f3Is− f3Es+
f3Vs

)
+cRs

f3Tc
f3Is+

cEs−cVs

]
=

=
[
0 f3Vs2 0

f3Vs4
f3Vs5 0

]T

where:

f3V2 = L12İs1 + L23İs3 + L15İs6 +RsIs1 +RsIs3 +RsIs6 + Es2 − Es7 − Vs2 + Vs7,
f3V4 = L14İs1 + L34İs3 + L13İs6 +RsIs1 +RsIs3 +RsIs6 + Es4 − Es7 − Vs4 + Vs7,
f3V5 = L15İs1 + L24İs3 + L12İs6 +RsIs1 +RsIs3 +RsIs6 + Es5 − Es7 − Vs5 + Vs7.
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During this second fault transient to hold the current in the first faulty phase equal to zero the

additional voltage f3V4 must be recalculated considering the reduced system where the current

Is2, Is5 and the voltage f3Vs2,
f3Vs5 of the last faulty phases are taken into account. In this

case n = 3, o = 1, So = {i1 = 4}, Sg = {i2 = 5 , i3 = 2} and the reduced system (in which the

currents and the voltages of phases belonging to So are considered) has the following structure:




L11 L12 L13 L15 L16

L12 L22 L23 L25 L15

L13 L23 L33 L24 L14

L15 L25 L24 L22 L12

L16 L15 L14 L12 L11




︸ ︷︷ ︸
f1Ls



























İs1

İs2

İs3

İs5

İs6



























︸︷︷︸
f1 İs

=−




2Rs Rs Rs Rs Rs

Rs 2Rs Rs Rs Rs

Rs Rs 2Rs Rs Rs

Rs Rs Rs 2Rs Rs

Rs Rs Rs Rs 2Rs




︸ ︷︷ ︸
f1Rs




Is1

Is2

Is3

Is5

Is6




︸ ︷︷ ︸
f1Is

−




Es1−Es7

Es2−Es7

Es3−Es7

Es5−Es7

Es6−Es7




︸ ︷︷ ︸
f1Es

+




Vs1−V7

Vs2−V7

Vs3−V7

Vs5−V7

Vs6−V7




︸ ︷︷ ︸
f1Vs

+




0
f3Vs2

0
f3Vs5

0




︸ ︷︷ ︸
f1VFs

where the voltages cVFsg = Fg
cVFs and f1VFs =

f1TT
c
cVFsg are:

cVFsg =




0 0 0 0 0 0

0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 0







0
f3Vs2

0
f3Vs4

f3Vs5

0




=




0
f3Vs2

0

0
f3Vs5

0




, f1VFs =




1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 0 1 0

0 0 0 0 0 1







0
f3Vs2

0

0
f3Vs5

0




=




0
f3Vs2

0
f3Vs5

0




Then it is possible to obtain the faulty vector cVFo in which the only component different form

zero is related to the 4-th phase.

cVFo = Fo

[
cLs

f1Tc
f1L-1

s

(
− f1Rs

f1Is− f1Es+
f1Vs+

f1VFs

)
+cRs

f1Tc
f1Is+

cEs−cVs

]

=
[
0 0 0 f1Vs4 0 0

]T

where the new additional voltage f1Vs4 given to the first broken phase has the following structure:

f1Vs4 = L14İ
′
s1 + L24İ

′
s2 + L34İ

′
s3 + L23İ

′
s5 + L13İ

′
s6 + ..

..+RsIs1 +RsIs2 +RsIs3 +RsIs5 +RsIs6 + Es2 − Es5 − Vs2 + Vs5,

where also the phase currents Is2 and Is5 are considered. Note that the new components İ ′s1,

İ ′s3 and İ ′s6 of vector f1İs obtained from (5.39) are different from the previous one İs1, İs3 and

İs4 of vector f3İs. Using the vectors cVFg and cVFo calculated above the vector cVFs to be



C.5 Mathematical calculations for Sec. 5.3 135

added to system (5.22) is:

cVFs =
cVFg +

cVFo =




0
f3Vs2

0

0
f3Vs5

0




+




0

0

0
f1Vs4

0

0




=




0
f3Vs2

0
f1Vs4

f3Vs5

0




In this way the condition Is4 = 0 during the fault transient and the steady-state condition

Is2 = Is4 = Is5 = 0 are achieved.
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